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Chapter 1

Introduction

Thermal equilibrium of two systems is characterized by the absence of net
transport of energy between these systems. For the investigation of heat
transport, methods of equilibrium thermodynamics have to be extended,
which is commonly achieved with the assumption of small deviations from
equilibrium. This allows for example to relate equilibrium fluctuations of
the system with transport properties as it is done in linear response theory.
In order to study heat transport for systems which are far from thermal
equilibrium, an analysis of the microscopic dynamics of a system which is
dissipatively coupled to a reservoir is a possible starting point. If the sys-
tem of interest is a quantum system, the non-locality of quantum mechanics
suggests for a treatment of the dynamics of the reservoir degrees of freedom
as well. A quantum system which interacts with an external environment
that constitutes the reservoir is termed open quantum system or dissipative
quantum system since the reservoir is considered to induce dissipation.

Theoretical approaches for dissipative quantum systems can roughly be
separated into two main lines of research1: for weak system-reservoir in-
teractions, Master equations like the so-called Redfield [Red57] or Lindblad
Master equations [Lin76, GKS76] proved to be successful, while for strong
coupling, methods which have some relation to path integrals and Feynman-
Vernon influence functionals are employed [FV63]. Besides for linear systems
coupled to a linear environment, these functionals have to be treated with
numerical methods like path integral Monte Carlo methods [Bar79], hier-
archical equations of motion for auxiliary reduced densities [Tan90] or an
unraveling of stochastic Feynman-Vernon influence functionals to stochas-
tic Schrödinger or Liouville-von Neumann equations [DS97, SM98, SG02].
These stochastic methods have the drawback of being computationally ex-

1For a detailed review about approaches to open quantum systems see [dVA17]
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CHAPTER 1. INTRODUCTION

pensive if they are applied in a naive manner, but their flexibility allows
one to treat nonlinear models [KA13, Sto03, KGSA08, KGSA10], driven sys-
tems [SNA+11, SSA13, SSA15] and systems coupled to structured reservoirs
[IOK15]. Here, we adapt these stochastic methods for harmonic systems in
a way that the evolution of the quantum state is deterministic. The fact
that reservoir fluctuations are given by c-number noises paves a route to-
wards formalisms for higher order correlations and systems which include
nonlinearities.

While transport of electrical charge is crucial for systems like super-
conducting qubits [VAC+02, KYG+07] and is usually well controlled in ex-
periments, heat transport instead is more difficult to control and rather
considered as an unwanted dissipation of energy. Nevertheless, heat has
been applied in a constructive manner in electronic [GHL+06] and phononic
systems [LRW+12]. An improved theoretical understanding of the quan-
tum nature of heat [RK98] has stimulated experimental activity concerning
the quantum of thermal conductance [SHWR00] as well as heat transport
through single atoms [MGP06] and transport where microwave photons carry
heat over macroscopic distances [PTG+16]. Potential applications include
thermal switches [BVM+15, KPCF17], transistors [OJ08, JDEOM16], refrig-
erators [TPL+17] or thermal quantum heat valves [RKS+18] which have been
realized recently. Moreover, there exist approaches to exploit energy flow for
a fast initialization of superconducting qubits [TPANM17].

Particularly the challenge of realizing heat engines which operate on a
nanoscale has gained a lot of theoretical attention [Ali79,ULK15]. The ques-
tion of a maximal efficiency [CF16] which is maybe beyond Carnot efficiency
[RASK+14] and the role of fluctuations were studied [Cam14, CPF15]. Al-
though, single ion heat engines have been theoretically investigated [ARJ+12]
and classical versions of these are available [RASK+14,RDT+16], a quantum
heat engine has not been realized so far. Certainly, the question when a quan-
tum heat engine is quantum is also an elaborate question from a theoretical
point of view, since a heat engine is a device that cyclically interacts with
thermal reservoirs which destroy the system’s phase coherence [FL17]. Espe-
cially for a highly nonadiabatic engine, which works with short period times,
strong coupling and fast driving may have competing effects on coherences.

The plan of the present work reads as follows: In chapter 2, we discuss
preliminaries on heat transport. These include Fourier’s law with its deriva-
tion based on a phenomenological footing, the connection between energy
diffusion and heat transport as well as an overview of already investigated
attempts to understand heat transport from first principles. Chapter 3 intro-
duces the successful concept of system plus reservoir models for open quan-
tum systems, while in chapter 4 stochastic methods for dissipative quantum
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systems are presented. These stochastic methods are refined to an efficient
deterministic formalism for open quantum chains which we present in chap-
ter 5 where we show its applicability also for disordered and driven systems.
The presented formalism overcomes deficiencies of simple Lindblad operators
as discussed in chapter 6. Moreover, it sets the stage for extensions towards
higher order correlations including heat-flux correlations shown in chapter 7
and systems with moderate anharmonicities which are shown in chapter 8.
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Chapter 2

Preliminary remarks on heat
transport

2.1 Fourier’s law

The theory of thermodynamics constitutes a framework for basically all fields
in physics including quantum information processing [VA16], condensed mat-
ter [AM76] or the theory of black holes [Leo10]. The success of thermo-
dynamics is based on its large degree of abstraction which allows one to
apply this theory without knowing microscopic details of the considered sys-
tem. Nevertheless, standard thermodynamics assumes thermal equilibrium
and demands for generalizations to be suitable for the investigation of heat
transport. Two approaches which are commonly used for systems close to
equilibrium, namely linear response theory which connects the thermal con-
ductivity with equilibrium fluctuations and theories which are based on local
equilibrium1. With this assumption, Fourier’s law for heat transport can be
derived with a kinetic theory which is presented here in a nutshell.

We consider a model of a gas where particles collide with each other and
move an average distance of λ between two of these collisions. This λ is called
the mean free path. We assume two particles which are situated with distance
λ around a position x0, while the particles left of x0 carry an average energy
density u(x0 − λ) and the ones right of x0 have u(x0 + λ). This assumption
of local equilibrium on both sides of x0 holds if the scattering events occur
so frequently that an equilibration on short length scales is possible. The
heat flux2 caused by two particles colliding at x = x0 is given by the energy

1With local equilibrium we mean a spatial variation of intensive variables which is so
small that one can assume equilibrium in the vicinity of each point.

2Since only one dimensional systems where particles have no steady motion are con-
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x0x0 − λ x0 + λ
x

u(x0 − λ) u(x0 + λ)

Figure 2.1: A schematic illustration of the system considered to motivate
Fourier’s law (Figure based on [Fis14]). The system is in a local equilibrium
on both sides of x0; for x < x0 we consider the energy density u(x0 − λ) and
for x > x0 the density u(x0 + λ). A collision of two particles which carry
their respective energy density leads to an energy exchange characterized by
u(x0 − λ) − u(x0 + λ). This results in a net heat flux j in x-direction.

differences on both sides of x0:

j = v
2
[u(x0 − λ) − u(x0 + λ)] ,

where v is the average particle velocity. The factor 1/2 accounts for the fact
that only half of the particles travel from x0±λ to x0. We approximate u(x0−
λ) − u(x0 + λ) ≈ −∂xu∣x02λ and turn the energy gradient into a temperature
gradient

∂u

∂x
= ∂u

∂T

∂T

∂x
= c∂T

∂x

with c being the heat capacity. Then, Fourier’s law gives the heat flux at
any position and reads

j = −κ∂T
∂x

. (2.1)

The conductivity

κ = vλc (2.2)

depends on details of the material. κ does not depend on the length of the
system which is intuitive for macroscopic systems when noting that in terms
of Ohm’s law κ is the resistance per length. A length independent conductiv-
ity is a consequence of a normal diffusion of energy in the system caused by
short mean free paths. This can be seen by employing the continuity equation

sidered in the present work, we can synonymously use the terms energy flux and heat
flux [LLP03].
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2.2. HEAT TRANSPORT AND ENERGY DIFFUSION

∂tu + ∂xj = 0 which assumes local energy conservation. Using equation (2.1)
for the flux and ∂xT = (∂Tu)/c gives

∂u

∂t
=DE

∂2u

∂x2
, (2.3)

where DE = κ/c is the diffusion constant for the energy. Finding a route from
first principles to this diffusive behavior of heat is a formidable task that has
gained a lot of attention over the last decades.

2.2 Heat transport and energy diffusion

The amount of literature with attempts to derive Fourier’s law from simple
microscopic models is huge, while we refer to the reviews in refs [BLRB00]
[LLP03] [CL06]. In order to describe heat transport in insulating crystals,
one does not have to give up the picture of particles which transport energy
used in kinetic theory. By treating lattice vibrations as an interacting gas of
quasi particles called phonons, Peierls could show with Boltzmann equations
that anharmonicities which lead to so-called Umklapp processes [AM76], are
crucial for diffusive heat transport.

Another approach to describe heat transport by equilibrium properties
of a system is the linear response theory where the Green-Kubo formula
connects the conductivity with equilibrium fluctuations [Kub57]. For the case
of heat transport in a one dimensional lattice it reads [LLP03,KYN57,AF93]

κ = 1

kBT 2 ∫
∞

0
dt lim

N→∞
1

N
⟨J(t)J(0)⟩eq. (2.4)

where the average of the correlation is obtained by an equilibrium density and
J is the total heat flux given by the summation over all heat fluxes J = ∑Nn jn
in a discrete system withN sites. In solid phases, the particles do not undergo
a diffusive net motion which transports energy. But diffusion of heat becomes
feasible if the spread of energy in such systems is analyzed. Rather recently,
a relation of the energy spread ⟨∆x2(t)⟩E − ⟨x2(t)⟩E − ⟨x⟩2E and the heat-heat
equilibrium correlation function was found [LHL+14]. There, ⟨.⟩E denotes an
average with a nonequilibrium energy distribution which is proportional to
the difference of the nonequilibrium and equilibrium energy densities [Zha06].
For a chain with N sites, a relation between the scaling of a length dependent
thermal conductivity κ ∝ Nα and the energy spread ⟨∆x2(t)⟩E ∝ tφ was
found:

α = φ − 1 . (2.5)
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This result has also been derived for the particle diffusion in gas models
where the particles move with Lévy walks [DKU03]. The diffusion is termed
normal diffusion if φ = 1, subdiffusion for φ < 1 and superdiffusion for φ > 1.
For φ = 1, α is equal to zero and a length independent conductivity ac-
cording to Fourier’s law can be observed. In the sequel, this case is called
normal heat transport or normal heat flow. The relation between heat-heat
correlations and the conductivity was confirmed by molecular dynamics sim-
ulations of finite size systems [LLP98] which showed that the momentum
correlations contain the same information about the exponents from equa-
tion (2.5) [LLL+15].

2.3 Normal heat flow from first principles

Although linear response leads to the very appealing connection between
diffusive energy spread and thermal conductivity in systems where particles
have no net motion, its applicability is restricted to closed systems not far
from thermal equilibrium. A generic realization of nonequilibrium is achieved
if a system is coupled to thermal reservoirs with different temperature. For
one dimensional systems, one may simply think of a chain which is termi-
nated by those reservoirs. For strong coupling to the reservoirs, systems such
as hard-point gases or assemblies of harmonic oscillators have been studied
with molecular dynamics based on Langevin equations. An anomalous heat
conduction for a classical oscillator chain was already observed in 1967 by
Rieder et al. [RLL67]. Several, mainly analytical, attempts for one dimen-
sional random chains showed that in the thermodynamic limit where N →∞,
the conductivity κ either diverges and the transport is ballistic, or κ goes to
zero and the system’s normal modes are localized [MI70,RG71,CL71,OL74].
In the retrospect a very promising attempt was the numerical simulation of
systems which combine disorder and anharmonicities [PRV67,JPW68], where
surprisingly an enhancement of the current due to anahrmonicities was found
for some situations. But due to the restricted computational resources at
that time, an answer to the question if disorder and anharmonicities lead to
normal diffusion could not be given.

The issue of finding the necessary ingredients for normal heat transport
got more attention with the increase of computational resources. The impact
of dimensionality and boundary conditions was the object of investigation in
random harmonic models [Dha01,CKR+10]. For models of hard point gases,
the role of momentum conservation, nonintegrability and chaos were investi-
gated [CFVV84,PR92,LCWP04], while the latter turned out to be not crucial
for normal heat flow [LLP03]. Anharmonic systems like the paradigmatic

8



2.3. HEAT CONDUCTION FROM FIRST PRINCIPLES

Fermi-Pasta-Ulam (FPU) model [For92, BI05], which represents a chain of
particles whose nearest neighbor interaction potentials are cubic or quartic,
provided further insight and stimulated a lot of research based on molec-
ular dynamics [LZH01, LLP05, DL08]. The research on classical systems is
summarized by noting that anharmonicities are essential to observe Fourier’s
law. For linear couplings within the chain, on-site potentials are needed
as well [BK07a, BK07b], while Fourier’s law was observed without on-site
potentials for an interaction potential given by V (x) = 1− cos(x) [GLPV00].

Generalized Langevin equations proved to be very useful for quantum sys-
tems exposed to strong damping and temperature differences [ZT90a,ZT90b]
and also allow to include disorder [GB07] and higher dimensions [SNH03].
Moreover, they may be used as a starting point to derive the heat current
with a Landauer-type equation, which very nicely traces transport back to a
combination of a system specific transmission and an external ’force’ given by
the bosonic or fermionic statistics of the reservoirs the system is coupled to.
While transport of charge is naturally quantized, in ref. [RK98] a quantum
of thermal conductance π2k2BT /(3h) was found where h is Planck’s constant.
As molecular dynamics is a tool which is restricted to classical systems, it is a
difficult issue to incorporate anharmonicities in open quantum systems. Par-
ticularly for strong damping, the author is only aware of formalisms which
are related to a path integral formalism for open systems.

In the present work, following progress is made in the treatment of heat
transport in open quantum systems: based on the stochastic Liouville-von
Neumann equation, a numerically efficient method for open quantum chains
is derived in chapter 6. The method provides results which are in agreement
with the second law of thermodynamics also for strong damping and does not
lead to inconsistencies of naively applied weak coupling approaches [SM17].
In chapter 7, we show how to calculate higher order correlation functions
for models which may include strong damping and nonequilibrium [MAS17].
Finally, in 8, a generalization for systems with moderate anharmonic on-
site potentials is shown in more detail and applied to an investigation of
rectification of heat transport [MWSA18]. An understanding of heat-heat
correlations, consequences of disorder and nonlinearities and the ability to
simulate large systems were crucial ingredients for the analysis of heat trans-
port in classical systems. In this thesis, methods which address all of these
features in quantum systems are presented.
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Chapter 3

Open quantum systems

3.1 The system plus reservoir approach

The term dissipation describes the loss of energy of a system to its envi-
ronment. This environment may induce fluctuations on the system, but if
the environment is a heat bath, the second law demands that in average, no
energy can be transfered from a cold thermal reservoir to a hot one. The
energy transfer often comes along with a transformation of energy, for exam-
ple thermal energy to mechanical work. If one considers a classical particle
which is coupled to an environment, a particular form of dissipation, namely
friction, is manifested by a transfer of kinetic energy into heat. The damped
dynamics of a particle with friction is usually described by a phenomenolog-
ical ansatz where a velocity-dependent term is added to Newton’s equation.
For a harmonic oscillator with V (x) = 1

2mω
2x2 we get:

mẍ = −mγẋ −mω2x .

The sign of the friction terms is chosen in a way that the friction works
’against’ the inertia of the system which leads to a loss of energy.

A Hamiltonian description of the closed system has proven to be prac-
tical as it leads to a quantum model by a canonical quantization scheme of
its classical counterpart. Nevertheless, a system described by the Hamilton
formalism constitutes a system which conserves energy and is therefore not
suited to model dissipation. A conceptually simple, but due to the large
number of demanded particles at first glimpse impractical way to solve this
problem is to treat a global system which consists of the system with Hamil-
tonian Hs

Hs =
p2

2m
+ V (q) (3.1)

11
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and a reservoir1 with Hamiltonian HR whose microscopic details have to
be provided. This system-reservoir complex evolves in a Hilbert space H =
Hs⊗HR while the two parts are coupled via the interaction Hamiltonian HI:

H =Hs +HI +HR . (3.2)

In order to model dissipation, we demand that the time until the global
system H reaches its initial state after some perturbation is large. This
so called Poincaré recurrence time becomes large for a reservoir with many
degrees of freedom [MM60]. We choose the reservoir to consist of an ensemble
of N →∞ harmonic oscillators

HR =∑
α

p2α
2mα

+ mαω2
α

2
x2α . (3.3)

These have a bilinear coupling to the system with strength cα

HI = q∑
α

cαxα + q2∑
α

c2α
2mαω2

α

, (3.4)

which leads to a linear evolution of the reservoir and classical friction in the
high temperature limit. The last term is the potential counter term and
is introduced in order to arrive at a Hamiltonian which is translationally
invariant for a damped particle in a zero potential V (q). With the counter
term, this bare particle is indeed a free particle (see for example [DHI+98,
Wei12,HI05]). It was first found in [Mag59] that equations (3.1) to (3.4) are
suitable to model dissipation which was used for systems with small couplings
to the environment. Later, it was recognized by Caldeira and Legget that
this model remains consistent also in the strong friction regime and can be
applied to study dissipative tunneling [CL81, CL83b]. For that reason, this
model is known as Caldeira-Legget model.

By employing the Hamiltonian equations of motion with the global Hamil-
tonian H

q̇ = ∂H
∂p

, ṗ = −∂H
∂q

(3.5)

we get

mq̈ + ∂V (q)
∂q

−∑
α

[cαxα −
c2α

mαω2
α

q] = 0 , (3.6)

while the Hamiltonian equations (3.5) for one oscillator α of the reservoir
give a simple harmonic oscillator equation of motion which is solved by

xα(t) = xα(0) cos(ωαt) +
pα(0)
mαωα

sin(ωαt) +
cα

mαωα
∫

t

0
dt′ sin[ωα(t − t′)]q(t′) .

(3.7)

1In this thesis, the terms ’reservoir’ and ’heat bath’ are used synonymously, as only
exchange of energy and no particle exchange is considered.
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Partial integration leads to a velocity-dependent term. Plugging this into
equation (3.6) gives the equation of motion for the particle

mq̈ + ∂V (q)
∂q

+m∫
t

0
dt′γ(t − t′)q̇(t′) =X(t) −mγ(t)q(0) , (3.8)

where we introduced the damping kernel

γ(t − t′) = 1

m
∑
α

c2α
mαω2

α

cos[ωα(t − t′)] (3.9)

and the fluctuating force

X(t) =∑
α

cα[xα(0) cos(ωαt) +
pα(0)
mαωα

sin(ωαt)] , (3.10)

while termmγ(t)q(0) is a consequence of the potential counter term. Stochas-
ticity enters the model by a random choice of the initial oscillator values xα(0)
and pα(0), whose statistics determines the statistics of X(t).

The quantumness of the model lies in the commutator relations for the
initial values of the system [q(0), p(0)] = ih̵ and reservoir [xα(0), pα′(0)] =
ih̵δαα′ . With these commutator relations, equation (3.8) turns to a quantum
Langevin equation, which is very general and formally exact. Nevertheless,
its practical applicability suffers as it is an equation which is driven by an
operator valued noise X(t) which, in combination with the system degrees
of freedom, is acting in the full Hilbert space of the system plus reservoir
complex. Even for factorized initial conditions, entanglement between system
and reservoir is apparent and Heisenberg’s uncertainty relation is fulfilled
due to the finite imaginary part of the bath autocorrelation L(t). Therefore,
a replacement of the operator-valued noise by colored real-valued classical
noise is only valid near the classical limit (see ref. [HI05] and the discussion
therein).

Despite of the practical limitations, the concept of Langevin equations
provides some important conceptual insights: With the dynamics of X(t),
also the fluctuations of the reservoir can be derived for the paradigmatic
case of an ensemble of harmonic modes acting as a heat bath. The stochastic
methods, which are presented in chapter 4, rely on the reservoir statistics
implied by the Caldeira-Legget model.

3.2 The bath autocorrelation and

spectral density

For the stochastic description which will be presented in the sequel, knowl-
edge about the autocorrelation function of the random force X(t) is required.

13



CHAPTER 3. OPEN QUANTUM SYSTEMS

We assume the reservoir to be unperturbed by the system which allows us
to consider a Gibbsian state and a thermal average given by2

⟨X(t)X(0)⟩R = tr(X(t)X(0)ρR) (3.11)

with ρR = exp(−βHR)/ZR as the canonical density of the reservoir. Since
the reservoir has Gaussian statistics, Wick’s theorem can be applied to com-
pletely describe the time evolution by two-time correlation functions. For
the sake of convenience, we introduce annihilation and creation operators a
and a† which are related to the initial positions and momenta by

xα(0) =
√

h̵

2mαωα
(aα + a†

α) , pα(0) = i

√
h̵mαωα

2
(a†

α − aα) , (3.12)

with i being the imaginary unit i2 = −1. These are related to the occupation
number nα by ⟨a†

αaα⟩R = nα and ⟨aαa†
α⟩R = nα−1 with nα = (exp(h̵ωαβ) − 1)−1

where β = 1/(kBT ) is the inverse reservoir temperature 3. With these ingre-
dients at hand one easily derives with equation (3.10)

⟨X(t)X(0)⟩R = h̵∑
α

[ c2α
2mαωα

coth ( h̵βω
2

) cos(ωαt) − i sin(ωαt)] . (3.13)

A large Poincaré recurrence time is guaranteed if we have a continuum of
reservoir modes and take the limit Nα →∞. This allows us to change sums
by integrals and provides the form of the autocorrelation function L(t) =
L′(t)+ iL′′(t) = ⟨X(t)X(t′)⟩R we are going to use in the upcoming chapters:

L(t) = h̵
π ∫

∞

0
dωJ(ω)[coth (βh̵ω

2
) cos(ωt) − i sin(ωt)] , (3.14)

where we introduced the spectral density of the bath modes

J(ω) = π
2
∑
α

c2α
mαωα

δ(ω − ωα). (3.15)

With this definition, the damping kernel of equation (3.9) can be recast to
an integral

γ(t − t′) = 2

πm ∫
∞

0
dω

J(ω)
ω

cos(ωt) . (3.16)

2The reservoir is supposed to be in thermal equilibrium. Therefore we can make use of
⟨X(t′)X(t′′)⟩R = ⟨X(t′ − t′′)X(0)⟩R = ⟨X(t)X(0)⟩R.

3The structure of aα and a†
α in number representation consists of matrices whose only

finite elements are the first upper- and lower off-diagonal, respectively. Hence we have
⟨a†
αa

†
α⟩R = ⟨a

†
αa

†
α⟩R = 0.
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3.2. THE BATH AUTOCORRELATION AND SPECTRAL DENSITY

Dependent on microscopic details of the physical system one wants to model,
the parameters of the reservoir cα, mα and ωα have to be chosen in or-
der to arrive at some specific form of the spectral density. The other way
around, the spectrum of the reservoir can be determined by a direct choice
for J(ω). A paradigmatic model is the Ohmic reservoir with a linear spec-
tral density J(ω) = mγω. This leads to a classical Langevin equation in
the high-temperature limit driven by delta correlated white noise. For low
temperatures instead, a strictly Ohmic J(ω) leads to inconsistencies such as
a logarithmic divergence of the variance of the momentum [Gra06, Wei12].
Therefore, a frequency cut-off has to be introduced which prevents the di-
vergence of a linear J(ω) with ω → ∞ and provides a consistent model for
low temperatures. Throughout this work we choose an Ohmic density with
algebraic cut-off:

J(ω) = mγω

(1 + (ω/ωc)2)2
. (3.17)

Other choices like the exponential Drude cut-off are common as well. They
all have in common that they introduce a time scale of the reservoir which
is given by the inverse of ωc and describes a typical relaxation time of the
reservoir after some perturbation. Microscopic derivations of spectral den-
sities have been done for electron transfer in biomolecules [GOA85] or for a
calculation of the dynamics of the phase difference across a Josephson con-
tact [AES82,ESA84].
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Chapter 4

Stochastic methods for open
quantum systems

4.1 The stochastic Liouville-von Neumann

equation

We want to present a derivation of the stochastic Liouville-von Neumann
(SLN) equation based on a representation of the Feynman-Vernon influence
functional with superoperators. These superorperators allow to separate the
Liouville-von Neumann equation into two terms which lead to two noise
sources if the superoperators are replaced by stochastic noises. This Ansatz
has been developed by J. T. Stockburger and coworkers and is presented in
our paper [SM17] which is discussed later in this thesis in chapter 6.

The structure of the global Hamiltonian H = Hs +HI +HR suggests to
go into the interaction picture and interpret the system and reservoir part
as time-independent while the interaction HI = −qX is time dependent. The
system coordinate is denoted by q and X is an operator associated with a
force1 representing the fluctuations induced by the reservoir. The reservoir
contains a large number of degrees of freedom so that the central limit theo-
rem can be applied. The Liouville-von Neumann equation in the interaction
picture for an initial separable product state of system and reservoir reads2:

d

dt
ρ̃(t) = − i

h̵
[HI(t), ρ̃(t)] =

i

h̵
(q(t)X(t)ρ̃(t) − ρ̃(t)q(t)X(t)) . (4.1)

1For the specific case of a Caldeira-Legget model, X is a linear combination of the
positions of the reservoir oscillators X = ∑α cαxα as shown in section 3.1.

2The tilde indicates that this is the density prior to a trace average with respect to the
reservoir degrees of freedom according to equation (3.11).
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CHAPTER 4. STOCHASTIC METHODS

Making use of the commutativity of system and reservoir operators [q,X] = 0,
the commutator can be reformulated by adding and subtracting auxiliary
terms:

d

dt
ρ̃(t) = i

h̵
({X(t), [q(t), ρ̃(t)]} + [X(t),{q(t), ρ̃(t)}]) , (4.2)

where {A,B} = (AB +BA) is the anti-commutator. In terms of superopera-
tors A+ = {A, ⋅}/2 and A− = [A, ⋅] one gets

d

dt
ρ̃(t) = i

h̵
(X+(t)q−(t) +X−(t)q+(t))ρ̃(t) , (4.3)

with W (t) =X+(t)q−(t) +X−(t)q+(t). Equation (4.3) is solved by

ρ(t) = ⟨ exp≻ (
i

h̵ ∫
t

0
dsW (s))⟩

R
ρ0 , (4.4)

with a time-ordering ≻ which shifts the operators at earliest time to the right.
One can turn this solution into an average over the reservoir fluctuations if a
Gaussian reservoir is assumed. This assumption holds for either a reservoir
with many independent degrees of freedom which justifies the validity of the
central limit theorem or, alternatively, the reservoir is a linear system [Sto03].
Then, the average over the reservoir degrees of freedom can be transformed
to an average over the argument of the exponential in equation (4.5) 3:

ρ(t) = exp≻ ( −
1

h̵2 ∫
t

0
ds∫

s

0
ds′⟨W (s)W (s′)⟩R)ρ0 . (4.5)

The integrand contains four terms where two of them do not contribute
since their leading superoperator is X−(t). Therefore, the whole term is a
commutator which vanishes under the trace:

ρ(t) = exp≻ ( −
1

h̵2 ∫
t

0
ds∫

s

0
ds′⟨X+(s)X+(s′)⟩Rq−(s)q−(s′)

+ ⟨X+(s)X−(s′)⟩Rq−(s)q+(s′))ρ0 , (4.6)

where the operators q± are acting on ρ0. The exponential is equivalent to the
Feynman-Vernon influence functional [FV63,Wei12] since the superoperators

3The relation ⟨eitX⟩ = e
1
2σ

2t2 holds for a random variable X which is normally dis-
tributed with variance σ2.
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4.1. THE STOCHASTIC LIOUVILLE-VON NEUMANN EQUATION

X±(t) are constructed from the operator X(t) given in equation (3.10)4:

⟨X+(t)X+(t′)⟩R =L′(t − t′)
⟨X+(t)X−(t′)⟩R =2iΘ(t − t′)L′′(t − t′) + iµδ(t − t′) . (4.7)

The fact that the operators X±(t) only occur as arguments of trace oper-
ations, allows one to replace the correlations of operators by correlations of
c-number noises. These complex noises do not operate in the Hilbert space
but in the probability space of Gaussian noises5. They do not change the
content of the functional if they are identical to the real- and imaginary part
of the autocorrelation function

⟨ξ(t)ξ(t′)⟩stoch =L′(t − t′)

⟨ξ(t)ν(t′)⟩stoch =
2i

h̵
Θ(t − t′)L′′(t − t′) + iµ

h̵
δ(t − t′)

⟨ν(t)ν(t′)⟩stoch =0 , (4.8)

with the Θ-function ensuring time-ordering within the functional. A stochas-
tic functional is gained if the correlations in equation (4.7) are replaced by
the ones from (4.8)

ρ(t) = exp≻ ( −
1

h̵2 ∫
t

0
ds∫

s

0
ds′⟨ξ(s)ξ(s′)⟩stochq−(s)q−(s′)

+ h̵⟨ξ(s)ν(s′)⟩stochq−(s)q+(s′))ρ0 . (4.9)

Assuming a Gaussian reservoir again, one can revert the shift of the average
done to obtain equation (4.5):

ρ(t) = ⟨ exp≻ (
i

h̵ ∫
t

0
dsξ(s)q−(s) + h̵ν(s)q+(s))⟩

stoch
ρ0 . (4.10)

This integral can be traced back to an equation of motion for the samples ρξ,ν
whose expectation value gives the reduced density matrix ρ(t) = ⟨ρξ,ν⟩stoch.

