
Universität Ulm

Vector-valued Elliptic Boundary Value
Problems on Rough Domains

Vorgelegt von

Marcel Kreuter

aus Zell (Mosel) im Jahr 2018.

Dissertation zur Erlangung des Doktorgrades Dr. rer. nat. der Fakultät für
Mathematik und Wirtschaftswissenschaften der Universität Ulm



Amtierender Dekan:
Prof. Dr. Alexander Lindner

Gutachter:
Prof. Dr. Wolfgang Arendt
Prof. Dr. Rico Zacher

Tag der Promotion:
12. Oktober 2018



Contents

Introduction v

I Sobolev Spaces of Vector-Valued Functions 1

1 Basic properties of Sobolev spaces 3
1.1 Vector-Valued Distributions . . . . . . . . . . . . . . . . . . . 3
1.2 The Spaces Wm,p (Ω,X) . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Differentiability of Weakly Differentiable Functions . . . . . 5
1.4 The Spaces Wm,p

0 (Ω,X) and Interpolation . . . . . . . . . . . . 14

2 The Difference Quotient Criterion 23

3 Nemitsky Operators 27
3.1 Composition in Spaces which have the Radon-Nikodým Prop-

erty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.2 Composition with One-Sided Gateaux Differentiable Mappings 29

4 Applications of Nemitsky Operators 39
4.1 Weak and Strong Properties . . . . . . . . . . . . . . . . . . . 39
4.2 Embedding Theorems . . . . . . . . . . . . . . . . . . . . . . . 45

5 Notes on Part I 55

II The Perron Solution for the Laplacian 59

6 Vector-Valued Harmonic Functions 61

7 The Perron Solution 67
7.1 The Solution in General Banach Spaces . . . . . . . . . . . . . 67
7.2 The Variational Method . . . . . . . . . . . . . . . . . . . . . . 71

8 Perron’s Construction 75
8.1 Subharmonic Functions, Perron Families and Subsolutions . 75
8.2 Keldyš’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 81
8.3 The Reconstruction Method . . . . . . . . . . . . . . . . . . . 87

9 Applications of the Perron Solution 89
9.1 The Poisson Problem on Irregular Domains . . . . . . . . . . 89

i



Contents

9.2 The Heat Equation on Irregular Domains . . . . . . . . . . . . 93
9.3 Stability of the Dirichlet Problem . . . . . . . . . . . . . . . . 98
9.4 Supplement: The Vector Lattice Hb . . . . . . . . . . . . . . . 99

10 Notes on Part II 101

III Elliptic Operators 105

11 Classical Solutions - Schauder Theory 107
11.1 The Continuity Method . . . . . . . . . . . . . . . . . . . . . . 108
11.2 Classical Solutions on Regular Domains . . . . . . . . . . . . 111

12 Strong Solutions - Lp Theory 113
12.1 Estimates for the Laplacian . . . . . . . . . . . . . . . . . . . . 113
12.2 Necessity of the UMD Property and the Domain of the Lapla-

cian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
12.3 Lp estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
12.4 Existence and Regularity of Strong Solutions . . . . . . . . . . 126

13 Weak Solutions and Very Weak Solutions 131
13.1 Regularity of Very Weak Solutions . . . . . . . . . . . . . . . . 131
13.2 The Littman-Stampacchia-Weinberger Solution . . . . . . . . 137

14 Notes on Part III 143

A Functional Analysis and Function Spaces 147
A.1 Abstract Functional Analysis . . . . . . . . . . . . . . . . . . . 147
A.2 Banach Lattices . . . . . . . . . . . . . . . . . . . . . . . . . . 151
A.3 Operator Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 156
A.4 Holomorphic Semigroups . . . . . . . . . . . . . . . . . . . . 159
A.5 Sobolev Spaces of Scalar-Valued Functions . . . . . . . . . . . 161
A.6 Real-Valued Distributions with Compact Support . . . . . . . 164

B Integration of Vector-Valued Functions 165

C Fourier Multipliers and the UMD Property 175

D Potential Theory and Real-Valued Elliptic Boundary Value Prob-
lems 179
D.1 Keldyš’s Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . 185

Bibliography 189

ii



Contents

Nomenclature 199

Index 203

Zusammenfassung in deutscher Sprache 211

iii





Introduction
This thesis is concerned with the classical elliptic boundary value problem
given by Lu = g, in a domain Ω

u = f , on the boundary of Ω,

where g and f are given functions on Ω and ∂Ω respectively and L is an
elliptic differential operator of second order which will be specified later.
Such problems have been studied ever since they came up in physics in the
18th and 19th century. This research has brought up a range of papers and
textbooks such as the much-cited monograph by David Gilbarg and Neil
Trudinger [GT01]. The feature of this thesis is that the functions f and g –
and consequently the solution u as well – are Banach space-valued functions.

Banach spaces have been studied basically from the beginning of the
20th century on. The idea of regarding sets of functions as vector spaces
has been proven to be an invaluable tool in modern analysis. The study of
Banach space-valued functions followed soon after, in particular in the field
of evolution equations. Multi-dimensional problems of Banach space-valued
functions have often been neglected since there was no urgent demand. This
has changed in recent years when physical problems where uncovered which
brought up such problems, see e.g. [Ama00a]. As a result one can nowadays
find treatments like [DHP03] or the recent monograph [HvNVW16] which is
only the first volume out of three.

Contributions of this thesis

In our work we unite the research on elliptic boundary value problems and
on Banach spaces to work on the afore mentioned elliptic boundary value
problem. Our main focus are problems on "rough domains" by which we mean
that initially the domain Ω is an arbitrary open set without any smoothness
properties (always assumed to be non-empty and bounded). Since such do-
mains can have a lot of unpleasant attributes – like holes or fractal boundaries
– one cannot expect the boundary value problem on such domains to have a
solution in general. For this reason many authors focus on domains with a
somewhat smooth boundary. However, there exist classical methods which
work on general domains as well. We will explore some of these methods and
see how they work for Banach space-valued functions.

v



Introduction

The thesis consists of three parts which can theoretically be read on their
own but which often reference each other. In particular, the last part combines
techniques and results of the first two parts to solve the boundary value
problem for elliptic operators. The thesis is mostly self-contained but often
requires knowledge about results both in functional analysis and partial
differential equations. For this reason we have included an appendix which
covers a variety of results on both topics.

Sobolev spaces of vector-valued functions Named after Sergei Sobolev
who started working on them in the 1930’s Sobolev spaces have become an
invaluable tool not only in partial differential equations but also in other fields
of analysis. They consist of Lp-functions whose distributional derivatives are
again Lp-functions – the so-called weak derivatives. Using the distributional
derivatives one can reinterpret a given equation. Instead of searching for
differentiable functions which solve the equation in the classical sense one
searches for Sobolev functions which solve the equation in a weak sense.
This is often easier than the classical approach since Sobolev spaces seen
as Banach spaces enjoy properties which spaces of differentiable functions
lack. Having found a solution for the reinterpreted equation one can then try
and show that the solution is actually a classical solution in many cases – a
so-called embedding theorem. As mentioned above vector-valued problems
were traditionally often considered in one dimension only and hence one can
find a range of material on one-dimensional Sobolev spaces of vector-valued
functions but only a minor part of the literature also considers the higher-
dimensional case. The first part of this thesis contains an introduction to such
spaces in higher dimensions with a variety of results which work analogously
to the real-valued case. In the further chapters we explore ways to determine
whether a given function is an element of a Sobolev space or not. A special
interest is on permanence properties of the form: Given u : Ω→ X (where
X is a Banach space and u is an element of a Sobolev space) and a function
F : X→ Y into another Banach space. Does the composition F ◦u belong to a
Sobolev space? In the last chapter of this part we apply our results to prove
the afore mentioned embedding theorems. We also work out a notion of two
functions being equal on the boundary of an open set – note that the boundary
is often negligible for the Lebesgue measure and hence it is not imminent
what this should mean. This part does not only contain tools which are useful
for the work in the other parts, but also a variety of results which can serve as
a reference for further research.

The Perron solution for the Laplacian The second part focuses on the pro-
totype of an elliptic boundary value problem – the Dirichlet problem for the
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Laplacian given by∆u(ξ) :=
∑d
i=1

∂2

∂ξ2
i
u(ξ) = 0, if ξ ∈Ω

u(z) = f (z), if z ∈ ∂Ω,

for a given continuous function f on the boundary of Ω. This is one of
the oldest problems in partial differential equations. It appears in physical
problems for example in electrostatics and thermal conduction. The problem
does not always have a solution, but in 1923 Oskar Perron found a generalized
solution Hf which has the unique properties

u is bounded

∆u = 0, in Ω

limξ→z u(ξ) = f (z), if z ∈ ∂Ω is regular in a certain way.

Later, regularity was precisely described by Norbert Wiener. We show that
this solution also exists in the case where f is a Banach space-valued function
and which different methods of construction work in this case. A main focus
is on Perron’s original method which consists of approximating the solution
pointwise from above and below. We explore this in Banach lattices where
notions of "above" and "below" exist. We then apply our results to prove the
existence of a Perron solution for the Poisson problem given by∆u = g, in Ω

u = f , on ∂Ω,

where g is a locally Hölder continuous function in Ω. We also show the
existence of a mild solution for the heat equation

d
dtu = ∆u

u(t, ·) ∈ C0(Ω,X) for all t > 0

u(0, ·) = u0,

where the boundary conditions also have to be interpreted analogously to the
generalized boundary conditions of Perron’s solution.

Elliptic operators The last part is concerned with the analogous Dirichlet
problem as in the second part where the Laplacian is replaced by an arbitrary
elliptic differential operator L. The operator can either be given in non-
divergence form

L :=
d∑

i,j=1

aij(·)Dij +
d∑
i=1

bi(·)Di + c(·),
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Introduction

or in divergence form

L :=
d∑

i,j=1

Diaij(·)Dj +
d∑
i=1

bi(·)Di + c(·),

where in both cases the functions aij ,bi and c are bounded measurable func-
tions – maybe with more regularity properties from time to time. We prove
that the continuity method found by Juliusz Schauder yields that under certain
conditions the Dirichlet problem for an elliptic operator L in non-divergence
has a classical solution on a C2,α-domain. Using the real-valued case we then
show the same for a regular domain. Next we show that under some weaker
conditions the problem has a solution in the sense of Sobolev spaces. This
so-called Lp-method only works if we assume the rather strong condition
that the Banach space has the UMD property. Lastly, we show the existence
of a solution similar to the Perron solution for the operator in divergence
form. We call this solution the Littman-Stampacchia-Weinberger solution
since the real-valued case is due to Walter Littman, Guido Stampacchia and
Hans Weinberger.

How the thesis is organized

Chapter 1 The first chapter contains basic results about Sobolev spaces
of vector-valued functions. This does not mean that the results are in any
way trivial, but rather that they work analogously to the real-valued case.
We give an introduction to vector-valued distributions and introduce the
Sobolev spaces Wm,p(Ω,X) of m-times weakly differentiable functions. We
then proceed with several theorems which describe the Sobolev spaces via
differentiability properties. These results were already proved in the author’s
master thesis and are only quoted here. We then show how one can extend
weakly differentiable functions on a domain Ω to the whole of Rn and use
these extensions to show even better versions of the afore mentioned results.
Lastly, we introduce the spaces Wm,p

0 (Ω,X) which consist of weakly differen-
tiable functions vanishing at the boundary in some sense. These can be used
to show an interpolation property stating that in many cases the norm of the
derivatives of order 1 are dominated by the norms of the function itself and
its derivatives of order 2.

Chapter 2 This chapter introduces a criterion for weak differentiability.
Roughly speaking a real-valued function is weakly differentiable if and only if
its difference quotients are bounded. This holds no longer in the vector-valued
setting. We show that the criterion is equivalent to the Radon-Nikodým prop-
erty, a geometric property which many classical Banach spaces like reflexive
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Lp-spaces have but others like c0 lack. This result was also proved in the
author’s master thesis, but we present an optimized proof.

Chapter 3 Another way to test whether a given function is weakly differen-
tiable is to write it as a composition of two functions whose properties we
know. In the real-valued case it is well known that F ◦ u defines a weakly
differentiable function if F is Lipschitz continuous and u is weakly differen-
tiable. Again we show that the analogous result for vector-valued functions
is equivalent to the Radon-Nikodým property. We then proceed to demand
better properties on the function F. We show that it is enough for F to be
one-sided Gateaux differentiable and also give a criterion to test this in Banach
lattices. Consequently we prove a chain rule for such functions and work
out two important examples: The norm on a Banach space and the lattice
operations on a Banach lattice.

Chapter 4 In the last chapter of Part I we apply our results. Firstly we prove
theorems of the form "weak implies strong" by which we mean that the prop-
erties of a vector-valued function u can be found by looking at the real-valued
functions 〈u,x′〉 where x′ are arbitrary elements of the dual space. We give
positive results for Hölder continuity and also partly for weak differentiability.
However, it is not true that a function u is weakly differentiable if 〈u,x′〉 is
for all x′. On the other hand: If we already know that u ∈W 1,p(Ω,X), then
u ∈ W 1,p

0 (Ω,X) if and only if 〈u,x′〉 ∈ W 1,p
0 (Ω,R). Using this we can prove

that several classical properties of W 1,p
0 (Ω,R) also hold for W 1,p

0 (Ω,X). We
then proceed to prove the afore mentioned embedding theorems found by
Sergei Sobolev, Emilio Gagliardo, Louis Nirenberg and Charles Morrey. Some
of those embeddings are even compact in the real-valued case. For infinite
dimensional Banach spaces this can obviously not hold, but we prove a version
of a lemma by Jean-Pierre Aubin and Jaques-Louis Lions stating that one can
obtain a compact embedding of Sobolev spaces if the codomains are already
compactly embedded. We also give an application to operators with compact
resolvents.

Chapter 5 Notes on the first part and open problems.

Chapter 6 This chapter contains an overview of harmonic functions, i.e.
such functions which satisfy ∆u = 0. We repeat an argument found by Wolf-
gang Arendt and Nicolai Nikolski which shows that a function is harmonic if
and only if it is weakly harmonic (or even harmonic in a very weak sense). We
also show how one can improve this result to an even weaker condition. The
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Introduction

theorem is a result of type "weak implies strong" and will be used throughout
the second part.

Chapter 7 In this chapter we show the existence and uniqueness of the Per-
ron solution in general Banach spaces. We then proceed to examine different
constructions found by Norbert Wiener (approximation from the interior),
Henri Poincaré (sweeping method), and Marcel Brelot, Griffith Evans and
Oliver Kellogg (harmonic measure). Another method in this chapter is the
variational method which dates back to Peter Gustav Lejeune Dirichlet and
David Hilbert. This method only works in Hilbert spaces.

Chapter 8 Here we explore Perron’s original approach to find the Perron
solution in Banach lattices. We define what a subsolution and a supersolution
is and are considered with the question whether one can find such solutions.
We then show under which conditions the pointwise supremum of the sub-
solutions is a harmonic function. Next, we try to determine whether this
function is the Perron solution. In this process we prove vector-valued ver-
sions of a theorem by Mstislaw Keldyš which states that an operator mapping
the boundary values to harmonic functions gives the Perron solution if and
only if it is monotone and gives the classical solution of the Dirichlet problem
whenever it exists. Lastly we reconstruct subsolutions from the real-valued
case for some examples of Banach lattices.

Chapter 9 In the last chapter of the second part we apply our results. We
first solve the Poisson problem for arbitrary open sets in the spirit of the
Perron solution using the Newtonian potential. We then apply the theory of
semigroups to this problem and show that the associated Cauchy problem
– the heat equation on arbitrary open sets – has a mild solution. Lastly we
apply results from this part and the first part to show that a theorem proved
by Wolfgang Arendt and Daniel Daners about approximating the domain
from the outside holds in the vector-valued setting as well. There also is a
supplementary section about the lattice property of harmonic functions.

Chapter 10 Notes on the second part and open problems.

Chapter 11 This chapter is concerned with Hölder continuous coefficients.
We show how one can prove the necessary a priori estimates – the so-called
Schauder estimates – utilizing the real-valued case. We also present a proof of
the continuity method and show the existence and uniqueness of a classical
solution of the Poisson problem for an elliptic operator in non-divergence
form if the domain has a C2,α boundary. We also show that such solutions
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may be more regular than it appears at first if the coefficients are regular
enough. Lastly, we also show the existence and uniqueness of a solution for
the Dirichlet problem on merely regular domains.

Chapter 12 This chapter contains the Lp theory. We first show that as above
one can find a priori estimates for solutions in the sense of Sobolev spaces –
but only if the considered Banach space has the UMD property. We then use
these so-called Lp estimates to find solutions in W 2,p(Ω,X) for the Poisson
problem. We also show how the Lp theory is linked to the UMD property by
proving that many of our results imply this property. We finish by examining
the regularity of these solutions.

Chapter 13 The last chapter focuses on weak solutions and very weak so-
lutions for operators in divergence form. First we introduce the notions and
prove some easy facts using the real-valued case. A very weak solution is
a priori only a function in L

p
loc(Ω,X). However, using the solutions found

in Chapter 12 we show that a very weak solution actually is an element of
W 2,p(Ω,X) – again only if X has the UMD property. We then introduce the
Littman-Stampacchia-Weinberger solution and show that under certain con-
ditions it is a true successor of the Perron solution – even for more general
Banach spaces.

Chapter 14 Notes on the third part and open problems.

Appendix The tools we use in this thesis are taken from the fields of func-
tional analysis and from partial differential equations. We are aware that the
reader might be only familiar with one of the topics. Therefore, we have com-
posed a large appendix consisting of notions and results from both fields. The
author considers himself a functional analyst and thus often uses theorems
from this topic without a reference. If the reader encounters such a theorem
he will most likely find it (and a reference) in the appendix. Moreover this
appendix has the advantage that for the understanding of the main part of this
thesis the reader will not have to pick up any external literature. Whenever
we use theorems without a proof we refer to the result in the appendix. The
reader can then decide for themselves whether they want to have a look into
the referenced material. A part worth mentioning in the appendix is Brelot’s
proof of Keldyš’s lemma which – to our knowledge – was not available in
English prior to this thesis.
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Part I

Sobolev Spaces of Vector-Valued
Functions
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1Basic properties of Sobolev spaces
In this first chapter we will introduce Sobolev spaces of vector-valued func-
tions and prove some of their properties. Some of the results we need already
appear in the author’s master thesis [Kre15] and are therefore quoted without
proof. The master’s thesis is available for download through the homepage
of Ulm University. Many results of this chapter (and the other chapters of
this part) have also been published in the article [AK18] and we have given a
reference in these cases. Naturally, the exhibition here is more detailed than
in the article.

1.1 Vector-Valued Distributions

We recall the notation for partial differential operators on Rd : A vector α =
(αk)

d
k=1 ∈ N

d is called a multi-index. Its length is defined as |α| :=
∑d
k=1αk . For

another vector z ∈ Rd we define zα := zα1
1 ·. . .·z

αd
d . Multi-indexes can be partially

ordered via α ≤ β ⇔ αk ≤ βk ∀k. Let Dk := ∂
∂xk

, then for a multi-index α we
have

Dα =Dα1
1 · . . . ·D

αd
d =

∂|α|

∂zα1
1 · . . . ·∂z

αd
d

.

If |α| ≤ 2 we often abbreviate Dα in the following way: Let i, j be the indexes
of α such that αi = αj = 1 or let i be the index of α such that αi = 2. Then we
denote Dα =Dij or Dα =Dii respectively. The gradient ∇ is the d-dimensional
vector (Dj)1≤j≤d . The Hessian D2 is the d × d-dimensional matrix (Dij)1≤i,j≤d .
If d = 1 we often use the abbreviated notation f ′ :=D1f , f

′′ :=D11f and so on.

Let X be a Banach space and let Ω ⊂ Rd be open. The space of X-valued
distributions or X-valued generalized functions is defined as the spaceD′(Ω,X) :=
L(C∞c (Ω,R),X), where the space C∞c (Ω,R) is topologized in the following way:
a sequence (ϕn) converges to ϕ if and only if all ϕn and ϕ are supported
in the same compact set and on this set Dαϕn → Dαϕ uniformly for every
multi-index α. For any function f ∈ L1

loc(Ω,X) we can define a distribution
via ϕ 7→

∫
Ω
f ϕ which we denote by Tf .

Proposition 1.1 ([Kre15, Proposition 4.1]). Let f ∈ L1
loc(Ω,X) such that Tf =

0, then f = 0 almost everywhere.

For a distribution, any partial derivative is well-defined. Let T ∈ D′(Ω,X)
be a distribution and α ∈ Nd be a multi-index. We define the distributional

3



1. Basic properties of Sobolev spaces

derivative DαT ∈ D′(Ω,X) via

DαTϕ := (−1)|α|T (Dαϕ) (ϕ ∈ C∞c (Ω,R))

Suppose u,v ∈ L1
loc(Ω,X) and that DαTu = Tv then we will use the notation

v =Dαu and say that v is the weak derivative of u of order α. This is equivalent
to ∫

Ω

vϕ = (−1)|α|
∫
Ω

uDαϕ.

Proposition 1.1 shows that the weak derivative is unique. Note that if u ∈
Cm(Ω,X) the integration by parts formula implies that the weak derivatives
up to order m of u coincide with the usual derivatives.

1.2 The Spaces W m,p (Ω,X)

Let 1 ≤ p ≤ ∞ and m ∈ N. The Sobolev space Wm,p(Ω,X) is the subspace of
Lp(Ω,X) defined via

Wm,p(Ω,X) := {u ∈ Lp(Ω,X), Dαu ∈ Lp(Ω,X) ∀α ∈ Nd , |α| ≤m}.

Recall that the functions Dαu are referred to as the weak derivatives of u
and that Proposition 1.1 implies that the weak derivatives are unique.

We equip Wm,p(Ω,X) with the norm

‖u‖Wm,p(Ω,X) :=
∑

0≤|α|≤m
‖Dαu‖Lp(Ω,X).

In the cases m = 1 and m = 2 we often abbreviate this by ‖u‖W 1,p(Ω,X) =
‖u‖Lp(Ω,X) + ‖∇u‖Lp(Ω,Xd ) and ‖u‖W 2,p(Ω,X) = ‖u‖W 1,p(Ω,X) + ‖D2u‖Lp(Ω,Xd×d ).

Theorem 1.2 ([Kre15, Theorem 4.2]). Wm,p(Ω,X) equipped with the above
norm is a Banach space. If X is a Hilbert space, then Hm(Ω,X) := Wm,2(Ω,X)
endowed with an equivalent norm, is a Hilbert space. If X is reflexive and 1 < p <
∞, then Wm,p(Ω,X) is reflexive.

We can obviously characterize the spaces Wm,p(Ω,X) inductively in the
following way:

Lemma 1.3.

Wm,p(Ω,X) = {u ∈Wm−1,p(Ω,X),Dαu ∈W 1,p(Ω,X) for all |α| =m− 1}

4



1.3. Differentiability of Weakly Differentiable Functions

Remark 1.4. Analogously to Lploc(Ω,X) we define Wm,p
loc (Ω,X) to be the space

of all functions u : Ω → X such that u|ω ∈ Wm,p(ω,X) whenever ω ⊂⊂ Ω.
In general if we have a property of functions we say that a function has
this property "locally" if its restriction to any compact set has this property.
This will always be denoted by a subscript "loc". We will use this notation
throughout the thesis without mentioning it every time.

1.3 Differentiability of Weakly Differentiable
Functions

In this section we want to describe the spaces Wm,p(Ω,X) in terms of differen-
tiability. We will first study the case d = 1 where an analogous result to the
fundamental theorem of calculus holds. In the higher-dimensional case, a
more subtle approach is needed. Note that by Lemma 1.3 it usually suffices to
describe the space W 1,p(Ω,X).

Theorem 1.5 ([Kre15, Theorem 3.7]). Let 1 ≤ p ≤ ∞ and let I be an Interval.
For every u ∈W 1,p(I,X) there exists a t0 ∈ I such that for almost all t ∈ I we have
that

u(t) = u(t0) +
∫ t

t0

u′(s)ds.

Even more is true: There exists a null set N ⊂ I such that u(t) = u(t0) +∫ t
t0
u′(s)ds for all t, t0 <N . The fundamental theorem yields a useful characteri-

zation of the Sobolev space W 1,p(I,X). As in the scalar-valued case we say that
a function f : [a,b]→ X is absolutely continuous if for every ε > 0 there exists
a δ > 0 such that

∑n
i=1 ‖f (bi)− f (ai)‖ ≤ ε for every finite collection {[ai ,bi]} of

disjoint intervals with a total length of at most δ. If g ∈ L1
loc([a,b],X) and f is

given via

f (t) =
∫ t

a
g(s)ds

then f is absolutely continuous. Recall that the converse holds if X = R: Every
absolutely continuous function is of this form (note that this is not true in
arbitrary Banach spaces, see Chapter 2). If I is an arbitrary interval, we say
that f is locally absolutely continuous if f|[a,b] is absolutely continuous for all
compact intervals [a,b] ⊂ I . If u ∈W 1,p(I,X) then by the above theorem u has
a representative which is locally absolutely continuous. We will therefore
say that "u is continuous" without mentioning that this is only true for a
representative.
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1. Basic properties of Sobolev spaces

Proposition 1.6 ([Kre15, Proposition 3.8]). Let u ∈ Lp(I,X) for 1 ≤ p ≤ ∞,
then the following are equivalent

(i) u ∈W 1,p(I,X)
(ii) u is locally absolutely continuous, differentiable almost everywhere and

u′ ∈ Lp(I,X)
(iii) there exists an Lp-function u′ such that for any functional x′ ∈ X ′ the function

ψ := 〈u,x′〉 is locally absolutely continuous (hence differentiable almost
everywhere) and ψ′ = 〈u′ ,x′〉

(iv) there exists an Lp-function u′ such that for any functional x′ in a seperating
subset E′ ⊂ X ′ the function ψ := 〈u,x′〉 is locally absolutely continuous
(hence differentiable almost everywhere) and ψ′ = 〈u′ ,x′〉

The functions u′ in (ii), (iii) and (iv) are all the same and equal to the weak
derivative of u.

At this point we want to remark that the existence of the Lp-function u′ is
crucial in (iii) and (iv). It is not true in general that 〈u,x′〉 ∈W 1,p(I,R) for all
x′ implies that u ∈W 1,p(I,X), see the following examples.

Example 1.7 (Counterexample on c0 [Kre15, Example 3.9]). Let X = c0, the
space of all sequences converging to 0 equipped with the sup-norm, and let

f : (0,1)→ c0

t 7→ f (t) :=
(

sin(nt)
n

)
.

The function f is nowhere differentiable and thus not in W 1,p(I, c0) by Propo-
sition 1.6. Indeed, if it was differentiable, then due to the sup-norm on c0 the
differentiation would be done coordinatewise. But f ′n(t) = cos(nt) which does
not define a c0-sequence for any t. However, using the absolute convergence
of the series 〈f ,x′〉 one easily sees that 〈f ,x′〉 ∈ C1([0,1],R) ⊂ W 1,p((0,1),R)
for any x′ ∈ X ′ = l1.

Example 1.8 (Counterexample on Lp[Kre15, Example 3.10]). Let 1 ≤ p ≤∞
and X = Lp((0,1),R). Define

f : (0,1)→ Lp((0,1),R)

t 7→ f (t) := 1(0,t),

then f is nowhere differentiable and thus not in W 1,r((0,1),X) for any 1 ≤
r ≤ ∞ by Proposition 1.6. To see this let t0 ∈ (0,1) and assume that f is
differentiable in t0. Then for any g ∈ Lq((0,1),R) ⊂ Lp((0,1),R)′ the function
t 7→ 〈g,f (t)〉 is differentiable in t0 as well. One easily sees that this cannot
be true using the function g := 1{t≤t0} − 1{t>t0}. But for any g ∈ Lq((0,1),R) we
easily see that 〈g,f (·)〉 ∈W 1,r((0,1),R) for all r ≤ q using Proposition 1.6.
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1.3. Differentiability of Weakly Differentiable Functions

We consider another example that shows how delicate the characteriza-
tions (iii) and (iv) have to be handled.

Example 1.9 ([Kre15, Example 3.11]). Let A ⊂ R be a non-measurable set
and consider the Hilbert space l2(A) =

{
(xt)t∈A, xt ∈ R,

∑
t∈A x

2
t <∞

}
. Note that

(xt) ∈ l2(A) implies that xt = 0 for all but at most countably many t ∈ A. The
standard orthonormal base for l2(A) is given by et := (δts)s∈A (t ∈ A). We define
a function f : R→ l2(A) via

f (t) :=

0, t < A

et , t ∈ A

Note that for any y ∈ l2(A) the Fourier representation y =
∑
t∈A (y|et)et has

only countably many non-zero summands. It follows that (y|f (t)) = 0 almost
everywhere and hence (y|f (t)) ∈ W 1,p(R,R). Contrary to the previous two
examples there actually exists a candidate for the weak derivative of f as
demanded in (iii). But of course, f <W 1,p(R, l2(A)) since f is not measurable.

Using the fundamental theorem for weakly differentiable functions one
can easily prove that the density of C∞-functions carries over from Lp(I,X) to
W 1,p(I,X).

Corollary 1.10 ([Kre15, Corollary 3.12]). If I is a bounded interval, then
C∞

(
Ī ,X

)
is dense in W 1,p(I,X).

We now come to the case where d > 1. The first result is the famous
Meyers-Serrin theorem which states that every function in Wm,p(Ω,X) may
be approximated by differentiable functions. Let ϕr a mollifier. For r > 0 we
denote

Ωr := {ξ ∈Ω,dist(ξ,∂Ω) > r}.

Proposition 1.11 ([Kre15, Proposition 4.7]). Let u ∈Wm,p(Ω,X) and α be a
multi-index with |α| ≤m. Then

Dα(u ∗ϕr )(ξ) = (Dαu) ∗ϕr(ξ)

for all ξ ∈Ωr .

Corollary 1.12. Let u ∈ Wm,p(Ω,X) and let ω ⊂ Ω such that dist(ω,∂Ω) > 0.
Then the functions ur := u ∗ϕr converge to u in Wm,p(ω,X).

Proof. For small r we have dist(ω,∂Ω) > r. Hence Proposition 1.11 applies to
all ξ ∈ ω. Theorem B.25 shows that ur and its derivatives Dαu converge to u
and Dαu respectively in Lp(ω,X).
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1. Basic properties of Sobolev spaces

From this corollary we obtain an easy criterion for a function inW 1,p(Ω,X)
to be differentiable in the classical sense.

Corollary 1.13. Let u ∈ W 1,p(Ω,X) such that Dju ∈ C(Ω,X) for all j. Then
u ∈ C1(Ω,X).

Proof. Since differentiability is a local property, it suffices to show that u ∈
C1(ω,X) whenever ω ⊂⊂ Ω. By Corollary 1.12 we know that ur → u in
W 1,p(Ω,X). Since Dju is continuous it follows that Djur = (Dju)r → Dju
uniformly on compact sets and in particular on ω. There exists a sequence
rn → 0 such that urn → u pointwise almost everywhere. Hence urn → u in
C1(ω,X).

We will use the following simple version of the product rule for weakly
differentiable functions.

Lemma 1.14 (analogously to[Kre15, Lemma 4.8]). Let u ∈ Wm,p(Ω,X) and
ϕ ∈ C∞(Ω,R) whose derivatives up to orderm are bounded. Then ϕu is an element
of Wm,p(Ω,X) and the weak derivatives are given by the usual Leibniz formula

Dα(ϕu) =
∑
σ≤α

(
α
σ

)
DσϕDα−σu,

where |α| ≤m and
(α
σ

)
=

∏d
i=1

(αi
σi

)
.

Versions of the product rule where both functions are only weakly differ-
entiable can be significantly harder to prove, cf. Proposition A.63. However,
given the real-valued case is true, we can easily show the vector-valued version
using the Hahn-Banach theorem. The following lemma is an example which
will be needed later.

Lemma 1.15. Let u ∈W 1,p(Ω,X) and ψ ∈W 1,p(Ω,R) such that ψu, (Djψ)u and
ψDju are in Lp(Ω,X). Then ψu ∈W 1,p(Ω,X) with

Dj(ψu) = (Djψ)u +ψDju.

Proof. Let x′ ∈ X ′, then 〈u,x′〉 ∈W 1,p(Ω,X). The real-valued Proposition A.63
shows that Dj(ψ〈u,x′〉) = (Djψ)〈u,x′〉+ψDj〈u,x′〉. The result follows from the
Hahn-Banach theorem.

Using convolution, one can prove the Meyers-Serrin theorem.

Theorem 1.16 (Meyers-Serrin [Kre15, Theorem 4.11]). Let u ∈Wm,p(Ω,X).
Then there exist functions vn ∈ Wm,p(Ω,X) ∩ C∞(Ω,X) such that vn → u in
Wm,p(Ω,X).
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1.3. Differentiability of Weakly Differentiable Functions

We have seen that every weakly differentiable function on an interval
satisfies a version of the fundamental theorem of calculus. An analogous but
more delicate result for higher dimensions holds as well. It was Beppo Levi
[Lev06] who first considered functions which are absolutely continuous on
lines. This motivates the following terminology:

A function u : Rd → X has the BL property if for each j ∈ {1, . . . ,d} for
almost all (x1, . . . ,xj−1,xj+1, . . . ,xd) ∈ Rd−1 the function

uj :R→ X

t 7→ u((x1, . . . ,xj−1, t,xj+1, . . . ,xd))

is absolutely continuous and differentiable almost everywhere. Deny and
Lions [DL54] showed the connection between Sobolev spaces and functions
with the BL property.

