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But mathematics is the sister, as well as the servant, of the arts and is
touched by the same madness and genius.
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1. Introduction

1.1. Motivation

Lithium-ion cells used in electric vehicles need to fulfill a number of requirements.
They should charge quickly, especially at low temperatures, be highly durable under
a wide range of climatic conditions, and provide sufficient energy storage capabilities
for long driving ranges (Barré et al., 2013). A number of challenges remain, how-
ever, in satisfying these requirements. These are largely due to the complex nature
of the cells’ microstructures. For example, lithium plating can occur at low tempera-
tures, cf. Arora et al. (1998), Broussely et al. (2005), Fan and Tan (2006) and Vetter
et al. (2005). This is caused by the slow transport of lithium-ions in the electrolyte
and bulk material, which is a direct result of the geometry of the microstructure,
cf. Latz and Zausch (2011), Newman et al. (2003). Cyclic aging is also related to the
microstructure, see, e.g., Bower et al. (2011), Vetter et al. (2005) and Zhang et al.
(2007). The influence of different operating conditions on cell degradation has been
studied using electrochemical principles, in Arora et al. (1999) and Newman et al.
(2003). Much of this research has made use of 1D or pseudo-2D models developed by
Newman and co-workers Newman et al. (2003). For example, aging has been studied
in Liaw et al. (2005) and lithium plating has been studied in Arora et al. (1999)
and Tippmann et al. (2014). However, these models do not fully take into account
the importance of the microstructure and use only averaged structural characteristics
like tortuosity, volume fraction and mean particle radius. Recent research, shows that
the microstructure plays a key role in determining functional characteristics of the
material, cf. Chen and Mukherjee (2015) and Cho et al. (2015).

During the last few years, significant advances have been made in the simulation
of electrochemical processes in 3D models of lithium-ion batteries, see Cooper et al.
(2013), Harris and Lu (2013), Latz and Zausch (2011), Latz et al. (2011), Ramade-
sigan et al. (2012) and Hein and Latz (2016). Using these simulations, it is possible
to carry out detailed studies of the relationships between the morphologies of bat-
tery materials and their corresponding transport behaviors. This approach has proven
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1. Introduction

very effective in studying other energy materials, such as fuel cells, cf. Kim and Pitsch
(2009), Siddique and Liu (2010). Important processes such as degradation can also be
investigated and connected to the properties of the materials. A limitation of these
simulation based approaches, however, is that it is very difficult to obtain realistic
3D microstructure models to use as input. This is because the small scales make 3D
imaging of sufficiently large and representative material samples a challenging task,
cf. Eastwood et al. (2015), Eastwood et al. (2014), Mitsch et al. (2014), Shearing
et al. (2011), Tariq et al. (2014). In addition, it would be desirable to investigate
realistic microstructures that do not correspond to materials that have already been
physically produced (Teixidor et al., 2009).

1.2. Mathematical Modeling

As already said before, the main focus of this thesis is on stochastic 3D microstructure
modeling. In general, stochastic microstructure models belong to the class of mathe-
matical models. The term mathematical modeling refers to building up a description
of a system using mathematical concepts and language. However, in the scientific
community, there exists no universally accepted definition of the term ‘mathematical
modeling’. The following definition may give a good indication about the meaning
of mathematical modeling. ‘Mathematical modeling is the understanding, the sim-
plification and the solving of real-life problems’ (Bassanezi, 1994; Velten, 2009). In
other words, mathematical modeling is the mathematical description of a real-world
problem which is solved by mathematical tools. Moreover, a valid model can be used
to predict future events occurring in the context of this problem, cf. Velten (2009).
The principle idea of mathematical modeling with respect to a real-world problem
is as follows. First, the real-world problem is translated into the language of math-
ematics, i.e., it is described in terms of mathematical notions. Subsequently, this
mathematically formulated problem is solved by some mathematical methods and it
is checked if the model is suitable to solve some special cases of the problem which
could be observed in the ‘real world’ (called model validation). How to develop and
establish mathematical models is explained in more detail in the context of stochastic
3D microstructure modeling in Section 1.2.1. Note that there exist different types
of mathematical models (Velten, 2009). For example, one distinguishes between de-
terministic and stochastic models. A stochastic (deterministic) model is given if the
model does (does not) contain any randomness. Thus, a stochastic model is based
on random variables which ensure the random output of the model. Mathematical
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1.2. Mathematical Modeling

Figure 1.1.: Comparison of experimental and simulated anode structures. Experi-
mental data (left), simulated data (right).

models simplify real-world problems, i.e., only specific aspects of a complex real-world
problem can be taken into account by the model. In many areas, a detailed model
of a real-world problem would lead to an unmanageable complexity. Thus, it is not
always obvious how to choose an appropriate model in these areas.

1.2.1. Stochastic 3D Microstructure Modeling

The central topic of this thesis is stochastic 3D microstructure modeling with special
emphasis on lithium-ion cell electrode materials. The notion microstructure is defined
in Velten (2009) as follows: ‘The 3D structure of a material is called microstructure if
its surface is revealed by a microscope above 25× magnification’, i.e., a 3D structure
of a material is considered as a microstructure if it is completely resolved on the
microscopic length-scale. In the following, general aspects and objectives of stochastic
3D microstructure modeling are clarified.

The 3D microstructure models considered in this work belong to the class of spatial
stochastic models, cf. Chiu et al. (2013). That means, microstructures are consid-
ered to be random and thus they are represented by stochastic microstructure models.
The assumption of randomness is motivated by the fact that two microstructures pro-
duced under the same conditions will have equal microstructural features but they
will not be identical. Thus, we interpret a real microstructure of a material, e.g., visu-
alized by some 3D imaging techniques as a realization of a stochastic microstructure
model, cf. Feinauer et al. (2015a). The microstructure modeling considered in this
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1. Introduction

thesis does not aim at a perfect duplication of the real microstructures (i.e., not a
one-to-one match of the structures), but the essential (morphological) features of the
real microstructure should be captured by the model sufficiently well, see Figure 1.1.
The microstructures of many (energy) materials have a great influence on their func-
tionality. For lithium-ion batteries this relation is discussed, e.g., in Daniel (2011),
Eastwood et al. (2015), Liu and Mukherjee (2014), Mitsch et al. (2014) and Tariq
et al. (2014). In this context, the connectivity of a microstructure, the porosity and
many other structural characteristics are often closely related to transport properties
of the underlying material.

As an example, consider the ion transport inside the electrode region inside a
lithium-ion cell. These electrodes are porous materials. Ions travel from one electrode
through the porous microstructure (Latz and Zausch, 2011; Latz et al., 2011) and the
separator to the other electrode where they are intercalated at the interface between
electrode and separator (Latz and Zausch, 2013). These processes are strongly influ-
enced by the microstructure and microstructural characteristics like porosity, tortu-
osity and specific surface areas of the electrode materials.

1.2.2. Applications of Simulated Structures

The main fields of application for stochastic microstructure models of energy materials
is the design of new structures with better functionality due to structural improve-
ments, cf. Stenzel et al. (2011, 2012); Gaiselmann et al. (2012, 2013). This is done
with a method which we call virtual materials testing, cf. Gaiselmann et al. (2014);
Stenzel et al. (2016, 2017). The idea is to generate virtual structures from the models
where the parameters are varied in a certain range around the values determined for
real materials. This gives us microstructures that are realistic in the sense that they
can be manufactured with known production processes on the one hand. On the
other hand, these microstructures differ from the known ones and can possibly have
more preferable properties. A similar procedure is used, e.g., in Stenzel et al. (2016)
and Gaiselmann et al. (2014) to investigate the relation between microstructure and
charge transport properties.

As the models considered in this thesis deal with microstructures of lithium-ion cell
electrodes, the functionality and performance of the material has to be determined
by spatially resolved electrochemical simulations. For the theoretical background of
these models we refer to Latz and Zausch (2011), Latz et al. (2011) and Latz and
Zausch (2013).
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Figure 1.2.: (a) The distribution of the electrolyte concentration for the electrode
pore space and the separator (inset). The density is normed to unity
area. The small peak at the initial concentration indicates unconnected
pore volume. (b) Spatial distribution of electrolyte concentration for two
cut-outs: real microstructure (left) and virtual microstructure (right).
Both have the same color scale (shown below). Larger particles can be
seen in both structures. Also both cut-outs show electrolyte pores, which
are less connected to the main pore space: (virtual) orange part close to
the blue and (real) dark red at the upper corner. Reprinted from Hein
et al. (2016).

For anodes of energy cells the microstructure model has been validated using the
electrochemical simulation model developed in Hein et al. (2016) where it has been
shown that there is a good agreement of the functional performance of virtual and
experimental microstructures, one example of the results of this validation is shown
in Figure 1.2.

Furthermore, a workflow has been developed to automatize the whole procedure
from stochastic microstructure modeling to electrochemical simulations and also to
speed up the simulation of many cycles which is necessary for studies on the aging of
the cells. This workflow is described in detail in Feinauer et al. (2017).
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1. Introduction

1.3. Aim of the Present Work

The aim of the present thesis is the development of stochastic 3D microstructure mod-
els for porous electrode materials from lithium-ion cells on multiple scales and for dif-
ferent aging scenarios. Microstructural models, i.e., models that represent structures
on the scale of microns are developed for two different electrode materials present
in lithium-ion battery cells, cathode material which consists of spherical metal oxide
particles and anode material which consists of irregularly shaped graphite particles.
Furthermore, a model for the nanostructure inside anode particles is developed and
fitted for three aging scenarios, pristine, cyclically aged and calendarically aged.

As the morphologies for anode and cathode material differ, dissimilar types of
models are used. For the cathode material the model is based on a random graph
where spheres are placed at all edges of the graph to model the particles. A different
approach, however, is taken to model the anode material. As the particle system
in the anode material covers a high fraction of the volume and the particles are
irregularly shaped a new modeling framework is developed. This framework is based
on the following three steps. First, a (random) tessellation is generated as ‘host
lattice’for the particles. Then, a (random) connectivity graph is generated which
indicates where particles are connected. Finally, particles are generated and placed
inside the polyhedrons of the tessellation in a way that all boundary conditions for
location, shape and connectivity are fulfilled.

A flexible model for irregularly random shaped particles had to be developed to
fulfill all these conditions. The particle model is based on Gaussian random fields
on the sphere which allows to incorporate (material specific) shape characteristics.
Furthermore, an efficient sampling algorithm is given, where boundary conditions can
be easily integrated.

As the internal structure of particles changes during aging, a nanostructure model
is developed for particles from anodes. This model is flexible enough to be fitted to
three different aging scenarios, pristine material, calendarically aged material, i.e.,
from a cell that has been stored by high temperatures and cyclically aged material,
i.e., from a cell that has been aged by the application of driving profiles.

Besides the development of stochastic 3D microstructure models, their application
is also covered in this thesis. It is shown how spatially resolved electrochemical
simulations can be used to validate these models. Finally, a setup for virtual materials
testing of electrode materials has been described to show the potential of stochastic
3D microstructure models for the development of new materials and morphologies.
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1.4. Outline

1.4. Outline

This thesis is organized as follows. As the stochastic 3D microstructure models con-
sidered in this work are all based on electrode material of lithium-ion cells we give a
short introduction to lithium-ion cells, their functionality, materials and aging mech-
anisms in Chapter 2.

In Chapter 3, the experimental datasets (Section 3.1), the preparation of samples
(Section 3.2), the different imaging techniques considered (Section 3.3) as well as the
post-processing of image data (Sections 3.4 and 3.5) are described that were used for
the experimental data acquisition which forms for the models developed in this thesis.

After this, the mathematical background is explained in Chapter 4. Some basic
models and methods from stochastic geometry, tessellations, graph theory and Gaus-
sian random fields are briefly introduced.

Then, in Chapter 5, the representation of particles by means of spherical harmonic
functions is discussed and a procedure is described to generate this representation
from experimental data as well as an application where several image characteristics
are calculated with this new representation for two different datasets.

In Chapter 6, the first stochastic 3D microstructure model is developed which
considers the cathode of a lithium-ion cell. The model is based on a (stochastic)
connectivity graph and a two-step approach to generate particles, which are in this
model, represented by simple balls.

A more refined model which is able to handle irregularly shaped particles with
a dense packing is described in Chapter 7. This model considers the anode of a
lithium-ion cell and is based on random tessellations, a (random) connectivity graph
and Gaussian random fields on the sphere for the generation of particles.

The inner structure of anode particles is considered in Chapter 8. Here, a model
for the inner structure of these particles is developed and fitted for three different
aging scenarios. The chapter concludes with an analysis of the model parameters
with respect to the respective aging scenarios.

In Chapter 9, an application of a stochastic 3D microstructure model is shown.
Simulated microstructures generated from the anode microstructure model (see Chap-
ter 7) are compared to experimental data using spatially resolved electrochemical
simulations.

Finally, Chapter 10 concludes this thesis with a short discussion of related work
(Section 10.1.3), a conclusion (Section 10.2) and an outlook to further improvements
in the field (Section 10.3).
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2. Lithium-Ion Cells

The focus of this thesis is on the development of stochastic 3D microstructure models
and their applications to electrodes of lithium-ion batteries. Since, in recent times,
the term lithium-ion battery is used to refer to packs of cells, we will mostly use the
term lithium-ion cell . Thus, a basic understanding of materials and functionality of
lithium-ion cells is greatly beneficial for understanding the models considered in this
thesis. To begin with, an introduction to the functionality of lithium-ion cells is given
in Section 2.1. As the 3D microstructures models developed in this work describe
the specific structures of active material in lithium-ion cells, some details about the
electrode materials is given in Section 2.2. The specific morphologies that the elec-
trode materials expose are related to their electrochemical functionality. Thus, in
Section 2.3 the electrochemical processes inside a lithium-ion cell are explained. Fi-
nally, in Section 2.4 a short overview of aging of lithium-ion cells is given. Aging plays
a major role in applications and, as will be discussed later in this thesis, is strongly
associated with electrode morphologies. One the one hand, unfavorable morphologies
can accelerate aging processes and on the other hand, aging processes lead to changes
in the morphologies. This can be seen especially in the nanostructure of the anodes
considered in Chapter 8. We begin with a summary and review of literature in the
respective fields of lithium-ion battery research. For an overview and the general
functionality of lithium-ion cells we refer to Jossen and Weydanz (2006), Newman
and Thomas-Alyea (2012), van Schalkwijk and Scrosati (2002). The microstructure
and its relation to the electrochemical processes is discussed in Eastwood et al. (2015),
Liu and Mukherjee (2014), Daniel (2011), Mitsch et al. (2014) and Tariq et al. (2014).
Details about raw material handling and production of lithium-ion cells can be found
in Bockholt et al. (2013), Tran et al. (2012), Scrosati (2000), Väyrynen and Salminen
(2012) and Vu et al. (2012) and the discussion about the different aging mechanisms
is based on Arora et al. (1998, 1999), Barré et al. (2013), Gaines et al. (2011), Liaw
et al. (2005), Monroe and Newman (2003), Scrosati (2000), Tippmann et al. (2014)
and Vetter et al. (2005).
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EAC CAES

- +

charging discharging
e�

Figure 2.1.: Schematic of the functionality of a Lithium-ion cell. The cell consists of
the following components: (C) current collector; (A) active material; (E)
electrolyte; (S) separator. Intercalated lithium-ions are depicted as red
dots.

2.1. Functionality of Lithium-Ion Cells

In this section we give a short introduction into the functionality of lithium-ion cells.
Basically, a cell consists of four main parts: electrolyte, separator and the electrodes ,
anode and cathode. Anode and cathode together form the so-called active compo-
nents of the cell and electrolyte and separator are also-called the passive components .
Throughout this work, the electrode that is negative during discharge is called anode
and the positive one is called cathode, respectively. The separator is a small layer
which is electrically insulating but permeable for ions. Anode, separator and cathode
are embedded in the electrolyte which can be liquid or solid. A schematic of a typical
lithium-ion cell is shown in Figure 2.1.

The processes during charging and discharging are explained with regard to Fig-
ure 2.1. During discharging, lithium-ions move from the active material (A) of the
anode through the electrolyte (E) and the separator (S) towards the cathode. At
the same time, the electrons go through the current collector (C) and an external
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2.2. Materials

connection to the cathode, too. The reverse movements with a forced intercalation
of the ions into the active material of the anode takes place during the charging pro-
cess. The fact that the ions are only moving between both electrodes and are bound
while no chemical reaction occurs, makes lithium-ion cells special and gave reason to
characterizing names like ’rocking chair’ (Di Pietro et al., 1982) and ’swing system’
(Brandt, 1995) in the past.

In the next section we will shortly describe the materials that are usually used for
the components of a cell and the electrochemical processes that take place during
charging or discharging.

2.2. Materials

For automotive applications of rechargeable lithium-ion cells with liquid electrolyte,
graphite anodes and metal oxides as cathodes are mostly used. In both electrode
materials, the ions are stored by intercalation, i.e., the (reversible) inclusion of ions
into a host lattice (Di Pietro et al., 1982).

Anode Anodes usually consist of one of the following carbon compounds:

(i) amorphous carbon,

(ii) hard carbon,

(iii) soft carbon, or

(iv) graphite.

All of these materials are used as particulate materials where the primary lattices
of the materials are combined to particles of diameters in the range of 5 − 20 µm.
These particles are coated together with carbon black and binder onto thin copper
foils, cf. Daniel (2011). The microstructure of the anodes is visualized in Figure 2.2
which shows the system of connected graphite particles.

Cathode On the cathode side, metal-oxides are used. The most common ones are

(i) lithium cobalt oxide LiCoO2,

(ii) lithium manganese oxide LiMn2O4,
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Figure 2.2.: SEM images of a lithium-ion cell anode showing the particles (left) as
well as their structure with higher resolution (right).

Figure 2.3.: SEM images of a lithium-ion cell cathode (nickel manganese cobalt oxide)
showing the particles (left) as well as their inner structure with higher
resolution (right).

(iii) lithium iron phosphate LiFePO4, or

(iv) lithium nickel manganese cobalt oxide LiNixMnyCozO2.

(v) lithium nickel manganese (aluminum) cobalt oxide LiNixMny(Aly)CozO2.

Again, these materials are sintered to particles in the range of two digit microm-
eters. These particles are also mixed with carbon black and binder but coated onto
aluminum foils. Anode and cathode together are usually called the active materials of
the cell, as they are the only electrochemically active parts of the cell, see Figure 2.3.
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(a) (b)

(c)

Figure 2.4.: SEM images of separators: (a) microporous polymer membranes; (b)
non-woven fabric mats; (c) inorganic composite membranes.

Passive components Lithium-ion cell electrolytes can be solid or liquid. For auto-
motive applications usually liquid electrolytes are used. They are based on conducting
salt like LiPF6 and an organic solvents like ethyl carbonate (EC), dimethyl carbon-
ate (DMC), ethyl methyl carbonate (EMC) or propylene carbonate (PC), cf. Daniel
(2011) and Wilken et al. (2013).

The separator has to be electrically insulating but permeable for the lithium-ions
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to travel through. There exist several classes of separators. One example are the
so-called microporous polymer membranes based on plastic films which consist of
nylon, polyethylene (PE), polypropylene (PP) or polyethylene terephthalate (PET),
cf. Huang (2011), Johnson and Wilkes (2002). Figure 2.4(a) shows a SEM image of
such a microporous separator.

Another important class of separators are the so-called non-woven fabric mats
which consist of numerous synthetic fibers. I.e., fibers of polyamid (PA), polyetetaflu-
orethylen (PTFE), polyvinylidenfluorid (PVDF) or even natural fibers, e.g., cellulose,
cf. Sassa and Winkelmayer (1994), Schwobel and Hoffmann (1995). See Figure 2.4(b)
for an example.

Finally, separators made from inorganic composite membranes are used. There, a
porous mat of polymer fibers is coated with inorganic particles of Al2O3 and SiO2,
cf. Yang and Hou (2012). Figure 2.4(c) shows an example of such a separator.

This concludes the short overview of materials for lithium-ion cells and we will now
describe how these materials interact and show the important role of the microstruc-
ture for the functionality of the cell.

2.3. Electrochemistry

2.3.1. Intercalation

Recall that Figure 2.1 depicts the schematic structure of a cell. When the cell is fully
charged, the anode structure is fully intercalated with lithium ions and the cathode
structure contains its minimal amount of lithium ions. During discharge of the cell,
the Li+ ions are intercalated from the graphite via

LiC6 → Li+ + xe− + 6C .

Next, the lithium ions are transported to the outside of their particle via diffusion
to the particle’s boundary. An ion flux exists between the particles boundary and
the electrolyte which is dependent on the (local) potentials and is described by the
Butler-Volmer equation, cf. Latz and Zausch (2013). In the electrolyte ions are sol-
vated and form a flux from the anode to the cathode driven by migration due to
external potential differences and diffusion due to local inhomogeneities of the ion
concentration in the electrolyte. Simultaneously, the free electrons on the anode side
are driven by the potential difference to the cathode side. Due to the electrically
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insulating separator they are forced to take the way through the external consumer
to reach the cathode. On the cathode side the ions are desolvated and travel into
the cathode particles to places with low lithium concentration. Again, this process is
forced by diffusion. On free reaction side the ions are reduced with the electrons and
intercalated into the lattice according to

Li1−xMO2 + xLi+ + xe− → LiMO2 ,

where we use M as a shorthand for metal, i.e., M = Ni1/3Mn1/3Co1/3, cf. (Deng, 2015).
During cell charging the above processes are reversed. Ions are reduced on the

cathode side according to

LiMO2 → Li1−xMO2 + xLi+ + xe− ,

travel to the anode side and are oxidated there with external electrons,

Li+ + xe− + 6C→ LiC6 .

2.3.2. Charge Transport

As shown in Figures 2.2 and 2.3 both electrodes of the cell consist of systems of
connected particles with ‘spherical’ or ‘sphere-like’ shapes. During operation of the
cell the microstructure of the electrodes plays a very important role. As already
mentioned in Section 2.3, there are four main transport processes in the cell, which
are heavily influenced by the microstructure of the electrodes. These are:

(i) electron transport inside the electrodes,

(ii) ion transport inside the particles,

(iii) ion flux between bulk and electrolyte, and

(iv) ion transport in the electrolyte.

First, we consider the electron transport inside the electrodes. Both electrodes
consist, besides their functional material, of carbon black and binder. The carbon
black’s main purpose is to improve the electric conductivity of the bulk to enable
good electron transport. Furthermore, during production, the electrodes are often
compressed which increases connections between the particles and ensures a very
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high conductivity. Parts of the electrodes which would loose (electric) contact to the
rest of the bulk instantaneously become electrochemically inactive, i.e., they are lost
for the performance of the cell.

Second, ions travel through the electrode particles by diffusion. Thus, the efficiency
of this transport process is mainly controlled by the diameter of particles. Here,
smaller particles are favorable for fast charging and discharging of cells.

Next, the ion flux between bulk and electrolyte is controlled by two local properties.
On the one hand, by the active surface area where the reaction can occur and, on
the other hand, by the local potential difference between bulk and electrolyte. The
latter is related to the ion transport in the electrolyte and the current transport
in the solid. But the active surface area itself depends on the particles shape and
size. With higher surface-area-to-volume ratios the cells ability for fast charging and
discharging increases. Again, smaller particles or particles with large surface areas
would be favorable in this regard.

Last not least, the ion transport in the electrolyte is possibly the most important
transport process in the cell. There are many dependencies of this process on external
parameters like, e.g., temperature. But, the microstructure also heavily influences this
process. From the place where ions have been solvated into the electrolyte they have
to travel through the microstructure to the electrode-separator interface, through the
separator and again into the microstructure of the counterelectrode until they are
desolvated and oxidated inside a particle. This means especially, that ions have to
pass through the complex microstructures on both sides. Thus, this transport process
is mainly influenced by the tortuosity of both electrodes as it describes the complexity
of the paths that ions have to use. In this regard, systems with large particles would
be beneficial as they leave larger pores where ions can travel.

Of course, one important goal for the microstructure optimization is to increase the
volume fraction of the bulk materials as much as possible to maximize the amount of
ions that can be stored and thus the energy of the cells.

See Eastwood et al. (2015), Liu and Mukherjee (2014), Daniel (2011), Mitsch et al.
(2014) and Tariq et al. (2014) for more details.

2.4. Aging

In this section, some of the most important aging mechanisms in lithium-ion batteries
are discussed. Several aging phenomena are closely related to the microstructure
and either induce changes in the microstructure or are influenced by microstructural

18



2.4. Aging

characteristics. In this thesis, both cases will be discussed. The contents of this
section are based on Arora et al. (1998, 1999), Barré et al. (2013), Gaines et al.
(2011), Liaw et al. (2005), Monroe and Newman (2003), Scrosati (2000), Tippmann
et al. (2014) and Vetter et al. (2005).

2.4.1. Aging of Electrodes

At the beginning of operation a solid electrolyte interface (SEI ) layer is formed on
both electrode surfaces. During the lifetime of the cell several undesirable changes in
this SEI layer can occur which are shown schematically in Figure 2.5. Most impor-
tantly these mechanisms are an undesirable growth of SEI or parasitic side reactions
of parts of the SEI with the electrolyte. Both these processes lead to a loss of active
material and thus to a fade in capacity. Furthermore, a thicker SEI layer reduces the
rates at which ions can travel between electrode and electrolyte and thus, can also
lead to increased internal resistances.

Furthermore, due to stress induced by the structural changes during charge or
discharge (e.g, graphite changes its volume up to 10% when ions get intercalated)
particles can crack or parts of the graphite is exfoliated.

Finally, metallic lithium can be deposited at the electrode-electrolyte interface,
cf. Hein and Latz (2016). This leads to two problems. First, lithium is lost for the
charge and discharge reaction and second, even more severe, the deposited lithium can
grow as dendrites. In the worst case these dendrites can puncture the separator and
make contact with the other electrode. A short circuit with incalculable consequences
may be the result. This shows that a study of the aging mechanisms in lithium-ion
cells is not only important for the operation of the cells but is also a real safety
concern.

2.4.2. Aging of Passive Components

The most important aging mechanisms of the passive components, current collector,
separator and electrolyte are described in short. Current collectors are made of thin
copper or aluminum foils. Here, corrosion can take place or a loss of contact to
the active material due to mechanical stress induced from the outside or during the
growth and shrinking of the electrodes during operation.

Regarding the electrolyte the main problem is related to chemical instability over a
long period of time in the presence of high potentials which are given at the cathode
side. Furthermore, parasitic side reactions of parts of the electrolyte can be induced
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Figure 2.5.: Schematic depiction of aging mechanisms of the SEI layer on the graphite
anode, according to Barré et al. (2013)

or accelerated by fractioned parts of the electrodes or of the SEI layer. These side
reactions do not only lead to a decomposition of the electrolyte which leads to a loss
of functionality but can also cause gas formation. Unwanted gas formation leads to
a volume growth of the cell which can cause mechanical instability or even lead to
leakage and gas release due to the high internal pressure of the cell which can, again,
become a safety issue.

Regarding the separator not many aging mechanisms are known or are believed to
influence the operation of the cell. As the separator is chemically inert and noncon-
ductive for electrical current the main concern is mechanical violation. This can be
caused by two main cases. First, if sharp particles or debris is introduced in the cell
during manufacturing this can lead to holes in the separator due minimal movement
induced by the volume changes of the electrodes. And second, as stated above, metal-
lic deposition of lithium in the case of lithium plating can lead to dendrite growth
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which can also lead to holes in the separator.
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3. Samples, Preparation and Imaging

In this section, an overview over the samples that form the basis for all models in this
thesis is given. Furthermore, the imaging technologies for data acquisition as well as
the post-processing of the 3D image data is described.

First, an overview over all samples that were used for the models described in
this work is given in Section 3.1. Then, the preparation of the samples is shown in
Section 3.2. This is followed by a discussion different 3D imaging technologies used
for data acquisition in Section 3.3. Finally, in Section 3.4 the post-processing of the
3D images is described including straightening, binarization, segmentation of pore
and solid phase, and, finally particle-related structural segmentation to present the
particles from experimental image data as series of spherical harmonics.

3.1. Description of Experimental Material

In this thesis we concentrate on experimental image data from one type of lithium-ion
cells which is a large cell designed for automotive operation. In more detail, the cell is
a so-called energy cell designed for purely electric vehicles where the focus is more on
energy density than power density, i.e., it is more important to deliver higher amounts
of energy than to provide high powers. This differentiation is important as it is highly
related with the microstructure of the electrodes, cf. Feinauer et al. (2015a), Westhoff
et al. (2017) and Feinauer et al. (2018).

The cell considered here is a rectangular pouch cell, meaning that the electrodes
are stacked with separators in between and the stack is then heat-sealed with an
insulating foil. The electrochemistry as well as the materials are as described in
Sections 2.2 and 2.3.

3.1.1. Description of the Cell

Finally, the electrochemical system of the cell considered in this thesis consists of a
graphite anode. On the cathode side lithium nickel manganese cobalt oxide is used
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with ratio x = y = z = 1/3, i.e., LiNi1/3Mn1/3Co1/3O2. The separator consists of
woven PET fibers coated with ceramics (Al2O3), cf. Figure 2.4 for SEM images of
separators. The electrolyte has not been investigated deeply as it plays a minor role
in the transport processes that are mainly influenced by the microstructure.

3.1.2. Sample Overview

The experimental image data considered in this thesis was generated by using syn-
chrotron tomography and focused ion beam scanning electron microscopy (FIB-SEM),
cf. Section 3.3. All samples described here where extracted from the cells as described
by Mitsch et al. (2014). It is important to note that although not all samples come
from the same cell, all samples come from one cell type. Furthermore, both electrodes,
i.e., anodes and cathodes were considered in this thesis, cf. Table 3.1.

We start with a short introduction into the experimental image data of anodes.
In this work, two different sets of 3D image data for anodes on two different scales
are considered. First, the microstructure scale, i.e., voxel sizes of several hundred
nanometers and cutouts of several hundred microns. These 3D images are obtained
using synchrotron X-ray tomography, cf. Section 3.3.1. Figure 3.1 shows a 2D cutout
of an image slice from the stack. The synchrotron tomography image data consists
of four anodes in pristine state which have been measured as one stack, i.e., all
four anodes where stacked onto each other and the stack was measured in one run,
cf. Mitsch et al. (2014). In Figure 3.10(a) one can see that the particles are spherical-
like but not spherical. In fact, the anode particles have complex shapes and cannot be
approximated very well by spheres. Secondly, one sees that the particles are densely
packed, more formally, the volume fraction of the particle phase is about 73%.

Furthermore, the nanostructure scale is considered, i.e., voxel sizes in the range of
several nano-meters. Three cells were prepared with different aging states. One cell
was left in pristine state, one cell was aged cyclically, i.e., by electric operation and
one cell was aged calendarically, i.e., by storage at high temperatures. In more detail,
cyclic aging was achieved by application of real driving profiles onto the cell until it
reached its final capacity at 80% of its initial capacity. Cyclic aging was performed
through storage at 95◦C with a state of charge (SOC ) of 95%, again until 80% of the
initial cell capacity was reached. After dissasemly, FIB-SEM tomography was used
to obtain 3D image stacks for one anode extracted from each of the cells. Figure 3.2
shows 2D cutouts from all three image stacks. On the images one sees the inner
structure of a small set of graphite particles, cf. Section 2.2. Furthermore, slight
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Figure 3.1.: Synchrotron tomography image slice with three anode layers visible.

differences of the inner structure of samples from particles of different sets can be
observed which is in good accordance with theoretical considerations, cf. Section 2.4.

Beside anodes also cathode morphologies are considered in this thesis. Cathodes
were investigated on the microstructure scale, ie., datasets from synchrotron tomog-
raphy with voxel sizes of about 0.44 microns, Section 3.3.1. Four different cathode
layers from pristine cells were prepared and measured in one synchrotron run, see
Figure 3.3 for a cutout of one slice from the image stack containing all four cathode
samples.

For the cathode, a microstructure model was developed in this thesis which is
presented in Chapter 6. The model is based on tomographic images acquired with
synchrotron tomography as described in Section 3.3.1, see also Figure 3.3. A short
overview of the samples is shown in Table 6.1.

An overview of all samples considered in this thesis is shown in Table 3.1.