4A more commonly used representation of the Feynman-Vernon influence functional
for an initial product state is obtained if the superoperators q± are substituted by q−(t)→
q(t − ih̵β) − q(t) and q+(t) → 1

2
(q(t − ih̵β) + q(t)), see for example page 120 in [Wei12].

The time arguments in q reflect the factorized initial conditions supposed here, where the
propagator constitutes a contour integral which skips the part of the contour parallel to
the imaginary axis. Then, the path integration only contains real-time arguments. While
extensions of the path integral formalism for any initial conditions exist [GSI88], here we
always assume a factorized initial system reservoir complex.

5We note the stochastic average with the subscript ’stoch’ in this thesis. In
ref. [MWSA18], ξ is used for the stochastic average to conserve legibility even for sev-
eral subscripts used there.
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CHAPTER 4. STOCHASTIC METHODS

We follow Caldeira and Leggett [CL83a] who present the unraveling proce-
dure of path integrals. We calculate ρξ,ν(t + ε), with ε being infinitely small,
and use

∫
t+ε

t
f(x(s))ds ≈ εf(x(t) + x(t + ε)

2
) +O(ε2) , (4.11)

in the expansion of the exponential. The derivative with respect to time
d
dtρξ,ν is accessible via the differential quotient

d

dt
f(t) = lim

ε→0

f(t + ε) − f(t)
ε

, (4.12)

for differentiable f(t) 6. If we take the unperturbed evolution of the closed
system into account we arrive at the stochastic Liouville-von Neumann equa-
tion for one realization ρξ,ν in the Schrödinger picture [SM98,SG02]:

d

dt
ρξ,ν(t) = −

i

h̵
[Hs, ρξ,ν(t)] +

i

h̵
ξ(t)[q, ρξ,ν(t)] +

i

2
ν(t){q, ρξ,ν(t)} . (4.13)

In order to calculate expectation values of an observable A, a sampling over
random trajectories of ρξ,ν allows to calculate the physically meaningful re-
duced density

ρ = ⟨ρξ,ν⟩stoch . (4.14)

With the reduced density, averages of observables can be calculated by a
standard trace average ⟨⋅⟩tr = tr(⋅ρ):

⟪A⟫ = tr(A⟨ρξ,ν⟩stoch) = ⟪A⟩stoch⟩tr . (4.15)

We refer to the subsequent section 4.3 where the adjoint of the SLN is de-
rived. This equation provides the stochastic propagation of an operator which
corresponds to a change of the order the stochastic and trace averages are
taken.

The SLN is valid for any system Hamiltonian Hs and does, in contrast
to Lindblad master equations, not demand a rederivation for the particular
system. This flexibility comes along with computational limitations for sys-
tems with long propagation times. The multiplicative noises ξ and ν, lead to
a long-time behavior which is characterized by an exponentially increasing
variance, similar to geometrical Brownian motion. Numerical refinements for
finite reservoir correlation times were presented for the SLN [Sto16] and a
version of the SLN particularly for Ohmic reservoirs with cut-off [WSA16].
The latter equation will be discussed in detail in the upcoming section.

6This assumption contains some difficulty with respect to the stochastic noises ξ(t) and
ν(t). In the quantum regime these noises are colored noises rather than white noises, which
makes the treatment of these noises by usual calculus (instead of stochastic) acceptable.
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4.2. THE SLED EQUATION

4.2 The stochastic Liouville von-Neumann equa-

tion for Ohmic reservoirs with cut-off

Assuming Ohmic friction for the dissipative part allows one to derive a ver-
sion of the SLN which contains only one stochastic process and, hence, a
numerically less expensive computation of the state of the reduced system.
This form of the SLN is called the stochastic Liouville-von Neumann equa-
tion for dissipation (SLED) [SM99]. The reduced density from equation (4.6)
can be formulated as

ρ(t) = exp≻ ( −
1

h̵
(Φnoise[q−, q+] +Φfr[q−, q+]))ρ0 , (4.16)

where the noise part reads with equation (4.7)

Φnoise[q−, q+] =
1

h̵ ∫
t

0
ds∫

s

0
ds′L′(s − s′)q−(s)q−(s′) (4.17)

and the friction part is

Φfr[q−, q+] =
2i

h̵ ∫
t

0
ds∫

s

0
ds′L′′(s − s′)q−(s)q+(s′) +

iµ

h̵ ∫
t

0
ds q−(s)q+(s) .

(4.18)

While the noise part is treated with the same procedure as for the SLN in the
previous section 4.1, we show how Φfr[q−, q+] can be treated deterministically
for Ohmic friction with a spectral density J(ω) =mγω. Then, the imaginary
part of the bath autocorrelation function reads:

L′′(t − t′) = − h̵mγ
π ∫

∞

0
dωω sin[ω(t − t′)] . (4.19)

By comparison with the representation of the delta function δ(t − t′) =
2
π ∫

∞
0 dω cos[ω(t − t′)] one notes that

L′′(t − t′) = h̵mγ
2

d

dt
δ(t − t′) . (4.20)

Plugging this L′′ in the friction part (4.18) suggests a partial integration
which leads to three terms. One of these cancels with the potential renor-
malization since µ = h̵mγ holds for the Ohmic case. The remaining terms
read

Φfr[q−, q+] = imγ[q−(0)q+(0) + ∫
t

0
dsq−(s)q̇+(s)] . (4.21)
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CHAPTER 4. STOCHASTIC METHODS

We define the part of the reduced density ρfr(t) that is solely related to the
dissipative part Φfr[q−, q+] and reads

d

dt
ρfr(t) = −

imγ

h̵
q−(t)q̇+(t)ρfr(t) = −

iγ

2h̵
[q(t),{p(t), ρfr(t)}] , (4.22)

where we used q̇+ = p+/m. Putting all parts in the Schrödinger picture to-
gether gives the so called stochastic Liouville-von Neumann equation for
dissipation (SLED) [SM99]:

d

dt
ρξ(t) = −

i

h̵
[Hs, ρξ(t)] +

i

h̵
ξ(t)[q, ρξ(t)] −

iγ

2h̵
[q,{p, ρξ(t)}] . (4.23)

This equation is suitable to simulate quantum dynamics if the noise fulfills

⟨ξ(t)ξ(t′)⟩stoch =
h̵

π ∫
∞

0
dωJ(ω) coth ( h̵βω

2
) cos[ω(t − t′)]

for a spectral density J(ω) with a finite cut-off frequency ωc that is much
larger than the highest relevant frequency of the system. The SLED has also
been identified as the adjoint equation of the quantum Langevin equation
[Gar88].

Compared to the SLN from equation (4.13), the SLED depends only on
one noise source ξ which is multiplied with a commutator. This leads to a
significantly improved noise statistics that is not harmed by the difficulties
caused by an increase of the norm of the density matrix, due to the anti-
commutator in the SLN.

4.3 Adjoint equations

The expectation value over stochastic realizations of equations (4.13) and
(4.23) provide the reduced density matrix in the Schrödinger picture. With
equation (4.15), the expectation value of any operator is accessible. This flex-
ibility comes with the cost of the need of some basis that has to be chosen and
which may lead to large matrices for systems evolving in a high dimensional
Hilbert space. The so-called adjoint equation allows one to directly target
the dynamics of the operators of interest. This generally non-unitary propa-
gation is generated by the adjoint operator L† whose derivation is shown for
example in [BP02] for Lindblad master equations. The time derivative of a
trace average taken with the reduced density matrix ρ reads

d

dt
⟨Aξ⟩tr =

d

dt
tr[Aξρ] = tr[AξLρ] , (4.24)
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with the adjoint operator L† being defined as [BP02]:

tr[Aξ(L(t)ρ)] = tr[(L†(t)Aξ)ρ] . (4.25)

Lρ on the left hand side can be given by the SLN (4.13) or the SLED (4.23).
The commutators and anti-commutators in these equations lead to various
orders of products containing the system operators q and p , Aξ and ρ. The
cyclic invariance under the trace allows one to permute all products in a
way that the density ρ is on the right side which then delivers according to
equation (4.25) the evolution of an operator with d

dtAξ = L†Aξ. Applied to
the SLN, one simply obtains

d

dt
Aξ = L†Aξ =

i

h̵
[Hs,Aξ] −

i

h̵
ξ(t)[q,Aξ] +

i

2
ν(t){q,Aξ} , (4.26)

while the dissipative term of the SLED transforms in a more elaborate fash-
ion:

d

dt
Aξ = L†Aξ =

i

h̵
[Hs,Aξ] −

i

h̵
ξ(t)[q,Aξ] +

i

h̵

γ

2
{p, [q,Aξ]} . (4.27)

An evolution of c-number quantities is obtained by applying the trace av-
erage on both sides of equations (4.26) and (4.27). This is computationally
efficient if the considered system can be described by a small number of op-
erators Aξ, which is the case for harmonic systems whose complexity scale
with the square of the system size. Employing the trace averaged version
of equation (4.27) demands for a final stochastic average. Then, the order
of the averages used in Schrödinger picture in equation (4.15) is exchanged.
Finally we want to note that the presented evolutions are not identical to
the Heisenberg picture as solely the operators accounting for the system are
time-dependent and not the ones for the reservoir.

4.4 Characteristic functions, moments

and cumulants

In the following we will work with harmonic systems whose dynamics can
be completely described by deterministic equations which are derived from
the SLED. For this derivation, we have to make use of some more elaborate
concepts of probability theory. In order to clarify these concepts and the
notation used here, we introduce them by following Gardiner’s book [Gar09].

The characteristic function φX of a random variable X is given by the
Fourier transform of the probability distribution pX

φX(s) = ⟨exp(isX)⟩ = ∫ dxpX(x) exp(isx) . (4.28)
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The characteristic function determines the m-th moment of a random vari-
able X by7 the moment generating function

⟨Xm⟩ = −i
∂m

∂sm
φ(s)∣s=0 , (4.29)

where ⟨A⟩ is the expectation value of a quantity A. The logarithm of the
characteristic function generates the cumulants of a random variable X with8

⟨Xm⟩c = −i
∂m

∂sm
ln[φ(s)]∣s=0 , (4.30)

with the subscript c to distinguish the cumulants from moments. Therefore,
ln[φ(x)] is called the cumulant generating function. A generalization to mul-
tivariate distributions is possible by introducing a vector s⃗ = (s1, s2, . . . , sn)
and reads for the moments

⟨∏
i

Xmi
i ⟩ =∏

i

( − i
∂

∂si
)
mi
φ(s⃗)∣s⃗=0 , (4.31)

while cumulants of multivariate distributions are given by

⟨∏
i

Xmi
i ⟩c =∏

i

( − i
∂

∂si
)
mi

ln[φ(s⃗)]∣s⃗=0 . (4.32)

Cumulants and moments are explicitly related to each other by a formula
developed by Meeron [Mee57], which is quite complicated and not shown
here. For an algorithm to obtain cumulants in terms of moments we refer
to [Gar09] and the references therein and restrict ourselves to exemplary
results for low orders:

⟨Xj⟩c = ⟨Xj⟩
⟨XjXk⟩c = ⟨XjXk⟩ − ⟨Xj⟩⟨Xk⟩

⟨XjXkXl⟩c = ⟨XjXkXl⟩ − ⟨XjXk⟩⟨Xl⟩ − ⟨Xj⟩⟨XkXl⟩ − ⟨XjXl⟩⟨Xk⟩
+ 2⟨Xj⟩⟨Xk⟩⟨Xl⟩

⟨X3
jXk⟩c = ⟨X3

jXk⟩ − ⟨X3
j ⟩⟨Xk⟩ − 3⟨X2

j ⟩⟨XjXk⟩ − 3⟨X2
jXk⟩⟨Xj⟩

+ 6⟨Xj⟩⟨X2
j ⟩⟨Xk⟩ + 6⟨XjXk⟩⟨Xj⟩2 − 6⟨Xj⟩3⟨Xk⟩ , (4.33)

7X can be either a c-number or an operator. For the latter case, a consistent operator
ordering has to be used.

8Some authors, for example of refs. [Gar09, SSA15], note cumulants with ⟪A⟫. In the
present work, this double brackets will be used for the double average consisting of trace
and noise average. We therefore note cumulants with ⟨A⟩c in this work.
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where one should note that the first moment and cumulant are identical and
that the second joint cumulant is equal to the covariance of Xj and Xk.
Exemplary moments in terms of cumulants read:

⟨Xj⟩ = ⟨Xj⟩c
⟨XjXk⟩ = ⟨XjXk⟩c + ⟨Xj⟩c⟨Xk⟩c

⟨XjXkXl⟩ = ⟨XjXkXl⟩c + ⟨XjXk⟩c⟨Xl⟩c + ⟨Xj⟩c⟨XkXl⟩c + ⟨XjXl⟩c⟨Xk⟩c
+ ⟨Xj⟩c⟨Xk⟩c⟨Xl⟩c

⟨X3
jXk⟩ = ⟨X3

jXk⟩c + ⟨X3
j ⟩c⟨Xk⟩c + 3⟨X2

j ⟩c⟨XjXk⟩c + 3⟨X2
jXk⟩c⟨Xj⟩c

+ 3⟨Xj⟩c⟨X2
j ⟩c⟨Xk⟩c + 3⟨XjXk⟩c⟨Xj⟩2c + ⟨Xj⟩3c⟨Xk⟩c . (4.34)

These will be of importance when we deal with anharmonic oscillators [MWSA18].
There, the trace average of the phase space operators leads to higher order
moments, which we express by cumulants.

The practical importance of cumulants arises from the fact that one can
truncate cumulants of higher order to obtain an effective Gaussian distribu-
tion for a non-Gaussian one. We illustrate this by considering a Gaussian
distribution with expectation value ⟨X⟩ = 0 and variance σ2 :

pX(x) = 1

σ
√

2π
e−
(x−⟨X⟩)2

2σ2 . (4.35)

Fourier transformation of pX(x) gives the characteristic function

φX(s) = e−is⟨X⟩−
σ2s2

2 , (4.36)

which leads with equation (4.30) to the cumulants where only two are non-
vanishing since ln[φX(s)] is a polynomial of second order:

⟨X⟩c = ⟨X⟩
⟨X2⟩c = σ2

⟨Xn⟩c = 0 if n > 2 . (4.37)

A truncation of all cumulants of order n > 2 leads to a Gaussian distribu-
tion as given in equation (4.35). Furthermore, a theorem of Marcinkiewicz
[Mar39] states that a moment generating function which is given by a poly-
nomial with finite degree can not be of an order n > 2. Therefore, for non-
Gaussian systems, the cumulant generating function has to be a polynomial
of infinite order. This limits approaches to non-Gaussian systems to either an
exact treatment where all cumulants are taken into account, or an approxi-
mate scheme that is restricted to the first and second order. The latter is the
argument for the formalism for anharmonic oscillators shown in chapter 8
where ref. [MWSA18] is discussed.
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Chapter 5

Open chains beyond weak
system-reservoir coupling

Every project presented in this thesis is based on an exact treatment of open
harmonic chains. We investigated questions concerning the accordance of
the state with the second law of thermodynamics [SM17], the behavior of
higher order correlations in non-equilibrium [MAS17] or the influence of an-
harmonicities [MWSA18] on the state of the open system. In this chapter, we
follow the calculation from refs. [SM17,MAS17] for harmonic systems, while
a generalization to moderately nonlinear systems is presented in section 5.8.
The formalism is valid for Ohmic reservoirs with cut-off frequencies that are
much larger than the system frequencies.

5.1 The stochastic Liouville-von Neumann

equation for open quantum chains

The model of interest consists of N sites with continuous degrees of free-
dom and on-site potentials V (qn) with n as the site-indexes. The system
Hamiltonian for such a chain reads

Hs =
N

∑
n=1

p2n
2m

+ V (qn) +
N−1
∑
n=1

µn
2

(qn − qn+1)2 . (5.1)

For a better legibility we denote the couplings as {µn} = µ for homogeneous
chains. As displayed in figure 5.1, the chain is terminated by independent
thermal reservoirs which we assume to have Gaussian statistics. The com-
bined reservoir Hamiltonian for both baths reads:

HR =H(l)R +H(r)R . (5.2)
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Tl = Th Th = Tc

• • •

Figure 5.1: Schematic illustration of the system of interest consisting of N
quadratically coupled oscillators with the intra-oscillator coupling µ. The
black solid on-site potentials indicate harmonic ones, while the dotted ones
are characterized by a quartic contribution in the potential part of Hs. The
chain is terminated by thermal reservoirs coupled to the first (n = 1) and
last oscillator (n = N) with damping strengths γl and γr. The respective
temperatures are Tl = Th and Tr = Tc, while the cut-off frequencies ωc are
equal for both reservoirs. The figure has been published in ref. [MWSA18].

The coupling of the system coordinates q1, qN to the generalized coordinates
Xl and Xr of the reservoirs is bilinear. The interaction Hamiltonian is given
by

HI = q1Xl + qNXr , (5.3)

while the reservoir coordinates have been used in chapter 4 to derive the
SLN. According to the site the reservoirs are coupled to, they are indexed
with η = l, r and characterized by their individual autocorrelation function
Lη(t). These functions contain the inverse temperature βη and the spectral
density Jη(ω):

Lη(t) =
h̵

π ∫
∞

0
dωJη(ω)[coth (

βηh̵ω

2
) cos(ωt) − i sin(ωt)] . (5.4)

According to equation (3.17), the spectral densities of the reservoirs are cho-
sen as

Jη(ω) =
mηγηω

(1 + (ω/ωc)2)2
, (5.5)

which mainly depends on the cut-off frequency ωc and the damping γη in-
duced by the reservoir. The cut-off frequency ωc will always be equal for
both reservoirs the chain is coupled to; a label for ωc with the reservoir index
η is therefore gratuitous. With equations (5.4) and (5.5) the reservoir fluctu-
ations are determined by macroscopic quantities like temperature, damping
and mass. For an Ohmic spectral density, the full SLN reduces to the so
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called SLED which contains only one non-Markovian noise source, while the
imaginary part in Lη(t) reduces to a time derivative of the delta function.
This allows one to deterministically treat the damping. The SLED for a
chain terminated by two reservoirs then reads:

d

dt
ρξ = Lρξ = − i

h̵
[Hs, ρξ] +

i

h̵
ξl(t)[q1, ρξ] +

i

h̵
ξr(t)[qN , ρξ]

− i

h̵

γl
2
[q1,{p1, ρξ}] −

i

h̵

γr
2
[qN ,{pN , ρξ}] . (5.6)

The quantum noises ξη(t) have autocorrelations given by the real part in
equation (5.4)

⟨ξη(t)ξη′(t′)⟩ = δη,η′ ReLη(t − t′) , (5.7)

where the δη,η′ accounts for the fact that the reservoirs are uncorrelated.
Equation (5.6) provides the dynamics of one sample ρξ, while the reduced

density is represented by the expectation value with respect to the stochastic
noise:

ρ = ⟨ρξ⟩stoch . (5.8)

The evolution of the density matrix given by equation (5.6) represents the
dynamics in the Schrödinger picture and gives access to observables of inter-
est via a subsequent trace average procedure. The adjoint dynamics which
allows to propagate the trace average of time-dependent observables will be
presented in the following.

5.2 Decomposition into cumulants

In principal, the SLED equation provides correct results for any choice of the
system Hamiltonian Hs. For this section Hs reads

Hs =
N

∑
n=1

p2n
2m

+ 1

2
mω2

0q
2
n +

N−1
∑
n=1

µn
2

(qn − qn+1)2 . (5.9)

The flexibility of the SLED is paid with the price of a multiplicative noise
which shows a long-time behavior similar to that of geometric Brownian
motion. This difficulty can be circumvented for the particular case of a
harmonic system in an exact manner. The state of such a harmonic system
is fully determined by the covariance matrix, which can be split into the first
and second cumulants. This allows for a treatment with only N(2N + 1)
differential equations which are driven by additive noise. An extension to
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Hamiltonians with additional quartic terms 1
4mκq

4
n in the potential part (see

figure 5.1) will be presented in section 5.8. This anharmonic terms lead
to an infinite hierarchy of higher order cumulants, which can be effectively
treated by a truncation scheme. It will turn out that the exact formalism for
harmonic chains, which we present now, demands only for a small adaption
to effectively account for anharmonicities of moderate strength.

Starting with the stochastic samples ρξ obtained from the SLED, a double
average is needed to arrive at measurable moments of observables. This
double average is composed out of a trace operation ⟨⋅⟩tr = tr(⋅ρξ) which
turns the operator into a c-number. We denote the expectation value of this
random number with respect to the noise statistics by:

⟪A⟫ = ⟪A⟩tr⟩stoch . (5.10)

The twice-averaged covariance of two operators A and B reads

Cov(A,B) = 1
2⟪AB +BA⟫ − ⟪A⟫⟪B⟫ (5.11)

and can be split into two covariances, one with respect to the noise and one
with respect to the trace:

Cov(A,B) = 1
2⟪AB +BA⟫ − ⟪A⟫⟪B⟫

= 1
2⟪AB +BA⟫ − ⟪A⟩tr⟨B⟩tr⟩stoch
+⟪A⟩tr⟨B⟩tr⟩stoch − ⟪A⟫⟪B⟫

= ⟨Covtr(A,B)⟩stoch +Covstoch(⟨A⟩tr, ⟨B⟩tr) . (5.12)

At first glance, this separation increases the complexity of the treatment but
will turn out to be useful since multiplicative noise sources in the dynamics
of the trace averaged operators are avoided.

Being more specific and choosing A and B among the elements of an
operator-valued vector

σ⃗ = (q1, p1, q2, p2 . . . , qN , pN)t , (5.13)

which contains all phase space coordinates of the system, the above splitting
can be used to separate the covariance matrix Σ whose elements read Σj,k =
⟪σjσk +σkσj⟫/2− ⟪σj⟫⟪σk⟫. For symmetric potentials with the minimum at
zero, the double averages of the phase space coordinates are equal to their
classical analogs. These are only non-zero for an initially displaced system
and shall be eliminated by setting the initial values to zero, which leads to

⟪σj⟫ = 0 (5.14)
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for all times. Thus, we can reduce the covariance matrix to the twice-averaged
second moment whose elements read Σj,k = ⟪σjσk + σkσj⟫/2. In addition
to this simplification, a separation of the covariance matrix according to
equation (5.12) will turn out to be beneficial.

The covariance matrix is separated into the mean trace covariance (mtr)
and mean stochastic covariance (msc):

Σ = Σ(mtr) +Σ(msc) , (5.15)

Σ
(mtr)
j,k = ⟨Covtr(σj, σk)⟩stoch , (5.16)

Σ
(msc)
j,k = Covstoch(⟨σj⟩tr, ⟨σk⟩tr) , (5.17)

where the elements of the mean trace covariance read Σ
(mtr)
j,k = ⟪σjσk +

σkσj⟫/2 − ⟪σj⟩tr⟨σk⟩tr⟩stoch, and the ones of the mean stochastic covariance

Σ
(msc)
j,k = ⟪σj⟩tr⟨σk⟩tr⟩stoch − ⟪σj⟫⟪σk⟫ = ⟪σj⟩tr⟨σk⟩tr⟩stoch. Hence, Σ(mtr) con-

tains the stochastic average ⟨⋅⟩stoch of the second trace cumulants

⟨σjσk⟩tr,c = ⟨σjσk + σkσj⟩tr/2 − ⟨σj⟩tr⟨σk⟩tr ,

while the mean stochastic covariance Σ(msc) inhabits the stochastic average
over all products ⟨σj⟩tr⟨σk⟩tr of the first trace moments which are equal to the
first trace cumulants. Thus, for complete description of a harmonic system,
the first and second cumulants are sufficient.

5.3 Equations of motion for the covariance

matrix

To obtain the dynamics of both parts of the split covariance matrix, we focus
on the first and second trace cumulants of the system which are described
the dynamics of trace averaged operators ⟨Aξ⟩tr,c via stochastic differential
equations. In a next step, we analyze the expectation values of these quanti-
ties with respect to the noise. The evolution of an operator Aξ can be derived
by means of the SLED’s adjoint equation. The adjoint of the SLED from
equation (5.6) which describes a chain terminated by reservoirs reads:

d

dt
Aξ = L†Aξ = i

h̵[Hs,Aξ] − i
h̵ξl(t)[q1,Aξ] −

i
h̵ξr(t)[qN ,Aξ]

+ i
h̵
γl
2 {p1, [q1,Aξ]} +

i
h̵
γr
2 {pN , [qN ,Aξ]} . (5.18)

Since the contributions of the second reservoir are simply additive, the deriva-
tion of the adjoint operator L† works as described in section 4.3.
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Choosing Aξ as one of the position and momentum operators from the
vector of equation (5.13), one arrives at an equation of motion by applying
the standard commutator relation [qj, pk] = δj,kih̵. Applying the trace average
⟨⋅⟩tr does not affect the noise and leads to a differential equation for the first
trace moments, and since these are equal, the first trace cumulants. The
set of linear equations can be summarized by the following matrix-valued
equation:

d

dt
⟨σ⃗⟩tr(t) = M⟨σ⃗⟩tr(t) + ξ⃗(t) , (5.19)

with ξ⃗ = (0, ξl,0, ...0,0, ξr)t. The matrix M has dimension 2N × 2N and
contains the parameters of the system Hamiltonian and damping strengths
γη. For the system Hamiltonian given by equation (5.9) and the order of the
phase space variables given by equation (5.13), the matrix M reads:

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 1/m 0 . . . . . . 0
−a1 −γl µ1 . . . . . . 0
⋮ ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋮
0 . . . 0 0 0 1/m
0 . . . µN−1 0 −aN −γr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (5.20)

where the parameters associated to the n-th mode form a 2×2 block matrix,
while the couplings {µn} between the modes lie on the off-diagonals. The
factor an = mω2

0 + µn + µn−1 with µ0 = 0 can be understood as an effective
frequency that accounts for the quadratic intra-oscillator coupling in equa-
tion (5.9). For a bilinear intra-oscillator coupling of the form µnqnqn+1, solely
the mass and the on-site frequency ω0 would enter an.

The second trace cumulants read ⟨σjσk⟩tr,c = ⟨σjσk+σkσj⟩tr/2−⟨σj⟩tr⟨σk⟩tr
and, in order to get equations of motion, demand for a derivation with respect
to time. An application of the product rule for the second term is crucial and
cancels the noise contributions. Plugging Aξ = σjσk in equation (5.18) leads
to products of noises and operators ξησn. Since the trace average only acts on
the operator, these terms cancel with similar products obtained by the second
term of the cumulant. This leads to a homogeneous equation of motion for
the second trace cumulants which is not driven by noise. Remarkably, the
dynamics of the second trace cumulants are decoupled from the ones of the
mean stochastic covariance. Therefore, the evolution of the second trace
cumulants is purely deterministic and these cumulants are identical to the
mean trace covariance:

d

dt
Σ(mtr)(t) = MΣ(mtr)(t) +Σ(mtr)(t)M† . (5.21)
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This homogeneous differential equation provides an exponential decay of
mean trace covariance Σ(mtr). If the steady-state at t → ∞ is considered,
Σ(mtr) is equal to zero and the full covariance matrix can be reduced to the
mean stochastic covariance Σ(msc).