Theorem 1.17 ([AK18, Theorem 3.2]). Let Ω ⊂ Rd be open and 1 ≤ p ≤∞.
(a) Let u ∈W 1,p(Ω,X). Then for each ω ⊂⊂Ω there exists a function u∗ : Rd → X

which has the BL property such that u∗ = u almost everywhere on ω. Moreover
∂ju

∗ =Dju almost everywhere on ω.
(b) Conversely, let u ∈ Lp(Ω,X) and c ≥ 0. Assume that for each ω ⊂⊂Ω there

exists a function u∗ : Rd → X with the BL property such that u∗ = u al-
most everywhere on ω and ‖∂ju∗‖Lp(ω,X) ≤ c for each j ∈ {1, . . . ,d}. Then
u ∈W 1,p(Ω,X).

Proof. See the proof of [Kre15, Theorem 4.16].

The BL property of functions in W 1,p(Ω,X) can often be used to carry over
one-dimensional computations to the d-dimensional case. This will be used
frequently in this work.

If we require the boundary of Ω to be more regular, the Meyers-Serrin
theorem can be improved. We first need to specify what a regular boundary
is:

Let F be a set of functions mapping a subset of Rd−1 to R. For example
one can take F = Cm(Rd−1,R) for some m ∈ N∪{∞}. Here we will focus on the
set of Lipschitz-continuous functions: A function f :M→N between metric
spaces is called (L-)Lipschitz continuous if there exists a constant L ≥ 0 such
that

dN (f (x), f (y)) ≤ LdM(x,y),

9



1. Basic properties of Sobolev spaces

where dN and dm denote the metric in the respective spaces. We say that
the domain Ω ⊂ Rd has an F -boundary if at each z ∈ ∂Ω there exists a
neighborhoodU of z, a function f ∈ F and local coordinates (y0, yd) ∈ Rd−1×R
such that U ∩Ω is represented by the inequality

f (y0) < yd .

In the case of Lipschitz continuous functions we usually say that Ω has a
Lipschitz boundary.

The domain Ω satisfies a uniform Lipschitz condition if there exist ε,L > 0,
M ∈ N and a locally finite countable open cover {Ωn,n ∈ N} of ∂Ω such that

(a) for every z ∈ ∂Ω we have B(z,ε) ⊂Ωn for some n ∈ N
(b) every point is contained in at most M of the Ωn’s
(c) and for each n ∈ N there exist local coordinates (y(n)

0 , y
(n)
d ) ∈ Rd−1 ×R and

an L-Lipschitz continuous function fn : Rd → R such that Ωn ∩Ω is repre-

sented by the inequality fn(y(n)
0 ) < y(n)

d .

Note that if Ω is bounded, then by simple compactness arguments the
uniform Lipschitz condition is equivalent to Ω having a Lipschitz boundary.

To improve the Meyers-Serrin theorem we will need the following exten-
sion result, which will be useful later on as well.

Theorem 1.18 (Extension theorem [AK18, Theorem 5.6]). Let Ω be an open
set with uniform Lipschitz boundary. Then for every 1 ≤ p < ∞ there exists a
bounded linear operator

E :W 1,p(Ω,X)→W 1,p(Rd ,X)

such that E(u)|Ω = u for all u ∈W 1,p(Ω,X).

We first start with special cases before we use them to prove Theorem
1.18.

Lemma 1.19 (Reflection). Let Ω = Rd+ := {(ξ ′ ,ξd) ∈ Rd−1 ×R,ξd > 0} and let
u ∈W 1,p(Ω,X). The function

u(ξ) :=

u(ξ), if ξd > 0

u(ξ ′ ,−ξd), if ξd < 0
(1.1)

10



1.3. Differentiability of Weakly Differentiable Functions

belongs to W 1,p(Rd ,X) and its weak derivatives are given by

Dju(ξ) =


Dju(ξ), if ξd > 0

Dju(ξ ′ ,−ξd), if ξd < 0 and j < d

−Dju(ξ ′ ,−ξd), if ξd < 0 and j = d

. (1.2)

Proof. Fix j and let v be the function defined via (1.2). Note that both u as
well as v are well-defined. Let x′ ∈ X ′, then 〈u,x′〉 ∈W 1,p(Ω,R) and we may
define the reflection 〈u,x′〉 of 〈u,x′〉 via (1.1) such that 〈u,x′〉 = 〈u,x′〉. By
Lemma A.58 we have 〈u,x′〉 ∈W 1,p(Rd ,R) and the weak derivatives are given
as in (1.2), i.e. Dj〈u,x′〉 = 〈v,x′〉. Hence we have∫

Rd
〈u,x′〉Djϕ = −

∫
Rd
〈v,x′〉ϕ

for all ϕ ∈ C∞c (Rd ,R). Now the Hahn-Banach theorem shows that v is the
weak derivative of u in direction j and hence u ∈W 1,p(Rd ,X).

In order to transfer this special case to the next one, we will need two
transformation theorems which are of interest on their own.

Theorem 1.20. Let Ω and Ω′ be open sets and let Φ : Ω′ → Ω be a Lipschitz
continuous coordinate transformation with Lipschitz continuous inverse Φ−1. Let
u ∈ W 1,p(Ω,X) for some 1 ≤ p < ∞. Then u ◦Φ ∈ W 1,p(Ω′ ,X) and the weak
derivatives are given by

Dju ◦Φ =
d∑
i=1

(Diu) ◦Φ ·DjΦi .

Proof. Proceed as in the proof of Lemma 1.19 using the real-valued Theorem
A.60.

Theorem 1.21. Let Ω ⊂ Rd be open and let Φ : Ω→ Rd be continuous. Assume
that there exist measurable sets F,G such that Φ : F→ G is bijective and differen-
tiable and such that the sets Ω\F, Φ(Ω\F) and Φ(Ω)\G are negligible. For every
integrable function u : Φ(Ω)→ X we have∫

Φ(Ω)
u =

∫
Ω

u ◦Φ · |det(∇Φ)|.

Proof. Again the proof is analogous to the proof of Lemma 1.19 using the
real-valued Theorem A.62.
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1. Basic properties of Sobolev spaces

Lemma 1.22. Let f : Rd−1→ R be Lipschitz continuous and set Ω := {(ξ ′ ,ξd) ∈
Rd−1 ×R,ξd > f (ξ ′)}. Then for 1 ≤ p ≤∞ there exists a bounded linear extension
operator

E :W 1,p(Ω,X)→W 1,p(Rd ,X)

such that E(u)|Ω = u for all u ∈W 1,p(Ω,X).

Proof. Consider the coordinate transformation

Φ : Rd → Rd

(ξ ′ ,ξd) 7→ (ξ ′ ,ξd + f (ξ ′))

which maps Rd+ onto Ω. Its inverse Φ−1 is given by (ξ ′ ,ξd) 7→ (ξ ′ ,ξd − f (ξ ′)).
One easily checks that Φ and Φ−1 are Lipschitz continuous and hence dif-
ferentiable almost everywhere by Rademacher’s theorem A.59. Then w :=
u ◦Φ ∈W 1,p(Rd+,X) by Theorem 1.20 and we may compute the weak deriva-
tives according to the usual chain rule. Let w be the extension of w to Rd
according to Lemma 1.19 and define a new function v := w◦Φ−1. Use Theorem
1.20 again and obtain v ∈W 1,p(Rd ,X) with the usual chain rule. An explicit
computation shows that which maps Rd+ onto Ω. Its inverse Φ−1 is given by
(ξ ′ ,ξd) 7→ (ξ ′ ,ξd − f (ξ ′)). One easily checks that Φ and Φ−1 are Lipschitz con-
tinuous and hence differentiable almost everywhere by Rademacher’s theorem
A.59. Then w := u ◦Φ ∈W 1,p(Rd+,X) by Theorem 1.20 and we may compute
the weak derivatives according to the usual chain rule. Let w be the extension
of w to Rd according to Lemma 1.19 and define a new function v := w ◦Φ−1.
Use Theorem 1.20 again and obtain v ∈W 1,p(Rd ,X) with the usual chain rule.
An explicit computation shows that

v(ξ) = u(ξ ′ ,2f (ξ ′)− ξd)

and

Djv(ξ) =

Dju(ξ ′ ,2f (ξ ′)− ξd) +Ddu(ξ ′ ,2f (ξ ′)− ξd) ∂
∂ξj
f (ξ ′), if 1 ≤ j < d,

−Ddu(ξ ′ ,2f (ξ ′)− ξd), if j = d,

outside of Ω.

The Jacobians of Φ and Φ−1 are given by(
Id−1 0
∇f 1

)
and

(
Id−1 0
∇f −1

)
and have determinant 1 and −1 respectively. Using Theorem 1.21 we estimate
the W 1,p-norm of v. First the above computation shows that∫

Rd
‖v‖pX =

∫
Rd\Ω

‖u(ξ ′ ,2f (ξ ′)− ξd)‖pX dξ +
∫
Ω

‖u‖pX = 2‖u‖pLp(Ω,X).
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1.3. Differentiability of Weakly Differentiable Functions

Estimating the Lp-norm of Dju is done similarly where in the case j < d we
need to use that | ∂∂ξj f (ξ ′)| ≤ L where L is the Lipschitz constant of f . In total

it follows that E : u 7→ v is a bounded extension operator as claimed.

Proof of Theorem 1.18. Note that condition (a) in the definition of the uniform
Lipschitz boundary says that every boundary point z ∈ ∂Ω is contained in the
set Ωn

ε for some n ∈ N. Let ϕr be a mollifier and define

ψn := ϕ ε
4
∗ 1Ωn

ε
4

.

We have suppψn ⊂Ωn and ψn|Ωn
ε
2

≡ 1. Using Proposition 1.11 and Hölder’s

inequality one easily sees that ∇ψn is bounded independently of n. We denote
the three following sets

Ω0 := {ξ ∈ Rd ,dist(ξ,Ω) <
ε
4
} ,

Ω+ := {ξ ∈ Rd ,dist(ξ,Ω) <
3ε
4
} ,

Ω0 := Ω ε
4
,

and define three corresponding functions

ψ• := ϕ ε
4
∗ 1Ω• ,

where • = 0,+,−. These functions are equal to one on the sets Ω,Ω+B(0, ε2 ) and
Ω ε

2
respectively. Further their supports are contained in Ω+B(0, ε2 ),Ω+B(0, ε)

and Ω respectively. The gradients can be estimated analogously to ∇ψn. We
define

Ψ+ := ψ0
ψ+

ψ+ +ψ−
and Ψ− := ψ0

ψ−
ψ+ +ψ−

,

where we note that this is well defined if we interpret 0
0 = 0. It follows that

(Ψ+ + Ψ−)Ω ≡ 1 and the supports of Ψ+ and Ψ− are contained in Ω + B(0, ε2 ).
Also the derivatives of Ψ+ and Ψ− are bounded.

With these preparations we define the extension operator. Fix a function
u ∈ W 1,p(Ω,X). The support of ψnu is contained in Ωn. Since Ωn ∩Ω is

represented by the inequality fn(y(n)
0 ) < y(n)

d we can use Lemma 1.22 to extend
ψnu to a function vn ∈ W 1,p(Rd ,X) whose W 1,p-norm is controlled by the
W 1,p-norm of ψnu which in turn is controlled by the W 1,p-norm of u. We
define the extension

Eu := Ψ+ ·
∑∞
n=1ψnvn∑∞
n=1ψ

2
n

+Ψ− ·u
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1. Basic properties of Sobolev spaces

where we again interpret 0
0 = 0 and the second summand has to be interpreted

as 0 outside of Ω. By the definition of vn and the properties of Ψ+ and Ψ−
we obtain that Eu extends u. It remains to show that u 7→ Eu is bounded in
W 1,p(Rd ,X). We start by estimating the Lp-norm of Eu. Note that |Ψ−| ≤ 1,
hence the second summand can be estimated by ‖u‖X . For the first summand
note that |Ψ+| ≤ 1 and for all ξ ∈ suppΨ+ there exists at least one n ∈ N such
that ψn(ξ) = 1. Hence we may estimate the first summand by

∥∥∥∑∞n=1ψnvn
∥∥∥
X

.
By property (b) of the uniform Lipschitz boundary this sum has locally at most
M non-zero terms. Lemma B.16 shows that the Lp-norm of such a locally finite
sum can be estimated by a constant and the Lp-norms of its summands. Using
Theorem 1.17 and the fact that the sums in the definition of Eu are locally
finite, we can compute the derivative of Eu using the standard calculus rules.
The Lp-norms of the derivatives are then estimated similarly using Lemma
B.16. Theorem 1.17 shows that Eu ∈W 1,p(Rd ,X) and that E is bounded.

As a corollary we can find the improvement of the Meyers-Serrin theorem
for domains with uniform Lipschitz boundary.

Corollary 1.23 ([AK18, Corollary 6.12]). Let Ω ⊂ Rd be an open set with
uniform Lipschitz boundary. Then for any 1 ≤ p < ∞ the space W 1,p(Ω,X) ∩
C(Ω,X) is dense in W 1,p(Ω,X).

Proof. Let u ∈ W 1,p(Ω,X). By Theorem 1.18 we may extend u to Rd . By
Corollary 1.12 the functions ur converge to u in W 1,p(Ω,X).

1.4 The Spaces W m,p
0 (Ω,X) and Interpolation

Let u ∈Wm,p(Ω,X) and f : ∂Ω→ X. For boundary value problems one would
often like to have a notion of u = f on ∂Ω. This is obviously not possible in
the classical sense since ∂Ω is usually negligible for the Lebesgue measure.

Let 1 ≤ p <∞. We define the space Wm,p
0 (Ω,X) as the closure of C∞c (Ω,X)

in the Wm,p(Ω,X)-norm. One may interpret this as "u = 0 and Dαu = 0" on
∂Ω in a weak sense. In Section 4.1 we will obtain a precise characterization of
W

1,p
0 (Ω,X). For now we will only prove some basic results and an important

interpolation inequality.

Lemma 1.24. Let u ∈Wm,p(Ω,X) be compactly supported. Then u ∈Wm,p
0 (Ω,X).

Proof. Let suppu ⊂⊂ ω ⊂⊂Ω and choose a function ψ ∈ C∞c (ω,R) such that 0 ≤
ψ ≤ 1 and ψ|suppu ≡ 1. Then ψu = u ∈Wm,p(Ω,X). Since ω ⊂⊂Ω mollification
yields a sequence (un) in C∞c (Ω,X) such that un → u in Wm,p(ω,X). The
derivatives of the functions ψun → u can be computed using Lemma 1.14.
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1.4. The Spaces Wm,p
0 (Ω,X) and Interpolation

Using the dominated convergence theorem and its converse we easily see that,
up to a subsequence, ψun→ u in Wm,p

0 (Ω,X).

Proposition 1.25 (Interpolation for W 2,p
0 (Ω,X)). Let 1 ≤ p <∞. There exists

a constant C > 0 such that for every u ∈W 2,p
0 (Ω,X) and every ε > 0 we have

‖∇u‖Lp(Ω,Xd ) ≤ ε‖D2u‖Lp(Ω,Xd×d ) +
C
ε
‖u‖Lp(Ω,X).

Proof. By definition of W 2,p
0 (Ω,X) it suffices to show the claim for functions

C∞c (Ω,X). Since we may extend any such function to Rd by setting it to
0 outside of Ω, we may assume without loss of generality that we have a
function u ∈ C∞c (Rd ,X). We first prove the case d = 1. Let (a,b) be an interval
of length ε. For t′ ∈ (a,a+ ε

3 ) and t′′ ∈ (b− ε3 ,b) the mean value theorem implies
that there exists a ξ ∈ (a,b) such that

‖u′(ξ)‖X =
∥∥∥∥∥u(t′)−u(t′′)

t′ − t′′

∥∥∥∥∥
X
≤ 3
ε

(‖u(t′)‖X + ‖u(t′′)‖X).

Note that

u′(t) = u′(ξ) +
∫ t

ξ
u′′(s)ds,

for every t ∈ (a,b). Hence

‖u′(t)‖X ≤
3
ε

(‖u(t′)‖X + ‖u(t′′)‖X) +
∫ b

a
‖u′′(s)‖X ds.

Integrating this with respect to t′ over the interval (a,a+ ε
3 ) we obtain

ε
3
‖u′(t)‖X ≤ ‖u(t′′)‖X +

ε
3

∫ b

a
‖u′′(s)‖X ds+

3
ε

∫ a+ ε
3

a
‖u(t′)‖X dt′ .

Doing the same for t′′ yields

‖u′(t)‖X ≤
∫ b

a
‖u′′(s)‖X ds+

9
ε2

∫ b

a
‖u(s)‖X ds.

For p > 1 we obtain

‖u′(t)‖pX ≤
(
ε
p−1
p

(
‖u′′‖Lp((a,b),X) +

9
ε2 ‖u‖Lp((a,b),X)

))p
,

using Hölder’s inequality. Note that all p-norms on Rd are equivalent, in fact
we have

‖ξ‖p ≤ ‖ξ‖1 ≤ d
p−1
p ‖ξ‖p
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for all ξ ∈ Rd . This inequality yields

‖u′(t)‖pX ≤ 2p−1
(
εp−1‖u′′(s)‖pLp((a,b),X) +

9p

εp+1 ‖u(s)‖pLp((a,b),X)

)
,

from which we obtain that

‖u′‖pLp((a,b),X) ≤ 2p−1
(
εp‖u′′(s)‖pLp((a,b),X) +

9p

εp
‖u(s)‖pLp((a,b),X)

)
.

Since (a,b) was chosen arbitrary we may sum up this inequality. The claim
follows from the above inequality for p-norms on R2. For dimension d ≥ 1 we
can use the above estimate applied to the functions

t→ u(ξ1, . . . ,ξj−1, t,ξj+1, . . . ,ξd)

where j ∈ {1, . . . ,d} and ξ ∈Ω. Fubini’s theorem then yields the result.

We want to extend Proposition 1.25 to W 1,p(Ω,X) without boundary con-
ditions. This requires a higher-order version of the extension theorem 1.18. In
order to prove this theorem, we first need some results, which are interesting
on their own. The set Ω satisfies the segmant condition if for every z ∈ ∂Ω
there exists an open neighborhood U of z and a vector η ∈ Rd\{0} such that if
ξ ∈U ∩Ω, then ξ + tη ∈Ω for every 0 < t < 1. Note that the segment condition
is implied by many other boundary conditions such as Ω having a Lipschitz-
or a Cm-boundary. The segment condition implies the following extension of
Corollary 1.23.

Proposition 1.26. Let Ω satisfy the segment condition and let m ∈ N and 1 ≤ p <
∞. Then the set {f|Ω, f ∈ C∞c (Rd ,X)} is dense in Wm,p(Ω,X).

Proof. Let ε > 0 and let ψ ∈ C∞c (Rd , [0,1]) be a cut-off function such that ψ ≡ 1
on B(0, 1

ε ) and ψ ≡ 0 outside of B(0, 2
ε ). Further let M be the upper bound for

the derivative of ψ up to order m. Note that for fixed ε0 > 0 we may choose M
independently of ε0 ≥ ε > 0. By Lemma 1.14 we have ψu ∈Wm,p(Ω,X) with
the usual Leibniz rule for the derivatives. Using this rule we easily estimate
‖ψu‖Wm,p(Ω,X) ≤ C‖u‖Wm,p(Ω,X). Note further that u −ψu is supported outside
of B(0, 1

ε ). These two properties and the dominated convergence theorem
imply that

‖u −ψu‖Wm,p(Ω,X) ≤ C‖u1Ω\B(0, 1ε )‖Wm,p(Ω,X)→ 0.

We have shown that u can be approximated by ψu which has bounded support
in Ω. Hence we may assume that u itself has bounded support. Let K be the
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support of u in Ω. For every z ∈ ∂Ω let Uz be the open set in the definition of
the segment condition. The set

F := K\
⋃
z∈∂Ω

Uz

is compact in Ω. Let F ⊂⊂ U0 ⊂⊂ Ω. By the compactness of K there exist
finitely many points z1, . . . , zn ∈ ∂Ω such that K ⊂

⋃n
i=0Ui with Ui := Uzi for

i > 0. Choose open sets Vi ⊂⊂Ui which still cover K and let ψi be a partition
of unity subordinate to the Vi . Define

θi :=
∑

suppψj∩Vi,∅
ψj

and denote ui := θiu. Suppose we can find ϕi ∈ C∞c (Rd ,X) such that ‖ui −
ϕi‖Wm,p(Ω,X) ≤ ε

n+1 . Then by the properties of the partition of unity we would
have ∥∥∥∥∥∥∥u −

n∑
i=0

ϕi

∥∥∥∥∥∥∥
Wm,p(Ω,X)

≤
n∑
i=0

‖ui −ϕi‖Wm,p(Ω,X) ≤ ε,

which would finish the proof. Hence it remains to show that we can find
ϕi as claimed. The case i = 0 is immediate by Corollary 1.12 since V0 ⊂⊂Ω.
Now let i > 0. Extending ui by zero outside of Ω we obtain a function, still
denoted by ui , which is an element of Wm,p(Rd\Γ ,X), where Γ := Vi ∩ ∂Ω.
Let yi be the vector in the segment condition associated with zi and Ui . For
0 < t <min(1,dist(Vj ,∂Uj )) we define

Γt := Γ − tyi .

We have Γt ∩Ω = ∅, otherwise we could choose ξ ∈ Γt ∩Ω and have ξ + tyi ∈
Γ , a contradiction since ξ + tyi ∈ Ω by the segment condition. We have
ui,t := ui(·+ tyi) ∈Wm,p(Rd\Γt ,X) and in particular ui,t |Ω ∈W

m,p(Ω,X). Since
translation is continuous in Lp(Ω,X) it follows that ui,t → ui in Wm,p(Ω,X).
Hence it remains to find ϕi sufficiently close to ui,t in Wm,p(Ω,X) for some
small t. But since Γt ∩Ω = ∅ this can easily be done using Corollary 1.12
again.

Since Rd has no boundary, we obtain

Corollary 1.27. Wm,p(Rd ,X) =Wm,p
0 (Rd ,X).

We will now prove the announced extension of Extension Theorem 1.18.
The proof uses the same steps, starting with the case of a half space. Letm ∈ N.
An operator E, mapping X-valued functions defined almost everywhere on
Ω to X-valued functions defined almost everywhere on Rd is called a strong
m-extension operator if

17
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(a) Eu = u almost everywhere on Ω for all such functions u,
(b) E defines a bounded linear operator mapping W k,p(Ω,X) to W k,p(Rd ,X)

for all 0 ≤ k ≤m and all 1 ≤ p <∞ (where W 0,p(Ω,X) := Lp(Ω,X)).

Proposition 1.28. For every m ∈ N there exists a strong m-extension operator E
for Ω = Rd+. Further for every multi-index α with |α| < m there exists a strong
(m− |α|)-extension operator Eα such that

DαEu = EαDαu,

for all u ∈ W |α|,p(Rd+,X). The extension operator E has the property that for
u ∈ Cmc (Rd ,X) the function E(u|Rd+) is an element of Cmc (Rd ,X) with

suppE(u|Rd+) = suppu|Rd+ ∪ (−suppu|Rd+).

Proof. The Vandermonde matrix

1 1 1 . . . 1
−1 −2 −3 . . . −m− 1
1 4 9 . . . (−m− 1)2

...
...

...
. . .

...
(−1)m (−2)m (−3)m . . . (−m− 1)m


has determinant Π1≤i<j≤m(i − j) , 0 and is thus invertible. Let λ1, . . . ,λm+1 be
the unique real numbers solving

m+1∑
j=1

(−j)kλj = 1

for all k = 0, . . . ,m. For functions u defined almost everywhere on Rd+ we define

Eu(ξ) :=

u(ξ), ξn > 0∑m+1
j=1 λju(ξ ′ ,−jξd), otherwise

and

Eαu(ξ) :=

u(ξ), ξn > 0∑m+1
j=1 (−j)αdλju(ξ ′ ,−jξd), otherwise.

Let u ∈ Cm
(
Rd+,X

)
∩Wm,p(Rd+,X). Using the standard calculus rules we easily

show that Eu ∈ Cm(Rd ,X) with derivatives DαEu = EαDαu for all |α| ≤m. We
have ∫

Rd
‖DαEu‖pX ≤

∫
Rd+
‖Dαu‖pX +

∫
−Rd+

m+1∑
j=1

jαd |λj | ‖Dαu(ξ ′ ,−jξd)‖X


p
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≤ C‖Dαu‖p
Lp(Rd+,X)

.

Hence E has the claimed properties for functions in C |α|
(
Rd+,X

)
∩W |α|,p(Rd+,X).

Noting that Rd+ satisfies the segment condition, the claim for E now follows
since such functions are dense in W |α|,p(Rd+,X) by Proposition 1.26. The claim
for Eα is proven analogously.

In Theorem 1.20 we have seen how coordinate transforms and the chain
rule work in the Sobolev spaces W 1,p(Ω,X). We now give an analogous
theorem about coordinate transforms on Wm,p(Ω,X). Note that in the case
m = 1 this theorem is slightly weaker than Theorem 1.20.

Theorem 1.29. Let Φ : Ω1 → Ω2 be a coordinate transform. Let m ∈ N and
assume that Φ ∈ Cm

(
Ω1,Ω2

)
as well as Φ−1 ∈ Cm

(
Ω2,Ω1

)
. Then for every

function u ∈Wm,p(Ω2,X) the function ũ := u ◦Φ is an element of Wm,p(Ω1,X).
Further the mapping u 7→ ũ is bounded and the usual chain rules for the derivatives
of ũ hold.

Proof. This is proven analogously to Theorem 1.20 using the real-valued
Theorem A.61

The boundary of Ω is said to be uniformly Cm-regular for some m ∈ N if
there exist open sets Ui (i ∈ N) which cover ∂Ω and coordinate transforms
Φi ∈ Cm(Ui ,B(0,1)) with inverse Φ−1

i ∈ C
m(B(0,1),Ui) such that

(a) there exists a constant R ∈ N such that the intersection of more than R of
the sets Ui is empty,

(b) there exists a δ > 0 such that {ξ ∈Ω,dist(ξ,∂Ω) < δ} is covered by the sets
Φ−1
i (B(0, 1

2 )),
(c) Φi(Ui ∩Ω) = {ξ ∈ B(0,1),ξd > 0} for all i,
(d) and there exists a constant M > 0 which is an upper bound for the norms

of the derivatives up to order m of Φi and Φ−1
i for all i.

Again for bounded sets this rather complicated definition shrinks down
to Ω having a Cm-boundary where the coordinate transforms have bounded
derivatives up to order m.

Theorem 1.30. Let Ω ⊂ Rd be an open set with a bounded boundary which is
uniformly Cm-regular for some m ∈ N. Then there exists a strong m-extension
operator E for X-valued functions defined almost everywhere on Ω.

Proof. Since the boundary of Ω is bounded, the sets Ui in the Cm-regularity
condition may be chosen such that they are finitely many. Let U1, . . . ,Un be
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those sets with corresponding coordinate transforms Φi :Ui → B(0,1). Define

the set Q :=
{
(η′ ,ηd) ∈ Rd−1 ×R, |η′ | < 1

2 , |ηd | <
√

3
2

}
such that

B
(
0,

1
2

)
⊂Q ⊂ B(0,1).

Let Vi := Φ−1
i (Q). By the Cm-regularity condition there exists a δ > 0 such

that the Vi form an open cover of {ξ ∈ Ω,dist(ξ,∂Ω) < δ}. Choose V0 ⊂ Ω

such that V0, . . . ,Vn form an open cover of Ω. Let ωi be a partition of unity
subordinate to this cover. Note that, apart from ω0, these functions have
compact support. On the other hand ω0 is equal to 1 outside of

⋃
j1,...,n

Vj and
hence its derivatives have compact support. Since Ω is uniformly Cm-regular
it also satisfies the segment condition and thus the functions in C∞c (Rd ,X)
restricted to Ω are dense in Wm,p(Ω,X). Let ϕ ∈ C∞c (Rd ,X), then ϕ =

∑n
i=0ϕi ,

where ϕi := ϕωi . On B(0,1) we define

ψi(η) := ϕi(Φ
−1
i (η)).

Since ϕi ∈ C∞c (Vi ,X) it follows that ψi ∈ C∞c (Q,X) and hence ψi may be ex-
tended to Rd by setting it to 0 outside of B(0,1). Next we restrict ψi to Rd+ and
still denote this function by ψi . We can now extend ψi to Rd via Eψi , where
E is the extension operator in Proposition 1.28. From the properties of E we
know that Eψi ∈ Cmc (Q,X). Then the function

θi := Eψi ◦Φi

is an element of Cmc (Vi ,X) and hence may be extended by 0 outside of Vi to a
function still denoted by θi ∈ Cmc (Rd ,X). Using Theorem 1.29 it follows that

‖θi‖W k,p(Rd ,X) ≤ K1‖Eψi‖W k,p(Q,X) ≤ K2‖ψi‖W k,p(Q∩Rd+,X) ≤ K3‖ϕi‖W k,p(Ω,X)

for all 0 ≤ k ≤m and some constants K1,K2 and K3. We define the extension
of u via

Eu := ϕ0 +
n∑
i=1

θi .

By the previous estimates we have

‖Eu‖W k,p(Rd ,X) ≤ ‖ϕ0‖W k,p(Rd ,X) +
n∑
i=1

‖θi‖W k,p(Rd ,X)

≤ ‖ϕ0‖W k,p(Rd ,X) +K3

n∑
i=1

‖ϕi‖W k,p(Rd ,X)
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holds for all 0 ≤ k ≤ m. Note that all derivatives of the functions ωi are
bounded independently of i and the order of the derivative. This holds
even for i = 0 as we have seen above. Hence using the Leibniz rule for the
derivatives of ϕi , there exists a constant K4 such that

‖Eu‖W k,p(Rd ,X) ≤ K4‖ϕ‖W k,p(Ω,X)

for all 0 ≤ k ≤m. Noting that the uniform Cm-boundary condition implies the
validity of Proposition 1.26, it follows that the above estimate holds for all
u ∈W k,p(Ω,X) and all 0 ≤ k ≤m, which finishes the proof.

Using the extension we can easily extend Proposition 1.25

Proposition 1.31 (Interpolation for W 2,p(Ω,X)). Let 1 ≤ p <∞ and let Ω ⊂
Rd have a uniform C2-boundary. For every ε > 0 there exists a Cε such that

‖∇u‖Lp(Ω,Xd ) ≤ ε‖D2u‖Lp(Ω,Xd×d ) +Cε‖u‖Lp(Ω,X).

for all u ∈W 2,p(Ω,X).

Proof. Let u ∈W 2,p(Ω,X). Then by Theorem 1.30 we can extend u to Rd via
Eu. By Corollary 1.27 we have Eu ∈ W 2,p

0 (Rd ,X). Hence Proposition 1.25
shows that

‖∇u‖Lp(Ω,Xd ) ≤ ‖∇Eu‖Lp(Rd ,Xd )

≤ δ‖D2Eu‖Lp(Rd ,X2d ) +
C
δ
‖Eu‖Lp(Rd ,X)

≤ δ‖Eu‖W 2,p(Rd ,X) +
C
δ
‖Eu‖Lp(Rd ,X)

≤ δK‖u‖W 2,p(Ω,X) +
CK
δ
‖u‖Lp(Ω,X),

holds for every δ > 0, where K is an upper bound for the operator norms of E
onW 2,p(Ω,X) and on Lp(Ω,X). Note that the first summand on the right-hand
side contains the term ‖∇u‖Lp(Ω,Xd ) as well. Assuming that δ < 1 we can solve
for this term and obtain

‖∇u‖Lp(Ω,Xd ) ≤
δK

1− δ
‖D2u‖Lp(Ω,Xd×d ) +

(
CK

δ(1− δ)
+

δ
1− δ

)
‖u‖Lp(Ω,X).

The claim now follows by choosing 0 < δ < 1 such that δK
1−δ = ε.

Corollary 1.32. Let 1 ≤ p < ∞ and let Ω ⊂ Rd have a uniform C2-boundary.
Then

u 7→ ‖u‖Lp(Ω,X) + ‖D2u‖Lp(Ω,Xd×d )

defines an equivalent norm on W 2,p(Ω,X).
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2The Difference Quotient Criterion
This chapter is devoted to the so-called difference quotient criterion which is
a criterion for weak differentiability. The results we present are taken from
the author’s master thesis [Kre15]. An improved presentation of the proof
was found in [AK18, Section 2]. We will present this new proof here. In the
real-valued case the criterion reads as follows: For a function u on Ω and
h ∈ Rd we let τhu be the function defined on Ω− h via τhu(ξ) := u(ξ + h).

Theorem 2.1 ([Bré11, Proposition 9.3]). Let 1 < p ≤ ∞ and let u ∈ Lp(Ω,R).
Then u ∈W 1,p(Ω,R) if and only if there exists a constant C > 0 such that for every
ω ⊂⊂Ω and every h ∈ R with |h| < dist(ω,∂Ω)

‖τheju −u‖Lp(ω,R) ≤ C|h|,

for every 1 ≤ j ≤ d, i.e. the difference quotients of u are bounded in Lp(ω,R).

A proof of this theorem also follows from the results of this chapter. We
want to extend the difference quotient criterion to vector-valued functions.
We will see that the criterion does not hold in general. However, we have

Proposition 2.2 ([Kre15, Proposition 4.12]). Let X be a Banach Space. If
u ∈W 1,p(Ω,X) with 1 ≤ p ≤ ∞, then there exists a constant C such that for all
ω ⊂⊂Ω and all h ∈ R with |h| < dist(ω,∂Ω) we have

‖τheju −u‖Lp(ω,X) ≤ C|h|,

for j = 1, . . . ,d. Moreover we can choose C = maxj=1,...,d ‖Dju‖Lp(Ω,X).

If the converse of this proposition holds, i.e. an Lp-bounded difference
quotient implies weak differentiability, we say that the difference quotient
criterion holds for X. Recall that the space X has the Radon-Nikodým property
if every Lipschitz continuous function f : R → X is differentiable almost
everywhere.

Proposition 2.3 ([Kre15, Example 3.18]). Suppose that the difference quotient
criterion holds for X, then X has the Radon-Nikodým property.