3.2. Sample Preparation

First, we describe the procedure to obtain electrode samples from cells for imaging.
For purposes of comparability all analyzed cells were discharged to 0 % state of charge
(SOC ) using constant current constant voltage (CC-CV) discharge procedure with
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(a) No aging (pristine). (b) Cyclic aging.

(c) calendarically aging.

Figure 3.2.: 2D slice of the 3D FIB-SEM images of anode particles.

Figure 3.3.: Stack of three cathode layers for synchrotron tomography as cross section.
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electrode imaging aging samples cutout

anode synchrotron X-ray pristine 4 Figure 3.1
anode FIB-SEM pristine 1 Figure 3.2(a)
anode FIB-SEM cyclic 1 Figure 3.2(b)
anode FIB-SEM calendaric 1 Figure 3.2(c)
cathode synchrotron X-ray pristine 4 Figure 3.3

Table 3.1.: Overview of experimental datasets considered in this thesis.

Figure 3.4.: Positions of samples taken from an electrode layer. Reprinted from
Mitsch et al. (2014).

the cut-off voltage given in the datasheet delivered by the manufacturer.

3.2.1. Cell Disassembly and Sample Selection

As the cells are filled with electrolyte and contain the highly reactive lithium as part
of the electrode structure the cells were opened in a glovebox with protective argon
atmosphere and no air humidity, where H2O < 4 ppm, O2 < 4 ppm. A ceramic scalpel
was used to avoid shorts which could lead to structural change. After removal of the
upper pouch foil the electrodes can be separated and unstacked.

As the the electrode layers have large dimension, small samples of size 10 mm ×
10 mm were extracted from different positions on the layer, cf. Figure 3.4. After ex-
traction of the samples they were washed with dimethyl carbonate (DMC) to remove
the remaining electrolyte.
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Figure 3.5.: Stack of electrodes for synchrotron measurement. Reprinted from Mitsch
et al. (2014).

As one stack of electrodes consists of 31 anode-cathode pairs the samples were only
taken from the first, the middle and the last layers.

3.2.2. Preparation for Synchrotron Tomography

After selection of samples and cleaning further treatment is necessary to acquire
synchrotron images with optimal quality. First, in the case of anodes, the copper foil
has to be removed. Copper absorbs X-rays very well compared to graphite and air
which are the other components of the cleaned anode and thus would lead to a bad
signal-to-noise ratio. Thus, the copper was removed using nitric acid (HNO3). For
cathodes, the aluminum foil was also separated from the electrodes .

To optimize the efficiency of synchrotron measurements as well as to minimize the
effect of measurement artifacts multiple samples where prepared as single stack that
could be measured at once. Thus, lesser measurements are needed and experimental
electrode images from the same measurement can be compared which neglects the
influence of the measurement process itself. The stacks consist of 8 samples from
different electrodes and are mounted on top of a synchrotron sample holder, cf. Fig-
ure 3.5.
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Figure 3.6.: Positions of samples taken from an electrode layer. Reprinted from
Mitsch et al. (2014).

3.3. Imaging

We first give a brief overview of the imaging technologies which have been used for
the investigation of experimental materials and microstructures.

3.3.1. Synchrotron X-Ray Tomography

Synchrotron X-ray tomography provides a way for imaging of three-dimensional in-
terior structure of real objects which is non-destructive and allows high spatial res-
olution, cf. Banhart (2008), Görner et al. (2001), Manke et al. (2010), Manke et al.
(2011) and Williams et al. (2012) . Thus, it allows detailed microstructural analysis
of many different kinds of materials such as energy materials, e.g., from batteries,
solar cells or fuel cells.

Synchrotron X-ray tomography is based on the detection of either the attenuation
or the phase shift of the beam transmitted through a sample. While radiography
measures images for a single orientation of the sample, tomography measures images
for many different angular positions. This results in a set of projections, which can be
used to reconstruct two-dimensional layers or slices through the object. By stacking
these slices together, it is possible to visualize the structure in three dimensions.

The main advantages of using X-rays generated by a synchrotron source in com-
parison to other X-ray sources are

(i) Very high intensity yields images with high signal-to-noise ratio.
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(ii) The high parallelism of the beam limits imaging artifacts.

(iii) The high beam coherence can be used for phase contrast imaging which provides
much higher image contrast.

The principle of synchrotron X-ray tomography is shown in Figure 3.6. The sample
is mounted on a rotating stage and is rotated between each imaging step. The beams
pass through the sample and then through a scintillator and an optical setup and are
finally detected on a CCD detector, cf. Williams et al. (2012). This leads to a stack
of 2D images which can be used to reconstruct the 3D image.

The 3D data sets considered in this thesis were created at the synchrotron X-ray
imaging facility BAMLine at BESSY (Berlin, Germany), cf. Görner et al. (2001).
The setup consists of a PCO4000 detector system with 4008 × 2672 pixels and an
optical system ("Optique Peter") with a CWO scintillator screen that was used to
convert X-rays into visible light. An X-ray energy of 19 keV was used. The pixel size
was about 0.44 µm2. During the tomographic measurement, 2200 single radiographic
projections were taken at equidistant angles over a range of 180°. A filtered back-
projection algorithm was used for 3D data reconstruction, cf. Banhart (2008) and
Manke et al. (2011).

Details on the measurement and on the sample preparation method that was used
to minimize the differences in the samples induced by varying measurement conditions
are described in Mitsch et al. (2014). After imaging and reconstruction, the sample
data is in the form of four 3D images, each 2097× 828× 119 voxels. Each voxel has
a grayscale value, which ranges from 0 to 255.

3.3.2. Scanning Electron Microscopy and Focused Ion Beam
Tomography

For the investigation of microstructure in the submicron range focused ion beam (FIB)
milling scanning electron microscopy (SEM ) is used, cf. Orloff (1993), Orloff et al.
(1996), Giannuzzi et al. (2004) and Banhart (2008). This imaging technique provides
very high resolutions in the range of 1 nm to 20 nm. SEM is a standard technique for
the generation of 2D images with high resolutions and widely used, e.g., in materials
science. To generate 3D images it is combined with FIB (also known as ion milling),
cf. Figure 3.7. The idea is to excavate a clearly defined surface layer between two
consecutive images, cf. Figure 3.8. The red area in Figure 3.8(b) depicts the region
that is excavated before the next SEM image is taken, see Figure 3.8(c).
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Figure 3.7.: Principle of the focused ion beam (FIB).

(a) SEM image of the structure
at the surface.

(b) A thin layer is removed us-
ing FIB (red area).

(c) SEM image of the new sur-
face.

Figure 3.8.: Schematic depiction of the FIB-SEM procedure.

3.4. Post-Processing of Synchrotron X-Ray
Tomography Images

In this section, the post-processing which was applied to the microstructure data, i.e.,
3D images obtained by synchrotron tomography is described. As the samples where
imaged in stacks the resulting images contained 8 electrodes. Thus, the first step was
to cut the large image into images each containing only one electrode, cf. Figure 3.9.
After this, the following steps were applied to all samples. First, the electrode was
straightened as described in Section 3.4.1. Then, binarization was used to divide
voxels belonging to the particles and voxels belonging to the pore phase. After that,
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Figure 3.9.: Example of an tomographic image containing multiple electrodes. Slices
where electrodes are divided into smaller images are shown in red.

the particle phase was segmented, i.e, divided into disjoint regions which correspond
to particles, see Section 3.4.2. Finally, a connectivity graph was extracted from the
images, cf. Section 3.4.3.

3.4.1. Straightening

As indicated in Figure 3.9 due to the complex preparation of cells, samples and
stacks, the layers are not perfectly straight but slightly bent. Thus, a straightening
procedure, which consists of several steps, was developed and applied. In short, the
steps are:

(i) Extract image I which contains only one electrode.

(ii) Select a threshold t which reliably divides background and foreground (bulk)
voxels, cf. Figure 3.11 (left).

(iii) Extract the coordinates x of all voxels that are surely classified as foreground.

(iv) Find a fitting function F : R2 → R that minimizes the distance to all coordinates
x, cf. Figure 3.11 (right).

(v) Define the 2D-curve C : R2 → R3 with C(u, t) = (x(u), y(t), F (u, t)).
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(a) Grayscale image. (b) Binary image. (c) Segmented image.

Figure 3.10.: 2D cutout of experimental anode data.

(vi) Straighten the image with respect to the curve C, cf. Algorithm 3.1.

Let I = {I(x, y, z), (x, y, z) ∈ W} the image that has been defined on W =

[0, xm]. × [0, ym] × [0, zm]. After the extraction of the coordinates of voxels which
reliably belong to the foreground they are passed to MATLAB®. There, the Curve
Fitting Toolbox (MathWorks, 2001) is used to interpolate all the points with a poly-
nomial of degree 3 in two coordinates p33 : R2 → R using the Levenberg-Marquard
algorithm, cf. Marquardt (1963). A polynomial of degree 3 has been chosen as a
good compromise between simplicity and quality of the interpolation. Especially,
since derivatives had to be calculated for the generation of normal vectors in the next
step, it is important that the function is sufficiently simple in this regard.

Then, the 2-dimensional parametric curve C = {C(u, t), , (u, t) ∈ [0, xm]× [0, ym]}
in R3 is constructed where C(u, t) = (u, t, p33(u, t)) for each u ∈ [0, xm] and t ∈
[0, ym]. Next, we calculate the new coordinates as the arg lengths of the two curves
C1 = {C(u, 0), u ∈ [0, xm]} and C2 = {C(0, t), t ∈ [0, ym]} at the ‘boundaries’. These
arc lengths are calculated by

lx = Lx(C) =

∫ xm

0

|C(u, 0)| du =

∫ xm

0

√
1 +

d p33(u, 0)

du
du ,

and

ly = Ly(C) =

∫ ym

0

|C(0, t)| dt =

∫ ym

0

√
1 +

d p33(0, t)

dt
dt ,

respectively. Furthermore, we define h as an upper bound for the thickness of the
electrode. Then, the straightened image Is is defined on Ws = [0, lx] × [0, ly] ×
[−h/2, h/2]. For a coordinate (x, y, z) in Ws we calculate the value of Is(x, y, z) by
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Figure 3.11.: Schematic depiction of two steps of the straightening. First, a threshold
on the grayscale image is chosen which reliably divides background and
foreground. The blue area indicates the region were all voxels marked
as foreground are placed (left). Second, a curve is fitted to these points.
The red line indicates the fitting curve, the gray area indicates the layer
and the dashed box indicates the cutout window (right).

the procedure described in Algorithm 3.1. Figure 3.12 shows a sketch of the process
where the point p∗ of the straightened image is mapped to the point p on the curved
structure.

Algorithm 3.1 Straightening of electrodes
1: for each (x, y, z) ∈ [0, lx]× [0, ly]× [−h/2, h/2] do
2: Identify the corresponding base point on the curve b = (x, y, p33(x, y)).
3: Calculate the (outward) normal vector nb of C at b with |nb| = 1.
4: Set Is(x, y, z) = I(b+ z · nb).
5: end for

Note that this procedure can lead to undesirable artifacts or distortions when heav-
ily curved layers are straightened. But, as the layers of electrodes the algorithm was
designed for were only slightly bent this is negligible.

3.4.2. Image Binarization and Segmentation

A graphite electrode comprises a fully connected network of particles. In order to
extract information about the individual particles from the image data, we carry
out a structural segmentation procedure consisting of four steps: (1) we binarize
the original grayscale image, (2) we remove holes within the particles, (3) we remove
irregularities such as parts extruding from the surfaces of the particles, (4) we segment
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p

p⇤

Figure 3.12.: Schematic depiction of the transformation of a point p to p∗ from the
original coordinates (red) to the straightened coordinates (blue) by ap-
plication of Algorithm 3.1. The red curve represents the fitted curve
and the blue curve indicates the plane where the straightened points
are transformed to.

the image into separate particles using a watershed procedure. See Figure 3.10 for
2D sample cutouts of grayscale, binary and segmented images.

In the binarization step, we allocate each voxel to either the solid (graphite) phase
or to the pore space. We first apply a Gaussian filter with σ = 1.0 in order to reduce
the noise in the image data, i.e., each grayscale value is replaced by a local average
weighted with the Gaussian bell curve with parameter σ, cf. Shapiro and Stockman
(2001). We then use a global threshold to produce a binarized image. More precisely,
every voxel with a grayscale value greater than or equal to 32 is assigned to the solid
phase and every voxel with a value less than 32 is assigned to the pore phase, see
Shapiro and Stockman (2001) for more details. The threshold value is chosen to
reproduce the volume fraction of the solid phase, which is known to be 73% for this
material.

In the second step, we remove holes within the solid phase in order to avoid over-
segmentation which would otherwise occur, cf. Beucher (1994). These holes are
mainly caused by artifacts in the imaging and thresholding procedures. The par-
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ticles themselves should not contain holes. We remove the holes using the Hoshen-
Kopelman clustering algorithm (Hoshen and Kopelman, 1976) on the pore phase of
the thresholded image. Every cluster consisting of less than 5000 pore space vox-
els is removed by relabeling all the member voxels as belonging to the solid phase.
The threshold of 5000 was chosen to ensure that hollow regions within particles were
removed, but isolated pores still remained.

We then remove regions where the pore space intrudes significantly into the parti-
cles. The procedure is as follows. We generate a one voxel thick skeletonization of the
pore phase. The skeleton, S1, is generated using Lee thinning (Lee et al., 1994). The
‘dead-end’ branches of S1, which are only connected at one end, represent intrusions
into the solid phase. We generate a second skeleton, S2, which is simply S1 with the
‘dead-end’ branches removed. We remove the intrusions by reassigning to the solid
phase all voxels in the pore space that are closer to S1 than S2.

In the last step, the foreground of the binary images is segmented into disjoint parts,
with each part containing only one particle. The segmentation is performed for each
binary image using a marker watershed algorithm as in Beare and Lehmann (2006),
Beucher and Lantuéjoul (1979), Beucher and Meyer (1993), Roerdink and Meijster
(2001). In order to calculate the positions of the markers, we first calculate a distance
transform of each binary image. This results in a transformed image, D, where each
voxel is assigned its (minimum) distance from the pore phase, with voxels belonging
to the pore phase being assigned a value of 0. We then consider the reflection of the
distance transformed image, D̃ = −D. For each image, we take the local minima of
D̃ as potential markers to use in the watershed transform. However, because there is
still a risk of over-segmentation — due, for example, to slightly cracked particles —
we take only a subset of these local minima as markers, using the method described in
Spettl et al. (2015). The segmentation is then performed on the distance transformed
image D̃ using this subset of markers.

3.4.3. Skeletonization and Graph Extraction

Some stochastic microstructure models depend on graphs, e.g., to model the connec-
tivity between particles. It is very easy to construct a particle system from a given
graph. E.g., by placing balls around the vertices of the graph with a size that ensures
that particles which are placed at vertices which are connected by an edge touch or
intersect. Whereas the opposite is not necessarily true. In this section algorithms are
presented to extract a skeleton from a binary image which can then be transformed
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into a graph.
Skeletonization here means that the binary image is transformed into a skeletonized

image by applying an iterative thinning procedure, cf. Lee et al. (1994). An example
of a skeleton is shown in Figure 3.13.

(a) Binary image. (b) Skeletonized image. (c) Extracted graph.

Figure 3.13.: Example of skeletonization and graph extraction from a binary image.

The skeleton is used as basis for the reconstruction of the connectivity graph Gexp

of the experimental data. In this graph, each vertex should correspond to a particle
in the experimental data and edges should be placed between neighboring particles
which are connected in the experimental data.

The reconstruction is done in three steps, visualized in Figure 3.14. First, the
skeleton voxels are classified into the three categories endpoints, line points and cross
points, see Figure 3.14(a), Figure 3.14(b) and Figure 3.14(c), respectively. Then, all
clusters of cross points are reduced to their centroid. Finally, all endpoints and cross
points form the set of vertices Vexp. The set of edges Eexp consists of connections
between points that are reachable via a sequence of line points, see Figure 3.14(d).
Formally, this is described in Algorithm 3.2 below.

3.5. Post-Processing of FIB-SEM Tomography
Images

For all three scenarios one sample of the cell has been extracted and imaging was
performed using FIB-SEM tomography (see Section 3.3.2). Due to the measurement
process all samples have slightly different dimensions and a different number of par-
ticles could be extracted.
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(a) End points. (b) Line points.

(c) Cross points. (d) Extracted graph.

Figure 3.14.: 2D Illustration of the voxel classification. Skeleton voxels are shown in
green and the classified voxels are marked in red.

From all samples particles have been extracted manually due to the large bright-
ness changes in the images. However, the extracted particles are not all completely
contained in the images. Particles with a reasonable size in the images were also used
for the structural analysis. Figure 3.15 shows an example of the labeling, i.e., the
assignment of colors so that all voxels that form one particle are colored equally.

In Figure 3.2 one can see that the particles contain small holes. These holes dom-
inate the visible variations of inner structure. Thus, the aim of the nanostructure
model is to mimic the occurrence of these holes during the aging process. Therefore,
it is necessary to extract these holes in addition to the particles. This is done after the
manual labeling by the application of a clustering algorithm, cf. Hoshen and Kopel-
man (1976). The extracted holes are shown in Figure 3.16. Finally, the clusters are
then transformed to volume equivalent balls centered at the centroids of the clusters.
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Algorithm 3.2 Extraction of the connectivity graph from a skeleton image.
1: All skeleton voxels are classified into the following categories:

Endpoints Voxels that have only one neighbor are classified as endpoints.

Line points Voxels that have exactly two neighbors are classified as line points.

Cross points Voxels that have more than two neighbors are classified as cross
points.

2: Let C be the set of all cross points. All clusters of cross points are detected using
an of Hoshen and Kopelman (1976) and reduced to their centroids, which gives
the reduced set of cross points C̃.

3: The set of vertices Vexp is given by Vexp = C̃ ∪ E, where E denotes the set of
endpoints.

4: The set of edges Eexp is calculated as

Eexp =
⋃

a,b∈Vexp
a is connected to b

(a, b) ,

where connected means that there exists a chain of line points from a to b.

Figure 3.15.: 2D cutout of labeled image which shows the different particles in differ-
ent grayscale values.
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Figure 3.16.: Grayscale particle with inner holes marked (left); Detected holes (right).
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The goal of this thesis is the development of methodologies in the field of stochastic
3D microstructure modeling. The models are based on tools from spatial statistics,
stochastic geometry, graph theory, spherical harmonics and Gaussian random fields.
In this chapter, a short introduction into all these fields is given and a consistent
notation is developed that is used throughout the rest of this thesis. The mathematical
foundations discussed here concentrate on the necessary basic theory of the areas
mentioned above and on more details if they are necessary for the understanding of
this thesis.

This chapter starts with the general notation that is used throughout the whole
document (see Section 4.1). Then, methods of stochastic geometry and spatial statis-
tics are introduced with a focus to the theory of point processes (see Section 4.3). In
this work, point processes are used for the arrangement of particles and, e.g., for the
generation of Laguerre tessellations. These tessellations together with and an intro-
duction to random Laguerre tessellations are discussed in Section 4.4. As connectivity
plays an important role for the materials discussed here and is used in the models
presented in this thesis, (random) geometric graphs are introduced which are later
used for modeling neighborhood and connectivity relations (see Section 4.5). Finally,
spherical harmonic functions as well as random fields on the sphere are defined in
Section 4.6 and several important properties are summarized. Spherical harmonic
functions as well as Gaussian random fields on the sphere form the basis of the model
for complex shaped particles.

The concepts of stochastic geometry in Section 4.3 are closely leaned on Chiu et al.
(2013); Daley and Vere-Jones (2007); Illian et al. (2008); Møller and Waagepetersen
(2003) and Schneider and Weil (2008). Aspects of (random) tessellations introduced
in Section 4.4 are based on Okabe et al. (2000); Lautensack (2007); Lautensack and
Zuyev (2008); Schneider and Weil (2008). The (random) geometric graphs that are
summarized in Section 4.5 are based on Diestel (2005); Jungnickel (2007); Penrose
(2003). Section 4.6, where spherical harmonic functions and random Gaussian fields
on the sphere are introduced follows Hobson (1955); Marinucci and Peccati (2011).
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Detailed discussions about optimization techniques can be found in Kroese et al.
(2013).

4.1. General Notation

In the following, by N, Z, R and C the sets of natural, integer, real and complex
numbers are denoted, respectively. Furthermore, let N0 = {0, 1, 2, . . .} denote the set
of non-negative integers and R+ = {x ∈ R : x > 0} the set of positive real numbers.
The set of m × n matrices with real entries is denoted by Rm×n. For a complex
number c ∈ C we write c∗ for the complex conjugate, i.e., c∗ = Re (c)− iIm (c).

The indicator function 1B (·) of a set B is defined as 1B (s) = 1 if s ∈ B and
1B (s) = 0, otherwise.

By Qp({x1, . . . , xn}) we denote the empirical quantile function, i.e., the quantile
function of the empirical distribution of {x1, . . . , xn}. It is the (discrete) inverse of
the empirical cumulative distribution function F̂ ({x1, . . . , xn}) which is defined as

F̂{x1,...,xn}(t) =
1

n

n∑

i=1

1xi≤t.

Moreover, we denote the d-dimensional Euclidean space by
(
Rd, ρ

)
with d ≥ 1 and

the Euclidean metric

ρ(x, y) =
√

(x1 − y1)2 + · · ·+ (xd − yd)2

where x = (x1, . . . , xd)
ᵀ, y = (y1, . . . , yd)

ᵀ ∈ Rd. Furthermore, for two vectors x, y ∈
Rd with x = (x1, x2, x3), y = (y1, y2, y3) the cross product is denoted by x× y with

x× y =




x2y3 − x3y2

x3y1 − x1y3

x1y2 − x2y1


 .

Note that one can calculate the unit normal vector n of the plane spanned by x and
y using the cross product as

n =
x× y
|x× y|

,

where |x×y| denotes the length of the vector x×y. For x ∈ Rd we set ρ(x) = ρ(o, x),
where o is the origin of Rd. Furthermore, let Qd be the family of half-open d-

44



4.1. General Notation

dimensional cuboids in Rd, i.e.,

Qd =
{
B ⊂ Rd : B = (a1, b1]× · · · × (ad, bd],

ai, bi ∈ R, ai ≤ bi for all i ∈ {1, . . . , d}} .

The Borel σ-algebra B
(
Rd
)
of subsets of Rd is defined as the smallest σ-algebra

containing all sets of Qd. Furthermore, the family of all bounded Borel sets is defined
by

B0

(
Rd
)

=
{
B ∈ B

(
Rd
)

: there exists s <∞ s. t. ρ(x) < s for all x ∈ B
}
.

Furthermore, by νd : B
(
Rd
)
→ [0,∞] the d-dimensional Lebesgue measure is denoted.

It is uniquely determined by the values νd(B) =
∏d

n=1(bn−an) on all half-open cuboids
B = (a1, b1]× · · · × (ad, bd] ∈ Qd, see Chiu et al. (2013).

Spherical coordinates in R3 are usually denoted by (r, θ, φ) with r > 0, θ ∈ [0, π]

and φ ∈ [0, 2π) where θ denotes the inclination and φ the azimuthal angle (ISO
convention). Then, Cartesian coordinates can be expressed in terms of spherical
coordinates by

x = r sin θ cosφ ,

y = r sin θ sinφ ,

z = r cos θ .

Conversely, spherical coordinates can be calculated from Cartesian coordinates as

r =
√
x2 + y2 + z2 ,

θ = arccos
z

r
,

φ = arctan
y

x
.

For two vectors v1, v2 ∈ Rd we denote their angle with ∠(v1, v2) which is defined as

∠(v1, v2) = cos−1

(
ρ(v1, v2)

|v1| · |v2|

)
,

see Parzen (1962); Rosenblatt (1956).
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4.2. Mathematical Morphology

The Minkowski addition A⊕B of two arbitrary sets A,B ⊂ Rd is defined as

A⊕B = {a+ b : a ∈ A, b ∈ B} .

In mathematical morphology, the Minkowski addition A⊕B is called dilation of A by
the structuring element B. Furthermore, the erosion of A by the structuring element
B is defined as

A	B = {a ∈ A : {a} ⊕B ⊆ A} ,

respectively. It is important to note that, in general, the erosion is not an inversion
of dilation. This means that there exist sets A, B ∈ Rd such that A ⊕ B 	 B 6= A,
see Dougherty (1992).

4.3. Point Processes

In this section, some basics of the theory of point processes are introduced. In particu-
lar, in Section 4.3.1 some basic notions of point processes are discussed, cf. Chiu et al.
(2013); Daley and Vere-Jones (2007); Kendall and Molchanov (2010). Subsequently,
we introduce marked point processes, see Section 4.3.2. Next, random point processes
and their simulation are discussed in Section 4.3.3, cf. Chiu et al. (2013); Illian et al.
(2008). Finally, some characteristics of random point processes are introduced. They
are the basis for model choice and fitting (Chiu et al., 2013; Illian et al., 2008; Møller
and Waagepetersen, 2003), cf. Section 4.3.4.

4.3.1. Basic Definitions and Properties

We consider a countable set of points {s1, s2, . . .} with sn ∈ Rd for all n ∈ N. This
sequence of points can alternatively be represented by a so-called counting measure
φ : B

(
Rd
)
→ {0, 1, . . . , } ∪ {∞} with φ(B) =

∑∞
n1
1B (sn) for all B ∈ B

(
Rd
)
. Thus,

we define a counting measure on the measurable space
(
Rd,B

(
Rd
))
.

Definition 4.1. A mapping φ : B
(
Rd
)
→ {0, 1, . . .}∪{∞} is called counting measure

if it holds that φ(∅) = 0 and φ

(
∞⋃

n=1

Bn

)
=
∞∑

n=1

φ(Bn) for pairwise disjoint B1, B2, . . . ∈

B
(
Rd
)
.
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Furthermore, we call a counting measure φ locally finite if φ(B) < ∞ for all B ∈
B0

(
Rd
)
. Note that we can interpret each countable set of points {sn : n ≥ 1} as a

counting measure φ whose point masses represent the locations {sn, n ≥ 1}. Thus,
the concept of random counting measures is used to describe point processes (i.e.,
sets of random points).

Definition 4.2. Let N be the family of all locally finite counting measures and define
N as the smallest σ-algebra of subsets of N such that for any B ∈ B0

(
Rd
)
it holds that

the mapping φ 7→ φ(B) is
(
N ,B

(
Rd
))
-measurable. Then, the mapping N : Ω → N

is called a random counting measure if it is a random variable on the probability
space (Ω,A,P) with values in (N,N ), i.e., N is (A,N )-measurable. The probability
measure PN : N → [0, 1] with PN(A) = P(N ∈ A) for A ∈ N is called the distribution
of the random counting measure N .

Note that a random counting measureN is a set-indexed stochastic process {N(B) :

B ∈ B
(
Rd
)}

on the probability space (Ω,A,P) such that
{
N(B;ω) : B ∈ B

(
Rd
)}
∈

N for each ω ∈ Ω. Note that the distribution PN of the random counting measure{
N(B) : B ∈ B

(
Rd
)}

is uniquely determined by the family of finite-dimensional dis-
tributions

{
P(N(B1) = k1, . . . , N(Bn) = kn) : n ≥ 1, B1, . . . , Bn ∈ Qd, k1, . . . , kn ≥ 0

}
.

Definition 4.3. Let
{
N(B) : B ∈ B

(
Rd
)}

be a random counting measure. A se-
quence of random vectors {Sn, n ≥ 1} with Si : Ω → Rd ∪ {∞} for i ≥ 1 is called a
measurable enumeration of

{
N(B) : B ∈ B

(
Rd
)}

if

P

(
N(B) =

∑

n≥1

1B (Sn) for all B ∈ B0

(
Rd
)
)

= 1 . (4.1)

A point process can be interpreted not only as a random counting measure, but
also as a sequence of random points (cf. Definition 4.3).

Definition 4.4. A sequence of random vectors {Sn, n ≥ 1}, where S1, S2, . . . : Ω →
Rd∪{∞} are defined on the probability space (Ω,A,P), is called point process in Rd

if with probability 1 it holds that
∑

n≥1

1B (Sn) <∞ for all B ∈ B0

(
Rd
)
.
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In stochastic geometry so-called simple point processes play an important role. A
point process {Sn, n ≥ 1} is called simple if it holds with probability 1 that Si 6= Sj
for all i, j ≥ 1, i 6= j. Throughout this thesis, we always assume that the point
processes under consideration are simple.

Recall that there exist two different concepts to describe point processes, i.e., either
by random counting measures or by a sequence of random vectors. In particular, a
simple point process {Sn, n ≥ 1} in Rd which satisfies (4.1) can be considered as a
measurable enumeration of a random counting measure

{
N(B), B ∈ B

(
Rd
)}

by

N(B) =
∑

n≥1

1B (Sn) for all B ∈ B0

(
Rd
)
.

In the next step the intensity measure of a point process {Sn, n ≥ 1} is introduced,
which is an analogue of the mean value for real-valued random variables.

Definition 4.5. Let {Sn, n ≥ 1} be a point process inRd inducing a random counting
measure

{
N(B) : B ∈ B

(
Rd
)}

. The measure µI : B(Rd)→ [0,∞] defined by

µI(B) = E [N(B)] for all B ∈ B
(
Rd
)

is called intensity measure of the point process {Sn, n ≥ 1} . If the intensity measure
µI is absolutely continuous with respect to the d-dimensional Lebesgue measure, i.e.,
there exists a Borel-measurable function λ : Rd → [0,∞) such that

µI(B) =

∫

B

λ(x)dx for all B ∈ B
(
Rd
)
,

then the function λ(·) is called intensity function of {Sn, n ≥ 1} .

In the following we always assume that the intensity measure µI is locally finite.
Moreover, the intensity measure µI : B

(
Rd
)
→ [0,∞] is called diffuse if µI({x}) = 0

for all x ∈ Rd. Concerning the modeling of experimental data via point processes,
the goal is to realistically describe the experimentally observed point patterns by a
suitable class of point processes. Typically, the observed point patterns are given on
a bounded observation window (being a cut-out of the whole system). To determine
possible classes of point processes that are suitable to describe the data, we have to
assume that the data is representative. This requires that the sample size is large
enough and the data is spatially homogeneous, i.e., its distributional properties do
not depend on the location of the cut-out from the system. Thus, in the next step,
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we introduce some important properties of point processes. Therefore, we first need
to define the so-called shift and rotation operators.

Definition 4.6. Let φ =
∞∑

n=1

1 (sn) be a locally finite counting measure where

s1, s2, . . . ∈ Rd ∪ {∞} denote the atoms of φ. Then, for x ∈ Rd the shift operator
Tx : N→ N is given by

Tx(φ) = Tx

(
∞∑

n=1

1 (sn)

)
=
∞∑

n=1

1 (sn − x) .

Furthermore, for O ∈ Rd×d the rotation operator RO : N→ N is given by

RO(φ) = RO

(
∞∑

n=1

1 (sn)

)
=
∞∑

n=1

1 (O(sn)) ,

where O is a rotation matrix (i.e., an orthogonal matrix with determinant 1) repre-
senting a rotation around the origin o.

Definition 4.7. A point process {Sn, n ≥ 1} in Rd inducing a random counting
measure

{
N(B) : B ∈ B

(
Rd
)}

is said to be stationary if for all A ∈ N and all
x ∈ Rd it holds that

PN(A) = PN(Tx(A)) ,

where Tx(A) = {Tx(φ) : φ ∈ A}. The point process {Sn, n ≥ 1} is further called
isotropic if for all A ∈ N and all rotation matrices O ∈ Rd×d it holds that

PN(A) = PN(RO(A)) ,

where RO(A) = {RO(φ) : φ ∈ A}.

Note that for a stationary point process {Sn, n ≥ 1} in Rd inducing a random
counting measure

{
N(B) : B ∈ B

(
Rd
)}

it holds that {Sn, n ≥ 1} either consists of
an infinite number of points in Rd or does not contain any point with probability
1, i.e., P

(
{N(Rd) =∞} ∪ {N(Rd) = 0}

)
= 1. Furthermore, there exists a constant

λ ≥ 0 called intensity such that the intensity measure µI is given by µI(B) = λνd(B)

for all B ∈ B
(
Rd
)
.