5.4 Deterministic evolution of the mean

stochastic covariance

The mean stochastic covariance constitutes the stochastic average over a
product of the trace moments of the vector σ⃗ defined in equation (5.13):

Σ(msc)(t) = ⟪σ⃗⟩tr(t)⟨σ⃗t⟩tr(t)⟩stoch . (5.22)

With the formal solution of equation (5.19) given by a convolution of the
Green’s function G(t − t′) with the noise

⟨σ⃗⟩tr(t) = ∫
t

0
dt′G(t − t′)ξ⃗(t′) , (5.23)

Σ(msc) is given by a double integral:

Σ(msc)(t) = ∫
t

0
dt′∫

t

0
dt′′G(t − t′)⟨ξ⃗(t′)ξ⃗t(t′′)⟩stochG†(t − t′′) . (5.24)

This formula has already been identified, based on quantum Langevin equa-
tions, as the steady-state solution for the covariance [FP14]. With equa-
tion (5.24), a transformation of the noise terms to the correlation matrix
L(t − t′) = ⟨ξ⃗(t′)ξ⃗t(t′′)⟩stoch is achieved. Therefore, instead of a stochastic
sampling, the elements of this matrix can be evaluated by numerical Fourier
transforms, or analytically with the residual theorem. For the harmonic chain
terminated by reservoirs, the only non-zero elements of this matrix are the
second and last element of the diagonal. For a system where also the bulk
oscillators are coupled to reservoirs, every second diagonal element would be
occupied by the correlation function of the reservoir which is attached to the
oscillator associated to the respective 2 × 2 block.

For numerical efficiency it is worth to derive equation (5.24) with respect
to time and to avoid an evaluation of the double integral. The upper bounds
of the integrals and the arguments of the Green’s functions lead to four terms1

1The derivative is obtained with the Leibniz integral rule d
dt ∫

t
0 dt′f(t, t′) =

f(t, t) + ∫
t
0 dt′ df(t,t

′)
dt

and an extension to double integrals d
dt ∫

t
0 dt′ ∫

t
0 dt′′f(t, t′, t′′) =

∫
t
0 dt′f(t, t′, t) + ∫

t
0 dt′′f(t, t, t′′) + ∫

t
0 dt′ ∫

t
0 dt′′ d

dt
f(t, t′, t′′).
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d

dt
Σ(msc)(t) = G(0)∫

t

0
dt′′L(t − t′′)G†(t − t′′)

+∫
t

0
dt′G(t − t′)L(t′ − t)G†(0)

+∫
t

0
dt′∫

t

0
dt′′Ġ(t − t′)L(t′ − t′′)G†(t − t′′)

+∫
t

0
dt′∫

t

0
dt′′G(t − t′)L(t′ − t′′)Ġ†(t − t′′) . (5.25)

These terms are summarized as

d

dt
Σ(msc)(t) = y†(t) + y(t) +MΣ(msc)(t) +Σ(msc)(t)M† , (5.26)

where the auxiliary variable y is determined by the two coupled equations:

ẏ(t) = G(t)L(t) (5.27)

Ġ(t) = MG(t) . (5.28)

This system of ordinary differential equations can be solved with a Runge-
Kutta method in a straight forward manner. A few words on the initial
conditions are appropriate: For an initial product state ρS⊗ρB of system and
reservoir, one chooses Σ in an unperturbed ground state of the chain. With
the split procedure of the covariance presented here, Σ(mtr)(0) and Σ(msc)(0)
have to be determined. For a state that is prepared without coupling to a
thermal reservoir, solely the trace averages have to be taken into account;
this automatically leaves Σ(msc)(0) = 0 as the only physically meaningful
choice2 and demands to set Σ(mtr)(0) = Σ(0).

Integration of equation (5.27) leads to

y(t) = y(0) + ∫
t

0
dt′G(t − t′)⟨ξ⃗(t)ξ⃗t(t′)⟩stoch , (5.29)

which can be identified by comparison with equation (5.23) as the correlation
function of the system’s degrees of freedom with the reservoir fluctuations:

y(t) = ⟪σ⃗⟩tr(t)ξ⃗t(t)⟩stoch . (5.30)

Then, y(0) = 0 is in accordance with an initial product state, while the
Green’s function at t = 0 is G(0) = 1 in scaled units3. Figure 5.2 shows an
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Figure 5.2: Exemplary evolution of each part of the covariance matrix Σ from
an initial product state to a thermal state. The system consists of one har-
monic oscillator coupled to a reservoir. The panels show the mean stochastic
covariance Σ(msc) (left), the mean trace covariance Σ(mtr) (middle) and the
full covariance Σ (right). The dynamics of Σ(msc) is given by equation (5.26)
and the one for Σ(mtr) by equation (5.21). The parameters of the reservoir
are γ = 0.1, kBT = 0 and ωc = 60, while we use natural units with h̵ = 1, ω0 = 1
and m = 1.

exemplary equilibration of one harmonic oscillator coupled to a thermal reser-
voir starting from a separated product state where the system has minimal
uncertainty.

With equations (5.29) and (5.30) it is worth to recapitulate the formal-
ism presented here. After the splitting of the covariance, the formal solution
(5.23) and the products of trace cumulants in Σ(msc) led directly to equa-
tion (5.24) where all noise terms are shifted to the analytically known reser-
voir autocorrelation function L(t − t′). Therefore, the system-bath correla-
tions y are immediately in a form where stochastic sampling can be avoided.
In contrast, using the adjoint operator L† to calculate the evolution of the
full covariance matrix would lead to products of reservoir noises ξη and phase
space operators qn, pn. This is equal to the form of y as presented in equa-
tion (5.30), but has the draw back of not being immediately associated with
the autocorrelation function L(t − t′). To simplify the result, we can note
that d

dtΣ = d
dtΣ

(msc) + d
dtΣ

(mtr) and add equations (5.21) and (5.26) which
gives

d

dt
Σ(t) = y†(t) + y(t) +MΣ(t) +Σ(t)M† . (5.31)

A direct calculation of the covariance matrix has been done based on quantum
Langevin equation for example in refs. [ZT90a,GB07,FP14].

2The elements of the covariance before applying equation (5.14) read Σ
(msc)
j,k =

⟪σj⟩tr⟨σk⟩tr⟩stoch − ⟪σj⟫⟪σk⟫. Skipping the stochastic averages gives zero.
3We use units where lengths are scaled with

√
h̵/(2mω0) and momenta with

√
mω0h̵/2.
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n = 1 n n + 1
j1,2 jn−1,n jn,n+1

jl,1

. . . . . .

Figure 5.3: Illustration of the heat fluxes, which transport energy through the
open chain. The oscillator at the endpoint exchanges heat with the reservoir
it is coupled to via the heat flow jl,1 (jr,N for the right endpoint) and with
its neighbor via j1,2 (jN−1,N). The bulk oscillators n are not attached to a
reservoir and exchange heat with the neighbors leading to the currents jn−1,n
and jn,n+1.

If only steady-states are considered, the mean stochastic covariance Σ(msc)

is equal to the full covariance Σ. Then, one can set the derivative with respect
to time in equation (5.26) to zero and an algebraic Lyapunov-equation for
the steady-state covariance is obtained:

MΣ +ΣM† + y† + y = 0 (5.32)

With this equation, a numerically efficient formalism is presented where equa-
tions (5.27) and (5.28) are precomputed and equation (5.32) can be solved
with standard routines for Lyapunov equations. Since M contains the dissi-
pative parts and has negative eigenvalues, the scheme is numerically stable
also for long chains.

5.5 Heat fluxes through open harmonic chains

The formalism to treat open harmonic chains allows one to choose heat baths
with different temperatures which causes a nonequilibrium state of the system
and heat fluxes which transport energy from the hot towards the cold bath.
In this section, we will show how the heat fluxes can be calculated. It will
turn out that the heat fluxes are completely described by the state of the
system and the system-reservoir correlations we have calculated before.

The oscillators of the chain have three possible channels for energy ex-
change: a coupling to the reservoir, and two couplings to the nearest neigh-
bors. Figure 5.3 illustrates a chain which is composed of ’unit cells’ whose
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Hamiltonian Hn reads:

Hn = p2n
2m

+ 1

2
mω2

0q
2
n +

µn
2

(qn−1 − qn)2 +
µn+1

2
(qn − qn+1)2 . (5.33)

The oscillators at the ends of the chain (n = 1, n = N) have only one coupling
to the nearest neighbor so that µ0 = µN+1 = 0, while the ones in the bulk region
are coupled to two neighbors but not to a reservoir. The dynamics of Hn

can be calculated with the adjoint operator of the SLED d
dt⟨Hn⟩tr = ⟨L†Hn⟩tr

which leads to two terms for each site if only the endpoints are attached to a
reservoir. As no driving force is acting on the system and energy conservation
within the chain holds, each term can be assigned to one heat flux passing a
specific channel:

d

dt
⟪H1⟫ = ⟪jl,1⟫ − ⟪j1,2⟫

d

dt
⟪Hn⟫ = ⟪jn−1,n⟫ − ⟪jn,n+1⟫, 2 ≤ n ≤ N − 1

d

dt
⟪HN⟫ = ⟪jN−1,N⟫ − ⟪jr,N⟫ ,

(5.34)

where the heat fluxes read:

⟪jn−1,n⟫ = µn−1
m

⟪qn−1pn⟫, 2 ≤ n ≤ N (5.35)

⟪jn,n+1⟫ = −µn
m

⟪qn+1pn⟫, 1 ≤ n ≤ N − 1 (5.36)

⟪jl,1⟫ = 1

m
⟨ξl(t)⟨p1⟩tr⟩stoch − γl⟨⟨

p21
m

⟩⟩ (5.37)

⟪jr,N⟫ = − 1

m
⟨ξr(t)⟨pN⟩tr⟩stoch + γr⟨⟨

p2N
m

⟩⟩ . (5.38)

It is emphasized that the double averages in equations (5.35) and (5.36)
are moments of phase space operators which are all included in the co-
variance matrix calculated before. The system-bath correlations in equa-
tions (5.37) and (5.38) are elements of y and are therefore already calculated
to get the covariance matrix which determines the system’s state. The terms
for the bulk currents (5.35) and (5.36) are in accordance for example with
refs. [ZT90b, GB07], while the terms for currents from the reservoirs to the
system profit from the c-number representation of the reservoir fluctuations
in the SLED formalism.

Figure 5.4 shows the heat fluxes in a chain with N = 3 oscillators ter-
minated by two reservoirs which have equal temperature. In the left plot,
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Figure 5.4: Transients of the heat fluxes in a chain of N = 3 oscillators
starting from an uncoupled product initial state. Both chains are terminated
by reservoirs with kBTl = kBTr = 0, ωc = 60 and have homogeneous intra-
oscillator couplings µ. The left plot shows the time dependent heat flux for
a chain with µ = 0.1 and equal dampings γl = γr = 0.1. The right plot shows
a ’detuned’ setting with µ = 0.3 and different dampings γl = 0.1 and γr = 0.5.
We use natural units with h̵ = 1, ω0 = 1 and m = 1.

both dampings are γl = γr = 0.1 as well as the intra-oscillator couplings
µ = 0.1. This homogeneous and symmetric choice leads to the smoothly
oscillating curves shown in the plot and identical reservoir-oscillator fluxes
⟪jl,1⟫ = ⟪jr,N⟫. The oscillator-oscillator fluxes ⟪j1,2⟫ and ⟪j2,3⟫ differ, as they
are nonlocal quantities corresponding to ascending oscillator index. The right
plot shows an equivalent situation, but with µ = 0.3 and γl = 0.1 and γr = 0.5.
The fact that the current converges to zero also for the asymmetric is a
signature of the consistency of our method with the second law of thermody-
namics. It has been shown that a treatment of heat transport through chains
with local Lindblad operators violates the second law [LK14], and extensions
to nonlocal operators have to be employed to cure this deficiency [CPAA13].

In figure 5.5, heat fluxes for a system in nonequilibrium with kBTl = 1.0
and kBTr = 0 are displayed. The plot nicely shows ⟪jl,1⟫ = ⟪jn,n+1⟫ = −⟪jr,N⟫
for the steady-state which indicates energy conservation in the bulk of the
chain. The dashed lines show the steady-state results obtained from equa-
tion (5.32). The right plot in figure 5.5 shows the single time heat-heat
correlation function ⟪j1(t)jn(t)⟫ for n = 1 (autocorrelation) with the red
line and for n = 2 in the inset with the blue line. By usage of Wick’s theo-
rem, ⟪j1(t)jn(t)⟫ can be reduced to second order correlations of phase space
variables which are elements of the covariance Σ. Two-time correlations
⟪jj(t)jk(t′)⟫ with t > t′ are feasible in the steady-state as shown later in this
work in [MAS17].
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Figure 5.5: Transients of the heat fluxes (left) and a heat-flux correlation
(right) in a chain of N = 3 oscillators starting from an initial product state.
The chain is in nonequilibrium since it is terminated by reservoirs with differ-
ent temperatures. Both plots result from the same system parameters with
γl = γr = 0.1, µ = 0.1 and reservoirs with kBTl = 1.0, kBTr = 0 and ωc = 60 for
both reservoirs. Results are shown in natural units: h̵ = 1, ω0 = 1 and m = 1.

5.6 Explicitly time dependent systems

The present formalism we use to calculate the covariance of a harmonic sys-
tem relied on the time translational invariance of the Green’s function. This
is the case for a time independent matrix M which corresponds to a Hamil-
tonian Hs which is not explicitly time dependent. We briefly discuss a gen-
eralization to time dependent systems. If we restrict ourselves to driving
forces that couple to a position coordinate of the system and conserve the
quadratic nature of the system Hamiltonian, only a frequency modulation or
a time dependent linear term in Hs can be considered [SSA13]. The latter
only causes a shift of the first moment of the phase space variables and is
not able to induce nontrivial effects such as squeezing.

We generalize the Green’s function calculated with equation (5.28) to
G(t, t′) and use it to calculate the system-reservoir correlation4:

y(t) = ∫
t

0
G(t, t′)L(t − t′)dt′ . (5.39)

Introducing τ = t − t′ and exploiting the separability of the Green’s function
G(t, t′) = Gf(t,0)Gb(0, t′) gives

y(t) = Gf(t,0)∫
t

0
Gb(0, t − τ)L(τ)dτ , (5.40)

4The dynamics of the system it self are correctly treated by simply assuming a time
dependent matrix M(t) in equations (5.21) and (5.26)
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Figure 5.6: Results for a driven dimer (N = 2) where each mode is attached
to a reservoir and the intra-oscillator coupling is time dependent with µ(t)
(top left). The right panels show the evolution of elements of the covariance
Σ, while the bottom left plot shows the heat currents in the chain. Other
parameters are kBTl = 1.0, kBTr = 0.0 and ωc = 60. Results are shown in
natural units with h̵ = 1, ω0 = 1 and m = 1.

where the forward Gf and backward Gb propagators satisfy

∂

∂t
Gf(t,0) = M(t)Gf(t,0) ,

∂

∂t′
Gb(0, t′) = −Gb(0, t′)M(t′) . (5.41)

Once these Green’s functions are computed, the resulting time local system-
bath correlation y is accessible and the covariance can be calculated in the
same fashion as for models without explicit time dependence.

Figure 5.6 shows exemplary results for a system of two oscillators termi-
nated by reservoirs with time-dependent intra-oscillator coupling µ(t). The
system is in nonequilibrium which causes heat transport between the oscil-
lators if µ(t) is finite. The top left panel shows the shape of µ(t) which con-
stitutes a series of peaks which have the smooth shape of a cosine. The right
panels show elements of the covariance matrix Σ, which are not associated
with heat flow. The moderate damping γ = 0.5 leads to a fast equilibration
towards a periodic steady-state. One should note that the ⟪qnpn + pnqn⟫/2
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are alternating around zero since these elements are given by the derivative
of ⟪q2n⟫. The plot at the bottom left shows the heat currents in the chain,
namely the one from the left reservoir to the first oscillator ⟪jl,1⟫, the flux
between the oscillators ⟪j1,2⟫ and the one from the right reservoir to the
last mode5. Clearly, ⟪j1,2⟫ is always zero, when µ(t) is zero, but this is
not the case for the fluxes between the system and the reservoirs; this is a
consequence of the finite heat capacity of the oscillators.

For large t, the integrand in (5.40) has a conceptual difficulty: Due to the
negative eigenvalues of M, Gf decays on time scales given by the damping.
Gb instead, is an increasing function and diverges for large times. Therefore,
small numerical flaws have an exponential impact and are not compensated
by the decaying reservoir autocorrelation function L in equation (5.40). This
issue may be targeted by some more evolved numerical strategies in order
to use the presented formalism for simulations of heat engines working over
many cycles and at very low temperatures.

5.7 Heat transport through disordered

harmonic chains

The numerical efficiency of the formalism, particularly for steady-states, al-
lows one to study the influence of disorder on the heat transport in long
chains. Therefore, we consider a system Hamiltonian

Hs =
N

∑
n=1

p2n
2m

+ 1

2
mω2

nq
2
n +

N

∑
n=1

µn
2

(qn − qn+1)2 , (5.42)

where the couplings {µn} and the on-site frequencies {ωn} can be chosen
to be inhomogeneous throughout the chain. Of great interest is the effect
of a coupling to a substrate manifested by finite values {ωn}. Such chains
are termed pinned, while chains with {ωn} = 0 are called unpinned (see for
example [CKR+10]). From analytical discussions of classical systems, it is
known that the combination of pinning and disorder leads to localization of
the normal modes [MI70, LLP03] and a subsequent exponential decrease of
the heat current with the chain length N . A chain which is not pinned shows
an algebraic decay of the heat flux with N , independent of the parameter
that is chosen as a random variable.

Figure 5.7 plots the heat currents for disordered quantum chains with-
out pinning and random intra-oscillator coupling {µn} (left) and for pinned
chains with random on-site frequencies {ωn} (right). The unpinned chain

5in steady-state ⟪jr,2⟫ = −⟪j1,2⟫ has to hold
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Figure 5.7: The disorder averaged heat current ⟨j⟩dis. for harmonic chains
with random intra-oscillator couplings (left) and random on-site frequencies
(right) obtained from 100 realizations of the random chains. In contrast to
the results for random frequencies of the pinned chains, the ones considered
in the left panel are not coupled to a substrate at all {ωn} = 0. Moreover,
the unpinned chain (left) has fixed boundaries, while the pinned chains have
open ends. Reservoir parameters are kBTh = 1.0, kBTc = 0, ωc = 30. The
unpinned chains (left) have ⟨µn⟩dis. = 0.5 with standard deviations σµ and
γl = γr = 0.5, while the pinned chains (right) have ⟨ωn⟩dis. = 1.0 with standard
deviations σω, {µn} = 0.3, γl = γr = 0.3, h̵ = 1 and m = 1.

(left) is modeled with closed boundary conditions6 and the heat flux is plot-
ted on a double logarithmic scale which leads to a straight line if the decay
of the heat flux is algebraic. As the plot shows a small curvature of the heat
current, one may conclude that the underlying law is either not algebraic or
that the thermodynamic limit is not reached for the shown lengths N . Solely
for σµ = 0.2 and N > 100 the current seems to converge against a straight line
which suggests that the localization lengths of the system are smaller than
the system size for this disorder strength.

The right plot in figure 5.7 shows results for pinned chains with random
frequencies {ωn}. For such a model, localized normal modes are expected
for classical systems and an exponential decay ⟨j⟩dis. ∝ exp(−λN) should
be observed with 1/λ as the largest localization length of all normal modes
[DL08]. Figure 5.7 shows the heat flux on a logarithmic scale and rather
straight decrease of the current at this scale. Hence, an exponential decay
can be observed for these pinned chains in accordance to results for classical
systems.

6Closed boundary conditions are modeled with an additional term µb(q
2
1 + q

2
N) in the

Hamiltonian (5.42). µb is the coupling strength to fixed walls. These boundary conditions
increase the numerical stability of equation (5.32), which is limited for long and unpinned
chains. For figure 5.7, µb was chosen as µb = ⟨µn⟩dis. = 0.5.
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For random harmonic chains, normal heat flow has not been reported for
one dimensional systems. Besides the role of the particular type of reservoirs,
an increase of the dimensionality and nonlinearities of the system dynam-
ics have been studied as fundamental cornerstones to observe normal heat
flow [CKR+10,DL08,LLP03]. An increase of dimensionality is possible with
the presented formalism in a straight forward manner, while nonlinearities
demand some more elaborate extension. The main result of such an exten-
sion is shown in the next section, while we refer to ref. [MWSA18] which is
discussed later in this thesis and contains a detailed discussion.

5.8 Consistent treatment of anharmonic chains

An extension of the presented formalism to quantum systems with anhar-
monicities is of interest since recent experiments showed that the degree
of the anharmonicity is a controllable parameter that is crucial for effects
like rectification of heat currents [RKS+18] or may improve the efficiency of
quantum heat engines. Available theoretical approaches for nonlinear sys-
tems roughly follow two lines: either they are based on a weak system-
reservoir coupling [SN05b, SN05a, Seg06, WYS09, ROJ09, ZYW+09, SSJ15]
or on approaches which account also for strong damping but demand a
lot of computational effort and are therefore restricted to small systems
[KA13,Sto03,KGSA08,KGSA10]. In this thesis, the gap between these two
lines is closed by a method which accounts for moderate anharmonicities and
any temperatures and system-reservoir couplings.

The system Hamiltonian which is used in this work and in the paper
[MWSA18] that is presented in chapter 8 reads

Hs =
N

∑
n=1

p2n
2m

+ 1

2
mω2

0q
2
n +

1

4
mκq4n +

N−1
∑
n=1

µn
2

(qn − qn+1)2 , (5.43)

where κ > 0 leads to a stiffer mode, while κ < 0 to a softer mode. For κ ≠ 0,
this model leads to higher order moments which can be turned to linear com-
binations of cumulants in analogy to equations (4.34). The resulting higher
order cumulants are determined by equations of motion which constitute an
infinite hierarchy of coupled equations. In ref. [MWSA18] we show that
a truncation of cumulants of orders higher than two gives a closed set of
equations which differ from the harmonic ones by an effective frequency

ω̃2
n = ω2

0 + 3κ⟪q2n⟫ , (5.44)

which depends on the width of the state ⟪q2n⟫ at site n. This constitutes a
dependence of a model parameter on the state of the system and leads to
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effects like a temperature dependent thermal conductivity and rectification.
Our approach is closely related to the one presented in refs. [BK07a,BK07b]
for classical systems. In this work, also cumulants of higher order are taken
into account which lead to heat transport according to Fourier’s law.

Since the anharmonicities which we consider affect only the local on-site
potentials, solely the oscillator frequencies in the matrix M (5.20) have to be
exchanged by the effective ones ω̃n, which then gives a set of self-consistent
equations. As will be shown in chapter 8, the expressions for the heat fluxes
derived in section 5.5 remain correct for the type of anharmonicities we con-
sider here and do not demand any adaption.

As pointed out in section 4.4, a truncation of cumulants of order larger
than two does necessarily lead to an effective Gaussian system, which is con-
firmed by the fact that our result is equal to that, one would get by a decom-
position of higher order moments with Wick’s theorem. Moreover, physical
consistency criteria like the fluctuation-dissipation theorem or Heisenberg’s
uncertainty relation are fulfilled also at low temperatures which can be traced
back to the consistent treatment of the system-reservoir coupling in our for-
malism. But it is emphasized that the presented formalism is not only con-
sistent, but also showed perfect agreement with benchmark data obtained
by a propagation of the SLED equation. In ref. [MWSA18], we show that
this agreement holds for a variation of almost 50% of ⟪q2⟫ and ⟪p2⟫ caused
by an increasing value of κ. In section 4.4 we discussed that higher order
cumulants contain less information as lower order ones which suggests that
the error done by the truncation is small. But nevertheless, it involves some
uncontrolled approximation which, as for common mean-field methods, has
to be validated for situations which are accessible by alternative methods.
The full SLED equation represents such a method which allows to simulate
one anharmonic oscillator without any restriction to small anharmonicities.
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CHAPTER 6. FORTSCHR. PHYS. 65, 1600067 (2017)

6.1 Summary Fortschr. Phys. 65, 1600067

(2017)

Master equations such as the Lindblad Master equation [Lin76,GKS76,AL07,
BP02] are widely employed in the field of quantum optics where the interac-
tion of system and environment, for example of an atom and its surround-
ing vacuum fluctuations, is weak. For solid state systems like diffusive hy-
drogen in metals [Wip97] or Bose-Einstein condensates coupled to external
modes [MAK+97, Hop97], the weak coupling assumption is not necessarily
fulfilled. At low temperatures, hybridization and a broadening of the ground
state occur also for moderate damping which is in contrast to the assumption
of an unperturbed system in a Gibbs state [Gra06, AP14]. For composite
systems, for example a dimer, the difficulty of a microscopic derivation of
the Lindblad equation can be avoided by the local approach (see for exam-
ple [ME12]) which is supposed to be valid for weak coupling of the system’s
constituents. It turned out that this assumption is correct only for local
observables such as populations, while it leads to violations of the second
law when investigating non local effects like heat transport is [LK14]. A
derivation of the Lindblad equation in the eigenspace of the combined sys-
tem recovers the accordance with the second law, but may lead to difficulties
for systems with non-equidistant energy levels whose Hamiltonian is difficult
to diagonalize.

Once a Lindblad equation is derived, it is seductive to introduce ad hoc
changes on the system Hamiltonian while the dissipative parts remain un-
touched. If one starts with the Lindblad equation for a harmonic oscillator
in natural units (m = 1, h̵ = 1) and coupling to a heat bath at T = 0 with
damping γ

d

dt
ρ = −iω[a†a, ρ] + γaρa† − γ

2
{a†a, ρ} , (6.1)

an exponential decay to the ground state can be observed. The creation and
annihilation operators a† and a are related to position and momentum via
a = (q+ip)/

√
2 and a† = (q−ip)/

√
2. If we now modify the system Hamiltonian

by a, at first glimpse, innocently looking linear force f

H = ω(a†a + 1

2
) − f(a† + a)/

√
2 , (6.2)

a transformation of the Lindblad equation to its adjoint1 gives the following

1The procedure of the transformation works analogous to the one in section 4.3 for the
SLN and SLED equations.
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steady-state solutions for the leading orders in γ:

q = f
ω
, p = γf

2ω2
. (6.3)

The left equation is the expected Hooke’s law, while the second equation is
unphysical since the momentum is not zero as it should be for the steady-state
of a particle in a harmonic potential. Further inconsistencies concerning the
second moments of q and p can be observed when considering a free particle
which one obtains by taking the oscillator frequency ω → 0.

The SLED approach, which we present as an alternative here, does not
demand to rederive the evolution of the density operator if changes solely
on the system Hamiltonian are taken. It translates the whole system plus
reservoir interactions to stochastic fluctuations whose statistics guarantees
the correct dynamics of the expectation value. It remains correct also for
multipartite systems and strong coupling to thermal reservoirs. In [SM17]
we exploit the freedom to choose the model Hamiltonian and study heat
transport through harmonic chains for various temperatures and under the
presence of impurities.

6.2 Author’s contribution

The author implemented, based on existing work done by J. T. Stockburger,
the code for the calculation of the system state of harmonic chains, performed
the simulations, prepared the plots with the numerical data and contributed
equally to the manuscript.
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Master equations of Lindblad type have attained prominent
status in the fields of quantum optics and quantum informa-
tion since they are guaranteed to satisfy fundamental notions
of quantum dynamics such as complete positivity. When Lind-
blad operators are used to describe thermal reservoirs in con-
tact with an open quantum system, the fundamental laws of
thermodynamics and the fluctuation-dissipation theorem pro-
vide additional mandatory criteria. We show several examples
of innocent-looking Lindblad operators which have question-
able properties in this regard. Compatibility criteria between
Hamiltonian and Lindblad terms as well as consequences of
their violation are discussed. An alternative stochastic ap-
proach to dissipative quantum dynamics is outlined and illus-
trated through a harmonic-chain model for which the approach
of local Lindblad operators fails.

1 Introduction

There has been a recent growth of research activity in
the study of the thermodynamics of small (mesoscopic
or microscopic) quantum systems. A major part of
these activities brings the fields of thermodynamics and
dynamics into contact, with interesting results beyond
the standard approaches of small fluctuations and linear
response.