Proof. Let I be an interval and let f : I → X be Lipschitz, where without loss
of generality I is bounded. We may assume that Ω = I , otherwise extend f to
R such that it remains Lipschitz continuous, embed Id into Ω and consider
the function ξ 7→ f (ξ1). It follows that f ∈ Lp(I,X) satisfies the Difference
Quotient Criterion and thus is an element ofW 1,p(I,X) by assumption. Propo-
sition 1.5 shows that f is differentiable almost everywhere and hence X has
the Radon-Nikodým property.
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Example 2.4. The functions in Example 1.7 and Example 1.8 have bounded
difference quotients but are not weakly differentiable. In fact, every Lipschitz-
continuous function which is not differentiable almost everywhere gives rise
to a counterexample for the difference quotient criterion as the proof of
Proposition 2.3 shows.

Theorem 2.5 ([Kre15, Theorem 3.20]). Let 1 < p ≤ ∞ and let u ∈ Lp(Ω,X)
where X is a Banach space that has the Radon-Nikodým property. Assume that u
satisfies

‖τheju −u‖Lp(ω,X) ≤ C|h|,

for some C > 0, all j = 1, . . . ,d and all ω ⊂⊂ Ω. Then u ∈ W 1,p(Ω,X) and
‖Dju‖Lp(Ω,X) ≤ C for all j = 1, . . . ,d.

Remark 2.6. The case p = 1 is always false, even if X = R. To see this, consider
the function 1[0,1] which has bounded difference quotients in L1(R,R) but
which is not continuous and hence not an element of W 1,p(R,R).

We will need the following lemma for the proof of Theorem 2.5.

Lemma 2.7. Let (ωn) be a monotonically increasing sequence of open sets such
that ωn ⊂⊂Ω and

⋃
nωn = Ω. Assume that gn ∈ Lp(ωn,X) with ‖gn‖Lp(ωn,X) ≤ C

for every n ∈ N and that gn(x) = gm(x) for almost all x ∈ ωn ∩ωm. Then there
exists a function g ∈ Lp(Ω,X) with ‖g‖Lp(Ω,X) ≤ C such that g|ωn = gn.

Proof. The case p =∞ is obvious, hence we only consider the case 1 ≤ p <∞.
Let g(x) := gn(x) for some n such that x ∈ ωn. By assumption the choice of n
does not matter in the Lp-sense. Let ĝn := g · 1ωn ∈ L

p(Ω,X), then ‖ĝn‖Lp(Ω,X) ≤
C and ĝn→ g pointwise almost everywhere. Using the monotone convergence
theorem we see that ‖g‖Lp(Ω,X) ≤ C.

Proof of Theorem 2.5. We first consider the case 1 < p < ∞. Fix a direction
j ∈ {1, . . . ,d} and let ω ⊂⊂ Ω be bounded. We claim that the distributional
derivative of u|ω exists in Lp(ω,X) and that its norm is bounded by C. Indeed,
let ω ⊂⊂ ω′ ⊂⊂Ω and τ > 0 be small enough such that the function

G :(−τ,τ)→ Lp(ω′ ,X)

t 7→ u(·+ tej )

is well defined. By assumption G is Lipschitz continuous. Since X has the
Radon-Nikodým property, the space Lp(ω′ ,X) does so as well by Theorem B.33.
This means thatG is differentiable almost everywhere. Fix 0 < t0 < dist(ω,∂ω′)
such that

G′(t0) = lim
h→0

u(·+ (t0 + h)ej )−u(·+ t0ej )
h
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exists in Lp(ω,X). Choose a sequence hn→ 0 such that the above convergence
holds almost everywhere in ω, then the function

gω(ξ) := lim
n→∞

u(ξ + hnej )−u(ξ)

hn

= lim
n→∞

u(ξ − t0ej + (t0 + hn)ej )−u(ξ − t0ej + t0ej )

hn

is an element of Lp(ω,X) whose norm is bounded by C. Given ϕ ∈ C∞c (ω,R)
the dominated convergence theorem implies that∫

ω
ϕgω = lim

n→∞

∫
ω
ϕ(ξ)

u(ξ + hnej )−u(ξ)

hn
dξ

= lim
n→∞

∫
ω

ϕ(ξ − hnej )−ϕ(ξ)

hn
u(ξ)dξ

= −
∫
ω
Djϕu.

This proves the claim. Now let ωn ⊂⊂ ωn+1 ⊂⊂Ω such that
⋃
n∈Nωn = Ω and

let gωn be the corresponding functions found in the first step of the proof.
Lemma 2.7 shows that these functions may be pieced together to a function
g ∈ Lp(Ω,X) whose norm is bounded by C. For any ϕ ∈ C∞c (Ω,R) there exists
a set ωn such that ϕ ∈ C∞c (ωn,R). Thus the first step shows that g = Dju,
finishing the case 1 < p <∞.

For p =∞ let ω ⊂⊂Ω. Then u ∈ Lq(ω,X) for all q <∞. Let ω0 ⊂⊂ ω and
|h| ≤ dist(ω0,∂ω). Then

‖u(·+ hej )−u‖Lq(ω0,X) ≤ C|h|λ(ω)
1
q ,

hence u ∈W 1,q(ω,X) with ‖Dju‖Lq(ω,X) ≤ Cλ(ω)
1
q by the first part of the proof.

Letting q→∞ yields that ‖Dju‖L∞(ω,X) ≤ C and hence u ∈W 1,∞(ω,X). The
proof can now be finished analogously to the case 1 < p <∞.

Corollary 2.8 ([Kre15, Corollary 4.17]). The difference quotient criterion holds
for a Banach space X if and only if X has the Radon-Nikodým property.
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3Nemitsky Operators
In this chapter we consider the conjunction F ◦ u of a Lischitz continuous
function F : X→ Y between two Banach spaces and a function u ∈W 1,p(Ω,X).
In the case X = Y = R we have

Theorem 3.1 ([Zie89, Theorem 2.1.11]). Suppose that F : R→ R is Lipschitz
continuous and let 1 ≤ p ≤∞. If F(0) = 0 or |Ω| <∞, then F ◦u ∈W 1,p(Ω,R) for
every u ∈W 1,p(Ω,R).

A (nonlinear) operator of the form u 7→ F ◦ u is often referred to as a
Nemitsky operator or a superposition operator. A proof of the above theorem
will also follow from the results of this chapter. In the general case of two
Banach spaces X and Y , the above theorem does not hold. However, if Y
has the Radon-Nikodým property and p > 1, the difference quotient criterion
shows that

Proposition 3.2 ([Kre15, Corollary 4.14]). Let 1 < p ≤ ∞, Ω ⊂ Rd open, X
and Y Banach spaces, Y enjoying the Radon-Nikodým property. Let F : X → Y
be a Lipschitz continuous mapping such that F(0) = 0 if Ω has infinite measure.
Then u 7→ F ◦u defines a Nemitsky operator

W 1,p(Ω,X)→W 1,p(Ω,Y ).

This proposition also holds in the case p = 1 as the next section will show.

3.1 Composition in Spaces which have the
Radon-Nikodým Property

We start with the one-dimensional case.

Theorem 3.3 ([AK18, Theorem 3.1]). Let 1 ≤ p ≤ ∞ and let I be an interval.
Let X,Y be Banach spaces such that Y has the Radon-Nikodým property and
assume that F : X → Y is Lipschitz continuous with Lipschitz constant L. If
F(0) = 0 or I is bounded then F ◦u ∈W 1,p(I,Y ) for all u ∈W 1,p(I,X). Moreover
the estimate ‖F ◦u(·)‖X ≤ L‖u(·)‖X is valid almost everywhere.

Proof. Let u ∈W 1,p(I,X). We first remark that F ◦ u is indeed an element of
Lp(Ω,Y ). To see this fix a representative of u. Let L be the Lipschitz constant
of F. If F(0) = 0 we have

‖F(u(t))‖Y = ‖F(u(t))−F(0)‖Y ≤ L‖u(t)‖X
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3. Nemitsky Operators

for all t ∈ I . If I is bounded we may fix t0 ∈ I and see that

‖F(u(t))‖ ≤ ‖F(u(t))−F(u(t0))‖Y + ‖F(u(t0))‖Y
≤ L‖u(t)−u(t0)‖X + ‖F(u(t0))‖Y

for all t ∈ I . In both cases we obtain an estimate for the Lp-norm of F ◦ u.
Proposition 1.5 yields that F ◦ u is absolutely continuous and hence differ-
entiable almost everywhere since Y has the Radon-Nikodým property. By
Proposition 1.5 it remains to show that the derivative of F ◦u is an element of
Lp(I,Y ). This follows easily from the estimate

‖(F ◦u)′(t)‖X = lim
h→0

‖F(u(t + h))−F(u(t))‖X
|h|

≤ limsup
h→0

L
‖u(t + h)−u(t)‖X

|h|
= L‖u′(t)‖X

for almost all t ∈ I .

Recall that every function u ∈W 1,p(Ω,X) when restricted to ω ⊂⊂Ω has a
representative in W 1,p(ω,X) which has the BL property. Hence we can apply
Theorem 3.3 to obtain

Theorem 3.4 ([AK18, Theorem 3.3]). Suppose thatX,Y are Banach spaces such
that Y has the Radon-Nikodým property and let 1 ≤ p ≤ ∞. Let F : X → Y be
Lipschitz continuous and assume that F(0) = 0 if Ω has infinite measure. Then
F ◦ u ∈ W 1,p(Ω,Y ) for any u ∈ W 1,p(Ω,X) and the estimate ‖DjF ◦ u(·)‖X ≤
L‖Dju(·)‖X is valid almost everywhere.

Remark 3.5. We define the spaces W 1,p
loc (Ω,X) via

W
1,p
loc (Ω,X) := {u : Ω→ X,u ∈W 1,p(ω,X) for all ω ⊂⊂Ω}.

Then the above Theorems hold for W 1,p
loc (Ω,X) without the restrictions that Ω

needs to be bounded or F(0) = 0.

We give a special example, that will be of interest throughout the rest of
this thesis.

Corollary 3.6 ([AK18, Corollary 3.4]). Let 1 ≤ p ≤∞. If u ∈W 1,p(Ω,X), then
‖u‖X := ‖u(·)‖X ∈W 1,p(Ω,R).

Remark 3.7. Pelczynski and Wojciechowski have given another proof of Corol-
lary 3.6, see [PW93, Theorem 1.1]. This important example will play a major
role in many results we will prove about the spaces W 1,p(Ω,X). We will ex-
tend it in later sections by computing the distributional derivative of ‖u‖X
and showing that ‖ · ‖X :W 1,p(Ω,X)→W 1,p(Ω,R) is continuous. Corollary 3.6
was also proved in [Kre15, Corollary 4.14] but only for p > 1.
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As in the last section, we obtain the converse of Theorem 3.4 and hence a
characterization of the Radon-Nikodým property.

Theorem 3.8 ([AK18, Theorem 3.6]). Let Ω have finite measure, 1 ≤ p ≤ ∞
and let X,Y be Banach spaces, X , {0}. If Y has the property that every Lipschitz
continuous F : X 7→ Y gives rise to a Nemitsky operator u 7→ F◦u fromW 1,p(Ω,X)
to W 1,p(Ω,Y ), then Y has the Radon-Nikodým property.

Proof. See [Kre15, Corollary 4.18].

3.2 Composition with One-Sided Gateaux
Differentiable Mappings

We now want to drop the Radon-Nikodým property. If we do so, then there
exist Lipschitz continuous mappings F : X→ Y and functions u ∈W 1,p(Ω,X)
such that the composition F ◦u has no distributional derivative in Lp(Ω,Y ).
For this reason we add the assumptions that the mapping F is one-sided
Gateaux differentiable and show that this is sufficient for F ◦ u to be an el-
ement of W 1,p(Ω,Y ). We will also prove a chain rule in this setting and
explicitly compute the distributional derivatives for the cases that F is a norm
or that F is a lattice operation.

Let X,Y be Banach spaces. We say that a function F : X→ Y is one-sided
Gateaux differentiable at x if the right-hand limit

D+
v F(x) := lim

t→0+

1
t

(F(x+ tv)−F(x))

exists for every direction v ∈ X. In this case, the left-hand limit

D−v F(x) := lim
t→0+

1
−t

(F(x − tv)−F(x))

exists as well and is given by D−v F(x) = −D+
−vF(x). Let Ω ⊂ Rd be open. For

u : Ω→ X and ξ ∈Ω we denote by

∂±j u := lim
t→0±

u(ξ + tej )−u(ξ)

t

the one-sided partial derivatives if they exist.

Lemma 3.9 (Chain rule [AK18, Lemma 4.1]). Let X,Y be Banach spaces, u :
Ω→ X, j ∈ 1, . . . ,d and ξ ∈ Ω such that the partial derivative ∂ju(ξ) exists. If
F : X→ Y is one-sided Gateaux differentiable, then we have

∂±j F ◦u(ξ) =D±∂ju(ξ)F(u(ξ)).
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3. Nemitsky Operators

Proof. Let t > 0, then

1
t

(
F(u(ξ + tej ))−F(u(ξ))

)
=

1
t

(
F(u(ξ + tej ))−F(u(ξ) + t∂ju(ξ))

)
+

1
t

(
F(u(ξ) + t∂ju(ξ))−F(u(ξ))

)
.

The first expression can be estimated by

L
t
‖u(ξ + tej )−u(ξ)− t∂ju(ξ)‖X → 0 (t→ 0)

and the second expression converges to D+
∂ju(ξ)F(u(ξ)) as claimed. The left-

hand limit can be computed analogously.

Of course if F is one-sided Gateaux differentiable, in general the right
and left Gateaux derivatives D+

v F(x) and D−v F(x) are different. However, if we
compose F with a Sobolev function u something surprising happens:

Theorem 3.10 ([AK18, Theorem 4.2]). Let 1 ≤ p ≤ ∞ and u ∈ W 1,p(Ω,X).
Suppose that F : X → Y is Lipschitz continuous and one-sided Gateaux differ-
entiable and assume furthermore that Ω is bounded or that F(0) = 0. Then
F ◦u ∈W 1,p(Ω,Y ) and we have the chain rule

Dj(F ◦u) =D+
Dju
F(u) =D−DjuF(u)

We will need the following consequence of Theorem 1.17.

Lemma 3.11 ([AK18, Lemma 4.3]). Let 1 ≤ p ≤ ∞, u ∈ W 1,p(Ω,X) and j ∈
{1, . . . ,d} such that ∂+

j u(ξ) exists almost everywhere. Then Dju = ∂+
j u almost

everywhere. The same holds for the left-sided derivative.

Proof. Without loss of generality j = d. For ξ ∈ Rd we write ξ = (ξ̂,ξd) with
ξ̂ ∈ Rd−1 and ξd ∈ R. Let ωn ⊂⊂Ω such that

⋃
n∈Nωn = Ω. It suffices to show

that Dju = ∂+
j u almost everywhere on each ωn. Fix an n ∈ N and let u∗ be a

representative of u on ωn which has the BL property. Choose a null setN ⊂ωn
such that u∗ = u, the functions ∂+

du and ∂du∗ exist and ∂du∗ =Ddu on ωn\N .
By Fubini’s theorem the set

ω′n := {ξ ∈ωn\N, (ξ̂,ξd + tk) <N for some sequence tk ↓ 0}

has full measure in ωn. For ξ ∈ω′n we choose a suitable sequence and obtain

∂+
du(ξ) = lim

k→∞

u(ξ + tked)−u(ξ)
tk

= lim
k→∞

u∗(ξ + tked)−u∗(ξ)
tk

= ∂du
∗(ξ) =Ddu(ξ),

which finishes the proof.
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3.2. Composition with One-Sided Gateaux Differentiable Mappings

Proof of Theorem 3.10. First note that analogously to the proof of Theorem 3.3
we have F ◦u ∈ Lp(Ω,X). Fix a j ∈ {1, . . . ,d}. The function

Ω→ Y

ξ 7→D±Dj (u(ξ))F(u(ξ))

is measurable since it is the limit of a sequence of measurable functions.
Since F is Lipschitz continuous, it follows that D±Dj (u(·))F(u(·)) ∈ Lp(Ω,Y ). Fix

ϕ ∈ C∞c (Ω,R) and let ω ⊂⊂Ω contain its support. We have to show that∫
Ω

F ◦u ∂jϕ = −
∫
Ω

D±Dju(ξ)F(u(ξ))ϕ(ξ)dξ.

Choose a representative u∗ of u on ω as in Theorem 1.17. For every y′ ∈ Y ′ the
function y′ ◦F is Lipschitz continuous, hence we have 〈F ◦u,y′〉 ∈W 1,p(Ω,R)
by Theorem 3.4. Further u∗ is partially differentiable almost everywhere on ω
and y′◦F is Gateaux differentiable, hence ∂±j 〈F◦u

∗(ξ), y′〉 = 〈D±∂ju∗(ξ)F(u(ξ)), y′〉
almost everywhere on ω by Lemma 3.9. Applying Lemma 3.11 to this we
obtain

Dj〈F ◦u,y′〉 = 〈D±Dju(·)F(u(·), y′〉

almost everywhere on ω. Thus〈∫
Ω

F ◦u ∂jϕ,y′
〉

=
〈
−
∫
Ω

D±Dju(ξ)F(u(ξ))ϕ(ξ)dξ,y′
〉
.

The Hahn-Banach theorem finishes the proof.

As an example we will consider lattice operations. Let E be a real Banach
lattice. Typical examples are Lp(Ω,R) for 1 ≤ p ≤ ∞ and C(K) for compact
K . For the necessary facts about Banach lattices we refer to Appendix A.2.
We want to examine whether for u ∈ W 1,p(Ω,E) the functions u+ := u(·)+,
u− := u(·)−, |u| := |u(·)|, etc. are still elements of W 1,p(Ω,E). Since such lattice
operations are Lipschitz continuous, the results of the previous sections imply
that lattice operations leave the space W 1,p(Ω,E) invariant if E has the Radon-
Nikodým property and in the case E = R this property is a fundamental tool
for classical Sobolev spaces. However, W 1,p(Ω,E) may not be invariant under
lattice operations in general as the following example shows.

Example 3.12 ([Kre15, Example 5.15]). Let u : (0,1) → E = C([0,1],R) be
given by

u(t)(r) = r − t.
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3. Nemitsky Operators

We have that

u(t) = id(0,1) +
∫ t

0
u′(s)ds,

where u′(t) = −1(0,1) ∈ Lp((0,1),E). Theorem 1.5 implies that u ∈W 1,p((0,1),E).
The function u+ is given by

u+(t)(r) =

0 if r < t

r − t if r ≥ t

Assume that u+ ∈W 1,p((0,1),E). Then d
dtu

+(t) ∈ E exists for almost all t ∈ (0,1)
by Theorem 1.5. However, for all t ∈ (0,1) we actually have that

d
dt
u+(t)(r) =

0, if r < t

−1, if r ≥ t,

contradicting that d
dtu

+(t) ∈ E. Thus u+ <W 1,p((0,1),E).

We now want to find a class of Banach lattices E for which the spaces
W 1,p(Ω,E) are invariant under lattice operations even though they might not
have the Radon-Nikodým property.

Now let X be a Banach space. A function F : X→ E is called convex if

F(λx+ (1−λ)y) ≤ λF(x) + (1−λ)F(y)

for all x,y ∈ X and 0 ≤ λ ≤ 1. This is equivalent to saying that x′ ◦F is convex
for every x′ ∈ E′+.

Lemma 3.13 (cf. [Kre15, Proof of Theorem 5.19]). Let X be a Banach space
and let E be a Banach lattice with order continuous norm. Every convex function
F : X→ E is one-sided Gateaux differentiable.

Proof. For 0 < s < t we have x+sy =
(
1− st

)
x+ s

t (x+ty) with s
t < 1. The convexity

of F yields

F(x+ sy)−F(x)
s

≤
F(x+ ty)−F(x)

t
,

which means that the difference quotients of F are downwards directed. Fur-
ther for t > 0 we have

F(x) = F
(1

2
(x+ ty) +

1
2

(x − ty)
)
≤ 1

2
F(x+ ty) +

1
2
F(x − ty),
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3.2. Composition with One-Sided Gateaux Differentiable Mappings

which is equivalent to

F(x − tw)−F(x)
−t

≤ F(x+ tw)−F(x)
t

.

The latter shows that the difference quotients of F are bounded from below.
Since E has order continuous norm they converge and hence F is one-sided
Gateaux differentiable.

From Theorem 3.10 we deduce the following.

Proposition 3.14 ([AK18, Proposition 4.10]). Let X be a Banach space and
u ∈ W 1,p(Ω,X), where 1 ≤ p ≤ ∞. Let F : X → E be Lipschitz continuous and
convex where E is a Banach lattice with order continuous norm. If Ω is bounded
or F(0) = 0, then F ◦u ∈W 1,p(Ω,E) with

DjF ◦u =D+
Dju
F(u) =D−DjuF(u).

Remark 3.15. Proposition 3.14 was also proved in [Kre15, Theorem 5.19] but
with a superfluous premise.

Now we consider the function ϑ : E → E given by ϑ(v) = |v| which is
convex. Assume further that E has order continuous norm. We claim that in
this case we have a decomposition

E = Ev+ ⊕Ev− ⊕ |v|d ,

where Ev = {w ∈ E,∃n ∈ N : |w| ≤ nv} is the ideal generated by v and |v|d = {w ∈
E, |v| ∧ |w| = 0}. Indeed note first that by the order continuity of E we have the
decomposition

E = B|v| ⊕ |v|d ,

where factually B|v| = |v|dd . We now decompose |v|dd further. Note first that
|v| is a quasi-interior point of |v|dd . Hence it suffices to consider the ideal E|v|.
Endowed with the gauge norm ‖·‖|v| this ideal is an AM-space with unit |v| and
hence isomorphic to C(K,R) for some compact Hausdorff space K . Denote

K+ := {k ∈ K,v+(k) > 0},
K− := {k ∈ K,v−(k) > 0},

and note that, since |v| ≡ 1 on K , we have K = K1∪K2 and K1∩K2 = ∅. For any
f ∈ C(K,R) we decompose

f = 1K+
f + 1K−f
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3. Nemitsky Operators

and note that 1K+
f and 1K−f are still continuous. Hence we compute that

1K+
f = sup{f ∧nv+,n ∈ N},

1K−f = sup{f ∧nv−,n ∈ N},

from which we obtain that 1K+
C(K,R) = C(K+,R) and 1K−C(K,R) = C(K−,R)

are projection bands generated by v+ and v− respectively. Note that v+ and

v− are quasi-interior points of these bands. Hence C(K+,R) = Ev+
‖·‖|v| and

C(K−,R) = Ev−
‖·‖|v| . Since the gauge norm is stronger than the norm on E this

shows the claimed decomposition.

We denote by Pv+ , Pv− and P|v|d the projections along the decomposition.
Define sign v : E→ E by

(sign v)(w) := Pv+w − Pv−w.

Example 3.16. Let E = Lp(Ω) with 1 ≤ p <∞ and let v ∈ E. If we set Ω+ := {ξ ∈
Ω,v(ξ) > 0},Ω− := {ξ ∈Ω,v(ξ) < 0} and Ωd := {ξ ∈Ω,v(ξ) = 0} then Ev+ = {w ∈
E,w = 0 on Ωc

+},Ev− = {w ∈ E,w = 0 on Ωc
−} and |v|d = {w ∈ E,w = 0 on Ωc

d}.
Hence Pv+w = 1Ω+

w,Pv−w = 1Ω−w and P|v|dw = 1Ωd
w. This yields

(sign v)(w) =
v
|v|
w1v,0.

Proposition 3.17 (analogously to [AGG+86, CII, Proposition 5.6]). Assume
that E has order continuous norm. Then ϑ is one-sided Gateaux differentiable and

D+
wϑ(v) = (sign v)w+ P|v|d |w|,

D−wϑ(v) = (sign v)w − P|v|d |w|,

for all w ∈ E.

Proof. Since ϑ is convex it is one-sided Gateaux differentiable due to Lemma
3.13. It remains to show the claimed formulas for the derivatives. We only
show the formula for the right-hand limit, since the other one can be proven
analogously. First consider the projection P|v|dd = Pv+ +Pv− onto |v|dd . Since this
projection is continuous and commutes with lattice operations we have

D+
wϑ(v) = P|v|ddD

+
wϑ(v) + (Id − P|v|dd )D+

wϑ(v)

= lim
t→0+

|P|v|ddv + tP|v|ddw| − |P|v|ddv|
t

+ lim
t→0+

|(Id − P|v|dd )v + t(I − P|v|dd )w| − |(I − P|v|dd )v|
t

=D+
P|v|ddw

ϑ(v) + P|v|d |w|.
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3.2. Composition with One-Sided Gateaux Differentiable Mappings

Hence it remains to show that for all w ∈ |v|dd we have

D+
wϑ(v) = (sign v)w.

Let C(K,R) be the space isomorphic to E|v| as in the definition of the sign. A
pointwise computation shows that

lim
t→0+

|v(k) + tw(k)| − |v(k)|
t

= sign(v(k))w(k)

for all k ∈ K . Let x′ ∈ E′+. Then x′ is represented by a regular Borel measure µ.
Further |v(k)+tw(k)|−|v(k)|

t ≤ w(k) for all k ∈ K . Hence by dominated convergence
theorem we have that〈
|v + tw| − |v|

t
,x′

〉
=

∫
K

|v(k) + tw(k)| − |v(k)|
t

dµ(k)→
∫
K

sign(v(k))w(k)dµ(k).

By the construction of sign the latter is eaual to 〈sign(v)(w),x′〉 and hence
the claim holds for all w ∈ E|v|. The latter is dense in |v|dd and the mapping
w 7→ D+

wϑ(v) is Lipschitz continuous. This yields the claim for arbitrary
w ∈ |v|dd .

With this and Proposition 3.14 we obtain

Theorem 3.18 ([AK18, Theorem 4.13]). Let E be a Banach lattice with order
continuous norm and let 1 ≤ p ≤∞. If u ∈W 1,p(Ω,E), then |u| ∈W 1,p(Ω,E) and

Dj |u| = (sign u)Dju.

Corollary 3.19 ([AK18, Theorem 4.14]). In the setting of Theorem 3.18 we
have

Dju
+ = Pu+Dju

Proof. This follows from Theorem 3.18 since u+ = 1
2 (|u|+u).

Example 3.20 ([Kre15, Corollary 5.18]). (a) If X = R we obtain the well-
known formula

Dju
+ = 1{u>0}Dju

(b) Let (S,Σ,µ) be a measure space and let u ∈W 1,p(Ω,Lr(S,R)) where 1 ≤ p ≤
∞ and 1 ≤ r <∞. The norm on Lr(S,R) is order continuous. A pointwise
comparison using Corollary 3.19 shows that

Dju
+(ξ) =Dju(ξ) · 1{s∈S,u(ξ)(s)>0}.

This result was essentially proven directly in [ADKF14, Proposition 4.1].
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We come back to the example of the last section: The function F := ‖ · ‖X :
X→ R is convex and R has order continuous norm. Hence Proposition 3.14
applies to F. We compute the one-sided Gateaux derivatives.

Proposition 3.21. The derivatives of F at x ∈ X in direction h ∈ X are given by

D+
h F(x) = sup{〈h,x′〉,x′ ∈ J(x)}

and

D−h F(x) = inf{〈h,x′〉,x′ ∈ J(x)},

where J(x) = {x′ ∈ SX ′ (0,1),〈x,x′〉 = ‖x‖X} is the duality map.

Proof. Note that it suffices to show the claim forD+
h F(x) since the second claim

follows from the relation D−h F(x) = −D+
−hF(x). For fixed x ∈ X The function

p : X→ R
h 7→D+

h F(x)

is sublinear. Hence by the Hahn-Banach theorem we have

p(h) = supM,

where M = {〈h,x′〉,x′ ∈ X ′ ,x′ ≤ p}. It remains to show that M = {〈h,x′〉,x′ ∈
J(x)}. Let x′ ∈ J(x) and v ∈ X. Then

‖x+ tv‖X − ‖x‖X
t

≥ 〈x+ tv,x′〉 − 〈x,x′〉
t

= 〈v,x′〉.

from which we obtain that p(v) ≥ 〈v,x′〉. Hence {〈h,x′〉,x′ ∈ J(x)} ⊂M. On the
other hand let x′ ∈ X ′ such that x′ ≤ p. Then

〈v,x′〉 ≤ lim
t→0+

‖x+ tv‖X − ‖x‖X
t

≤ lim
t→0+

‖tv‖X
t

= ‖v‖X

for every v ∈ X. Applying this to −v we obtain |〈v,x′〉| ≤ ‖v‖X . Hence ‖x′‖X ′ ≤ 1.
Further we have

〈x,x′〉 ≤ lim
t→0+

‖x+ tx‖X − ‖x‖X
t

= ‖x‖X

and

〈−x,x′〉 ≤ lim
t→0+

‖x − tx‖X − ‖x‖X
t

= −‖x‖X .

In total these inequalities yield 〈x,x′〉 = ‖x‖X from which we obtain that
x′ ∈ J(x). Thus M ⊂ {〈h,x′〉,x′ ∈ J(x)}.
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If u ∈W 1,p(Ω,X), 1 ≤ p ≤∞, we already know that ‖u‖X ∈W 1,p(Ω,R) by
Corollary 3.6. Here we obtain a formula for the derivative, which will be
crucial later.

Theorem 3.22 ([AK18, Theorem 4.4]). Let 1 ≤ p ≤ ∞ and u ∈ W 1,p(Ω,X).
Then ‖u‖X ∈W 1,p(Ω,R) and

Dj‖u(ξ)‖X = 〈Dju(ξ), J(u(ξ))〉

almost everywhere, where 〈Dju(ξ), J(u(ξ))〉 := 〈Dju(ξ),x′〉with x′ ∈ J(u(ξ)) which
does not depend on the choice of x′ ∈ J(u(ξ)) for all ξ outside a negligible set.

Example 3.23 ([AK18, Example 4.5]). (a) Let X be a Hilbert space, then

Dj‖u(ξ)‖X =


〈
Dju(ξ), u(ξ)

‖u(ξ)‖X

〉
if u(ξ) , 0,

0 if u(ξ) = 0.

In particular, if X = R, then we find the well-known formula Dj |u| =
sign(u)Dju.

(b) Let X = `1, u(ξ) = (un(ξ))n∈N ∈W 1,p(Ω,X). Evaluating the n-th coordinate
we obtain that un ∈ W 1,p(Ω,R) with Djun(ξ) = (Dju(ξ))n almost every-
where. It follows that

Dj‖u(ξ)‖`1 =
∞∑
n=1

sign(un(ξ))Djun(ξ).

(c) Let X = C(K) for a compact topological space K . For each ξ ∈Ω let kξ ∈ K
such that u(ξ) has a global extremum in kξ . Then

Dj‖u(ξ)‖C(K) = sign
(
u(ξ)(kξ )

)
Dju(ξ)(kξ ).

The following estimate has many interesting consequences, see e.g. Theo-
rems 4.14 and 4.15.

Corollary 3.24 ([AK18, Corollary 4.6]). Let 1 ≤ p ≤∞. For all u ∈W 1,p(Ω,X)
we have ‖u‖X ∈ W 1,p(Ω,R) and the estimate |Dj‖u(ξ)‖X | ≤ ‖Dju(ξ)‖X is valid
almost everywhere. In particular, ‖‖u‖X ‖W 1,p(Ω,R) ≤ ‖u‖W 1,p(Ω,X).

Remark 3.25. In the case X = R we have equality of these two expressions,
see Example 3.23 (a). However if dimX ≥ 2, there exists no C > 0 such that
|Dj‖u(ξ)‖X | ≥ C‖Dju(ξ)‖X for all u ∈W 1,p(Ω,X). This can easily be seen by
embedding the R2-valued function [0,2π] 3 t 7→ (sin t,cos t) into W 1,p(Ω,X).

Corollary 3.26 ([AK18, Corollary 4.8]). Let 1 ≤ p <∞. The mapping ‖ · ‖X :
W 1,p(Ω,X)→W 1,p(Ω,R) is continuous.
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3. Nemitsky Operators

Proof. Let un → u in W 1,p(Ω,X). Have in mind that in a topological space
a sequence (xn) converges to x if and only if every subsequence of (xn) has
a subsequence that converges to x. Hence we may assume that un and Djun
are dominated by an Lp-function and that un → u and Djun → Dju point-
wise almost everywhere since every convergent sequence in Lp(Ω,X) has
a subsequence with these properties. It is obvious that ‖un‖X → ‖u‖X in
Lp(Ω,R), hence it only remains to show convergence of the derivatives. Since
|Dj‖un‖X | ≤ ‖Djun‖X by Corollary 3.24 the functions Dj‖un‖X are uniformly
dominated by an Lp-function. We need to show that they converge almost
everywhere to Dj‖u‖X . Let ξ ∈Ω\N where N ⊂Ω is a negligible set such that
un and Djun converge pointwise and, using Theorem 3.22, simultaneously
Dj‖un(·)‖X = 〈Djun(·), J(un(·))〉 (n ∈ N) and Dj‖u(·)‖X = 〈Dju(·), J(u(·))〉 outside
of N . Choose x′n ∈ J(un(ξ)). Since we are working with a countable number
of measurable functions, we may assume that X is separable. Passing to a
subsequence we may assume that (x′n) converges in the σ (X ′ ,X)-topology to
an element x′ ∈ X ′. One easily sees that x′ ∈ J(u(ξ)). It follows that

Dj‖un(ξ)‖X = 〈Djun(ξ),x′n〉 → 〈Dju(ξ),x′〉 =Dj‖u(ξ)‖X

for all ξ ∈Ω\N , finishing the proof.
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4Applications of Nemitsky Operators
We now apply our results on Nemitsky operators. In particular we will have a
look at the case where F : X→ R.