Furthermore, note that the intensity of a stationary point process describes the
mean number of points per unit volume. Moreover, the intensity λ of a stationary
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point process {Sn, n ≥ 1} can be easily estimated by counting the number of points
in an observation window W ∈ B0

(
Rd
)
and dividing it by the volume of W , i.e.,

an unbiased estimator for λ is given by λ̂W = N(W )/νd(W ). Besides unbiasedness,
further properties of this estimator, e.g., strong consistency are of particular interest.
To show the strong consistency of λ̂[−n,n]d if n tends to infinity, still another property
of the underlying point process {Sn, n ≥ 1} , the ergodicity has to be introduced.

Definition 4.8. A stationary point process {Sn, n ≥ 1} in Rd inducing a random
counting measure

{
N(B) : B ∈ B

(
Rd
)}

is called ergodic if for all A1, A2 ∈ N it holds
that

lim
n→∞

1

νd(Wn)

∫

Wn

(PN(Tx(A1) ∩ A2)− PN(A1)PN(A2))dx = 0 ,

with Wn = [−n, n]d.

The following theorem shows that λ̂[−n,n]d is a consistent estimator for the intensity
λ if {Sn, n ≥ 1} is ergodic.

Theorem 4.1. Let {Sn, n ≥ 1} be an ergodic point process in Rd with intensity λ.
Then it holds that

P
(

lim
n→∞

λ̂[−n,n]d = λ
)

= P

(
lim
n→∞

N([−n, n]d)

νd([−n, n]d)
= λ

)
= 1 .

We now introduce basic definitions and ideas of Palm calculus, which allows us to
study ’local properties’ of point processes. I.e., properties of a point process from
the perspective of a randomly chosen point. Thus, we condition that an atom of the
point process is located in an infinitesimally small neighborhood of the origin o ∈ Rd

and consider properties of the ‘environment’ of o. For example, we consider the
probability that no other point of the point process is located in the sphere B(o, r).

Definition 4.9. Let {Sn, n ≥ 1} be a stationary point process in Rd inducing a
random counting measure

{
N(B) : B ∈ B

(
Rd
)}

with intensity λ, 0 < λ <∞.
For each A ∈ N define a random counting measure

{
N(B,A), B ∈ B

(
Rd
)}

by

N(B,A) =
∞∑

n=1

1B (Sn)1A (TSn(N)) . (4.2)

Moreover, for each A ∈ N , let λ(A) be the intensity of
{
N(B,A), B ∈ B

(
Rd
)}

.
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The Palm distribution of
{
N(B) : B ∈ B

(
Rd
)}

is defined as the probability mea-
sure P0

N on (N,N ) given by

P0
N(A) =

λ(A)

λ
for each A ∈ N . (4.3)

Note that it can be shown that the set function P0
N given in (4.3) defines a prob-

ability measure, and for each A ∈ N the measure
{
N(B,A), B ∈ B

(
Rd
)}

defined
in (4.2) is stationary (ergodic) if

{
N(B) : B ∈ B

(
Rd
)}

is stationary (ergodic). This
implies in particular that for each A ∈ N the intensity λ(A) of the random counting
measure

{
N(B,A), B ∈ B

(
Rd
)}

is well-defined.
The following theorem shows that the Palm distribution P0

N can be represented by
relative frequencies in the ergodic case, which is useful for the statistical analysis of
point patterns.

Theorem 4.2. Let {Sn, n ≥ 1} be an ergodic point process in Rd inducing a random
counting measure

{
N(B) : B ∈ B

(
Rd
)}

with intensity 0 < λ < ∞. Then, for each
A ∈ N it holds with probability 1 that

P0
N(A) = lim

k→∞

N([−k, k]d, A)

N([−k, k]d)
.

With Theorem 4.2, the Palm probability P0
N(A) can be approximated by the rel-

ative frequency N
(
[−k, k]d, A

)
/N
(
[−k, k]d

)
for large k. This justifies the idea that

P0
N(A) can be seen as the probability that, from the perspective of a randomly cho-

sen point, the (ergodic) point process {Sn, n ≥ 1} has the property A. Thus, we say
that P0

N(A) is the probability that the typical point of
{
N(B) : B ∈ B

(
Rd
)}

has the
property A.

In particular, let A = {φ ∈ N : φ(B(o, r)) = 0} for some fixed r > 0. Then, P0
N(A)

is the probability that the distance from a typical point to its nearest neighbor is
larger than r.

4.3.2. Marked Point Processes

In this section, we introduce the concept of marked point processes, where a random
markMn is assigned to each point Sn of the point process {Sn, n ≥ 1} . These marks
can be used, e.g., to describe systems of spheres where the midpoints of the spheres
form a point process and their radii are considered as marks. We will give the formal
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definition as well as some of the basic properties of marked point processes in this
section.

Definition 4.10. Let {Sn, n ≥ 1} be a point process in Rd and let (M,M) be a
measurable space. Furthermore, let {Mn, n ≥ 1} be a sequence of M-valued random
variables Mn : Ω → M which are defined on the same probability space (Ω,A,P) as
{Sn, n ≥ 1} . Then, {(Sn,Mn), n ≥ 1} is called a marked point process with mark
Mn of Sn and mark space M.

The marked pint process {(Sn,Mn), n ≥ 1} induces a (locally finite) random count-
ing measure

{
N(B × C), B ∈ B

(
Rd
)
, C ∈M

}
which is defined over the product σ-

algebra B
(
Rd
)
⊗M, with

N(B × C) =
∞∑

n=1

1B (Sn)1C (Mn) for all B ∈ B
(
Rd
)
, C ∈M .

We define NM as the family of all counting measures φ : B
(
Rd
)
⊗M→ {0, 1, . . .}∪

{∞} which satisfy φ(B ×M) <∞ for all B ∈ B0

(
Rd
)
. Furthermore, we define NM

as the smallest σ-algebra of subsets of NM such that for any B ∈ B0

(
Rd
)
and C ∈M

it holds that the mapping φ 7→ φ(B × C) is (NM,B (R))-measurable.

Definition 4.11. If the random variables M1,M2, . . . : Ω → M are independent
and identically distributed (iid) and additionally {Mn, n ≥ 1} and {Sn, n ≥ 1} are
independent, then {(Sn,Mn), n ≥ 1} is called independently marked point process .

Similar to the case of unmarked point processes, in the following important notions
for marked point processes are introduced.

Definition 4.12. Let {(Sn,Mn), n ≥ 1} be a marked point process inducing the ran-
dom counting measure

{
N(A), A ∈ B

(
Rd
)
⊗M

}
, then the measure µI on B

(
Rd
)
⊗

M defined by

µI(B × C) = E [N(B × C)] for all B ∈ B
(
Rd
)
, C ∈M ,

is called intensity measure of {(Sn,Mn), n ≥ 1}. The marked point process given by
{(Sn,Mn), n ≥ 1} is called stationary if for all A ∈ NM and x ∈ Rd it holds that

PN(A) = PN(Tx(A)) ,
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where Tx(A) = {Tx(φ) : φ ∈ A} and for each φ =
∑∞

n=1 1 ((sn,mn)) ∈ NM

Tx(φ) = Tx

(
∞∑

n=1

1 ((sn,mn))

)
=
∞∑

n=1

1 ((sn − x,mn)) .

Furthermore, {(Sn,Mn), n ≥ 1} is called isotropic if for all A ∈ NM and rotation
matrices O ∈ Rd×d it holds that

PN(A) = PN(RO(A)) ,

where RO(A) = {RO(φ) : φ ∈ A} and

RO(φ) = RO

(
∞∑

n=1

1 ((sn,mn))

)
=
∞∑

n=1

1 ((O(sn),mn)) .

A stationary marked point process {(Sn,Mn), n ≥ 1} is called ergodic if for all
A1, A2 ∈ NM it holds that

lim
n→∞

1

νd(Wn)

∫

Wn

(PN(Tx(A1) ∩ A2)− PN(A1)PN(A2))dx = 0 ,

where Tx(A) = {Tx(φ) : φ ∈ A} and Wn = [−n, n]d.

4.3.3. Classes of Point Processes

Point processes are an important tool for stochastic modeling of microstructures and
different classes of point processes will be used for modeling of the 3D microstructures
of different materials later on. All these classes are based on Poisson (point) processes
which will thus be discussed here in some detail. Note that the Poisson point process
can be considered as model for complete spatial randomness.

Definition 4.13. Let {Sn, n ≥ 1} be a random point process in Rd inducing a
random counting measure

{
N(B) : B ∈ B

(
Rd
)}

. Then, {Sn, n ≥ 1} is called a
Poisson process with (locally finite) intensity measure µI : B

(
Rd
)
→ [0,∞] if it holds

that N(B1), N(B2), . . . are independent random variables for any pairwise disjoint
sets B1, B2, . . . ∈ B0

(
Rd
)
, and N(B) is Poisson distributed with parameter µI(B) for

all B ∈ B0

(
Rd
)
, i.e., P(N(B) = n) = µI(B)n

n!
exp

(
−µI(B)

)
for all n ≥ 0.

If {Sn, n ≥ 1} is a stationary Poisson process with some intensity λ, then the
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process is also-called a homogeneous Poisson process with intensity λ.
The following theorem can be used to derive a simulation algorithm for Poisson

processes in bounded observation windows.

Theorem 4.3. Let µI : B
(
Rd
)
→ [0,∞) be an arbitrary measure with 0 < µI(Rd) <

∞ and let NP : Ω→ [0,∞) and S1, S2, . . . : Ω→ Rd be independent random variables
where

NP ∼ Poi
(
µI(Rd)

)
, Sn ∼

µI(·)
µI(Rd)

for all n ≥ 1 .

Then, the random counting measure
{
N(B) : B ∈ B

(
Rd
)}

given by

N(B) =

NP∑

n=1

1B (Sn) for all B ∈ B
(
Rd
)
,

is a Poisson process with intensity measure µI .

An algorithm for the simulation of a Poisson process in a bounded observation
window can be constructed in the following way.

Using Theorem 4.3 we can state an algorithm for the simulation of Poisson point
processes with (locally finite and diffuse) intensity measure µI in a bounded observa-
tion window W ∈ B0

(
Rd
)
using rejection sampling.

Algorithm 4.1 Simulation of Poisson processes in bounded observation windows
1: Consider a bounded cuboid C ∈ Qd with W ⊂ C
2: Simulate a Poisson distributed random variable NP with parameter µI(W ) .
NP ∼ Poi

(
µI(W )

)

3: k ← NP

4: repeat
5: Generate realizations s1, s2, . . . of independent S1, S2, . . . ∼ µI(· ∩ C)/µI(C)
6: until k of the s1, s2, . . . are in W
7: return The (unordered) set si : si ∈ C, 1 ≤ i ≤ n with n = min

j≥1
{#{i : si ∈ C, 1 ≤

i ≤ j} ≥ k}.

Put µI(B) = λνd(B ∩ C) in Theorem 4.3, where λ < ∞ and C = [a1, b1) ×
· · · [an, bn) ∈ Qd is a bounded d-dimensional cuboid, i.e., −∞ < ai < bi < ∞ for all
i = 1, . . . , n. Furthermore, for all i = 1, 2, . . ., let the random vector Si = (Si1, . . . , Sid)

consist of independent and uniformly distributed components Sij, i.e., Sij ∼ U(aj, bj)
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for each j = 1, . . . , d. Then, the algorithm described in Algorithm 4.1 can be used to
simulate a stationary Poisson process with intensity λ.

We will now look at the class of Cox processes which are a generalization of Poisson
processes. In more detail, a Cox process is a mixture of Poisson processes. To define
Cox processes we first define the notion of a random measure which is a generalization
of a random counting measure.

Definition 4.14. Let L be the family of all locally finite measures φ : B
(
Rd
)
→

[0,∞], i.e., φ(B) <∞ for all B ∈ B0

(
Rd
)
and φ(

⋃∞
n=1Bn) =

⋃∞
n=1 φ(Bn) for pairwise

disjoint B1, B2, . . . ∈ B
(
Rd
)
, and define L as the smallest σ-algebra of all subsets of

L such that for any B ∈ B0

(
Rd
)
it holds that the mapping φ 7→ φ(B) is (L,B(R))-

measurable . Then, a random measure Λ : Ω→ L is a random variable on a probability
space (Ω,A,P) with values in the measurable space (L,L). The probability measure
PΛ : L → [0, 1] where PΛ(A) = P(Λ ∈ A) for A ∈ L, denotes the distribution of the
random measure Λ.

With this definition of random measures we can now define Cox processes.

Definition 4.15. Let {Sn, n ≥ 1} be a point process in Rd inducing a random
counting measure

{
N(B) : B ∈ B

(
Rd
)}

. Then {Sn, n ≥ 1} is called a Cox process
with random intensity measure {Λ(B), B ∈ B

(
Rd
)
} if it holds that

P

(
n⋂

i=1

{N(Bi) = ki}

)
=

∫

L

n∏

i=1

φki(Bi)

ki!
exp (−φ(Bi))PΛ(dφ)

= E

[
n∏

i=1

Λki(Bi)

ki!
exp (−Λ(Bi))

]

for arbitrary n ≥ 1, k1, . . . , kn ≥ 0 and for pairwise disjoint B1, . . . , Bn ∈ B0

(
Rd
)
.

Recall that the distribution of Cox processes is uniquely determined by the finite
dimensional distributions P (

⋂n
i=1{N(Bi) = ki}). We can consider the following sim-

ulation algorithm Algorithm 4.2 for a Cox process with random intensity measure Λ

in an observation window W ∈ B0

(
Rd
)
.

Algorithm 4.2 Simulation of Cox processes in bounded observation windows
1: Generate a realization φ(· ∩W ) of Λ in W .
2: Simulate a Poisson process with intensity measure φ(· ∩W ).
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Furthermore, the intensity measure of a Cox process is given by µI(B) = E [Λ(B)]

for all B ∈ B
(
Rd
)
. In particular, the intensity λ of a stationary Cox process can be

expressed as λ = E
[
Λ
(
[0, 1]d

)]
. Note that a Cox process is stationary if and only if

the random intensity measure Λ is stationary. An important special case of a Cox
process is given when the random intensity measure Λ can be represented almost
surely (a.s.) by Λ(B) =

∫
B
Z(x)dx < ∞ for all B ∈ B0

(
Rd
)
, where

{
Z(x), x ∈ Rd

}

is a random field whose realizations are non-negative, Borel-measurable and locally
integrable functions. The random field

{
Z(x), x ∈ Rd

}
is then called random intensity

field of Λ. Another famous class of point processes is given by the Matérn cluster
process.

Definition 4.16. Let {Sn, n ≥ 1} be a Poisson process in Rd with the intensity
field {λc0(x), x ∈ Rd} which is called parent process . Let further NS =

∑∞
n=1 1Rd (Sn)

be the random number of atoms in Rd. Moreover, let {N1(B)}, {N2(B)}, . . . be a
sequence of i.i.d. Poisson processes (called child processes) with intensity function
λc(x) = λ11B(o,rc) (x) for some constants λ1 > 0 and rc > 0, which are independent
of {Sn, n ≥ 1} . Then, the point process

{
N(B) : B ∈ B

(
Rd
)}

, where N(B) =∑Ns

n=1N
n(B ⊕ {−Sn}) for all B ∈ B

(
Rd
)
, is called Matérn cluster process . When

considering a stationary Matérn cluster process, its parameters are given by λ0, λ1

and rc where {Sn, n ≥ 1} is stationary and λ0 is the intensity of {Sn, n ≥ 1} . In
this case, the intensity λ of the stationary Matérn cluster process is given by

λ = λ0λ1νd(B(o, rc)) .

Realizations drawn from a Matérn cluster process can be strongly clustered point
patterns . One can think of a Matérn cluster process as the union of homogeneous
Point processes defined on the sets B(Sn, rc) for the atoms of the parent process
{Sn, n ≥ 1} and a radius rc of spheres.

When modeling microstructures of experimental data there is often the need for
point processes whose realizations are not totally random but expose some regularity.
Next, we present the so-called Matérn hardcore process which is one example of a
random process whose realizations contain some sort of regularity. More specifically,
each pair of points from a realization of a Matérn hardcore process has a minimum
distance, which is called the hardcore distance, to each other. The Matérn hard-
core process is constructed based on a thinning procedure applied to a homogeneous
Poisson process.

Definition 4.17. Let {(S0
n,Mn), n ≥ 1} be an independently marked point process

56



4.3. Point Processes

and {S0
n, n ≥ 1} is a homogeneous Poisson process with intensity λ0 and Mn is a

sequence of independent real valued random variables distributed according to a con-
tinuous distribution function F on [0,∞) for n ≥ 1.

Then,
{
N(B) : B ∈ B

(
Rd
)}

with

N(B) =
∞∑

n=1

1B (Sn)1(0,Zn) (Mn)

for all B ∈ B
(
Rd
)
and

Zn =





min
k∈N\{n}:ρ(Sk,Sn)≤rhc

Mk if
∑

k 6=n 1(0,rhc] (ρ(Sk, Sn)) > 0,

1 otherwise .

is called Matérn hardcore process with hardcore radius rhc. The intensity λ of a
Matérn hardcore process is given by

λ =
1− exp

(
−λ0νd(B(o, 1))rdhc

)

νd(B(o, 1))rdhc
.

Note that the Matérn hardcore process does not allow points with a distance smaller
than a certain (hardcore) distance. Often times when modeling real world materials
this is too restrictive. Thus, we introduce another model, the so-called Matérn softcore
process.

Definition 4.18. Let {(S0
n,Mn), n ≥ 1} be an independently marked point process

and {S0
n, n ≥ 1} is a homogeneous Poisson process with intensity λ0 and Mn is a

sequence of independent real valued random variables distributed according to a con-
tinuous distribution function F on [0,∞) for n ≥ 1.

Then,
{
N(B) : B ∈ B

(
Rd
)}

with

N(B) =
∞∑

n=1

1B (Sn)1(0,Zn) (Mn)
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for all B ∈ B
(
Rd
)
and

Zn =





min
k∈N\{n}:ρ(Sk,Sn)≤Mn

Mk if
∑

k 6=n 1(0,Mn] (ρ(Sk, Sn)) > 0,

1 otherwise .

is called Matérn softcore process .

Note, that the difference between the Matérn hard- and softcore processes is, that
in case of the Matérn hardcore process a fixed hardcore radius is given for all points.
In case of the softcore process the initial mark of each point is its own "hardcore"
distance.

Next, we introduce another hardcore model which can be used to generate balls
which cover very large volume fractions (Chiu et al., 2013).

Definition 4.19. The random sequential adsorption (RSA) model, also known as
simple sequential inhibition (SSI) yields an iterative process in a bounded Borel set
W . It generates a finite set of marked points {(Sn,Mn), n = 1, . . . , l} for l ≥ 0. The
model depends on the region W , a target volume fraction vf and a distribution for
the ball radii D. Iteratively balls are placed inside the region W until the volume
fraction of balls reaches the target value vf . Balls are generated by the following rule:
centers of balls are placed randomly in the region W and for each point a radius is
sampled from a given distribution D. If the ball overlaps with an already existing
ball it is rejected. If it does not overlap the ball is kept and is fixed from now on.
The result is the set of accepted balls with their centers and radii.

This results in a random marked point process, ϕ, which is generated sequentially in
a bounded window, W ⊂ R3, using an acceptance-rejection approach. This continues
until a stopping condition is met. The procedure is as follows:

Note that there exist different definitions of RSA processes. For example Lauten-
sack (2008) draws the radius to use first, and sample random positions until one is
found where a ball with the sampled radius can be placed. We follow the version
stated by Chiu et al. (2013).

It is important to note that Algorithm 4.3 given below does not terminate for
arbitrary input parameters. Thus, in practice a stopping condition is used to abort
the main loop after a number of unsuccessful retries to find a new marked point to
avoid an endless loop.
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Algorithm 4.3 Random sequential adsorption
1: Set ϕ = ∅.
2: Generate a proposal point, (x̃, r̃ ), with x̃ distributed uniformly in W and r̃ sam-

pled from a gamma distribution with shape parameter α and rate parameter β.
3: Add the point (x̃, r̃ ) to the point set ϕ if the ball centered at x̃ with radius r̃ does

not overlap with the ball of any point already in ϕ. That is, set ϕ = ϕ∪ {(x̃, r̃ )}
if ⋃

(x′,r′)∈ϕ

(Br̃(x̃) ∩Br′(x
′)) = ∅,

where Br(x) = {y ∈ R3 : |y − x| < r} with | · | the Euclidean norm.
4: If the fraction ofW covered by the balls is larger than vf or there is no possibility

to add another ball with minimal radius rl without overlapping the balls of existing
points, then stop. Otherwise, repeat from step 2.

4.3.4. Characteristics of Point Processes

Throughout this thesis, the main objective is to apply point processes to describe point
patterns experimentally observed. Furthermore, point processes are an important
tool for modeling microstructures, e.g., to model midpoints of objects. The most
important models have been summarized in Section 4.3.3. In this section we will
discuss characteristics of point processes. These characteristics play an important role
in model choice as well as for fitting and validation of models. They are important
indicators for the choice of the point process class to be used in a given situation
and allow quantification of the goodness of fit (gof) of a model to the experimentally
observed data.

Throughout this section, we assume that the point process {Sn, n ≥ 1} in Rd is
stationary with intensity λ ∈ (0,∞). Moreover, it induces a random counting measure{
N(B) : B ∈ B

(
Rd
)}

.

Definition 4.20. For y ∈ Rd, the random variable Xy
scd : Ω → [0,∞) is called

spherical contact distance of {Sn, n ≥ 1} at location y ∈ Rd if

Xy
scd = min {r ≥ 0 : N(B(y, r)) > 0} = min

n≥0
ρ(y, Sn) .

The spherical contact distribution function (SCDF) H : [0,∞)→ [0, 1] is then defined
by

H(r) = P (Xy
scd ≤ r) = P

(
X0
scd ≤ r

)
for r ≥ 0 ,
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where the last equality holds due to the stationarity of {Sn, n ≥ 1} .

As we want to estimate the SCDF from observed data, it is important to have an
estimator Ĥ(r) with suitable properties.

Note that an unbiased estimator of H(r) is given by

ĤW (r) =
νd((W 	B(o, r)) ∩

⋃∞
n=1B(Sn, r))

νd(W 	B(o, r))

where r > 0 and W ∈ B0

(
Rd
)
is some observation window such that νd(W 	

B(o, r)) > 0.
Furthermore, the estimator ĤW (r) is strongly consistent for the sequence of win-

dows Wn = [−n, n]d with n → ∞ if the underlying point process {Sn, n ≥ 1} is
ergodic.

The next characteristic we define is the nearest-neighbor distance distribution which
can be interpreted as the distance from the typical point to its nearest neighbor of
{Sn, n ≥ 1} if the point process is ergodic. It is defined by means of the Palm
distribution of

{
N(B) : B ∈ B

(
Rd
)}

, cf. Section 4.3.1.

Definition 4.21. The nearest-neighbor distance distribution function (NNDD) D(r)

with D : [0,∞)→ [0, 1] of
{
N(B) : B ∈ B

(
Rd
)}

is defined by

D(r) = 1− P0
N ({φ ∈ N : φ(B(o, r) \ {o})} = 0)

for each r ≥ 0 where P0
N is the Palm distribution of

{
N(B) : B ∈ B

(
Rd
)}

.

Note that in the case of a Matérn hardcore process with hardcore radius rhc > 0, it
is obvious that D(r) = 0 for r < rhc. An estimator D(r) which is strongly consistent
in the case of an ergodic point process is given in the following.

Furthermore, if {Sn, n ≥ 1} is ergodic, then a strongly consistent estimator of D(r)

for the sequence of windows Wk = [−k, k]d with k →∞ is given by

D̂W (r) =

∑∞
n=1 1W	B(o,r) (Sn)1[0,r]

(
min
m:m6=n

ρ(Sm, Sn)

)

∑∞
n=1 1W	B(o,r) (Sn)

where r > 0 and W ∈ B0

(
Rd
)
is some large enough observation window, i.e., such

that νd (W 	B(o, r)) > 0.
We further introduce a second-order characteristic called pair-correlation function.

It is considered to be one of the most important tools for the analysis of point patterns,
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cf. Illian et al. (2008). The pair-correlation function is based on the second-order
factorial moment measure which is introduced first. In the following we assume that
E [N(B)m] <∞ for some m ≥ 2 and all B ∈ B0

(
Rd
)
.

Definition 4.22. The second-order factorial moment measure
α2 : B

(
Rd
)
⊗ B

(
Rd
)
→ [0,∞] of {Sn, n ≥ 1} is defined by

α2(B1 ×B2) = E

[ ∑

n1 6=n2

1B1×B2 ((Sn1 , Sn2))

]
for all B1, B2 ∈ B

(
Rd
)
.

Note that the variance Var(N(B)) and the covariance Cov(N(B1), B(B2)) can be
expressed in terms of the second-order factorial moment measure α2 and the intensity
measure µI .

Definition 4.23. If the second-order factorial moment measure α2(·) of the random
counting measure

{
N(B) : B ∈ B

(
Rd
)}

is absolutely continuous with respect to the
2-dim. Lebesgue measure, i.e., there exists a function ρ2 : Rd × Rd → [0,∞) such
that

α2(B1 ×B2) =

∫

B1

∫

B2

ρ2(x1, x2)dx1dx2 for all B1, B2 ∈ B0

(
Rd
)
,

then ρ2 is called second-order product density . If
{
N(B) : B ∈ B

(
Rd
)}

is stationary
and isotropic, then ρ2(x1, x2) only depends on r = |x1−x2| and we write ρ2(x1, x2) =

ρ2(r).

Now, we can introduce the pair-correlation function using the second-order factorial
moment measure α2 and the second-order product ρ2.

Definition 4.24. Let
{
N(B) : B ∈ B

(
Rd
)}

be a stationary and isotropic random
counting measure with intensity λ > 0 and absolutely continuous second-order fac-
torial moment measure α2. Then the pair-correlation function g : (0,∞)→ [0,∞) is
defined by

g(r) =
ρ2(r)

λ2
for all r > 0 .

Heuristically speaking, the pair-correlation function g(r) is proportional to the
number of point pairs with a distance r from each other. Thus, one can think of g(r) as
a descriptor for repulsion and attraction. In the case of complete spatial randomness
it holds that g(r) = 1 for all r > 0, which is especially true for a homogeneous Poisson
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process. Contrarily, in the case of attraction we have g(r) < 1 and g(r) > 1 in the
case of repulsion. If we consider the Matérn hardcore process with hardcore radius
rhc as an example, we have g(r) = 0 for r < rhc, g(r) > 1 for rhc < r ≤ 2rhc and
g(r) = 1 for r > 2rhc.

For the pair-correlation function there is no estimator that can be shown to have
strong properties like strong consistence or unbiasedness. If the underlying point
process is stationary and isotropic, literature recommends the use of edge correcting
kernel based estimators ĝ(r) for g(r). For W ∈ B0

(
Rd
)
one example is

ĝW (r) =
1

λ̂2

∑

n1 6=n2∈N

k(ρ(Sn1 , Sn2)− r)1W×W ((Sn1 , Sn2))

dνd(B(o, 1))rd−1νd(W ∩ (W ⊕ {Sn2 − Sn1}))
,

where the kernel function k : R→ [0,∞) is put equal to k(t) = 1
2h
1[−h,h] (t) for some

h > 0 and λ̂ is some estimator for the intensity λ.

4.4. Tessellations

In this thesis, we use tessellations as a viable tool for the modeling of particle align-
ment. This section is based on Okabe et al. (2000); Lautensack (2007); Lautensack
and Zuyev (2008); Schneider and Weil (2008). First, we will give an introduction
and the basic definitions for tessellations in Section 4.4.1. Then, we will introduce
random tessellations (Schneider and Weil, 2008; Chiu et al., 2013; Redenbach and
Liebscher, 2015), cf. Section 4.4.2. A tessellation (or mosaic) in Rd is a locally finite
subdivision of Rd into closed d-dimensional subsets with pairwise distinct interiors.
These subsets are usually called cells or crystals. As we will only consider Laguerre
tessellations throughout this thesis, we will use the terms polytopes or polyhedras,
as the cells are convex polytopes in the case of a Laguerre tessellation, as will be
discussed later.

4.4.1. Basic Definitions

Definition 4.25. A tessellation of Rd is a countable set of cells T = {Ci : Ci ⊂
Rd, i ∈ N} such that

(i) the cells are non-overlapping, i.e., int(Ci) ∩ int(Cj) = ∅ for i 6= j,

(ii) the cells cover the complete space, i.e.,
⋃
i∈NCi = Rd ,
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(iii) T is locally finite, i.e., #{Ci ∈ T : Ci ∩B 6= ∅} <∞ for all each B ⊂ Rd, and

(iv) each cell of the tessellation is a compact convex set with interior points, i.e.,
int(Ci) 6= ∅.

This definition is identical to the one given in Schneider and Weil (2008); see also
Lautensack (2007). Although, tessellations are called mosaics in Schneider and Weil
(2008).

Theorem 4.4. Suppose T = {Ci : Ci ⊂ Rd, i ∈ N} is a tessellation of Rd. Then,
every cell Ci is a convex polytope.

Further terminology is introduced, again following Schneider and Weil (2008).

Definition 4.26. Suppose T is a tessellation of Rd. Then, the faces of a convex
polytope P are the intersections of P with its supporting hyperplanes. Let P be a
d-dimensional polytope and s ∈ {0, . . . , n − 1}. We call a face of P of dimension s
an s-face of P . Then, the 0-faces of P are the vertices, the 1-faces the edges and the
(d−1)-faces the facets. For convenience, the polytope P itself is considered as d-face.
For s ∈ {0, . . . , n− 1} we denote the sets of s-faces of a polytope P with ∆s(P ) and
we write ∆s(T ) =

⋃
C∈T ∆s(C) for the set of s-faces of all cells C of T .

Further, let
F (y) =

⋂

C∈T,y∈C

C , for y ∈ Rd ,

be the intersection of all cells of the tessellation containing the point y. Then F (y)

is a finite intersection of d-dimensional polytopes. Therefore, we may introduce

Ss(T ) = {F (y) : dimF (y) = s, y ∈ Rd} , for s = 0, . . . , d ,

the set of s-faces of the tessellation T . Then an s-face H ∈ ∆s(T ) of a cell C of T is
the union of all those s-faces F ∈ Ss(T ) of the tessellation contained in H.

With these definitions we can further define important properties of tessellations.

Definition 4.27. A tessellation T is called face-to-face if the faces of the cells and
the faces of the tessellation coincide, i.e., if ∆s(T ) = Ss(T ) for s = 0, . . . , d. For s = 0

and s = d this is always true.
Moreover, T is called normal if it is face-to-face and every s-face of T is contained

in the boundary of exactly d− s+ 1 cells for s = 0, . . . , d− 1.
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A very simple parametric model for tessellations is given in the following.

Definition 4.28. Let S = {si ∈ Rd} with i ∈ I denote a locally finite set of gener-
ating points, where I ⊆ N denotes the index set. Then, we define the Voronoi cell
corresponding to the i-th generating point by

Ci = {x ∈ Rd : |x− si| ≤ |x− sj| for all j ∈ I} . (4.4)

If all cells Ci fulfill the conditions from Definition 4.25 the set of all Voronoi cells is
called the Voronoi tessellation of S denoted by T = {Ci : i ∈ I}.

If the cells {Ci : i ∈ I} in Definition 4.28 do not fulfill the conditions of Defini-
tion 4.25 then the set {Ci : i ∈ I} is called the Voronoi diagram of S. E.g, in the
case of a finite set S there will be unbounded cells.

The Voronoi tessellation is a simple model but lacks some flexibility. Thus, the
Voronoi tessellation is generalized by replacing the Euclidean distance considered in
(4.4). Therefore, we introduce the so-called power of a point, which then leads to
Laguerre tessellations.

Definition 4.29. For s ∈ Rd and w ∈ R, we define the power of a point x ∈ Rd with
respect to (s, w) as

pow (x, (s, w)) = |x− s|2 − w .

Some authors call pow (·, (·, w)) the (additively weighted) power distance, cf. Okabe
et al. (2000). However, we note that it is not a metric for w 6= 0.

Definition 4.30. Let SM = {(si,mi) ∈ Rd × R+ : i ∈ I} denote a locally finite set
of generators (i.e., marked generating points), where I ⊆ N denotes the index set.
Then, we define the Laguerre cell corresponding to the i-th generator by

Ci = C((si,mi), SM)

=
{
y ∈ Rd : pow (y, (si,mi)) ≤ pow (y, (sj,mj))

}
for all j ∈ I .