The smaller a system is, the less isolated it tends to
be, hence the concept of an open quantum systems is
frequently referred to in current efforts, and established
methodology related to this concept is typically used.
One of the premier mathematical tools in this context
is the Lindblad master equation. Its ubiquitous use in
the literature, however, should not be taken as evidence
of universal applicability. Levy and Kosloff [1] have put
forward strong evidence to the contrary, showing that
certain ways of constructing local Lindblad operators
violate thermodynamics.

A few words on their epistemological status and use
in the context of thermal physics seem therefore in order.
There are two conceptually different approaches to open
quantum systems which overlap to some degree, but not
completely. On the one hand, the notion of an open
quantum system may be introduced in an abstract man-
ner, starting from the question how the Liouville-von
Neumann equation can be generalized to non-unitary,
dissipative time evolution. When the requirements of
unitarity and energy conservation are dropped, the re-
maining requirements are taken to be linearity, com-
plete positivity, and the existence of a superoperator
which acts as a generator of the dynamics. Starting from
these requirements, one arrives at quantum semigroups
whose generator can be decomposed into Hamiltonian
and Lindblad terms [2, 3]. The physical context in which
this methodology has found its most frequent applica-
tion is quantum optics.

A more physically motivated approach, which may
also give rise to Lindblad-type (and other) master equa-
tions, relies on the established postulates of (conserva-
tive) quantum mechanics only. The physical environ-
ment towards which the system of interest is “open”
must then be part, at least conceptually, in the start-
ing point of such an approach. Using a sequence of ap-
proximations [4], Lindblad operators can be identified as
modifications of the system dynamics by the reservoir,
after a partial trace is taken over all environmental de-
grees of freedom.

In this procedure, the Born approximation for
system-environment interaction is assumed for
timescales of the order of decoherence and relaxation
timescales, and a further weak-coupling assumption is
implied in the secular approximation which is needed to
bring the resulting master equation into Lindblad form.

Ulm University, Institute for Complex Quantum Systems
∗ Corresponding author e-mail: juergen.stockburger@uni-
ulm.de
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A few comments seem in order here: Strict appli-
cation of the methodology just outlined requires some
knowledge of the spectral power density of reservoir
fluctuations, and the diagonalization of the system
Hamiltonian (at least within an uncertainty given by
Planck’s constant divided by the correlation time of
reservoir fluctuations). For some applications, tech-
niques reaching beyond the Born approximation are
needed, either using higher-order corrections [5] or en-
tirely different approaches for reducing the dynamics of
system-plus-reservoir models, e. g., path integrals in the
case of quantum Brownian motion [6] or for the instan-
ton theory of dissipative tunneling [7]. Stochastic mod-
eling techniques [8–10], equivalent to non-perturbative
path integral approaches, are sometimes attractive as
computational methods.

2 Inherent limits of the standard Lindblad
approach in thermodynamic contexts

In a thermodynamic context, the system-plus-reservoir
approach is the appropriate reference point; heat baths
are then identified as “environment”. Under certain con-
ditions, the standard Lindblad master equation

dρ

dt
= −i[H, ρ] +

∑
j

LjρL†
j − 1

2

{
L†

j Lj, ρ
}

(1)

can be derived for this case [4, 11]. In this thermody-
namic setting, it acquires the following additional prop-
erties:

1. The dynamics of diagonal elements of the density
matrix (relaxation) decouples from the dynamics of
the off-diagonal elements (coherent evolution and
dephasing).

2. Transition rates between the diagonal elements obey
a detailed balance condition, determined by the level
structure and the reservoir temperature.

3. The Gibbs ensemble related to the system Hamilto-
nian is a stationary state of the master equation. In
the absence of special symmetries the stationary state
is unique; the master equation describes thermaliza-
tion.

4. When the Hamiltonian and dissipative parts of the Li-
ouvillian are considered separately, the Gibbs state is
a zero-eigenvalue eigenstate of either part.

From these points, it is evident, that the unitary dynam-
ics of the system-plus-reservoir model can be used to de-
scribe thermalization of the system, at least under the

weak-coupling provisos on which the derivation of the
Lindblad master equation relies on in this context.

The stationary state of a Lindblad equation properly
derived from a system-plus-reservoir model is virtually
always a valid thermodynamic state, however, this does
not allow the conclusion that it faithfully reflects the true
state of a microscopic system in finite-strength contact
with a heat bath. The stationary state basically results
from solving the detailed-balance conditions for the sta-
tionary probabilities (and normalization). It lies in the
nature of this procedure that the result is of lower-order
accuracy when perturbatively determined rates are used.
Rates are correct to second order in the system-reservoir
coupling here, resulting in the zero-order Gibbs result.

It is to be noted that the zero-order result may be
qualitatively wrong in the case of low temperatures. The
zero-order result depends only on the system Hamil-
tonian. In the case of a gapped Hamiltonian, and for
thermal energies sufficiently below the gap, the zero-
order result show an essentially frozen system with
exponentially small thermodynamic quantities, e.g., a
heat capacity ∝ exp(−E1/kBT) (Schottky anomaly). For
simple systems such as the spin-boson model or the
damped harmonic oscillator, the reduced density matrix
may be computed with better accuracy in this regime,
e.g, by path integral methods. The essential thermo-
dynamic properties at low temperature are actually re-
lated to the structure of a hybridized, broadened sys-
tem ground state, with thermodynamic quantities vary-
ing algebraically, sometimes linearly with temperature
[12]. This has been demonstrated for a two-state sys-
tem [13] and for the damped harmonic oscillator [6].
For the generic model of Ohmic dissipation, both works
find a heat capacity ∝ T . Ankerhold and Pekola have re-
cently discussed the experimental implications of such
hybridization effects [14].

Closely related to the path integral approach is the
dynamical ansatz of a hierarchy of equations of motion
[15] (augmenting the dynamical state by auxiliary den-
sity matrices). This approach is useful when studying
systems or physical effects where system-reservoir corre-
lations play a significant role, e.g., in multi-dimensional
spectroscopy.

3 Heuristic Lindblad operators: When are they
consistent with thermodynamics?

The derivation of the Lindblad master equation as a re-
duced dynamics of a system-plus-reservoir model as re-
ferred to above can be a formidable task. Not only must

1600067 (2 of 7) C© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheimwww.fp-journal.org
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the system Hamiltonian be diagonalized, the system-
reservoir coupling must be decomposed into a linear
combination of raising and lowering operators between
the energy eigenstates of the system. In simple cases
such as the harmonic oscillator or noninteracting spin
systems, the raising and lowering operators are few
and easy to determine. Complex systems with n non-
equidistant energy levels require a total of up to n(n − 1)
such eigenoperators of the Hamiltonian [4].

Because of this complexity, heuristic Lindblad mas-
ter equations are frequently postulated by “defining” an
open system either by modifying the Hamiltonian after
an “orthodox” Lindblad master equation had been de-
rived for a simpler, unperturbed Hamiltonian, or by se-
lecting ad-hoc combinations of Hamiltonian and Lind-
blad terms by hand.

A most simple test case demonstrates problems with
the former approach (i.e., modifying the Hamiltonian af-
ter introducing a Lindblad dissipator): Let us consider
the standard Lindblad master equation for the damped
harmonic oscillator in a zero-temperature environment,

ρ̇ = −iω[a†a, ρ] + γ aρa† − γ

2
{a†a, ρ} , (2)

which describes exponential decay to the ground state,
but modify the Hamiltonian by adding a linear force
term,

H = H0 + H1 = ω

(
a†a + 1

2

)
− f (a† + a)/

√
2 . (3)

Properties of the stationary state of this dynamics can
be conveniently determined by considering the adjoint
(Heisenberg) master equation for an observable A(t),
[4, 16]

Ȧ = −iω[A, H] + γ a†Aa − γ

2
{a†a, A} . (4)

The stationary solutions for position q = (a + a†)/
√

2 and
momentum p = i(a† − a)/

√
2 are (to leading order in γ )

qstat = f
ω

, pstat = − γf
2ω2

�= 0 . (5)

The former equation is Hooke’s law in the mass-reduced
units used here; the latter equation is an unphysical re-
sult (see also [17]).

Qualitative changes to the Hamiltonian can induce
larger discrepancies between thermodynamic states and
the stationary state of the resulting Lindblad master
equation. Keeping the Lindblad operators of eq. (2), but
changing the Hamiltonian to that of a free particle, H =
ω
4 p2 in the units used here, one finds a stationary state

which is a highly squeezed Gaussian with

〈p2〉 = 1
2

(6)

1
2
〈pq + qp〉 = ω

2γ
(7)

〈q2〉 = ω2

γ 2
+ 1

2
. (8)

This cannot be identified as a thermal state for several
reasons. In a non-magnetic model, there can be no corre-
lations between q and p. Moreover, in a proper treatment
(see, e.g., [18]), one finds that there is no stationary state:
By changing the Hamiltonian to that of a free particle, we
have effectively changed the problem to that of quantum
Brownian motion, which has no stationary state, 〈q2〉 di-
verges linearly with time.

Of course, not all changes to the Hamiltonian are this
harmful. When a Lindblad master equation is derived
from a system-reservoir model, one critical step is a de-
composition of the system-reservoir coupling into eigen-
operators of the Hamiltonian [4]. Starting from an in-
teraction term HI = −A · B which is separable between a
system part A and a reservoir part B, Lindblad operators
Lj are chosen such that A is a linear combination of them,
and with the special property that the time dependence
of Lj(t) in the interaction picture is

Lj(t) = eiωj t Lj(0) . (9)

Here ωj is one of the transition frequencies of the system.
Keeping the Lj while changing the Hamiltonian will, of
course, lead to a different, non-trivial equation of mo-
tion of Lj(t) in the interaction picture. However, as long
as eq. (9) remains a good approximation for the dura-
tion of the reservoir correlation time, only a small error
is incurred. In this context, it should not be overlooked
that even broad-band, unstructured reservoirs have a
timescale which is not always short in a quantum con-
text: The thermal timescale 1/(kBT) is relatively long if
kBT is small compared to a typical level spacing of the
system. In essence, this means that the modification of
a Hamiltonian in a Lindblad master equation is safe if it
does not change the eigenstates appreciably, and if the
level shifts and splittings it induces are smaller than kBT .

In the light of these considerations, models defining
Lindblad operators defined entirely ad hoc should be
considered as more or less disconnected from thermody-
namics and statistical physics unless cogent arguments
are found for their validity.

Levy and Kosloff analyze such a case in a recent paper
[1], where they study a “dimer” of harmonic oscillators
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Th Tc...µη

Figure 1 Chain of harmonic oscillators coupled to Ohmic heat
baths.

(or, alternatively, two-level systems) in order to test the
compatibility of site-local Lindblad operators with ther-
modynamics. The local dissipation operators considered
there are a correct description for a monomer (in the
sense of properties 1–4 enumerated in section 2). Levy
and Kosloff choose different temperatures for the reser-
voirs of two monomers, then study the dynamics which
arises when the two monomers are coupled while leav-
ing the site-local Lindblad operators unchanged. For this
case, they find significant parameter regimes where the
resulting dynamics has a nonequilibrium steady state in
fundamental disagreement with thermodynamics: En-
ergy is transferred from the cold to the hot side of the
dimer without any work being performed on the system.

Here we show that even the equilibrium state of such
a model is sometimes unphysical, even in highly sym-
metric cases (in particular, reservoirs with identical tem-
peratures). We consider a short chain of three harmonic
oscillators with Hamiltonian

H = H0 + Vint =
3∑

i=1

1
2

miω
2
i q2

i + Vint (10)

with interaction potential

Vint = −
2∑

i=1

μiqiqi+1 (11)

in the symmetric configuration mi = ωi = 1, μi = 0.7.
The first and last oscillator is subject to the zero-
temparature Lindblad terms of eq. (2).

The stationary state of the resulting master equation,
obtained using an analogue of eq. (4), differs significantly
from the ground state of the chain. These artifacts persist
down to the regime of extremely weak damping. For val-
ues of γ between 10−3 and 10−12, we find essentially the
same Gaussian state with a covariance matrix incompat-
ible with ground state properties. It appears that however
small γ is chosen, the same artifact arises. Most likely this
can be attributed to the fact that a transformation of the
annihilation operators a1 and a3 to a normal-mode pic-
ture will also contain creation operators of the normal
modes. In a sense, the local Lindblad dissipator, however
weak, “pulls” the system in the wrong direction.

The symplectic eigenvalues of the covariance matrix
provide a convenient route for the determination of the
entropy of the resulting state [19]. We find it is a mixed
state with entropy S ≈ 4.10kB. With S ≈ kB ln n, this cor-
responds to roughly 60 occupied states.

Larger chains, such as those currently studied exper-
imentally as cold-atom replicas of solid-state systems,
present problems even outside the specific context of
site-local damping operators: In the limit of long chain
length, energy levels come arbitrarily close to each other.
For large enough systems, the combination of the Born
and rotating-wave approximations inherent in the stan-
dard derivation of Lindblad master equation [4] leads to
difficulties: The assumption of a small level broadening
compared to the level spacing breaks down. In any gap-
less model, low-lying single-particle excitations will ex-
hibit properties very similar to quantum Brownian mo-
tion, leading to similar problems as those discussed ear-
lier in this context.

4 Alternative formalism for open-system
dynamics

Some alternative formal approaches to system-plus-
reservoir models, such as path integrals, were already
mentioned in the introduction. Here we present recent
work based on an exact stochastic model of a harmonic
or Gaussian quantum reservoir [10]. The key obstacle
to the construction of such a model lies in the fact
that Heisenberg operators at different times generally do
not commute; a property which ordinary stochastic pro-
cesses cannot reproduce.

Here is how to work around this problem: Again start-
ing from a separable Hamiltonian HI = −A · B, it is to be
noted that the Liouvillian will be the sum of two separa-
ble terms (interaction picture):

ρ̇(t) = iA+(t)B−(t)ρ(t) + iA−(t)B+(t)ρ(t) (12)

where superoperators for reservoir B±, and system A±
defined through (anti-)commutators, B− = [B, ·] and
B+ = 1

2 {B, ·} [20]. It is now possible to replace the super-
operators B+ and B− in eq. (12) by c-number stochas-
tic processes ξ (t) and ν(t) such that the stochastic mean
value of solutions ρ(t) will be exactly identical to the
mean value obtained by tracing out the quantum reser-
voir. Necessary and sufficient conditions for this identifi-
cation are

〈ξ (t)ξ (t ′)〉 = Re〈B(t)B(t ′)〉 (13)
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〈ξ (t)ν(t ′)〉 = 2i�(t − t ′) Im〈B(t)B(t ′)〉 (14)

〈ν(t)ν(t ′)〉 = 0 . (15)

These conditions may seem somewhat exotic for a
“classical” stochastic process but can be fulfilled for
complex-valued ξ (t) and ν(t). For any correlation func-
tion 〈B(t)B(t ′)〉 whose real and imaginary parts are linked
by the fluctuation-dissipation theorem, this is a valid, ex-
act model of a quantum heat bath.

It is to be noted that the identification of stochastic
average and trace over reservoir is completely “agnostic”
of the intrinsic properties of the systems: The separable
structure of the coupling is preserved, and no decompo-
sition of A(t) into eigenoperators is necessary. A set of
processes ξ (t) and ν(t) adapted to a coupling Hamilto-
nian HI and a reservoir correlation function 〈B(t)B(t ′)〉 is
valid for any system Hamiltonian HS. Virtually all prob-
lems outlined in the previous section are thus avoided in
this approach.

In the case of an Ohmic heat bath, the dissipative
part Im〈B(t)B(t ′)〉 is of the form C δ′(t − t ′) (derivative of
Dirac’s delta function). This allows a time-local represen-
tation of the dissipative part, while the fluctuation part
Re〈B(t)B(t ′)〉 becomes time-local only in the case of ex-
tremely high temperatures [21]. The resulting equation
of motion [8] then is, substituting the position operator q
for A, and reverting to the Schrödinger picture:

d
dt

ρ = −i
(
[HS, ρ] − ξ (t)[q, ρ]

) − i
η

2m
[q, {p, ρ}] . (16)

The last term is identical to the friction term in the mas-
ter equation of Caldeira and Leggett [21]. However, ex-
plicit fluctuations ξ (t) are kept in eq. (16), which is valid
for arbitrarily long thermal times β, i.e., arbitrarily low
temperature. Eq. (16) is numerically stable and can used
for computation by direct sampling [22–24].

We study harmonic chains of moderate size using de-
terministic equations of motion based on eq. (16). Also
here, the dynamics of the adjoint counterpart to the
equation of motion (16) is useful, however, it is also a
stochastic equation of motion. All observables must be
obtained through double (trace and probabilistic) aver-
ages of the type

〈A〉 = 〈tr(Aρ)〉prob . (17)

Variances related to this double average can be written
as

var(A, B) = 〈 vartr(A, B) 〉prob + varprob( 〈A〉tr, 〈B〉tr ) . (18)

The time evolution of vartr(A, B) can be obtained by suit-
ably combining the adjoint equations for A, B, and AB +
BA, which leads to the observation that vartr(A, B) evolves
deterministically, independent of ξ (t). This allows the
simplification

var(A, B) = vartr(A, B) + varprob( 〈A〉tr, 〈B〉tr ) . (19)

The second term in the sum can be transformed using
the observation that 〈A〉tr and 〈B〉tr are linked to ξ (t) by
linear response. The phase-space vector X being of the
form

X(t) = X0 +
∫ t

0
dt ′G(t − t ′)ξ (t ′) , (20)

the covariance matrix of position and momenta, or,
more precisely, its part contributed by terms of type
varprob( 〈A〉tr, 〈B〉tr ) can therefore be written as a matrix
� with

�(t) =
∫ t

0
dt ′

∫ t

0
dt ′′G(t − t ′)G†(t − t ′′)〈ξ (t ′)ξ (t ′′)〉 . (21)

Using an auxiliary quantity y(t), a closed system of ordi-
nary differential equations can be solved to obtain �(t):

�̇(t) = M�(t) + �(t)M† + G(0)(y(t))† + y(t)(G(0))† (22)

ẏ(t) = 〈ξ (t)ξ (0)〉G(t) (23)

Ġ(t) = MG(t) . (24)

The non-zero elements of the matrix M consist of con-
stants such as masses, frequencies, couplings and fric-
tion constants. For a chain coupled to reservoirs at ei-
ther end, a slightly extended version of these equations
involving two processes ξL(t) and ξR(t) is needed. Since
these equations are now deterministic, both small and
large fluctuations can be determined with very moder-
ate numerical effort. The artifacts demonstrated for the
local Lindblad approach – unphysical heat currents and
an unphysical equilibrium state – are completely absent.
The direction of the heat current is determined solely by
the direction of the temperature gradient, and in the case
of equal reservoir temperatures we find the Gibbs state in
the limit of weak coupling.

Figure 2 shows heat currents through a chain of five
oscillators as a function of the temperature of the hot-
ter of two reservoirs, with different symbols designating
different temperatures Tc of the colder reservoir. All three
datasets show (in the log-log representation chosen here)
a threshold at which a positive current sets in. If the tem-
perature of the cold reservoir is finite, it sets the scale for
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Figure 2 Threshold behavior in the heat current through a har-
monic chain of five oscillators. Parameters are μ = 0.1, η = 0.1,
reservoir high-frequency cut-off ωc = 30.

the threshold: The sign of the current correctly changes
with the sign of the temperature difference. A differ-
ent (and maybe more interesting) reason exists for the
threshold in the third dataset with Tc = 0: In a chain of
moderate size, the first excited state is separated from the
ground state by a small but finite gap. Transport can oc-
cur only if one of the reservoir temperatures is sufficient
for thermal excitation of this state. Avoiding this finite-
size effect through larger chain lengths can be done with
moderate effort: Our dynamical variable �(t) grows only
quadratically with chain length. Since our approach is
non-perturbative, the breakdown of perturbation theory
for extended systems (outlined near the end of section 3)
does not occur here.

As another exercise, we make use of our liberty to
change the Hamiltonian without complications by intro-
ducing an impurity through variation of the intrinsic fre-
quency of one oscillator situated at the center of an 11-
oscillator chain (figure 3). The energy of each local oscil-
lator is taken as an indicator for differences in heat trans-
port with and without impurity. Without impurity, there
is a fairly flat profile, indicative of ballistic transport [25].
With an impurity, a step in this plateau is introduced at
the impurity, but otherwise, the profile remains homo-
geneous.

5 Conclusions and outlook

There are several potential pitfalls when using Lindblad
dissipators to model thermal reservoirs. Some of them
are intrinsic to the approach, leading to subtle errors due
to the perturbative nature of their connection to system-
plus-reservoir models. Further errors are incurred when
Hamiltonian terms and Lindblad operators do not match

no impurity

Figure 3 Local oscillator energies for varying impurity strength.
Parameters areμ = 0.1, η = 0.1, kBTc = 0, kBTh = 1, reservoir
high-frequency cut-off ωc = 30.

in the sense outlined in sections 2 and 3. Qualitative er-
rors may arise then, leading to equlibrium or nonequlib-
rium states with properties which contradict thermody-
namics in a fundamental way.

In such cases, alternative descriptions of open-
system quantum physics are needed. These can be estab-
lished methods like path integrals or newer methods like
hierarchic equation of motion or stochastic modeling,
both of which stay within the paradigm of an equation of
motion. The corresponding equations of motion define
an essentially non-perturbative approach. The compu-
tational cost of the stochastic method in terms of explicit
statistical sampling is not always affordable, but when-
ever enough samples can be generated to achieve nu-
merical convergence, the result is guaranteed to be free
of systematic error.

We have analyzed certain aspects of heat transport
through a harmonic chain based on this methodology.
For harmonic systems with ohmic damping of arbitrary
strength, deterministic equations of motion are derived
which are purely local (no diagonalization into eigen-
states or normal modes is required), yet we obtain the re-
duced system dynamics of the underlying system-plus-
reservoir model without the errors described earlier. We
are currently extending this approach to larger chains,
planning to investigate spatiotemporal patterns in trans-
port as well as the effects of disorder and/or weak anhar-
monicity.
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CHAPTER 7. NEW J. PHYS. 19, 053013 (2017)

7.1 Summary New J. Phys. 19, 053013 (2017)

Correlation functions are of outstanding importance in physics since they
constitute a bridge from the time dependent dynamics of a system to its
spectral properties. These correlations functions are given by an expecta-
tion value of a product of variables. For quantum systems, the variables are
noncommutative operators and demand for a particular choice of the opera-
tor ordering. A symmetrized order (Weyl ordering) is a common choice if all
operators have the same time argument and was used to describe the first mo-
ments of heat fluxes with quantum Langevin equations [GB07,ZT90a,ZT90b].
If so called two-time correlations, which monitor the system at two different
times t and t′ are considered, symmetric ordering leads to a significant loss
of information which is encoded in the time evolution of imaginary parts.
These arise from the canonical commutation relation for position and mo-
mentum [q, p] = ih̵. The imaginary parts turn out to enter the real parts of
higher order correlations with Gaussian statistics. Besides the experimental
importance of such correlations, they are also crucial when deriving nonequi-
librium fluctuation-dissipation theorems such as in [PNA+13]. In this refer-
ence, Langevin equations were successfully employed to overcome restrictions
of weak coupling methods such as the quantum regression hypothesis [Car02]
which was proven to violate several consistency criteria [Tal86, FO96] like
the fluctuation dissipation theorem [CW51] for situations beyond the weak
damping limit.

The correlations we want to deal with are correlations of the heat fluxes
jn,n+1(t) = jn(t) and jl,l+1(t′) = jl(t′) at times t and t′:

⟪jn(t)jl(t′)⟫c = ⟪jn(t)jl(t′)⟫ − ⟪jn(t)⟫⟪jl(t′)⟫ . (7.1)

Inserting the expression for the fluxes from equation (5.36) with the respec-
tive index gives a correlation function with four phase space operators. Since
these correlations are Gaussian, they can be decomposed with Wick’s theo-
rem to

⟪jn(t)jl(t′)⟫c = ( µm)
2

[⟪qn+1(t)ql+1(t′)⟫⟪pn(t)pl(t′)⟫

+⟪qn+1(t)pl(t′)⟫⟪pn(t)ql+1(t′)⟫] . (7.2)

The challenge now is to determine the time evolution of a two-time correlation
covariance Σ>(t − t′) where the > symbol indicates time ordering with the
longest times on the right. We consider the steady-state, which means that
the system was initially prepared at t0 = −∞. Σ>(0) is given by the steady-
state values of the covariance matrix which are calculated by equation (5.32)
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of section 5.4:

Σ>(0) = lim
τ→∞Σ(τ) +Σ′′

0 . (7.3)

where the matrix with the imaginary parts Σ′′
0 is given by the standard

commutation relations:

Σ′′
0 =

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 i
2

− i
2 0 ⋱

⋱ ⋱ ⋱
⋱ 0 i

2

− i
2 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (7.4)

where the signs result from the choice of the order of positions and momenta.

The correlation functions we want to evaluate have the form ⟪A(t)B(t′)⟫ =
⟪A(∆)B(0)⟫ where ∆ = t − t′. With the time ordered propagator [BP02]

V(t2, t1) = T← exp (∫
t2

t1
L(s)ds) , ∂

∂t2
V(t2, t1) = L(t2)V(t2, t1) , (7.5)

the correlations read ⟪AV(∆,0)B(0, t0)⟫. The time evolution is determined
by the adjoint operator L† from equation (5.18) for the open chain with
system Hamiltonian (5.9). A substitution of the pairs A and B by all possible
pairs of positions and momenta culminates in a matrix equation given by

∂

∂∆
Σ>(∆) = MΣ>(∆) + z(∆) (7.6)

∂

∂∆
z(∆) = −L(∆) − z(∆)M† . (7.7)

The initial conditions for the multi time system-reservoir correlation read
z(0) = limτ→∞ y†(τ). y(τ) is the system-reservoir correlation which accords
to equations (5.27) and (5.28). This correlation needs to be computed for the
steady-state covariance Σ which constitutes the initial value of Σ>. Equa-
tions (7.6) and (7.7) are the main conceptual results of the presented paper.

In the weak damping limit γη → 0, the resulting correlations are in perfect
agreement with the ones obtained by an analytical calculation where the
system is supposed to be in a Gibbs state with density ρ = exp(−βHs)/Z. For
moderate damping and different temperatures at each end of the chain, the
impact of the nonequilibrium revealed to be most distinct for dampings and
couplings, where the first moment of the heat current is maximal. A method
that consistently incorporates effects of damping is therefore mandatory to
study nonequilibrium fluctuations of heat currents.
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Abstract
Heat transport in open quantum systems is particularly susceptible to themodeling of system–

reservoir interactions. It thus requires us to consistently treat the coupling between a quantum system
and its environment.While perturbative approaches are successfully used infields like quantumoptics
and quantum information, they reveal deficiencies—typically in the context of thermodynamics,
when it is essential to respect additional criteria such asfluctuation-dissipation theorems.Weuse a
non-perturbative approach for quantumdissipative dynamics based on a stochastic Liouville–von
Neumann equation to provide a very general and extremely efficient formalism for heat currents and
their correlations in open harmonic chains. Specific results are derived not only forfirst- but also for
second-ordermoments, which requires us to account for both real and imaginary parts of bath–bath
correlation functions. Spatiotemporal patterns are comparedwithweak coupling calculations. The
regime of stronger system–reservoir couplings gives rise to an intimate interplay between reservoir
fluctuations and heat transfer far from equilibrium.

1. Introduction

In the context of heat transfer, harmonic systems away from equilibriumhave attracted a lot of attention over the
last few years since the path from first-principlemicroscopicmodels to phenomenological results such as
Fourier’s law has turned out to be a formidable task [1–8]. Specifically challenging for quantum systems is the
correct description of interactions between the system and environmental degrees of freedom.While inmany
situations, the assumption ofweak system–bath interactions leads to powerful perturbative techniques such as
master equations, the problemof quantumheat transfer seems to be particularly susceptible to themodeling of
the correlations between the relevant system and environmental degrees of freedom. In fact, the underlying
assumption of an unperturbedGibbs state of the embedded system is only valid for vanishing coupling
strengths, thus implying vanishing heat transfer.Weak system–bath interactions at low temperatures induce
correlations between system and reservoir, which lead to non-negligible energy exchange [9] and produce
unphysical results in conventional perturbative treatments [10, 11].Moreover, the relaxation towards stationary
states at low temperatures generally depends on the nature of the surrounding heat baths and, particularly, on
non-Markovian dynamics [12–15]. Since harmonic systems allow for exact results at least in principle, theymay
on the one hand serve as non-trivial paradigmatic examples and, on the other hand, as starting points formore
elaboratemodels.