4.1 Weak and Strong Properties

Let Ω ⊂ Rd be open. For a vector-valued function u : Ω→ X it is natural to
ask whether a weak regularity property (in the sense of duality) implies the
corresponding strong regularity property. For example if u is locally bounded
and 〈u,x′〉 is harmonic for all x′ in a separating subset of X ′ then u itself is
harmonic, see Part II. The analogous property does not hold for Sobolev spaces
as we have seen in the Examples 1.7, 1.8 and 1.9. However if we assume more
regularity, we obtain a positive result. Recall that the space X is called weakly
sequentially complete if each weak Cauchy sequence in X has a weak limit.
Each reflexive space is weakly sequentially complete but so is even L1(Ω,R).

Proposition 4.1 ([AK18, Proposition 6.2]). Suppose that X is weakly sequen-
tially complete and let Ω ⊂ Rd be open and bounded. Let u : Ω→ X such that
〈u,x′〉 ∈ C1(Ω,R) holds for all x′ ∈ X ′. Then u ∈W 1,∞(Ω,X).

Proof. Since 〈u,x′〉 ∈ C1(Ω) the difference quotient 1
h (u(ξ + hej) − u(ξ)) is a

weak Cauchy sequence for every ξ ∈Ω. The weak sequential completeness
of X shows that there exists uj(ξ) ∈ X such that ∂j〈u(ξ),x′〉 = 〈uj(ξ),x′〉 for all
x′ ∈ X ′. The function ξ 7→ uj(ξ) is weakly continuous. A weakly continuous
function is measurable, see Corollary B.3. The functions u and uj are weakly
bounded and hence norm bounded. It follows that u,uj ∈ L∞(Ω,X). Since the
integration by parts formula holds weakly and X ′ separates X, it follows that
u ∈W 1,∞(Ω,X) and uj =Dju.

Note that it is not enough to show that 〈u,x′〉 has a representative in
C1(Ω,R), see Example 1.9. The result is also false if we drop the hypothesis
that X is weakly sequentially complete as Example 1.7 shows.

Corollary 4.2 ([AK18, Corollary 6.4]). Let E be a Banach lattice and Ω ⊂ Rd
open and bounded and let 1 ≤ p ≤∞. Then the following are equivalent:

(i) Let u : Ω → X such that 〈u,x′〉 ∈ C1(Ω,R) for all x′ ∈ X ′. Then u ∈
W 1,p(Ω,X).

(ii) E is weakly sequentially complete.
(iii) E does not contain a closed subspace isomorphic to c0.

Proof. This follows from Proposition 4.1, Example 1.7 and Theorem A.44.
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4. Applications of Nemitsky Operators

We now consider Hölder continuity. A function u : Ω→ X is called (α-)
Hölder continuous if there exists constants 0 < α ≤ 1 and β > 0 such that

‖u(ξ)−u(η)‖X ≤ β|ξ − η|α (4.1)

holds for all ξ,η ∈ Ω. Note that Hölder continuity with α = 1 is the same
as Lipschitz continuity. We denote by C0,α(Ω,X) the space of α−Hölder
continuous functions from Ω to X. Note that C0,α(Ω,X) ⊂ C(Ω,X), hence the
notation. For u ∈ C0,α(Ω,X) we denote

|u|C0,α(Ω,X) := sup
ξ,η∈Ω

‖u(ξ)−u(η)‖X
|ξ − η|α

.

On C0,α(Ω,X) we denote a norm by ‖ · ‖C0,α(Ω,X) := ‖ · ‖C(Ω,X) + | · |C0,α(Ω,X). It is

easy to see that C0,α(Ω,X) equipped with this norm is a Banach space. We
will denote by C0,α(Ω,X) the space of all locally Hölder continuous functions
(rather than by a subscript "loc" as we usually do).

Hölder continuous functions will be of great help in Part III. Here we will
show that Hölder continuity can be tested.

Proposition 4.3. Let u : Ω→ X be a bounded function and assume that for all
x′ ∈ X ′ there exists α such that 〈u,x′〉 ∈ C0,α(Ω,R). Then there exist α0 such that
u ∈ C0,α0(Ω,X).

The proposition is a special case of the following theorem, which better
suits the context of Sobolev spaces.

Theorem 4.4. Let u : Ω 7→ X be measurable and bounded such that 〈u,x′〉 has a
Hölder continuous representative for each x′ ∈ X ′. Then u has a Hölder continuous
representative.

Proof. Let X ′n be the set{
x′ ∈ X ′ ,〈u,x′〉 has a representative in C0, 1n (Ω,R) with |〈u,x′〉|

C0, 1n (Ω,R)
≤ n

}
.

Then X ′n is a closed subset of X ′. Since u is bounded one has
⋃
n∈NX

′
n = X ′.

By Baire’s theorem there exists an n0 ∈ N such that X ′n0
contains a nontrivial

closed ball B := B(x′0, r). Let x′ ∈ X ′ and define λ := r
‖x′‖X′

. Then we obtain that
x′0,x

′
0 +λx′ ∈ B and hence

|〈u(ξ)−u(η),x′〉| ≤ 2n0‖x′‖X ′
r

|ξ − η|
1
n0

holds for all ξ,η ∈Ω outside of a nullset.
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4.1. Weak and Strong Properties

Since u is measurable, we may assume that X is separable. In this case
there exists a norming sequence (x′k)k∈N in X ′ with ‖x′k‖ ≤ 1 for all k ∈ N.
Considering only the functionals x′k in the above computation yields

|〈u(ξ)−u(η),x′k〉| ≤
2n0

r
|ξ − η|

1
n0

holds for all s, t ∈Ω outside the countable union of nulsets. Hence taking the

supremum over all k ∈ N we obtain that u has a representative in C0, 1
n0 (Ω,X).

The drawback of the theorem above is obviously that the constant n0 and
the 1

n0
-Hölder norm of u remain unknown. This is better if the constant α is

fixed to begin with. A slight variation of the proof of Theorem 4.4 then shows

Corollary 4.5. Let u : Ω 7→ X be measurable such that 〈u,x′〉 has a representative
in C0,α(Ω,R) for each x′ ∈ X ′. Then u has a representative in C0,α(Ω,X).

In the best case we have control over α and |〈u,x′〉|C0,α(Ω,R). In this case we
have

Proposition 4.6. Let u : Ω 7→ X be measurable. Suppose there exist constants α
and β such that 〈u,x′〉 satisfies

|〈u(ξ),x′〉 − 〈u(η),x′〉| ≤ β|ξ − η|α

for all x′ ∈ X ′ with ‖x′‖ ≤ 1 and almost all ξ,η ∈Ω. Then u satisfies

‖u(ξ)−u(η)‖X ≤ β|ξ − η|α

for almost all ξ,η ∈Ω. In particular u has an α-Hölder continuous representative
with |u|C0,α(Ω,X) ≤ β.

Proof. Since u is measurable we may assume that X is separable. Then there
exist normed functionals x′k that are norming for X. Define uk := 〈u,x′k〉. By
assumption we have

|uk(ξ)−uk(η)| ≤ β|ξ − η|α

for all k ∈ N and all ξ,η outside a common set of measure zero. The claim
follows by taking the supremum over k.

The preceding results can be used to prove theorems such as Morrey’s
embedding theorem 4.18 and will also be important when we talk about
elliptic operators in Part III.
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4. Applications of Nemitsky Operators

We now turn to Dirichlet boundary conditions for which we will establish,
among others, a result of the type "weak implies strong". From now on
let 1 ≤ p < ∞. If u ∈ W 1,p

0 (Ω,X) and ϕn ∈ C∞c (Ω,X) converges to u then
Proposition 3.26 implies that ‖ϕn‖X converges to ‖u‖X in W 1,p(Ω,R). Note
that ‖ϕn‖X is compactly supported, hence ‖ϕn‖X ∈W

1,p
0 (Ω,X) by Lemma 1.24.

In total we have ‖u‖ ∈W 1,p
0 (Ω,R). We will show that the converse is true as

well. For that, we will need the following lemmata.

Lemma 4.7 ([AK18, Lemma 6.6]). Let u ∈W 1,p(Ω,X) and let ϕ̂ ∈ C∞c (Ω,R)+.
Define ϕ := ϕ̂ ∧ ‖u‖X . Then the function

v :=

 u
‖u‖X

ϕ if u , 0

0 otherwise

is in W 1,p(Ω,X) and

Djv =


(

(Dju)‖u‖X−uDj‖u‖X
‖u‖2X

ϕ + u
‖u‖X

Djϕ
)

if u , 0

0 otherwise.

Proof. Note that the functions

u
‖u‖X

ϕ1u,0,
Dju

‖u‖X
ϕ1u,0,

u
‖u‖X

Djϕ1u,0 and
uDj‖u‖X
‖u‖2X

ϕ1u,0

are all in Lp(Ω,X). Let ε > 0 and define

fε : R+→ R+

t 7→ 1
t + ε

.

We have fε ∈ C1(R+,R+) and that |f ′ε | is bounded by 1
ε2 . Lemma A.64 yields

that fε ◦ ‖u‖X ∈W
1,p
loc (Ω,R) and

Dj(fε ◦ ‖u‖X) =
−1

(‖u‖X + ε)2Dj‖u‖X .

By Lemma 1.15 we have ϕu ∈W 1,p
loc (Ω,X) and the usual product rule holds.

Using this lemma once more we obtain (fε ◦ ‖u‖X)ϕu ∈ W 1,p
loc (Ω,X) and the

usual product rule holds. This means∫
Ω

(fε ◦ ‖u‖X)ϕu∂jψ

= −
∫
Ω

ϕDjfε ◦ ‖u‖Xuψ −
∫
Ω

Dj(ϕu)fε ◦ ‖u‖Xψ
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4.1. Weak and Strong Properties

for all ψ ∈ C∞c (Ω,R). Letting ε→ 0, by the dominated convergence theorem
we obtain ∫

Ω

ϕ
1
‖u‖X

u1u,0∂jψ

=
∫
Ω

ϕ
1

‖u‖2X
Dj‖u‖Xuψ −

∫
Ω

Dj(ϕu)
1
‖u‖X

ψ.

Since all functions are actually in Lp(Ω,X) and not just in L
p
loc(Ω,X) this

finishes the proof.

Theorem 4.8 ([AK18, Theorem 6.7]). Let 1 ≤ p <∞ and u ∈W 1,p(Ω,X). Then
u ∈W 1,p

0 (Ω,X) if and only if ‖u‖X ∈W
1,p
0 (Ω,R).

Proof. It remains to show the "if" part. Let ϕ̂n ∈ C∞c (Ω,R)+ be convergent
to ‖u‖X in W 1,p(Ω,R)+ and define ϕn := ϕ̂n ∧ ‖u‖X . The function un :=
u
‖u‖X

ϕn1u,0 is in W 1,p(Ω,X) by Lemma 4.7 and is compactly supported.

Lemma 1.24 shows that un ∈ W
1,p
0 (Ω,X). The calculus rules in Lemma 4.7

and the dominated convergence theorem imply that un→ u inW 1,p(Ω,X) and
thus u ∈W 1,p

0 (Ω,X).

Using this theorem we can elegantly show results for W 1,p
0 (Ω,X) using

known results in the case X = R. The following corollaries are examples of
how to use Theorem 4.8.

Corollary 4.9 (Poincaré’s inequality [AK18, Theorem 6.7]). Let 1 ≤ p < ∞
and Ω be bounded in direction ej for some 1 ≤ j ≤ d. Then there exists a constant
C > 0 such that

‖Dju‖Lp(Ω,X) ≥ C‖u‖Lp(Ω,X)

for all u ∈W 1,p
0 (Ω,X). The best constant coincides with the best constant in the

real case.

In particular: u 7→ ‖∇u‖Lp(Ω,Xd ) is a norm on W 1,p
0 (Ω,X) which is equivalent

to the W 1,p-norm.

Proof. Let u ∈ W 1,p
0 (Ω,X), then ‖u‖X ∈ W

1,p
0 (Ω,R) by Theorem 4.8. Hence

Poincaré’s inequality A.65 holds for ‖u‖X . Poincaré’s inequality for u follows
easily using Corollary 3.24.

Corollary 4.10 (Ideal property). Let u ∈W 1,p(Ω,X) and v ∈W 1,p
0 (Ω,R). Sup-

pose that ‖u(ξ)‖X ≤ v(ξ) for almost all ξ ∈Ω. Then u ∈W 1,p
0 (Ω,X).
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4. Applications of Nemitsky Operators

Proof. Since ‖u‖X ∈W 1,p(Ω,R) it follows from the real-valued ideal property
A.66 that ‖u‖X ∈W

1,p
0 (Ω,R) and hence u ∈W 1,p

0 (Ω,X).

Corollary 4.11. Let u ∈ W 1,p(Ω,X) ∩ C(Ω,X) such that u|∂Ω ≡ 0. Then u ∈
W

1,p
0 (Ω,X).

Proof. Since ‖u‖X ∈ W 1,p(Ω,R)∩C(Ω,R) is zero at the boundary it follows
from the real-valued Proposition A.67 that ‖u‖X ∈ W

1,p
0 (Ω,R) and hence

u ∈W 1,p
0 (Ω,X).

We will now characterize W 1,p
0 (Ω,X) weakly. We will need the following

lemma, which immediately follows from Theorem 4.8.

Lemma 4.12 ([AK18, Lemma 6.9]). Let X be a closed subspace of the Banach
space Y and let u ∈ W 1,p(Ω,X) ⊂ W 1,p(Ω,Y ) for some 1 ≤ p < ∞. Then u ∈
W

1,p
0 (Ω,X) if and only if u ∈W 1,p

0 (Ω,Y ).

Theorem 4.13 ([AK18, Theorem 6.10]). Let u ∈W 1,p(Ω,X). The following are
equivalent:

(i) u ∈W 1,p
0 (Ω,X),

(ii) 〈u,x′〉 ∈W 1,p
0 (Ω,R) for every x′ ∈ X ′,

(iii) 〈u,x′〉 ∈W 1,p
0 (Ω,R) for every x′ in a separating subset of X ′.

Proof. Since u is measurable it is almost separably valued. The Hahn-Banach
theorem shows that the assumptions are not affected if we replace X by a
separable subspace containing the image of u. Hence we may assume that X
is separable.
(i)⇒ (ii) trivial
(ii) ⇒ (i) The Banach-Mazur theorem A.19 implies that X ↪→ C([0,1],R)
isometrically. In view of the preceding lemma we may assume that X =
C([0,1],R). By Proposition A.21 this space has a Schauder basis (bk)k∈N with co-
ordinate functionals (b′k). Let un := Pnu =

∑n
k=1 〈u,b

′
k〉bk , then un ∈W

1,p
0 (Ω,X)

by assumption. Further un→ u pointwise. Let C be the basis constant of (bk).
Then un is dominated by C‖u‖X . Hence un→ u in Lp(Ω,X). Analogously one
shows that Djun→Dju in Lp(Ω,X). Thus u ∈W 1,p

0 (Ω,X).
(ii)⇒ (iii) trivial
(iii)⇒ (ii) Consider the space

V := {x′ ∈ X ′ ,〈u,x′〉 ∈W 1,p
0 (Ω,R)},

which by assumption is σ (X ′ ,X)-dense inX ′. We will show that it is also closed
in the σ (X ′ ,X)-topology. By the Krein-Šmulyan theorem A.15 it suffices to
show that V ∩BX ′ (0,1) is σ (X ′ ,X)-closed. The σ (X ′ ,X)-topology, restricted to
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4.2. Embedding Theorems

this bounded set, is metrizable. Let x′n ∈ V ∩BX ′ (0,1) such that x′n⇀
∗ x′. Then

〈u,x′n〉 → 〈u,x′〉 pointwise and the functions 〈u,x′n〉 are dominated by ‖u‖X .
Hence 〈u,x′n〉 → 〈u,x′〉 in Lp(Ω,R) by the dominated convergence theorem.
The same argument shows that 〈u,x′n〉 → 〈u,x′〉 in W 1,p(Ω,R). Since 〈u,x′n〉 ∈
W

1,p
0 (Ω,R) it follows that 〈u,x′〉 ∈W 1,p

0 (Ω,R). Thus V is σ (X ′ ,X)-closed which
implies (ii).

As mentioned before, if u ∈ W 1,p(Ω,X) then u ∈ W 1,p
0 (Ω,X) should be

regarded as a way of weakly saying "u = 0 on the boundary of Ω". This
becomes explicit if ∂Ω is more regular since in this case we can make sense of
u|∂Ω in the following way:

Theorem 4.14 (Trace theorem [AK18, Theorem 6.13]). Let Ω ⊂ Rd be an
open set with uniform Lipschitz boundary, d ≥ 2 and 1 ≤ p <∞. Then there exists
a linear and continuous operator

TrX :W 1,p(Ω,X)→ Lp(∂Ω,X)

such that TrXu = u|∂Ω for all u ∈W 1,p(Ω,X)∩C(Ω,X).

Moreover, given u ∈ W 1,p(Ω,X) we have that u ∈ W 1,p
0 (Ω,X) if and only if

TrXu = 0.

Proof. For a function u ∈W 1,p(Ω,X)∩C(Ω,X) we define TrXu := u|∂Ω. This
operator and the norm on X commute in the sense that ‖TrXu‖X = TrR‖u‖X .
Combining the real-valued Theorem A.68 and Corollary 3.24 we have that

‖TrXu‖Lp(∂Ω,X) ≤ ‖TrR‖L(W 1,p(Ω,R),Lp(∂Ω,R)) · ‖u‖W 1,p(Ω,X),

for every u ∈ W 1,p(Ω,X) ∩ C(Ω,X). By Corollary 1.23 we may extend TrX
to W 1,p(Ω,X). The continuity of the norm on W 1,p(Ω,X) implies that the
operator still commutes with the norm as before, hence the last claim follows
from Theorem 4.8 and the real-valued case.

4.2 Embedding Theorems

The Sobolev embedding theorems are a collection of theorems which show that
weakly differentiable functions are more regular than they appear at first sight.
They play a huge role in the theory of partial differential equations. Using
our mapping theorems we ca easily extend them to vector-valued functions.
A version of these theorems can already be found in [Kre15, Theorem 4.15],
see also the notes on Part I. Here we give a complete proof of the embedding
theorems which are standard in the real-valued case.
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4. Applications of Nemitsky Operators

Theorem 4.15 ([AK18, Theorem 5.1]). Let Ω ⊂ Rd be open such that we have
a continuous embedding W 1,p(Ω,R) ↪→ Lq(Ω,R) for some 1 ≤ p,q ≤∞. Then we
have a continuous embedding W 1,p(Ω,X) ↪→ Lq(Ω,X) for any Banach space X,
and the norm of the embedding remains the same.

Proof. Let u ∈ W 1,p(Ω,X). Then ‖u‖X ∈ W 1,p(Ω,R) by Corollary 3.6. By
assumption it follows that ‖u‖X ∈ Lq(Ω,R) and hence by definition of the
Bochner space we obtain u ∈ Lq(Ω,X). Further if C is the norm of the embed-
ding in the real-valued case, we use Corollary 3.24 to compute

‖u‖Lq(Ω,X) = ‖‖u‖X ‖Lq(Ω,R) ≤ C‖‖u‖X ‖W 1,p(Ω,R) ≤ C‖u‖W 1,p(Ω,X),

finishing the proof.

The classical embedding theorems hold under a rather weak assumption
on Ω. The angle between two vectors ξ,η ∈ Rd\{0} will be denoted by ∠(ξ,η).
A finite cone with vertex 0 in Rd is a set C ⊂ Rd defined via

C := {ξ ∈ Rd ,0 < |ξ | ≤ r0,∠(ξ,η0) ≤ κ0} ∪ {0}

for some fixed vector η0 ∈ Rd\{0}, some fixed r0 > 0 and some fixed 0 < κ0 <
π
2 .

A cone with vertex ξ ∈ Rd is a set C + ξ where C is a cone with vertex 0. The
open set Ω ⊂ Rd satisfies an interior cone condition if there exists a cone C with
vertex 0 such that for every ξ ∈Ω there exists a cone Cξ ⊂Ω such that Cξ is
congruent to C and has vertex ξ.

Note that if Ω satisfies a uniform Lipschitz condition, then it also satisfies
an interior cone condition.

Corollary 4.16 (Sobolev embedding theorem (also known as Sobolev-Ga-
gliardo-Nirenberg)). Let Ω be a domain which satisfies the interior cone condi-
tion (in particular, this is true if Ω satisfies a uniform Lipschitz condition) and let
m ∈ N and 1 ≤ p <∞. Then we have the following continuous embeddings:
(a) If mp < d, then Wm,p(Ω,X) ↪→ Lq(Ω,X) for all p ≤ q ≤ p∗ := dp

d−mp .

(b) If mp = d, then Wm,p(Ω,X) ↪→ Lq(Ω,X) for all p ≤ q <∞.

(c) If mp > d, then Wm,p(Ω,X) ↪→ Lq(Ω,X) for all p ≤ q ≤∞.

Proof. The case m = 1 follows immediately from the real-valued Sobolev em-
bedding theorem A.69 and Theorem 4.15. We now proceed to prove the result
for m ≥ 2 via induction.

First let mp < d. Then (m− 1)d < p and we have Wm−1,p(Ω,X) ↪→ Lq(Ω,X)
for all p ≤ q ≤ dp

d−mp+p . Let D be a first-order differential operator. Then
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4.2. Embedding Theorems

u,Du ∈Wm−1,p(Ω,X) ⊂ Lq(Ω,X). Hence u ∈W 1,q(Ω,X). Since q ≤ dp
d−mp+p < d,

the case m = 1 shows that u ∈ Lq∗(Ω,X). In the limiting case q = dp
d−mp+p we

have q∗ = p∗ from which the first case follows. The continuity of the embed-
ding follows from the closed graph theorem.

Now let mp = d and u ∈Wm,p(Ω,X). Again we have u,Du ∈Wm−1,p(Ω,X)
with p(m − 1) < d. The first case shows that u ∈ W 1,q(Ω,X) for all p ≤ q ≤

dp
d−mp+p = d. In the limiting case q = d we may use the case m = 1 and obtain
u ∈ Lr(Ω,X) for all q ≤ r ≤∞. The embedding now follows from interpolation.
The continuity of the embedding can be shown analogously to the first case.

Lastly consider the case mp > d. Analogously to the two cases before
we have that u,Du ∈ Wm−1,p(Ω,X) where we need to consider two further
cases. First suppose that d

p < N. Let j :=
⌊
d
p

⌋
+ 1. Since j ≤ m we have

u,Du ∈ W j−1,p(Ω,X) where (j − 1)p < d. In this case we already know that

u ∈W 1, dp
d−(j−1)p (Ω,X). Note that dp

d−(j−1)p > d, hence the case m = 1 applies and

u ∈ Lq(Ω,X) for all q ≥ dp
d−(j−1)p . The result follows from interpolation. Sup-

pose now that d
p < N and define j as before. In this case u,Du ∈W j−1,p(Ω,X)

where (j −1)p = d. Again we already know that the embedding for this case
holds, i.e. u,Du ∈ Lq(Ω,X) for all p ≤ q <∞. Hence u ∈W 1,q(Ω,X). In particu-
lar we may choose q > d and use the case m = 1 to conclude that u ∈ L∞(Ω,X).
The continuity of the embedding follows once again by the closed graph
theorem.

On general domains the Sobolev embedding theorem still holds if we only
consider functions which vanish at the boundary (in the sense of Section 1.4).

Corollary 4.17. All embeddings in the Sobolev embedding theorem hold for an
arbitrary domain if W 1,p(Ω,X) is replaced by W 1,p

0 (Ω,X).

Proof. For the case m = 1 proceed analogously to the proof of Theorem 4.15
using Theorem 4.8. The real-valued embeddings hold by Theorem A.69. The
case m ≥ 2 is then proven analogously to Corollary 4.16.

We now use our knowledge of Hölder continuous functions from Section
4.1 to show Morrey’s embedding theorem, which is an improved version of (c)
in Theorem 4.16 for more regular domains.

Theorem 4.18 (Morrey’s embedding theorem [AK18, Theorem 5.2]). Let Ω
be a domain which satisfies a uniform Lipschitz condition and let m ∈ N and
1 ≤ p <∞ such that mp > d ≥ (m− 1)p. Then we have the continuous embedding

Wm,p(Ω,X) ↪→ C0,α(Ω,X),
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where 0 < α ≤m− dp if m− dp < 1 and 0 < α < 1 if m− dp = 1.

The embedding remains valid for an arbitrary domain ifWm,p(Ω,X) is replaced
by Wm,p

0 (Ω,X).

Proof. The result is true for X = R by Theorem A.70. Hence every function
in Wm,p(Ω,X) satisfies the conditions of Proposition 4.6. It follows that
Wm,p(Ω,X) ⊂ C0,α(Ω,X). The continuity of the embedding follows from the
closed graph theorem.

Theorem 4.19 (Higher order version of Morrey’s embedding theorem). Let
the conditions of Theorem 4.18 hold and let further j ∈ N. Then we have the
embedding

W j+m,p(Ω,X) ↪→ Cj,α(Ω,X),

for all 0 < α < m− dp if m− dp < 1 and 0 < α < 1 if m− dp = 1.

The embedding remains valid for an arbitrary domain if W j+m,p(Ω,X) is
replaced by W j+m,p

0 (Ω,X).

Proof. Let u ∈W j+m,p(Ω,X) (or W j+m,p
0 (Ω,X) if Ω is arbitrary). Analogously

to the proof of Theorem 4.18 one shows that the derivative Dβu is Hölder
continuous for |β| = j. Inductively one shows that the derivatives of order up
to j − 1 are differentiable using Corollary 1.13.

For real-valued functions some of the above embeddings are actually
compact. This is usually referred to as the Rellich-Kondrachov theorem, see
e.g. [Bré11, Theorem 9.16]. In the case of an infinite-dimensional case, this
is obviously wrong by Riesz’s lemma. A useful compact embedding is the
Aubin-Lions lemma which is usually stated for intervals. Here we give a
multi-dimensional version.

Theorem 4.20 (Aubin-Lions lemma [AK18, Theorem 5.3]). Let Ω ⊂ Rd be a
bounded open set with Lipschitz boundary. Suppose X,Y are Banach spaces such
that Y is compactly embedded in X and let 1 ≤ p <∞. Then the embedding

W 1,p(Ω,X)∩Lp(Ω,Y ) ↪→ Lp(Ω,X)

is compact.

We will need the following property which a mollifier has when applied
to a bounded set of functions in W 1,p(Rd ,X).
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Lemma 4.21 ([AK18, Lemma 5.5]). Let F ⊂W 1,p(Rd ,X) be bounded and let
ρr be a mollifier. Then

sup
u∈F
‖ρr ∗u −u‖p→ 0

as r→ 0.

Proof. By Proposition 2.2 the constant C := supu∈F ‖u‖1,p <∞ satisfies

‖τhu −u‖p ≤ C|h|.

Hence ‖τhu −u‖p→ 0 uniformly. Proposition B.26 yields the result.

Proof of Theorem 4.20. We have to show that

B := {f ∈W 1,p(Ω,X)∩Lp(Ω,Y ),‖f ‖W 1,p(Ω,X) ≤ 1,‖f ‖Lp(Ω,Y ) ≤ 1}

is precompact in Lp(Ω,X). Let E be the extension operator in Theorem 1.18.
We will prove the theorem in two steps: First we show that for any ω ⊂⊂Ω

the set B|ω is precompact in Lp(ω,X). For this let ε > 0 and use Lemma 4.21 to
choose 0 < r0 < dist(ω,∂Ω) such that

‖Ef − ρr0 ∗ Ef ‖Lp(Rd ,X) ≤ ε

for all f ∈ B. For all ξ ∈ω we have

‖(ρr0 ∗ Ef )(ξ)‖Y ≤ ‖ρr0‖Lq(Ω,R)‖f ‖Lp(Ω,Y ) ≤ ‖ρr0‖Lq(Ω,R) =: C

where 1
p + 1

q = 1. Since Y ↪→ X is compact the set

K := {y ∈ Y ,‖y‖Y ≤ C}

is precompact in X. Further by Lemma B.27 the set

H := {ρr0 ∗ Ef , f ∈ B}

is equicontinuous, thus it is precompact in C(ω,K) by the Arzelà-Ascoli the-
orem. Consequently we find gj ∈ Lp(ω,X) such that H ⊂

⋃m
j=1BLp(ω,X)(gj , ε).

Let f ∈ B and choose j ∈ 1, . . . ,m such that ‖ρr0 ∗ Ef − gj‖Lp(ω,X) < ε. Hence

‖f − gj‖Lp(ω,X) ≤ ‖Ef − ρr0 ∗ Ef ‖Lp(ω,X) + ‖ρr0 ∗ Ef − gj‖Lp(ω,X) < 2ε,

implying that B|ω ⊂
⋃m
j=1BLp(ω,X)(gj ,2ε) is precompact.

Using this we now show that B is precompact in Lp(Ω,X). Let ε > 0 and
use Lemma 4.21 to choose r0 > 0 such that

‖Ef − ρr0 ∗ Ef ‖Lp(Rd ,X) ≤ ε
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for all f ∈ B. For ξ ∈Ω we have

‖(ρr0 ∗ Ef )(ξ)‖X ≤ ‖ρr0‖Lq(Rd ,R)‖Ef ‖Lp(Rd ,X)

≤ ‖ρr0‖Lq(Rd ,R)‖E‖L(Lp(Ω,X),Lp(Rd ,X) =: C

independently of f ∈ B. Let ω ⊂⊂ Ω such that Cλ(Ω\ω)
1
p < ε, then ‖ρr0 ∗

Ef ‖Lp(Ω\ω,X) < ε for all f ∈ B by the above estimate. By the first step there
exist gj ∈ Lp(ω,X) such that

B|ω ⊂
m⋃
j=1

BLp(ω,X)(gj , ε).

Define

Gj(ξ) :=

gj(ξ), if ξ ∈ω
0, otherwise.

Let f ∈ B, then there exists a j ∈ {1, . . . ,m} such that ‖f|ω − gj‖Lp(ω,X) ≤ ε. Thus

‖f −Gj‖Lp(Ω,X) ≤ ε+ ‖f ‖Lp(Ω\ω,X)

≤ ε+ ‖Ef − ρr0 ∗ Ef ‖Lp(Rd ,X) + ‖ρr0 ∗ Ef ‖Lp(Ω\ω,X)

≤ 3ε,

proving that B ⊂
⋃m
j=1BLp(ω,X)(Gj ,3ε). This finishes the proof.

We give an example of how one might apply the Aubin-Lions lemma to
show that an operator has compact resolvent. For the notions of sectorial
operators and bounded imaginary powers we refer to Appendix A.3.

Let Ω ⊂ Rd be open and bounded with a (uniform) Lipschitz boundary and
let H be a separable complex Hilbert space. Further let 1 < p <∞. Consider
two sectorial operators A on Lp(Ω,C) and B on H . We want to extend both to
operators Ã and B̃ on Lp(Ω,H) and consider the sum of those operators. We
start by defining B̃ via

D(B̃) = Lp(Ω,D(B))

B̃u = B ◦u.

Lemma 4.22 ([AK18, Lemma 7.1]). B̃ is sectorial and ϕsec(B̃) ≤ ϕsec(B).

Proof. Since B is closed and every convergent sequence in Lp(Ω,H) has a
pointwise almost everywhere convergent subsequence one easily sees that B̃
is closed as well. For λ ∈ ρ(B) we have that λ− B̃ is invertible and the inverse
is given by u 7→ R(λ,B) ◦ u. Since B̃ is closed this yields ρ(B) ⊂ ρ(B̃). Since
λR(λ,B) is bounded the uniform boundedness principle shows that λR(λ,B̃)
is bounded as well and hence B̃ is sectorial as claimed.
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Extending A is not as straight forward. On tensors f ⊗ x with f ∈ Lp(Ω,C)
and x ∈ H it should be defined via Ã(f ⊗ x) = Af ⊗ x. However, it is not
clear what properties this operator will have. Theorem B.18 shows that every
bounded operator on Lp(Ω,C) can be extended uniquely this way to a bounded
operator on Lp(Ω,H) with the same norm. This shows that for every λ ∈ ρ(A)
there exists a unique bounded operator R̃(λ) on Lp(Ω,H) satisfying

R̃(λ)(f ⊗ x) = R(λ,A)f ⊗ x

for all f ∈ Lp(Ω,C) and x ∈H .

Lemma 4.23. (R̃(λ))λ∈ρ(A) is a pseudo-resolvent and R̃(λ) is injective for every
λ ∈ ρ(A).

Proof. From the construction of R̃(λ) the pointwise resolvent identity is clear
for tensors f ⊗ x with f ∈ Lp(Ω,C) and x ∈ H . By density it follows for
general f ∈ Lp(Ω,H). Further we know that λR(λ,A)x→ x as λ→−∞. Hence
by construction it also follows that λR̃(λ)f → f for every f ∈ Lp(Ω,H). By
Proposition A.46 the Kernel of R̃(λ) does not depend on λ, i.e. R̃(λ0)f = 0 for
λ0 implies that R̃(λ)f = 0 for every λ ∈ ρ(A). Letting λ→−∞ we obtain f = 0,
hence R̃(λ) is injective.

The above lemma shows that Proposition A.46 is applicable: There exists a
unique operator Ã on Lp(Ω,H) such that ρ(A) ⊂ ρ(Ã) and R(λ,Ã) = R̃(λ) for all
λ ∈ ρ(A). Further Ã is sectorial and ϕsec(Ã) ≤ ϕsec(A) since ‖R̃(λ)‖ = ‖R(λ,A)‖.

Now that we have defined the two sectorial operators Ã and B̃, we want to
examine their properties.

Lemma 4.24. Let f ⊗ x be a tensor with f ∈D(A) and x ∈H . Then f ⊗ x ∈D(Ã)
and

Ã(f ⊗ x) = Af ⊗ x.