The set of all non-empty Laguerre cells forms the Laguerre diagram of SM , i.e., it is
given by T = {Ci : Ci 6= ∅, i ∈ I}. If T fulfills all conditions from Definition 4.25 it is
called Laguerre tessellation.

In the following we will only consider the case where T is a Laguerre tessellation
and not just a Laguerre diagram. As stated before, Laguerre tessellations are very
flexible, which is expressed formally in the following.

64



4.4. Tessellations

Theorem 4.5. Every normal tessellation of Rd with d ≤ 3 can be represented as a
Laguerre tessellation.

For the applications presented in this thesis it is necessary that tessellations are
normal. The following Theorem 4.6 states conditions for the generators SM =

{(si,mi), i ∈ I} of Laguerre tessellations that lead to normal tessellations.

Theorem 4.6. Let SM = {(sn,mn)} with sn ∈ Rd,mn ∈ R for all n ∈ I be a set of
generators which fulfills the conditions

(i) for every y ∈ Rd and every t ∈ R only finitely many elements (s,m) ∈ SM
satisfy |y − s| −m2 ≤ t, and

(ii) the convex hull of the generator points covers the whole space, i.e.,
conv {s : (s,m) ∈ SM} = Rd.

Then it holds that

(i) every cell Ci of T is compact,

(ii) the set of cells T is locally finite and space filling,

(iii) the tessellation T is face-to-face.

Furthermore, if (i)-(ii) hold and SM is in general position, i.e.,

(iii) No k+ 1 nuclei are contained in a (k− 1)-dimensional affine subspace of Rd for
k = 2, . . . , d, and

(iv) no d+ 2 points have equal power with respect to some point in Rd, and

then the Laguerre tessellation is normal.

In this thesis it is important to generate Laguerre tessellations from given sets of
generators. Thus, we will shortly discuss the computation of the faces of the Laguerre
cells from a given set of generators. We start with the definition of the Delaunay
tessellation.

Definition 4.31. SM = {(si,mi) ∈ Rd × R+ : i ∈ I} denote a locally finite set of
generators (i.e., marked generating points), where I ⊆ N denotes the index set. For
each vertex z ∈ S0(L(SM)) we consider the set

D(z, SM) = conv {s : (s,m) ∈ SM , z ∈ S0(C((s,m), SM))} .
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We call D(z, SM) the Delaunay cell of the vertex z.
Furthermore, we define the Delaunay tessellation D(SM) as

D(SM) = {D(z, SM) : z ∈ S0(L(SM))} .

Note that the vertices of the Delaunay tessellation are exactly those elements of SM
whose Laguerre cell is not empty. The following algorithm is used to calculate the faces
of the Laguerre cells for a finite set of generators SM = {(si,mi) ∈ Rd ×R+ : i ∈ I}
with finite I ⊂ N, cf. Aurenhammer (1987).

Algorithm 4.4 Construction of Laguerre tessellation
1: Define S ′ ⊂ Rd+1 via

S ′ =
{

(si, |s2
i | −m2

i ) : i = 1, . . . , n
}
.

2: Calculate the convex hull CH = conv {S ′} of S ′.
3: Define CHl the lower hull of S ′ as the set of all faces F of the convex hull CH

with 〈n, ed〉 < 0, where n is the outer normal vector and ed is the d-th unit vector,
i.e., ed = (0, . . . , 0, 1).

4: Calculate the Delaunay tessellation D(S) of S as the projection of the lower hull
CHl onto the subspace Rd × {0}.

5: Construct the Laguerre tessellation L(S) of S from the Delaunay tessellation
D(S).

4.4.2. Random Tessellations

Random tessellations can be understood as a very special type of germ-grain models.
However, they are usually defined directly because (only) the cells are of interest.
This section follows Schneider and Weil (2008), Chiu et al. (2013) and Redenbach
and Liebscher (2015).

We denote by T the family of all tessellations in Rd, and by T the σ-algebra of
subsets of T that is generated by the sets

{{
T ∈ T :

⋃

C∈T

∂C ∩K 6= ∅

}
for all K ∈ K

}
,

where K denotes the family of all compact sets in Rd, cf. Chiu et al. (2013), Re-
denbach and Liebscher (2015).
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Definition 4.32. A random tessellation T : Ω → T is a random variable on a
probability space (Ω,A,P) with values in the measurable space (T, T ).

The random tessellation is called face-to-face if it is almost surely face-to-face.
Furthermore, it is called normal if it is almost surely normal.

Definition 4.33. The translation and rotation of a tessellation T ∈ T are defined
via

T + y = {C + y : C ∈ T}, for y ∈ Rd and

RO(T ) = {RO(C) : C ∈ T}, for rotation matrices O ∈ Rd×d .

A random tessellation is called stationary if its distribution is invariant under trans-
lations and isotropic if it is invariant under rotations.

As we will see later on, tessellations interact with point processes mostly in two
ways. On the one hand, a realization of a (marked) point process can be used as the
basis for a tessellation, e.g, a Laguerre tessellation. On the other hand, the centroids
of the cells of a tessellation form a point pattern. Thus, it is reasonable we define the
centroid of a compact set.

Definition 4.34. Let c : C ′ → Rd be a measurable function from the space C ′ of
non-empty compact sets of Rd to a point in Rd such that

c(C + y) = y + c(C) , for all y ∈ Rd .

The point c(C) is called the centroid of the set C.

This definition follows Lautensack (2007). Typical choices of centroids are the
center of gravity of the set C or the center of its surrounding ball. If we use the
center of gravity as centroid, we will call it the barycenter of C.

The general idea is simple and straightforward: a marked point process is used as
the generator for a Laguerre tessellation. We will see that indeed, if some boundary
conditions on the marked point process are given, this leads to a simulation algorithm
for random Laguerre tessellations. We concentrate on stationary and independently
marked point processes with positive marks.

Theorem 4.7. Let SM = {(Sn,Mn), n ≥ 1} be a stationary independently marked
Poisson process on Rd with intensity λ > 0 and independent identically distributed
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marks with distribution M. Furthermore, let M be a random variable with distribu-
tion M. Then, the Laguerre tessellation generated by SM exists, i.e.,

min
(s,m)∈SM

pow (y, (s,m))

almost surely exists for all y ∈ Rd if and only if

E
[
Md
]
<∞ . (4.5)

From now on we will assume that the mark distribution M of {(Sn,Mn), n ≥ 1}
satisfies (4.5). Thus, we can state the following algorithm to generate realizations
of random Poisson-Laguerre tessellations in a bounded window of observation W ⊂
B
(
Rd
)
.

Algorithm 4.5 Simulation of Poisson-Laguerre tessellations in bounded observation
windows
1: Simulate a realization SM = {(sn,mn), n ≥ 1} of the marked Poisson process
{(Sn,Mn), n ≥ 1} on W .

2: Calculate the Laguerre tessellation L = L(SM) with the realization SM as gener-
ators, e.g., using Algorithm 4.4 .

The following theorem ensures the applicability of Algorithm 4.4 because it ensures
that the conditions in Theorem 4.6 are fulfilled.

Theorem 4.8. Let {(Sn,Mn), n ≥ 1} be a stationary independently marked Poisson
process on Rd with intensity λ > 0 and mark distribution M. Furthermore, assume
that a random variable M with distribution M fulfills E

[
Md
]
<∞. Then conditions

(i)-(iv) of Theorem 4.6 hold.

This theorem follows from Hall (1988, Chapter 4.2) and Lautensack (2007, Propo-
sition 3.1.5).

4.5. Graph Theory

In this section we will introduce the necessary definitions and concepts from graph
theory that are used in this thesis. Graphs are often considered in modeling of
materials, e.g., to describe the placement of particles or the connectivity between
particles. And indeed, in the context of this thesis graphs will mostly be used to
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describe the connectivity between particles in particulate materials. As the materials
considered here have full connectivity, i.e., there are no particles with no connection to
the bulk of all particles the minimum spanning tree plays an important role. We start
with the basic definitions of graph theory. More details about (random) geometric
graphs can be found, e.g., in Diestel (2005),Jungnickel (2007) and Penrose (2003).

4.5.1. Definitions for Geometric Graphs

Definition 4.35. A geometric graph (or spatial graph) G in Rd is a pair of sets
G = (V,E) where V = {v1, v2, . . .} ⊂ Rd is a set of points called vertices and
E = {(vi, vj) : i 6= j, i, j ≥ 1} ⊆ V ×V is a set of line segments which are called edges
and represent connections between pairs of vertices.

A graph is called finite (infinite) if the number of vertices |V | is finite (infinite).
The graph is further called undirected if (vi, vj) ∈ E ⇔ (vj, vi) ∈ E and directed,
otherwise.

Moreover, we denote a subgraph of G by GS = (V S, ES), where V S ⊂ V and
ES ⊂ E. A subgraph is called a path from vS0 to vSn if V S = {vS0 , . . . , vSn} and
ES = {(vS0 , vS1 ), . . . , (vSn−1, v

S
n )}.

A (possibly undirected) graph (V,E) in Rd is called connected if for each pair of
vertices v(0), v(1) ∈ V there exists a path of G from v(0) to v(1). Furthermore, a graph
G = (V,E) is called a tree if there exists exactly one (self-avoiding) path of G for
each pair of vertices v(0), v(1) ∈ V with v(0) 6= v(1).

If a graph G is connected, i.e., there exists a path between each pair of (different)
vertices in the graph one can ask if there is a (proper) subgraph GS = (V,ES) ( G

which is still connected. In fact, such subgraphs can be used to generate random
graphs with full connectivity. The concept is formalized in the following definition.

Definition 4.36. Let G = (V,E) be an undirected finite geometric graph in Rd which
is connected. A subgraph GS = (V,ES) of G which is a tree is called spanning tree.
Furthermore, let dw : E → [0,∞) be a function which associates a weight to each edge
e ∈ E. Then a spanning tree is called minimum spanning tree (MST) and denoted
by GMST = (V,EMST ) if it has the minimum weight m(GMST ) =

∑
e∈EMST dw(e) of

all spanning trees of G = (V,E).

If the weights associated to each edge are all unique, i.e., dw is defined as in Def-
inition 4.36 and dw(e) 6= dw(f) for all e, f ∈ E with e 6= f , then the MST of G is
unique. This is often true in real world applications.

69



4. Mathematical Foundations

As geometric graphs are a valuable tool for stochastic 3D modeling we also introduce
the concept of random geometric graphs. To do so, we need to introduce the concept
of random closed sets first.

Definition 4.37. Let F (and C, respectively) denote the family containing all closed
(compact) sets in Rd. Furthermore, let BC(F) denote the smallest σ-algebra of subsets
of F such that {B ∈ F : B ∩ C 6= ∅} ∈ BC(F) for all C ∈ C.

The mapping Ξ : Ω→ F over some probability space (Ω,A,P) is called a random
closed set if

{ω ∈ Ω : Ξ(ω) ∩ C 6= ∅} ∈ A for all C ∈ C ,

i.e., if Ξ is (A,BC(F))-measurable.

Now, we can define random geometric graphs.

Definition 4.38. A geometric graph G = (V,E) in Rd is called a random geometric
graph if the set of edges E and thus the set of vertices V is a random closed set.

4.5.2. Characteristics of Random Geometric Graphs

As random geometric graphs will be used in stochastic 3D modeling, it is important
to have characteristics to quantify the quality of the chosen models and parameters.
We start with the coordination number which is a measure for the local connectivity
of a random geometric graph.

Definition 4.39. Let G = (V,E) be a geometric graph. The coordination number
(or degree) c(vi) of a vertex vi ∈ V is the number of edges emanating from this vertex,
i.e.,

c(vi) =
∑

vj∈V

1E ((vi, vj)) .

Let the set of edges E be a stationary random closed set such that the intensity
λ of the (stationary) point process of vertices V satisfies λ ∈ (0,∞). Then, the
distribution function of the (typical) coordination number C : {0, 1, 2, . . .} → [0, 1] is
defined by

C(r) =
1

λ
E
[
#
{
i ≥ 1 : Vi ∈ [0, 1]d, c(Vi) ≤ r

}]
for all r ∈ {0, 1, 2, . . .} .

Another important characteristic of random graphs is the geodesic tortuosity. It is
related to transport phenomena, which play an important role for the energy materials
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considered in this thesis. In this context, the pore phase (background phase) of
a material is transformed into a 3D geometric graph which is then considered as
a realization of a random geometric graph. The same applies for the particles in
particulate materials where the graph with the barycenters of the particles as vertices
and edges for intersecting particles is considered. The definition given here follows
Neumann et al. (2018).

Definition 4.40. Let Ξ be a stationary random closed set inRd, x ∈ Rd and T, F ∈ F
where F denotes the family containing all closed (compact) sets in Rd (see Def-
inition 4.37). Furthermore, H1 denotes the Hausdorff measure in one dimension,
PF (x, T ) denotes the set of all paths going from x ∈ Rd to T ∈ F via F ∈ F and

γF (x, T ) = inf
f∈PF (x,T )

H1(f([0, 1])) (4.6)

defines the length of the shortest path from x to a target set T contained in F . Then,
the mean geodesic tortuosity τ of Ξ is defied by

τ =

{
E [γΞ(o, HO) | o ∈ CΞ(HO)] if P (o ∈ CΞ(HO)) > 0,

∞ otherwise.

where HO denotes the hyperplane orthogonal to the d-th unit vector at distance 1
to the origin, i.e., HO = {x ∈ Rd : xd = 1} and CΞ(F ) denotes the set of all points
connected to a closed set F ∈ F through the inner of Ξ, i.e.,

CΞ(F ) = {x ∈ Rd : PΞ(x, F ) 6= 0} .

If the geodesic tortuosity is calculated for a random geometric graph the infimum
of lengths of all paths in (4.6) in Definition 4.40 can be replaced with the shortest
path, which is defined as follows.

Definition 4.41. Let G = (V,E) be a geometric graph. The length of the shortest
path s(Vi, Vj) between two different vertices Vi and Vj with respect to the Euclidean
norm is given by

s(Vi, Vj) = min
P∈P

ρ(P ) ,

where P denotes the set of all paths of G emanating from Vi and Vj, and ρ(P ) =∑m−1
k=0 ρ(Vik , Vik+1

) if P = {Vi0 = Vi, . . . , Vim = Vj} ∈ P .
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4.6. Random Fields on the Sphere

In this section, spherical harmonics are introduced. Furthermore, it is shown how
square integrable functions on the sphere can be expanded in a series expansion
based on spherical harmonics. Finally, isotropic Gaussian random fields on the sphere
are defined and their relation to spherical harmonics is shown. For more details
on spherical harmonics and the expansion of functions in spherical harmonics, c.f.
Hobson (1955). More details on random fields on the sphere can be found in Marinucci
and Peccati (2011).

4.6.1. Spherical Harmonic Functions

Modeling particulate materials with particles that have non-spherical shapes is chal-
lenging. But, most particulate materials observed experimentally consist of particles
with complex shapes. In particular, this is the case for the active particles of lithium-
ion battery anodes which are investigated in this thesis. Thus, a tool is needed to
represent these complex shapes in an analytical form. In the case of sphere-like parti-
cles the expansion in the so-called spherical harmonic functions or spherical harmonics
turns out to be a good tool for this task. First, we define the terms ‘particle’ and
‘sphere-like’ formally. Throughout this section, a particle P ⊂ R3 is a bounded subset
of R3.

Definition 4.42. We call a particle P sphere-like if its boundary ∂P exists and can
be parameterized in spherical coordinates, i.e., there exists a mapping rP : [0, π] ×
[0, 2π)→ [0,∞) with

{x ∈ R3 : x = r(θ, φ), (θ, φ) ∈ [0, π]× [0, 2π)} = ∂P .

The mapping rP : [0, π]× [0, 2π) → [0,∞) is called radius function of the particle
P .

Furthermore, to transform experimentally observed particles to radius functions we
need the following condition.

Definition 4.43. A set A ⊂ R3 is called star-shaped or star convex if there exists
x0 ∈ R3 with

x ∈ A⇒ x0x ⊂ A for all x ∈ A

where
x0x = {x0 + λ(x− x0) : λ ∈ [0, 1]}
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denotes the line segment from x0 to x.

Note that each (bounded) particle P is sphere-like if, and only if it is star-shaped.
Next, we introduce the notion of spherical harmonics, following Arfken and Weber
(2001), Hobson (1955) and Mohlenkamp (1999).

Definition 4.44. Let l ≥ 0 be a positive integer. Then, the spherical harmonic
differential equation is defined as

Φ(φ)

sin θ

d

dθ

(
sin θ

dΘ(θ)

dθ

)
+

Θ(θ)

sin2 θ

d2Φ(φ)

dφ2
+ l(l + 1)Θ(θ)Φ(φ) = 0 .

For each choice of l this differential equation has 2l+1 solutions denoted by Y m
l (θ, φ)

for l = 0, 1, . . . and −l ≤ m ≤ l which are called the spherical harmonics . Here, l is
called the degree and m is called the order of the spherical harmonics.

The spherical harmonics can be written in the explicit form

Y m
l (θ, φ) =

√
(2l + 1)

4π

(l −m)!

(l +m)!
Pm
l (cos θ)eimφ , (4.7)

where Pm
l represents the associated Legendre polynomials .

Note, that there exist several explicit formula equivalent to (4.7) with different
normalizations. The normalization considered in (4.7) makes them orthonormal (not
just orthogonal), i.e.,

∫ π

θ=0

∫ 2π

φ=0

Y m
l (θ, φ)Y m′

l′ (θ, φ)
∗

sin θdφ dθ =

{
1, if l = l′ andm = m′

0, otherwise,
(4.8)

where ∗ denotes the complex conjugation.
However, the approach given in Definition 4.44 is not suitable to calculate concrete

values of spherical harmonics, i.e., for numerical integration. Thus, we introduce an
alternative form where we represent associated Legendre polynomials Pm

l in terms of
Jacobi polynomials P (

km,m) because their recursive representation is more suitable
for the numerical computations, cf. Mohlenkamp (1999).

Theorem 4.9. Let l ≥ 0 and−l ≤ m ≤ l be integers and define the Jacobi polynomial
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P
(m,m)
k with the recursion formula

P
(m,m)
k (x) = 2xP

(m,m)
k−1 (x)

(
1 +

m− 1/2

k

)1/2(
1− m− 1/2

k + 2m

)1/2

− P (m,m)
k−2 (x)

(
1 +

4

2k + 2m− 3

)1/2

(
1− 1

k

)1/2(
1− 1

k + 2m

)1/2

, (4.9)

P
(m,m)
−1 (x) = 0 ,

P
(m,m)
0 (x) =

1√
2

m∏

j=1

√
1 +

1

2j
. (4.10)

Then, the spherical harmonic function Y m
l defined in (4.7) can be written as

Y m
l (θ, φ) = (sin θ)mP

(m,m)
l−m (cos θ)

eimφ
√

2π
. (4.11)

Next, we introduce the scalar product on the Hilbert space of square-integrable
functions defined on the sphere as

〈f, g〉 =

∫ π

θ=0

∫ 2π

φ=0

f(θ, φ)g(θ, φ)∗ sin θdφ dθ ,

with f, g : [0, π] × [0, 2π) → C. As stated above, spherical harmonics form an or-
thonormal basis on this space (see (4.8)) which motivates the following section, where
functions on the sphere are represented with respect to a series expansion in spherical
harmonics.

4.6.2. Expansion in Spherical Harmonics

Recall that functions on the sphere can be written in terms of the spherical har-
monics basis. The idea behind this is similar to Fourier analytics. In the context of
microstructure modeling this gives us the possibility to express the outer shape of a
sphere-like particle by an analytical expression.
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Theorem 4.10. Let f : [0, π]× [0, 2π)→ C be a square-integrable function, then

f =
∞∑

l=0

l∑

m=−l

cml Y
m
l , (4.12)

where the coefficients cml are given as

cml =

∫ 2π

0

∫ π

0

r(θ, φ)Y m
l (θ, φ)∗ sin θ dθ dφ , (4.13)

for integers l ≥ 0 and −l ≤ m ≤ l.

Note that the series expansion in (4.12) converges in L2(S2;R) where S2 denotes
the unit sphere in R3. One important property of this expansion is that the spherical
harmonics Y m

l are hierarchical in a way, meaning that the functions with smaller l
values are ‘coarser’ then those with larger l values. In the following this statement
is formalized. First, we define the notion of nodal lines as the set of points where
Re (Y m

l ) = 0, or Im (Y m
l ) = 0.

Theorem 4.11. Let l ≤ 0 and −l ≤ m ≤ l be some integers. Then,

(i) the nodal lines of Y m
l are composed of latitudinal and longitudinal circles,

(ii) the number of circles in latitudinal direction is l − |m|,

(iii) the number of circles in longitudinal direction is |m|,

(iv) the nodal lines of Y m
l consists of l circles.

From Theorem 4.11 one can see that spherical harmonic functions with higher
degree l have more changes in sign, i.e., crossings of the nodal lines.

Next, we consider the numerical computation of coefficients in spherical harmonics
expansions. For a given radius function r : [0, π] × [0, 2π) → C the coefficients cml
have to be computed solving the double integral given in (4.13). As these integrals
cannot be solved analytically in all cases we have to look at numerical integration
methods.

Definition 4.45. Let N be a positive integer, then we define an equiangular grid G
on the sphere with N supporting points in each direction as

G =

{
(θi, φj) =

(
π
i+ 1/2

N
, 2π

j

N

)
: i, j ∈ Z, 0 ≤ i, j, < N

}
. (4.14)
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This choice of grid is motivated in Mohlenkamp (1999). Using (4.11) and changing
the order of integration, the double integral in (4.13) can be interpreted as a Fourier
transform and an integral over the associated Legendre polynomial, i.e.,

cml =

∫ π

0

(∫ 2π

0

r(θ, φ)
e−imφ
√

2π
dφ

)
(sin θ)mP̃

(m,m)
n−m (cos θ) sin θ dθ .

The discretized version of the inner integral using the grid G can be calculated using
the fast Fourier transform, cf. van Loan (1992), and for the outer integral a suitable
set of integration weights is given by

wN(i) =
2
√

2

N

N/2−1∑

k=0

1

2k + 1
sin ((2l + 1)θi) , (4.15)

where N denotes the number of supporting points and θi is given by the grid in (4.14),
cf. Dahlquist and Björck (2008) and Mohlenkamp (1999). For further details on the
theory of spherical harmonics, cf. Arfken and Weber (2001) and Hobson (1955).

As mentioned above, the representation in spherical harmonics is hierarchical in
the sense that spherical harmonic functions with a smaller degree describe coarser
shapes and the shapes become finer with higher degrees. Thus, we can control the
quality of approximation by limiting the number of coefficients in the expansion. This
step determines the quality of the approximation, as a longer series leads to a more
accurate reproduction of the original object. A short series, on the other hand, has
a smoothing effect where sharp edges and small artifacts from the imaging or post-
processing can be avoided in the approximated particle. This is similar to limiting the
‘bandwidth’, something that is used often by engineers when dealing with noisy data,
cf. Rabiner and Gold (1975). In our situation this means that the series is truncated
after a maximum degree L, which leads to the limited expansion

rL(θ, φ) =
L∑

l=0

l∑

m=−l

cml Y
m
l (θ, φ) , (4.16)

with the same coefficients as in (4.12).
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4.6.3. Isotropic Gaussian Random Fields on the Sphere

In this section we introduce random fields defined on the sphere, another form of
stochastic processes which plays an important role in our approach to model partic-
ulate 3D microstructures that is presented in this thesis. We start with the basic
definition.

Definition 4.46. Let (Ω,A,P) a probability space and write S2 for the unit sphere
in R3, i.e.,

S2 = {x ∈ R3 : |x| = 1} .

Furthermore, B(S2) denotes the Borel σ-algebra of S2. Then, a (A⊗ B(S2),B (R))-
measurable mapping T : Ω× S2 → R is called a real-valued random field on the unit
sphere. The random field T is called strongly isotropic if for all k ∈ N , x1, . . . , xk ∈
S2 and all rotation matrices O ∈ R3×3, the random vectors (T (x1), . . . , T (xk)) and
(T (Ox1), . . . , T (Oxk)) have the same distribution. Moreover, the random field is
called n-weakly isotropic if for some n ≥ 2 it holds that E [|T (x)|n] <∞ for all x ∈ S2

and
E [T (x1) · · ·T (xk)] = E [T (Ox1) · · ·T (Oxk)]

for 1 ≤ k ≤ n, x1, . . . , xk ∈ S2 and all rotation matrices O ∈ R3,3 Finally, it is called
Gaussian random field (GRF) if for all k ∈ N , x1, . . . , xk ∈ S2 the random vector
(T (x1), . . . , T (xk)) has a multivariate Gaussian distribution.

Recall that we introduced the spherical harmonics in Section 4.6.1 as a tool for the
analysis of morphologies. The following theorem shows their close relation to GRFs
on the sphere.

Theorem 4.12. Let T be an 2-weakly isotropic Gaussian random field on S2, then
T admits a Karhunen-Loève expansion

T =
∞∑

l=0

l∑

m=−l

aml Y
m
l , (4.17)

with

aml =

∫ π

θ=0

∫ 2π

φ=0

T (θ, φ)Y m′

l′ (θ, φ)
∗

sin θdφ dθ ,

for integers l ≥ 0 and −l ≤ m ≤ l. Furthermore, the series expansion in (4.17)
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converges in L2(Ω× S2;R), i.e,

lim
L→∞

E



∫

S2

(
T (y)−

L∑

l=0

l∑

m=−l

aml Y
m
l (y)

)2

dσ(y)


 = 0.

The following theorem can be used to develop a simulation algorithm for GRFs on
the sphere.

Theorem 4.13. Let T be an isotropic GRF on the sphere with angular power spec-
trum (APS) A = {aml }, i.e., the set of coefficients from (4.17). Except for a0

0 all
elements of A are centered random variables, i.e.,

E [aml ] = 0 for all l ≥ 1 , −l ≤ m ≤ l .

Furthermore, there exists a sequence {Al, l ≥ 0} of non-negative real numbers such
that

E
[
am1
l1
am2
l2
∗] =

{
Al1 if l1 = l2 , and m1 = m2,

0 otherwise,

for l1, l2 ∈ N and −li ≤ mi ≤ li, i = 1, 2.
For the first element a0

0, it holds that

E
[
a0

0a
m
l
∗] =

{
(A0 + µ2) if l = 0 , and m = 0,

0 otherwise,

with µ = E [a0
0].

The sequence {Al, l ≥ 0} is called angular power spectrum of T .
Moreover, the aml have the following properties:

(i) aml = (−1)ma−ml
∗.

(ii) {aml , l ≥ 0 andm = 0, . . . , l} consists of independent, complex-valued Gaussian
random variables.

(iii) For m 6= 0, Re (aml ) and Im (aml ) are symmetric random variables with equal
distribution which are uncorrelated, i.e., E [Re (aml ) Im (aml )] = 0.

(iv) For m 6= 0 the variance of Re (aml ) and Im (aml ) is equal and given by

E
[
(Re (aml ))2

]
= E

[
(Im (aml ))2

]
= Al/2 .
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A proof is given in Lang and Schwab (2015).

4.7. Optimization

For model fitting it is necessary to chose the free parameters of a model to experimen-
tal data. This can be done by using different optimization techniques. In this thesis,
the Nelder-Mead algorithm is used for model fitting. This simplex algorithm is able
to perform the optimization of a given function f : Rn → R without derivatives.

Algorithm 4.6 Nelder-Mead algorithm
1: Be f(x) the function to minimize, x ∈ Rn.
2: Let x1, . . . , xn+1 be the current test points.
3: while s({f(xi) : i ∈ 1, . . . , n+ 1}) > ε do
4: Reorder the xi that they fulfill f(x1) ≤ f(x2) ≤ · · · f(xn + 1).
5: Calculate x0 the centroid of all points except xn+1.
6: Compute the reflected point xr = x0 + α(x0 − xn+1) with α > 0.
7: if f(x1) ≤ f(xr) < f(xn) then . Reflection
8: Replace xn+1 with xr.
9: continue
10: end if
11: if f(xr) < f(x1) then . Expansion
12: Compute the expanded point xe = x0 + γ(xr − x0) with γ > 1.
13: if f(xe) < f(xr) then
14: Replace xn+1 with xe.
15: continue
16: else
17: Replace xn+1 with xr.
18: continue
19: end if
20: end if
21: Compute contracted point xc = x0 + ρ(xn + 1− x0) with 0 < ρ ≤ 0.5.
22: if f(xc) < f(xn+1) then . Contraction
23: Replace xn+1 with xc.
24: continue
25: end if
26: Replace all points except x1 with xi = x1 + σ(xi − x1). . Shrinking
27: end while
28: return The lowest point x1 in the simplex {f(xi) : i ∈ 1, . . . , n+ 1}.
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This is especially useful if the functions are not analytical or the evaluation of
the function for a given point is expensive, as numerical derivation needs several
evaluations for each point. The Nelder-Mead algorithm takes the parameters α, γ, ρ, σ
and a stopping criteria ε. The standard values for these parameters are α = 1, γ = 2,
ρ = 0.5. The algorithm starts with an n−simplex and iteratively changes the simplex
in four faces called reflection, expansion, contraction and shrinking to generate a
smaller simplex whose points have smaller function values. The algorithm stops when
the standard deviation of the points defining the simplex is below the threshold ε.
The algorithm is formally described in Algorithm 4.6. The description in Algorithm
4.6 closely follows the description in Nelder and Mead (1965) but further details can
also be found in Rao (2009) and Yang (2010).
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5. Particle Representation using
Spherical Harmonics

In this section, we motivate and describe an off-grid representation of particles by
means of spherical harmonics. This leads to a simple but elegant approach for the
analysis and modeling of particulate materials. First, in Section 5.1, a short motiva-
tion for the particle extraction and approximation as tool for analysis and modeling
of particulate materials is given. Then, in Section 5.2, the method for approxima-
tion of voxelized particles is described in detail. Finally, the method is applied to
two different sets of particles from different materials which are approximated and
characterized using the representation by spherical harmonics, see Section 5.3. The
main results of this chapter form the basis for Feinauer et al. (2015a) and have been
incorporated in Feinauer et al. (2015b).

5.1. Motivation

Particulate materials are used in many different industrial applications. For instance,
they are used as ingredients in pharmaceutical materials and in the production of
semiconductors and energy materials for lithium-ion cells, solar cells and fuel cells
(Bockholt et al., 2013; Gaiselmann et al., 2013; Stenzel et al., 2011). Both the handling
and industrial processing of agglomerates are greatly influenced by the shape and size
of the agglomerate components (Kwade and Schwedes, 2002). For example, the flow,
handling and rheology of granular materials are directly influenced by the shape
and size of the constituent particles (Bockholt et al., 2013; He et al., 2004; Richard
et al., 2005; Schilde et al., 2009). The performance of particulate materials also
depends directly on their microstructure. For example, the performance of lithium-
ion anodes strongly depends on the morphology of graphite particles and their spatial
arrangement (Doyle et al., 1993).

Tomographic three-dimensional (3D) images are ideal sources for the investigation
of particle characteristics. Many different imaging techniques exist, including electron
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(a) Particles from a lithium-ion cell anode (b) TiO2 particles

Figure 5.1.: 2D cross-sections of 3D grayscale images.

tomography (Grothausmann et al., 2011; Midgley and Dunin-Borkowski, 2009) and
focused ion-beam (FIB) tomography (Schulenburg et al., 2011; Zils et al., 2010), which
have resolutions on the nm-scale, synchrotron tomography (Manke et al., 2010) and
X-ray microtomography (µ-CT) (Haibel et al., 2010; Strege et al., 2014), which have
resolutions on the µm-scale, and neutron-tomography (Markötter et al., 2012) which
can be used for investigations of larger objects.

Since particles in experimental 3D data sets are represented by sets of voxels,
their analysis is a non-trivial task. In addition, particles can have rough surfaces
and there are often artifacts present in the data, e.g., caused by the measurements
or preliminary image processing steps like filtering and binarization. Thus, an off-
grid particle representation is needed to reproduce the properties of particle shapes,
which is suitable for many materials. In some cases, this can be done by using simple
geometric objects like spheres, ellipsoids or unions of spheres. However, these simple
objects cannot reproduce the shape of more complex particles, because important
characteristics like volume, surface area or surface roughness are not preserved.