Quantumheat transport through harmonic chains has been treated based on quantumLangevin equations
which, for linear systems, leads to correct results for a large variety of couplings and temperatures [16–18].
However, while conceptually simple, practically these approaches focus on symmetrized bath-correlation
functions to avoid the sampling of quantum time evolutions in the presence of complex-valued quantumnoise.
They are thus restricted to the study of symmetrized correlation functions, which reflect the dispersive part of
the system and are connectedwith the fluctuation-dissipation theorem to the anti-symmetric correlation that
constitutes the absorptive part [19]. These symmetrized correlations are sufficient to extract firstmoments of
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heatfluxes, but do not allow us to gain access to higher-ordermoments which are determined also by
contributions fromphase–space correlations that are not symmetrized [20, 21]. Further, these approaches
represent the dynamics in terms of normalmodes of a linear chainwhile the system–bath coupling remains
local. Their numerical efficiency thus degrades substantially for sufficiently long chains. The aimof this paper is
to provide a complete formalismwhich combines a non-perturbative treatment of the system–bath interaction
with a high computational efficiency and allows us to study chains exposed to any damping or reservoir
temperatures in the presence of external driving.

The formalism is based on a description of open quantumdynamics in terms of reduced-density operators
as pioneered by Feynman andVernon. The corresponding formally exact path integral expression allows for an
exactmapping on a numericallymore convenient stochastic Liouville–vonNeumann equation (SLN) [22, 23].
The SLN is particularly beneficial for including external time-dependent forces and applies to any coupling
strength and bath temperatures. Technically, system–bath interactions are exactly accounted for by introducing
stochastic c-noises [24] the correlations of which reproduce the exact quantumbath–bath correlations. Here, we
start from this very general formalism and adapt it to describe heat transfer through harmonic chains.
Accordingly, the stochastic sampling can explicitly be performed to arrive at a deterministic equation ofmotion
for the covariancematrix. The corresponding set of coupled ordinary differential equations can be solved in a
straightforwardmanner even for a very large number of constituents in the chain.

Specifically, we apply the formalism to harmonic chains as shown infigure 1, where the system is out of
equilibriumdue to the coupling on reservoirs at different temperatures. The transient time evolution is
investigated, as well as nonequilibrium steady states for heat fluxes and their correlations for a large variety of
dampings, couplings, and temperatures. A high sensitivity of heat fluxes on damping strengths and intra-chain
couplings are observed. Further insight is obtained by considering spatiotemporal heat-flux correlationswhich
are comparedwith predictions from analytical Gibbs calculations. For stronger system–reservoir couplings,
temperature gradients lead to substantial nonequilibrium effects in the correlation patterns. Beyond the scope of
the present study is the extension to time-dependent driving to followprotocols to operate quantumheat
engines also for stronger dissipation and in proximity to a possible quantum speed limit.

2.Open-system chainmodel and stochastic equivalent

2.1.Model
A safe starting point for treating open quantum systems is to consider the full Hamiltonian of the global system
where energy is conserved. ThisHamiltonian has three parts which reflect system, coupling, and reservoir,
respectively:

H H H H . 1s I R= + + ( )
The systemHamiltonian is composed ofN oscillators coupled by a quadratic nearest-neighbor, two-body
potential with strengthμ:

H
p

m
m q q q

2

1

2 2
. 2

n

N
n

n
n

N

n ns
1

2

0
2 2

1

1

1
2å åw

m
= + + -

= =

-

+( ) ( )

The reservoir has the usual form that is used tomodel quantumBrownianmotion of a particle coupled to a
thermal heat bath: a collection of harmonic oscillators with positions xa, momenta pa, andmasses ma forming a
quasi-continuumof reservoirmodeswith frequencies wa (α, a¢ for reservoirs coupled to q1 and qN, respectively)
[25]:

Figure 1. Schematic of the investigatedmodel: a chain ofN quadratically coupled oscillators which are connected to heat baths with
temperatures T Th1 = andTN=Tc at the endpoints n=1 and n=N. The coupling strength between the oscillators isμ, the on-site
frequency is 0w , the oscillatormass ism, and the damping strengths caused by the coupling of the endpoints to the reservoirs are

N1g g g= = .
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Weassume that the first and last oscillators with index n=1 and n=N are coupled to a thermal reservoir (see
figure 1). The coupling to the bathswith the strengths ca is bilinear in the positions of the systemoscillators and
reservoir coordinates
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with two additional quadratic potential terms (‘counterterms’). These ensure that the coupling to the reservoir
induces no net potential when the reservoir is eliminated adiabatically. In the classical limit, thismodel
corresponds to a purely velocity-dependent friction force.

One can show that the reduced systemdynamics depends on themicroscopic parameters in(3) only in an
aggregate form,which is commonly denoted by a spectral density [26]
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Indexing each reservoir by the chain element r N1,Î { } it is coupled to, all dissipative effects can be described
by the reservoir correlation functions
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that depend on the respective spectral density and inverse temperature k T1r rBb = .
For the spectral density of ourmodel, we choose J m 1r c

2 2w gw w w= + -( ) ( ( ) ) with aUV cut-off frequency

cw . This constitutes anOhmic reservoir with damping strength N1g g g= = for frequencies far below the cut-
off cw .With the choice of the spectral density and temperature, the thermally averagedmotion of the chain is
determined as a reduced dynamics by formally tracing out the reservoir. The imaginary part in(6) arises from
time ordering;Weyl ordering yields only the real part.

This is sufficient when expectation values of energy currents are computed as, e.g. in [18], but the imaginary
part is essential when current correlations are considered, which are given by fourth-order correlations of
positions andmomenta. Since the decomposition of higher-order correlations usingWick’s theorem relies on
time-ordered two-time correlations, the full complex expression(6)will be neededwhenwe consider current–
current correlations in section 5.

2.2. Reduced dynamics and stochasticmapping
The globalHamiltonian(1) uniquely defines the dynamics of the global density operator in terms of the
Liouville–vonNeumann equation. Since this is a high-dimensional system, a reduced dynamics in terms of the
systemdensity operator is needed.However, defining a reduced dynamics fully consistent with the global
dynamics is difficult, particularly when the damping is large enough tomodify the reduced equilibrium state or
when the system is too complex for dissipation to be analyzed in terms of the system’s level structure.

Path integrals involving a Feynman–Vernon influence functional [27] provide an exact approach in these
settings.However, they cannot easily be transformed into an equivalent equation ofmotion. The influence
functional of a thermal oscillator bath is a Gaussian functional of the double path representing the propagation
of the reduced densitymatrix. This property can be used to construct the functional as the stochastic average of
an exponentiated action functional corresponding to external driving by coloredGaussian c-number noise. A
corresponding unraveling procedure [22, 28] of the functional employs twoGaussian processes whose
correlationmatrix reproduces both the real and imaginary parts of the reservoir correlation function(6). This
translates into a time-local stochastic equation ofmotion for the reduced density called the SLN. This equation is
formally exact and has proven to be useful for damped systems exposed to strong driving [24, 29] and energy
transfer in systems coupled to reservoirs with structured spectral density [30].

If the spectral density isOhmic, the imaginary part in Lr(t) reduces to a derivative of a delta function and
therefore is time-local. Then, only the real part in (6)needs to be reconstructed by a non-Markovian noise term.
The SLN then reduces to the so-called SLN for dissipation (SLED) [23]:
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with the damping constants γ providing the coupling of the chain’s endpoints to the baths, and the quantum
noise trx ( ), whose correlation function is given by the real part of L t tr - ¢( ),
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t t L t tRe , 7r r r r r,x x dá ¢ ñ = - ¢¢ ¢( ) ( ) ( ) ( )
where two distinct reservoirs indexedwith r and r ¢ act independently on the system.We emphasize that, even at
k T 0B = , quantumnoise is still present since the coth function in (6) does not vanish in this limit. Gardiner has
identified a similar equation as an adjoint equation [31] of the quantumLangevin [32]. In the present context, we
consider the Schrödinger picture the primary formalismof the dynamics; the adjoint dynamics introduced later
in the present workwill propagate time-dependent observables. The physical reduced densitymatrix ρ of the
system is given by the expectation value of the stochastic density stochr r= á ñx .

2.3. Parameterization through cumulants
For a harmonic system, SLEDdynamics lead toGaussian states for long-enough times, both for individual
samples rx and the physical densitymatrix evenwhen the initial state is notGaussian.We restrict ourselves to
Gaussian states in the following and characterize them throughfirst and second cumulants (expectation values
and covariances) of positions andmomenta.

Moments of observables are obtained from rx by a double average, the combination of a trace operation

trtr rá ñ = x· (· ) and an expectation valuewith respect to the noise statistics,
A A . 8tr stoch= ñ ñ⟪ ⟫ ⟪ ( )

Sincewe are dealingwith a linear system, the twice-averaged firstmoments show effective classical behavior, i.e.,
exponentially damped oscillations.We eliminate these by choosing their initial values to be zero.

For the covariance of two arbitrary operatorsA andB, the double average allows the transformation
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A B A BCov , Cov , 10tr stoch stoch tr tr=á ñ + á ñ á ñ( ) ( ) ( )
which effectively splits the covariance into two termswhichwewill callmean trace covariance and stochastic
covariance. It will be advantageous to treat these separately: whenmean trace covariance (mtr) and stochastic
covariance (msc) are consideredwithA andB among all the coordinates of the operator-valued vector

q p q p, , , ,N N
t

1 1s = ¼
 ( ) , the covariancematrixS of its components js thus can be split as

, 11mtr mscS S S= + ( )( ) ( )

Cov , , 12jk j k
mtr

tr stochs sS = á ñ( ) ( )( )

Cov , . 13jk j k
msc

stoch tr trs sS = á ñ á ñ( ) ( )( )

This split will allow the translation of the SLEDdynamics into deterministic equations ofmotion for each of the
two terms.

2.4. Time evolution of system-trace cumulants
As afirst step toward equations ofmotion for mtrS( ) and mscS( ), we consider the time dependence of observables
which are only averaged through trá ñ· , i.e., quantities which are still randomvariables in the probability space of
theGaussian noise tx ( ).

Their time evolution can be obtained from the adjoint dynamics of observables associatedwith SLED.Quite
generally, this ‘Heisenberg picture’ of a quantummaster equation is a non-unitary equation ofmotion, governed
by the adjoint generator † as described by Breuer and Petruccione [33]. It is not identical with the standard
Heisenberg picture governed by the globalHamiltonian.

In the case of SLED, given by (7), the adjoint equation is a stochastic equation ofmotion. The random
adjoint-propagated operators A tx ( ) follow
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Whenpositions ormomenta are inserted forAξ, this equation appears to be identical to the operator-valued
quantumLangevin equation [31, 32] at first glance. The subtle difference between the two approaches is the
meaning of ξ. In the case of the quantumLangevin equation, it is operator-valued; in our case, it is real-valued.
This eliminates certain ordering problems, a featurewhichwill be helpful when evaluating higher-order
correlations. The price we pay for this lies in the fact that the operator algebra of canonical variables is lost in this
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propagation; the time evolution of products or functions of the canonical variablesmust be obtained separately
by inserting themdirectly into(14).

It is helpful to note that the contributions in † which provide the noises trx ( ) are linear in qrwhile the
others are all quadratic or bilinear inmomentum and position. These contributions reduce to linear terms in the
equations ofmotion for single coordinates, while the noise terms reduce to inhomogeneities trx ( ).We therefore
get a closed systemof equations for the positions andmomenta of the chain, which holds equally forfirst
momentswith respect to trace. These are shown in appendix A and can be summarized in the linear equation

t
tM

d

d
, 15tr trs s xá ñ = á ñ +   ( ) ( )

where 0, , 0 ,..., 0, N
t

1x x x=
 ( ) andwhere M is a N N2 2´ matrix which is determined by the parameters of the

systemHamiltonian.
The evolution of the second cumulants is accessible with the adjoint SLED in a similarmanner. Inserting

A j ks s= into(14) yields a right-hand sidewhich is a linear combination of similar coordinate products and
products of the form l ms x . Combining the results for linear and quadratic terms yields the time derivatives of

trace covariances, Cov , 2
t j k t j k k j j k

d

d tr
d

d tr tr trs s s s s s s s= á + ñ - á ñ á ñ( ) ( ). The covariancematrix trS( ) with
elements Cov ,j ktr s s( ) obeys the simple equation

t
M M

d

d
. 16tr tr trS S S= + ( )( ) ( ) ( ) †

This is independent of tx
 ( ), reflecting the fact that a spatially homogeneous force cannot induce squeezing in

thismodel.

3.Deterministic evolution of the split covariance terms

Due to the absence of noise in(16), trS( ) can immediately be identifiedwith themean trace covariancematrix
mtrS( ), i.e., themean trace covariance can be computed by propagating

t
M M
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. 17mtr mtr mtrS S S= + ( )( ) ( ) ( ) †

The stochastic covariance part simplifies, under the initial conditionswe have assumed, as

. 18j k j k,
msc
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Inserting the formal solution of(15),

t t t tGd , 19
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0
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and usingGreen’s function, we obtain

t t t t t t t tG Gd d , 20
t t tmsc

0 0
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which can be evaluatedwithout sampling over noise. The correlationmatrix t t
t

stochx xá ¢  ñ
 ( ) ( ) can easily be

computed and tabulated from(7) by numerical Fourier transformor summation overMatsubara frequencies.
The only non-zero entries in thismatrix are the second and last diagonal elements, which contain the
autocorrelation functions of the two reservoirs. In the stationary limit, (20) arises fromboth the presentmethod
and the quantumLangevin approach [18, 34].When also incorporating the contribution of mtrS( ), the present
approach is exact at any timescale.

Instead of computing this double convolution integral through a normalmode analysis, we construct a
formal dynamical systemofmodest sizewhich contains the elements of mscS( ) as dynamical variables.
Performing the derivative with respect to time and introducing an auxiliary variable y yields a closed systemof
linear differential equations

t t t t tM My y , 21msc msc mscS S S= + + + ( ) ( ) ( ) ( ) ( ) ( )( ) † ( ) ( ) †

t t ty G L , 22=˙ ( ) ( ) ( ) ( )
t tG MG , 23=˙ ( ) ( ) ( )

with thematrix t tL 0
t

stochx x= á ñ
 ( ) ( ) ( ) . As initial conditions we have G 0 =( ) , andwe choose throughout the

whole paper 0 0mscS =( )( ) as well as y 0 0=( ) (no initial system–reservoir correlations). 0mtrS ( )( ) is
determined by the unperturbed ground states of the chain’s oscillators. The solutions from(16) and(21)–(23)
enable one to exactly calculate the transient dynamics ofS, which provides all information about the state of the
system. Since M is taken froma dissipative linear system, the propagation of these equations is numerically
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stable even for large chain length. For an efficient computation of steady-state behavior, we set the derivative
with respect to time in(21) equal to zero and obtain a Lyapunov equation

M M y y 0 24msc mscS S+ + + = ( )( ) ( ) † †

with an inhomogeneity that is determined by integrating (22) and (23) to times large enough that y reaches a
constant steady-state value.

A physical interpretation of y ismanifested by integration of(22)

t t t t t ty y G0 d . 25
t t

0
stochò x x= + ¢ - ¢ á ¢ ñ

 ( ) ( ) ( ) ( ) ( ) ( )
By comparisonwith(19), this can be identified as the correlations of the bathfluctuationswith the system’s
degrees of freedom given byfirst cumulants:

t t ty , 26
t

tr stochs x= ñ ñ ( ) ⟪ ( ) ( ) ( )
where y 0 0=( ) .With this interpretation, trx ( ) appears as a ‘stochastic substitute’ for a reservoir operator. The
time until ty( ) is in equilibrium is provided by the time until the integrand in(25) decays to zero. Therefore, for
moderate damping, the correlation time in t tL - ¢( ) is the pivotal time scale.

4. Energyflux operators

With the approachwe presented in the previous section, we are able to determine the state of a harmonic
quantum chain coupled toOhmic reservoirs with arbitrary temperatures. This allows us to study
nonequilibrium situations withfinite heatfluxes causing an energy transport from a hot to a cold reservoir. The
link topology of the chain shown infigure 1 suggests that we consider three cases. Two of them account for the
coupling of the endpoints to the neighbor and hot or cold reservoirs, respectively, while the third covers the
oscillators in the bulkwhich are coupled to next neighbors. By employing † on
Hn
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For simplicity, the index ξ has been omitted from the adjoint-propagated observables. The assumption of
locality of energy transfer between nearest neighbors allows the identification of individual terms on the rhs of
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To get from the energy flux operators to the firstmoments of the heatflux,we have to apply the stochastic
average on the trace-averaged operators. Sincewe use initial conditionswhere all expectation values of phase-
space operators are zero, the resulting currents are given by the elements of the covariancematrix:

j
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where the second term in(31) and (32) is classical while thefirst term reflects correlations of the bath
fluctuationswith the system’s degrees of freedom. According to(26), this term is an element of y which needs
already to be computed forS and does not demand any further effort. In a steady state, the current in the bulk is
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constant over the chain and equal to the current between either the bath or the system. Therefore, for the analysis
of steady-state currents, wewrite j j jr n n,1 , 1= =+⟪ ⟫ ⟪ ⟫ ⟪ ⟫.

The heat current provides us intuitive consistency checks such as a vanishing heat flux in the absence of a
temperature gradient. This seemingly trivial result cannot be reproduced by naively constructed local Lindblad
operators as was shown for harmonic oscillators and two level systems [10, 11]. In this respect, our approach
delivers consistent results for various combinations of couplings and temperatures. In particular, low
temperatures and unequal damping strengths of the endpoints do not lead to a violation of the second law.

An interesting feature of the steady-state flux that is shown infigure 2 is the interplay of the damping
strengths γ and the couplingsμwithin the oscillators. For small damping, the plots show a linear increase of j⟪ ⟫
with the damping γ up to amaximum followed by an algebraic decay according to 1gµ - for large damping
strengths. This behaviorwas studied byRieder et al in [35] for a systemof classical harmonic oscillators without
local frequencies 0w and byGaul and Büttner [18] for a similar quantum chain to the one used here.We could
verify the observation of [18] that the position of the current’smaximum increases linearly with the next-
neighbor couplingμ for small couplings and falls back for largeμ. The distinct sensitivity of the current on the
dampingwill be relevant whenwe study heat-flux correlations under equilibrium and nonequilibrium
conditions in the following sections.

5.Higher-order correlations

5.1. Stochastic calculations
The relative simplicity of the formal dynamics for the covariancematrix invites the study of space–time
correlations of heatflux expressed through the covariance. As thefluxes themselves are given by a correlation of
phase-space variables (see (29) and (30)), the heat-flux correlations represent an average over four operators
which are simplified by an application ofWick’s theorem reducing theGaussian heat-flux correlations to
products of phase-space correlations. The covariance of two currents j t j tn n n, 1 =+ ( ) ( ) and j t j tl l l, 1 ¢ = ¢+ ( ) ( )
reads

j t j t j t j t j t j t , 33n l c n l n l¢ = ¢ - ¢⟪ ( ) ( )⟫ ⟪ ( ) ( )⟫ ⟪ ( )⟫⟪ ( )⟫ ( )
with the last termbeing finite for nonequilibrium settings. Inserting(30) gives
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whereWick’s theoremdecomposes thefirst term to products of phase-space variables
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Herewe consider time-ordered products; operators appearing at equal time in(35) commute since they bear

different site indices. For definiteness, we assume t t> ¢. Sincewewish to consider these correlations in the
stationary state, the initial preparationwill not be at time t 00 = , but at time t0 = -¥ in the following. The

Figure 2. Steady-state heatflux j⟪ ⟫ versus the damping strength γ for a system as shown infigure 1withN=20 oscillators and γ
denoting the damping of the chain’s endpoints at n=1 and n=N. The different colors show results for varying temperatures of the
hot reservoir while the cold reservoir remains at T 0;c = thus, this bath causes only quantum fluctuations. The couplings between the
oscillators are 0.1m = (a) and 0.3m = (b), leading to a positive shift in the current’smaximum for largerμ. Other parameters are
m=1.0 and 1.00w = .
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time-ordered correlationmatrix t tS - ¢>( ) is then only a function of the time difference t tD = - ¢; its value
at 0D = is related to the results of section 3,
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( )

reflects the usual commutation relations, with a sign conventionwhich determines a convention for the ordering
of positions andmomenta at equal time.

For arbitrary 0D > , the elements ofS D>( ) are correlation functions of the form A B t, 0 0, 0 D⟪ ( ) ( )⟫
with

t t s s, exp d . 38
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2 1
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The derivative of these correlation functionswith respect toΔ can be analyzed in terms of the adjoint
propagation and cast intomatrix-valued equations ofmotion as in section 3; the time derivative transforms as

A B t A B t

A B t

, 0 0, , 0 0,

, 0 0, . 39

0 0

0
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¶D

D = D

= D

⟪ ( ) ( )⟫ ⟪ ( ) ( )⟫
⟪ ( ) ( )⟫ ( )†

In appendix B, we show that this translates into a systemof equations ofmotionwhich can be summarized in
matrix form as

M z 40S S¶
¶D

D = D + D> >( ) ( ) ( ) ( )

z L z M 41
¶
¶D

D = - D - D( ) ( ) ( ) ( )†

with initial conditions given by(36) and by z y0 lim t= t¥( ) ( )† .
Aswith the results for the states shown in the previous sections, the correlations presented here are valid for

arbitrary damping and temperatures. Therefore, our results overcome the restriction of weak damping that has
to be respectedwhen applying the quantum regression hypothesis which is commonly used inmodels for
quantumoptics [36]. It was pointed out that the hypothesis, which is based on a Born–Markov approximation,
violates fundamental consistency criteria such as the fluctuation-dissipation theorem [19, 37, 38]. The formal
reason for the validity of(40) and (41) lies in the fact that the propagation of the inhomogeneity z D( ), as well as
the propagations leading to its initial value, take into account fluctuations up to arbitrarily high order, which also
reflects the system–reservoir correlations for strong damping and ensures the accordancewith the fluctuation-
dissipation theorem.

With the real and imaginary parts of the phase-space correlations given, one can construct the real and
imaginary parts of the heat-flux correlations according to(35)

j t j t
m

q q p p q p p q

q q p p q p p q

Re Re Re Re Re

Im Im Im Im , 42

n l c n l n l n l n l

n l n l n l n l

2

1 1 1 1

1 1 1 1

m
¢ = +

- -

+ + + +

+ + + +

⎜ ⎟⎛
⎝

⎞
⎠⟪ ( ) ( )⟫ [ ⟪ ⟫ ⟪ ⟫ ⟪ ⟫ ⟪ ⟫

⟪ ⟫ ⟪ ⟫ ⟪ ⟫ ⟪ ⟫] ( )
wherewe skipped the dependence of the correlations on t , D( ) for better legibility. For the imaginary part, one
needs to compute

j t j t
m

q q p p q p p q

q q p p q p p q

Im Re Im Re Im

Im Re Im Re . 43

n l c n l n l n l n l

n l n l n l n l

2

1 1 1 1

1 1 1 1

m
¢ = +

+ +

+ + + +

+ + + +

⎜ ⎟⎛
⎝

⎞
⎠⟪ ( ) ( )⟫ [ ⟪ ⟫ ⟪ ⟫ ⟪ ⟫ ⟪ ⟫

⟪ ⟫ ⟪ ⟫ ⟪ ⟫ ⟪ ⟫] ( )
Again, one should note that the pairs of imaginary parts in(42) provide contributions to the real parts of the
heat-flux correlations.
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5.2. Currentfluctuations in aGibbs state
Finally, we perform analytic calculationswhich resemble the limit of zero damping ( 0g = ) and allowus to
verify the validity of our results obtained by the previous calculations of heat-flux correlations. Therefore, we use
aHamiltonianwithfixed ends

H
p

m
m q q q q q

2

1

2 2 2
, 44

n

N
n

n
n

N

n n Ns
1

2

0
2 2

1

1

1
2

1
2 2å åw

m m
= + + - + +

= =

-

+( ) ( ) ( )

which is an extension of(2) to boundary conditions that easily can be incorporated in the numerical SLED
dynamics for comparison. TheHamiltonian in(44) can be interpreted as a chainwith N 2+ oscillators which
yield q q 0N0 1= =+ . To achieve a normalmode representation ofHs, we introduce the transformations

q
N

k n p
N

k n
2

1
sin

2

1
sin 45n

N

n

N

1 1

 å å=
+

=
+n

n n
n

n n
= =

( ) ( ) ( )

with thewave vector of the νth normalmode k N 1 , 0pn n= + =n ( ) . Applying these transformations and
exploiting thefixed boundary conditions, we get

H
m

m k
2

1

2
. 46s

2
2 2

å w= +
n

n
n n

⎡
⎣⎢

⎤
⎦⎥( ) ( )

ThisHamiltonian constitutes a sumof uncoupled oscillators, eachwith frequency

kw =n( ) m k4 sin 20
2 2w m+ n( ) ( ) . Applying theHamilton equations gives us the standard differential

equation of the harmonic oscillator for the νthmode and the classical dynamics of Dn ( ) and  Dn ( ), whose
quantumnature is provided by the non-commutativity of the initial values 0n ( ) and 0n ( ). Therefore, thermal
averages over pairs of the initial values have to be calculated and put togetherwith the classical dynamics plus the
transformations from(45) to arrive at

q q
N m

k n k l

k

k
k k

0
2

1

1

2
sin sin

1
coth

2
cos i sin , 47

n l tr å

w
bw

w w

á D ñ =
+

´ D - D

n
n n

n

n
n n⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

( ) ( ) ( ) ( )

( )
( ) ( ( ) ) ( ( ) ) ( )

wherewe only have to take the trace average of a canonical Gibbs state into account and can skip the stochastic
average that occurs in the numericalmethod. From the correlation of positions, by considering
p mqn nD = D( ) ˙ ( ), one can calculate all other elements of the correlationmatrixS D( ) from(35) and the
sought-after higher-order correlations.

Without the particular focus on correlations of heat currents, the present canonical calculation has been
presented in [32] under allusion to the extendability to any higher-order correlation functionwith an even
number of operators. In that paper and, for example, in [16], the thermodynamic Gibbs calculation is compared
to dynamicalmodels treatedwith Langevin equations.Multi-time correlations are particularly challenging in
this framework, as the operator-valued quantumnoise demands careful operator ordering.

In order to check the validity of the dynamical description based on the SLED and our numerical
implementation, we compare its results with the ones from a thermalGibbs state.We consider theHamiltonian
in(44) and compute the covariance of heatfluxes for varying time difference t tD = - ¢ and lead index n.
Figure 3 plots the real and imaginary parts of j t j tn N c2 ¢⟪ ( ) ( )⟫ in density plots (top) for a chainwithN=30

oscillators where the ends areweakly dampedwith 10 4g = - and the reservoir temperatures are equal with
k T 0rB = . For such aweak damping, we expect a good agreement with the numericalmethod based on the SLED
and the results of theGibbs calculations, which represent the limit of zero damping. Indeed, a quantitative
agreement is shown in the lower plots offigure 3, where the covariance versus the index n is shown for two
different values ofΔ. For a small time difference 5D = (c), the results of SLED andGibbs agree with high
accuracy, as well as for a larger 50D = (d). In particular, the agreement of the twomethods at the endpoints of
the chain indicate that we are in a limit where damping is negligible over the considered time scales since one
would expect that effects of damping first start to emerge at the oscillators close to the reservoirs.