Proof. Let λ ∈ ρ(A) ⊂ ρ(Ã), then

R(λ,A) : Lp(Ω,C)→D(A)

is bijective. Hence there exists a unique g ∈ Lp(Ω,C) such that R(λ,A)g = f .
By construction this yields

f ⊗ x = R(λ,A)g ⊗ x = R(λ,Ã)(g ⊗ x).

Thus f ⊗ x ∈D(Ã). Applying λ− Ã to both sides yields

λf ⊗ x − Ã(f ⊗ x) = λf ⊗ x −Af ⊗ x

from which the claim follows.
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Analogously one shows the following lemma.

Lemma 4.25. Let f ∈D(Ã) and y ∈H . Then (f |y) ∈D(A) and

(Ãf |y) = A(f |y).

Lemma 4.26 ([AK18, Lemma 7.2]). Suppose that D(A) ⊂ W 1,p(Ω,C), then
D(Ã) ⊂W 1,p(Ω,H).

Proof. Let λρ(A) and j ∈ {1, . . . ,d}. ThenDj◦R(λ,A) ∈ L(Lp(Ω,C)). By Theorem
B.18 there exists Q̃j ∈ L(Lp(Ω,H)) such that

Q̃j(f ⊗ x) =Dj(R(λ,A)f )⊗ x

for all f ∈ Lp(Ω,C) and x ∈ H . For every u ∈ Lp(Ω,H) there exist linear
combinations un of tensors such that un → u in Lp(Ω,H). Then R(λ,Ã)un ∈
W 1,p(Ω,H) and R(λ,Ã)un→ R(λ,Ã)u in Lp(Ω,H). Moreover

‖DjR(λ,Ã)um −DjR(λ,Ã)um‖Lp(Ω,H) ≤ ‖Q̃j‖L(Lp(Ω,H))‖um −un‖Lp(Ω,H).

Thus R(λ,Ã)un is Cauchy in W 1,p(Ω,H) and hence convergent. This implies
that R(λ,Ã)u ∈W 1,p(Ω,H).

Lemma 4.27. Ã and B̃ commute.

Proof. Let f ⊗ x be a tensor with f ∈ Lp(Ω,C) and x ∈H . From what we have
seen so far

R(λ,Ã)R(λ,B̃)(f ⊗ x) = R(λ,Ã)f ⊗R(λ,B̃)x = R(λ,B̃)R(λ,Ã)(f ⊗ x)

for all λ ∈ ρ(A)∩ ρ(B). By density the commutativity of Ã and B̃ follows for
general f ∈ Lp(Ω,H).

Finally we prove the following theorem about the sum Ã+ B̃.

Theorem 4.28 ([AK18, Theorem 7.3]). Let Ω ⊂ Rd be open and bounded with
a Lipschitz boundary and let 1 < p < ∞. Let A be a sectorial injective operator
on Lp(Ω,C) such that D(A) ⊂W 1,p(Ω,C). Further let B be a sectorial injective
operator on H with compact resolvent. Suppose that both operators have bounded
imaginary powers and that ϕbip(A) +ϕbip(B) < π. Define Ã and B̃ as above. The
operator Ã+ B̃ with domain D(Ã)∩D(B̃) is closed (and hence sectorial) and has
compact resolvent.

Proof. The first step of the proof is to show that Ã and B̃ are both injective and
have bounded imaginary powers with ϕbip(Ã) ≤ ϕbip(A) and ϕbip(B̃) ≤ ϕbip(B).
For B̃ the injectivity is clear since B̃u = 0 implies that B ◦u = 0 almost every-
where. Working through the functional calculus for B̃ one has B̃is = (Bis)∼
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for all s ∈ R. Since Bis is bounded it follows that B̃is is bounded as well and
the density of D(B̃)∩ R(B̃) is clear since Lp(Ω,H) is reflexive. Hence B̃ has
bounded imaginary powers and ϕbip(B̃) ≤ ϕbip(B). To show that Ã is injec-
tive let f ∈ D(Ã) with Ãf = 0. Let W ⊂ H be a countable norming set. For
every y ∈W we have A(f |y) = (Ãf |y) = 0. Since A is injective it follows that
(f |y) = 0 apart form a set of measure zero. Since W is countable this set can
be chosen independently of y. It follows that f = 0 almost everywhere. Since
Ã(f ⊗ x) = Af ⊗ x for every f ∈ D(A) and x ∈ H we may work through the
functional calculus of A and find that Ãis(f ⊗ x) = Aisf ⊗ x for every s ∈ R.
Since the operators Ãis and (Ais)∼ are closed and bounded respectively it
follows that Ãis = Ais. The density of D(Ã)∩R(Ã) is clear as before. Hence Ã
has bounded imaginary powers as well and ϕbip(Ã) ≤ ϕbip(A).

It now follows that the Dore-Venni theorem A.48 is applicable to Ã+ B̃,
that is Ã+ B̃ is closed and has bounded imaginary powers. In particular it is
sectorial. Lemma 4.26 shows that

D(Ã+ B̃) =D(Ã)∩D(B̃) ⊂W 1,p(Ω,H)∩Lp(Ω,D(B)).

Since B has compact resolvent, D(B) embeds compactly into H and thus
the Aubin-Lions lemma 4.20 applies. It follows that D(Ã + B̃) ↪→ Lp(Ω,H)
compactly. Thus Ã+ B̃ has compact resolvent.
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5Notes on Part I
As mentioned in the introduction the research on Sobolev spaces of vector-
valued functions traditionally focused on the one-dimensional case. We
refer to textbooks such as [Bré73], [CH98], [Sho97] or [GP06]. Newer work
also includes the higher-dimensional case, see e.g. [DHP03], [SSS12] and
the recent monograph [HvNVW16]. The author’s master thesis [Kre15] and
the subsequent article [AK18] were dedicated to the study of vector-valued
Sobolev spaces as well. The first part mostly contains material covered in the
article and quotes from the thesis, but there are also improvements and some
new results.

Chapter 1 In the context of this chapter "basic" does not mean trivial – some
results like the BL property or the Meyers-Serrin theorem are rather delicate
– but that the results are either proven analogously to the real-valued case
or follow directly from this case. For this reason the author does not think
that the material can be considered original, even though most of it cannot be
found in the literature. For real-valued Sobolev spaces, we have mainly used
the books [GT01], [AF03] and [Bré11]. But there exists a myriad of books and
articles which cover the results of this chapter in the real-valued case.

Chapter 2 The difference quotient criterion goes back to Louis Nirenberg
[Nir55] and is useful in particular for showing higher-order differentiability
of solutions of partial differential equations. We will use it in this way in
Part III. Examples of Banach spaces in which the criterion holds were known
before, e.g. in the one-dimensional case for reflexive Banach spaces [GP06,
Proposition 2.2.26]. In [Kre15] the author proved that the difference quotient
criterion holds if and only if the codomain has the Radon-Nikodým property
and the proof was streamlined in the article [AK18]. We want to mention
that the definition of the Radon-Nikodým property we use here is not the
standard definition, but an equivalent notion which is most useful for the
proof. Interestingly, the equivalence of the difference quotient criterion and
the Radon-Nikodým property was discovered independently in [HvNVW16,
Proposition 2.5.7] using the original definition of the Radon-Nikodým prop-
erty. The author thanks Jan van Neerven for his correspondence concerning
the different proofs.

Chapter 3 Nemitsky operators for real-valued functions were studied ex-
tensively by Moshe Marcus and Victor Mizel, e.g. in [MM79], showing that
there is still much to uncover. It was already mentioned in [Kre15] that the
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property that every Lipschitz continuous mapping induces a Nemitsky opera-
tor for vector-valued functions is equivalent to the Radon-Nikodým property
as well (at least for p > 1). In the subsequent article [AK18] these operators
were studied more in depth and the results are presented in this chapter.
Without the Radon-Nikodým property one needs to assume more smoothness
instead. This was done in [Kre15] for convex functions on Banach lattices
and was then refined in [AK18] to functions which are one-sided Gateaux
differentiable. Influenced by the articles [Are82] and [ADKF14] a chain rule
for the composition with such functions was proved. We want to remark that
in the thesis [Kre15] a variant of the formula in Corollary 3.19 was proved
under the assumptions that the Banach lattice is σ -order complete and has
the Radon-Nikodým property. At first glance one might think that there exist
situations in which these assumptions are weaker than the ones in Corollary
3.19. However, recall that we can always assume that the considered spaces
are separable. In this case due to a theorem proved by Michel Talagrand
[MN91, Corollary 5.4.21] it follows that the Banach lattice is automatically a
dual space of another Banach lattice. Hence the conditions of Corollary 3.19
are satisfied as well (see also Example 8.8 for a proof of the last claim). Hence
Corollary 3.19 has in fact weaker assumptions than the mentioned theorem.

Chapter 4 The idea to consider the composition of weakly differentiable
functions and the norm was already used in [Kre15] and refined in the subse-
quent article [AK18] to show that embedding theorems carry over from the
real-valued to the vector-valued case. Here we have improved the methods to
show an almost full version of the classic embedding theorems due to Sergei
Sobolev, Emilio Gagliardo, Louis Nirenberg, Charles Morrey and also of Jean-
Pierre Aubin and Jaques-Louis Lions. Some of these results are not new, see
[SS05] and [Ama00b], but the presentation is entirely different and some new
cases are proved. The question whether "weak implies strong" is known in
many cases, e.g. for holomorphic and harmonic functions, see Chapter 6 and
Appendix A.4 or the original sources [Gro53], [GE92], [AN00] and [Are16].
Several counterexamples for weak differentiability were given in [Kre15] and
are reproduced here. On the other hand one can test weak Dirichlet boundary
conditions. We want to mention that the characterization has only been done
for the spaces W 1,p

0 (Ω,X) and not for higher order derivatives. This is due
to the fact that – unlike Wm,p(Ω,X) – in general one cannot define the space
W

m,p
0 (Ω,X) inductively as the space of all functions in W

m−1,p
0 (Ω,X) such

that the (m − 1)st derivatives are elements of W 1,p
0 (Ω,X). Whether one can

do this depends on fine properties of the domain Ω, we refer the interested
reader to books on this topic such as [AH96] and [MZ97]. In particular The-
orem 4.13 cannot be used to describe the spaces Wm,p

0 (Ω,X). Furthermore
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our approach is not likely to work for higher order Sobolev spaces since one
cannot expect the norm of a function to be twice differentiable even in the
weak sense. This leaves us with the open question whether u ∈Wm,p

0 (Ω,X)
whenever u ∈Wm,p(Ω,X) and 〈u,x′〉 ∈Wm,p

0 (Ω,X) for all x′ ∈ X ′.
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The Perron Solution for the
Laplacian
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6Vector-Valued Harmonic Functions
In Section 4.1 we have seen that some properties of vector-valued functions
can be tested, i.e. a function f has a certain property if and only if 〈f ,x′〉 has
the same property for all x′ ∈ X ′. In this chapter we will show that harmonic-
ity is such a property. For the necessary facts about real-valued harmonic
functions we refer the reader to Appendix D. The first part of this section
reproduces results in [Are16]. We then proceed by improving the known
results and also show some easy consequences.

Let Ω ⊂ Rd be an open and bounded set and let X be a (real) Banach
space. The set of all harmonic functions will be denoted by H(Ω,X) := {u ∈
C2(Ω,X),∆u = 0}. A function u : Ω→ X is called weakly harmonic if 〈u,x′〉 ∈
H(Ω,R) for all x′ ∈ X ′.

Lemma 6.1 ([Are16, Lemma 5.1]). Let u : Ω→ X be weakly harmonic. Then
Poisson’s (integral) formula

u(ξ) =
1

r0σd−1(S(0,1))

∫
S(ξ0,r0)

r2
0 − |ξ − ξ0|2

|ξ − s|d
u(s)dσd−1(s)

holds for all ξ ∈ B(ξ0, r0) if ξ0 ∈Ω and r0 > 0 such that B(ξ0, r0) ⊂⊂Ω.

Proof. Let x′ ∈ X ′. Since the function 〈u,x′〉 is harmonic it is in particular
continuous and locally bounded. The uniform boundedness principle shows
that u is locally bounded as well. Further weakly continuous functions are
measurable, see Corollary B.3. Hence the integral

1
r0σd−1(S(0,1))

∫
S(ξ0,r0)

r2
0 − |ξ − ξ0|2

|ξ − s|d
u(s)dσd−1(s)

is well defined. The Poisson formula for the real-valued function 〈u,x′〉 now
shows that

〈u(ξ),x′〉 =
〈

1
r0σd−1(S(0,1))

∫
S(ξ0,r0)

r2
0 − |ξ − ξ0|2

|ξ − s|d
u(s)dσd−1(s),x′

〉
,

from which the Poisson formula for u follows using the Hahn-Banach theorem.

Corollary 6.2 (Grothendieck [Are16, Theorem 5.2]). Let u : Ω → X be
weakly harmonic. Then u is analytic. In particular: u ∈ H(Ω,X)
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Proof. Since the Poisson kernel r2
0−|ξ−ξ0|2
|ξ−s|d has a power series expansion in a

neighborhood of 0 the Poisson integral formula shows that u has a power
series expansion in a neighborhood of 0 as well. This shows that u is analytic.
Now for every x′ ∈ X ′ we have 〈∆u,x′〉 = ∆〈u,x′〉 = 0, from which the assertion
follows using the Hahn-Banach theorem.

Corollary 6.3 ([Are16, Proposition 5.3]). Let (ui)i∈I be a net of harmonic func-
tions Ω→ X which is locally bounded. Suppose that ui → u pointwise on a dense
set. Then u : Ω→ X is harmonic and the convergence is uniform on compact sets.

Proof. Let B(ξ0, r0) ⊂⊂Ω. Then the functions ui are bounded on B(ξ0, r0) and
satisfy Poisson’s integral formula. Hence we obtain

‖ui(ξ)−ui(η)‖X ≤ C
∫
B(ξ0,r0)

∣∣∣∣∣∣r2
0 − |ξ − ξ0|2

|ξ − s|d
−
r2
0 − |η − ξ0|2

|η − s|d

∣∣∣∣∣∣ dσd−1(s),

for all ξ,η ∈ B(ξ0, r0). Since the estimate does not depend on i we obtain that
the ui are equicontinuous on B(ξ0, r0). Hence the pointwise convergence on a
dense set carries over to all of Ω. Let ε > 0 and choose δ > 0 as in the definition
of the equicontinuity. Let K ⊂Ω be compact. There exists a finite cover of K
consisting of balls B(ξn,δ). A 3ε-argument shows that ui → u uniformly on K .
It follows that u is harmonic since the Poisson integral formula carries over
from the ui to u.

Theorem 6.4 (Arendt-Grosse-Erdmann-Nikolski theorem [Are16, Theorem
5.4]). Let u : Ω→ X be a locally bounded function. Suppose there exists a sep-
arating set W ⊂ X ′ such that 〈u,x′〉 is harmonic for every x′ ∈ W . Then u is
harmonic.

Proof. By Corollary 6.2 it suffices to show that u is weakly harmonic. Let

W ⊂W0 := {x′ ∈ X ′ ,〈u,x′〉 ∈ H(Ω,R)}.

Corollary A.18 shows that this set is dense in the weak-∗ topology of X ′. Hence
it remains to show that it is also closed in this topology. The Krein-Šmulyan
Theorem A.15 says that this is equivalent to showing that W0 ∩ BX ′ (0, r) is
closed for all r > 0. Suppose x′i ∈W0 ∩BX ′ (0, r) such that x′i → x′ in the weak-∗
topology. Then 〈u(ξ),x′i〉 → 〈u(ξ),x′〉 for all ξ ∈ Ω, i.e. 〈u,x′i〉 is a locally
bounded net of harmonic functions which converges pointwise. Corollary 6.3
shows that 〈u,x′〉 is harmonic and hence W0 is closed.

We now want to improve the Arendt-Grosse-Erdmann-Nikolski theorem.
The result will be needed later on and is new.
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Theorem 6.5. Let f ∈ L1
loc(Ω,X) and suppose that there exists a countable sepa-

rating set W ⊂ X ′ such that ∆〈f ,x′〉 = 0 in the sense of distributions for all x′ ∈W .
Then f has a harmonic representative.

Proof. First, let g ∈ L1
loc(Ω,R) such that ∆g = 0 in the sense of distributions.

Let ρr be a mollifier supported in B(0, r) for some r > 0. We claim that
gr = ρr ∗ g = g almost everywhere in Ωr = {ξ ∈ Ω,dist(ξ,∂Ω) > r}. Indeed,
Lemma A.73 shows that g has a harmonic representative g∗. Since g = g∗

almost everywhere it follows that gr = g∗r everywhere. By Proposition D.5 we
further have that g∗r = g∗ in Ωr . Thus

gr = g∗r = g∗ = g

almost everywhere in Ωr .

Now consider f . Since f is locally integrable, the function ρr ∗ f is well-
defined. By the first part of the proof we know that

〈ρr ∗ f ,x′〉 = ρr〈f ,x′〉 = 〈f ,x′〉

almost everywhere in Ωr and for every x′ ∈W . Since W is countable, there
exists a negligible set N ⊂Ωr such that the above holds outside of N . Since W
is separating it follows that ρr ∗ f = f almost everywhere in Ωr . The function
〈ρr ∗ f ,x′〉 is continuous and hence harmonic by Lemma A.73. It now follows
that ρr ∗ f is harmonic by Theorem 6.4 and hence f coincides with a harmonic
function almost everywhere in Ωr . Choosing a sequence rn → 0 yields the
claim.

If f ∈ L1
loc(Ω,X) we may always assume that X is separable. In this case

there exists a countable norming subset W ⊂ X ′. Applying the above theorem
we obtain

Corollary 6.6. Let f ∈ L1
loc(Ω,X) such that ∆〈f ,x′〉 = 0 in the sense of distribu-

tions for all x′ ∈ X ′. Then f has a harmonic representative.

We will now collect some results about vector-valued harmonic functions
which follow easily from the real-valued cases. One of the most useful proper-
ties of harmonic functions is the maximum principle: A real-valued harmonic
function takes on its maximum and minimum at the boundary of Ω. Using
the real-valued case we can easily prove a vector-valued equivalent. If K ⊆ X
then conv(K) will denote the closed convex hull of K .

Proposition 6.7 (Maximum principle for vector-valued functions [Kre18,
Proposition 1.4]). Let u ∈ H(Ω,X)∩C(Ω,X). Then for all ξ ∈Ω we have
(a) u(ξ) ∈ conv(u(∂Ω))
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6. Vector-Valued Harmonic Functions

(b) ‖u(ξ)‖ ≤maxz∈∂Ω ‖u(z)‖.

Proof. It suffices to show (a). Suppose that u(ξ) < conv(u(∂Ω)) =: M, then
by the Hahn-Banach theorem there exists a functional x′ ∈ X ′ such that
〈u(ξ),x′〉 > supm∈M〈m,x′〉. This contradicts the maximum principle for real-
valued functions.

In the real-valued case one often states the strong maximum principle. The
following proposition is a version of this theorem in the vector-valued setting.
Note however, that the term strong is not appropriate in the vector-valued
setting since – unlike in the real-valued case – the maximum principle does
not follow from the strong maximum principle. A point x in a convex set
K ⊂ X is called exposed if there exists an x′ ∈ X ′ such that 〈x,x′〉 > 〈y,x′〉 for all
y ∈ K\{x}.

Proposition 6.8 ("Strong" maximum principle). Let u ∈ H(Ω,X) andω ⊂⊂Ω

be open. Suppose that ξ ∈ ω such that u(ξ) is an exposed point of conv(u(ω)),
then u is constant on the connected component of Ω containing ξ.

Proof. Let x′ be an exposing functional of u(ξ). Then 〈u,x′〉 has a global
maximum in ω. By the strong maximum principle for real-valued functions,
〈u,x′〉 is constant on the connected component of ω containing ξ. Thus
u ≡ u(ξ) on this component.

Another useful property is the mean-value property. For a finite measure
space (A,Σ,µ) and an integrable function f on A we denote by

−
∫
A
f dµ :=

1
µ(A)

∫
A
f dµ

the averaged integral of f over A.

Theorem 6.9 (Mean-value property). Let u : Ω→ X. Then the following are
equivalent:

(i) u is harmonic
(ii) u is locally integrable and satisfies the mean-value property (volume version)

u(ξ) = −
∫
B(ξ,r)

u

whenever B(ξ,r) ⊂Ω

(iii) u is continuous and satisfies the mean-value property (surface version)

u(ξ) = −
∫
∂B(ξ,r)

udσd−1

whenever B(ξ,r) ⊂⊂Ω.
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Proof. This follows immediately from the real-valued Theorem D.4, Corollary
6.2 and the Hahn-Banach theorem.
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7The Perron Solution
Let d ≥ 2 and Ω ⊂ Rd be open and bounded. Given a function f ∈ C(∂Ω,X)
with values in a (real) Banach space X, we consider the classical Dirichlet
problem u ∈ H(Ω,X)∩C(Ω,X)

u|∂Ω = f .

A function u satisfying the above is called a classical solution. Note that the
range of f is separable. Hence without loss of generality we will assume that
X is separable, since we may restrict our arguments to the smallest subspace
of X containing the range of f . The problem does not have a classical solution
in general.

Recall that in the case X = R, there exists a unique generalized solution
called the Perron solution, which can be described in the following sense:

A boundary point z ∈ ∂Ω is (Dirichlet-) regular if there exists a barrier at z,
that is a function b ∈ H(Ω,R) such that

(a) b > 0 and liminfξ→z̃ b(ξ) > 0 for all z̃ ∈ ∂Ω\{z},
(b) for every δ > 0 we have inf{b(ξ),ξ ∈Ω\B(z,δ)} > 0
(c) and limξ→z b(ξ) = 0.

The set of all regular points will be denoted by ∂regΩ. The Perron solution
Hf for a function f ∈ C(∂Ω,R) is the unique bounded harmonic function on
Ω such that

lim
ξ→z

Hf (ξ) = f (z)

for all z ∈ ∂regΩ. We say that Ω is (Dirichlet) regular if ∂regΩ = ∂Ω. In this
case the Perron solution is always a classical solution. On the other hand, if
a classical solution exists for every continuous boundary data, the function
H|z−·| is a barrier at z ∈ ∂Ω and hence Ω is Dirichlet regular.

7.1 The Solution in General Banach Spaces

The Perron solution also exists for continuous functions with values in an
arbitrary Banach space. We will denote the bounded harmonic functions by
Hb(Ω,X) :=H(Ω,X)∩L∞(Ω,X). The results of this section are mainly taken
from the paper [Kre18] which has been submitted for publication.
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7. The Perron Solution

Theorem 7.1 ([Kre18, Theorem 1.1]). Let Ω ⊂ Rd be open and bounded and
let X be a Banach space. For every f ∈ C(∂Ω,X) there exists a unique function Hf ,
called the Perron solution, which satisfiesHf ∈ Hb(Ω,X))

limξ→zHf (ξ) = f (z) for all z ∈ ∂regΩ.

Remark 7.2. (a) As we have seen, the real-valued Dirichlet problem has a
classical solution for every continuous boundary data if and only if Ω is
Dirichlet regular. Theorem 7.1 shows that this property carries over to
the vector-valued Dirichlet problem.

(b) The uniqueness of the Perron solution follows immediately from the real-
valued case: If f ∈ C(∂Ω,X) then 〈f ,x′〉 ∈ C(∂Ω,R) for every x′ ∈ X ′ and by
the uniqueness of the real-valued Perron solution we haveH〈f ,x′〉 = 〈Hf ,x′〉.
The Hahn-Banach theorem shows that there cannot be another function
with the same properties as Hf .

To prove existence of the Perron solution we will use the following density
result which will also be of use later on.

Lemma 7.3 ([Kre18, Lemma 1.6]). Let K be a compact space and X be a Banach
space. If W ⊂ C(K,R) and Y ⊂ X are dense in the respective spaces, then the setf ∈ C(K,X), f =

n∑
j=1

fj ⊗ xj , fj ∈W,xj ∈ Y


is dense in C(K,X).

Proof. Let f ∈ C(K,X) and ε > 0. For every k ∈ K there exists an open setU 3 k
such that ‖f (k)− f (l)‖X ≤ ε for all l ∈U . Since K is compact we may choose a
finite number of ki ∈ K and Ui as above such that

⋃n
i=1Ui = K . Let (ϕi)

n
i=1 be a

partition of unity subordinate to the collection (Ui)
n
i=1. Further choose ψi ∈W

such that ‖ϕi −ψi‖C(K,R) < εn
−1‖f ‖−1

C(K,X), xi ∈ Y such that ‖f (ki)−xi‖X < ε and
define g :=

∑n
i=1ψi ⊗ xi . One easily computes that ‖f − g‖C(K,X) < 3ε.

Further we need to have a better maximum principle than Proposition 6.7.

Theorem 7.4 (Phragmén-Lindelöf Maximum principle for vector-valued
functions). Let u ∈ Hb(Ω,X)∩C(Ω∪∂regΩ,X). Then for all ξ ∈Ω we have
(a) u(ξ) ∈ conv(u(∂regΩ))
(b) ‖u(ξ)‖ ≤maxz∈∂regΩ

‖u(z)‖.

Proof. This can be proved analogously to Proposition 6.7 using the real-valued
Phragmén-Lindelöf maximum principle D.13.
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7.1. The Solution in General Banach Spaces

Proof of Theorem 7.1. Uniqueness was already established in Remark 7.2. It
remains to show the existence of Hf . First suppose that f is of the form
f =

∑N
n=1 gn ⊗ xn where gn ∈ C(∂Ω,R) and xn ∈ X. Then Hf :=

∑N
n=1Hgn ⊗ xn

satisfies the claim. For an arbitrary function f ∈ C(∂Ω,X) there exists a
sequence of functions fn of the above form which converges to f . By the maxi-
mum principle the Perron solutions Hfn form a Cauchy sequence in Cb(Ω,X)
and hence converge uniformly on compact sets to a harmonic function Hf .
Let z ∈ ∂Ω be regular, then

‖Hf (ξ)− f (z)‖X
≤‖Hf −Hfn‖∞ + ‖Hfn(ξ)− fn(z)‖X + ‖fn(z)− f (z)‖X .

For large n ∈ N the first and last term will be smaller than a given ε > 0, thus

limsup
ξ→z

‖Hf (ξ)− f (z)‖X ≤ 2ε+ lim
ξ→z
‖Hfn(ξ)− fn(z)‖X = 2ε.

Letting ε→ 0 yields existence.

Since the Perron solution is one of the oldest notions of a generalized
solution, there exists a variety of different ways to construct it. We want to
examine some of these constructions in the vector-valued case. Note that by
Dugundji’s extension theorem A.27 we may always extend f to a function
F ∈ C(Ω,X). For any function u ∈ C(Ω,X) and a ball B ⊂⊂Ω let g := u|∂B. We
define the harmonic lifting via

uB(ξ) :=

Hg(ξ), if ξ ∈ B
u(ξ), otherwise.

Note that a ball has a C∞-boundary and is hence Dirichlet regular by Proposi-
tion D.7. Hence uB is still continuous. This lifting will also play an important
role in Chapter 8.

Corollary 7.5 (Poincaré’s construction of the Perron solution [Kre18, Propo-
sition 1.8]). For a function f ∈ C(∂Ω,X) and let F be a continuous extension of
f to the whole of Ω. Let Bi be a sequence of non-trivial balls such that Bi ⊂⊂Ω

and
⋃
i∈NBi = Ω. Let in be a sequence such that every natural number appears

infinitely often in in. Define a sequence un inductively via

u0 = F and un = (un−1)Bin .

Then the sequence un converges to Hf uniformly on compact subsets.

Proof. First let F be a function of the form F =
∑k
i=1Fi ⊗ xi with Fi ∈ C(∂Ω,R)

and xi ∈ X. For every i let uin be the sequence of real-valued functions de-
fined analogously to un but starting with ui0 = Fi . Inductively one sees that
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7. The Perron Solution

un =
∑k
i=1u

i
0 ⊗ xi from which the real-valued Theorem D.10 implies that

un→Hf uniformly on compact sets.

Now let F be arbitrary. Given ε > 0 let G =
∑k
i=1Gi ⊗ xi with Gi ∈ C(∂Ω,R)

and xi ∈ X be chosen such that ‖F −G‖ < ε. Define vn analogously to un but
starting with v0 = G. Using the maximum principle inductively one shows
that ‖un − vn‖∞ < ε. Since ‖Hf −HG|∂Ω‖ < ε by the maximum principle we can
use the first step to show that un→Hf uniformly on compact sets.

Wiener’s construction of the Perron solution can be shown to work a-
posteriori. Let ωn ⊂Ω. We say that the sequence (ωn) is nested if ωn ⊂ ωn+1
and that it is exhausting if

⋃
nωn = Ω.

Corollary 7.6 (Wiener’s construction of the Perron solution [Kre18, Corol-
lary 1.7]). As above let f ∈ C(∂Ω,X) and let F be a continuous extension of f
to the whole of Ω. Further let (ωn) be ay nested exhausting sequence of Dirichlet
regular open subsets of Ω. If Hn denotes the solution of the Dirichlet problem
for ωn with boundary data F|∂ωn , then Hn converges to Hf uniformly on compact
subsets.

Proof. By the maximum principle we haveHn(x) ∈ conv(F(∂ωn)) ⊆ conv(F(Ω)).
Hence Hn is uniformly bounded by a constant independent of n. Poisson’s
Integral Formula implies that (Hn)n∈N is equicontinuous. Further conv(F(Ω))
is compact. The Arzelà-Ascoli theorem implies that each subsequence of
(Hn)n∈N has a subsequence (Hnk )k∈N converging to some function v on compact
subsets. The real-valued Theorem D.8 implies 〈Hnk ,x

′〉 → H〈f ,x′〉 and hence
v =Hf . Since the subsequence was chosen arbitrarily the claim follows.

Another possible way of constructing the Perron solution is via harmonic
measures. We summarize the construction of these measures and refer to
[AG01, Chapter 6.4] for more information. For every ξ ∈Ω the mapping

C(∂Ω,R)→ R
f 7→Hf (ξ)

is well-defined and linear. The maximum principle shows that it is also
positive. It follows from the Riesz-Kakutani representation Theorem A.34
that there exists a unique probability measure µξ on the Borel algebra B(∂Ω)
such that

Hf (ξ) =
∫
∂Ω
f dµξ . (7.1)

A-posteriori this construction works for the vector-valued setting as well.
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Corollary 7.7 (Construction via harmonic measures [Kre18, Corollary 1.9]).
Let f ∈ C(∂Ω,X). The function Hf can be defined via (7.1).

Proof. Let x′ ∈ X ′. Since x′ commutes with integration the claim holds due to
the uniqueness of the Perron solution.

7.2 The Variational Method

A more functional analytic way of constructing the Perron solution is the
variational method. Since it uses Hilbert space methods, this approach will
not work if X is not a Hilbert space. Throughout this section let X be a Hilbert
space with inner product (·|·)X . In this case we shall construct the Perron
solution via the variational method. It has been remarked in [Kre18, Remark
1.10] that this construction is possible. Here, we will carry out the details.

Let f ∈ C(∂Ω,X). A continuous extension F of f to Ω will be called an
H1 extension if F ∈ H1(Ω,X). Given an H1-extension F of f , we say that
u ∈H1(Ω,X) is an H1 solution of the Dirichlet problem with boundary data f ,
if

(a) ∆u = 0 weakly, i.e. in the sense of vector-valued distributions
(b) u −F ∈H1

0 (Ω,X)

Theorem 7.8. Suppose that f has an H1-extension F, then there exists a unique
H1-solution of the Dirichlet problem with boundary data f .

For the proof we will need the following maximum principle.

Proposition 7.9 (Maximum principle for Sobolev spaces). Let v ∈H1
0 (Ω,X)

such that ∆v = 0 weakly. Then v = 0.

Proof. Since X is separable we may choose a countable separating set W ⊂ X.
Since ∆v = 0 we have ∫

Ω

∇v∇ϕ = −〈∆v,ϕ〉 = 0

for all ϕ ∈ C∞c (Ω,R). The left-hand side is continuous in ϕ with respect
to the H1(Ω,R)-norm. Thus we may replace ϕ ∈ C∞c (Ω,R) by any function
ϕ ∈ H1

0 (Ω,R). In particular for x ∈W we can choose ϕ = (v|x)X . Testing the
equation with x we obtain

‖∇(v|x)X‖L2(Ω,X) =
(∫

Ω

∇(v|x)X∇(v|x)X

) 1
2

= 0.
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7. The Perron Solution

By the Poincaré inequality the left-hand side defines an equivalent norm on
H1

0 (Ω,R). Hence (v|x)X = 0 almost everywhere. Since W is countable we may
choose the set of measure zero where (v|x)X , 0 independently of x. It follows
that v = 0 almost everywhere.

Proof of Theorem 7.8. Let a :H1
0 (Ω,X)×H1

0 (Ω,X)→ R be given by

a(u,v) :=
∫
Ω

(∇u|∇v)X .

The bilinear form a is continuous and also coercive by Poincaré’s inequality.
The Lax-Milgram lemma implies that there exists a unique function w ∈
H1

0 (Ω,X) such that ∫
Ω

(∇w|∇ϕ)X = −
∫
Ω

(∇F|∇ϕ)X

holds for all ϕ ∈H1
0 (Ω,X). It follows that∫

Ω

∇w · ∇ϕ = −
∫
Ω

∇F · ∇ϕ

for every ϕ ∈ C∞c (Ω,R), which means that u = w+F is an H1-solution.

Now suppose that û is another H1-solution for the problem, i.e. û is
harmonic and there exists an H1-extension F̂ of f such that û − F̂ ∈H1(Ω,X).
In particular the function u − û is harmonic and we have

u − û = (u −F)− (û − F̂) + (F − F̂).

By definition we have (u − F)− (û − F̂) ∈ H1
0 (Ω,X) and Corollary 4.11 shows

that F − F̂ ∈H1
0 (Ω,X). Hence u = û by the maximum principle.