In the following, it is described how spherical harmonics (see Section 4.6.1) can be
used to calculate an off-grid representation of particles based on voxelized objects.
Spherical harmonics have proven to be a valuable tool for the representation of par-
ticles (Zhou et al., 2015; Ziegel, 2013). The shape of a particle is approximated by
a combination of objects with increasing roughness, namely the spherical harmonic
functions. The spherical harmonic functions in the series expansion considered in
this thesis are ordered in a way that the roughness of the functions increases with the
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length of expansion. This kind of hierarchical representation is essentially influenced
by a cutoff parameter to achieve an approximation which is smooth enough. The
cutoff parameter is crucial as it controls the balance between the precision and the
smoothness of the approximation.

5.2. Representation of Particles by Spherical
Harmonics

This section deals with the application of the mathematical methods described in
Section 4.6.1 to particles extracted from 3D images. Throughout this section, a
particle is taken to be a set of connected voxels in a binary image, where each voxel
can only adopt one out of two values which indicates whether the voxel belongs to
the foreground or background, respectively. The two possible states are denoted by
true and false. As already mentioned, the spherical harmonics are a set of functions
defined on the unit sphere which form a basis for a large class of functions. In fact,
each square integrable function on the unit sphere can be represented as a series of
spherical harmonics. In the situation where the functions define the boundary of
the particles, this integrability condition is always naturally fulfilled. An important
requirement for the particles is that they are star-shaped (or star convex) with respect
to a centroid (Preparata and Shamos, 1985), in our case to the barycenter. If this
is true, it is possible to define a radius function on the unit sphere to fulfill the
conditions for the expansion in spherical harmonic functions, cf. Section 4.6.1. The
radius function maps each pair of angles (θ, φ) on the unit sphere to the distance from
centroid to boundary of the particle in that direction. star-shaped (or star convex)
with respect to a centroid means that the line segment from this point to any point
of the particle lies completely inside the particle. This means especially that there
are no holes or e.g. curved intrusions into the particles. Furthermore, it only makes
sense to calculate a smooth approximation of particles if it is reasonable to assume
that the observed objects are smooth.

5.2.1. Definition and Calculation of the Boundary

Once the image data is preprocessed as described in Section 3.4.2, the tomographic
grayscale image is transformed into a binary image B, where B denotes the set of
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voxels belonging to the foreground, i.e.,

B = {(x, y, z) : (x, y, z) ∈ W with G(x, y, z) = true}

where W denotes the window of observation and G : W → {true, false} denotes the
grayscale image. The binary image is then divided into distinct regions B1, . . . , Bn

with
⋃n
i=1Bi = B and Bi ∩ Bj = ∅ for i 6= j. The set of foreground voxels in

a region corresponds to exactly one particle. For the application of the spherical
harmonics transformation it is necessary to determine the boundary of the regions
Bi. However, it is not clear how the boundary should be defined to model the original
object as accurately as possible. There are several reasons for this. The representation
of the real object, based on grayscale intensities in an image, by Boolean values is
usually done using some kind of threshold to decide whether a voxel is classified as
foreground or background. Thus, it is clear that the boundary cannot be defined
without some assumptions about the preliminary step of binarization. Figure 5.2
shows a 2D example of the consequences of different thresholds for the voxelized
object. In the first case, shown in Figure 5.2(a), every voxel that covers a part of the
original object, which means that it has an intensity value larger than zero, is put to
foreground which leads to an overestimation of the size of the object. In the other
case, considered in Figure 5.2(b), only voxels that are completely inside the object,
which means that their intensity has the maximal value, are marked as foreground
which leads to an underestimation of the size of the object.

Therefore, it is important to have information on the choice of the threshold and
other preliminary steps for the binarization. In the extreme cases discussed above
one can perform a morphological erosion or dilation as a correction, cf. Section 4.2.

After a suitable preprocessing of the particle, we need to determine the exact dis-
tance from the centroid to the boundary for each direction on the unit sphere. As
stated above, it is assumed that the particle is star-shaped to ensure that the al-
gorithm proposed below yields valid results in all cases. For a given pair of angles,
(θ, φ), nested intervals are used for an efficient evaluation of the particle boundary
of the voxelized particles. The diagonal size, d, of the bounding box calculated for
the original object is used as upper bound for the radius in each direction. Then, the
following procedure is considered.

A schematic illustration of this procedure is shown in Figure 5.3. The advantage of
nested intervals is that the runtime of the algorithm is, in practice, nearly independent
of the particle size because the computational effort is logarithmic in the diameter of
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(a) low threshold (b) high treshold

Figure 5.2.: Schematic illustration of the effect of a low or a high threshold for the
shape of the object in the binary image.

Algorithm 5.1 Evaluation of the radius function for a voxelized object

(1) Construct a unit vector e in direction (θ, φ).

(2) Put the initial interval [a, b] = [0, d].

(3) If (a + b)/2 · e belongs to the particle, then put a = (a + b)/2, otherwise set
b = (a+ b)/2.

(4) Repeat step 3 if b− a > τ , where τ is some required (maximum) tolerance.

(5) The result is r(θ, φ) = (a+ b)/2.

the particle’s bounding box for a fixed tolerance.

5.2.2. Estimation of the Maximum Degree L

The parameter L that describes the length of expansion in (4.16) is crucial and has
a large effect on the calculation of structural characteristics. If L is chosen too small,
then important features of the particle shape are neglected. If L is chosen too large
the smoothing effect is lost. A comparison of approximations of a graphite particle
from an anode (see Section 3.1) for different values of L is shown in Figure 5.4.

In order to determine an optimal value of L we do not compare the particle and
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Figure 5.3.: Schematic description of nested intervals with lower boundaries as white
points and upper boundaries as black points. The small dashed lines
in gray display the integer points in the grid and the black dashed line
displays the search direction.

the approximation directly. Although, to illustrate the influence of the value of L on
different characteristics the calculated values are shown for both the original particle
shape and the approximated particle shape. This is due to the fact that a direct
comparison like computing the L2-norm would always favor an exact representation
which is counterproductive to the smoothing aspect. Instead, a stochastic approach
is used to evaluate the accordance of a particle and its approximation. It is important
to note that this procedure makes only sense if it is reasonable to assume that the
particles observed in the experimental data have smooth surfaces. A set of S � 1 of
points is drawn from the uniform distribution on the unit sphere using the method
described in Marsaglia (1972). Then, the radius of the original particle as well as
of the approximations is calculated with respect to these S uniformly distributed
directions. Note that the choice of S is motivated in Section 5.3.2 below, where we
obtained a suitable value of S = 100 for the datasets considered in this thesis. The
set of observations from the original particle is then compared with the set of values
from the approximated particle. A Kolmogorov-Smirnov test (Hogg et al., 2005) is
performed with the null hypothesis H0 : F1 = F2 , where F1 denotes the distribution
of radial values of the original particle and F2 the distribution of radial values of the
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(a) voxel representation (b) L = 4

(c) L = 10 (d) L = 20

Figure 5.4.: Rendering of a single particle from a lithium-ion cell anode and spherical
harmonic approximations with different lengths of expansions.

approximated particle.
The Kolmogorov-Smirnov test is performed 100 times for each particle in the sample

for all different values of L where a 5% significance level is used. It is important to
note that the Kolmogorov-Smirnov test is designed for independent samples and the
samples in our case are not completely independent. But as the S random points on
the unit sphere are in most cases not too near to each other the application of the
Kolmogorov-Smirnov test seems to be reasonable. Thus, we calculate the rejection
rate and choose the smallest value of L which leads to a rejection rate smaller than
5%. This technique works appropriately in practice, cf. Section 5.3.1 below. For a
more or less detailed approximation the rejection rate threshold can be varied.
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5.3. Application to Experimental 3D Image Data

As mentioned in Section 5.1 the representation of particles by means of spherical
harmonics simplifies the calculation of image characteristics and can be used for
characterizations of particle sets. In this section, two different sets of particles are
compared by looking at a wide range of shape-related characteristics calculated for
the particles. All particles have been extracted from tomographic 3D image data as
described in Sections 3.4 and 5.2.

To demonstrate the flexibility of this approach, two different datasets are consid-
ered describing particle systems of different nature. One shows sphere-like particles
in a lithium-ion cell anode, cf. Section 3.1. The other one shows a powder of appar-
ently randomly shaped TiO2 particles. Cross-sections of both samples are shown in
Figure 5.1.

The present section is organized as follows. First, in Section 5.3.1 the datasets are
described in short. Then, the application of Algorithm 5.1 and the necessary parame-
ters are discussed in Section 5.3.2. In Section 5.3.3 the approximation of the particles
from both datasets by spherical harmonics is described and finally, in Section 5.3.4
both datasets are compared by looking at several shape-related characteristics.

5.3.1. Description of Experimental Image Data

The first sample (sample I) is a cutout of an anode from a lithium-ion battery inves-
tigated with synchrotron tomography, see Section 3.3.1. The data set shows a system
of connected graphite (LiC6) particles, cf. Section 2.2. The measurements were per-
formed at the electron storage ring BESSY (Helmholtz Centre Berlin, BAMline). An
optical set-up (Optique Peter) and a 20 µm-thick CWO scintillator screen were used
to detect the X-rays. An X-ray energy of 15 keV was chosen, cf. Mitsch et al. (2014).
Overall 2200 single radiographic projections were taken for 3D data reconstruction,
cf. Banhart (2008) and Section 3.3.1. From a first impression most particles could be
described as sphere-like.

The second dataset (sample II) describes a powder of irregularly shaped TiO2

aggregates, i.e. particles which are composed of many very small primary particles.
For imaging purposes the powder has been filled into a thin-walled glass capillary
with an inner diameter 2mm and wall thickness of about 50µm. The image was
then obtained by a high resolution XMT device (MicroXCT 400, Xradia, Inc., USA),
cf. Strege et al. (2013). In order to prepare well-defined specimens, a powder tester
has been developed and integrated into the XMT system (Strege et al., 2014, 2013).
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For 3D imaging of sample II an X-ray energy of 50 keV was chosen. From 3000 single
radiograph projections a 2k3 Dataset with a spatial resolution of 1.1 µm/voxel was
reconstructed, cf. Banhart (2008). For a convenient post processing the dataset was
then resampled to 1k3 resulting in a resolution of 2.2 µm/voxel. From a first inspection
it is clearly visible that the particles have irregular shapes and sharp edges.

To extract more detailed information about the particles, a 3D watershed algo-
rithm has been applied (Beare and Lehmann, 2006; Beucher and Lantuéjoul, 1979;
Beucher and Meyer, 1993; Roerdink and Meijster, 2001) to both samples after bi-
narization. More precisely, we employed a stochastic watershed technique to reduce
oversegmentation, see Angulo and Jeulin (2007).

The voxel size for sample I is 0.44µm in each direction. The cutout has a size of
1909×1785×116 voxels. The volume fraction of the particle system is 72.8% and the
watershed segmentation identifies 61280 different particles. For sample II the voxel
size is 2.2µm in each direction and the 3D image has a size of 1972×2014×2014 voxels.
The volume fraction of the particles is 54% and the segmentation identifies 20905

particles. A comparison of the radii of volume equivalent spheres shows that the
particles from the lithium-ion anode are smaller—measured in voxels, because this is
the relevant scale for the methodology. The mean radius of the volume equivalent
spheres for the anode particles is 7.67 voxels with standard deviation of 4.09 voxels.
For the particles from the TiO2 powder the mean value is 12.67 voxels with standard
deviation of 5.56 voxels. Note that the real size of particles is not important for our
approximation technique, but their size with respect to the voxel grid is, of course.

5.3.2. Selecting the Number of Directions S

Obviously, the choice of the number of directions S that are considered in the algo-
rithm for determining an optimal L (see Section 5.2.2) plays an important role. Thus,
we performed some tests to find a relation between the noise one expects in the image
and suitable values for S.

This is done as follows. For both materials considered here 500 particles have been
chosen randomly and approximated by spherical harmonics with L = 5. These are
called test particles in the following. All test particles have been superimposed with
two different modes of noise. To mimic the uncertainty in boundaries of particles
in tomographic images, which could be caused by variations in material densities or
originate from artifacts of the measurements, we consider a roughening of surfaces
as noise. The optimal length of expansion is estimated for the noisy particles and
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different values of S. The approximations are then compared to the "ground truth"
before the addition of noise.

For the comparison, three different error types are considered. First, we look at the
relative L2-norm (with respect to the L2-norm of the "ground truth"). Furthermore,
we look at the symmetric difference between both representations of the particles.
For two sets A and B, we define the relative symmetric difference volume as the ratio
between the volumes of the symmetric difference A∆B and the volume of their union
A∪B. Finally, we also consider the Hausdorff distance between both particles which
is given by dH(A,B) = max

{
supx∈A d(x,B), supy∈B d(y, A)

}
for two (non-empty)

sets A and B, where d(x,A) = infa∈A |x− a| denotes the minimal distance from an
arbitrary point x to the set A. For more details, we refer to Jourlin et al. (1993).

Algorithm 5.2 describes the generation of noise and how the noise is superimposed
on the particles.

Algorithm 5.2 Addition of noise to test particles I: balls
1: The test particle is plotted, i.e., discretized on a voxel grid.
2: for each surface voxel v do
3: Perform a Bernoulli experiment with parameter p = 0.01.
4: if the experiment is successful then . with probability p
5: A ball is placed around the voxel with radius r =

√
2.

6: Another Bernoulli experiment with p = 0.5 is performed to determine if
the ball is added to or subtracted from the voxelized particle representation.

7: end if
8: end for

An important requirement for the expansion in spherical harmonics is, as stated
above, that the particles are star-shaped. Thus, the simulated noise should not alter
this property of the particles. With the algorithm stated above it is not clear that
star-shaped particles keep this property after the addition of noise. But, a rough
surface in tomographic data is only approximately star-shaped, too. An example of
a noisy test particle is shown in Figure 5.5. The results of the approximation error
can be seen in Figure 5.6. As expected, the approximation error decreases for higher
values for S for all types of errors considered here. This is due to the fact that a
larger number of directions S leads to a more precise representation of particles.

Another type of noise considered are spikes emanating from the particles surfaces,
which can be observed in experimental data. In the exemplary particle from a lithium-
ion cell shown in Figure 5.4(a) one can see multiple spikes above the particle or on
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(a) Original particle (b) Particle with noise

Figure 5.5.: 2D cross-sections of a particle without and with simulated surface rough-
ness.

(a) L2-Error (b) Symmetric difference (c) Hausdorff distance

Figure 5.6.: Boxplots of three different error types for 1000 particles with noise.

the right-hand side. As the particles have been processed in an high energy disperser
it is unlikely that these spikes belong to the particles. Thus, we take these artifacts
into consideration. To mimic this effect we use the procedure described in Algorithm
5.3.

Algorithm 5.3 Addition of noise to test particles II: spikes
1: The test particle is plotted, i.e., discretized on a voxel grid.
2: for each surface voxel v do
3: Perform a Bernoulli experiment with parameter p = 0.01.
4: if the experiment is successful then . with probability p
5: A tube is drawn from the voxel in direction of the connecting line from the

barycenter of the test particle to the boundary voxel. The length of the tube is
set to 3.0 and the diameter is set to 3.0.

6: end if
7: end for
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From this method it is clear that the particles with noise are still star-shaped and
our method can be applied in a straightforward manner. A particle with simulated
spikes is shown in Figure 5.7. The calculated errors are shown in Figure 5.8. As
one can see, the tendency is contrary to the one in Figure 5.6. A larger number of
directions S leads to a larger error, which can be explained by the fact that small
spikes are "ignored" for small values of S as no (or only few) observations are subject
to the error induced by the spike.

(a) Original particle (b) Particle with noise

Figure 5.7.: 2D cross-section of an particle without (left) and with (right) spikes.

Overall, one can see, that a smaller value of S around 50 minimizes the error
when spikes are present in the particles. If the particles have rough surfaces, then a
higher value of S around 150 is favorable. Thus, we choose S = 100 as trade off in
our situation. Note that the absolute values for two of the three error measures are
approximately equal at S = 100.

(a) L2-Error (b) Symmetric difference (c) Hausdorff distance

Figure 5.8.: Boxplots of three different error types for 1000 particles with spikes.
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5.3. Application to Experimental 3D Image Data

5.3.3. Particle Approximation

The particles from both materials are approximated by spherical harmonics. The
particles of the anode material appear to be very sphere-like and therefore one could
expect a good accordance even with a small number of coefficients. The particles
from the powder material are much more irregular and apparently not even always
convex but it turns out that the particles are still star-shaped.

To speed up the calculations we precompute the associated Legendre polynomials
given in (4.9) and (4.10) as well as the numerical weights given in (4.15) and use them
for all particles. The coefficients are then calculated using the numericalal method
described in Section 5.2.2 with N = 256 in (4.14). For both sets of particles we
estimate the value of L for the expansion of every particle, see Figure 5.9. For sample
I (anode material) we get the mean value (of L values chosen) µI

L = 4.60 and for
sample II (TiO2 particles) we get the mean value µII

L = 4.36. In Figure 5.10 we show
a boxplot of the radii r of volume equivalent spheres over the length of expansion L
for both materials. One can see that the size of the particles has a slight influence
on the length of expansion for the lithium-ion cell anode sample. For the particles
from the TiO2 there is no significant trend. The fact larger values of L are present
for particles with lower radius in the anode material can be explained by the fact
that a portion of the small particles in this material was generated by larger particles
breaking apart. This means that those particles have a higher tendency to sharp
edges, which leads to longer expansions.

5.3.4. Comparison of Both Datasets

In this section, we look at different structural properties of particles from both mate-
rials and compare them to each other. This includes the approximation error, as well
as structural characteristics like the volume, (specific) surface area, the sphericity and
the integral of the absolute curvature as a measure for surface roughness.

For a formal examination of the approximation quality, we use the root of the
normalized mean squared error, i.e.,

Eparticle =

√√√√
∫ 2π

0

∫ π
0

(r(θ, φ)− rL(θ, φ))2 sin θ dθdφ
∫ 2π

0

∫ π
0
r2(θ, φ) sin θ dθdφ

,

where r(θ, φ), rL(θ, φ) : S2 → R+ denote the radius functions of the particle and
its truncated approximation with parameter L, respectively. The normalization is

93



5. Particle Representation using Spherical Harmonics

Figure 5.9.: Distribution of the L values chosen individually for every particle: anode
material (red) and TiO2 particles (blue)

necessary to compare particles with different sizes. In Figure 5.11 we plot the fre-
quencies of the approximation errors for all particles. The difference to a histogram
is that the observations are not only counted in a fixed interval, but each point of
the axis is assigned a value depending on the number of points in its neighborhood
and their distance. More precisely, we use a kernel density estimation with Gaussian
kernel and bandwidth h = 0.01, cf. Section 4.1. In Figure 5.11 it can be seen that,
as expected, sphere-like particles from the battery anode can be described better by
spherical harmonics than the TiO2 particles. The mean approximation error for the
particles of sample I is µI

E = 0.10 with standard deviation σI
E = 0.038, whereas we

have µII
E = 0.15 with standard deviation σII

E = 0.057 for sample II. Both, mean value
and standard deviation are higher for the TiO2 material (sample II). This is due to
the more irregular shapes of the particles in sample II.
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5.3. Application to Experimental 3D Image Data

Figure 5.10.: Boxplot of the radii of volume equivalent spheres over the length of
expansion L for both types of particles: anode material (red) and TiO2

particles (blue)

Volume

The calculation of structural characteristics is an important task in the analysis of
3D image data. First, we look at the particle volumes, calculated by

Vparticle =
1

3

∫ π

0

∫ 2π

0

r3
L(θ, φ) sin θ dφdθ . (5.1)

This equation can be evaluated easily if the coefficients of the expansion are known
and it is easy to implement. However, there exist methods to calculate the volume of
a given approximation faster using formulas based on the convolution of coefficients,
cf. Baxansky and Kiryati (2007).

Figure 5.12 shows a comparison of the radii rVSH and rVdirect of volume-equivalent balls
calculated based on the volumes obtained from the spherical harmonics approximation
and the volumes computed directly from voxelized data calculated using (5.1). It can
be seen that these radii are very similar for both samples, but not identical. For the
particles from the anode material the accordance is slightly better than for the TiO2

particles.
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5. Particle Representation using Spherical Harmonics

Figure 5.11.: Comparison of the particle approximation error Eparticle: anode material
(red), TiO2 particles (blue)

Surface area

Another important characteristic of particles is their (specific) surface area. First, we
compare surface areas obtained using spherical harmonics, which can be calculated
by

Sparticle =

∫ π

0

∫ 2π

0

rL(θ, φ)

((
∂

∂φ
rL(θ, φ)

)2

+

(
∂

∂θ
rL(θ, φ)

)2

sin2 θ + r2
L(θ, φ) sin2 θ

)1/2

dφdθ ,

(5.2)

to a surface area estimation based on weighted local voxel configurations, cf. Schladitz
et al. (2006). The idea of this approach is that one can reconstruct an approximation
for the "real shape" of an underlying object based on 2 × 2 × 2 voxel squares. For
each possible configuration one can thus calculate the surface area one would expect
based on the voxel representation. These surface areas are the weights for the local
2× 2× 2 voxel configurations. See Figure 5.13 for a comparison of the radii rSSH and
rSLW of surface area-equivalent balls for the surface calculated by spherical harmonics
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(a) Anode material (b) TiO2

Figure 5.12.: Visualization of the radii of volume-equivalent balls; calculated by spher-
ical harmonics and by direct estimation from voxelized data. Each dot
represents a particle from the respective material.

and local weights, respectively. It turns out that spherical harmonics tend to give
us smaller estimates, which makes sense as they generate smoother surfaces, and
we aim to neglect effects caused by discretization or noise. Clearly, this effect is
more noticeable for larger particles. Again this tendency is more visible for the TiO2

particles due to their larger surfaces and more irregular shapes.
Note that in (5.2) all expressions can be evaluated very fast for spherical harmonics.

The derivatives with respect to θ and φ can be calculated from (4.11) and (4.16). But,
the calculation of the surface area using (5.2) is computationally expensive. Due to
the square root in (5.2) there exists no fast approach for the calculation of the surface
area. However, we would like to note that there exist formulas for a fast and efficient
calculation of lower and upper bounds for the surface area that may be sufficient in
some applications, see Baxansky and Kiryati (2007) for more details.

Furthermore, we consider the specific surface area, i.e., the surface area of an object
divided by its volume. This is another important descriptor of active materials used
in anodes of lithium-ion cells to characterize the balance between energy storage and
charging / discharging behavior due to intercalation at the surface, where the specific
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(a) Anode material (b) TiO2

Figure 5.13.: Visualization of the radii of surface-equivalent balls; surface area calcu-
lated by spherical harmonics and by local weights directly from voxelized
data. Each dot represents a particle from the respective material.

surface area for a particle is defined by

SSAparticle =
Sparticle

Vparticle
.

For the two materials discussed in this chapter, the specific surface area of particles
is shown in Figure 5.14. In Figure 5.14(a) it looks as if the particles from the anode
material have a larger specific surface area which is not intuitive, since the shapes
of the TiO2 particles seem to be more irregular. This is due to the varying sizes of
the particles. For a ball the SSA can be expressed explicitly as 3/r. Therefore, the
normalized specific surface area SSAnorm = SSA·r

3
, with r calculated from the sphere

with equal volume is shown in Figure 5.14(b). As expected, the normalized specific
surface area which corresponds to a surface based shape factor is clearly larger for
irregular (TiO2) particles. For the TiO2 particles the distribution is wider. This is
in good agreement with what one would expect from the optical inspection of both
samples, because the particles from the anode sample look more spherical than those
from sample II.
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5.3. Application to Experimental 3D Image Data

(a) specific surface area (b) normalized specific surface area

Figure 5.14.: Specific surface area (SSA) of particles directly calculated and with nor-
malization: anode material (red), TiO2 particles (blue)

Sphericity

A further characteristic which is frequently considered in various applications is the
sphericity of particles Ψ. There exist different definitions of this characteristic in the
literature, we however define it as the ratio of the surface area of the volume-equivalent
ball divided by the surface area of the corresponding particle, i.e.,

Ψparticle =
π1/3(6Vparticle)

2/3

Sparticle
,

see Wadell (1935). Figure 5.15 shows the estimated sphericities of particles, with
volume and surface obtained from voxelized data and with volume and surface cal-
culated using spherical harmonics, respectively. As expected, the particles from the
anode material show a higher sphericity in both cases. Sphericities estimated using
spherical harmonics are larger for both materials, because the surface of particles is
smoothed, which leads to a smaller surface area as shown in Figure 5.13 and discussed
above. The comparison of the sphericities which have been calculated by the meth-
ods considered in Figures 5.15(a) and 5.15(b) shows that there are quite significant
differences. We suppose that these differences are caused by the imprecise estimation
of surface area, especially for small and irregularly shaped objects.
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5. Particle Representation using Spherical Harmonics

(a) Original particle (b) Spherical harmonics representation

Figure 5.15.: Sphericity calculated from the original particle and the spherical har-
monics representation: anode material (red), TiO2 particles (blue)

Surface roughness

For a more detailed characterization of particle surfaces we look at the surface rough-
ness, which we define as

R =

∫ π

0

∫ 2π

0

|K(θ, φ)| dφdθ ,

where K(θ, φ) denotes the Gaussian curvature (Kühnel, 2002)at the surface point in
direction (θ, φ) which is given by

K(θ, φ) =
−xθ · nθxφ · nφ + 1

2
(xθ · nφ + xφ · nθ)

r2
θ(r

2
φ + r2 sin2 θ)− r2

θr
2

,

where the subscripts denote derivatives in the respective directions and n denotes the
unit normal vector, see Section 4.1. The idea of this quantity for roughness is that the
Gaussian curvature has large values where the curvature of the surface changes. This
means that a blistered surface will lead to a large value for the integrated absolute
curvature. For a comparison we show the estimated values for this characteristic for
the particles of both datasets in Figure 5.16. In Figure 5.16(a) the calculated values
are visualized which have been obtained using the spherical harmonics approximation
of the particles. It is important to note that characteristics that involve derivatives
along the particle surface such as the Gaussian curvature cannot be evaluated directly
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5.3. Application to Experimental 3D Image Data

from the voxelized particles. However, the value of the curvature is not only influenced
by the shape of the particle, but also by the size of the particles. This can be
seen by considering a sphere with radius r. The gaussian curvature of a sphere
is K(θ, φ) = 1/r2 independent of θ and φ (Kühnel, 2002) and thus, R = 4π/r2.
Therefore, we also look at the normalized roughness Rnorm = r2R/(4π) where r is
the radius of the volume-equivalent ball. The results obtained for this quantity are
shown in Figure 5.16(b).

(a) (b)

Figure 5.16.: Roughness of particles on logarithmic scale calculated for spherical har-
monics approximation: anode material (red), TiO2 particles (blue)
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6. Modeling of Cathodes

In this chapter, a stochastic microstructure model is derived that captures the char-
acteristics of the cathode particles which are used in lithium-ion battery cells. The
modeling in this chapter is based on 3D microstructure images that are described in
Section 3.1. As described, the 3D images were obtained via synchrotron tomography,
see Section 3.3.1. Furthermore, the samples were prepared as described in Section 3.2
and the post-processing of the tomographic images is as stated in Section 3.4. The
model considered in this chapter is based on the methodology presented in Gaisel-
mann et al. (2013).

The present chapter is organized as follows. First, the experimental data which
are used to calibrate our model are described in Section 6.1 and the stochastic 3D
microstructure model itself is described in Section 6.2. The modeling approach con-
sists of three major steps which are described in the Section 6.2.1, Section 6.2.2 and
Section 6.2.3, respectively. Finally, the validation of the model with regard to exper-
imental data is shown in Section 6.3 using characteristics from stochastic geometry,
cf. Chiu et al. (2013); Kendall and Molchanov (2010).

6.1. Experimental Data

The experimental data used consists of four cutouts of equal size, where the sampling
window W = 200 voxel× 200 voxel× 50 voxel is considered. In the following, the four
cutouts will be called Cat I, . . ., Cat IV. An overview of the volume fractions of these
samples is shown in Table 6.1.

6.2. Stochastic 3D Model of the Microstructure

As stated before, the model is inspired by the modeling approach proposed in Gaisel-
mann et al. (2013). The general idea is to use a (random) connectivity graph to
describe the locations of particles as well as the connections between neighboring
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6. Modeling of Cathodes

Sample Volume fraction p / -

Cat I 0.593
Cat II 0.664
Cat III 0.661
Cat IV 0.657

Table 6.1.: Overview of volume fractions of cathode samples.

Figure 6.1.: Schematic 2D depiction of the stochastic model. Top row: (left) A ran-
dom connectivity graph is produced; (middle) Balls are placed at the
vertices of the graph with a size that leads to connections along edges
of the graph; (center) The graph is neglected as it is no longer needed.
Bottom row: (left) More particles are added so that the new particles
are connected to the system of particles and they have a suitable size
distribution; (right) Result of microstructure generation.

particles. However, another modeling step had to be introduced to obtain an ade-
quate representation of experimental data. The modeling approach is as described in
the following and a schematic depiction of the steps is shown in Figure 6.1.

First, a (random) so-called connectivity graph is generated which serves as a back-
bone to the structure. The vertices in this graph correspond to particles which will
be added to the model in the second step. The graph is called connectivity graph,
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6.2. Stochastic 3D Model of the Microstructure

because the edges in the graph correspond to connections between particles placed
on the two vertices connected by an edge.

In the second step, particles are added to the model. In this model, the particles are
represented by perfect spheres. These spheres around the vertices of the connectivity
graph. Full connectivity of these particles is ensured as the size of the balls is chosen
in a way, that particles placed at vertices that are connected via an edge always
intersect.

Finally, more particles are added to the model. There are two reasons behind this
third step. Steps one and two ensure the connectivity of the particles but at a price.
The volume fraction as well as the particle size distribution are implicitly controlled
by the connectivity graph. As it turns out, it is not possible to generate a graph model
which has a good accordance to the graph extracted from experimental data on the
one hand, but leads also to adequate volume fraction and particle size distributions.
Thus, in the third step, more particles are added until the experimentally observed
volume fraction is reached. The particles are added at random positions in the pore
phase where they still touch already existing particles. Furthermore, the particle sizes
are sampled in a way that the overall particle size distribution approaches the one
extracted from the experimental samples. The third image in Figure 6.1 shows that
the graph is no longer needed at this stage and the fourth image shows the added
balls (new balls in blue).

The fifth image in Figure 6.1 shows an illustration of the final structure. All
necessary steps are described in more detail in the following.

6.2.1. Connectivity Graph

The connectivity graph is denoted by Gc = (Vc, Ec), where Vc is the set of vertices and
Ec is the set of edges. The set of vertices is modeled by a Matérn softcore process,
see Definition 4.18.

The vertices Vc are modeled by a Matérn softcore process {(Sn,Mn)}, where {Sn}
is a stationary Poisson point process with intensity λ0 and {Mn} is a sequence of i.i.d.
random variables with Mi ∼ U(a, b). Then, Vc is given as the atoms of {N(B) : B ∈
B
(
Rd
)
} with

N(B) =
∞∑

n=1

1B (Sn)1(0,Zn) (Mn) ,

where Zn is given as in Definition 4.18.
Furthermore, the set of edges Ec is constructed iterating over all vertices vn ∈ Vc.
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For each vn, the set of possible edges En, sorted by the edge length, is considered.
Then, the edge (vn, vn1) of vn to its nearest neighbor is added to Ec. Subsequently,
a minimal threshold τn for the angle that all edges emanating from vn need to hold
between each other is generated. The next possible edge (vn, vnj

) is considered and
added to Ec if firstly, the angle between this new edge and all edges that already
emanate from vn is larger than τn and, secondly, if the length of the edge |vn − vnj

|
is not larger than β = α · |vn − vn−1|, i.e., the distance between vn and vnj

is not
larger than α times the distance between vn and its nearest neighbor. The formal
description of this procedure is given in Algorithm 6.1. See also the first image in
Figure 6.1 for an illustration of this step.

�
A

B

C

D

E

Figure 6.2.: Illustration of Algorithm 6.1. The dots A, B, C, D and E represent the
set vertices Vc. Moreover, the blue lines represent edges that are added
to Ec whereas the red lines represent edges that are rejected.