6.Heat-flux correlations away from equilibrium

If larger damping like 0.5g = is considered in the SLED approach, as done infigure 4, one observes deviations
of the covariances resulting from the stochastic approach and the assumption of a canonical Gibbs state. The
upper plots show the real part of the spatiotemporal correlations from analytical Gibbs calculations (a) and
numerical simulations (b).While the correlations are undamped for the canonical ensemble, the dynamics from
the SLED areweakly damped as apparent for time differencesΔ, which are large enough tofind finite
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correlations at the chain’s endpoints. This effect of damping ismore pronounced in plots (c) and (d), showing
the covariance over the index n for two different timesΔ.While the left plot which shows j t j tRe n N c2 ¢⟪ ( ) ( )⟫
for 5D = reveals a good agreement for thewhole chain, deviations ofGibbs and SLEDbecome apparent in the
vicinity of the endpoints if the time difference is larger, like 40D = in the right plot.With the previous validity
checks, we show that our numerical approach reflects the limit of zero damping of the canonical Gibbs ensemble
while deviations for finite damping occur, as to be expected, at the ends of the chainwhich are coupled to
reservoirs.We have also found agreement between the presentmethods for small dampings and finite but equal

Figure 3.The covariance j t j tn c15 ¢⟪ ( ) ( )⟫ from the SLED approach in a chainwith the boundary conditions from(44) andN=30
oscillators. The density plots (a) and (b) show the real and imaginary parts of the covariance for varying time t tD = - ¢ and index n.
Plots (c) and (d) show j t j tRe n c15 ¢⟪ ( ) ( )⟫ versus the index n for values of 5D = (c) and 50D = (d). Results for a canonical Gibbs
ensemble are also shown in the lower plots. For the lowdamping of 10 4g = - used here, the results agree very well for all sites and long
propagation times (d). Other parameters are k T 0rB = , 1.00w = ,m= 1.0, and 0.5m = .

Figure 4.Real part j t j tRe n c10 ¢⟪ ( ) ( )⟫ of the covariance in a chain such as shown infigure 1withN=20 and equal temperature
k T 0rB = in both reservoirs. Plot (a) shows the space-time pattern calculated fromGibbs and (b)with SLED for a damping of 0.5g = .
The damping on the chain’s endpoints leads to deviations from theGibbs results forΔ larger than∼40. This is clear fromplots (c) and
(d), which show the covariance plotted over the index n at 5D = and 40D = . Other parameters are 1.00w = ,m= 1.0, and

0.3m = .
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temperatures at the attached reservoirs. Nevertheless, nonequilibrium situations caused by different
temperatures remainwithheld to the numerical SLEDmethod.

For themodel with reservoirs only being attached at the endpoints of a sufficiently long chain, one has to
admit that the damping of the reservoir only affects correlations in the vicinity of the end points. Thismight call
into question the need of a numericalmethod valid for strong damping, as theGibbs calculation presented here
delivers correct results for the bulk. But a pitfall that arises particularly for large chains is the decreasing level
spacing of theHamiltonianwith increasing number ofmodes. This induces rigid upper bounds for the damping
to ensure that the reservoir-induced level broadening ismuch smaller than the level spacing, which is important
for all formalismswhere the system is supposed to be in aGibbs state. Besides the damping strength, we also have
the freedom to vary the temperatures leading to a nonequilibrium situation. This cannot be calculated by a
canonical Gibbs state and provides us effects on the entire chain.

Infigure 5, we study nonequilibrium effects achieved by the coupling of a systemwithN=20 oscillators to
two reservoirs with different temperatures k T 2.0B 1 = and k T 0NB = .While plot (a) shows the real part of the
covariance j t j tn c10 ¢⟪ ( ) ( )⟫ for veryweak damping 10 3g = - , panel (b) shows the covariance achievedwith

0.3g = and (d) shows j t j tRe n c10 ¢⟪ ( ) ( )⟫ for 1.5g = .When comparing the covariances plotted over n, as is
done for 20D = in (c), one immediately sees that the impact of the temperature gradient applied to the system
ismost distinct for 0.3g = . This is the damping γ providing the best ‘match’with the couplings within the chain
μ, and corresponds to the vicinity of themaximumof the steady-state heat flux j⟪ ⟫ shown infigure 2. Even the
steady-state flux and the covariances of the heatfluxes are different observables and both are sensitive with
respect to the coupling strengths to the heat baths. This shows that amethodwith validity beyond theweak
coupling regime is crucial in order to study nonequilibrium effects on heat-flux correlations.

The ability to study heat-flux correlations in nonequilibriumqualifies ourmethod to be used for the
quantification of transport in two respects. In order to decide if a system shows ballistic, diffusive, or localized
behavior, one can consider a nonequilibrium situation and calculate the heat flux versus the chain length. This
reveals an exponential or algebraic dependence and allows us to extract localization length scales. Second, one
can use second-order correlations in thermal equilibrium, as done for anharmonic classical systems, in order to
classify transport properties [39–41].With the formalism presented here, we provide a generalization to the
quantum regime and to situations out of equilibrium. According to [39–41] of specific relevance aremomentum
and energy correlations, withmomentum correlations being inherent tofluctuations in the heatflux (see (42)
and (43)), while energyfluctuations can be derived in a similarmanner as the correlations of heat we targeted
here. The impact of out-of-equilibrium situations on transport parameters such as localization length and
diffusion exponent obtained in equilibriumwill be studied in futurework.

Figure 5.Real part j t j tRe n c10 ¢⟪ ( ) ( )⟫ of covariance from the SLED approach for a chainwith same parameters as used forfigure 2. The
reservoirs’ temperatures differ with k T 2.0B 1 = and k T 0NB = , which breaks themodel’s symmetry. The density plots show results for
different damping strengths 10 3g = - (a), 0.3g = (b), and 1.5g = (d)while all couplings are 0.3m = . The effects from the
nonequilibrium situation aremost apparent when the couplingsμ ‘match’ the damping γ. This is highlighted in plot (c) showing

j t j tRe n c10 ¢⟪ ( ) ( )⟫ over n for 20D = , where the asymmetries of the covariancewith respect to the reference site n=10 are largest for
0.3g = (purple)while, for 10 3g = - (blue) and 1.5g = (red), these effects are suppressed.
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7. Conclusions

Although the damped harmonic oscillator has been studied extensively, a correct description of system–

reservoir interactions (particularly for strong damping) is challenging but essential when computing
thermodynamic quantities such as heatfluxes. Based on the stochastic Liouville–vonNeumann equation, we
presented an efficient computational scheme for damped systemswhich proved to be reliable over the full range
of damping strengths and temperatures.We exploited this flexibility to also study heat currents for stronger
coupling to thermal reservoirs and observed a similar behavior as is found in approaches based on Langevin
equations—namely, a distinctmaximum for the currents when the reservoir coupling strength is tuned; its
position depends on the intra-chain couplings.

As amain result, the scheme also allows us to gain spatiotemporal correlations of heatfluxes. For weak
damping, excellent agreement is foundwith analytical calculations in a canonical Gibbs ensemble.However,
beyond this domain, substantial deviations occur. The parameters for whichwe found themaximum in the
currents led to themost distinct nonequilibrium effects in thefluctuations. Themost distinct nonequilibrium
effects in the correlations appear in ranges of parameter spacewheremean currents exhibitmaxima.

The present approach can now easily be extended to disordered systems. The computational efficiency
allows one to study heatfluxes in large chains with randomization of any systemparameter. The spatiotemporal
correlation patternsmight enable one to investigate localization and diffusion solely in the time domain, which
would represent an alternative tomethods based on a transformation to normalmodes.Moreover, an extension
to driven systemswhere the external driving can either couple linearly or quadratically to the system’s position is
possible. The latter represents the important case of parametric driving and is of particular relevance for nano
heat engines. For example, the spatialmotion of an ion in a linear Paul trapwas induced in [42, 43] by a periodic
narrowing andwidening of the system’s ground-state frequency. In these situations, M from (15) becomes time
dependent and theGreen’s function in (23) does not remain time translational invariant. This demands that we
decompose theGreen’s function into a forward and backward propagator t t t tG G G, , 0 0,f b¢ = ¢( ) ( ) ( )with the
equations ofmotion given by t t tG M G, 0 , 0f f=˙ ( ) ( ) ( ) and t t tG G M0, 0,b b¢ = - ¢ ¢˙ ( ) ( ) ( ) for the forward and
backward propagation, respectively. This formalismwas used to study entanglement generation through local
driving in a bipartite system in analogy to [29], andwe consider it to openways to study different settings for
quantumheat engines beyond the limitations of weak couplings and adiabatic drivingmodes.
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AppendixA. Equations ofmotion for trace-average cumulants

Based on(2) and (14), we calculate the equations ofmotion for the first and second cumulants.We assume a
generalmodel, where each oscillator n can be coupled to a reservoir leading to a nonzero damping ng . For the

site indexedwith n, we get (a mn n n0
2

1w m m= + + - )

t
q

p

m

d

d
, A.1n c

n cá ñ =
á ñ ( )

t
p q a q

p q t

d

d
, A.2

n c n n c n n c

n n c n n c n

1 1

1

m

g m x

á ñ = + á ñ - á ñ

- á ñ + á ñ +

- -

+ ( ) ( )

where ng and tnx ( ) are only non-zero if n N1,= for the systemdisplayed infigure 1. The couplings are indexed
since the topology of a chainwhere nm connects the site nwith its neighbor n 1+ is guaranteed by the boundary

condition 0N0m m= = . ForNmodes, we have amatrix equation tM
t c c

d

d
s s xá ñ = á ñ +
   ( ), with M being a

N N2 2´ matrix
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where the coefficients of the nth phase-space variables form a 2×2 block structure and the couplings appear in
the off-diagonals.

The second cumulants are equivalently calculated to the first and read for the site with index n:
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The only entries in M which do not represent unitary evolution are the non-zero diagonal entries lg- . This
allows us to rewite the preceding equations in the compact formof(16),

t
M M

d

d
.tr tr trS S S= +( ) ( ) ( ) †

Appendix B. Propagation of spatiotemporal correlation functions

Wederive the dynamics of the elements inS D>( ) by considering(39) for all combinations of phase-space
variables. The result is in close analogy to the equations of appendix A.However, it is simpler than the
propagation leading to the covariancematrix since the adjoint Liouvillian † is applied only to one of the
operators in the product. Abbreviating

A B A B t0 , 0 0, B.10 D = D⟪ ( ) ( )⟫ ⟪ ( ) ( )⟫ ( )
and considering A q p,n nÎ { }, we find from(39) that

q B
m

p B0
1

0 , B.2n n¶ D = DD⟪ ( ) ( )⟫ ⟪ ( ) ( )⟫ ( )
p B q B a q B

p B q B B

0 0 0

0 0 0 . B.3
n n n n n

n n n n n

1 1

1 tr stoch

m
g m x

¶ D = D - D

- D + D + á D á ñ ñ
D - -

+

⟪ ( ) ( )⟫ ⟪ ( ) ( )⟫ ⟪ ( ) ( )⟫
⟪ ( ) ( )⟫ ⟪ ( ) ( )⟫ ( ) ( ) ( )

The last term in(B.3) represents elements of z D( ). It requires further treatment in order to arrive at closed
equations ofmotion.Observing that

B B0 0 B.4n ntr stoch tr stochx xá D á ñ ñ = á á -D ñ ñ( ) ( ) ( ) ( ) ( )
and applying the adjoint(14) to B -D( ) leads to(41).
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CHAPTER 8. NEW J. PHYS. ACCEPT. MANUSCRIPT

8.1 Summary New J. Phys. accept. manuscript

As pointed out in chapter 2, nonlinearities are an essential ingredient for nor-
mal heat transport. A treatment of nonlinearities in open quantum systems
can be motivated in order to contribute to the issue of understanding normal
heat flow from first principles, but also paves the way towards a theoretical
understanding of effects such as thermal rectification which may have tech-
nological relevance for heat valves, memories, switches and transistors based
on thermal currents [SSJ15,LRW+12,VRD+15,JDEOM16]. Thermal rectifi-
cation is observed, when the absolute value of the heat flux through a system
coupled to two reservoirs, changes when the spatial order of the reservoirs is
inverted. This effect is quantified by the rectification coefficient, where ⟪j⟫hc

and ⟪j⟫ch correspond to the fluxes for each of the orders of the reservoirs:

α = ∣⟪j⟫hc∣ − ∣⟪j⟫ch∣
∣⟪j⟫hc∣ + ∣⟪j⟫ch∣

. (8.1)

In addition to a nonlinearity in the system dynamics, a spatial asymmetry
in the system is demanded in order to observe rectification [Seg06,WYS09].
Alternatively to nonlinearities, self-consistent reservoirs which induce local
equilibrium in the bulk constituents of a chain have been considered [PLA11,
Per10b,BS11,Per10a,RBGA14,MP15,GaLdO15]. Thermal rectification has
stimulated a lot of theoretical research activity with focus on both, classical
[TPC02, LWC04, RBMPnL17, PA13, Bag17, HYZ06, LWY+10, CMMP07] and
quantum systems [Seg06, WYS09, SN05b, SN05a, ROJ09, ZYW+09, SSJ15].
Experimentally, rectification was observed with carbon nanotubes, trapped
ions and superconducting qubits [COMZ06,PRT+11,RKS+18].

We present a novel scheme to treat anharmonicities in open quantum
chains for any system-reservoir coupling and reservoir temperatures. The
higher order moments which arise from the anharmonicities are treated as
linear combinations of cumulants given in equations (4.34). In accordance to
the arguments given in section 4.4, we can truncate all cumulants which are
of order larger than two and will arrive at an effective Gaussian system. We
consider oscillators with a quartic contribution to the potential. Dependent
on the sign of this quartic term, the potential becomes broader or wider which
leads to softer or stiffer modes, respectively. For a chain with anharmonic
on-site potentials whose system Hamiltonian reads

Hs =
N

∑
n=1

p2n
2m

+ 1

2
mω2

nq
2
n +

1

4
mκq4n +

N−1
∑
n=1

µn
2

(qn − qn+1)2 , (8.2)

a steady-state formalism almost identical to that derived for harmonic chains
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can be employed:
MΣ +ΣM† + y† + y = 0 (8.3)

ẏ(t) = G(t)L(t) (8.4)

Ġ(t) = MG(t) . (8.5)

The only difference are effective on-site frequencies

ω̃2
n = ω2

n + 3κ⟪q2n⟫ , (8.6)

which enter the matrix M. This system of equations is solved self-consistently
with the solution for the corresponding harmonic system (κ = 0) as initial
guess. This provides the initial ⟪q2n⟫ values which are used to calculate G
then y and at the end of the first iteration Σ. This scheme is repeated until
the algorithm converges.

The formalism allows one to investigate thermal rectification in open
chains. For that purpose, we consider mostly models consisting of two anhar-
monic oscillators where each one is coupled to a reservoir. The asymmetry
is induced by either choosing the on-site frequencies ω1 and ω2 differently, or
the damping strengths γl and γr. For both situations, switches in the sign of
the rectification α are observed. These can be traced back to a transition of
the system from delocalized to localized states. For asymmetric frequencies
ω1 and ω2, α converges to a constant value which is zero for classical systems
and small but negative for quantum systems.

8.2 Author’s contribution

The author performed the analytical calculations for the truncated series ex-
pansion of the trace and noise cumulants. He implemented the self-consistent
iteration scheme, performed the simulations, prepared the plots and assumed
a leading role in preparing the manuscript.
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Abstract
Within the emerging field of quantum thermodynamics the issues of heat transfer and heat
rectification are basic ingredients for the understanding and design of heat engines or refrigerators at
nanoscales. Here, a consistent and versatile approach formesoscopic devices operatingwith
continuous degrees of freedom is developed valid from lowup to strong system-reservoir couplings
and over thewhole temperature range. It allows to coverweak tomoderate nonlinearities and is
applicable to various scenarios including the presence of disorder and external time-dependent fields.
As a particular application coherent one-dimensional chains of anharmonic oscillators terminated by
thermal reservoirs are analyzedwith particular focus on rectification. The efficiency of themethod
opens a door to treat also rather long chains and extensions to higher dimensions and geometries.

1. Introduction

Thermodynamics emerged as a theory to describe the properties of systems consisting ofmacroscopicallymany
degrees of freedom.While it served from the very beginning as a practical tool to quantify the performance of
heat engines, it also initiated substantial efforts in fundamental research to pave the road forfields like statistical
and non-equilibriumphysics. In recent years, triggered by the on-going progress inminiaturizing devices down
to the nanoscale, the crucial question if, and if yes, towhat extentmacroscopic thermodynamics is influenced by
quantummechanics has led to aflurry of literature and the appearance of the new field of quantum
thermodynamics.

Of particular relevance as a pre-requisite for the design of actual devices is the understanding of heat transfer
and heat rectification. Inmacroscopic structures heat transport is typically characterized by normal diffusion
such that the heat conductivity is independent of the size of the probe leading to the conventional picture of local
thermal equilibrium and Fourier’s law. The requirements formicroscopicmodels that support this type of
normal heatflowhas been subject to controversial debates [1–8]with dimensionality, disorder, and
nonlinearities as potential ingredients.

In the context ofmesoscopic physics, it is even less clear underwhich circumstances the conventional
scenario applies. The quantum state of the transportmediummay be non-thermal, while energies extracted
fromor added to thermal baths can still be identified as heat. An extreme case of this type is purely ballistic
transport between reservoirs [9]. Thermal rectification occurs when the absolute value of the heat flux through a
two-terminal device changes after the temperature difference between the terminals is reversed.Nonlinearities
in combinationwith spatial symmetry breaking are pivotal conditions for the occurrence of rectification for a
microscopicmodeling [10, 11]. In amacroscopic, phenomenological setting, a thermal conductivity which
depends on space and temperature has been found to be crucial [12]. Rectification can be used in thermal diodes
or heat valves which have been proposed in classical [13–21] aswell as in quantum systems [10, 11, 22–26]. As an
alternative to nonlinearities, a coupling of the system to self-consistent reservoirs which guide the constituents of
a chain to local equilibriumhave been studied [27–34]. Experimentally, thermal rectification has been realized in
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solid state systems following the ideas of Peyrard [35–37]. Other implementations for rectification include
carbon nanotubes [38], trapped ions in optical lattices [39], hybrid systemswhere normalmetals are tunnel-
coupled to superconductors [40] and, recently, superconducting quantumbits [41]. Particularly
superconducting circuits allow for awell-controlledmodulation of nonlinearities [41–43] andmay thus serve as
promising candidates for the realization of heat engines operating in the deep quantum regime. In fact,
situationswhere heat transfer is beneficial for the performance of devices have been discussed for the fast
initialization of quantumbits by cooling [44] aswell as for properties of heat valves, thermalmemories, switches,
and transistors [26, 45–47].

From the theory point of view, the description of quantumheat transfer is a challenging issue. As part of the
broadfield of open quantum systems, it became clear in the last years that the underlying processes are extremely
sensitive to a consistent treatment of the coupling between system and thermal reservoirs. Lindbladmaster
equations based on local dissipatorsmay even violate the second law [48, 49]. The ‘orthodox’ approach to
Lindblad dissipators suffers from considerable complexity for systems lacking symmetry since it involves all
allowed transitions between energy eigenstates. Its perturbative nature typically limits it to systemswithweak
thermal contact. On the other hand, current experimental activities call for a systematic theoretical approach to
quantumheat transfer valid fromweak up to strong system-reservoir couplings and down to very low
temperatures. The goal of this work is to present such a formulation that, in addition, stands out for its
numerical efficiency.While we here focus on the experimentally relevant case of one-dimensional chains of
anharmonic oscillators, generalizations to higher dimensions,more complex geometries, external driving, or
set-ups such as heat valves and heat engines are within the scope of themethod. The one-dimensional character
of the systemwe study ismost clearlymaintained by attaching reservoirs at the chain ends only (no scattering to
or from transverse channels).

This approach originates from the description of non-equilibriumquantumdynamics through a stochastic
Liouville–vonNeumann equation (SLN) [50], which is an exact representation of the formally exact Feynman–
Vernon path integral formulation for dissipative quantum systems in terms of a stochastic equation ofmotion
[50–53]. For reservoirs with ohmic spectral densities and large bandwidths, the SLN can further be simplified to
amixed type of dynamics governed by a stochastic Liouville–vonNeumann equationwith dissipation (SLED)
[54, 55]. It has then proven to be particularly powerful to describe systemswith continuous degrees of freedom
and in presence of external time-dependent driving [56, 57]. However, themain challenge to practically
implement the SLED is the degrading signal to noise ratio for increasing simulation time.Here, we address this
problemby formulating the quantumdynamics in terms of hierarchies of cumulants which are truncated
properly. An obvious additional benefit is a vastly improved scalingwith system size. Aswe explicitly
demonstrate, this treatment provides a very versatile tool to analyze quantumheat transfer in steady state across
single or chains of anharmonic oscillators withweak tomoderate anharmonicities. A comparisonwith
benchmark data from a direct sampling of the full SLEDproves the accuracy of the approach for a broad range of
values for the anharmonicity parameter. It thus allows to cover within one formulation domains in parameters
that are not accessible by alternative approaches [22, 23]. Previouswork representing quantum states through
cumulants seemsmostly limited to closed systems [58–62]. However, there is a conceptually related approach
including reservoirs [24], with a focus on smaller structures though. In a classical context, cumulant expansions
of fairly high order have been used [63, 64].

The paper is organized as follows: in section 2, we introduce the SLNwhich represents the basis for the
cumulant truncation scheme presented in section 3. First applications and comparisonwith benchmark results
are discussed in section 4. Themainfindings for heat rectification are then presented in sections 5 and 6
including an analysis of the physicalmechanisms that determine the occurrence of rectification. The impact of
disorder is considered in section 7 before a summary and outlook is given in section 8.

2.Non-perturbative reduced dynamics

The description of heat transfer is a delicate and challenging issue. In the sequel we develop an approachwhich is
based on a formally exact formulation of open quantumdynamics derivedwithin a system+ bathmodel. The
totalHamiltonian consists of a systemHamiltonianHs, a reservoirHamiltonianHR (for themoment we
consider a single reservoir), and a system reservoir coupling = -H qXI , where the latter captures a bilinear
coupling of a system’s coordinate q and a collective bath coordinateX. Due to themacroscopicallymany degrees
of freedomof the reservoir, thefluctuations of the latter in thermal equilibrium can assumed to beGaussian.

Then, as shownpreviously, the formally exact path integral representation of the dynamics of the reduced
density ρ(t)=TrR{W(t)}withW(t) being the time evolved density operator in full Hilbert space, has an
equivalent representation in terms of a stochastic Liouville–vonNeumann equation (SLED) [54], i.e.
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Here, x ( )t denotes a c-valued noisy driving force whose auto-correlation reconstructs the real part of the bath
quantum correlation - ¢( )L t t
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with inverse temperature b = ( )k T1 B and the spectral density J(ω). The latter we assume to be ohmicwith a
large cut-off frequencyωc and coupling constant γ acting on a systemwithmassm, i.e.

w
gw
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=
+

( ) [ ( ) )] ( )J m
1

. 4
c

2 2

In this regime (large cut-off), the imaginarypart of the correlation function ImL(t) collapses to a δ-function and is
accounted forby theγ-dependent in (1).Wenote inpassing thatGardinerhas identified this equation as the adjoint of
a quantumLangevin equation [55, 65]. The randomdensityρξpropagated according to (1)by itself lacksof aphysical
interpretation,while only the expectationvalueof r r= á ñx x represents thephysical reduceddensityof the system.

The SLED is particularly suited to capture the dynamics of open quantum systemswith continuous degrees
of freedom andhas been explicitly applied so previously in various contexts [49, 66]. In the sequel, we follow a
somewhat different route though by exploiting that themultiplicative noise ξ in the SLED turns into additive
noise if an adjoint equation governed by † [67] for the dynamics ofHeisenberg operatorsA is used, i.e.
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Expectation values are then obtained from a quantummechanical average rá ñ = x· (· )trtr and a subsequent noise
average á ñx· , i.e.

= ñ ñx⟪ ⟫ ⟪ ( )A A . 6tr

Now, to avoid an explicit noise samplingwith its inherent degradation of the signal to noise ratio for longer
simulation times, we do not explicitly workwith (5) but rather derive from it sets of equations ofmotion for
expectation values [56, 57]. This way, one arrives at a very efficient scheme to construct the open system
dynamics for ensembles of anharmonic oscillators also in regimeswhich are not accessible by perturbative
methods for open quantum systems.

A central element of this formulation is the covariance of two operatorsA andBwhich can be transformed to
[49, 68]

= + -

= + - ñ á ñ ñ

+ ñ á ñ ñ -

x

x

( ) ⟪ ⟫ ⟪ ⟫⟪ ⟫
⟪ ⟫ ⟪

⟪ ⟪ ⟫⟪ ⟫ ( )

A B AB BA A B

AB BA A B

A B A B

Cov ,

7

1

2
1

2 tr tr

tr tr

= á ñ + á ñ á ñx x( ) ( ) ( )A B A BCov , Cov , 8tr tr tr

and thus provides a separation into two covariances, onewith respect to the trace average and onewith respect to
the noise average.Hence, choosingA andB as elements of the operator valued vector s =

 ( )q p, t carrying
position andmomentumoperators, the corresponding covariancematrixS takes the form

S S S= + ( )( ) ( ), 9mtr msc

s sS = á ñx( ) ( )( ) Cov , , 10jk j k
mtr

tr

s sS = á ñ á ñx( ) ( )( ) Cov , . 11jk j k
msc

tr tr

Technically, this decomposition requires to carefully distinguish between tracemoments and trace cumulants.
Namely, the elements ofS contain noise expectation values of tracemoments, whileS( )mtr contain noise
expectation values of tracecovariances. For general operatorsA,Bwe thus introduce the compact notation for
noise expectation values of tracecovariances á ñx( )A BCov ,tr :

= ñ ñx⟪ ⟫ ⟪ ( )AB AB , 12c ctr,

with á ñ = á ñ - á ñ á ñAB AB A Bctr, tr tr tr.We also emphasize the equality of the firstmoments and cumulants

á ñ = á ñ = ñ ñx⟪ ⟫ ⟪ ( )A A AB AB, . 13c c c ctr, tr tr, ,

With these tools at hand, we can nowproceed to develop the approach for nonlinear oscillators in detail.
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3. Cumulant formulation of open quantumdynamics for nonlinear oscillators

Wewill start to consider a single anharmonic oscillator to arrive at a formulation that can then easily be
generalized to chains of oscillators. As a paradigmaticmodel for a nonlinear oscillator ofmassmwe choose

w k= + + ( )H
p

m
m q m q

2

1

2

1

4
, 14s

2
2 2 4

with fundamental frequencyω and anharmonicity parameterκ, see figure 1, which can be both positive (stiffer
mode) or negative (softermode). Ourmain interest is inweakly anharmonic systems, i.e. even for negativeκ,
where the potential is not bounded frombelow, resonances are long-lived andmay be treated approximately as
eigenstates of theHamiltonian. This is valid if thermalization through external reservoirs is fast compared to the
resonance lifetime.

While for a purely linear system (κ=0) a formulation in terms of cumulants leads to closed equations of
motion for the first and second order cumulants [56, 57], this is no longer the case for nonlinear oscillators. The
challenge is thus to implement a systematic procedure for the truncation of higher order cumulants which on
the one hand provides an accurate description forweak tomoderate anharmonicity parameters and on the other
hand leads to an efficient numerical scheme also for ensembles of those oscillators.We emphasize that we are
primarily interested in quantumheat transfer in steady state situations and not in the full wealth of nonlinear
dissipative quantumdynamics. Accordingly, in a nutshell, a formulationwhich satisfies both criteria factorizes
all higher than second ordermoments (Wick theorem) and allows to capture anharmonicities effectively by state
dependent frequencies whichmust be determined self-consistently. This perturbative treatment of
nonlinearities for quantumoscillators has some similarities in commonwith the one for classical systems [69]
but turns out to bemuchmore involved due to the highly complex equation ofmotion (5) as wewill shownow.

For this purpose, for systems, where the relevant dynamics occurs around a single potentialminimum, it is
convenient to set initial values of operatorsA equal to zero and use

=⟪ ⟫ ( )A 0 15

henceforth. Then, starting from (5) one obtains two coupled equations for position andmomentum according
to

w k g x

á ñ = á ñ

á ñ = - á ñ - á ñ - á ñ + ( ) ( )
t

q
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t
p m q m q p t

d

d

1

d

d
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c c

c c c

tr, tr,

tr,
2

tr,
3

tr tr,

Here, the third tracemoment can be expressed as a linear combination of products of cumulants

á ñ = á ñ + á ñ á ñ + á ñ ( )q q q q q3 . 17c c c c
3

tr
3

tr,
2

tr, tr, tr,
3

This kind of transformation represents a systematic separation and summation over all possible subsets of trace
averaged products, for details see [70].