Let F ∈ C(Ω,X)∩H1(Ω,X) then by the preceding theorem the Dirichlet
problem with boundary data f := F|∂Ω has an H1-solution u. We will denote
the operator which maps f to u by TX .

Corollary 7.10. For any F ∈ C(Ω,X)∩H1(Ω,X) and f := F|∂Ω we have TXFf =
Hf . In particular: TX maps into Cb(Ω∪∂regΩ,X), is a contraction in sup-norm
and satisfies TXf (z) = f (z) for every z ∈ ∂regΩ.

Proof. Let W be a countable separating set in X. By the uniqueness of the
H1-solution we obtain that

(TXf |x)X = TR(f |x)X
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holds almost everywhere for every x ∈W . By the real-valued Theorem D.11
we know that

TR(f |x)X =H(f |x)X

for every x ∈W . Hence

(TXf |x)X = (Hf |x)X

which shows that TXf =Hf .

By Lemma 7.3 the set {F|∂Ω,F ∈ C(Ω,X)∩H1(Ω,X)} is dense in C(∂Ω,X).
Hence we can extend TX uniquely to an operator in L(C(∂Ω,X),Cb(Ω ∪
∂regΩ,X)) which we still denote by TX . Corollary 6.3 shows that TXf is
harmonic for every f ∈ C(∂Ω,X) and a 3ε-argument shows that TXf coincides
with f in every regular boundary point. Thus we have shown the following
theorem.

Theorem 7.11. Let f ∈ C(∂Ω,X) with continuous extension F ∈ C(Ω,X), then
TXF coincides with the Perron solution Hf to the Dirichlet problem with boundary
data f .
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8Perron’s Construction
The classical method to obtain the Perron solution is to construct it as the
pointwise supremum of subsolutions. This crucially depends on the order
of R and hence makes no sense in general Banach spaces. Thus throughout
this chapter let E be a Banach lattice. We will use the partial ordering on
E to generalize Perron’s approach. For the necessary facts and notation on
Banach lattices we refer the reader to Appendix A.2. The results of this
chapter are mainly taken from the paper [Kre18] which has been submitted
for publication.

8.1 Subharmonic Functions, Perron Families and
Subsolutions

A function v ∈ C(Ω,E) is called subharmonic if for all ξ ∈Ω there exists R > 0
such that B(ξ,R) ⊂⊂Ω and we have

v(ξ) ≤ −
∫
∂B(ξ,r)

v dσd−1

for all 0 < r < R. This inequality will be referred to as the submean-value
property. Subharmonic functions enjoy some useful permanence properties.

Proposition 8.1. Let v,w ∈ C(Ω,E) be subharmonic. Then the function

ξ 7→ v(ξ)∨w(ξ)

is subharmonic as well.

Proof. Since v is subharmonic for every ξ ∈Ω there exists an R(v) > 0 such
that

v(ξ) ≤ −
∫
∂B(ξ,r)

v dσd−1 ≤ −
∫
∂B(ξ,r)

v(ξ)∨w(ξ)dσd−1(ξ)

for all 0 < r < R(v). The analogous estimate holds for w. Hence for all
0 < r <min(R(v),R(w)) we have

v(ξ)∨w(ξ) ≤ −
∫
∂B(ξ,r)

v(ξ)∨w(ξ)dσd−1(ξ),

which finishes the proof.

Proposition 8.2. Let v : Ω → E be subharmonic and let B ⊂⊂ Ω be Dirichlet
regular. The harmonic lifting vB is subharmonic and satisfies v ≤ vB.
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For the proof we will need the following maximum principle.

Proposition 8.3 (Maximum principle for subharmonic functions). Suppose
u,v ∈ C(Ω,E) such that v is subharmonic and u is harmonic. If v ≤ u on ∂Ω then
v ≤ u in Ω.

Proof. Let x′ ∈ E′+ then 〈v,x′〉 and 〈u,x′〉 are real-valued subharmonic respec-
tively harmonic functions satisfying 〈v,x′〉 ≤ 〈u,x′〉 on ∂Ω. By Proposition
D.12 we have that 〈v,x′〉 ≤ 〈u,x′〉 in Ω. Since E′+ determines positivity the
claim follows immediately.

Proof of Proposition 8.2. The inequality v ≤ vB follows from the maximum
principle for the function v − vB. The submean-value property is obvious at
every ξ ∈ B using the mean-value property and also at every ξ < B since v is
subharmonic. For ξ ∈ ∂B we have

vB(ξ) = v(ξ) ≤ −
∫
∂B(ξ,r)

v dσd−1 ≤ −
∫
∂B(ξ,r)

vBdσd−1,

which finishes the proof.

Lemma 8.4. A function v ∈ C(Ω,R) is subharmonic if and only if the submean-
value property at ξ ∈Ω holds for all r ≤ dist(ξ,∂Ω)

Proof. It suffices to show that the function

r 7→ −
∫
S(ξ,r)

v dσd−1

is monotonically increasing. Let 0 < r ≤ R < dist(ξ,∂Ω) and consider the
harmonic lifting vB(ξ,R). From the preceding corollary and the mean-value
property we infer

−
∫
∂B(ξ,r)

v dσd−1 ≤ −
∫
∂B(ξ,r)

vB(ξ,R)dσd−1

= vB(ξ,R)(ξ)

= −
∫
∂B(ξ,R)

vB(ξ,R)dσd−1

= −
∫
∂B(ξ,R)

v dσd−1.

Subharmonicity may also be expressed in terms of the Laplacian.

Lemma 8.5. If v ∈ C2(Ω,E), then v is subharmonic if and only if ∆v ≥ 0.
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Proof. Analogously to the proof of the maximum principle, this follows from
the real-valued Lemma D.14 by testing with a positive functional x′ ∈ E′+.

Subharmonic functions can be used to obtain new harmonic functions in
the following way: Let F be a set of subharmonic functions on Ω with values
in E. We say that F is a Perron family if

(a) F is upwards directed
(b) uB ∈ F for every u ∈ F and every ball B := B(x,r) ⊂⊂Ω.

If E = R one can show that the pointwise supremum of a Perron family
is a harmonic function. This is a special case of the next proposition. Since
suprema of bounded subsets of a Banach lattice might not exist, we will
restrict ourselves to Banach lattices which are order complete. Recall that
by Proposition A.29 every Banach lattice with order continuous norm is also
order complete.

Proposition 8.6. Let F ⊂ C(Ω,E) be a Perron family which is pointwise order
bounded and suppose that E has order continuous norm. Then the function

ξ 7→ sup
v∈F

v(ξ)

is well defined and harmonic.

Proof. Since F is upwards directed it can be interpreted as a net indexed
by itself. Since F is pointwise bounded and E has order continuous norm,
this net converges to its pointwise supremum. Now let B ⊂⊂ Ω be a ball.
For every function u ∈ F the function uB is an element of the set FB := {v ∈
F ,v|B is harmonic} by property (b). Since uB ≥ u the set FB is a subnet of
F . Thus FB converges to the same limit as F . The pointwise limit of FB is
harmonic in B by Corollary 6.3. Since B was arbitrary, the claim follows.

Using the characterization of harmonic functions in Theorem 6.4 we obtain
the following corollary.

Corollary 8.7 ([Kre18, Proposition 2.8]). Let E be a Banach lattice which is
order complete and assume that the positive order continuous functionals separate.
Suppose that F ⊂ C(Ω,E) is a Perron family which is pointwise order bounded
and locally bounded. Then the function

ξ 7→ sup
v∈F

v(ξ)

is well defined and harmonic.
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8. Perron’s Construction

Proof. By the order completeness, the supremum is well-defined. Let x′ ∈ E′+
be order continuous. For u,v ∈ F there exists a function w ∈ F such that
w ≥ u ∨ v. In particular 〈w,x′〉 ≥ 〈u ∨ v,x′〉, that is 〈F ,x′〉 is upwards directed.
For every ball B ⊂⊂ Ω we have 〈uB,x′〉 = 〈u,x′〉B. Thus 〈F ,x′〉 is a Perron
family as well. Further

〈sup
v∈F

v,x′〉 = sup
v∈F
〈v,x′〉

since x′ is order continuous and F is upwards directed. Proposition 8.6 and
the order continuous norm on R show that the latter is harmonic. Since
the order continuous functionals separate the claim follows from Theorem
6.4.

Example 8.8 ([Kre18, Example 2.9]). If E is a Banach lattice, then E′ satisfies
the conditions of Corollary 8.7. To see this we first accomplish a separate
observation: Let (x′α) be upwards directed and bounded above in E′. We define
x′ : E+→ R via x 7→ supα〈x,x′α〉. Immediately x′ is subadditive and positively
homogeneous on E+. But for every α,β there exists γ such that x′α ,x

′
β ≤ x

′
γ ,

from which we obtain that 〈x + y,x′γ〉 ≥ 〈x,x′α〉 + 〈y,x′β〉 for every x,y ∈ E+.
Taking the suprema on both sides we obtain that x′ is also superadditive and
hence additive on E+. Extend x′ to all of E via x 7→ 〈x+,x

′〉 − 〈x−,x′〉 to obtain
a linear functional. From the definition of x′ one immediately has x′ = supα x

′
α.

Using the observation above, we can easily show the claim: To show the
order completeness of E′ let A ⊂ E′ be any subset which has an upper bound.
Let Ã be the set of all finite suprema of elements in A, then Ã is upwards
directed. It follows from the first consideration that sup Ã exists and one
immediately sees that supA = sup Ã. Further one has that every x ∈ E+ ⊂ E′′
is a positive functional and E separates E′ naturally. Using the observation
above we easily see that x is order continuous.

A function v ∈ C(Ω,E) is called a continuous subsolution of the Dirichlet
problem with boundary data f ∈ C(∂Ω,E) if it is subharmonic and satisfies
v(z) ≤ f (z) for every z ∈ ∂Ω.

Remark 8.9. In the case E = R one usually defines a subsolution weaker than
we did here. In particular one only demands that

limsup
ξ→z
ξ∈Ω

v(ξ) ≤ f (z)

for every z ∈ ∂Ω. This is problematic in a general Banach lattice since a
sequence might not be bounded even if it is convergent:
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(a) Take for example the sequence xn := 1
nen ∈ `

1. Then xn→ 0 but {xn,n ≥ n0}
is unbounded for every n0 ∈ N. Hence one may not define the limit
superior in the usual way.

(b) Even if we only consider order bounded sequences and work on Ba-
nach lattices in which such suprema exist, we might find convergent
sequences for which supn≥n0

xn exists but taking the infimum over all
n0 ∈ N does not yield the limit as the following example shows: For
k ∈ N consider the unique n ∈ N such that 2n−1 ≤ k < 2n. Set xk :=
1((k−2n−1)21−n,((k+1)−2n−1)21−n) ∈ L2(0,1,R). The sequence xk converges to 0
in L2((0,1),R) but supn≥n0

xn = 1[0,1] for every n0 ∈ N.

Note that via Dugundji’s extension theorem A.27 we find continuous functions
which take on the values of the above sequences.

A function v ∈ C(Ω,E) is called superharmonic if −v is subharmonic. It
is called a continuous supersolution of the Dirichlet problem with boundary
data f if −v is a continuous subsolution for −f . The sets of continuous sub-
and supersolutions will be denoted by CS−f and CS+

f respectively. If E = R
then f is bounded and hence v− ≡minf and v+ ≡maxf are continuous sub-
and supersolutions. In an arbitrary Banach lattice, this might not be true, see
the Example in Remark 8.9(a). We say that a function f ∈ C(∂Ω,E) is order
bounded if its image is order bounded in E. The set of all such functions will
be denoted by Cob(∂Ω,E). For f ∈ Cob(∂Ω,E) with lower bound s and upper
bound S the sets CS−f and CS+

f are non-empty since they contain the functions
v− ≡ s and v+ ≡ S respectively.

The following proposition is the motivation for Perron’s construction of
the Perron solution.

Proposition 8.10 ([Kre18, Proposition 2.4]). Suppose that the Dirichlet prob-
lem with boundary data f ∈ C(∂Ω,E) admits a classical solutionHf , thenHf (ξ) =
sup{v(ξ),v ∈ CS−f } = inf{v(ξ),v ∈ CS+

f } for all ξ ∈Ω.

Proof. Since Hf satisfies the mean-value property it is both sub- and super-
harmonic. Further Hf is a classical solution and hence satisfies Hf = f on ∂Ω.
Whence Hf ∈ CS−f ∩CS

+
f . The maximum principle implies that v ≤Hf ≤ w for

all v ∈ CS−f and w ∈ CS+
f from which the claim follows.

Motivated by this proposition we try to construct a solution in the fol-
lowing way: If CS±f , ∅ then define H f (ξ) := sup{v(ξ),v ∈ CS−f } and H f (ξ) :=
inf{v(ξ),v ∈ CS+

f } if they exist. Even if the boundary data is not order bounded
it might still be true that CS±f , ∅. For example if the domain is Dirichlet
regular as the last proof has shown. The following example covers a variety of
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domains which still allow Perron’s method to work. It allows us to consider
such common examples of irregular sets as the punctured disk BC(0,1)\{0}.

Example 8.11 ([Kre18, Example 2.6]). Let Ω∗ be a Dirichlet regular domain
and let z1, . . . , zk ∈ Ω∗. If Ω := Ω∗\{z1, . . . , zk} then for every f ∈ C(∂Ω,E) the
sets CS±f are non-empty. To see this note that {z1, . . . , zk} is the set of irregular
points of Ω. The uniqueness of the Perron solution implies that Hf =Hf ∗ for
f ∗ := f|∂Ω∗ . Hence Hf (zj ) is well defined and Hf ∈ C(Ω,E). We define

v±(ξ) :=Hf (ξ)±
k∑
j=1

|Hf (zj )− f (zj )|,

then it is easy to see that v± ∈ CS±f . The construction shows that we may also
withdraw an infinite number of points in a regular domain as long as every
connected component contains only a finite number of these points.

In some cases, the Banach lattice itself has the property that sub- and
supersolutions exist.

Example 8.12 ([Kre18, Example 2.7]). Let E be an AM-space. By Theorem
A.35 every non-empty compact set in E is order-bounded. Thus CS±f , ∅ for
every f ∈ C(∂Ω,E).

Finally we have

Theorem 8.13 ([Kre18, Theorem 2.10]). Suppose that E is order complete, the
order continuous functionals separate and that CS±f , ∅. Then H f and H f exist
and are harmonic.

Proof. We show the result for H f first. It follows from Propositions 8.1 and
8.2 that CS−f is a Perron family. Hence Proposition 8.7 immediately implies the

result forH f . To prove the claim forH f it suffices to note thatH f = −H−f .

The next step in Perron’s approach is to show that the functions H f and

H f coincide with the Perron solution. In the case E = R one can use the
barriers at the regular boundary points to show that H f and H f take on the
boundary values at ∂regΩ which finishes the claim. We refer to the reference
sources in Appendix D for a discussion. In the case of an arbitrary Banach
lattice this approach fails since the norm and the order do not work together
as smoothly as they do in the real-valued case. Namely, for a real valued
function f ∈ C(∂Ω,R), z0 ∈ ∂Ω and ε ∈ R+ there exists a neighborhood of z0
such that f (z) − ε < f (z0) < f (z) + ε. For an arbitrary function f ∈ C(∂Ω,E)
such elements do not exist in E+, see the Example in Remark 8.9(a). We will
need an operator theoretic characterization of the Perron solution, which is
the topic of the next section.
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8.2. Keldyš’s Theorem

8.2 Keldyš’s Theorem

Suppose that CS±f , ∅ for every boundary data f ∈ C(∂Ω,E). Then we may

consider the operators T − : f 7→ H f and T + : f 7→ H f . If v ∈ CS−f and
w ∈ CS−g , then v + w ∈ CS−f +g . It follows that T − is superadditive, that is
T −(f + g) ≥ T −f + T −g. Further obviously T −αf = αT −f for all α ≥ 0. Thus T −

is even superlinear. Analogously one sees that T + is sublinear.

By what we have seen so far, T + and T − map into the bounded harmonic
functions and satisfy T −f = T +f =Hf if a classical solution of the Dirichlet
problem with boundary data f exists. Note that even for real-valued functions
this does not imply that T ±f =Hf for every boundary data f as the following
example shows.

Example 8.14. Let Ω := {x ∈ Rd ,0 < |x| < 1}. Note that all points in the
unit sphere are regular while the origin is not. Hence for every function
f ∈ C(∂Ω,R) the Perron solution Hf is given by the classical solution of the
problem on Ω∪ {0} with boundary data f|∂(Ω∪{0}). Define

T : C(∂Ω,E)→H(Ω,E)∩C(Ω,E)

f 7→Hf + f (0)−Hf (0).

Then T is linear and satisfies T f = Hf for each f that admits a classical
solution while T f ,Hf for every other boundary data.

However, the operators T ± are also monotone, i.e. if f ,g ∈ C(∂Ω,E) such
that f ≤ g, then T ±f ≤ T ±g. Note that the operator in Example 8.14 is not
monotone. For positive linear operators there exists a characterization of the
Perron solution due to Keldyš, cf. [Lan72, Theorem 4.11]. Note that in the
linear case positivity is the same as monotonicity.

Theorem 8.15 (Keldyš). Let T be an operator that maps C(∂Ω,R) into the
bounded harmonic functions on Ω such that T
(a) is linear,
(b) positive,
(c) and maps f to the classical solution if it exists.

Then T f =Hf for all f ∈ C(∂Ω,R).

We will give a proof here and also extend Keldyš’s theorem to vector-valued
functions and sublinear operators.

Remark 8.16. (a) It actually suffices for T to be monotone instead of the
stronger assumption of linearity and positivity. This will also follow from
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our proof below. However, linearity and positivity will play an important
role in our treatment in Banach lattices.

(b) For a discussion of the different ways to prove Keldyš’s theorem we refer
to the notes.

Let E be a Banach lattice. A function f : ∂Ω→ E is called order boundedly
continuous (or shortly an OBC function) at z0 ∈ ∂Ω if for every ε > 0 there
exists y ∈ E+ with ‖y‖E ≤ ε and δ > 0 such that

|f (z)− f (z0)| ≤ y

for all z ∈ ∂Ω for which |z − z0| ≤ δ. The set of all order boundedly continuous
functions on ∂Ω will be denoted by OBC(∂Ω,E).

Example 8.17 ([Kre18, Example 2.21]). If E is an AM-space, then every
continuous function f ∈ C(∂Ω,E) is automatically an element of OBC(∂Ω,E).
Indeed, for z0 ∈ ∂Ω and ε > 0 let δ > 0 such that ‖f (z)− f (z0)‖ < ε whenever
|z− z0| < δ. By Theorem A.35 there exists y := sup{|f (z)− f (z0)|, |z− z0| < δ} and
the proof of this theorem can easily be modified to show that ‖y‖ < ε. Hence f
is order boundedly continuous at z0.

A simple compactness argument shows that every f ∈OBC(∂Ω,E) is order
bounded and hence the sets CS+

f and CS−f are non-empty. Assume now that E
is order complete and that the order continuous functionals on E separate. It
follows from Proposition 8.13 that the operators H f and H f are well defined.
We first prove the linear version of Keldyš’s theorem for such functions.

Theorem 8.18 (Keldyš’s theorem for order boundedly continuous functions
[Kre18, Theorem 2.10]). Let T : OBC(∂Ω,E)→Hb(Ω,E) be a monotone op-
erator such that T f = Hf if Hf is a classical solution. Then T f = Hf for all
f ∈OBC(∂Ω,E).

Proof. Let f ∈OBC(∂Ω,E), z0 ∈ ∂Ω regular and ε > 0. There exists a δ > 0 and
a y ∈ E+ with ‖y‖E ≤ ε such that |f (z)− f (z0)| ≤ y if z ∈ ∂Ω∩B(z0,δ). Choose
a function w as in Lemma D.28 with K = 1 and let s := 2sup∂Ω |f |. Then we
have

f (z) ≤ f (z0) + y +w⊗ s,

for all z ∈ ∂Ω. Indeed, if |z − z0| ≤ δ, this follows from the choice of δ and the
positivity of w⊗ s. Otherwise it follows from the choice of s, the properties of
w and the positivity of y. Using the properties of T we obtain

T f ≤ T (f (z0) + y +w⊗ s) = f (z0) + y +w⊗ s.
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8.2. Keldyš’s Theorem

Hence for every x′ ∈ E′+ we have

limsup
ξ→z
ξ∈Ω

〈T f (ξ),x′〉 ≤ 〈f (z0),x′〉+ ε‖x′‖+ lim
ξ→z
ξ∈Ω

w(ξ)s

≤ 〈f (z0),x′〉+ ε‖x′‖+ εs.

Since ε > 0 was arbitrary, it follows that

limsup
ξ→z
ξ∈Ω

〈T f (ξ),x′〉 ≤ 〈f (z0),x′〉

and analogously

liminf
ξ→z
ξ∈Ω

〈T f (ξ),x′〉 ≥ 〈f (z0),x′〉.

These two inequalities show that 〈T f (ξ),x′〉 → 〈f (z0),x′〉 and by the unique-
ness of the Perron solution this implies that T f =Hf .

Proof of Theorem 8.15. By definition every real-valued continuous function
on ∂Ω is also order boundedly continuous. Hence this is a special case of
Theorem 8.18.

The mappings T + and T − obviously satisfy the conditions of Keldyš’s
theorem for OBC functions.

Corollary 8.19 ([Kre18, Theorem 2.23]). Let E be a Banach lattice which is
order complete such that the order continuous functionals separate. Then H f =

H f =Hf for every f ∈OBC(∂Ω,E).

We now want to extend this to general continuous boundary values under
certain conditions. Using the real-valued case we easily obtain a version of
Keldyš’s theorem for lattices. Note that this time, T needs to be defined for
every boundary data f ∈ C(∂Ω,E).

Corollary 8.20 (Keldyš’s theorem for lattices [Kre18, Corollaray 2.13]). Let
E be a Banach lattice and let T : C(∂Ω,E)→ Hb(Ω,E) := H(Ω,E) ∩ L∞(Ω,E)
such that T is
(a) is linear,
(b) positive,
(c) and maps f to the classical solution if it exists.

Then T f =Hf for all f ∈ C(∂Ω,E)
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Proof. We first show that for x ∈ E+ and f ∈ C(∂Ω,R) we have T (f ⊗x) =Hf ⊗x.
Since Hf ⊗x = Hf ⊗ x it is enough to show that 〈T (f ⊗ x),x′〉 = Hf for each
x′ ∈ E′+ such that 〈x,x′〉 = 1. Choose such x′ and define the operator

S : C(∂Ω,R)→H(Ω,R)

f 7→ 〈T (f ⊗ x),x′〉.

It is immediately clear that S satisfies the conditions of Keldyš’s theorem for
real-valued functions and hence

〈T (f ⊗ x),x′〉 =Hf .

Next we may consider arbitrary x = x+ − x− by linearity and further obtain
T f =Hf for any function of the form f =

∑N
n=1 fn ⊗ xn. Now let f ∈ C(∂Ω,E)

be arbitrary, then by Lemma 7.3 there exist functions fn of the above form
such that fn→ f . The operator T is positive and linear and its domain is a
Banach lattice. Thus T is also continuous and hence the claim follows for
f .

T + and T − are positive but since they are not linear, we cannot immediately
apply Keldyš’s theorem and need to show some further results. An ordered
vector space W is said to have the interpolation property if for every two sets
A,B ⊂ W such that a ≤ b for all a ∈ A, b ∈ B there exists w ∈ W such that
a ≤ w ≤ b for all a ∈ A, b ∈ B. A function p mapping a vector space V into W is
called sublinear if

p(λv) = λp(v) and p(v1 + v2) ≤ p(v1) + p(v2)

for all λ ≥ 0 and v,v1,v2 ∈ V .

Theorem 8.21 (Hahn-Banach-Kantorowicz, cf. [MN91, Theorem 1.5.4]). Let
V be a vector space and U ⊂ V a subspace. Let

ϕ :U →W

be linear and

p : V →W

be sublinear, where W is an ordered vector space which has the interpolation
property. Assume that ϕ ≤ p on U . Then ϕ can be extended to V such that ϕ ≤ p
on V .

Proof. We consider the set of all linear extensions Φ : U (Φ)→W of ϕ such
thatU (Φ) is a subspace of V and Φ ≤ p. Note that ϕ itself is such an extension.
We order these extensions by setting Ψ ≤ Φ if Φ is an extension of Ψ . If Φ is
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an extension of ϕ such that U (Φ) , V one can extend Φ to a greater subspace
of V . Indeed, let x0 ∈ V \U (Φ). On the space U (Φ) +Rx0 we define

Ψ (x+ tx0) := Φ(x) + ts

for all x ∈U (Φ) and t ∈ R, where s ∈W has to be determined. By assumption

Φ(x) +Φ(y) = Φ(x+ y) ≤ p(x+ y) ≤ p(x+ x0) + p(y − x0)

for all x,y ∈U (Φ). It follows that the interpolation property of W applies to
the sets A := {Φ(y)− p(y − x0), y ∈ U (Φ)} and B := {p(x + x0)−Φ(x),x ∈ U (Φ)}.
Choose s ∈W such that a ≤ s ≤ b for all a ∈ A and b ∈ B. Then calculating for
t ≥ 0 and t < 0 separately one easily sees that

Ψ (x+ tx0) ≤ p(x+ tx0)

for all x ∈ U (Ψ ). Hence Ψ extends Φ . Obviously every totally ordered set
in the ordering has an upper bound canonically defined on the union of
the domains. By Zorn’s lemma there exists a maximal extension of ϕ – also
denoted by ϕ with domain U (ϕ). Since this extension cannot be extended
further one has U (ϕ) = V .

Corollary 8.22. Given p as in the Hahn-Banach-Kantorowicz theorem, we have

p(v) = sup{ϕ(v),ϕ : V →W linear,ϕ ≤ p}

for every v ∈ V .

Proof. For v ∈ V define ϕ(λv) := λp(v) for all λ ∈ R. Then ϕ is linear on
Rv and examining the cases λ ≥ 0 and λ < 0 separately, we find that ϕ ≤ p.
Extend ϕ to V via the Hahn-Banach-Kantorowicz theorem. The claim follows
immediately.

We show that one can apply the above considerations to the case where W
is the space of harmonic and bounded functions.

Lemma 8.23 ([Kre18, Lemma 2.16]). Let A,B ⊂ Hb(Ω,E) such that a ≤ b for
all a ∈ A, b ∈ B. If E is order complete and the order continuous functionals
separate, then there exists a function h ∈ Hb(Ω,E) such that a ≤ h ≤ b holds for all
a ∈ A, b ∈ B.

Proof. Consider the set

A∗ := {a ∈ L∞(Ω,E), a subharmonic, a ≤ b for all b ∈ B} ⊃ A.

One easily sees that A∗ is a Perron family and hence has a harmonic supremum
h by Proposition 8.7. The function h satisfies the claim.
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Remark 8.24. It follows from the preceding lemma, that in this setting
Hb(Ω,E) is an order complete vector lattice. We can also show that Hb(Ω,R)
is even a Banach lattice. Since this is not necessary for our considerations, we
have deferred this discussion to the supplementary Section 9.4.

Theorem 8.25 (Keldyš’s theorem - sublinear version [Kre18, Proposition
2.18]). ] Let E be an order complete Banach lattice such that the order continuous
functionals on E separate. Let p : C(∂Ω,E)→Hb(Ω,E) such that
(a) p is sublinear,
(b) p is monotone,
(c) and p maps f to the classical solution of the Dirichlet problem if it exists.

Then p(f ) =Hf for all f ∈ C(∂Ω,E)

Proof. Consider the set

M := {ϕ : C(∂Ω,E)→Hb(Ω,E) linear ,ϕ ≤ p}.

We will show thatM actually consists of only one element, namely f 7→Hf .
The claim then follows since p(f ) = maxϕ∈Mϕ(f ). Let ϕ ∈ M. Then ϕ is
positive. In fact, let f ≤ 0. Then p(f ) ≤ p(0) = 0 and hence ϕ(f ) ≤ 0. Now
let f ∈ C(∂Ω,E) such that Hf is a classical solution. Then ϕ(f ) ≤Hf . On the
other hand −ϕ(f ) = ϕ(−f ) ≤ p(−f ) =H−f = −Hf . Hence ϕ(f ) =Hf . In total, ϕ
satisfies the conditions of Keldyš’s theorem which finishes the proof.

Theorem 8.26 ([Kre18, Theorem 2.19]). Assume that E is order complete, the
order continuous functionals separate and that CS±f , ∅ for every f ∈ C(∂Ω,E).

Then H f =H f =Hf for all f ∈ C(∂Ω,E).

Proof. The mapping T + satisfies the assumptions of the preceding proposition.
Further this implies

H f = −H−f = −H−f =Hf ,

for all f ∈ C(∂Ω,E).

Examples 8.8, 8.11 and 8.12 describe situations in which the conditions of
Theorem 8.26 are fulfilled. In particular we have (note that this actually also
follows from Remark 8.16):

Theorem 8.27 (cf. [Kre18, Theorem 2.5] and [Net80]). Let f ∈ C(∂Ω,R).
Then H f =H f =Hf .

Open Problem 8.28. Is there a function f ∈ C(∂Ω,E) for some Ω ⊂ Rd open
and bounded and some Banach lattice E such that CS±f = ∅?
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A negative answer to the problem above would imply that Perron’s method
works everytime if the Banach lattice is order complete and has the property
that the order continuous functionals separate the space.

8.3 The Reconstruction Method

In this section, we want to consider Perron’s method on a fixed function rather
than the operator theoretic approach above where we had to consider all
functions on the boundary at once. We will only consider order bounded
functions on special Banach lattices.

Theorem 8.29 ([Kre18, Theorem 2.24]). Let E be an AM-space with unit or
E = `p where 1 ≤ p ≤∞. Then for every f ∈ Cob(Ω,E) we have that H f = H f =
Hf .

Note that on AM-spaces every continuous function is already order boun-
ded, see Example 8.12. Also an AM-space is not order complete in general,
consider the space E = C([0,1],R). Hence the results of Section 8.2 would not
apply in this case. For the proof we will need some more results. First we will
prove another version of the Phragmén-Lindelöf maximum principle.

Proposition 8.30 (Phragmén-Lindelöf maximum principle for Banach lat-
tices). Let u,v ∈ Cb(Ω∪∂regΩ,E) such that u is harmonic and v is subharmonic.
If v ≤ u on ∂regΩ, then v ≤ u in Ω.

Proof. Testing u with a functional x′ ∈ E′+, this follows from the real-valued
Phragmén-Lindelöf maximum principle D.13.

Theorem 8.29 follows from the lemma below. Roughly speaking one
reconstructs the Perron solution by finding subsolutions which are locally and
weakly close enough to the Perron solution.

Lemma 8.31 ([Kre18, Lemma 2.25]). Let E be a Banach lattice and f ∈ C(∂Ω,E).
Suppose that W ⊂ E′+ determines positivity and that for all x′ ∈ W,ε > 0,v ∈
CS−〈f ,x′〉,ξ ∈ Ω there exists a function v ∈ CS−f satisfying 〈v(ξ),x′〉 ≥ v(ξ) − ε.
Then H f =Hf . The analogous result for H f holds.

Proof. By symmetry it is enough to show the claims for H f . Let ξ ∈Ω and
ε > 0. By Theorem 8.27 there exists v ∈ CS−〈f ,x′〉 such that

v(ξ) ≥H〈f ,x′〉(ξ)− ε = 〈Hf (ξ),x′〉 − ε.

The function v corresponding to v satisfies 〈v(ξ),x′〉 ≥ 〈Hf (ξ),x′〉 − 2ε. By
the Phragmén-Lindelöf maximum principle we have that Hf (ξ) ≥ w(ξ) for
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every w ∈ CS−f . Let s be any upper bound of {w(ξ),w ∈ CS−f }, then 〈s,x′〉 ≥
〈Hf (ξ),x′〉 − 2ε. Since ε > 0 and x′ ∈ W were arbitrary we obtain that s ≥
Hf (ξ).

Proof of Theorem 8.29. We will show that in both cases we can construct sub-
solutions as in Lemma 8.31. Again we only prove the claim for H f since

the proof for H f works analogously. First let E = C(K,R). Replacing f by
f + ‖f ‖∞ we may assume that f ≥ 0. The family (δa)a∈K determines positivity.
Let a ∈ K and v ∈ CS−f (·)(a). For every z ∈ ∂Ω we have that v(z) − ε < f (z)(a).
Since f (z) ∈ C(K,R) there exists a maximal neighborhood Uz of a such that
f (z)(k) > v(z)−ε for every k ∈Uz. Since the function (z,k) 7→ f (z)(k) is continu-
ous and ∂Ω is compact there exists a neighborhood U ∗ of a such that U ∗ ⊂Uz
for every z ∈ ∂Ω. By Tietze’s extension theorem, there exists a function
g ∈ C(K,R) such that

g(k)


= 1, if k = a

= 0, if k <U ∗

∈ [0,1], otherwise

.

Then the function v(z)(k) := (v(z)− ε)g(k) satisfies the demands. Now let E be
an arbitrary AM-space with unit. By Kakutani’s theorem A.36, there exists a
representation of E as a space of the form C(K,R) for some compact K . Hence
the claim follows from the above considerations.

Now let E = `p and let s be a lower bound of f ∈ Cob(∂Ω,E). We choose
the coordinate functionals en as separating subset of E′. Let fn := 〈f , en〉 and
let v ∈ CS−f . Set

v(ξ)k :=

v if k = n

sk if k , n.

One easily sees that v satisfies the demands.
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9Applications of the Perron Solution
Having solved the Dirichlet problem we can now try and solve related prob-
lems like the Poisson problem and the heat equation. Furthermore, we want
to apply our results to show what happens if the domain varies. Apart from
Section 9.3, the results of this chapter are mainly taken from the paper [Kre18]
which has been submitted for publication.