An illustration of the algorithm is shown in Figure 6.2. Here, at most four possible
edges can emanate from vertex A, namely (A,B), (A,C), (A,D) and (A,E). The
edge (A,B) is accepted first since B is the nearest neighbor of A. The edge (A,C) is
rejected since the angle γ between (A,B) and (A,C) is too small. Finally, (A,D) is
accepted and (A,E) is rejected because α · |A−B| is smaller than |A− E|.

The parameters of this model are a, b, c, d and λ0 which have to be fitted to experi-
mental data. The parameters a, b, c, d are estimated from the extracted connectivity
graph Gexp = (Vexp, Eexp), cf. Section 3.4.3.
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6.2. Stochastic 3D Model of the Microstructure

Algorithm 6.1 Generation of the edge set Ec
1: Let k = |Vc|, Ec = {}, α = 5

2
.

2: for each vn ∈ Vc, n = 1, . . . , k do
3: Let En = {(vn, vn1), . . . , (vn, vnk−1

)} be the set of all possible edges between
vn and all vi ∈ Vc \ {vn}, sorted by edge length, i.e., |vn − vni

| ≤ |vn − vnj
| for

i < j.
4: Add En ⊃ (vn, vn1) to Ec and set j = 2, β = |vn − vn1 | · α.
5: Generate τn ∼ U(c, d).
6: loop
7: Add (vn, vnj

) to Ec if β > |vn − vnj
| and the angles between (vn, vnj

) and
(vn, vnl

) are larger than τn for all l = 1, . . . , k with (vn, vnl
) ∈ Ec.

8: if
∑

l=1,...,k:(vn,vnl
)∈Ec
∠
(
(vn, vnj

), (vn, vnl
)
)

< 2π then
9: set j = j + 1.
10: else
11: stop
12: end if
13: end loop
14: end for

â = min
(vi,vj)∈Eexp

length (vi, vj) ,

b̂ = max
(vi,vj)∈Eexp

length (vi, vj) ,

ĉ = min
vi,vj ,vk∈Vexp:(vi,vj),(vi,vk)∈Vexp

∠ ((vi, vj), (vi, vk)) ,

d̂ = min
vi,vj ,vk∈Vexp:(vi,vj),(vi,vk)∈Vexp

∠ ((vi, vj), (vi, vk)) ,

Finally, the intensity λ0 is estimated as

λ̂0 =
#{v : v ∈ Vexp}
|Wexp|

,

where Wexp denotes the observation window within the experimental image.
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6.2.2. Generation of Particles I: Placement at Graph Vertices

Based on the connectivity graph Gc, particles are generated and placed at its vertices.
The particles are modeled by balls. Each vertex v of the connectivity graph is used
as centroid for a ball Bv = Brv(v). The radius rv for a ball placed around a given
vertex v is calculated based on the edge set Ec. The radius rv has to be chosen to
ensure that balls Bv1 , Bv2 located at vertices v1, v2 that are connected by an edge,
i.e., (v1, v2) ∈ Ec, intersect, that is Bv1 ∩ Bv2 6= ∅. Thus, the radius rv is calculated
as rv =

(
1
2
· r′v
)

+ 1 with
r
′

v = max
u∈Vc\{v}
(u,v)∈Ec

|v − u| .

Then, the solid phase Ξ1 consists of the union of all balls, i.e.,

Ξ1 =
⋃

v∈Vc

Brv(v) .

The second image in Figure 6.1 shows an illustration of this step.

6.2.3. Generation of Particles II: Addition of Further Particles

As described above, the volume fraction of Ξ1 as well as the distribution of the radii
{rv : v ∈ Vc} are both implicitly defined by the graphGc. To have a better control over
these two properties more particles are added. The two parameters of this modeling
step are the target volume fraction denoted by p and the target density function of
radii of volume equivalent spheres of the particles denoted by f .

The procedure described in Algorithm 6.2 iteratively generates radii that "improve"
the overall radius distribution of the simulated structure and places them in the pore
space. The placement is done so that the newly placed particles have a reasonable
intersection with the particles already present to ensure the full connectivity of the
material. The fourth image in Figure 6.1 shows an illustration of this step.

6.3. Validation

Visual comparison shows good accordance between experimental data and generated
microstructures, see Figures 6.3 and 6.4. For comparison of volume fractions four
virtual structures have been generated with equal sizes than the experimental datasets
and a comparison of the volume fractions is shown in Table 6.2. By construction of
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Algorithm 6.2 Addition of further balls to Ξ1

1: Let Gc, p and f be the connectivity graph, the volume fraction and the distribu-
tion of radii of volume equivalent spheres, respectively.

2: Let Ξ1 be the union of all balls, centered at the vertices of the set Vc.
3: Initialize Ξ = Ξ1 and repeat the following steps.
4: loop
5: Calculate the volume fraction p(Ξ) of Ξ.
6: if p(Ξ) ≥ p then
7: terminate
8: end if
9: Calculate the distribution of radii f ′ of the balls in B.
10: Calculate the delta distribution f∆ = max

(
f − f ′ , 0

)
.

11: Generate a realization r of the f∆ distributed random variable (Hastings,
1970).

12: loop
13: Generate a random point S ∈ W \ Ξ in the pore phase and calculate

∆ =
|Ξ ∩Br(S)|

4
3
πr2

.

14: if ∆ ∈ (0, 0.3) then
15: Add the ball, i.e., Ξ = Ξ ∪Br(S).
16: continue 13.
17: else
18: continue 5.
19: end if
20: end loop
21: end loop

sample experimental / - virtual / - relative error / %

Cat I 0.59261 0.59259 0.003
Cat II 0.66365 0.66360 0.008
Cat III 0.66068 0.66052 0.024
Cat IV 0.65692 0.65654 0.057

Table 6.2.: Comparison of volume fractions from experimental and simulated struc-
tures and their relative error.
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Figure 6.3.: Visual comparison between 3D renderings of experimental data (left) and
a simulated microstructure (right).

Figure 6.4.: Visual comparison between 2D slices of experimental data (left) and a
simulated microstructure (right).

the model this is not too surprising and thus it is more important that the spherical
contact distance distribution shown in Figure 6.5 also indicates a good accordance
between experimental data and simulation. Thus, we conclude that the model based
on the ideas of Gaiselmann et al. (2013) is well suited for modeling cathode structures.
Furthermore, the extension proposed here with a second stage of particle addition
from a dynamically chosen size distribution is suitable to reach a better fit with
regards to particle and size distribution as well as volume fraction.
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Figure 6.5.: Comparison of the spherical contact distance distribution function: Ex-
perimental data (red); simulated data (blue).
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7. Modeling of Anodes I:
Microstructure

In this chapter, a model for the 3D microstructure of a Lithium-ion battery cell
anode is presented. This structure is roughly on the same scale as the microstructure
modeled in Chapter 6, see also Section 3.1. However, the microstructures differ in
many other properties and thus, another modeling approach has to be used.

The model which is presented here combines several mathematical tools from differ-
ent areas to a rather general modeling framework. Two aspects are of special interest.
First, the usage of a particle model which is based on Gaussian random fields on the
sphere, see Section 4.6. This gives us great flexibility regarding the shapes of parti-
cles. Second, the model differs from other prevalent models like, e.g, the family of
germ-grain models (Chiu et al., 2013). To reach a high volume fraction of the particle
system, another approach is chosen. A (random) tessellation (Section 4.4) is used to
divide the sampling window into disjoint polyhedras. These polyhedras form a kind
of ’host lattice’ for the particles. So, to reach a certain volume fraction for the particle
system it is sufficient to place particles inside these polyhedras so that they cover the
respective fraction of the polyhedras volume.

This chapter is organized as follows. The general framework is described in Sec-
tion 7.1. Section 7.2 shows the particular application of the framework to model the
anode microstructure of a Lithium-ion cell and finally, the validation of the model
using structural characteristics and tools from stochastic geometry is shown in Sec-
tion 7.3.

The main results of this chapter have been incorporated in Feinauer et al. (2015a).

7.1. General Modeling Framework

Methods of stochastic geometry and spatial statistics have been proven to be a viable
tool for the simulation of 3D microstructures of energy materials like those used in fuel
cells or solar cells (Gaiselmann et al., 2012, 2013; Stenzel et al., 2012). The general
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Figure 7.1.: Schematic depiction of the stochastic model. 1. A random tessellation is
generated, which roughly determines the particle shapes, sizes and loca-
tions. 2. A random graph describes how the particles connect. 3. The
connected particles are generated using Gaussian random fields on the
sphere. 4 and 5. The connected particles are retained and a morpholog-
ical smoothing is carried out.

idea of these methods is to provide microstructure models based on a few parameters
that are able to generate 3D microstructures which are similar in a statistical sense
to those observed in experimental data. This means that averaged characteristics
like volume fractions or specific surface areas but also more refined descriptors of
microstructures like tortuosity of transportation paths or the pore size distribution
are in good agreement, cf. Stenzel et al. (2016) and Münch and Holzer (2008) for
more details.

Furthermore, these models and the corresponding simulation algorithms are off-grid
meaning that they can be used to generate structures on arbitrary length scales. The
computation time it takes to generate a realization of such a microstructure model is
usually very small. Thus, the usual problems of tomographic imaging related with the
generation of a sufficiently large amount of highly resolved 3D images in sufficiently
large regions of interest can be solved once such a model is developed and fitted to
experimental data.

Here, the solid phase of the anode is modeled using a connected network of irregular
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7.1. General Modeling Framework

particles. The modeling procedure consists of four distinct steps: (1) the positions
of the particles are determined using a random tessellation; (2) a graph is generated,
conditional on the tessellation, that describes the connectivity between particles; (3)
the particles themselves are modeled as Gaussian random fields on the sphere, whose
properties depend on the tessellation and connection graph; and, (4) morphological
smoothing is performed on the simulated particle system. A schematic description of
the modeling procedure is shown in Figure 7.1.

The microstructures of different types of lithium-ion battery electrodes vary from
each other, however, they share some common structural properties. In general, elec-
trodes consist of systems of connected particles that can have complex shapes. For
the electrode models it is very important to fit fundamental microstructure char-
acteristics like porosity and specific surface area exactly (Pfaffmann et al., 2016).
Another important characteristic of the electrodes is the high connectivity of parti-
cles. This means that each particle is connected to many neighboring particles. Thus,
the model of individual particle sizes and shapes has to be flexible enough to meet
all these conditions.

A general framework based on a stochastic particle model which possesses these
properties has been developed. It is based on the representation of particles as linear
combinations of spherical harmonics which can then be seen as realizations of Gaus-
sian random fields (GRFs) on the sphere. Particles with random sizes and shapes can
be simulated using GRFs on the sphere whose parameters are fitted to the coefficients
of the spherical harmonics expansions of particles extracted from experimental data
(Feinauer et al., 2015b). The whole framework consists of several steps, which are
described in more detail in the following, cf. also Feinauer et al. (2018).

Approximation of particles. As our aim is to develop a stochastic model for
irregularly shaped particles of electrode materials, a first step is to find a suitable
(analytical) representation of the particles observed in tomographic images. Thus,
each particle is transformed into an analytical function by applying an expansion in
spherical harmonic functions.

The spherical harmonic functions form a basis of the family of square-integrable
functions defined on the unit sphere. This means that every square-integrable function
can be written as an expansion in spherical harmonics. This is pretty similar to the
well-known Fourier series expansion that is frequently used in signal processing, see
Section 4.6.1 for more details.

In such an expansion the spherical harmonics have a natural hierarchy by their
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7. Modeling of Anodes I: Microstructure

(a) (b)

Figure 7.2.: Comparison of the result of structural segmentation and approximation
of particles by spherical harmonics. Particle system before (a), and after
approximation by spherical harmonics (b).

degree l and their order m. Regarding our application this means that spherical har-
monic functions with higher order l represent smaller features of the particle surfaces.
This motivates the truncation of the series of spherical harmonic functions at a cer-
tain cutoff degree L which leads to a good approximation of the particles. On the
one hand, this is necessary for numerical calculations and it makes further modeling
easier. But, on the other hand, this is a nice possibility to smooth the particles in a
‘natural’ way to minimize artifacts resulting, e.g., from measurements, binarization
or (particle) segmentation. Of course, a good choice of the parameter L is crucial and
thus has been investigated in detail in Section 5.2.2.

Images showing the experimental microstructure before and after the smoothing of
particles by the usage of spherical harmonics are given in Figure 7.2. A more detailed
comparison for an individual particle can be found in Figure 7.3.

Particle model. As described above, particles in electrode materials are commonly
‘sphere-like’ but no perfect spheres, see Figure 7.3. Thus, simple approaches where
particle models are based on spheres, like, e.g., in Gaiselmann et al. (2013) are not
sufficiently precise, especially since the volume fraction as well as the surface area
of particles plays an important role for the functionality of the material, see, e.g.,
Chen and Mukherjee (2015) and Cho et al. (2015). Thus, an alternative method
which allows great flexibility, namely Gaussian random fields on the sphere, leads to
a better accuracy of the model.

Gaussian random fields on the sphere are a model to describe the surface of ran-
domly shaped objects, cf. Section 4.6.3. The idea is to generate a random radius
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(a) Voxelized particle (b) Smoothed particle

Figure 7.3.: Example of a particle from an energy cell anode. Segmented particle
from tomographic image (a) and approximation of the particle with a
truncated series of spherical harmonics for L = 10 (b).

function (in spherical coordinates) that assigns a radius value to each point (or an-
gle) on the sphere. Of course, these values are not totally independent but have a
spatial correlation. The exact spatial correlation can be controlled by the so-called
angular power spectrum (APS) which is related to the Fourier spectrum in the 1D
analogy, cf. Section 4.6.1. Thus, for a given material the APS has to be calculated
for particles from experimental data and can then be used to generate random par-
ticles. An example of the APS for random particles from an energy cell is shown in
Figure 7.4.

It turns out that this approach works well and that the simulated particles are
in good accordance with the particles from the experimental samples, even for very
differently shaped particles, cf. Feinauer et al. (2015b) and Feinauer et al. (2015a).

Host lattice, particle arrangement. As electrode materials can have high vol-
ume fractions of active materials (up to 73%, see Feinauer et al. (2015b)) one major
challenge is to create a dense packing of irregularly shaped particles. There exist sev-
eral approaches to generate dense particle structures directly from a set of particles,
e.g., by using packing algorithms like the force-biased algorithm (Mościński et al.,
1989). However, a huge drawback is that this approach is very time-consuming and
for large observation windows it takes up to days on modern hardware. Furthermore,
dense packing algorithms are usually applied to packings of spheres. In a situation
where particles are not spherical or even not convex they often cannot be applied or
at least are way more complex.
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Figure 7.4.: Example of an angular power spectrum.

Moreover, the particles have high connectivity. Thus, an indirect approach for the
placement of particles is used. First, a ‘host lattice’ is generated consisting of single
polytopes where particles will be placed inside in the next step.

A Laguerre tessellation is used as ‘host lattice’, which is a division of the space
into disjoint convex polytopes. In more detail, a random tessellation (Section 4.4.2)
is used as this gives great flexibility but can also be generated efficiently as Laguerre
tessellation of a random marked point pattern, see Figure 7.5. The generation of a
‘host lattice’ for particle placement has to be adopted for different materials. This
means that the random point pattern for the generation of the Laguerre tessellation
has to be fitted to each case, and in some applications not all polytopes are used as
particle hosts but some are left empty.

Connectivity of the particles. As emphasized before, the high connectivity of
particles is very important for electrode materials. Thus, this property has to be
incorporated into the model. This is done by using a random graph which contains the
corresponding information, the so-called connectivity graph. The nodes of this graph
correspond to the polytopes of the tessellation and an edge in the graph indicates
that the particles, that will be placed in two neighboring polytopes later on, have to
be in contact with each other.
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7.1. General Modeling Framework

Figure 7.5.: 2D intersection of a Laguerre tessellation.

Two polytopes are said to be neighboring if they share a common facet. Thus,
facets of the tessellation correspond to edges of the connectivity graph. An example
of such a graph is shown in Figure 7.6.

One important side condition is, as stated above, that there are no particles or
clusters of particles that have no connection to the rest of the system. This means
that for each particle there has to be a path of connections to every other particle in
the bulk. This can be achieved by a special construction algorithm of the graph as
follows. After the generation of the tessellation, first the graph of full connectivity is
generated. This means the polytopes in the observation window are taken as vertices
and for the edges, every facet is turned into an edge that connects the two polytopes
that share this facet. Thus, in this graph each node is connected to all its neighbors.
Depending on the application a weighting of the edges can be applied.

Then, the minimum spanning tree (MST) of the graph of full connectivity is calcu-
lated. The MST is the minimal subgraph which fulfills the condition that there exists
a path from every node to every other node in the graph, see Definition 4.36.

The MST forms the basis for the connectivity graph. This final connectivity graph
is then generated by adding edges between neighboring nodes based on a Bernoulli ex-
periment, where the edge-putting probability is given by one of the following different
model types:
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7. Modeling of Anodes I: Microstructure

Figure 7.6.: 2D example of a connectivity graph (blue) and the underlying tessellation
(black).

• The probability is fixed and independent of the polytope / particle.

• The probability is given as a function of characteristics (like the surface area)
of the common facet.

• The probability depends on the angle of the connection of the centroids of the
two neighboring polytopes.

• The probability depends on the distance between the centroids of the two poly-
topes.

The latter option is especially necessary if the electrode microstructure is aniso-
tropic. More details on an application with anisotropic electrode microstructures can
be found in Westhoff et al. (2017).

Particle placement and boundary conditions. Given the model for the particle
shapes based on the GRFs on the sphere, particles are placed inside polytopes of the
tessellation.

Furthermore, the following two rules are used for the particle placement:

• A particle’s shape should roughly follow the shape of the polytope.
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(a) (b)

Figure 7.7.: (a) 2D sketch of the boundary conditions, showing a particle centroid
(red) and the surrounding polytope (black). The boundary conditions
are that the particle touches the facets at specific points (blue). These
conditions are also generated for the neighboring particles, thus it is en-
sured that both particles touch each other. (b) Boundary conditions on
the facets surface (red dots). Both neighboring particles have to touch
several points on their common facets surface and thus are connected.

• A particle has to touch its neighbors according to the edges of the connectivity
graph.

Generally, the particles should have shapes that are characteristic for the material.
This is ensured by using realizations of the particle model explained above. As the
particles are placed inside the Laguerre polytopes, their barycenters are used as origins
of spherical coordinate systems. The particles are then represented as an expansion
in spherical harmonic functions whose coefficients are generated from the GRF model
described above.

Simulation of individual particles. The last step for the generation of a simu-
lated microstructure is the generation of particles. On the one hand, they need to be
drawn from the (stochastic) single-particle model described above and on the other
hand they need to fulfill the boundary conditions explained previously.

This is indeed possible due to the special nature of the particle model where a
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7. Modeling of Anodes I: Microstructure

corresponding sampling algorithm has been developed. The basic idea is that the
rules defined above can be translated into linear boundary conditions for the coeffi-
cients in the spherical harmonics expansion of the particles. As the coefficients are
then sampled from a GRF model, the problem can be translated to drawing coeffi-
cients from a multivariate Gaussian distribution with boundary conditions. To make
the simulation more efficient the distribution is transformed to a distribution whose
realizations always fulfill the boundary conditions.

7.2. Simulation of the Anode Microstructure

Using the method for modeling of individual particles described in Section 7.1, it
is possible to build models for different kinds of electrode materials. Electrodes in
so-called energy cells like the ones used in electric vehicles have high particle densities
and relatively small porosities.

The simulated 3D microstructures are then used for spatially resolved transport
simulations (e.g., Chapter 9 or Hein et al. (2016)) where the focus is put on the elec-
trochemical validation of the simulated microstructures. Moreover, in Feinauer et al.
(2017), the electrochemical simulations performed on simulated 3D microstructures
are combined with model order reduction methods to accelerate the whole procedure
which enables the simulation of multiple cycles, e.g., for virtual aging tests.

In lithium-ion cells designed for power applications like the ones used in plugin
hybrid vehicles, the volume fraction of active material is lower but the tortuosity is
also lower, i.e., there exist more direct paths to the active material to allow for higher
charge and discharge currents. Such 3D microstructures have been simulated with
a modified version of the modeling approach described above for energy cells, where
another tessellation model is used and some polytopes are left empty when placing
the particles (Westhoff et al., 2017).

The counterpart of the anode in a lithium-ion battery cell is the positive electrode,
also called cathode. The considered cathodes of plugin hybrid energy cells exhibit
low volume fractions of active material, a different particle connectivity and espe-
cially nearly spherical particle shapes. By adaptions and enhancements of the above
modeling approach for anodes, it is possible to use the general framework also for sim-
ulation of 3D cathode microstructures. An extension of the cathode model presented
in Chapter 6 has been proposed Kuchler et al. (2018).

In the following various applications of the general framework described above and
its adaptions are discussed in more detail.
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7.2. Simulation of the Anode Microstructure

Figure 7.8.: A Laguerre tessellation fitted to a 2D cutout of the considered exper-
imental data set. Planar sections of the generating particles are also
shown.

7.2.1. Determining the Locations of the Particles

The particles in the considered anode material are densely packed, with a volume
fraction of about 73%, cf. Section 3.1.2. In order to ensure that the stochastic model
produces similarly dense configurations, we use a random tessellation to partition
the space into polyhedras. We then place a particle in each polyhedron. The size
and shape of each particle is largely determined by the geometry of its corresponding
polyhedron. In particular, the expected volume of a particle is equal to 73% of the
corresponding polyhedron’s volume. In this manner, we are able to achieve tightly
packed configurations of particles with realistic volume fractions. Furthermore, it
turns out that random Laguerre tessellations (see Section 4.4) can describe the shape,
size and location of the particles quite well.

When describing empirical data using a Laguerre tessellation, an obvious choice of
the generating points {xi : i = 1, . . . , N} are the centroids of the particles where N
denotes the number of particles. Likewise, the weights or marks {ri : i = 1, . . . , N}
can be taken to be the volume equivalent radii of the particles. That is, the radii
of spheres with the same volumes. Figure 7.8 shows a 2D cutout of a Laguerre
tessellation fitted to one of the empirical data sets. Note that the sizes and shapes of
the particles are closely related to the geometry of their corresponding polyhedras.
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7. Modeling of Anodes I: Microstructure

Figure 7.9.: Generating the random tessellation. 1. The marked point process is
generated. 2. The tessellation is generated by the marked points. 3. The
points are discarded and the tessellation is retained.

A random tessellation with properties very close to those of the tessellations pro-
duced by the empirical data can be generated using a version of a random sequential
adsorption (RSA) process, see Section 4.3.3 and Definition 4.19.

We use the RSA process with gamma distribution Γ(α, β) as mark distribution D
(see Definition 4.19). Thus, the RSA model has three parameters: α, β and vf . These
are chosen so that the resulting tessellations resemble the tessellations extracted from
the empirical data as closely as possible. We consider a vector q = (q1, . . . , q6) of
tessellation characteristics: q1, the mean volume of the polyhedrons; q2, the variance
of the volumes of the polyhedras; q3, the mean surface area of the polyhedrons faces;
q4, the variance of the surface areas of the polyhedrons faces; q5, the mean number
of faces of each polyhedron; and q6, the variance of the mean numbers of faces of
each polyhedron. We estimate these characteristics for each of the four empirical
data sets, cf. Section 3.1.2. We then take pointwise averages to get an estimate of
the empirical tessellation characteristics, q̂E. In order to calculate the corresponding
characteristics for the point process with parameter constellation (vf , α, β), we first
produce a realization of the marked point process with these parameters in a window
W = [0, 2000]× [0, 2000]× [0, 120]. We then estimate the characteristics of the tessel-
lation produced by this point process, resulting in a vector q̂ (vf ,α,β). The parameters
of the RSA process are chosen to minimize the cost function

L(vf , α, β) =

√√√√
6∑

i=1

(
q̂Ei − q̂

(vf ,α,β)
i

q̂Ei

)2

.

The minimization is carried out using the Nelder-Mead algorithm (see Section 4.7,
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7.2. Simulation of the Anode Microstructure

Figure 7.10.: Graph showing how particles are connected to each another in one of
the empirical data sets.

Algorithm 4.6), with initial parameters v0
f = 0.230, α0 = 2.217 and β0 = 0.312. The

initial parameters were chosen using a preliminary optimization step, where the RSA
process parameters were fitted to key characteristics intensity and the pair-correlation
function (see Section 4.3.4) of the empirical marked point patterns. The final param-
eters for the tessellation model are given by (v̂f , α̂, β̂) = (0.231, 2.329, 0.1988). The
procedure for generating the random tessellation is illustrated in Figure 7.9. Note
that the RSA process is subject to edge effects. However, these can be removed by,
e.g., plus sampling; cf. Chiu et al. (2013).

7.2.2. Connectivity Graph

The particles in the anode form a connected system. The connectivity relations
of the empirical data sets are extracted by treating two particles as connected if
voxels from one particle directly neighbor voxels from the other particle. Figure 7.10
shows a graph of the connectivity relationship in one of the samples. It is clear that
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the particles are connected in a highly complex manner. The connectivity relations
are modeled using a random graph Gc = (Vc, Ec) introduced in Section 4.5, see
also Thiedmann et al. (2009, 2011a). The vertices of the graph, represented by the
vertex set Vc, correspond to the polyhedras of the Laguerre tessellation generated in
Section 7.2.1. The edges of the graph, represented by the edge set Ec, designate which
particles will be connected to one another. For this reason, we only allow edges to be
placed between vertices whose corresponding tessellation cells have a common face.

In order to ensure that the particles form a single connected component, i.e., there
exists a path between every two particles, we use a minimal spanning tree as the
basis of the connectivity graph introduced in Definition 4.36, cf. Section 4.5. The
minimal spanning tree is generated as follows. As described in Section 7.1, we consider
the graph containing every possible edge (i.e., where all neighboring particles are
connected to one another). For each pair of vertices, i and j, such that there is
a possible edge, the edge is weighted by 1/Ai,j, where Ai,j is the area of the face
of the tessellation separating the two corresponding polyhedras. Then, the minimal
spanning tree of this weighted graph is calculated, resulting in a fully connected graph
with a small number (in fact, the minimal number) of edges.

After that, additional edges are added to Gc so that the connectivity structure
resembles that of experimental data. To do this, each potential edge, i.e., every
two polyhedras that share a facet are considered separately. It turns out that the
probability of two neighboring particles, i and j, being connected is directly related
to Ai,j. Figure 7.11 shows an estimate, ̂̀(A), of the probability that two particles are
connected given the area of the face of the tessellation separating them is A. This is
a conditional probability of the form

`(A) = P (particles i and j are connected |Ai,j = A) .

The probability is estimated from the data and choosing an approximating function,
we get

`(A) ≈ min(c1A
3 + c2A

2 + c3A+ c4, 1). (7.1)

The coefficients of the polynomial in (7.1) are fitted via non-linear least squares
using the Gauss-Newton algorithm (Fletcher, 2013), obtaining c1 = 1.714 · 10−9,
c2 = −3.133 · 10−6, c3 = 2.140 · 10−3 and c4 = 1.897 · 10−1. Figure 7.11 shows that
the approximating function (blue) gives an excellent fit to ̂̀(A).
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Figure 7.11.: Estimate of `(A), the probability two particles with a separating tessel-
lation face of area A are connected. Black: estimated probability ̂̀(A);
blue: approximating function given in (7.1).

7.2.3. Simulation of Particles

Given the tessellation and the connection graph, we are able to generate the particle
network itself. First, one particle is placed inside each polytope of the tessellation.
The individual particles are realizations of isotropic Gaussian random fields on the
sphere. In more detail, Gaussian random fields are used as they provide enormous
flexibility in modeling particle shapes, can be implemented easily, and can be adapted
to produce a network of connected particles, cf. Section 4.6.3. We consider random
fields, T : [0, π] × [0, 2π) → R, that are completely characterized by a mean radius,
µ, and an angular power function, A : [0,∞) → [0,∞), see Section 4.6.3 for more
details. The value T (θ, φ) describes the distance from the centroid of a particle to
its surface in direction (θ, φ). The mean radius controls the size of particles and
the angular power function controls its shape. A common angular power function
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Figure 7.12.: Generating the particle network. Left: particles are created by sim-
ulating Gaussian random fields on the sphere inside each tessellation
cell. Right: as the particles are simulated, they are forced to connect
according to the graph Gc (shown in blue).

is chosen to describe the shape of all particles and mean radii are chosen so that it
is ensured that the particle system has the desired volume fraction. Approximate
realizations of the Gaussian random fields are then generated by simulating multi-
variate normal random vectors. We are able to use the properties of the multivariate
normal distribution, combined with the information from the connectivity graph, Gc,
to ensure that the particles are connected as desired. The basic idea of this step of
our modeling approach is illustrated in Figure 7.12. Note that, although it is possible
that the Gaussian random field may take negative values, we choose the coefficients
of our model so that this occurs with negligible probability. If, by chance, a random
field with negative values is generated, we discard it and generate a new particle.

Determining the angular power function

The shapes of the particles are determined by the angular power function A : [0,∞)→
[0,∞), cf. Section 4.6.3. Because we use truncations to approximate the Gaussian
random fields by sums involving only L terms, we wish to use an angular power
function that is able to describe the shapes of the particles in the experimental data
but also goes to zero quickly. A suitable choice are rational functions of the form

A(l) =
al + b

l2 + cl + d
. (7.2)

In order to fit this function, we consider every particle in the four experimental
samples. For each particle, the vector of coefficients with respect to the expansion
in spherical harmonics given in Theorem 4.10 is given, cf. Section 4.6.1 for more
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Figure 7.13.: The fitted angular power function. Black points: empirical estimates of
the angular power spectrum; red line: estimated angular power function.

details. By calculating the sample variances of appropriately scaled versions of these
coefficients, we get estimates, Â0, . . . , ÂL of A0, . . . , AL. We then find the coefficients
of (7.2) via non-linear least squares using the Levenberg-Marquard algorithm; see
Marquardt (1963). The estimated coefficients are a = 0.4241, b = 0.356, c = −3.858

and d = 3.903 with R2 = 0.98. Figure 7.13 shows the estimated angular power
function. Note that it decays to zero quickly, justifying our use of the truncated sum
to simulate the Gaussian random fields.

Describing individual particles by Gaussian random fields

Recall that the same angular power function is used for each particle. However,
every individual particle has a centroid and a mean radius that are determined by
the geometry of the corresponding polyhedron in the tessellation generated in Section
7.2.1. For the ith particle, we choose the centroid, ci, to be the barycenter of all the
vertices of its cell Ci.

In order to sufficiently control the volume of the particles so as to ensure that the
volume fraction of the particle system is correct, it is necessary to replace the normally
distributed first spherical harmonic coefficient, a1, by a constant. This constant is
calculated by noting that the expected volume of a particle, when using the angular
power function determined in Section 7.2.3, is given by

EV ≈ 0.09403a3
1 + 4.34444a1.

We select the a1 value for each particle to be such that the expected volume of the
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particle is 73% of the volume of its corresponding cell in the Laguerre tessellation.

Determining the constraints on the particle shapes

We are able to generate particles with the desired shapes and locations using the
specified angular power function, mean radii and particle centroids. However, the
particles will not be connected to each other in the manner dictated by Gc. We
resolve this issue by first determining, for each particle, a set of points that it should
touch. These points translate into constraints on the spherical harmonics coefficients,
which ensure points connect in the manner we intend.

We determine the points that the ith particle must touch as follows. We consider
the set Ni = {j ∈ Vc : i 6= j, (i, j) ∈ Ec}. This represents the particles with which
the ith particle should connect, as determined by Gc. Corresponding to each of these
particles is a face in the Laguerre tessellation. Let Fi,j be the face in the tessellation
separating particles i and j. For each Fi,j, j ∈ Ni, we define a set of points the
particle must touch. We place points a fixed proportion, 0.15, of the distance from
the centroid of Fi,j to each of its vertices. This procedure is illustrated in Figure 7.7.
We then express these points in spherical coordinates, (θ, φ, r), with the origin being
the centroid of the ith Laguerre cell. Thus, for the ith particle, we get a sequence of
points, (θ1, φ1, r1), . . . , (θni

, φni
, rni

), that the particle must touch.