3.1. Truncation of trace and noise cumulants
A straightforward approach to treat higher than second ordermoments is to assume the approximate validity of
Wick’s theorem and neglect all higher than second order cumulants so that (17) reduces to

Figure 1. Schematic illustration of the considered anharmonic potential w k= +( )V q m q m q1

2
2 2 1

4
4 with the level spacings forκ>0

(blue) andκ<0 (red)which are not equidistant. Forκ<0, onlymetastable states in the vicinity of q=0 are considered. The
tunneling rates out of the region of the localminimumare supposed to be small and only sufficiently low temperatures which do not
induce fluctuations beyond the barrier are considered.
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á ñ » á ñ á ñ + á ñ ( )q q q q3 . 18c c c
3

tr
2

tr, tr, tr,
3

This procedure does not immediately lead to a closure of (16) althoughwith parametric driving through á ñq c
2

tr, ,
which couples to the equations for the second cumulants whichwe analyze later.

As shown for the linear system, the covariancematrix consists of two parts, where the elements of one part is
given by the noise averaged product ñ á ñ ñx⟪A Bc ctr, tr, [68]. To handle these terms, we derive the equations of
motion for these products with † and turn the noisemoments to noise cumulantswhich is trivial for all linear
contributions since ñ ñ = =x⟪ ⟪ ⟫A A 0c ctr, , and also for the system- bath correlationwhich contains the
quantumnoisewhose expectation value is zero. The resulting equations ofmotion then read
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In equivalence to the equations of the trace cumulants, here the contributions which can not be turned
immediately frommoments to cumulants are the ones which enter from the nonlinearity of the system. The
second and third equations in (19) contain higher ordermoments with respect to the noise average. The trace
cumulants in thesemoments constitute c-numbers, and hence, the order of the higher order noisemoments is
determined by the sumof the exponents outside of the trace averages á ñ. ctr, . Hence, ñ á ñ á ñ ñx⟪q A Bc c c

2
tr, tr, tr, (A,

B=q,p) constitutes a third ordermomentwith respect to the noise and ñ á ñ ñx⟪q Ac ctr,
3

tr, a fourth ordermoment.
Thesemoments as linear combinations of cumulants are
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where =⟪ ⟫A 0c is already considered.
Setting the third- and fourth-order cumulant to zero gives
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where the equalities in (22) and (23) follow directly from (13).With (22), products of the noise expectation
values of the first and second trace cumulants enter. The dynamics of the second trace cumulants is shown in
appendix A, where an analysis of the steady-state shows that thefluctuations induced by the coupling to thefirst
tracemoments are exponentially suppressed and, therefore, this second trace cumulants have a stablefixed point
at zero. This leads to a decoupling of the equations for the first- and second trace cumulants and a reduction of
the covariancematrix toS S= ( )msc . This allows us to simplify the notation by using ñ á ñ ñ =x⟪ ⟪ ⟫A B ABtr tr

which is valid for steady-states. The elements ofS are then determined by a systemof differential equations
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which represent the steady-state by algebraic equations if the left-hand sides are set to zero and the system-bath
correlations x sá á ñ ñx( )t j tr are in their respective steady-state value.We introduced the effective frequency

w w k= +˜ ⟪ ⟫ ( )q3 . 252 2 2

Since ⟪ ⟫q2 is an element of the covariance but enters also the effective frequency, our approach can be seen as a
type of self-consistentmean-field formulationwith some similarities to the one developed byRuokola et al in
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[24].We note in passing that state-dependent frequencies are also known from classical perturbative treatments
of anharmonic oscillators [69]. In the quantummodel considered here, the expectation value of the amplitude is
zero ( =⟪ ⟫q 0) but thewidth of the state ⟪ ⟫q2 enters into the effective frequency. The noise average leads to a
temperature dependency of ⟪ ⟫q2 and therefore to an effective frequency w̃ which depends on the temperature
of the heat bath. In case of oscillators interactingwith two thermal reservoirs at different temperatures, the
situationwe consider below, the effective frequency does not only depend on both of these temperatures but also
on cross-correlations between system and reservoirs.

A direct calculation of the dynamics of the full covariancematrixS reveals a dependence on higher order

momentswhich are given by ⟪ ⟫q4 and
+⟪ ⟫q p pq

2

3 3

. The presented formalism represents a transformation of the

moments contained in the covariancematrix into cumulants and an expansionwith subsequent truncation of
higher order cumulants. This procedure is equivalent to an approximation of the higher ordermoments given
by

»
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3
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0. 26
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Thefirst equation is obviously the content ofWick’s theorem, just like the second equation if the system is in

steady-state where =+⟪ ⟫ 0
qp pq

2
holds. Nevertheless, the truncation schemewe present here provides a

systematic approach that accounts for both, the quantumand the thermalfluctuations. Therefore it represents
an extension of previous schemes based on truncations of higher ordermoments or cumulants for closed
systems [58–62].

3.2. System-bath correlation function
For a compact treatment of the system-bath correlations and a subsequent extension tomultipartite systemswe
treat the system as a linear onewith effective frequency and use amatrix notation of the derived steady-state
equations (24) via a Lyapunov equation as in previouswork [68, 71]:

S S+ + + = ( )† †M M y y 0. 27

Thematrices have dimension ´N N2 2 withN being the number of oscillators.M contains details of themodel
and the damping and reads for one oscillator
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with the effective frequency w w k= +˜ ⟪ ⟫q32 2 2 which itself depends on an element of the covariancematrixS.
Therefore, (27) is solved self-consistently with the solution for the linear system (κ=0) as an initial guess forM
and the system-bath correlations. These are shifted to thematrix ywhich reads

x
x

=
á á ñ ñ

á á ñ ñ
x

x

⎛
⎝⎜

⎞
⎠⎟( ) ( )

( ) ( )t
t q

t p
y

0

0
. 29

tr

tr

In terms of a tensor product of the vector carrying the phase space variables s =
 ( )q p, t and a vector with the

noise x x=
 ( )0, t , the correlationmatrix is

s x= ñ ñx
 ( ) ⟪ ( ) ( )t ty . 30

t
tr

If the effective frequency is supposed to befixed, the equations (24) can considered as a linear set of equations
with additional driving ξ(t)which are formally solved by theGreen’s function:
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are shifted to the bath auto-correlation function:
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The elements of thematrix x x¢ - ¢ = á ¢ ñx
 ( ) ( ) ( )t t t tL

t
are given by (3)which completes the presented formalism

to a deterministic description based solely onmodel parameters. For consistent results with (27) one has to
integrate to sufficiently large times until a constant steady-state value of y is reached. By usage of the time-
translational symmetry of the system, this integral can be derivedwith respect to time andwritten as a systemof
two coupled differential equations

=˙ ( ) ( ) ( ) ( )t t ty G L , 33
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=˙ ( ) ( ) ( )t tG MG , 34

which allows a simple and computationally efficient implementation. Treating both, the system-bath correlation
and the dissipative parts as a linear systemwith effective frequency w̃ provides a consistent formalism for the
nonlinear system.

3.3. Generalization to chains of oscillators
In order to step forward to chains of anharmonic oscillators, we choose a quadratic coupling between adjacent
entities, i.e.

å åw k
m

= + + + -
= =

-

+( ) ( )H
p

m
m q m q q q

2

1

2

1

4 2
35s

n

N
n

n n n
n

N

n n
1

2
2 2 4

1

1

1
2

and, for the sake of transparency, workwith chainswith homogeneousmassm, anharmonicitiyκ, and inter-
oscillator couplingμ. The indexes for the on-site frequencies are also skipped if these are homogeneous and
therefore denoted byω. The generalization to inhomogeneous structures is straighforward (see section 7). Note
that thisHamiltonian differs from the paradigmatic Fermi–Pasta–Ulammodel [4] in that there nonlinearities
appear in the inter-oscillator couplings while here they feature on-site pinning type of potentials.

Now, to study quantumheat transfer through this extended structure, the formulation for a single oscillator
is easily generalized along the lines presented in [49, 68]. The chain is terminated at its left (l) and right (r) end by
two independent reservoirs, see figure 2, with bath correlations given by

x x d ná ¢ ñ = - ¢ =n n n n n¢ ¢( ) ( ) ( ) ( )t t L t t l rRe , , , 36,

where the Lν(t) are specified in (3) and (4)with J(ω)→Jν(ω) according to γ→γν andβ→βν=1/kBTν. For
heat transfer one considers situations with ¹T Tl r corresponding to a ‘cold’ and a ‘hot’ reservoir with
temperaturesTh>Tc.

In absence of cross-correlations, the contributions of the two reservoirs are additive in the corresponding
Caldeira–LeggettHamiltonian [72] so that we have in generalization of (5)

  

 

x x

g g

= - -

+ +

x x x x

x x

[ ] ( )[ ] ( )[ ]

{ [ ]} { [ ]} ( )
t

A H A t q A t q A

p q A p q A

d

d

i
,

i
,

i
,

i

2
, ,

i

2
, , . 37

s l r N

l r
N N

1

1 1

Accordingly, the cumulant truncation goes through as for a single oscillator and the dynamics of the phase space
operators collected in the operator-valued vector s = ¼

 ( )q p q p, , , ,N N
t

1 1 follows from

s s xá ñ = á ñ +   ( ) ( )
t

tM
d

d
. 38tr tr

Here x x x=
 ( )0, , 0, ... ,0,l r

t and thematrix M contains the dissipative parts and the effective frequencies w̃n

according to (25) to effectively account for the nonlinearities and to be determined self-consistently. The detailed
structure ofM for theHamiltonian (35) is shown in appendix B.HavingM at hand, themultipartite system
obeys the steady-state equations (27), (33), and (34), where the only non-zero elements in - ¢( )t tL are the
second and last diagonal elements containing the auto-correlation functions Ll(t) and Lr(t), respectively.

Figure 2. Schematic diagramof a chain of anharmonic oscillators which is terminated by thermal reservoirs. The dotted lines illustrate
the on-site potentials forκ>0 (blue) andκ<0 (red), while the solid black line represents the harmonic casewithκ=0. Thewidth
of the potential determines the quantum state (green)with its effective frequency w̃n.
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3.4. Energyfluxes
Temperature differences between thermal reservoirs at different ends of the chain give rise to an energy flux and
thus heat transfer. Locally, for the change of energy at an individual site n onemust distinguish between the
oscillators at the boundaries (n=1,N) and the oscillators in the bulk. For the latter, the change in energy follows
from

w k
m m

= + + + - + -- +( ) ( ) ( )H
p

m
m q m q q q q q

2

1

2

1

4 2 2
39n

n
n n n n n n n

2
2 2 4

1
2

1
2

and includes also the nearest neighbor coupling, while for the oscillators at the boundaries only one coupling
term appears and the other one is replaced by the coupling to the respective reservoir. Calculating the time

evolution for each of these parts according to á ñ = á ñ†
t

H H
d

d
n ntr tr leads, after performing the stochastic average,

to the dynamics of the on-site energies. This then directly leads to the energy fluxes between adjacent sites and
between the oscillators at the ends and the respective reservoirs, namely

 

= -

= - -

= -

- +

-

⟪ ⟫ ⟪ ⟫ ⟪ ⟫

⟪ ⟫ ⟪ ⟫ ⟪ ⟫

⟪ ⟫ ⟪ ⟫ ⟪ ⟫ ( )

t
H j j

t
H j j n N

t
H j j

d

d
d

d
, 2 1

d

d
, 40

l

n n n n n

N N N r N

1 ,1 1,2

1, , 1

1, ,

where respective heatfluxes follow from

 m
=- -⟪ ⟫ ⟪ ⟫ ( )j

m
q p n N, 2 , 41n n n n1, 1

 m
= - -+ +⟪ ⟫ ⟪ ⟫ ( )j

m
q p n N, 1 1, 42n n n n, 1 1

x g= á á ñ ñ -x ⟪ ⟫⟪ ⟫ ( ) ( )j
m

t p
p

m

1
, 43l l l,1 1 tr

1
2

x g= - á á ñ ñ +x ⟪ ⟫⟪ ⟫ ( ) ( )j
m

t p
p

m

1
. 44r N r N r

N
, tr

2

One should note that the above averages are trace and noisemoments whichmeans that the respective currents
in the bulk in (41) and (42) are determined by elements of the covariancematrix. Thefirst terms in (43) and (44)
represent system-bath correlations and have to be computed as elements of y (30) to obtain the covariance
matrix. Therefore, once the covariancematrix is known, the energy currents are implicitly known aswell.

3.5. Rectification of heat transfer
An importantmeasure for the asymmetry in heat transfer is the rectification coefficient. It quantifies the net heat
current when the temperature difference in the reservoirs is reversed. The configurationwith the left reservoir
being hot at temperatureTl=Th and the right one being cold at temperatureTr=Tc<Th is denoted by
h c with the corresponding heat current in steady state ⟪ ⟫j hc. The opposite situation, where only the

temperatures are exchanged, i.e.Tl=Tc<Tr=Th, is termed ¬c h with the respective heat current ⟪ ⟫j ch.
Based on this notation the rectification coefficient reads

a =
-
+

∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣
∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣ ( )j j

j j
. 45hc ch

hc ch

Since heat always flows fromhot to cold,α>0 (<0)means that the heatflowTl→Tr (Tr→Tl) exceeds that
fromTr→Tl (Tl→Tr). The basic ingredients forfinite rectification are bothnonlinearity and spatial symmetry
breaking [10, 11]. A purely harmonic systemdoes not show any rectification even in presence of spatial
asymmetrywhich implies that non-equidistant energy level spacings induced by the nonlinearities are a crucial
pre-requisite. In the present case of anharmonic oscillators, nonlinearities are effectively accounted for by
effective state dependent frequencies w̃n that depend on temperature and damping.

4. Test of the approach

4.1. The classical limit
As afirst and simple illustration of the presentedmethod, we consider an anharmonic oscillator coupled to a
single classical thermal reservoir. In thermal equilibrium, (24) lead to algebraic equationswhich can be

8

New J. Phys. 20 (2018) 113020 TMotz et al



rearranged as

g
x

w g
x x

=

= á á ñ ñ

= á á ñ ñ + á á ñ ñ

x

x x
⎡
⎣⎢

⎤
⎦⎥

⟪ ⟫
⟪ ⟫ ( )

⟪ ⟫ ˜ ( ) ( ) ( )

qp

p t p

q
m m

t p t q

0

1

1 1
. 46

2
tr

2
2 tr tr

Now, only the system-bath correlations have to be calculated to arrive at a quadratic equation for ⟪ ⟫q2 .
In the classical limit with w  ¥c andβ→0, the real part of the bath auto-correlation function (3) reduces

to gd¢ - ¢ = - ¢( ) ( )L t t k Tm t t2 B so that (32) reads g=( ) ( )t k Tmy G 0 ;B no initial system-bath correlations are
assumed sincewe take y(0)=0. This way, from =( )G 0 , one arrives at

=
⎛
⎝⎜

⎞
⎠⎟( ) ( )t yy

0 0
0 , 47

p

with x g= á á ñ ñ =x( )y t p k Tmp ctr, B while xá á ñ ñ =x( )t q 0ctr, .With thesefindings, (46) takes the formknown for
classical harmonic oscillators [73], however, with effective frequency w̃

g

w g w

=

= =

= =

⟪ ⟫
⟪ ⟫

⟪ ⟫ ( ˜ ) ˜ ( )

qp

p
y

mk T

q
y

m

k T

m

0

. 48

p

p

2
B

2
2

B
2

The quadratic equation for ⟪ ⟫q2 has two solutions with only one being physical, namely

w
k w

k= - +
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟⟪ ⟫ ⟪ ⟫ ( )q

q

6
1 1

12
. 492

2 2
0

2

Illuminating is an expansion for small k∣ ∣which yields
k
w

» -⎜ ⎟⎛
⎝

⎞
⎠⟪ ⟫ ⟪ ⟫ ⟪ ⟫ ( )q q q1

3
, 502 2

0 2
2

0

with the harmonic result w=⟪ ⟫ ( )q k T m2
0 B

2 . As expected,κ>0 (stiffermode) decreases ⟪ ⟫q2 , while k < 0
(softermode) leads to a broadening. (49) also provides an upper bound for the validity of the perturbative
treatment in caseκ<0, namely, w w w k w- = <∣ ˜ ∣ ∣ ∣⟪ ⟫/ q3 1 42 2 2 2

0
2 . Indeed, in comparison to an exact

numerical calculation of ⟪ ⟫q2 , onefinds that in this range the result (49) provides an accurate descriptionwith
deviations atmost of order 1%.

4.2.Quantumoscillator in thermal equilibrium
Wenowproceed to analyze the performance of the approach in the quantum regime by considering the
properties in thermal equilibriumof a single anharmonic oscillator embedded in a single thermal reservoir. In
case ofκ>0 corresponding to a globally stable potential surface, this particularly allows to comparewith
numerically exact results from a SLED simulationwith the full anharmonicity taken into account. Figure 3
displays the variances ⟪ ⟫q2 and ⟪ ⟫p2 obtained fromboth the deterministicmethod presented here and from the
SLED calculationwhich serves as a benchmark for the cumulant truncation. Apparently, the latter performs very
accurately in the consideredwindowof values forκ for both phase space operators even for stronger dissipation.
The variation of the position andmomentumfluctuations caused by the increasingκ is almost 50% forweak
coupling.Our approach covers this variation in accordancewith the benchmark data. It is also seen (see the
insets) that the perturbative treatment provides accurate results for higher ordermoments such as k⟪ ⟫q4 and

k +⟪ ⟫qp p q

2

3 3

, see (26).

Note that in the considered range forκ one also clearly sees the impact of friction on the variances: finite
dissipation tends to suppressfluctuations in position and to enhance those inmomentum. The cumulant
formulation nicely captures this feature. The comparisonwith the exact data also allows us to quantifymore
precisely the accuracy of the perturbative treatment of the nonlinearities. For this purpose, according to (14), it is
natural to consider the dimensionless quantity k k w=˜ q 20

2 2 with q0 being a typical harmonic length scale as a
measure for the relative impact of anharmonicities. In the low temperatures range of interest here, one chooses
the ground state width of the harmonic system  w=q m20

2 which implies k k w=˜ m4 2. It then turns out
that the perturbative treatment provides accurate results even for k ~˜ 0.5, i.e. not only forweak but also for
moderately strong anharmonicities.
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In case of a softermode (κ<0) a direct comparisonwith full numericalfindings is no longer possible as the
anharmonic potential is only locally stable. The perturbative treatment is thus physically sensible only as long as
all relevant processes remain sufficiently localized around theminimumof the potential. In particular, the
approach does not capture quantum tunneling through the potential barriers from thewell into the continuum.
However, it provides the nonlinearity required for rectification of heat transfer with thefinite dissipation
promoting localized states in thewell. Figure 4 shows the phase space variances ⟪ ⟫q2 and ⟪ ⟫p2 togetherwith the

uncertainty product ⟪ ⟫⟪ ⟫q p2 2 . For veryweak damping the latter remains at theminimal values 1/2, while
position fluctuations increase andmomentum fluctuations decrease with growing k∣ ∣. This is in contrast to
stronger friction, where already forκ=0 (harmonic limit) the uncertainty product exceeds 1/2with strongly
suppressed (enhanced)momentum (position)fluctuations for larger k∣ ∣. Note that the range, where the
approach is expected to be applicable, is restricted to substantially smaller values of k∣ ∣compared to the situation
withκ>0.We close this analysis by presentingWigner functionsW(q, p) for various values ofκ at =k T 0B , see
figure 5. The squeezing of phase space distributions is clearly seenwithmomentum squeezing forκ<0 and
squeezing in position forκ>0.

4.3. Towards quantumheat transfer: anharmonic chains
One advantage of the developedmethodology is its high computational efficiency also for large systems.Here,
we analyze heat transfer through a chain of anharmonic oscillators of lengthN=10 according to (35)
terminated at both ends by thermal reservoirs at temperaturesTl=Th andTr=Tc<Th, respectively.We put
all intra-oscillator couplings toμ=0.3,masses tom=1.0 and frequencies toω=1.0; furtherTc=0while
Th=1 in dimensionless units.

Figure 3.The diagonal elements of the covariancematrixS versus the anharmonicityκ for a single oscillator whoseHamiltonian is
given by (14) andwhich is coupled to a reservoir withβ=3 and damping γ=0.1 (left) andβ=5 and γ=0.5 (right). The blue
symbols are results from the deterministic cumulant expansion presented here, while the red crosses are obtained from a stochastic
sampling of the SLED in position representation. The inset shows the higher ordermoments (multipliedwith the respectiveκ) of the
exact dynamics obtained by a stochastic sampling of the SLED (red) and the approximations of thesemoments according to (26)
(blue). Other parameters areω=1,m=1, ÿ=1 andωc=30.

Figure 4. ⟪ ⟫ ⟪ ⟫q p,2 2 and the uncertainty ⟪ ⟫⟪ ⟫q p2 2 versus the anharmonicityκ for a damped anharmonic oscillator with system
Hamiltonian (14). Left plot shows γ=0.01 and the right one γ=0.10. The dashed lines are a guide for the eye and represent the value
0.5. Other parameters are w = = = =m k T1, 1, 1, 0B andωc=30.
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Density plots infigure 6 show the covariancematricesS for two anharmonicity parametersκ=−0.10
(top) andκ=0.50 (bottom). One clearly sees the impact of a temperature difference as the diagonal elements
corresponding to themode coupled to the hot bath are substantially larger than those attached to the cold one.
The temperature dependence of the effective frequencies leads to amore distinct impact of the nonlinearity on
the oscillators coupled to the hot bath. Apparently, for these sites the negativeκ leads to a broading of the state in
position as compared to the case for positiveκ.

It is instructive to display the effective frequencies w̃n along the chain (see figure 7 left) for a long chain
N=50. Apparently, the distribution is rather flat in the bulk and shows deviations only near the interfaces to the
reservoirs with the frequencies being smaller (larger) forκ<0 (κ>0).We also show in figure 7 (right) the
distribution of effective temperatures T̃n reconstructed from  w w=⟪ ⟫ ( ˜ ) [ ˜ ( ˜ )]p m k T2 coth 2n n n n

2
B . For

further discussions of thermometry for dissipative systemswe refer to very recent literature such as in [74].
Figure 7 reveals a similar profile as that for the effective frequencies, thus indicating ballistic transport. This is
confirmed by results for the heat currents (not shown), which do not reveal any dependence on the chain length.
The fact that the temperature difference drops onlywithin narrow interfaces between phonon chain and
reservoir is reminiscent of the voltage drop inmolecular chains in contact to electronic leads [75].

Figure 5.Wigner functions of an anharmonic oscillator (14) for different values of k = -0.2 (left), 0.0 (middle) and 0.5 (right). The
plots show the broadening of the state for negativeκ and the squeezing for positiveκ, whileκ=0 gives an almost circular distribution
which is a consequence of small damping γ=0.01.Other parameters are w = = = =m k T1, 1, 1, 0B andωc=30.

Figure 6.Blocks of the covariancematricesS for ordered anharmonic chainswithκ=−0.10 (top) andκ=0.50 (bottom). The
columns showdifferent parts ofS: all covariances of the positions ⟪ ⟫q qn l (left), of themomenta ⟪ ⟫p pn l (middle) and symmetrized
mixed products +⟪ ⟫q p p q 2n l l n (right). The chains accord to theHamiltonian in (35)withN=10 oscillators. The first one n=1 is
attached to a bathwithTh=1 and the last one n=N=10 to a reservoir with temperatureTc=0.0.Other parameters are
γl=γr=0.1,μ=0.3,ω=1,m=1, ÿ=1 and cut-offs for both reservoirs areωc=100.
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The question towhat extent anharmonicities alonemay lead to normal heat flowhas led to conflicting
results recently depending on themodel under consideration [1, 13]. For theweak tomoderate anharmonicities
considered here, a combination of nonlinearity and disorder such as studied for example in [7, 8]may provide a
mechanism to induce normal heatflow. This is, however, beyond the scope of the current study, wherewe focus
on heat rectification, andwill be explored elsewhere.

5. Rectification of quantumheat transport: single oscillator

One of the simplestmodels to realize rectification consists of an anharmonic oscillator coupled to two reservoirs
at different temperaturesTl andTr. The onlyway to induce a spacial asymmetry in such amodel is to choose
different coupling strengths γl and γrwhich remain constant under an exchange of reservoir temperatures. In
steady-state, we are free to choose any of the two currents between system and reservoirs as they have identical
absolute values. The energy current between the left reservoir and the oscillator reads according to (43)

g= - ⟪ ⟫⟪ ⟫
( )

j
y

m

p

ml
p
l

l,1

2

with ( )y
p
l being themomentumpart of the system-bath correlation function corresponding to the left reservoir.

In the classical limit, this is g b=( )y m
p
l

l l, while ⟪ ⟫p2 for a system coupled to two baths is determined by

additivefluctuations and damping strengths, respectively, i.e.

g g
=

+

+
⟪ ⟫

( ) ( )
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y y
.

p
l

p
r

l r

2

The resulting heat current reads

g g
g g

=
+

D⟪ ⟫j k Tl
l r

l r
,1 B

withD = -T T Tr l . This immediately shows that no rectification can be observed for a single classicalmode
since an exchange of temperatures would result in a current with identical absolute value = -⟪ ⟫ ⟪ ⟫j jhc ch.

The previous argument, however, does not apply to the quantum case, where the system-reservoir
correlations depend on details of theGreen’s function caused by the non-Markovianity of the reservoirs. This
Green’s function is calculatedwith the effective frequency w̃ which varies with an exchange of the reservoir
temperatures.

Therefore, rectification is possible with a single nonlinear systemdegree of freedomas shown in [22, 24].
Figure 8 shows the rectification coefficientα versus g g gD = -r l where γl=0.1 is kept constant. Results for
positive and negative values ofκ over thewhole range ofΔγ reveal thatκ<0 leads toα<0 andκ>0 to
α>0. This difference in the signs can be attributed to the different level structure of the system, where for the
softermode the energy level spacings are narrower for higher lying states while the opposite is true for the stiffer
mode, see figure 1.

Figure 7.The effective frequency w̃ (left) and temperature T̃ (right) over the site index n of a chainwithN=50 oscillators. Other
model parameters are the same as infigure 6.
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6. Rectification of quantumheat transport: chains of oscillators

Going from a single oscillator to chains of oscillators is not just a quantitativemodification of the setting. It is
particularly interesting as it allows, by tuning the asymmetry either in the coupling to the reservoirs or in the on-
site frequencies, to control the rectification of being positive or negative. Thismay be of relevance for
experimental realizations of heat valves as they have very recently been explored in [41]. Underlying physical
principles can be revealed already for a set-up consisting of two oscillators, wherewe keep frequency and
coupling strength of the oscillator at site n=1fixed and vary those at n=2, i.e.ω2=ω1+Δω and
γr=γl+Δγ.

Before we discuss specific results below, let us already here elucidate themainmechanism that governs the
rectification process. For theHilbert space of the oscillator chain alone (no reservoirs) two sets of basis functions
are distinguished, namely, the one consisting of the localized eigenstates of the individual oscillators and the one
consisting of the normalmodes of the coupled system. Then, roughly speaking, if the inter-oscillator couplingμ
dominates against the oscillator-reservoir couplings γl, γr, heat transfer occurs along the delocalized normal
modes, while in the opposite situation localized states rule the game. It turns out that the changeover fromone
regime to the other one by tuning eitherΔω orΔγ is associatedwith a sign change in the rectification coefficient
α. This also implies that starting from the symmetric situation a growing asymmetryfirst leads to an extremum
ofα before one reaches the pointα=0.

This discussion can bemademore quantitatively by considering the effective spectral density Jeff,r(ω) of the
right reservoir as seen from the first oscillator (fixed parameters) through the second one (varying parameters).
For this purpose, we employ the formalismdeveloped in [76] and obtain for a purely ohmic bath (limit in (4) for
w  ¥)c the expression

w m
wg w

w w w g
=

- +
( ) ¯ ˜

( ˜ ) ( )J
m

4
, 51r

r

r
eff,

2 2
4

2
2 2 2 2 2

with the dimensionless inter-oscillator coupling m m w=¯ ˜m 2
2 and effective frequencies w w=˜ ˜2

2
2
2 k+ ⟪ ⟫q3

2
2 . It

has the expected Lorentzian formwith amaximumaround w w= ˜ 2 and reduces in the low frequency regime to
an ohmic type of density w m wg »( ) ¯J m0r reff,

2 . Note that the effective spectral density (51) contains all three
relevant parameters: the inter-oscillator couplingμ aswell as γr andω2, whichwe use to induce spatial
asymmetry to the system.