9.1 The Poisson Problem on Irregular Domains

Let X be a Banach space and Ω ⊂ Rd be open and bounded. For f ∈ C(∂Ω,X)
and g ∈ C(Ω,X) consider the Poisson problem given by∆u = g in Ω

u = f on ∂Ω

A classical solution of this problem is a function u ∈ C2(Ω,X)∩C(Ω,X)
which satisfies the above. Since the Dirichlet problem is a special case of the
Poisson problem we cannot expect the latter to have a classical solution in
general. However we find an analogue of the Perron solution for the Poisson
problem.

Theorem 9.1 ([Kre18, Theorem 3.3]). Let Ω ⊂ Rd be open and bounded, g ∈
C(Ω,X) be bounded and locally Hölder continuous and let f ∈ C(∂Ω,X). Then
there exists a unique function uf ,g ∈ C2(Ω,X) satisfying

∆uf ,g = g

lim
x→z

uf ,g(x) = f (z) for all regular z ∈ ∂Ω,

referred to as the Perron solution of the Poisson problem. In particular: The
Poisson problem has a classical solution for every continuous boundary data f
(where g is fixed as above) if and only if every z ∈ ∂Ω is regular.

In order to prove this, we need to consider the fundamental solution for the
Dirichlet problem given by

Φ(ξ) =

 1
2π log |ξ |, if d = 2

1
d(2−d)λ(B(0,1)) |ξ |

2−d , if d > 2.

A straight forward computation (cf. [GT01, Chapters 2 and 4]) shows:
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9. Applications of the Perron Solution

Lemma 9.2. Let i, j ∈ {1, . . . ,d} and ξ ∈ Rd\{0}. Then

∂
∂ξi

Φ(ξ) =
ξi

dλ(B(0,1))
|ξ |−d and

∂2

∂ξiξj
Φ(ξ) =

|ξ |2δij − dξiξj
dλ(B(0,1))

|ξ |−d−2.

In particular: Φ is harmonic in Rd\{0}. Further we have the estimates∣∣∣∣∣ ∂∂ξiΦ(ξ)
∣∣∣∣∣ ≤ C|ξ |1−d and

∣∣∣∣∣∣ ∂2

∂ξiξj
Φ(ξ)

∣∣∣∣∣∣ ≤ C|ξ |−d
for some C = C(d).

For a function g : Ω → X the function Φ ∗ g – if it is well-defined – is
referred to as the Newtonian potential (of g).

Lemma 9.3. Let g ∈ L∞(Ω,X). Then w := Φ ∗ g ∈ C1(Rd ,X) and

∂
∂ξi

w(ξ) =
∫
Ω

∂
∂ξi

Φ(ξ − η)g(η)dη

for all i ∈ {1, . . . ,d}.

Proof. Fix a direction i ∈ {1, . . . ,d}. Since g is bounded, the estimates in Lemma
9.2 show that

v(ξ) :=
∫
Ω

∂
∂ξi

Φ(ξ − η)g(η)dη

is well defined. Let ψ ∈ C1(R,R) such that

(a) 0 ≤ ψ(t) ≤ 1 for all t ∈ R,
(b) ψ(t) = 0 if t ≤ 1 and ψ(t) = 1 if t ≥ 2,
(c) and |ψ′(t)| ≤ 2 for all t ∈ [1,2].

For ε > 0 and ξ ∈Ω set ψε(ξ) := ψ( |ξ |ε ). We define

wε := (Φψε) ∗ g.

Since ψε vanishes around the origin it follows that wε ∈ C1(Rd ,X) and the first
derivative of wε in direction i is given by

∂
∂ξi

wε =
∂
∂ξi

(Φψε) ∗ g.

Since ψ(t) = 1 for all t ≥ 2 we have

‖wε(ξ)−w(ξ)‖X ≤ ‖f ‖L∞(Ω,X)

∫
|ξ−η|≤2ε

Φ(ξ − η)dη = ‖f ‖L∞(Ω,X)

∫
|η|≤2ε

Φ(η)dη
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9.1. The Poisson Problem on Irregular Domains

which converges to 0 independently of ξ as ε→ 0. Analogously one shows
that

∂
∂ξi

wε(ξ)→ v(ξ)

independently of ξ. Thus w ∈ C1(Rd ,X) and ∂
∂ξi
w = v.

For a ball B(ξ0,R) ⊂ Rd we denote by νj the outer unit normal of B(ξ0,R).

Lemma 9.4. Let g ∈ L∞(Ω,X). Assume further that g is locally Hölder continuous.
Then w := Φ ∗ g ∈ C2(Rd ,X) and for any i, j ∈ {1, . . . ,d} we have

∂2

∂ξiξj
w(ξ) =

∫
B(ξ0,R)

∂2

∂ξiξj
Φ(ξ − η)(g(η)− g(ξ))dη

−g(ξ)
∫
S(ξ0,R)

∂
∂ξi

Φ(ξ − η)νj(η)dσd−1(η),

where ξ0 ∈ Rd and R > 0 is large enough such that Ω ⊂⊂ B(ξ0,R) and g is set to
vanish outside of Ω.

Proof. The proof works similar to the proof of Lemma 9.1. Fix i, j ∈ {1, . . . ,d}.
We first show that the integral∫

B(ξ0,R)

∂2

∂ξiξj
Φ(ξ − η)(g(η)− g(ξ))dη

is well defined. Let ξ ∈ ω ⊂⊂Ω, then by the local Hölder continuity of g and
the estimates in Lemma 9.2 the above integral exists if B(ξ0,R) is replaced by
ω. Further on B(ξ0,R)\ω the function ∂2

∂ξiξj
Φ(ξ −η) is bounded and g(η)−g(ξ)

can be estimated by 2‖g‖L∞(Ω,X). Thus the integral over B(ξ0,R) exists. The
integral ∫

S(ξ0,R)

∂
∂ξi

Φ(ξ − η)νj(η)dσd−1(η)

exists as well by the estimates in Lemma 9.2 and the fact that νj is bounded
on S(ξ0,R). In total we have that

u(ξ) :=
∫
B(ξ0,R)

∂2

∂ξiξj
Φ(ξ − η)(g(η)− g(ξ))dη

− g(ξ)
∫
S(ξ0,R)

∂
∂ξi

Φ(ξ − η)νj(η)dσd−1(η)

is well defined. Let ψε and wε be as in the proof of Lemma 9.1. By the results
of this lemma we already know that w ∈ C1(Ω,X) and that wε along with its
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9. Applications of the Perron Solution

first derivatives converges to w and its first derivatives respectively. It remains
to show that ∂2

∂ξiξj
wε converges to u. To see this, define

vε(ξ) :=
∫
Ω

∂
∂ξi

Φ(ξ − η)ψε(ξ − η)g(η)dη

which is an element of C1(Ω,X) since ψε vanishes around the origin. Further
we have

∂
∂ξj

vε(ξ) =
∫
Ω

∂
∂ξj

(
∂
∂ξi

Φ(ξ − η)ψε(ξ − η)
)
g(η)dη

=
∫
B(ξ0,R)

∂
∂ξj

(
∂
∂ξi

Φ(ξ − η)ψε(ξ − η)
)

(g(η)− g(ξ))dη

+ g(ξ)
∫
B(ξ0,R)

∂
∂ξj

(
∂
∂ξi

Φ(ξ − η)ψε(ξ − η)
)
dη.

Note that the divergence theorem holds on B(ξ0,R). Hence∫
B(ξ0,R)

∂
∂ξj

(
∂
∂ξi

Φ(ξ − η)ψε(ξ − η)
)
dη

=
∫
S(ξ0,R)

∂
∂ξi

Φ(ξ − η)ψε(ξ − η)νj(η)dσd−1(η)

=
∫
S(ξ0,R)

∂
∂ξi

Φ(ξ − η)νj dσd−1(η),

where the last equality is true if ε is small enough since then ψε(ξ − η) = 1 on
S(ξ0,R). As before we use the estimates in Lemma 9.2 and the local Hölder
continuity of g to show that ∂

∂ξj
vε(ξ) → u(ξ) uniformly on compact sets.

Similarly

vε(ξ)→
∫
Ω

∂
∂ξi

Φ(ξ − η)g(η)dη

which in turn equals ∂
∂ξi
w(ξ) by Lemma 9.1. Hence ∂

∂ξi
w ∈ C1(Ω,X) and the

derivative ∂2

∂ξiξj
w is given by u as claimed.

Proposition 9.5 ([Kre18, Lemma 3.2]). Let g be as in Lemma 9.4. Then the
Newtonian potential w = Φ ∗ g satisfies

∆w = g.

Proof. By Lemma 9.4 we have w ∈ C2(Ω,X) and the derivatives ∂2

∂ξiξi
w may be

computed accordingly. Note first that Φ is harmonic, whence

d∑
i=1

∫
B(ξ0,R)

∂2

∂ξiξi
Φ(ξ − η)(g(η)− g(ξ))dη = 0,
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9.2. The Heat Equation on Irregular Domains

where B(ξ0,R) is chosen as in the lemma. Recall that the outer normal deriva-
tive of the ball B(ξ0,R) is given by

νi(η) =
ηi − ξ0i

R
.

We now choose ξ0 = ξ and obtain

d∑
i=1

∫
B(ξ,R)

∂
∂ξi

Φ(ξ − η)νi(η)dη =
d∑
i=1

∫
S(ξ,R)

ξi − ηi
dλ(B(0,1))

|ξ − η|−d
ηi − ξi
R

dη

=
−1

dλ(B(0,1))Rd−1

∫
S(ξ,R)

dσd−1

= −1,

from which the claim follows.

Proof of Theorem 9.1. Let w be the Newtonian potential of g. Using Proposi-
tion 9.5 we immediately see that the Poisson problem is equivalent to the
problem ∆v = 0 in Ω

v = f −w on ∂Ω

where v := u − w. Taking v as the Perron solution of the above Dirichlet
problem and adding w we obtain the Perron solution for the Poisson problem.

9.2 The Heat Equation on Irregular Domains

Let X be a complex Banach space. Note that X is also a real Banach space and
hence all results about the Perron solution also hold in X. In this section we
investigate the heat equation with Dirichlet boundary data, given by


d
dtu = ∆u

u(t, ·) ∈ C0(Ω,X) for all t > 0

u(0, ·) = u0.

Investigating this problem on general domains fails, as the following
theorem shows.

Theorem 9.6 ([AB99, Theorem 0.1]). In the case X = C the above problem is
well-posed if and only if the domain Ω is Dirichlet regular.

93



9. Applications of the Perron Solution

Hence we want to impose boundary conditions which incorporate the
nature of the underlying Dirichlet problem. We consider the problem


d
dtu = ∆u

u(t, ·) ∈ Cb(Ω,X) for all t > 0

limξ→z u(t,ξ) = 0 for all regular z ∈ ∂Ω and all t > 0

u(0, ·) = u0.

(9.1)

We will treat this problem as an abstract Cauchy problem. For an overview
of holomorphic semigroups and their generators, we refer to Appendix A.4.

Consider the Banach space

Cb,0,reg(Ω,X) := {u ∈ Cb(Ω,X), lim
ξ→z

u(ξ) = 0 for all z ∈ ∂regΩ}.

On Cb,0,reg(Ω,X) we consider the Perron-Dirichlet Laplacian ∆PD given by

D(∆PD) := {u ∈ Cb,0,reg(Ω,X),∆u ∈ Cb,0,reg(Ω,X)}
∆PDu := ∆u,

i.e. ∆PD is the distributional Laplacian with maximal domain in Cb,0,reg(Ω,X).
In the following we want to prove

Theorem 9.7 ([Kre18, Theorem 4.1]). The operator ∆PD is the generator of a
bounded holomorphic semigroup on Cb,0,reg(Ω,X).

Corollary 9.8 ([Kre18, Corollary 4.2]). The problem (9.1) has a unique mild
solution for all u0 ∈D(∆PD).

We will need some preparations for the proof.

Lemma 9.9. Let g ∈ L∞(Rd ,X) with compact support and let w := Φ ∗ g be its
Newtonian potential. Then ∆w = g in the sense of distributions and w ∈ C(Rd ,X).

Proof. Let ϕ ∈ C∞c (Ω,R). Then

〈∆w,ϕ〉 = 〈Φ ∗ g,∆ϕ〉
= 〈g,Φ ∗∆ϕ〉
= 〈g,∆Φ ∗ϕ〉.

A straight forward computation shows that ∆Φ(ξ) = δξ . Thus

〈g,∆Φ ∗ϕ〉 = 〈g,ϕ〉.

This shows that ∆w = g in the sense of distributions. The continuity of w
follows from the following more general lemma. Note that Φ ∈ L1

loc(Rd ,R).
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9.2. The Heat Equation on Irregular Domains

Lemma 9.10. Let f ∈ Lp(Rd ,X) where 1 < p ≤∞ and suppose that f has compact
support. Let g ∈ Lqloc(Ω,R) where 1

p + 1
q = 1. Then the function f ∗ g is continuous.

Proof. For ξ,η ∈ Rd we have

‖f ∗ g(ξ)− f ∗ g(η)‖X ≤
∫
Rd
‖f (ψ)(g(ψ − ξ)− g(ψ − η))‖X dψ

≤ ‖f ‖Lq(Rd ,X)‖g(· − ξ)− g(· − η)‖Lp(suppf +B(0,|ξ |+|η|),R).

The latter converges to 0 as ξ→ η since translation is continuous in Lp(Rd ,R).

Lemma 9.11 ([Kre18, Lemma 4.3]). ∆PD is closed and 0 ∈ ρ(∆PD).

Proof. If un→ u and ∆PDun→ v in Cb,0,reg(Ω,X) then by the uniform conver-
gence we have ∆u = v. Hence ∆PD is a closed operator. Let u ∈ Cb,0,reg(Ω,X)
such that ∆PD = 0. Then u is the Perron solution of the Dirichlet problem
with boundary data 0. By the uniqueness of the Perron solution we have
u = 0 and hence ∆PD is injective. It remains to show that ∆PD is surjective.
Let v ∈ Cb,0,reg(Ω,X) and let ṽ be its extension to Rd by 0. By Lemma 9.9 the
Newtonian potential w of ṽ satisfies ∆w = ṽ and is continuous. Let ϕ := w|∂Ω,
then u :=H−ϕ +w ∈ Cb,0,reg(Ω,X) satisfies ∆u = v.

The following maximum principle is the first maximum principle we
consider for an operator other than ∆. Let T ∈ D′(Ω,R) be a distribution. We
say that T ≥ 0 if 〈T ,ϕ〉 ≥ 0 for all ϕ ∈ C∞c (Ω,R)+.

Proposition 9.12 ([Kre18, Corollary 4.5]). Let u ∈ Cb(Ω∪∂regΩ,R). Suppose
that there exist λ,M ≥ 0 such that ∆u−λu ≥ 0 and u ≤M on ∂regΩ. Then u ≤M.

Proof. Let ω := {ξ ∈Ω,u(ξ) ≥ 0} and define

v(ξ) :=

u(ξ), if ξ ∈ω
0, otherwise.

In ω we have

∆u ≥ ∆u −λu ≥ 0,

hence u is subharmonic in ω by Lemma D.15. Moreover, v is constant in (ωc)◦

and hence subharmonic. On the boundary ∂ωwe have that v is constantly zero
and hence v(z) ≤ −

∫
B(z,r) v for all z ∈ ∂ω and r > 0 sufficiently small, showing

that v is subharmonic in Ω. Note that v can be continuously extended on the
regular boundary points of Ω and that it satisfies v ≤M on ∂regΩ. Hence by
Proposition D.13, we have

u ≤ v ≤M.
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9. Applications of the Perron Solution

Proposition 9.13 ([Kre18, Proposition 4.6]). ∆PD is m-dissipative.

Proof. Let t > 0,u ∈ D(∆PD) and define M := ‖u − t∆PDu‖∞. For x′ ∈ BX ′ (0,1)
let v := Re〈u,x′〉. Then

(v −M)− t∆(v −M) = Re〈u − t∆u,x′〉 − ‖u − t∆PDu‖∞ ≤ 0

and v −M = −M ≤ 0 on ∂regΩ. Proposition 9.12 implies v ≤M. It follows that

‖u‖∞ ≤ ‖u − t∆PDu‖∞,

and hence ∆PD is dissipative. We know that 0 ∈ ρ(∆PD), thus ∆PD is m-
dissipative.

Proposition 9.14 ([Kre18, Proposition 4.7]). The function z 7→ G(z) mapping
to L(L∞(Rd ,X)), where

(G(z)f )(ξ) := (4πz)−d/2
∫
Rd
f (ψ)exp

(
−(ξ −ψ)2

4z

)
dψ

for all f ∈ L∞(Rd ,X) and ξ ∈ Rd , is a bounded holomorphic semigroup on Σθ for
every 0 < θ < π/2. Its generator is the distributional Laplacian with maximal
domain in L∞(Rd ,X), that is

D(∆∞) := {f ∈ L∞(Rd ,X),∆f ∈ L∞(Rd ,X)}
∆∞f := ∆f .

Proof. Example A.53 shows that the case X = C holds. For the general case
note that ‖G(·)‖L(L∞(Ω,X)) is obviously bounded by 1. Testing with x′ ∈ X ′
shows that G is a semigroup. The functionals on L(L∞(Rd ,x)) given by T 7→
〈x′ ◦ T f ,µ〉 where f ∈ L∞(Rd ,X),x′ ∈ X ′ and µ ∈ L∞(Rd ,R)′ are separating.
Since for scalar-valued functions the semigroup G is holomorphic, it follows
that z 7→ 〈x′ ◦G(z)f ,µ〉 = 〈G(z)(x′ ◦ f ),µ〉 is holomorphic. By Theorem A.52 the
semigroup G is holomorphic on X-valued functions as well. To identify the
generator we fix λ > 0 = ω(G), f ∈ L∞(Rd ,X) and define

R(λ)f :=
∫ ∞

0
e−λtG(t)f dt.

Note that 〈∆h,x′〉 = ∆〈h,x′〉 holds for every h ∈ L1
loc(Rd ,X) and that closed

operators commute with integration. Thus testing with x′ shows that (λ −
∆∞)R(λ)f = f . Since ∆∞ is injective and closed we obtain that λ ∈ ρ(∆∞) and
R(λ,∆∞) = R(λ). This shows that ∆∞ is the generator of G.
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9.2. The Heat Equation on Irregular Domains

Proof of Theorem 9.7. Since ∆∞ generates a bounded holomorphic semigroup
it follows that ‖R(λ,∆∞)‖ ≤ M

λ for someM ≥ 0 whenever Reλ > 0. Let Reλ > 0,
then by m-dissipativity λ ∈ ρ(∆PD). Let f ∈ Cb,0,reg(Ω,X) and denote by
f̃ ∈ L∞(Rd ,X) the extension of f by 0. Let g̃ := R(λ,∆∞)f̃ and g := R(λ,∆PD)f .
Since ∆g̃ = λg − f̃ ∈ L∞(Rd ,X) it follows from Lemma 9.9 that g̃ ∈ C(Rd ,X).
Hence v := g − g̃ ∈ Cb(Ω∪∂regΩ,X) satisfies λv −∆v = 0 and v = −g̃ on ∂regΩ.
The maximum principle shows that

‖v‖∞ ≤ sup
∂regΩ

‖g̃‖ ≤ M
λ
‖f ‖∞

and hence

‖g‖∞ ≤
2M
λ
‖f ‖∞,

which finishes the proof.

Remark 9.15 ([Kre18, Remark 4.8]). (a) If Ω is a regular domain, then the
space Cb,0,reg(Ω,X) is nothing but C0(Ω,X). It follows from the density
of the test functions that the semigroup generated by ∆PD is strongly
continuous.

(b) In general, the semigroup generated by ∆PD is not strongly continuous.
Indeed, consider d = 2, Ω = B(0,1)\{0} and X = R. We show that every
u ∈ D(∆PD) can be extended continuously to B(0,1) which implies that
D(∆PD) is not dense in Cb,0,reg(Ω,R). The necessary facts about real-
valued distributions can be found in Appendix A.6. Consider a function
u ∈ D(∆PD). We may extend u to R2 by 0 outside of Ω and consider the
distribution Tu defined via 〈Tu ,ϕ〉 =

∫
R2 uϕ. We may do the same for ∆u.

It follows that the distribution ∆Tu −T∆u is a distribution of order at most
2 which is supported in {0}, i.e. ∆Tu − T∆u =

∑
|α|≤2 aα∂

αδ0. Let v and w
be solutions of ∆v = T∆u and ∆w =

∑
|α|≤2 aα∂

αδ0, then Tu = v +w up to a
perturbation by a harmonic function. Hence v is continuous in 0. Further
w – again up to a perturbation by a harmonic function – is given by

w(x,y) = a0 logr + a1
x

r2 + a2
y

r2

+ a11
r2 − 2x2

r4 + a22
r2 − 2y2

r4 + a12
−2xy
r4 ,

where r =
√
x2 + y2. It is easy to see, that either w is unbounded or w = 0.

Since u is bounded, we obtain that the latter is true and hence u can be
continuously extended in {0}.
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9. Applications of the Perron Solution

9.3 Stability of the Dirichlet Problem

In Corollary 7.6 we have seen how the solutions of the Dirichlet problem
behave on a varying domain, namely, if a sequence of domains Ωn converges
in a certain sense towards a domain Ω from the inside the corresponding so-
lutions on Ωn converge towards the solution on Ω. This is not true in general
if the sets Ωn converge from the outside.

Let Ωn be Dirichlet regular sets such that Ωn ⊃Ωn+1 ⊃Ω and
⋂
nΩn = Ω.

Let F ∈ C
(
Ω1,X

)
and define fn := F∂Ωn

and f := F∂Ω. Analogously to the
proof of Corollary 7.6 one sees that the functions Hfn converge uniformly on
compact subsets of Ω to a harmonic function hf . Note however, that they do
not converge on Ω. We say that Ω is (X-)stable for the Dirichlet problem if
hf =Hf for all such F.

We want to give a characterization ofX-stability in terms of Sobolev spaces.
We have already seen how one usually desribes the notion of "u = 0 on the
boundary" in Sobolev spaces, see Section 1.4. There is another reasonable
definition of this notion, namely let

W
1,p
0

(
Ω,X

)
:=

{
u|Ω,u ∈W 1,p(Rd ,X),uΩc = 0

}
.

If u ∈W 1,p
0 (Ω,X) then the sequence ϕn ∈ C∞c (Ω,X) converging towards u can

be extended to Rd by setting it to 0 outside of Ω. Hence u ∈W 1,p
0

(
Ω,X

)
. The

converse is false in general. We first want to remark that the equality of the
two spaces does not depend on the codomain X.

Lemma 9.16. Let X be a Banach space and Ω ⊂ Rd be open and bounded. Then

W
1,p
0

(
Ω,X

)
=W 1,p

0 (Ω,X) if and only if W
1,p
0

(
Ω,R

)
=W 1,p

0 (Ω,R).

Proof. This follows easily from Theorem 4.13 by testing with x′ ∈ X ′.

In the case X = R it is known that a set Ω is R-stable if and only if the
property in Lemma 9.16 holds, see Theorem D.9. Testing with x′ ∈ X ′ again
we obtain

Theorem 9.17. Let X be a Banach space and Ω ⊂ Rd be open and bounded. The
following are equivalent:

(i) Ω is X-stable,
(ii) Ω is R-stable,

(iii) W 1,p
0

(
Ω,X

)
=W 1,p

0 (Ω,X).
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If Ω is X-stable the convergence of the solutions of the Dirichlet problems
holds under more general assumptions.

Theorem 9.18. Let Ωn ⊂ Rd be regular open sets such that for every ω ⊂⊂Ω there
exists an n0 ∈ N such that ω ⊂⊂ Ωn for all n ≥ n0 and such that for every ball
B ⊂ Rd we have |(Ωn ∩B)\Ω| → 0. Let F : Rd → X be uniformly continuous and
set fn and f as above. Then Hfn →Hf uniformly on compact sets in Ω.

Proof. This follows analogously to Theorem 9.17.

Remark 9.19. The above convergence holds in an even more general setting
which we do not want to introduce here. We refer to the reference in Theorem
D.9.

9.4 Supplement: The Vector LatticeHb

An ordered vector space which has the interpolation property is automatically
an order complete vector lattice, i.e. every set bounded from above has a
supremum. To see this let A be a set bounded from above. Define B as the
set of the upper bounds of A. Since a ≤ b for all a ∈ A, b ∈ B the interpolation
property yields an element w satisfying a ≤ w ≤ b for all a ∈ A, b ∈ B, i.e. w
is the least upper bound of A. In particular in the setting of Lemma 8.23
the vector space Hb(Ω,X) is an order complete vector lattice with respect
to the order on C(Ω,X). Note however that it is not a sublattice of C(Ω,X)
since the pointwise supremum of two harmonic functions is not harmonic
in general. For two vectors u,v ∈ Hb(Ω,R) we denote their supremum in the
vector lattice Hb(Ω,R) by u ∨H v. In the case X = R, the fact that Hb(Ω,R) is
an order complete vector lattice can also be found in a more general form in
[Bre67, Part IV, Theorem 11]. Moreover:

Theorem 9.20 ([Kre18, Theorem A.1]). Hb(Ω,R) is an order complete Banach
lattice.

For the proof we will need

Lemma 9.21 ([Kre18, Lemma A.2]). Let u,v ∈ Hb(Ω,R). Choose a nested
exhausting sequence ωn of Dirichlet regular subsets of Ω. For all ξ ∈ ∂ωn set

fn(ξ) := u(ξ)∨R v(ξ),

where u(ξ) ∨R v(ξ) denotes the supremum in R. Let hn be the solution of the
Dirichlet problem in ωn with boundary data fn. Then hn→ u ∨H v uniformly on
compact sets.
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9. Applications of the Perron Solution

Proof. The fact thatHb(Ω,R) is an order complete vector lattice was discussed
in the introduction of this section. Thus u ∨H v exists. It remains to show that
hn converges to u ∨H v. First let K ⊂Ω be compact. We may without loss of
generality assume that K ⊂ω1. For n ∈ N and ξ ∈ ∂ωn we have

hn(ξ) = u(ξ)∨R v(ξ) ≤ (u ∨H v) (ξ).

Note that the functions on the left hand side and on the right hand side
are harmonic while the one in the middle is subharmonic. The maximum
principle implies that

u(ξ)∨R v(ξ) ≤ hn(ξ) ≤ (u ∨H v) (ξ)

for all ξ ∈ ωn. In particular this holds for ξ ∈ K . The Poisson integral for-
mula implies that hn is equicontinuous, hence the Arzelà-Ascoli theorem
yields a subsequence of hn which converges uniformly on K to a function
h ∈ Hb(K◦,R).

Next take Kn :=ωn then using a diagonal argument we find a subsequence
of hn which converges to h ∈ Hb(Ω,R) uniformly on every Kn. The above
inequality shows that h = u ∨H v. A subsequence argument shows that hn→
u ∨H v.

One can easily use Lemma 9.21 to show that this construction works
analogously for other lattice operations:

Corollary 9.22 ([Kre18, Corollary A.3]). In the formulation of Lemma 9.21
choose

fn(ξ) := |u(ξ)|R,

where |u(ξ)|R denotes the absolute value in R. Then hn → |u|H uniformly on
compact sets, where |u|H denotes the absolute value in the lattice Hb(Ω,R).

Proof of Theorem 9.20. It remains to show that ‖ |u|H ‖∞ = ‖u‖∞. The estimate
"≥" is immediate. On the other hand if hn is chosen as in Corollary 9.22, then
the maximum principle implies that

0 ≤ hn(ξ) ≤ max
ξ∈∂ωn

|u(ξ)|R ≤ ‖u‖∞.

Since hn(ξ) converges to |u(ξ)|H the estimate "≤" follows.
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10Notes on Part II
The results are mainly taken from the paper [Kre18] which has been submitted
for publication.

Chapter 6 The first part of this chapter (up to the Arendt-Grosse-Erdmann-
Nikolski theorem) is based on the article [Are16]. The following improvement
of the Arendt-Grosse-Erdmann-Nikolski theorem is new and the other results
are easy consequences.

Chapter 7 As mentioned in the introduction the original proof in the real-
valued case goes back to Oskar Perron [Per23]. The existence of a classical
solution on regular domains for vector-valued functions was shown in [Are16].
For the other constructions: The approximation from the interior is due to
Nobert Wiener [Wie24]; the sweeping method is due to Henri Poincaré [Poi90];
the construction via the harmonic measure goes back to several authors – we
want to mention the work of Oliver Kellogg [Kel28], Griffith Evans [Eva33]
and Marcel Brelot [Bre39]. Another way to find the Perron solution is the
variational method. The idea of the Dirichlet form goes back to Peter Gustav
Lejeune Dirichlet and the work of David Hilbert, see [Wey97, pp. 197-215] for
a historical background. We cannot expect this Hilbert space method to work
in general Banach spaces. On Hilbert spaces however, it works analogously to
the real-valued case.

Chapter 8 Oskar Perron’s original approach [Per23] relies on the ordering
of R which does not exist in general Banach spaces. The approach in Banach
lattices encounters several problems which we are able to resolve partially.
There are some open problems: Problem 8.28 was already mentioned in the
text. This is particularly interesting since it could resolve the problems with
Keldyš’s theorem (see below). We have shown that Perron’s construction
works in several cases. Among them spaces with very good qualities (e.g.
order continuous norm) but also some with rather bad properties like AM
spaces with unit (which are not order complete in general). This leads to the
open question whether the supremum of the subsolutions (equivalently the
infimum of the supersolutions) always exists even if the Banach lattice is not
order complete. Further one has to ask whether in this case the supremum is
harmonic. The question whether the obtained functions take on the boundary
values on every regular boundary point (or equivalently that the functions
are equal) is problematic in Banach lattices as well. This is due to the fact that
the ordering and the norm do not cooperate as well as in the real-valued case.
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10. Notes on Part II

Instead, we utilize Keldyš’s theorem which has the drawback that we need
to work on every continuous boundary value simultaneously instead of on a
single function. As mentioned in the text it would be possible to unmake this
drawback by a negative answer to the open problem 8.28. Mstislaw Keldyš
published a series of papers on the Dirichlet problem and the Perron solution.
In one of these papers – unfortunately only available in Russian, see [Lan72, p.
246] for a reference – he proved his theorem using a lemma proved in [Kel66,
p. 66]. As the reader might have noticed in the text this lemma is the main
point and Keldyš’s theorem is a relatively easy consequence. Keldyš proved
his lemma in a rather complicated way using Wiener’s criterion for regularity.
We use a weaker form of the lemma which was proved in [Bre61, Lemme 1].
This proof has the advantage of using only standard results of potential theory.
Since it is only available in French we took the liberty to give a translation in
Appendix D.1. There also exists a beautiful proof in [Net80, p. 625] using
Choquet theory. Proofs of Keldyš’s theorem, which do not rely on Keldyš’s
lemma, have been found later on, see [Lan72, Theorem 4.11] and [Net80].
Note however that both of these proofs only apply for the linear and positive
case. The case of a merely monotone operator seems to need Keldyš’s lemma.
The fact that one can drop the linearity in Keldyš’s theorem and replace it
with monotonicity comes in handy at some points. For example, one can
easily prove that different methods of construction yield the same solution,
see [Net80, p. 626]. Proving that a construction defines a linear operator can
be challenging while the monotonicity is often an immediate consequence
of the construction. This is also true for our construction. Unfortunately,
we cannot show that one can drop the linearity in the vector-valued setting.
However, we use the Banach lattice version of the Hahn-Banach theorem – the
Hahn-Banach-Kantorowicz theorem – to show that it suffices that the operator
is sublinear. This is sufficient for our cause. Still, it would be interesting
to know whether the weaker version of Keldyš’s theorem holds in (general)
Banach lattices.

Chapter 9 The Newtonian potential dates back to the work of Isaac Newton
and is the base for potential theory. We refer to the literature such as [AG01]
and [Hel09]. Solving evolution equations via semigroups has become a stan-
dard during the 20th century. Our work here was inspired by the overview
article [Are04]. Approximation of the domain from the outside was already
treated by Keldyš [Kel66]. The real-valued characterization of domains on
which such an approximation works was given by Wolfgang Arendt and
Daniel Daners [AD08]. The supplementary result that the bounded harmonic
functions form an AM space is an interesting byproduct of our work on Ba-
nach lattice-valued functions. Note that this AM space also has a unit and is
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hence isomorphic to C(K,R) for some compact Hausdorff space K . A similar
reasoning for holomorphic functions led to the famous "corona problem" later
solved by Lennart Carleson, see [Car62]. One could therefore ask whether an
analogous result to Carleson’s corona theorem holds for the bounded harmonic
functions.
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Part III

Elliptic Operators
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11Classical Solutions - Schauder
Theory
Let Ω ⊂ Rd be open and bounded. Throughout this part a (second order) elliptic
differential operator (in non-divergence form) is an operator of the form

L :=
d∑

i,j=1

aij(·)Dij +
d∑
i=1

bi(·)Di + c(·),

where a = (aij) ∈ L∞(Ω,Rd×d) is symmetric, b = (bi) ∈ L∞(Ω,Rd) and c ∈
L∞(Ω,R), and there exists a constant λ > 0 such that a satisfies the (strong)
ellipticity condition

d∑
i,j=1

ηiaij(ξ)ηj ≥ λ|η|2

for every η ∈ Rd and all ξ ∈Ω. Note that the ellipticity condition is equiv-
alent to saying that the matrix a(ξ) is positive definite for every ξ ∈Ω. The
Laplacian considered in Part II is a special case where a ≡ Id, b ≡ 0 and c ≡ 0.
We will later on define elliptic differential operators in divergence form, see
Chapter 13. Whenever we talk about an elliptic differential operator without
mentioning divergence or non-divergence form, we mean the non-divergence
form presented above.