Generating the particles conditional on the constraints being satisfied

We generate each particle’s spherical harmonics coefficient vector, a, from a mul-
tivariate normal distribution conditioned on the points (θ1, φ1, r1), . . . , (θni

, φni
, rni

)

being touched. Using Theorem 4.12, we can write each of the constraints as a linear
equation

L∑

l=0

l∑

m=−l

Y m
l (θj, φj)a

m
l = rj, j = 1, . . . , ni. (7.3)

Because we treat a1 as constant for each particle, we rewrite this equation with only
random quantities on the left hand side, to get

L∑

l=1

l∑

m=−l

Y m
l (θj, φj)a

m
l = rj − a0

0Y
0

0 (θj, φj), j = 1, . . . , ni.
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For the next step we introduce the vectors y and a

y(θ, φ) =
(
Y 0

0 (θ, φ), Y 0
1 (θ, φ), 2 · Re

(
Y 1

1 (θ, φ)
)
,

. . . , 2 · Re
(
Y L
L (θ, φ)

)
, 2 · Im

(
Y L
L (θ, φ)

))ᵀ
,

a =
(
a0

0, a
0
1,Re

(
a1

1

)
, Im

(
a1

1

)
, a0

2,Re
(
a1

2

)
, Im

(
a1

2

)
,Re

(
a2

2

)
, . . . , Im

(
aLL
))ᵀ

,

to write (7.3) as y((θj, φj))
ᵀa = rj for j = 1, . . . , ni. With the canonical choices of

the matrix Y and the vector r we can write the system of equations in matrix form.

Y · a = r, (7.4)

where a ∼ N (0,Σ), with Σ = diag (A1, A1/2, . . . , AL/2). The matrix Y admits the
singular value decomposition Y = USV ᵀ, where U and V are orthogonal matrices and
S = diag (σ1, . . . , σs, 0, . . . , 0), with s = rk(Y ) and σ1, . . . , σs the singular values of Y .
Using the singular value decomposition, we rewrite (7.4) as USV ᵀa = r which allows
us to write SV ᵀa = Uᵀr, with V ᵀa ∼ N (µV ᵀa,ΣV ᵀa). The boundary conditions can
then be written as

(V ᵀa)i = σ−1
i Uᵀr, i = 1, . . . , s.

Thus, we can impose the boundary conditions by drawing the values (V ᵀa)Mi=s+1

from a N (µV ᵀa,ΣV ᵀa) distribution conditional on {(V ᵀa)1 = σ−1
1 Uᵀr, . . . , (V ᵀa)s =

σ−1
s Uᵀr }. Having generated the random vector, V ᵀa, which is conditioned on the

boundary conditions being satisfied, we obtain the vector of spherical harmonics co-
efficients, a, by setting a = V V ᵀa.

7.2.4. Morphological Smoothing

The particles in the considered anode material are actually encased in a thin layer
of binder, see Sections 2.2 and 3.1.2. However, the volume fraction of this binder is
too small to be modeled directly. Instead, morphological smoothing is carried out,
which mimics this effect. In particular, it smooths the sharp edges around particle
connections. The morphological smoothing is performed using a ball with radius 1 as
the structuring element, where the union set of particles is first dilated, then eroded.
For more details on the procedure, cf. Section 4.2.
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7. Modeling of Anodes I: Microstructure

(a) 2D cutout of the experimental data. (b) 2D cutout of a simulated structure.

(c) 3D cutout of the experimental data. (d) 3D cutout of a simulated structure.

Figure 7.14.: 2D and 3D cutouts of the experimental and simulated microstructures.

7.3. Validation

Figure 7.14 shows 2D and 3D cutouts from the experimental data together with
cutouts from a realization of the stochastic model. Visual inspection gives the im-
pression that, the experimental and simulated microstructures appear to have very
similar characteristics. In order to ensure that these characteristics are indeed suf-
ficiently close, a more extensive validation is carried out. We compare a number
of key characteristics of the microstructures generated by the stochastic model with
those of the structures extracted from the empirical data, see Section 4.3.4. All the
characteristics considered are estimated directly from binary images of dimension
500× 500× 119. In the case of experimental data, 50 such images are sampled uni-
formly from the larger images. In the case of the stochastic model, 50 realizations of
the stochastic model are generated in windows of the appropriate size. The charac-
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teristics we consider include both standard characteristics used in the evaluation of
microstructures, e.g., chord length distributions, spherical contact distribution func-
tion or pore size distribution. Besides this, we consider characteristics that play key
roles in determining the functionality of lithium-ion batteries (see Section 2.1), e.g.,
local tortuosity, cf. Stenzel et al. (2013) and Thiedmann et al. (2011b). First, char-
acteristics of the solid phase are calculated. Then, we consider characteristics of the
pore phase, as these play an important role in determining the transport properties
of the material.

7.3.1. Characteristics of the Solid Phase

We begin by considering a number of first order characteristics describing the mi-
crostructure of the particle system. These are given in Table 7.1. The average vol-
ume fraction of simulated particle systems is, as expected, close to that observed in
experimental data. Likewise, the specific surface areas of experimental and simulated
particle systems are very similar. The mean geodesic tortuosities of paths through
pores of the particle system (see Section 4.5.2) are also very close to one another.

experimental simulated relative error
volume fraction 0.734 0.732 0.225 %

specific surface area / voxel−1 303842.2 299305 1.493 %
mean geodesic tortuosity of pore space 1.577 1.569 0.517 %

Table 7.1.: Characteristics describing the particle system.

A more detailed description of the geometry of the solid phase is given by the
spherical contact distribution function, cf. Definition 4.20. This gives the probability
that the distance from a randomly chosen voxel of the solid space to a voxel of the
pore phase is less than or equal to a given threshold; see Section 4.3.4 for more details.
Figure 7.15 shows the spherical contact distribution functions of the solid phase for
the simulated and experimental microstructures.

Chord length distribution functions are another important type of image charac-
teristics. A chord length distribution function is computed as follows. Straight lines
with a fixed direction (e.g., parallel to the x-axis) are intersected with the solid phase.
The chord length distribution function is the cumulative distribution function of the
lengths of the resulting intersections. Figure 7.16 shows the chord length distribution
functions for lines parallel to the x-, y- and z-axes. All three functions are essentially
identical, indicating that both the material and the stochastic model are isotropic,
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Figure 7.15.: Spherical contact distribution function for the experimental and simu-
lated microstructures. Red: experimental; blue: simulated.

as expected. Moreover, the chord length distribution functions of the experimental
microstructures and the microstructures generated by the stochastic model are very
close to one another.

As discussed in Section 7.2.2, the connectivity structure of the particle system is
complex and difficult to model. In order to evaluate our success in this respect,
we extract connectivity graphs from the experimental samples and the realizations of
the stochastic model. We then consider the distributions of the coordination numbers
of these graphs. The connectivity graphs are extracted from the binary images by
skeletonizing the solid phases using the technique described in Section 3.4.3. Each
skeleton is then converted into a graph as described in Section 3.4.3. The degree (or
coordination number) of a vertex is defined as the number of neighboring vertices,
see Definition 4.39. The distributions of the coordination numbers are shown in
Figure 7.17. Note the similarity between the distributions for the stochastic model
and the experimental samples.
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(a) Chord length in x-
direction

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 10 20 30 40 50 60 70 80 90 100
Chord length (in voxels)

P
ro
b
a
b
il
it
y

(b) Chord length in y-
direction
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(c) Chord length in z-
direction

Figure 7.16.: Chord length distribution functions in the x, y and z directions. Red:
experimental; blue: simulated.

7.3.2. Characteristics of the Pore Phase

The geometry of the pore space of the anode material plays an important role in
determining the material’s functionality, as the transport of lithium ions takes place
in the pores, cf. Section 2.3. We consider two characteristics of the pore space that
are related to transport properties of the lithium-ion anode: the pore size distribution
and the distribution of local tortuosities.

The pore size distribution (cf. Figure 7.15) describes the proportion of the pore
phase that can be covered by spheres with a given radius. The tail functions of the
por size distributions of the experimental and simulated microstructures are shown
in Figure 7.18. One can see that the curves differ for pores larger than 4 voxels.
However, this difference is not too important, as local tortuosity, which we consider
next, plays a far greater role in determining the transport behavior of a structure,
cf. Thiedmann et al. (2009, 2011a).

The local tortuosity of the pore space of a porous material is a characteristic de-
scribing the tortuosity of a path through the pore space from a point on the surface of
the material to the closest point on the opposite surface, see Definition 4.40 for more
details. The probability densities of these local tortuosities are shown in Figure 7.19.
The tortuosity distributions of the experimental and simulated microstructures show
strong accordance with one another. This indicates that the functional properties of
the output of the stochastic model should resemble the functional properties of the
actual materials quite closely.
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Figure 7.17.: Distribution functions of coordination numbers of the connectivity
graph. Red: experimental; blue: simulated.
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Figure 7.18.: Tail function of the pore size distributions. Red: experimental; blue:
simulated.
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Figure 7.19.: Probability densities of local tortuosities. Mean values are indicated by
the dark lines and the ranges between the pointwise 0.05 and 0.95 quan-
tiles are shown in lighter colors. Red: experimental; blue: simulated.
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8. Modeling of Anodes II:
Nanostructure

In the previous Chapters 6 and 7 two models have been presented for the microstruc-
ture of electrode materials, where by the term ’microstructure’ we mean the structure
of the electrodes that is visible with resolutions in the micrometer range. As the
electrode particles have dimensions of several micrometers these models are able to
capture the position of particles, their connectivity and especially their shapes. This
is very useful especially for electrochemical transport simulations as these are the
properties that influence the charge transport inside the electrolyte, see Section 2.3.
But, especially with regard to aging, there is still another very important length scale
inside the electrodes. This is the nanometer scale, where especially the inner struc-
ture of electrode particles can be investigated. Here, resolutions of several nanometers
are considered and images are usually obtained using FIB-SEM tomography, cf. Sec-
tion 3.3.2. On this scale it is possible to see changes in the inner structure of particles,
e.g., during aging. Thus, this scale is also very interesting for modeling purposes.

In this chapter a model for the inner structure of anode particles will be presented
which is based on an inhomogeneous point process.

8.1. Description of Experimental Data

As stated in Section 2.4, from literature one would expect changes in the inner particle
structures which depends on the aging process of the cells. Thus, three different cells
for three different aging scenarios were considered. First, this is a pristine untreated
cell which shows the initial state of the material. Second, a cell is considered which
was aged by the application of load cycles and finally, a cell which was aged by storage
with high temperatures and a high state of charge.

Recall that particles were extracted from all datasets, cf. Section 3.5. An overview
of the properties of segmented datasets is shown in Table 8.1 and example slices of
all three samples can be seen in Figure 8.1. Furthermore, Figure 8.2 (left) shows a
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sample aging x / voxel y / voxel z / voxel extracted particles

FIB I none 626 402 215 18
FIB II cyclic 756 488 120 12
FIB III calendaric 662 614 445 12

Table 8.1.: Properties of all three FIB-SEM images of anodes.

(a) No aging (FIB I). (b) Cyclic aging (FIB II).

(c) Calendaric aging (FIB III).

Figure 8.1.: 2D slices of the 3D FIB-SEM images of anode particles.

cutout of the hand labelled particles. Finally, Figure 8.2 (middle, right) shows an
example of the holes extracted from the particles as described in Section 3.5.
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8.2. Modeling of the Inner Particle Structure

Figure 8.2.: 2D cutouts of post processing of FIB-SEM tomography images. Hand
labelled particles (left); Grayscale particle with inner holes marked in
red (middle); Detected holes (right).

8.2. Modeling of the Inner Particle Structure

The modeling approach is based on a germ-grain model, cf. Section 4.4.2. That is,
the locations for the inner holes will be generated by a random point process and
then holes will be placed at the respective locations. The images shown in Figure 8.1
motivate the choice of an inhomogeneous point process which is indeed the basis for
the model. As the model represents the inner structure we assume a given particle
P ⊂ R3 as the domain of the model. Both particle models presented in Chapters 6 and
7 generate particles that are star-shaped, thus it is natural to keep this assumption
here.

8.2.1. Nanostructure Model

As the intensity of the internal holes seems to depend on the distance from the
particle’s centroid, a straightforward approach would be to use a Poisson point process
with a radially dependent intensity function. But, due to the small number of particles
in the experimental images, not only particles which are fully contained in the window
have been extracted but also particles that are cut off to a certain degree. Thus, it is
in many cases not possible to find a suitable centroid.

Thus, a different approach is used to express the intensity function. For each point
x inside a particle P we define the distance to the particle’s boundary

d(x) = min
y∈R3\P

|x− y| .
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rmax

rmin

�0

Figure 8.3.: Schematic depiction of the intensity function λ(·) defined in (8.1).

So the intensity function λ(·) is given by

λλ0,rmin,rmax(x) =

{
λ0, if rmin ≤ d(x) ≤ rmax,

0, otherwise ,
(8.1)

where 0 ≤ rmin < rmax ≤ maxx∈P d(x) and λ0 ∈ R+. An illustration of this intensity
function is shown in Figure 8.3.

8.2.2. Parameter Fitting Procedure

Recall that the model is ful determined by the three parameters rmin, rmax and λ0.
All three of these parameters have a natural interpretation and thus, realistic initial
values can be chosen.

For the radii rmin and rmax the following (initial) estimators could be considered:

r̂min = min
x∈O

d(x) and r̂max = max
x∈O

d(x) ,

where O denotes the set of locations of holes in all observed particles.
However, to make the estimation more robust against outliers the 5% and 95%

quantiles of the distance to the respective particle boundaries are used. That is,

r̂min = Q0.05({d(x) : x ∈ O}) and r̂max = Q0.95({d(x) : x ∈ O}) ,
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8.2. Modeling of the Inner Particle Structure

where Qp(·) denotes the empirical quantile function, cf. Section 4.1.
Furthermore, for given values of r̂min and r̂max one can estimate λ0 with the canon-

ical estimator
λ̂0 =

# {x ∈ O : r̂min ≤ d(x) ≤ r̂max}
vol({x ∈ W : r̂min ≤ d(x) ≤ r̂max})

,

where W ⊂ R3 denotes the window of observation.

8.2.3. Results

All particles (see Figure 8.1) from the different samples have been fitted and examples
of the fitted parameters are shown in Table 8.2.

Sample λ̂0 / 10−6 r̂min / 10−1 r̂max / 10 N

FIB I 45.4 8.36 0.758 23
FIB I 60.0 4.90 1.63 40
FIB I 60.7 6.80 1.22 38
FIB II 35.1 7.55 1.60 65
FIB II 39.0 2.59 2.95 97
FIB II 56.2 6.37 2.49 131
FIB III 7.64 6.36 2.78 159
FIB III 6.65 2.12 2.78 114
FIB III 7.07 8.71 2.92 138

Table 8.2.: Examples of fitted values for the parameters λ0, rmin, rmax and the number
of inner holes N in the particles. Note that each line corresponds to one
particle in the respective sample.

To validate the model, virtual hole systems are generated. For better comparability
the surrounding particles are taken from experimental data and only the inner particle
system is generated. In all three Figures 8.4, 8.5 and 8.6 the subfigure (a) shows the
complete particle and subfigures (b)-(d) show only the core of the particles, i.e.,
{x ∈ P : d(x) > rmax}, together with the points indicating the inner holes. This has
been done for better visibility.

One can see that the hole system is visually in good agreement with the model for
the three considered aging scenarios.

One can clearly see the difference between the fitted parameters for the three aging
scenarios considered. Whereas there are only few holes in the particles of the pristine
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8. Modeling of Anodes II: Nanostructure

(a) Original particle. (b) Particle core with holes from experimen-
tal data.

(c) Simulated holes I. (d) Simulated holes II.

Figure 8.4.: Example of a particle from the pristine sample (FIB I) with holes from
experimental data and simulated by the model.

cell (cf. Figure 8.4) one clearly sees that more holes are present in particles from both
aged samples (cf. Figures 8.5 and 8.6).
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8.2. Modeling of the Inner Particle Structure

(a) Original particle. (b) Particle core with holes from experimen-
tal data.

(c) Simulated holes I. (d) Simulated holes II.

Figure 8.5.: Example of a particle from the cyclically aged sample (FIB II) with holes
from experimental data and simulated by the model.
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(a) Original particle. (b) Particle core with holes from experimen-
tal data.

(c) Simulated holes I. (d) Simulated holes II.

Figure 8.6.: Example of a particle from the calendaric aged sample (FIB III) with
holes from experimental data and simulated by the model.

8.3. Analysis of the Inner Structure with Respect to
Aging

By visual inspection it is indicated, e.g., in Figure 8.1 that the number and distribu-
tion of holes is different for all three aging scenarios.
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Figure 8.7.: 2D plot of the parameters rmin and rmax for all particles from the samples
FIB I, FIB II and FIB III, i.e., pristine (blue); cyclically aged (green) and
calendarically aged (red).

First, the variation of the parameters rmin and rmax is investigated. Figure 8.7
shows a plot of the two radii against each other. When looking at the x-axis, where
rmin is plotted one sees that there is a slight trend towards smaller values of rmin for
the aged samples. Furthermore, when looking at the y-axis one sees that there is also
a trend for rmax values, although different this time, as rmax tends to increase for the
aged samples. Overall, this clearly indicates that there is some kind of changes in
the inner structure during aging but there is no clear distinction possible between the
samples.

Thus, we are also looking at a 2D plot for the relation between the number of holes
N and the intensity λ0, shown in Figure 8.8. Here, besides the points a 2D density
estimation is shown for each sample. In this plot, one clearly sees a trend for the
different aging scenarios. In more detail, the number of holes N tends to increase for
both aging scenarios, for the calendaric aging even more than for the cyclic aging.
Especially, for the calendarically aged materials there is also a significant change in
the intensity λ0 which seems to decrease.

Overall, Figures 8.7 and 8.8 show that the model and its parameters are suitable
for the investigation of changes in the inner structure induced by aging. Also the
interpretation of the changes in the model parameters seem to be in good accordance
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Figure 8.8.: 2D plot of the parameters λ0 and N for all particles (points) with density
estimation (lines), pristine (blue); cyclically aged (green) and calendari-
cally aged (red).

with reports from experimental investigations and theoretical considerations in lit-
erature, cf. Section 2.4. The increase of rmax and the synchronous decrease of rmin

which for aged samples which can be observed in Figure 8.7 means that the ‘band’ in
which holes are located is widening in both directions. I.e., internal holes also start to
arise near the particle boundaries and towards the particles centers. We believe that
this is due to the strain and stress which is imposed on the inner structure during
charge- and discharge due to the materials volume changes. From Figure 8.8 one can
furthermore see that the number of internal holes in the particles increases for both
aged materials. We assume that this is due increased local breakdown of the structure
which leads to these observable holes.
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Applications and Discussion
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9. Electrochemical Simulation on
Simulated Microstroctures

One of the most effective methods (with regard to time and effort) for studies of
performance as well as aging behavior of lithium-ion batteries are electrochemical
simulations, i.e., simulations of the physical and electrochemical processes of the cell.
Electrochemical simulations of lithium-ion battery cells were pioneered by John New-
man, e.g., in Newman and Tiedemann (1975) and a lot of investigations has been done
with the so-called pseudo 2D models, see, e.g., Doyle et al. (1993), Fuller et al. (1994),
Newman et al. (2003) and Newman and Thomas-Alyea (2012). For these models, the
term ’pseudo 2D’ refers to the two dimensions considered in these models, first the
through direction to model the ion flux of lithium-ions from anode to cathode during
discharge and vice versa during charge. Second, the radial direction inside (repre-
sentative) particles placed along the electrode are considered to model intercalation
and diffusion inside the bulk material. However, there is one major drawback with
this simulation approach, because it uses averaged structural characteristics. Thus,
details of the microstructure cannot be incorporated in the model and local structural
inhomogeneities cannot be covered at all. Thus, new theoretical models and new sim-
ulation methodologies have been developed. With regards to microstructure the most
interesting is spatially resolved electrochemical simulation, i.e., the simulation of the
dominant electrochemical processes, especially the transport in the porous electrodes,
spatially resolved in the cell, cf. Latz and Zausch (2011), Latz et al. (2011) and Latz
and Zausch (2013). This incorporates the microstructure and also the effects of local
inhomogeneities can be seen directly.

The rest of this chapter is organized as follows. First, in Section 9.1, we describe
the general setup of the electrochemical simulations and the necessary physical back-
ground. Furthermore, we discuss the exact setup of the simulated geometry and
the parameters used. This is followed by an electrochemical validation of the 3D
microstructure model for anodes of lithium-ion cells presented in Chapter 7 which
is covered in Section 9.2. Finally, in Section 9.3 we shortly describe the project
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MULTIBAT which implements a virtual materials testing (VMT) workflow for bat-
tery electrode materials, again, based on the anode model described in Chapter 7.

The main results of this chapter have been incorporated in Hein et al. (2016) and
Feinauer et al. (2017).

9.1. Electrochemical Model

In this section, a brief overview of temporal and spatially resolved electrochemical
simulations is given. Shortly, the model and the governing equations will be presented
and then the parameters and setup details will be shown which are used for the
simulations shown in this thesis.

The lithium-ion battery considered in this thesis is described by a thermodynam-
ically consistent model, cf. Latz and Zausch (2011, 2015). To begin with, a short
overview of the electrochemical model is given.

Thermodynamically consistent transport model The description in this sec-
tion follows Latz et al. (2011). Two characteristic quantities governing the reaction
and transport of lithium-ions in the electrolyte are the concentration cEl and electro-
chemical potential ϕEl of the lithium-ions in the electrolyte. Inside the solid phase
the model keeps track of concentration cSo and the electrical potential ΦSo. The mass
balance equation and charge conservation equation are solved to obtain the spatially
resolved evolution of these quantities. The governing equations are listed in (9.1)
which are given by

∂tcEl = −∇NEl

0 = −∇jEl

∂tcSo = −∇NSo

0 = −∇jSo

(9.1)

with Ni as the particle flux in phase i:

NEl = −DEl∇cEl +
t+
F
jEl

NSo = −DSo∇cSo
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and ji as the current density in phase i:

jEl = −κEl∇ϕEl + κEl
1− t+
F

(
∂µEl

∂cEl

)
∇cEl

jSo = −σSo∇ΦSo

(9.2)

The partial differential equations for the different phases are coupled at the corre-
sponding interfaces. The particle and current fluxes are continuous. This is repre-
sented by the following equations (also-called interface conditions):

jEl · nSo−El = iSoEl

NEl · nSo−El =
iSoEl

F

jSo · nSo−El = iSoEl

NSo · nSo−El =
iSoEl

F

The normal of the interface area nSo−El is pointing from the solid (So) into the elec-
trolyte (El). The interface current between solid and electrolyte is described by iSoEl.
Different reactions and types of interfaces can be expressed by using different expres-
sion for iSoEl. In this case, a symmetric Butler-Volmer equation (Latz and Zausch,
2013) is used for the interface current between the intercalation material (graphite)
and the electrolyte. The properties of the different materials (electrolyte, graphite,
...) are represented by their respective parameters (e.g.: lithium diffusion coefficient
inside the anode DAnode).

Reactions The electrochemical simulations are performed in a half-cell setup. As
counterelectrode a lithium foil is used. Therefore, lithium-intercalation into the
graphite and lithium-deposition at the lithium-metal counterelectrode are assumed.

Intercalation The intercalation reaction, i.e., the reaction describing the insertion
of lithium-ions (into the bulk material) from electrolyte into graphite is described by

Li+El 
 Li+So. (9.3)

As stated above, a symmetric Butler-Volmer-equation to describe the intercalation
reaction (9.3) is applied, i.e.,

iSoEl = 2 · i00
SoEl

√
cEl cSo (cmax

So − cSo) · sinh

(
F

2 R T
· ηSoEl

)
. (9.4)
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The overpotential for the reaction is the difference between the electrochemical po-
tentials of the lithium-ions in the involved phases. A strict derivation leads to

ηintercalation = ΦSo − U0 − ϕLi+

El

with the electrical potential ΦSo in the solid (graphite), the electrochemical potential
ϕLi+

El of the lithium-ions in the electrolyte and the open circuit potential (OCP) U0 of
lithium-ions in graphite.

Lithium foil counterelectrode At the lithium-metal counterelectrode the ions
from the electrolyte are electrodeposited. This reaction can be written as

Li+El + e−So 
 Li0Li.

The current flux at the the interface is expressed by a symmetric Butler-Volmer
equation:

iLiEl = 2 · i00
LiEl · sinh

(
F

2 R T
· ηLi

)

with the overpotential

ηLi = ΦLi − ϕLi+

El .

9.2. Electrochemical Validation of Microstructure
Models

After the short description of the model given above, this section describes the model
setup and results of electrochemical simulations on simulated microstructures which
are used to validate the microstructure model described in Chapter 7. As discussed in
Section 7.3 the simulated structures are in good accordance with experimental data
with regards to several structural characteristics.

But, from the perspective of the application, it would be more favorable to see
that the simulated morphologies behave similar to those obtained experimentally in
realistic situations. This can be done virtually using electrochemical simulations.
The general idea is to use spatially resolved simulation models and to simulate the
transport through both sets of structures, experimental and simulated ones, respec-
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Figure 9.1.: The half-cell geometry used for electrochemical simulations with an ex-
perimental structure as anode. The different phases are (from top to bot-
tom): Negative current collector, lithium electrode, separator/electrolyte
(transparent), porous graphite and positive current collector. Reprinted
from Hein et al. (2016).

tively. Then, results of the simulations can be compared and can be used to validate
simulated microstructure models with respect to characteristics that are meaningful
for the specific application.

9.2.1. Setup and Simulation

The battery setup is in half-cell configuration. In Figure 9.1 a rendering of a vir-
tual battery of one of the experimental cut-outs is shown. The total thickness of
the battery in through direction, i.e., from one electrode to the other, is 66.44µm
(151 voxel) for both types of microstructures. The current collectors have a thickness
of 3 voxel, the lithium-foil electrode has a thickness of 6 voxel and the graphite elec-
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Table 9.1.: Material and kinetic parameters used for the electrochemical simulations.
graphite li metal LiPF6 in PC/EC/DMC

parameter/unit value ref value ref p / u value ref
cmax/ kmol/m3 26.39 (a) t+ / — 0.399 (b)
σSo / S/cm 10 (a,c,d)a f± / — eq. 6 (b)
DSo /10−10 cm2

s
3.9 (a,e) κEl / S/cm2 eq. 17 (b)

U0 /V 0.63 + ... (f) DEl/ cm2/s eq. 14 (b)
i00
SoEl/

Acm5/2

mol3/2
8.9 · 10−2 (d)b

i00
LiEl /

A
mol1/2cm1/2 0.0364 (g)a

a - Literature values vary, this value selected;
b - Calculated from Literature for initial conditions;
References as follows: (a) Doyle et al. (1996); (b) Valoøen and Reimers
(2005); (c) Morgan (1970); (d) Fuller et al. (1994); (e) Langer et al. (2013);
(f) Safari and Delacourt (2011); (g) Chandrasekaran and Fuller (2011).

trode 119 voxel. The two electrodes are separated by a distance of 20 voxel. The total
count of discretization volumes used for the electrochemical simulations is therefore
24 160 000.

In Table 9.1 the material parameters for the various phases are listed. As electrolyte
LiPF6 in PC/EC/DMC was used.

First, electrochemical simulations of a full delithiation were performed for the vir-
tual half-cells based on experimental and virtual microstructures. The results showed
some differences in the cell potentials. One visible deviation was the amount of trans-
ferred charge needed to reach a designated cell potential. Further analysis showed,
that this deviation exists consistently throughout all simulations. A longer time pe-
riod for the simulations even led to more pronounced differences. Hence, only a short
time period was used for the simulations. Namely, the first 10 s of the delithiation
at a defined state of charge which corresponds to a current pulse. Simulations are
performed with three different current densities (H = high, M = medium, L = low).
They are listed with respect to the current collector area in Table 9.2. The current
is applied at the positive current collector. The simulation results show, that the
same microstructure behaves similar for different currents. A higher applied current
emphasizes certain features. E.g, the distribution of electrolyte concentration is very
sensitive to applied currents. See Figure 9.2 for an example, where the distribution
of electrolyte concentration is shown for one experimental microstructure cut-out and
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Table 9.2.: Overview of the applied current densities with respect to the current col-
lector area.

name current
current H 20 mA/cm2 ≈ 10C
current M 2 mA/cm2 ≈ 1C
current L 1 mA/cm2 ≈ C/2
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Figure 9.2.: (Inset) distribution of electrolyte concentration for all currents; (main)
concentration distribution rescaled. Note that the curve of the medium
current is underneath the low current curve. Reprinted from Hein et al.
(2016).

all three currents. A direct comparison of the histograms of electrolyte concentra-
tion is not possible, therefore they are scaled in a way, that the locations of the two
maxima in the distribution are identical for all three currents. One can see that the
shape of the peaks is nearly identical and also the features between the peaks exhibit
a similar shape. As these observation of similar trends and shapes were also made
for other quantities, further discussions and comparisons of experimental and virtual
microstructures are only shown for the highest current (current H). As stated previ-
ously, for some quantities a stronger separation between interesting features occurs
for the highest current.
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9.2.2. Results

In this section, the results of the electrochemical simulations for experimental and
simulated microstructures in the half-cell setup described in Section 9.2.1 are shown.
For this investigation the results of both sets of simulations have been been analyzed
using several characteristics. As discussed previously this is an excellent method for
the validation of microstructure models as one is able to proof not only the conformity
of simulated microstructures to experimental ones in a structural sense but also with
characteristics which are sensible with respect of the materials functionality. For
electrode materials in lithium-ion cells these are mainly the transport properties,
see Section 2.3.2 for a detailed explanation. Here, we concentrate on the lithium
concentration, the current density in the electrolyte phase and the spatial distribution
of the particle flux. See Hein et al. (2016) for more characteristics.

Throughout this section, blue color indicates results of the experimental structures,
whereas red color is used for virtual structures. Solid lines show the course of the mean
value of a quantity and the region between the 5 % and 95 %-quantile is highlighted
in the respective color.

The cell potential of a battery during operation is one of the quantities used to
compare different batteries. The average cell potential for the experimental and vir-
tual cut-outs are shown in Figure 9.3. Variations in the microstructures for different
cut-outs lead to slightly different active surface areas and solid volume fractions. This
results in a scattering of the cell potentials, which is more pronounced for the experi-
mental microstructures. In Table 9.3 the statistics for surface areas and solid volumes
of the experimental and virtual microstructures are listed. Deviations between ex-
perimental and virtual structures are less than 1 % or 5 mV and thus show a very
good agreement. Although, the experimental microstructures exhibit a variation in
the surface area in the order of 10 %, the cell potentials vary by less then 3 %. A
similar trend is observed for the virtual structures.

Thus, we conclude that experimental and virtual microstructures are not discrim-
inable from overall cell performance data. As a next step, we examine several intrinsic
quantities more closely. In the following all quantities are taken at the end of the
delithiation simulation at t = 10 s.

Concentration The first quantity of interest is the concentration. The distribution
of the electrolyte concentration (see Figure 9.4(a)) is split into two sections: the
pore space of the electrode and the separator region shown in the inset. The minor
peak at 0.0012 mol/cm3 indicates unconnected voids in the porous electrode. These
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Figure 9.3.: Average cell potential for experimental and virtual structures during the
first 10 s. Reprinted from Hein et al. (2016).

Table 9.3.: Statistics of surface area and solid volume for the experimental (exp) and
simulated (sim) microstructures.

quantity type mean std unit

surface area exp 7.72 0.34 ×10−7 m2

sim 7.80 0.40 ×10−7 m2

solid volume exp 1.190 0.013 ×10−12 m3

sim 1.185 0.005 ×10−12 m3

electrolyte volume exp 0.704 0.013 ×10−12 m3

sim 0.710 0.005 ×10−12 m3
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Figure 9.4.: (a) distribution of the concentration in the electrolyte for the electrode
pore space and the separator (inset). Density is normed to unity area.
The small peak at the initial concentration indicates ’dead’ pores; (b)
mean lithium concentration in the electrolyte as a function of the distance
to the separator. Reprinted from Hein et al. (2016).

parts of the pore space are electrochemical inactive and often called ’dead’ volume as
they do not contribute to the electrochemical processes inside the cell. One can see
that the virtual microstructures exhibit more dead volumes than the experimental
microstructures. This might occur due to the connection rule for particles in the
stochastic model. The concentration maxima in the virtual structures are slightly
lower than those for the experimental ones which is also visible in the 3D-spatial
distribution for two selected cut-outs which is shown in Figure 9.5. The virtual
structures also show a smaller spread between minimal and maximal concentrations
overall. This effect is attributed to the slightly larger total electrolyte volume, see
Table 9.3, and accordingly the minor spatial concentration gradients.