Now, let us consider the case with wD = 0 and varyingΔγ such that in the symmetric situation,Δγ=0,
one hasμ>γl, γr. As a consequence, for growingΔγfirst the delocalizedmode picture applies and the
rectification coefficient approaches an extremumaround that asymmetry point, where heat transfer at
resonance is optimal due to amatching of reservoir coupling constants to oscillator 1, i.e. γeff,r≈γlwith the
effective coupling fromoscillator 1 to the right reservoir g w w w w m w gº = » º( ˜ ˜ ) ˜ ¯ ˜J m 4r r reff, eff, 1 2 2

2
2
2 , i.e.

m w g g»¯ ˜ ( )4 . 52l r
2

2
2

With further increasingΔγ the rectification tends to zero, changes sign, the asymmetry dominates against the
inter-oscillator coupling, and a picture based on localizedmodes captures the heat transfer.Wewill see below
that the sign of the rectification coefficientα also depends on the sign of the anharmonicity parameterκ.

Figure 8.Rectification coefficientα versus the difference of damping strengthsΔγ=γr−γl for a single anharmonic oscillator
coupled to two quantum reservoirs with constant γl=0.1 and varying γr. The reservoirs have temperaturesTh=1Tc=0.0 and cut-
off frequenciesωc=100.Other parameters areω=1,m=1 and ÿ=1.
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6.1. Rectification by variation of the damping
Detailed results are nowfirst discussed for the situation, where asymmetry is induced by a varying damping, see
figure 9. As anticipated, one indeed observes a change in the sign of the rectification coefficient together with an
extremum formoderate asymmetries.When comparing the location of the extremawith the prediction
according to thematching condition (52), one finds an excellent agreement. For the chosen parametersμ>γl,
γr in the symmetric case, the previous discussion directly applies. The sign change inα can also be understood
from the impact of friction onto ⟪ ⟫q1 2

2 and thus onto the effective frequencies w̃1 2: for strong coupling to the

right reservoir (g gl r) one always has (for identical harmonic frequencies) w w<˜ ˜2 1 forκ>0 and w w>˜ ˜2 1

forκ<0 due to the strong squeezing in position of oscillator 2.Quantummechanically, the different energy
level spacings then lead to >∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣j jch hc and thusα<0 forκ>0 and <∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣j jch hc withα>0 for
κ<0. Forweak asymmetry (γl�γr) the normalmodes couple slightlymore efficient to the right reservoir and
the bottleneck is the coupling to the left reservoir. Consequently, the relation between the respective heat
currents and the sign ofα interchanges compared to the strongly asymmetric situation.

It is nowalso instructive to look for the rectificationwhen the inter-oscillator coupling is tuned, seefigure 10:
followingour above reasoning the largerμ, the stronger needs the asymmetry tobe inorder to induce a sign change in
the rectification,while for veryweak couplingno sign changeoccurs at all. Themechanismdeveloped above, namely,
delocalizedmodes versus localizedmodes dependingon the strengthof the asymmetry, suggests that for purely
classical reservoirs a qualitative similar behavior shouldbepresent. This is indeed the case asfigure 10 (left) reveals.

The impact of the number of oscillatorsN in the chain on the rectification is displayed infigure 11.With
growingN the asymmetrymust increase as well in order to induce a sign change inα.We ascribe this to the
feature already addressed above (see figure 7), namely, an effective screening of the asymmetry such that the bulk
remains robust against variations of the coupling to the right reservoir. However, the absolute value ofα
increases with increasing chain length. In this and the previous cases rectification up 10%–15% can be seen in

Figure 9.Rectification coefficientα overΔγ=γr−γl for positiveκ (left) and negative (right) for a system consisting of two
anharmonic oscillators according to (35) forN=2. γl=0.1 is constant, while γr is varied. Each oscillator is coupled to its own
reservoir which have different temperaturesTh=1,Tc=0 and equalωc=100.Other parameters are:μ=0.3,ω=1,m=1,
ÿ=1.

Figure 10.Rectification coefficientα overΔγ for positiveκ from a quantum (left) and a classical (right)model with delta correlated
(Markovian) reservoirs. Themodels have similar parameters like that fromfigure 9 (left) but with different intra-oscillator couplings
μ. The cut-off frequencies of the quantum reservoirs areωc=100 and the temperatures for classical and quantumbaths areTh=1
andTc=0.
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agreementwithwhat has been found in the quantum regime in other studies [24]. This also applies to situations
where the frequency ismodulated (next section) and reflects the fact that in the low energy sector (low
temperatures) quantumoscillators are less influenced by anharmonicties than for higher lying states.

6.2. Rectification bymodulation of the frequencies
As an alternative to a variation of the chain-reservoir coupling, spatial asymmetry can also be induced by varying
on-site frequenciesωn. Figure 12 showsα for a systemof two coupled anharmonic oscillators with the
asymmetry being quantified byΔω=ω2−ω1 withω1=1.0 put constant, whileω2 is tuned. Instead of
analyzing different values for the anharmonicity parameter as above, we here consider a constant temperature
difference at different individual temperatures from the quantumup to the classical regime.One again observes
a distinctmaximum forα, whose valueαmax is depicted infigure 12 (right)whenTh is varied. The positiveα for
moderateΔω can be understood by noting that ⟪ ⟫qn is larger if the nthmode is coupled to the hot bathwhich in
turn increases the effective frequency w̃n ifκ>0. For our setting thismeans that the coupling of the hot bath for
h c to thefirstmode compensates the frequency increase of the secondmode forfiniteΔω. For ¬c h

instead, the coupling of the hot bath to the secondmode amplifies the detuning caused byΔω. For the quantum
case, this effect is less distinct as ground statefluctuations act also on themodewhich is coupled to the cold bath
(see figure 13). As alreadymentioned in the previous section, typical values of the rectification for themodels
considered here are on the order of 10% and do not exceed 15%–20% in accordancewith results reported in
[22]. In fact, even for the extreme case of a single two level system, rectificationwas found to be on the order of
10% [24]. It would be interesting to explore whether this can be improved by particular designs of chains.We
emphasize thatfigure 12 (right) reveals that our approach also provides finite rectification in the high
temperature range, where itmatches the corresponding classical predictions, a non-trivial test for the
consistency of cumulant-type of expansions (see [63]).

Figure 11.Rectification coefficientα overΔγ for positiveκ=0.10 (left) and negativeκ=−0.10 (right). The number of oscillatorsN
is varying, while all other parameters are as infigure 9.

Figure 12. Left: rectification coefficientα versus the difference of the frequenciesΔω=ω2−ω1 withω1=1.0 for a systemof two
coupledmodes according to (35)withN=2. The system is terminated by reservoirs withΔT=Th−Tc=1.0, while different
combinations ofTh andTc are shown. The black circles showα for classical delta correlated reservoirs. Right: the rectification versus
the temperature of the hot bathTh forΔT=1.0 andω2=1.4which is the valuewhereα ismaximal. Both plots: the cut-off frequency
of the quantum reservoirs isωc=100 and the dampings are constant γl=γr=0.1. The intra-oscillator coupling isμ=0.3 and both
modes are anharmonic withκ=0.1.α<0 is a quantum featurewhich occurs at low temperatures. Other parameters arem=1 and
ÿ=1.
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What ismore striking though is thebehavior for larger asymmetries:while the classical rectification approaches
zero fromabove, in the low temperature quantumregimewe see again a change in sign ofα and then a saturation
with further increasingΔω. This is a genuine quantumphenomenonas an inspection of the covariancematrix
reveals, seefigure 13.Classically, thephase space entries for the oscillator coupled to the reservoir atTc=0 are
absent,while this is not the case quantummechanically. In the latter case, ground statefluctuations survive, where
those of the oscillatorwith larger frequency w̃2 exceed those of the softer one. This then gives rise to the observed
finite rectification also for largeΔω.Why does the rectification saturate in this limit? Tounderstand thiswe again
exploit the effective spectral density specified in (51): forω2?ω1 due to w w˜ ˜2 1 thefirst oscillator effectively
probes only the ohmic-type low frequencyportion of the distribution w w m wg»( ˜ ) ¯J mr reff, 2

2 which is
independent ofω2.Heat transfer is thus governed by low frequency quantumfluctuations, a process thatmay also
be interpreted as quantum tunneling through the secondoscillator.

The detuning of the oscillator’s frequency as a resource for rectification suggests an extension to a chain
consisting of an even number of oscillators where the frequencies with even index are set toωhigh and are varied,
while the oneswith odd index are kept constant atωlow=1.0. Such a setting can be considered as a chain of heat
valves, where one element consists of two coupled oscillators withωlow andωhigh, respectively. Figure 14 shows
the rectification for such a series connection of heat valves. Apparently,α<0 is only obtained for one single
valvewithN=2, while a series ofmultiple valves leads toα>0, also for largeΔω and independently of the
number of oscillatorsN. To understand the reason for this quite different behavior, we consider the situation
with two valve elements (N= 4): then, we have for h c a significant increase of w̃1 (strongfluctuations in
position)which supports heat transport through thewhole chain since then also w̃2 is affected by the hot bath.
Instead, for ¬c h even a smallΔω is sufficient to screen the effect of the hot bath on w̃3 so that this respective
oscillator remains in the ground state. Therefore, the detuning between the oscillators n=4 and n=3 is larger
than for h c which impliesα>0 for chains withN�4. In other words, the length dependence forN�4 is
determined by the presence of detunedmodes in the bulkwhich are not attached to a reservoir, while the total
number of thosemodes is not important.

7. Rectification in disordered systems

The rather delicate interplay of nonlinearity and spatial asymmetry which the rectification is based on rises the
question of the stability of these effects in presence of disorder. In the sequel, we restrict ourselves to a
randomization of the on-site frequenciesωn and obtain the rectification as an average over several thousand of

Figure 13.The steady-state covariancematrixS for the system fromfigure 12 for both configurations h c (left) and ¬c h (right)
with quantum (top) and classical baths (bottom). Thematrices are plotted forΔω=4.0 and reservoir temperaturesTh=1 and
Tc=0.0. These parameters lead toα<0 for the quantum casewhich can be explained by a tunneling between themodes for ¬c h
where bothmodes are in the ground state (right). Instead, the firstmode for h c experiences thermalfluctuations (left)which
reduces the overlap of bothwave functions.
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realizations, where the heat currents ⟪ ⟫j hc and ⟪ ⟫j ch are calculatedwith identical realizations. In the left panel in
figure 15we present aá ñdis. for varyingΔγ=γr−γl and use normally distributed on-site frequencies with
standard deviationσω andmean wá ñ = 1.0n dis. , wherewe reject negative values ofωn.We emphasize that wá ñn dis.

is an averagewith respect to random chains and not over the individual sites n of one chain. The right panel
shows aá ñdis. for varying w w wD = á ñ - á ñN dis. low dis. with normally distributed on-site frequencies and equal
dampings γl=γr=0.1 on both ends.

Obviously, for varying gD (left), the disorder frustrates the zero-crossing of the rectification observed at
Δγ∼2.0 for the ordered case shown infigure 11. The profile of aá ñdis. for stronger disorder even suggests a
convergence of aá ñ  0dis. for largeΔγ. For a systemof two oscillators, we found thatα<0 arises from a
slightly stronger detuning of the two frequencies for h c than for ¬c h. For the disordered case, this small
effect seems to bewashed out. Concerning the case of a varyingΔω shown in the right panel, it is interesting to
observe that here disorder is less effective: one hasα<0 for largeΔω also for stronger disorder. Since in this
regimeΔω is very large, it is clear that the system ismore robust against small variations of theωn. Thismanifests
as well in the relatively small error bars for the randomα. Random couplingsμnwere also investigated and
found to cause a similar behavior as random frequencies (not shown).

8. Summary and outlook

In this paper we developed a framework to describe heat transfer in open quantum systemswhich also applies to
strong thermal contact, allows to cover the full temperature range, various realizations (weak–strong coupling,

Figure 14.Rectificationα for a series connection of heat valves terminated by quantum reservoirs. The oscillators with odd index have
low frequenciesωlow=1.0, the oscillators with even index have high frequencies w w w= D +high low . Other parameters are

k m g g= = = = = = = =m T T0.1, 0.3, 1, 1, 1, 0.0, 0.1h c l r andωc=100 for both reservoirs.

Figure 15.Averaged rectification aá ñdis. for 3×103 samples of randomchains given by (35) forN=10. The disorder is induced by
normally distributed on-site frequencies with expectation values wá ñ = 1.0n dis. , while the different colors show various standard
deviationsσω. Negative randomvalues ofωn are rejected.Other parameters areμ=0.3,m=1, ÿ=1 andTh=1,Tc=0.0,
ωc=100 for both reservoirs,κ=0.1. The left panel shows a variation of the dampingwithΔγ=γr−γlwhere γl=0.1 , while the
on-site frequencies are homogeneous with wá ñ = 1.0dis. . The right panel shows varying frequencies wá ñN dis. with
w w wD = á ñ - á ñN dis. low dis. and wá ñ = 1.0low dis. representing all on-site frequencies but the last, while the dampings are equal

γl=γr=0.1. The error bars represent the standard deviation of the distribution of the randomα.
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high–low temperatures), and can be generalized to higher dimensions and other geometries. It thusmay serve as
platform to quantify the performance of heat valves, heat engines, or cooling devices as they are currently under
study in atomic andmesoscopic physics.

More specifically, the heat transfer and rectfication across chains of anharmonic oscillators has been
explored, where the nonlinearity can be tuned fromweak tomoderately strong. Tuning the level of symmetry
breaking by either changing the asymmetry in the chain-reservoir coupling or in the frequency distribution of
the oscillators wefind the rectification coefficient to pass frompositive to negative or vice versa by running
through an extremum. Adeeper analysis reveals amechanism, where heat is predominantly carried by non-local
modes (weak symmetry breaking) or localizedmodes (strong symmetry breaking)with a smooth turnover
between the two scenarios. Similar findings have been reported recently in an experimental realization of a heat
valve based on superconducting circuits [41].While for symmetry breaking induced by the chain-reservoir
coupling thismechanism also applies to the classical regime, a genuine quantum effect is found for symmetry
breaking induced by frequencymismatch between adjacent oscillators. In this situation, strong symmetry
breaking gives rise to afinite rectification (and thus afinite heat transfer) in contrast to the classical prediction.
Thisfindingmay have relevance for recent proposals for the fast initializations of quantumbits (cooling) by
frequency tuning [44].
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AppendixA. Steady-state equations for 2nd order trace cumulants

By replacingAξwith the product of q and p in the adjoint equation of the SLED =x x
†

t
A A

d

d
, equations of

motion for the second order trace cumulants á ñ = á ñ - á ñ á ñAB AB A Bctr, tr tr tr can be calculated under usage of
the product rule to account for the product of trace averaged operators.With the superoperator from (5) the
following equations for the second cumulants are derived:
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For the second and third equation, a calculation of commutators with powers of q and p according to
= + -- - - -[ ] { }q p k q p pq p p q p, i 2 ,k l k l k l l k1 1 1 1 for = =k l4, 2 and = =[ ] [ ]q qp q pq k q, , ik k k for k=4

is used.

A.1. Truncation of trace cumulants
The anharmonicity contributes viamoments of higher order whose exact dynamics is not available. These
moments expressed by cumulants read
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Setting all trace cumulants of order larger than two equal to zero and respecting the cancellation of some terms in
the squared brackets in (A.1)we arrive at
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this contains only trace cumulants offirst and second order what was to be achieved.
It can be shown that this systemof equations has a stable solution at zero for all trace cumulants, although

á ñq ctr,
2 is a fluctuating quantity. To do so, we linearize (A.3) by setting all products of second trace cumulants equal

to zero and summarize the equations in amatrix-valued equation s s=
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For positiveκ, all eigenvalues have negative real part (stablefixed point). For negativeκ andweak anharmonicity,
this condition is violated onlywith exponentially small probability. Thismay result in an extremely small drift,
whichwill be neglected in a similarmanner as tunneling out of themetastable well defined by negativeκ.With
this analysis, wemanaged to decouple the dynamics of the first- and second trace cumulants and can describe the
steady-state covariance solely in terms ofS( )msc .

Appendix B. Coefficients for dynamics offirst trace cumulants in chain

Thematrix accounting for the dissipative dynamics of the system coordinates qn and pn determines the
nonlinearmotion via w m= +˜a m 2n n

2 for 2�n�N−1 and w m= +˜a mn n
2 for n=1,N:
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being the effective frequencywherewe used ñ á ñ ñ =x⟪ ⟪ ⟫q q qn c n c ntr, tr,
2 which holds in the steady-state.
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Chapter 9

Summary and Outlook

The sharply rising interest in quantum technologies is also based on the
improved ability to control quantum systems. For many applications like
quantum computing, one wants to minimize the influence of an external en-
vironment on the system in order to achieve long coherence times or stable
entanglement. As a real system can never be completely isolated from its
surrounding, it is of great interest to theoretically understand the interaction
of a system with a macroscopic thermal reservoir. One possible consequence
of this system-reservoir interaction is the exchange of energy via heat fluxes.
The transportation of heat proved not only to be ’wasted’ energy but also a
resource for the control of systems like qubits. These can be initialized very
rapidly by an effective on and off switching of the coupling to the reservoir
mediated by an oscillator with modulated frequency. Moreover, devices like
thermal rectifiers/diodes have been realized while the experimental imple-
mentation of a nano heat engine operating in the quantum regime is an issue
which currently attracts a lot of attention.

The so-called stochastic Liouville-von Neumann (SLN) equation and a
variation of it for nearly Ohmic reservoirs (SLED), has successfully been em-
ployed for various, linear and nonlinear, systems which include nontrivial
driving with protocols gained from optimal control theory. The SLN repre-
sents a stochastic equivalent of the Feynman-Vernon path integral formalism
and is therefore formally exact. The SLN remains valid for any system with
a well defined ground state without a system specific adaption. This flexi-
bility is paid with the price of relatively high computational costs for long
system operating times. A reduction of the demanded computational efforts
can be either achieved by methods which truncate reservoir correlations ac-
cording to the thermal time scale h̵β of the reservoir, or if some specifics of
the considered systems like a linear evolution is exploited.

Based on a splitting of the covariance matrix of the phase-space variables
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which describe a harmonic system, a derivation of the evolution of the re-
duced system was shown in chapter 5 of the present work. The splitting of
the covariance simplifies the treatment of the noise terms which then occur
only as additive noises in the first trace cumulants. These evolve like their
classical counterparts if the quantum nature of the reservoir is ignored. The
second trace cumulants which result from the quantum nature of the system
are deterministic and become zero in the steady-state. The calculation of
heat fluxes through chains terminated by thermal reservoirs with different
temperatures is achieved in accordance with the second law while the state
agrees with other consistency criteria like the uncertainty relation.

An extension to disordered systems is straight forward and gave insights
to the interplay of a pinning to a substrate and heat transport. Time de-
pendent dynamics are within the scope of the presented scheme and allow
to investigate transients and systems driven by a modulation of parameters
like the intra-oscillator coupling in a dimer.

Based on the efficient calculation of the state of harmonic systems, we de-
veloped in chapter 7 an extension to two-time correlation functions. The fact
that the SLED works solely with c-number noises simplifies the calculation
since a transformation to Laplace space can be avoided. This gives access
to spatiotemporal correlation functions which reveal the ballistic transport
properties of the harmonic chains we investigated.

The presented formalism is not restricted to purely harmonic systems. In
chapter 8 a description of the system evolution solely in terms of cumulants
allowed to consistently approximate anharmonic systems with a truncation
of cumulants higher than second order. This truncation procedure leads to
an effective linear description of the system, but with the important feature
of an effective on-site frequency which depends on the width of the respective
state. In the steady-state, a set of nonlinear algebraic equations follows which
can be solved by a self-consistent iteration scheme. With this scheme at
hand, rectification in systems which combine nonlinearities and some spatial
asymmetry can be studied. A subtle interplay of localization and the sign of
the rectification was found and analyzed.

Various extensions and generalizations of the presented formalism are
obvious. Among them is an increase of the system’s dimensionality up to two
or three dimensions which would allow to study heat transfer in networks.
This may lead to new types of devices, interesting spatiotemporal correlations
and is of fundamental interest towards a modeling of realistic crystals. In
order to study higher dimensional systems, the presented formalism does not
demand for any conceptual refinement; an increase of the number of nearest
neighbors in the system Hamiltonian is sufficient.

In chapter 8, it is shown how one can efficiently calculate the state of
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a system with moderate anharmonicities for the case of quartic on-site po-
tentials. This choice was advantageous as the main steps of the calculation
are all included in a computation of the state of one single oscillator cou-
pled to a reservoir. A subsequent extension to chains where each constituent
is quadratically coupled to its nearest neighbor was identical to the case
of harmonic systems. Nevertheless, it would be very instructive to study
systems without such on-site potentials but with nonlinear intra-oscillator
couplings given by cubic or quartic coupling terms in the Hamiltonian, as it
was found for classical systems that disordered one dimensional models with
on-site potentials always lead to a vanishing heat conduction in infinitely
long chains. Chains with such an intra-oscillator coupling are also referred
to as Fermi-Pasta-Ulam (FPU) chains. The application of the presented cu-
mulant truncation procedure to FPU chains is more cumbersome compared
to the models presented here, but should be feasible when starting with a
dimer as a ’unit cell’. Moreover, the expressions for the heat fluxes have to
be rederived as they probably will not match the ones used in this thesis.

As the first moments of the heat flux are feasible in anharmonic chains,
an extension of the higher order heat-flux correlations shown in chapter 7
to nonlinear systems would lead to a complete theoretical toolbox to relate
the conductivity with heat-heat correlations in accordance with the Green-
Kubo formula for heat conduction. One could then check if normal heat
flow is observed in homogeneous systems with anharmonic on-site potentials
likewise to classical studies.

Finally, a treatment for time dependent systems with nonlinearity is an
attractive challenge that demands some further efforts to go beyond the self-
consistent computation of steady-states used here. Such a formalism could be
allows to study systems like heat engines and heat pumps and their efficiency
under the influence of nonlinearities. Due to the fact that anharmonicities
lead to thermal rectification, one can easily anticipate that these nonlineari-
ties may also improve the efficiency of a heat pump carrying thermal energy
against a temperature gradient.
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[DS97] L. Diósi and W. T. Strunz. The non-Markovian stochastic
schrödinger equation for open systems. Phys. Lett. A 235,
569 - 573, 1997.

[dVA17] I. de Vega and D. Alonso. Dynamics of non-Markovian open
quantum systems. Rev. Mod. Phys. 89, 015001, 2017.

[ESA84] U. Eckern, G. Schön, and V. Ambegaokar. Quantum dynamics
of a superconducting tunnel junction. Phys. Rev. B 30, 6419–
6431, 1984.

[Fis14] T. S. Fisher. Thermal energy at the nanoscale. World Scientific
Publishing Co. Pte. Ltd., 1st edition, 2014.

[FL17] A. Friedenberger and E. Lutz. When is a quantum heat engine
quantum? EPL 120, 10002, 2017.

[FO96] G. W. Ford and R. F. O’Connell. There is no quantum regres-
sion theorem. Phys. Rev. Lett. 77, 798–801, 1996.

[For] According to the Copyright Tranfer Agreement re-use of the
journal article is granted for authors by Wiley-VCH.

[For92] J. Ford. The Fermi-Pasta-Ulam problem: Paradox turns dis-
covery. Phys. Rep. 213, 271 - 310, 1992.

[FP14] N. Freitas and J. P. Paz. Analytic solution for heat flow
through a general harmonic network. Phys. Rev. E 90, 042128,
2014.

[FV63] R. P. Feynman and F. L. Vernon, Jr. The theory of a general
quantum system interacting with a linear dissipative system.
Ann. Phys. (N.Y.) 24, 118-173, 1963.
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on thermal rectification in mass-graded anharmonic lattices.
Phys. Rev. E 90, 052152, 2014.

[RBMPnL17] M. Romero-Bastida, J.-O. Miranda-Peña, and J. M. López.
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[ZT90b] U. Zürcher and P. Talkner. Quantum-mechanical harmonic
chain attached to heat baths. ii. nonequilibrium properties.
Phys. Rev. A 42, 3278–3290, 1990.

[ZYW+09] L. Zhang, Y. Yan, C.-Q. Wu, J.-S. Wang, and B. Li. Reversal
of thermal rectification in quantum systems. Phys. Rev. B 80,
172301, 2009.

113



BIBLIOGRAPHY

114



Chapter 10

Epilogue

Danksagung

Aus Gründen des Datenschutzes wurde die Danksagung aus der elektronis-
chen Version entfernt.

For the sake of privacy protection the acknowledgements are removed from
the elec tronic version.



C. V.

Personal Data
Name Thomas Motz

Year of Birth 1987

Education
2014–2018 University Ulm, Doctoral studies in the group of Prof. Dr.

Joachim Ankerhold.
Thesis: Heat transport in open quantum chains: currents, fluctuati-
ons, and rectification

2010–2013 University Augsburg, Master’s degree in physics.
Master Thesis: Improved Entropic Splitter for Particle Separation

2007–2010 University Augsburg, Bachelor’s degree in physics.
Bachelor Thesis: Modeling Grain Boundaries in High-Tc Supercon-
ductors



List of publications and conference contributions

Publications
2018 Rectification of heat currents across nonlinear quantum chains:

A versatile approach beyond weak thermal contact, T. Motz,
M. Wiedmann, J. T. Stockburger, J. Ankerhold, New Journal
of Physics 20, 113020 (2018)

2017 Currents and fluctuations of quantum heat transport in har-
monic chains, T. Motz, J. Ankerhold, J. T. Stockburger, New
Journal of Physics 19, 053013 (2017)

2017 Thermodynamic deficiencies of some simple Lindblad opera-
tors, J. T. Stockburger und T. Motz, Fortschritte der Physik
65, 1600067 (2017)

2014 Optimizing the performance of the entropic splitter for particle
separation, T. Motz, G. Schmid, P. Hänggi, D. Reguera, J.M.
Rubí, The Journal of Chemical Physics 141, 074104 (2014)

Conference Contributions
2018 Short Talk, Quantum heat transport and rectification

through anharmonic chains between reservoirs, T. Motz, J.
Ankerhold, J. T. Stockburger.
Frühjahrstagung der Deutschen Physikalischen Gesellschaft, Berlin

2017 Poster, Heat fluxes and fluctuations in ordered and disorde-
red harmonic quantum chains, T. Motz, J. Ankerhold, J. T
Stockburger.
640. WE-Heraeus-Seminar on Non-Markovianity and Strong Coup-
ling Effects in Thermodynamics

2016 Short Talk, Heat Transfer in Quantum Chains Far From
Equilibrium, T. Motz, J. T Stockburger, J. Ankerhold.
Frühjahrstagung der Deutschen Physikalischen Gesellschaft, Re-
gensburg

2015 Poster, Non-Equilibrium Phenomena in Harmonic Open
Quantum Systems: Dynamics and Simulations, T. Motz, J. T
Stockburger, J. Ankerhold.
DPG - School on Physics: Entropy and Information: the statistical
mechanics perspective, Bad Honnef

2015 Short Talk, Non-Equilibrium Quantum Dynamics of Gaus-
sian States in Open Harmonic Chains, T. Motz, J. T Stock-
burger, J. Ankerhold.
Frühjahrstagung der Deutschen Physikalischen Gesellschaft, Berlin

2014 Poster, Improved Entropic Splitter for Particle Separation,
T. Motz, G. Schmid, P. Hänggi, D. Reguera, J. M. Rubí.
Brownian Motion in Confined Geometries, Dresden



Erklärung zur Einhaltung guter

wissenschaftlicher Praxis

Diese Arbeit ist unter Betreuung von Prof. Dr. Joachim Ankerhold am In-
stitut für Theoretische Physik, Abteilung Kondensierte Materie (von März
2014 bis September 2014), sowie am Institut für komplexe Quantensysteme
(ab September 2014), an der Universität Ulm entstanden. Zusammenarbeit
in allen Themen bestand vor allem mit Jürgen T. Stockburger.
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inhaltlich übernommene Stellen als solche kenntlich gemacht und die Satzung
der Universität Ulm zur Sicherung guter wissenschaftlicher Praxis in der ak-
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