In Figure 9.4(b) the average electrolyte concentration is shown as function of the
distance to the separator. The shape of data from experimental and virtual structures
is nearly identical. Close to the current collector the concentration is somewhat higher
for the experimental structures compared to the virtual structures. The maximal elec-
trolyte concentration close to the current collector is a result of the delithiation of
lithium. Since there are no lithium-ion sources in the separator, the lithium diffusion
and migration leads to a linear concentration region. The small difference between
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experimental and virtual structures is assumed to be due to the small differences
in electrolyte volume, see Table 9.3. The shape of the spatial distributions of the
mean electrolyte concentration is quite similar to what is usually obtained as a re-
sult of porous electrode theory (Latz and Zausch, 2015; Fuller et al., 1994). One of
the advantages of the 3D simulation is, that local effects are easily resolved and no
special assumptions are needed. In Figure 9.5 the spatial distribution of electrolyte
concentration is shown for one experimental and one virtual microstructure. In both
samples some less-than-average connected pores can be seen. The experimental data
shows higher concentration (more dark red) compared to the virtual microstructure.
This is in agreement with the slight difference in the position of the concentration
peak in Figure 9.4(a).

Current density The current density is a quantity, which heavily influences the
degradation inside a battery, see Sections 2.3.2 and 2.4. E.g., lithium plating, SEI
growth and electrolyte decomposition are some of the reactions, which are highly
influenced by the local current flow. High currents increase the local temperature
(Latz and Zausch, 2015) and hence lead to local decomposition of SEI or in the worst
case can initiate exothermic reactions leading to thermal runaway.

The current density in the electrolyte and solid phase is defined in Eq. (9.2). At
the interfaces between the solid phase and the electrolyte, the current density is
continuous and given by the interface condition

ji · n = iSo−El

with the interface current iSo−El as defined by Eq. (9.4).
The experimental and virtual current density in the electrolyte phase shows a virtu-

ally identical behavior, see Figure 9.6(a). The virtual structures contain slightly more
regions with lower current densities. For higher local current densities, which could
be critical for SEI decomposition, no differences can be seen between the two sets of
microstructures. This is one of the indications, that the simulated microstructures
are electrochemical very similar to the experimental structures.

The spatial distribution of the average current density magnitude is shown in Fig-
ure 9.6(b). The current density increases from the current collector towards the
separator, since the charge transport changes from solid to electrolyte phase. The
largest deviation between data from simulated and experimental structures is ob-
served close to the separator. The experimental microstructures display a current
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Figure 9.5.: Spatial distribution of electrolyte concentration for two cut-outs: experi-
mental (left) and virtual (right). Both have the same color scale (shown
below). Larger particles can be seen for both structures. Also both cut-
outs show electrolyte pores, which are less connected to the main pore
space: (virtual) Orange part close to the blue and (experimental) dark
red at the upper corner. Reprinted from Hein et al. (2016).
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(a) (b)

Figure 9.6.: (a) histogram of the current density inside the electrolyte for the high
applied current; (b) Spatial distribution of the average current density
inside the electrolyte for high applied current after 10 s. Reprinted from
Hein et al. (2016).

density, which is roughly 10 % higher than the values for the virtual structures in this
region. This is assumed to be in conjunction to the increase in solid volume fraction
close to the separator for the experimental microstructures which leads to a decrease
of electrolyte volume. This, in turn, leads to an increase in the current density, since
the same amount of current needs to flow through a smaller volume. In Figure 9.7(a)
the spatial distribution of the solid volume fraction is shown for experimental and
virtual microstructures.

Spatial distribution of the particle flux In the electrolyte phase, the particle
flux is calculated from the current flux, see Eq. (9.2) by division with the Faraday
constant F. Hence the particle flux in the electrolyte can not give any new insight
and we concentrate on the particle flux in the solid phase.

The spatial distribution inside the solid phase is shown in Figure 9.7(b). Since the
solid electrode has a flat surface at the separator interface and therefore an increased
active surface, that part of the electrode has an increased mean particle flux density.
There is also a deviation between simulated and experimental structures in this re-
gion: The change in particle flux is more abrupt for experimental structures than to
the simulated structures. On the other side (in lateral direction), the experimental
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Figure 9.7.: (a) average solid volume fraction along the through direction for experi-
mental and simulated structures; (b) spatial distribution of the particle
flux inside the solid phase shows quite good agreement. Reprinted from
Hein et al. (2016).

structures show a smaller particle flux. The cause of these two deviations is the differ-
ence in the solid volume fraction. Apart from these features, the spatial particle flux
distribution inside the solid phase is quite identical for experimental and simulated
structures. They both range over similar values and show a similar shape.

Finally, one can conclude that the simulation model presented in Chapter 7 is in
very good accordance not only with structural characteristics as shown in Section 7.3
but also with regards to electrochemical performance as shown in this section.

9.3. MULTIBAT and Virtual Materials Testing

The combination of spatially resolved electrochemical simulation with stochastic 3D
microstructure models has two interesting facets. On the one hand, one can validate
models by looking at their exact performance to see if the structures lead to equivalent
transport behavior inside the cells. On the other hand, this enables the possibility
to do so-called virtual materials testing (VMT). The general approach is listed in
Algorithm 9.1.

Furthermore, this technique can be adapted for the investigation of other material
properties if one is able to do virtual experiments, e.g., using simulations. This has
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Random Geometry
Generation Validation

Experimental
Data Discretization Model Order

Reduction Prediction

Cell Modeling Optimization

Figure 9.8.: Schematic overview of the MULTIBAT workflow. Reprinted from Fein-
auer et al. (2017).

Algorithm 9.1 Virtual materials testing

(i) Develop and validate a microstructure model.

(ii) Change the parameters of the model slightly to generate changed but realistic
structure variations.

(iii) Test the efficiency of generated structures using electrochemical simulations.

(iv) Check if the generated structures are preferable. If so, experimental samples of
the virtual structures have to be prepared and the results have to be checked
experimentally. If not, go back to step (ii).

been shown successfully, e.g, by Gaiselmann et al. (2014) and Stenzel et al. (2016,
2017). It turns out that this methodology is also very suitable for application to
electrode materials for lithium-ion batteries. In this thesis, stochastic 3D simulation
models have been considered for both electrodes (Chapters 6 and 7) and the ap-
plication of spatially resolved electrochemical transport simulation has been used in
conjunction with these structures in Section 9.2.1.

But, for investigations in the aging behavior of cells in relation to microstructure a
major drawback exists. This is the numerical complexity of current electrochemical
simulation models, see e.g., Hein and Latz (2016) and Hein et al. (2016). However,
if for a given microstructure many cycles with identical boundary conditions have
to be performed there is a possibility for a major speedup by usage of model order
reduction (MOR) methods. The case of proper orthogonal decomposition (POD) was
pioneered by Long and White (2009). In the context of reduced basis methods more
recent contributions exist, cf. Iliev et al. (2012), Wesche and Volkwein (2013), Lass
and Volkwein (2015), Ohlberger et al. (2014), Ohlberger et al. (2016) and Ohlberger
and Rave (2017).

All the methods and technologies mentioned above have been combined in the
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project MULTIBAT funded by the German Ministry for Education and Science
(BMBF). Figure 9.8 shows a high level overview of the MULTIBAT workflow. In
the context of this thesis it is important to note that the workflow is based on the
stochastic structure model presented in Chapter 7 and the electrochemical simulation
model summarized in Section 9.2.1.

Finally, it was successfully shown that temporal and spatially resolved simulation
of aging effects like lithium plating can be simulated in reasonable times, see Feinauer
et al. (2017).
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10. Related Work, Conclusions and
Outlook

In this final chapter, the models and methods presented in Chapters 6, 7, 8 and
9 are discussed regarding their context with the literature. After this, conclusions
are drawn, summarizing all the topics covered in this thesis. This chapter is then
closed with an outlook to extensions and future possibilities for the investigation of
lithium-ion batteries based on 3D morphologies and the improvement of electrode
structures.

10.1. Related Work

With regard to microstructure modeling, this thesis dealt with three different micro-
and nano-structure models for lithium-ion battery electrodes. First, a model for cath-
odes was presented on the microscale where particles where approximated by balls.
Second, the microstructure of anodes was modeled, again on the microscale. This
model was more refined with respect of the arrangement of particles and particularly
the shapes of the particles. Finally, anode particles and their inner structure were
modeled on the nanoscale. In this section, a short overview of related models will
be given which are based on similar modeling ideas or have been influenced by ideas
from the models presented here or which can be seen as extension of this work.

Two models from literature are briefly discussed in this section. First, a model for
the anode microstructure in a lithium-ion power cell, i.e., a cell that is optimized for
high charge and discharge currents and not so much for energy storage which was
developed in Westhoff et al. (2017). Second, a model for the same cathode which
was presented in Chapter 6 and which is able to give a better fit to experimental
data by incorporating ideas from the particle model of Chapter 7 has been developed
in Kuchler et al. (2018). Both papers are summarized in Sections 10.1.1 and 10.1.2
below. The present section is then concluded with a short review of other related
work.
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10.1.1. Simulation of Power Cells

The microstructure of power cell anodes strongly differs from the one in energy cell
anodes as presented in Section 3.3. While both consist of completely connected
systems of particles, the volume fraction of the active material is much lower for
power cell anodes. This improves transport properties in the pore phase which leads
to the improved ability of providing high charge and discharge currents. Thus, the
stochastic microstructure model for energy cell anodes presented in Chapter 7 was
adapted to capture this property. Besides some smaller modifications, which include
a dependence of the connectivity graph on the spatial orientation of pairs of particles
to each other in order to include the anisotropy that was observed in tomographic
image data, the main difference is the inclusion of empty polytopes in the host lattice,
where no particles are created in. This allows to account for the low volume fraction
of the active material, while preserving realistic shapes of particles.

In the following, the differences with regard to the model presented in Chapter 7
are highlighted. For further details we refer to Westhoff et al. (2017).

Host lattice, particle arrangement. The generation of the host lattice is also
based on a system of spheres, which is simulated using a modification of the so-called
force-biased algorithm (Bezrukov et al., 2002). Based on an initial configuration of
spheres, an iterative rearrangement is performed until the overlap of spheres falls be-
low a certain threshold. This procedure results in a system of spheres which resembles
the properties of the particle system observed in tomographic image data, represented
as spheres with volume-equivalent radii. Based on this, the corresponding Laguerre
tessellation can be computed, which results in a space-filling system of polytopes.

Connectivity of the particles. Given the Laguerre tessellation, a graph indicating
connectivity between particles is created. To account for the anisotropic shape of
particles observed in tomographic image data, the graph is created such that particles
are rather connected in horizontal direction than in vertical direction. This means
that, besides the size of the Laguerre facet between two points and the distance of
those points, the angle with respect to horizontal direction between those points is
computed. Starting with a minimum spanning tree to ensure complete connectivity,
edges are added based on those three characteristics with a probability such that the
mean coordination number of the graph extracted from tomographic image data is
matched.
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(a) (b)

Figure 10.1.: Comparison of cutout of tomographic image data for a power cell anode
(a) and corresponding model realization (b).

Modification of host lattice to include empty polytopes. Particles need to
fulfill the connectivity conditions induced by the graph on the one hand, but on the
other hand they have to preserve the desired size. This is important to match the
volume fraction of active material in the electrode. Therefore, the polytopes where
particles are placed in are made smaller by including empty polytopes into the space-
filling system. These empty polytopes are found by adding points to the generators
of the Laguerre tessellation at the center of those facets where no connectivity is
induced by the graph. Moreover, it is ensured that the resulting empty polytopes do
not remove facets of the tessellation where two particles are supposed to be connected.

Simulation of individual particles. Finally, the particles are modeled using
spherical harmonics in the polytopes that have been made smaller in the preceding
step. Because of the smaller polytopes, most particles can fulfill their connectivity
conditions and required size together with a reasonable shape. In case this is prob-
lematic, a more flexible way of setting the boundary conditions to account for the
connectivity is used. A comparison of a model output to tomographic image data can
be found in Figure 10.1.

10.1.2. Simulation of Cathodes with Spherical Harmonics

In Chapters 6 and 7 we showed that cathode and anode microstructures, although
they serve the same purpose, are quite different in detail. One aspect regarding this
is the shape of the particles which is more regular for cathode particles and made it
possible to model the cathode particles as balls in Sections 6.2.2 and 6.2.3. As shown
in Section 6.3 this leads to a good fit with regards to experimental data. However,
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(a) (b) (c)

(d) (e) (f)

Figure 10.2.: Overview of the basic cathode modeling ideas. (a) Two random marked
point patterns are realized, where the blue dots and circles induce par-
ticles and the red ones induce large pores; (b) A connectivity graph
(dashed gray lines) based on the random marked point patterns and the
corresponding Laguerre tessellation (black lines) is simulated, where the
red shaded polytope indicates an (empty) pore polytope (i.e., no parti-
cle is placed into); (c) Additional marked points (further red dots and
circles) are determined that induce further pore polytopes; (d) Final
arrangement of particle polytopes (i.e., a particle is placed into) and
pore polytopes (red shaded) is computed, where the initial connectivity
is still retained; (e) Particles fulfilling boundary conditions (black dots)
are created in the corresponding polytopes using spherical harmonics;
(f) Only the particles are kept and morphological smoothing operations
lead to the final particle system.
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Figure 10.3.: Tomographic grayscale image - 2D slice of a cutout - showing the mi-
crostructure of a pristine cathode.

a more refined model of cathodes which is also able to incorporate structures from
cyclically aged cells has been developed in Kuchler et al. (2018). Although, it is a
model of the cathode it is based on the general idea of the anode model in Chapter 7.

Cathode structures also exhibit distinct structural characteristics which made adap-
tations necessary. There are three main structural differences observed in cathodes.
First, the (rare) occurrence of large pores in the structure which are not present in
the anode structure. Second, the connectivity in cathodes is different and had to
be adapted. Finally, the cathode particles exhibit a shape which is more ’spherical’,
i.e., resembles more to a ball than the irregular anode particles. Thus, the particle
model of the anode model had to be modified. In the following, a short review of the
modifications is given. For more details and the complete model, cf. Kuchler et al.
(2018).

Host lattice, particle arrangement. To incorporate the occurrence of large pores
the placement of particles is changed. Locally occurring large pores are present espe-
cially in the case of the pristine cathode. Therefore, when arranging the placement
of particles in a similar way as done for power cell anodes (Westhoff et al., 2017), a
random marked point pattern is simulated which explicitly generates large polytopes
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in the host lattice into which no particles are placed later on. These large and empty
polytopes mimic large pores in the simulated microstructure.

Connectivity of particles. Further, cathodes for lithium-ion batteries exhibit an-
other particle connectivity than anodes. That means, the particle system forming
the cathode microstructure is not necessarily fully connected anymore as observed in
the anode cases, cf. Section 7.1. This characteristic feature is captured by omitting
the previously used tool of a minimum spanning tree when creating the connectivity
graph. Instead, the probability that a pair of particles is connected depends on just
two criteria which are determined from the host lattice which results in a suitable
particle connectivity graph.

Particle placement, boundary conditions and simulation of individual par-
ticles. The third and most obvious microstructural difference are the shapes of the
particles in the cathodes, which are nearly spherically-shaped, see Figure 10.3. To
achieve simulated particles of such shapes, the following three steps are applied:

(i) The polytopes in the host lattice into which particles will be placed are shrunken
to nearly spherical shapes by adding further polytopes which remain empty.

(ii) The number of boundary (contact) conditions per particle is reduced, i.e., now
there is only one boundary condition (point) per facet, compare Figure 7.7,
which guarantees connectivity as claimed by the graph.

(iii) The parameter L at which the series of spherical harmonic functions is trun-
cated is no longer fixed for each particle but dynamically chosen depending on
the number of connected neighboring particles. This number is also-called the
coordination number of a particle and it is known for each particle from the
connectivity graph. At the end, a higher number of connected neighboring par-
ticles means a larger L and, vice versa, a smaller coordination number means a
smaller L.

All three steps lead to less restricted and less degenerated particles and allow them
to have nearly spherical shapes as desired.

To give a short overview, the basic ideas of the application of the modeling approach
described in Chapter 7 to cathodes of an energy cell are summarized and illustrated
by 2D sketches in Figure 10.2.
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10.1.3. Other Related Work

In this section other related work is reviewed from literature and shortly summarized.
First, the methods presented in Section 5 together with several characteristics de-

scribed in Section 4.3.4 were applied to experimental data in 4D by Pietsch et al.
(2016). In this context, 4D means a set of 3D images which cover the same structure
at multiple points in time, as fourth dimension. In the paper, a cell was constructed
and imaged in operando, i.e., the cell could be imaged in 3D multiple times during
(de)lithiation, i.e., charge and discharge. Together with the mathematical methods
described above this gives a really good insight into the changes that take place inside
electrodes during charge and discharge. For more details, we refer to Pietsch et al.
(2016).

Second, a very impressive application of the particle model developed in Chapter 7
was published by Petrich et al. (2017). In this paper, the authors show a new ap-
proach to the detection of cracks in electrodes, which could be extended to general
particulate materials with the presence of cracks. In the paper, machine learning
(a multilayer perceptron, MLP) is used to classify a segmented image and to de-
cide whether neighboring regions are neighboring particles or two fragments from a
cracked particle. Obviously, the main difficulty is the acquisition of suitable training
data. This is especially hard, as the traditional approach would mean to hand label
numerous particles from large tomographic images. Thus, the training data were
generated based on th particle model presented in Section 7.1. Furthermore, some of
the generated particles were cracked virtually to generate a realistic set of training
data. Finally, the particles where rendered to labeled images as input to the MLP.
This approach has one major advantages, an arbitrary number of training data can be
generated in no time. For all details, cf. Petrich et al. (2017). This lines up perfectly
with a new algorithm for the segmentation of particle systems with cracks which was
presented by Westhoff et al. (2018a).

Finally, an interesting modification of the anode model in Chapter 7 was published
by Westhoff et al. (2018b). In this paper the model was modified to enable more free-
dom for modeling particle size distributions. This enables efficient virtual materials
testing (see Section 9.3) as it is possible to generate virtual materials, i.e, materials
that do not yet exist in physical form. These materials can then be investigated
by spatially resolved electrochemical simulations as described in Section 9.2. When
simulation results indicate that specific virtual microstructures exhibit preferable per-
formance one can try to create these structures in the laboratory and perform real-life
tests. For more details, we refer to Westhoff et al. (2018b).
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10.2. Conclusions

The central topic of this thesis is the development of spatial stochastic models for
the microstructures of electrodes in lithium-ion cells on two scales. More precisely,
models for the microstructures of anodes and cathodes are presented and a model for
the nanostructure of particles in the anode microstructure for different aging scenarios.
Furthermore, applications to spatially resolved electrochemical simulations on virtual
anode microstructures are shown.

For cathodes of lithium-ion cells, a microstructure model is presented in Chapter 6.
The model is based on a connectivity graph induced by a point pattern which is used
to generate the vertices of the graph. Edges in this graph are then introduced based
on a set of rules. As the particles observed in experimental data are rather spherical,
particles are represented by balls in the model. Particles in this model are added in
two steps. First, balls are placed at the vertices of the graph and their radius is chosen
sufficiently large such that they connect with at least one neighboring particle. This
leads to a skew particle size distribution as larger particles are chosen more likely to
ensure this condition. Thus, in a second step, particle sizes are sampled so that the
overall distribution of particle sizes approaches the one extracted from experimental
data. These particles are then placed at random positions in the material so that they
have an overlap with the existing structure which is inside a certain range. This is to
ensure that they have a realistic connection to the existing particles and are neither
unconnected nor totally covered by or covering already existing particles. Finally,
it is shown that the structures generated by the model are in good accordance with
experimental microstructures by comparing several image characteristics.

Conversely, the experimentally observed microstructures from anodes show two
major differences. First, the particle system covers a high volume fraction of the
material, about 73%. And second, the particles exhibit very complex and irregular
shapes. Both these properties lead to improvements of modeling methodology and are
reported in Chapter 7. The dense placement of particles in the material is achieved
using a tessellation based placement approach. The window of observation is divided
into complex disjoint cells where particles can be placed. Thus, by a convenient choice
of the particle model one can control the volume fraction of the overall material very
well by controlling the volume fraction that one particle covers in its respective cell.
A particle model which is capable of generating particles with complex and irregular
shapes but which also allows to control the particles volume very fine grained is de-
veloped. This model is based on spherical harmonic functions which are investigated
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deeply for the application to particulate materials in Chapter 5. The final particle
model is able to be fitted to a set of particles extracted from experimental data and
to generate (random) particles with specific volumes which maintain shape related
properties from the particle set the model was fitted to. Both modeling tools, the
tessellation based particle placement strategy as well as the spherical harmonics based
particle model represent valuable additions to existing modeling methods.

Moreover, to investigate impacts of aging to the electrode microstructures, anode
particles from pristine and aged lithium-ion cells are modeled on the nano-scale. The
model is based on holes in the particles which have diameters of about 1nm and can
only be detected by very high resolutions that can be achieved using FIB-SEM. A
very flexible model for the locations of these internal holes is developed in Chapter 8
and is also fitted to three different datasets from pristine, calendaric and cyclically
aged cells. It is shown that one can clearly distinguish the three differently aged (or
unaged) samples by the internal model parameters. This is a very interesting result
as there exist many assumptions about morphological changes of the structures in
literate (see Section 2.4) but no formal validation of these assumptions was possible,
yet.

Finally, the use of spatially resolved electrochemical simulation in conjunction with
3D microstructure modeling for battery research is investigated. In Chapter 9 it
is shown that these methods are very suitable for the validation of microstructure
models and furthermore, that virtual materials testing, a very powerful approach to
computer aided design (CAD) is applicable to lithium-ion battery research. A com-
plete workflow for this is shown which was developed together with several partners
in the project MULTIBAT.

10.3. Outlook

The development of stochastic microstructure models is the first step towards the op-
timization of lithium-ion cell electrode materials by means of computer experiments.
In this thesis, several stochastic models for anodes and cathodes of lithium-ion cells
were introduced. Furthermore, applications of one of these models was shown in
combination with spatially resolved electrochemical simulation. In the following, we
first discuss the potential and further applications of this approach. Secondly, general
aspects of stochastic microstructure modeling for lithium-ion cell electrode materials
are briefly mentioned which reflects the knowledge gained during the work on this
thesis.
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In general, the combination of spatially resolved electrochemical simulation with
stochastic 3D microstructure modelling is a viable tool for virtual materials testing
(VMT). In this thesis, it has been shown that this methodology can also be applied
to microstructures in lithiation-ion cell electrodes. One of the main results of this
thesis is a very flexible simulation model for the anode material from a lithium-ion
cell which has a natural interpretation for most of the parameters. So in the next
steps, these parameters can be varied to generate virtual microstructures which have
not yet been manufactured but which are realistic enough to make their study worth-
while. Analyzing results of electrochemical simulations performed on these simulated
virtual microstructures can help to find microstructures with preferable properties
with respect of the lithium-ion cell behavior and functionality.

From the results in this work and progress in related areas (see Section 10.1.3) it
seems feasible that one can find microstructure which lead to lithium-ion cells with
improved performance characteristics. The important question is, however, if these
microstructures can be produced at industrial level. Possible improvements could be
to fine-tune the range of parameter variation with regards to the production pro-
cesses. Another important aspect is the numerical complexity of the electrochemical
simulations where the methodology described here would greatly benefit from better
parallelisation or improved algorithms which speed up computations.

Another very important field of application of results of this work is the investiga-
tion of the aging behavior of lithium-ion cells. Or, more specifically, to gain a better
understanding of the interplay between aging and microstructure inside lithium-ion
cell electrodes. That means, that on one hand aging may be (locally) accelerated or
decelerated based on local morphological characteristics of the microstructure. On
the other hand, during operation of the cells the electrode morphologies change which
has often times undesirable consequences for operation. In this thesis a first qualita-
tive analysis of the relation between aging and changes in the inner structure of anode
particles has been shown which is a great starting point for more detailed analysis.

Furthermore, to analyze the impact of the microstructure to aging of the cell it is
necessary to operate the cell for a reasonable long time. With the current state of
electrochemical simulations this is not feasible. Together with other groups a work-
flow has been developed in the MULTIBAT project to tackle this problem. The
workflow starts from the generation of virtual electrode microstructures, incorpo-
rates spatially resolved electrochemical simulations and uses reduced basis methods
to reduce the complexity for simulation of many subsequent cycles. This is a very
promising approach for investigations into the relation of microstructure to cyclic
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stability of lithium-ion cells.
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Zusammenfassung

In der vorliegenden Dissertation werden stochastische Simulationsmodelle für Mikro-
strukturen von Elektrodenmaterialien aus Lithium-Ionen-Zellen entwickelt. Dabei
werden sowohl zwei verschiedene Materialtypen, Anoden- und Kathodenmaterialien,
als auch zwei verschiedene Längenskalen sowie verschiedene Alterungszustände be-
trachtet. So wird neben einem Modell für die Mikrostruktur des Partikelsystems,
aus dem die Anodenstruktur aufgebaut ist, auch ein Nanostrukturmodell entwick-
elt, welches die innere Struktur der Partikel beschreibt. Bei der Entwicklung des
Nanostrukturmodells werden weiterhin drei verschiedene Alterungsszenarien betra-
chtet, eine Probe des Materials im Neuzustand und zwei gealterte Proben - einmal
durch Lagerung bei hohen Temperaturen und einmal durch zyklische Belastung.

Die Mikrostrukturen von Anode und Kathode sind grundsätzlich ähnlich aufgebaut,
da beide aus einem System verbundener Partikel bestehen. Allerdings unterscheiden
sich die Partikel in beiden Systemen hinsichtlich ihrer Form und des Feststoffanteils
erheblich. Im Fall der Kathode handelt es sich um nahezu sphärische Partikel, die mit
wenigen angrenzenden Partikeln verbunden sind. Die der Anode hingegen sind relativ
unregelmäßig geformte Partikel, die mit vielen angrenzenden Partikeln verbunden sind
und einen hohen Volumenanteil von 73 % einnehmen.

In dieser Arbeit werden drei Modelle vorgestellt. Ein Mikrostrukturmodell für
die Kathode, ein Mikrostrukturmodell für die Anode sowie ein Nanostrukturmodell
für die innere Struktur der Anodenpartikel. Die Mikrostrukturmodelle für Kathoden-
und Anodenstruktur basieren auf der selben grundsätzlichen Idee, die Partikelsysteme
direkt zu modellieren, d.h. geeignete Partikel zu generieren und im Beobachtungs-
fenster zu platzieren. Die notwendige Methodik um unregelmäßig geformte Partikel
stochastisch zu beschreiben sowie ein geeigneter Algorithmus zur effizienten Simula-
tion solcher Partikel wurde im Rahmen dieser Arbeit entwickelt. Darüberhinaus wird
in der vorliegenden Arbeit ein neuer mehrstufiger Modellierungsansatz entworfen,
welcher es ermöglicht, basierend auf zufälligen Mosaiken, Partikelsysteme mit ho-
hem Volumenanteil zu modellieren. Für das Modell der Nanostruktur von Anoden-
Partikeln hingegen wird ein gänzlich anderer Modelltyp angewandt, da es hier um
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die Modellierung kleiner Löcher in der Partikelstruktur geht. Das Modell wird an-
schließend an die drei betrachteten Alterungsszenarien angepasst, sodass ein direkter
Vergleich der Modellparameter ermöglicht wird.

Neben der Entwicklung der stochastischen Strukturmodelle wird auch deren An-
wendung in Verbindung mit ortsaufgelöster elektrochemischer Simulation untersucht.
Durch Anwendung der elektrochemischen Simulation ist es möglich, virtuelle, d.h.
durch Simulationsmodelle generierte Strukturen, mit experimentellen Daten zu ver-
gleichen und zu validieren. Dabei bezieht sich die Validierung nicht nur wie üblich auf
Strukturkenngrößen, sondern kann durch den Einsatz der elektrochemischen Simula-
tion auch durch den Vergleich von Kenngrößen erfolgen, die für Lithium-Ionen-Zellen
relevant sind.

Die Dissertation besteht aus vier Teilen. Teil I enthält die Einleitung und eine Ein-
führung zu Lithium-Ionen-Zellen. Die Einleitung in Kapitel 1 stellt die Motivation der
vorliegenden Arbeit und ihre Struktur vor. In Kapitel 2 werden die Grundlagen von
Lithium-Ionen-Zellen beschrieben. Dies umfasst, neben ihrer grundsätzlichen Funk-
tionsweise auch eine kurze Diskussion üblicher Materialien sowie eine Beschreibung
der relevantesten Alterungsmechanismen.

In Teil II werden die nötigen Grundlagen eingeführt. Diese Grundlagen beinhalten
die in Kapitel 3 vorgestellen experimentellen Datensätze, welche der Modellierung
zu Grunde liegen. Weiterhin gehören die verwendeten bildgebenden Verfahren sowie
die Nachbearbeitung der 3D Bilddatensätze dazu. Die mathematischen Grundlagen,
welche zum Verständnis der Modelle notwendig sind, werden in Kapitel 4 beschrieben.
Diese umfassen zufällige Punktmuster, zufällige Mosaike, zufällige Graphen sowie
Gaußsche Zufallsfelder und Kugelflächenfunktionen. Als erste Anwendung wird die
Darstellung von Partikeln in Kugelflächenfunktionen in Kapitel 5 demonstriert. Hi-
erbei werden für Partikel aus zwei unterschiedlichen Materialien verschiedene Ken-
ngrößen mit Hilfe der Kugelflächenfunktionen berechnet.

Teil III befasst sich mit der stochastischen Mikrostrukturmodellierung. Hier werden
die verschiedenen Modellierungsansätze für die Elektrodenmatierialien beschrieben.
In Kapitel 6 wird ein Mikrostrukturmodell für das Kathodenmaterial vorgestellt,
welches auf einem zufälligen Graphen basiert. Die Partikel werden in diesem Modell
als einfache Sphären modelliert. Kapitel 7 enthält die Beschreibung des Mikrostruk-
turmodells für die Anodenstruktur. Durch die unregelmäßigen Formen der Partikel,
die in den Bilddaten beobachtet werden können, sowie den hohen Volumenanteil
des Partikelsystems ist ein anderer Modellierungsansatz notwendig. Zuerst wird das
Beobachtungsfenster mithilfe eines zufälligen Mosaiks in einzelne Zellen unterteilt.
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In diesen Zellen werden dann unregelmäßig geformte Partikel, basierend auf einem
Gaußschen Zufallsfeld, generiert. Anschließend wird in Kapitel 8 ein Nanostruktur-
modell für die innere Struktur der Anodenpartikel vorgestellt. Dieses Modell basiert
auf Löchern, die sich im inneren der Partikel zeigen. Das vorgestellte Modell wird
abschließend an drei Alterungsszenarien angepasst; zum einen an neuwertiges Ma-
terial, zum anderen an Material aus einer durch zyklischen Betrieb und einer durch
Hochtemperaturlagerung gealterten Zelle.

Abschließend werden in Teil IV zwei Anwendungen von stochastischen Mikrostruk-
turmodellen gezeigt sowie die vorliegende Arbeit zusammengefasst. Dabei wird in
Kapitel 9 vorgestellt, wie sich Mikrostrukturmodelle mit Hilfe ortsaufgelöster elektro-
chemischer Simulation validieren lassen. Weiterhin wird kurz das Projekt MULTI-
BAT vorgestellt und die Möglichkeiten der virtuellen Materialentwicklung umris-
sen. Abschließend findet sich in Kapitel 10 eine kurze Diskussion verbundener Ar-
beiten. Neben einer kurzen Zusammenfassung der vorliegenden Arbeit endet dieses
abschließende Kapitel mit dem Ausblick auf weitere mögliche Entwicklungen und
zukünftige Forschungen.
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