For f ∈ C(∂Ω,X) and g ∈ C(Ω,X) consider the Poisson problem for L given
by Lu = g in Ω

u = f on ∂Ω

If g = 0 this problem is referred to as the Dirichlet problem for L. A classical
solution of the Poisson problem is a function u ∈ C2(Ω,X)∩C(Ω,X) which
satisfies the above. Since the problems considered in Part II are special cases,
we cannot expect the Poisson problem or the Dirichlet problem to have a
solution on every domain. But even if the domain is regular, a classical solu-
tion as above is not the "right" notion for a solution to the Poisson problem.
Instead, we need to consider solutions, whose second derivatives are Hölder
continuous. This approach – named after Juliusz Schauder who first consid-
ered it – is the topic of this chapter. This method only works under strict
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11. Classical Solutions - Schauder Theory

conditions. In more general settings one can try to find generalized solutions
in W 2,p(Ω,X) which satisfy the differential equation almost everywhere. We
will follow this approach in the next chapter. Eventually, we want to show
the existence of a generalized solution of the Dirichlet problem similar to the
Perron solution for arbitrary domains, that is, a function which satisfies the
differential equation in the classical way and takes on the boundary values at
least at the regular points of the boundary. This will be done in Section 11.2
for a regular domain and an operator with Hölder continuous coefficients and
in Section 13.2 for general domains and operators which are only assumed to
have locally Lipschitz continuous coefficients.

11.1 The Continuity Method

In this section we follow Schauder’s approach to the Poisson problem. The
approach is standard (in the case X = R) and can be found in most textbooks
on partial differential equations. The vector-valued case works analogously
to the real-valued case. The results of this section are mainly taken from the
paper [Kre18] which has been submitted for publication.

Let X be a Banach space. For 0 < α < 1 we have already introduced
the Hölder spaces C0,α(Ω,X). For m ∈ N the space Cm,α(Ω,X) consists of
all functions u ∈ Cm(Ω,X) such that all derivatives Dβu with |β| = m are in
C0,α(Ω,X). On Cm,α(Ω,X) we define the norm

‖u‖Cm,α(Ω,X) := ‖u‖Cm(Ω,X) +
∑
|β|=m

sup
ξ,η∈Ω

‖Dβu(ξ)−Dβu(η)‖X
|ξ − η|α

.

This norm makes Cm,α(Ω,X) into a Banach space. Analogously we define the
spaces Cm,α(Ω,X) containing all functions in Cm(Ω,X) whose derivatives of
order m are in C0,α(Ω,X).

Throughout this chapter we consider elliptic differential operators with
Hölder continuous coefficients. In this section we want to show

Theorem 11.1 ([Kre18, Theorem 3.1]). Suppose that Ω has a C2,α-boundary
for some 0 < α < 1 and let L be an elliptic differential operator whose coefficients
aij ,bi and c are elements of C0,α(Ω,R) with c ≤ 0. Assume that g ∈ C0,α(Ω,X)
and f = F|∂Ω, where F ∈ C2,α(Ω,X). Then there exists a unique classical solution
u to the Poisson problem. Moreover u ∈ C2,α(Ω,X).

The first step for proving Theorem 11.1 is an a priori Hölder estimate for
classical solutions. These so-called Schauder estimates will be derived from the
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11.1. The Continuity Method

well-known real-valued case rather than proven in detail all over (although
this is possible as well).

Theorem 11.2 ([Kre18, Theorem 3.4]). (a) (Kellogg-Schauder) Under the as-
sumptions of Theorem 11.1 a classical solution u of the Poisson problem, if it
exists, is an element of C2,α(Ω,X) and there exists a constant C – dependent
on Ω,λ,α and the C0,α-norms of the coefficients of L – such that

‖u‖C2,α(Ω,X) ≤ C(‖u‖C(Ω,X) + ‖F‖C2,α(Ω,X) + ‖g‖C0,α(Ω,X)).

(b) (Maximum principle) Let Ω be an arbitrary domain, L as in (a) and g ∈
Cb(Ω,X). Assume that u ∈ C2(Ω,X)∩C(Ω,X) satisfies Lu = g. Then we have

‖u‖C(Ω,X) ≤ ‖u‖C(∂Ω,X) +C‖g‖Cb(Ω,X).

In particular these results hold if L = ∆.

Proof. (a) For every x′ ∈ X ′ the function v := 〈u,x′〉 is a solution of the corre-
sponding real-valued Poisson problemLv = 〈g,x′〉 in Ω

v = 〈f ,x′〉 on ∂Ω

and hence enjoys the claimed properties by Theorem D.16. Taking the supre-
mum over all normed x′ it follows that

‖Diju(ξ)−Diju(η)‖X
|ξ − η|α

≤ C(‖u‖C(Ω,X) + ‖f ‖C2,α(Ω,X) + ‖g‖C0,α(Ω,X))

hence Diju ∈ C0,α(Ω,X). For the first claim it remains to show that the first
derivatives Diu are continuous up to the boundary. The estimate then follows
analogously to the above estimate. To show the continuity of Diu note that as
above we have 〈Diu,x′〉 ∈ C(Ω,R). In particular, the image of Diu is weakly
bounded and hence bounded. It follows that Diu ∈W 1,p(Ω,X) for every p ≥ 1.
Since p can be chosen arbitrarily large we can apply Morrey’s embedding
theorem 4.18 and obtain that Diu ∈ C(Ω,X). The claim in (b) follows similarly
from the real-valued Theorem D.16.

The second step for the proof of Theorem 11.1 is the so-called "continuity
method". Note that if Ω has a C2,α-alpha boundary, then it is Dirichlet regular
by Proposition D.7. In this case the Poisson problem for L = ∆ has been treated
in Section 9.1. The idea is to define a family of operators which include the
operator L and the operator ∆ such that the Poisson problem has a solution
for one of the operators in the family if and only if it has a solution for all
operators in the family.
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11. Classical Solutions - Schauder Theory

Theorem 11.3 (Schauder’s Continuity Method [GT01, Theorem 5.2]). Let
X be a Banach space and V be a normed linear space. For two operators L0,L1 ∈
L(X,V ) we define Lt := (1− t)L0 + tL1 for 0 < t < 1. Suppose there exists a constant
C such that ‖x‖X ≤ C‖Ltx‖V holds for every t ∈ [0,1]. Then L1 is bijective if and
only if L0 is.

Proof. Suppose Ls is bijective for some s ∈ [0,1] and let t ∈ [0,1]. For y ∈ V the
equation Ltx = y is equivalent to

Lsx = y + (t − s)(L0 −L1)x.

Applying L−1
s on both sides yields

x = L−1
s y + (t − s)L−1

s (L0 −L1)x.

The mapping

x 7→ L−1
s y + (t − s)L−1

s (L0 −L1)x

is a contraction if |t − s| < (C‖L0 −L1‖L(X,V ))−1, where C is the constant in the
assumptions. Hence for all t, which satisfy the above, there exists a unique
x∗ ∈ X satisfying

x∗ = L−1
s y + (t − s)L−1

s (L0 −L1)x∗,

by Banach’s fixed-point theorem. As we have seen, this is equivalent to solving
Ltx
∗ = y. Hence Lt is surjective. By the estimate on Lt in the assumptions it is

also injective and hence bijective. The claim now follows since [0,1] can be
covered by finitely many intervals of length less than (C‖L0−L1‖L(X,V ))−1.

Proof of Theorem 11.1. Uniqueness follows from the maximum principle. In
order to show existence it suffices to consider the case f = 0 since the Poisson
problem is equivalent to Lv = h in Ω

v = 0 on ∂Ω

with v ∈ C2,α(Ω,X) and h ∈ C0,α(Ω,X). In fact, choose h = g − LF, then
u = v + F is the solution of the original problem. Let L0 := ∆ and L1 := L.
Then the operator Lt := (1 − t)L0 + tL1 satisfies the same requirements as L
where the constants and the C0,α-bounds for the coefficients can be chosen
independently of t. We have that Lt ∈ L({u ∈ C2,α(Ω,X),u|∂Ω = 0},C0,α(Ω,X)).
Now if Ltut = f , then the estimates in Theorem 11.2 show that the Continuity
Method is applicable. Since Ω is regular, Theorem 9.1 shows that L0 is
bijective. Hence L1 is bijective as well from which we obtain the result.

110



11.2. Classical Solutions on Regular Domains

For the remainder of this section we will take a quick look at the regularity
of the solutions if the coefficients of L are constant. Analogously to the
Schauder estimates, we will show that the regularity carries over from the
real- to the vector-valued case. We start with the interior regularity.

Proposition 11.4 (cf. [Kre18, Proposition 3.5]). Let k ∈ N0 and 0 < α < 1.
Suppose u ∈ C2(Ω,X) satisfies Lu = g for some g ∈ Ck,α(Ω,X) where the coeffi-
cients of L are constant. Then u ∈ Ck+2,α(Ω0,X) for every Ω0 ⊂⊂Ω1 ⊂⊂Ω and
we have the estimate

‖u‖Ck+2,α(Ω0,X) ≤ C(‖u‖C(Ω1,X) + ‖g‖Ck,α(Ω1,X)), (11.1)

where C = C(L,Ω1,Ω0,α,d). In particular: If we replace Ck,α by C∞, then also
u ∈ C∞(Ω,X).

Proof. Let ρh be a mollifier. If |h| < dist(Ω1,∂Ω), then the functions uh := ρh ∗u
and gh := ρh ∗ g satisfy Luh = gh in Ω1. We have uh ∈ C∞(Ω1,X) and hence we
may compute the norm of uh in Ck+2,α(Ω0,X). Proceeding as in the proof of
Theorem 11.2 we obtain the estimate (11.1) for uh and gh from the real-valued
Proposition D.17. Since uh→ u uniformly in Ω1 and gh→ g in Ck,α(Ω1,X) it
follows that uh is Cauchy in Ck+2,α(Ω0,X) and hence converges in this space.
We have that uh → u in C2,α(Ω0,X) and hence u ∈ Ck+2,α(Ω0,X) and the
estimate (11.1) follows as well.

Corollary 11.5 (cf. [Kre18, Corollary 3.6]). In the setting of Theorem 11.1 as-
sume that the boundary of Ω is of class Ck+2,α. Assume further that g ∈ Ck,α(Ω,X)
and the coefficients of L are constant. Finally, let F ∈ Ck+2,α(Ω,X). Then a classical
solution u to the Poisson problem – if it exists – is an element of Ck+2,α(Ω,X) as
well. In particular: If we replace Ck,α and Ck+2,α by C∞ then u ∈ C∞(Ω,X).

Proof. From Proposition 11.4 we have that u ∈ Ck+2(Ω,X). If we can show
that the (k + 2)nd derivatives of u are Hölder-continuous, the result follows
easily. To see this, note that by the real-valued Theorem D.18 we have that
〈u,x′〉 ∈ Ck+2,α(Ω,R) for every x′ ∈ X ′. Let v be any (k + 2)nd derivative of
u. The quotient v(ξ)−v(η)

|ξ−η|α is weakly bounded and hence also bounded for all

ξ,η ∈Ω by the uniform boundedness principle. Thus v ∈ C0,α(Ω,X).

11.2 Classical Solutions on Regular Domains

We now want to show that the existence and uniqueness Theorem 11.1 holds
even on a domain Ω which is only Dirichlet regular. Since we do not have
global Schauder estimates in this case, we cannot apply the continuity method.
Instead, we will use a construction similar to the Perron solution in Part II

111



11. Classical Solutions - Schauder Theory

which relies on interior Schauder estimates. Recall from the beginning of this
chapter that Cm,α(Ω,X) denotes the space of all functions whose restrictions
to ω are in Cm,α(ω,X) for all ω ⊂⊂Ω.

Proposition 11.6 (Interior Schauder estimates). Let Ω ⊂ Rd be open and
bounded, 0 < α < 1 and let L be an elliptic operator with coefficients in C0,α(Ω,R).
Suppose that u ∈ C2,α(Ω,X)∩C(Ω,X) is a solution of Lu = 0. Then for every
ω ⊂⊂Ω there exists a constant C > 0 such that

d‖∇u‖C(ω,Xd ) + d2‖D2u‖C(ω,Xd×d ) + d2+α |D2u|C0,α(ω,Xd×d ) ≤ C‖u‖C(Ω,X),

where d := dist(ω,∂Ω).

Proof. This can be proved analogously to Theorem 11.2 using the real-valued
interior Schauder estimates D.19.

Theorem 11.7. Let Ω ⊂ Rd be a Dirichlet regular open and bounded set, 0 < α < 1
and let L be an elliptic operator with coefficients in C0,α(Ω,R) and c ≤ 0. For every
f ∈ C(∂Ω,X) there exists a unique u ∈ C2,α(Ω,X)∩C(Ω,X) satisfyingLu = 0, in Ω

u = f , on ∂Ω.

Proof. Let first f :=
∑n0
n=1 fn ⊗ xn where fn ∈ C(∂Ω,R) and xn ∈ X. By Theorem

D.20 we find that a real-valued solution un for the Dirichlet problem with
boundary data fn exists. Hence the function u :=

∑n0
n=1un ⊗ xn solves the prob-

lem for f in this special form.

Now let f be arbitrary and let fn be of the above form such that fn→ f
in C(∂Ω,X). Let un be the solution with respect to fn. By the maximum
principle in Theorem 11.2 wo obtain that un is Cauchy in C(Ω,X) and hence
converges to a function u ∈ C(Ω,X) such that u|∂Ω = f . It remains to show
that un converges in C2,α(Ω,X). Let ω ⊂⊂Ω. The interior Schauder estimate
in Proposition 11.6 show that un is Cauchy in C2,α(ω,X) which finishes the
proof.
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12Strong Solutions - Lp Theory
Consider a classical solution u of the Poisson problem for the elliptic differen-
tial operator L with Hölder continuous coefficients as in Theorem 11.1. Then
u along with its first and second derivatives is continuous up to the boundary
and hence in Lp(Ω,X). Thus u ∈ W 2,p(Ω,X) for all 1 ≤ p ≤ ∞ and we have
Lu = f pointwise. Further we have u − F ∈ W 1,p

0 (Ω,X) for all 1 ≤ p < ∞ by
Corollary 4.11.

Now let L be a general elliptic differential operator, i.e. a,b and c are only
assumed to be measurable and bounded, X a Banach space and Ω ⊂ Rd open
and bounded. Further let g ∈ Lp(Ω,X) and f ∈W 2,p(Ω,X), where 1 < p <∞.
Then we say that a function u ∈W 2,p(Ω,X) is a strong solution of the Poisson
problem if it satisfies Lu = g almost everywhere

u − f ∈W 1,p
0 (Ω,X).

To obtain strong solutions in the real-valued case one uses tools which are
not available in an arbitrary Banach space, but only in spaces which have the
UMD property. In these spaces the approach works similar to the real-valued
case, which can be found in [GT01, Chapter 9]. We will indicate whenever we
depart from the real-valued case.

12.1 Estimates for the Laplacian

In this section we will prove Lp estimates for the Laplacian in spaces, which
have the UMD property. The classical way to do this is the approach found
by Alberto Calderón and Antoni Zygmund. Instead of following the classical
approach in [GT01, Chapter 9] we will use the more modern notion of Fourier
multipliers. This approach can be found in [HvNVW16, Section 5.5] in the
case Ω = Rd . Here we also prove the results for general domains. For an
overview of the Fourier transform and the UMD property, we refer the reader
to Appendix C. Recall that a Banach space X has the UMD property if the
limit

Hf (ξ) := lim
ε→0
R→∞

Hε,Rf := hε,R ∗ f (f ∈ Lp(R,X),ξ ∈ R),

where hε,R = 1
πξ 1{ξ∈R,ε≤|ξ |≤R}, exists in Lp(R,X) and H defines a bounded oper-

ator on Lp(R,X) for one (equivalently all) p ∈ (1,∞). The operator H is called
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12. Strong Solutions - Lp Theory

the Hilbert transform. Besides R, C and Hilbert spaces, the most common
examples are Lp(Ω,R) for some measure space Ω and 1 < p <∞. Further if X
has the UMD property then so do X ′ and Lp(Rd ,X).

The Hilbert transform can also be defined by the multiplier

m(ξ) := −i sign(ξ) (ξ ∈ R),

hence X has the UMD property if and only if m induces a bounded operator
on Lp(R,X) for one (equivalently all) p ∈ (1,∞).

Now we go back to the higher-dimensional case. Let 1 ≤ j ≤ d and X be a
complex Banach space. The Riesz transform Rj is the Fourier multiplier given
by the multiplier

mj(ξ) := −i
ξj
|ξ |

(ξ ∈ Rd\{0}).

Note that mj has an even real part and an odd imaginary part. Hence if X is a
real Banach space, the operator Rj is well-defined as well due to Proposition
C.1. We want to show that Rj is bounded on Lp(Rd ,X) if X has the UMD
property. Due to the above observations, it is enough to work in the complex
case.

Lemma 12.1 ([HvNVW16, Lemma 5.5.3]). Let

c :=
∫
S(0,1)

|θ1|dσd−1(θ),

and 1 ≤ j ≤ d. Then

ξj
|ξ |

=
1
c

∫
S(0,1)

sign((ξ |θ)Rd )θj dσd−1(θ),

for all ξ ∈ Rd\{0}.

Proof. Renorming ξ we may without loss of generality assume that |ξ | = 1. We
show the slightly more general statement that

(ξ |η)Rd :=
1
c

∫
S(0,1)

sign((ξ |θ)Rd )(η|θ)Rd dσd−1(θ),

from which the claim follows choosing η = ej . We decompose η = (η|ξ)Rdξ+η⊥,
such that (η⊥|ξ)Rd = 0, and split the integral into∫

S(0,1)
sign((ξ |θ)Rd )(η|θ)Rd dσd−1(θ)
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=(η|ξ)Rd
∫
S(0,1)

|(ξ |θ)Rd |dσd−1(θ) +
∫
S(0,1)

sign((ξ |θ)Rd )(η⊥|θ)Rd dσd−1(θ).

Note that σd−1 is invariant under orthogonal transformations. For the first
integral we choose an orthogonal transformation Q, which maps ξ to e1. Then
|(ξ |QT θ)Rd | = |θ1| and hence∫

S(0,1)
|(ξ |θ)Rd |dσd−1(θ) = c.

For the second integral we choose an orthogonal transformation, which
maps ξ to −ξ while leaving ξ⊥ invariant. Then sign((ξ |θ)Rd )(η⊥|QT θ)Rd =
−sign((ξ |θ)Rd )(η⊥|θ)Rd and hence∫

S(0,1)
sign((ξ |θ)Rd )(η⊥|θ)Rd dσd−1(θ) = 0,

from which the claim follows.

As in Appendix C we denote the Fourier transform and its inverse by F
and F −1 respectively.

Proposition 12.2 (cf. [HvNVW16, Theorem 5.5.1]). Let X be a Banach space
which has the UMD property. Then the Riesz transform Rj is a bounded linear
operator on Lp(Rd ,X) for all 1 ≤ p <∞. Its norm is bounded by the norm of the
Hilbert transform.

Proof. By assumption the function m(ξ) = −i sign(ξ) is an Lp(R,X)-multiplier.
A simple computation using Fubini’s theorem yields that the function ξ 7→
ρ(ξ) := sign(ξ1) is an Lp(Rd ,X)-multiplier whose multiplier norm is bounded
by the operator norm of the Hilbert transform. Now let θ ∈ S(0,1) and let
Q be an orthogonal transformation mapping θ to e1. Then the function
mθ := sign((·|θ)Rd ) satisfies

mθ(ξ) = sign((ξ |θ)Rd ) = sign((ξ |QT e1)Rd ) = sign((Qξ |e1)Rd ) = ρ(Qξ),

for every ξ ∈ Rd . Since Q is orthogonal and ρ is an Lp(Rd ,X)-multiplier,
an easy computation using Theorem 1.21 shows that mθ is an Lp(Rd ,X)-
multiplier as well and that its multiplier norm is bounded by the norm of the
Hilbert transform. By Lemma 12.1 we have

‖Rjf ‖Lp(Rd ,X)

=

∥∥∥∥∥∥F −1
(
−i
ξj
|ξ |

)
F f

∥∥∥∥∥∥
Lp(Rd ,X)
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=
(∫

Rd

∥∥∥∥∥∫
Rd

η1

|η|
F f (η)e2πi(η|ξ)Rd dη

∥∥∥∥∥p
X
dξ

) 1
p

=
1
c

∫
Rd

∥∥∥∥∥∥
∫
Rd

∫
S(0,1)

sign((η|θ)Rd )θ1dσd−1(θ)F f (η)e2πi(η|ξ)Rd dη

∥∥∥∥∥∥p
X

dξ


1
p

for any function in C∞c (Rd ,X). Applying Fubini’s theorem to the inner in-
tegrals and then Minkowski’s inequality B.15, the latter can be estimated
by

1
c

∫
S(0,1)

(∫
Rd

∥∥∥∥∥∫
Rd

sign((η|θ)Rd )F f (η)e2πi(η|ξ)Rd dη

∥∥∥∥∥p
X
dξ

) 1
p

|θ1|dσ (θ)

=
1
c

∫
S(0,1)

‖F −1mθF f ‖Lp(Rd ,X)|θ1|dσ (θ)

≤‖Tmθ
‖L(Lp(Rd ,X))‖f ‖Lp(Rd ,X).

The claim now follows from the properties of the multiplier mθ.

Lemma 12.3 (cf. [HvNVW16, Lemma 5.5.5]). Let f ∈ Lp(Rd ,X) such that its
distributional Laplacian is in Lp(Rd ,X) as well. Then there exists a sequence
ϕn ∈ C∞c (Rd ,X) such that ϕn→ f and ∆ϕn→ ∆f in Lp(Rd ,X).

Proof. Let ρr be a mollifier. The functions fr := f ∗ρr are elements of C∞(Rd ,X)
and converge to f in Lp(Rd ,X). A careful examination of the proof of Proposi-
tion 1.11 shows that we do not need f to be an element of W 2,p(Rd ,X) for the
equation

∆fr = (∆f ) ∗ ρr

to hold. Thus we also have that ∆fr converges to ∆f in Lp(Rd ,X). Hence
it suffices to show that for fixed r > 0 we can approximate fr along with
its Laplacian by functions in C∞c (Rd ,X). Let η ∈ C∞c (Rd , [0,1]) be a cut-off
function which satisfies η = 1 on B(0,1) and define ηn := η

(
·
n

)
. Then by the

usual product rule we have

∆(ηnfr ) = ∆ηnfr +∇ηn∇fr + ηn∆fr .

Note that ∇ηn and ∆ηn converge to 0 pointwise as n→∞ and that ∇ηn∇fr =
∇ηn(∇ρr ∗ f ) ∈ Lp(Rd ,X). Hence the dominated convergence theorem shows
that ηnfr and ∆(ηnfr) converge to fr and ∆fr respectively, which finishes the
proof.

Theorem 12.4 (cf. [HvNVW16, Proposition 5.5.4]). Let X be a space that
has the UMD property and 1 < p < ∞. Suppose that u ∈ Lp(Rd ,X) with ∆u ∈
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Lp(Rd ,X). Then for every multi-index α with |α| = 2 we have Dαu ∈ Lp(Rd ,X)
and there exists a constant C ≥ 0 such that

‖Dαu‖Lp(Rd ,X) ≤ C‖∆u‖Lp(Rd ,X).

In fact: If Dα = DiDj , then Dαu is given by the second-order Riesz transform
RiRj∆u.

Proof. It suffices to show that Dαu = RiRj∆u, since then the estimate follows
from the boundedness of the Riesz transform in Lp(Rd ,X). By the preceding
lemma it suffices to show this for u ∈ C∞c (Rd ,X). In this case, the fact that
Dαu = RiRj∆u follows easily from the properties of the Fourier transform.

Corollary 12.5. Let Ω ⊂ Rd be open and let u ∈W 2,p
0 (Ω,X). Then for the same

constant as above we have

‖Dαu‖Lp(Ω,X) ≤ C‖∆u‖Lp(Ω,X),

for every multi-index α with |α| = 2.

Proof. Since u ∈W 2,p
0 (Ω,X) it suffices to show the inequality for u ∈ C∞c (Ω,X).

Extend u to Rd by 0 outside of Ω. Then u,∆u ∈ C∞c (Rd ,X) ⊂ Lp(Ω,X). By
Theorem 12.4 we have

‖Dαu‖Lp(Ω,X) = ‖Dαu‖Lp(Rd ,X) ≤ C‖∆u‖Lp(Rd ,X) = C‖∆u‖Lp(Ω,X).

12.2 Necessity of the UMD Property and the Domain
of the Laplacian

In this section we want to show that the estimates obtained in Section 12.1
are actually equivalent to the UMD property. The results of this section are
not necessary for the comprehension of the construction of the generalized
solution in Section 13.2. Therefore, if the reader is only interested in the
generalized solution they may skip the section. However, the results of this
section are interesting on their own. We will use the following multiplier
theorem without proof.

Theorem 12.6 ([GMSS10, Theorem 3.1]). Let d ≥ 2 and let X be a Banach
space. Let m ∈ C∞(Rd\{0},R) be even, not constant and 0-homogeneous, that is,

m(λξ) =m(ξ)

for all ξ ∈ Rd\{0} and λ > 0 (note that m falls into the scope of Proposition C.1).
Suppose that m is an Lp(Rd ,X)-multiplier for some 1 < p <∞. Then X has the
UMD property
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Corollary 12.7. Let j,k ∈ {1, . . . ,d}. If the second-order Riesz transform RjRk is
an Lp(Rd ,X)-multiplier for some 1 < p <∞, then X has the UMD property.

Recall from Proposition 9.5 that for every f ∈ C∞c (Ω,X) the Newtonian
potential w := Φ ∗ f is a solution of ∆w = f and from the introduction that the
domain Ω is always assumed to be non-empty.

Theorem 12.8. Let d ≥ 2, Ω ⊂ Rd be open and non-empty and let 1 < p < ∞.
Suppose that there exists a constant C > 0 and a multi-index α with |α| = 2 such
that the estimate

‖Dα(Φ ∗ f )‖Lp(Ω,X) ≤ C‖f ‖Lp(Ω,X)

holds for all f ∈ C∞c (Ω,X). Then X has the UMD property.

Proof. Since the open set Ω contains a cube, we assume without loss of gener-
ality that [−1,1]d ⊂⊂Ω. For every f ∈ C∞c ([−1,1]d ,X) let f̃ ∈ C∞c (Rd ,X) be the
extension of f by 0 outside of [−1,1]d . Obviously

Φ ∗ f̃ = Φ ∗ f .

Hence we have the estimate

‖DαΦ ∗ f ‖p
Lp([−1,1]d ,X) =

∫
[−1,1]d

‖DαΦ ∗ f̃ ‖p ≤
∫
Ω

‖DαΦ ∗ f̃ ‖p.

By assumption the latter can be estimated by

Cp‖f̃ ‖pLp(Ω,X) = Cp‖f ‖p
Lp([−1,1]d ,X).

We now define the rescaling of any function g : [−1,1]d → X and λ > 0 via

gλ := g(λ·)

which maps [−λ−1,λ−1]d to X. Using Theorem 1.21 we see that

‖gλ−1‖Lp([−λ,λ]d ,X) = λ
d
p ‖g‖Lp([−1,1]d ,X)

whenever g ∈ Lp([−1,1]d ,X), and

Φ ∗ gλ−1(ξ) = λd
∫

[−1,1]d
Φ(ξ −λη)g(η)dη.

The latter is equal to λ2(Φ ∗ g)(λ−1ξ) +C, where C = λ2 log(λ)
∫

[−1,1]d g in the
case d = 2 and C = 0 for higher dimensions. In particular: If this function is
twice differentiable, then C and λ2 vanish as soon as we derive twice in any
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two directions.

Using these estimates we now show that the second-order Riesz transform
RjRk , where j and k correspond to α is an Lp(Rd ,X)-multiplier which finishes
the proof. By density it suffices to show the boundedness of RjRk onC∞c (Rd ,X).
Since for f ∈ C∞c (Rd ,X) we have ∆Φ ∗f = f we have already seen that RjRkf =
DjDkΦ ∗ f . Choose λ > 0 such that suppf ⊂ (−λ,λ)d . Then by the above
computations the function fλ ∈ C∞c ([−1,1]d ,X) satisfies DjDkΦ ∗ fλ = (DjDkΦ ∗
f )λ and thus we obtain the estimate

‖DjDkΦ ∗ f ‖Lp([−λ,λ]d ,X) = λ
d
p ‖(DjDkΦ ∗ f )λ‖Lp([−1,1]d ,X)

≤ λ
d
p ‖DjDkΦ ∗ (fλ)‖Lp(Ω,X).

By assumption we can now estimate the latter by

λ
d
pC‖fλ‖Lp(Ω,X),

where we note that fλ has support in [−1,1]d . Transforming back to f we
obtain the estimate

‖DjDkΦ ∗ f ‖Lp([−λ,λ]d ,X) ≤ C‖f ‖Lp([−λ,λ]d ,X) ≤ C‖f ‖Lp(Rd ,X),

which does not depend on λ. Letting λ→∞ we obtain the boundedness of
RjRk and hence the result.

We want to give another application of the multiplier theorem which is
not necessary for the understanding of this thesis but an interesting result
on its own. We consider the distributional Laplacian on Rd with maximal
domain in Lp(Rd ,X), i.e.

D(∆p) := {f ∈ Lp(Rd ,X),∆f ∈ Lp(Rd ,X)}
∆pf := ∆f .

Suppose that X has the UMD property. As we have seen in Section 12.1 every
f ∈D(∆p) has derivatives of order 2 in Lp(Rd ,X) and they are bounded by the
norm of ∆f . Further there exists a sequence ϕn ∈ C∞c (Rd ,X) which converges
to f in Lp(Rd ,X) such that also ∆ϕn→ ∆f in Lp(Rd ,X). By Corollary 1.32 and
the Lp estimates for the second derivatives there exists a constant C > 0 such
that

‖ϕn‖W 2,p(Rd ,X) ≤ C(‖ϕn‖Lp(Rd ,X) + ‖∆ϕn‖Lp(Rd ,X)),

for all n ∈ N. This shows that ϕn is Cauchy in W 2,p(Rd ,X) and hence f ∈
W 2,p(Rd ,X). Since D(∆p) contains W 2,p(Rd ,X) we have shown
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Proposition 12.9 (cf. [HvNVW16, Theorem 5.6.11]). Let X be a Banach space
which has the UMD property and let 1 < p <∞. Then

D(∆p) =W 2,p(Rd ,X).

We now want to prove the converse. Let X be an arbitrary Banach space
and suppose that D(∆p) = W 2,p(Rd ,X). Similarily to Proposition 9.14 one
shows that ∆p is the generator of a bounded holomorphic semigroup using the
real-valued Example A.53. In particular there exists µ > 0 such that µ ∈ ρ(∆p).
By assumption we have

‖DjDkf ‖Lp(Rd ,X) ≤ ‖f ‖W 2,p(Rd ,X) ≤ C‖µf −∆f ‖Lp(Rd ,X),

where C = ‖R(µ,∆p)‖L(Lp(Rd ,X),W 2,p(Rd ,X)) and 1 ≤ j,k ≤ d. This holds in particu-
lar for f ∈ C∞c (Rd ,X). Taking the Fourier transform on both sides yields that
the function

m(ξ) :=
−4π2ξjξk
µ+ 4π2|ξ |

(ξ ∈ Rd)

is an Lp(Rd ,X)-multiplier. We now use a scaling argument as above. Using
Theorem 1.21 we easily compute that

F ±1fλ = λ−d(F ±1f )λ−1

for every f ∈ C∞c (Rd ,X). Hence

Tmλ
f = F −1(mλF f )

= F −1((m(F f )λ−1)λ)

= F −1((mλdF fλ)λ)

= (F −1(mF fλ))λ−1

= (Tmfλ)λ−1 ,

from which we can estimate

‖Tmλ
f ‖Lp(Rd ,X) = ‖(Tmfλ)λ−1‖Lp(Rd ,X)

= λ
d
p ‖Tmfλ‖Lp(Rd ,X)

≤ λ
d
p ‖Tm‖L(Lp(Rd ,X))‖fλ‖Lp(Rd ,X)

= ‖Tm‖L(Lp(Rd ,X))‖f ‖Lp(Rd ,X).

By symmetry we obtain ‖Tmλ
‖L(Lp(Rd ,X)) = ‖Tm‖L(Lp(Rd ,X)). Note that

mλ→−
ξjξk
|ξ |2

=:m∞
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pointwise and that |mλ| ≤ 1 for all λ > 0. By the dominated convergence
theorem we have Tmf → Tm∞f . Fatou’s lemma shows that Tm∞ is an Lp(Rd ,X)-
multiplier which falls in the scope of Theorem 12.6. In total we have shown

Theorem 12.10 (cf. [HvNVW16, Theorem 5.6.12 and Section 5.8]). The Ba-
nach space X has the UMD property if and only if

D(∆p) =W 2,p(Rd ,X)

for some, equivalently all, 1 < p <∞.

12.3 Lp estimates

We want to extend the estimates for the Laplacian found in Section 12.1 to
general elliptic operators. As remarked before, the approach is standard and
can be found in tesxtbooks such as [GT01, Chapter 9]. However, not every
step works analogously to the real-valued case as we have indicated in the text.
Throughout this section let X be a Banach space which has the UMD property.
Further let L be a general elliptic differential operator as in the beginning of
this chapter. We will specify the coefficients as needed, starting with the case
of constant coefficients.

Lemma 12.11. Let L be an elliptic operator with constant coefficients aij and

suppose that b = 0 and c = 0. Let u ∈ W 2,p
0 (Ω,X) with 1 < p < ∞ and hence

Lu =: f ∈ Lp(Ω,X). There exists a constant C ≥ 0 such that

‖D2u‖Lp(Ω,Xd×d ) ≤ C‖f ‖Lp(Ω,X).

Proof. For the reader’s convenience we note first that for any two matrices
A,B ∈ Rd×d we have

(BTAB)ij =
∑
l

∑
k

alkbkjbli .

Let B ∈ Rd×d be an invertible matrix and define ũ(η) := u(B−1η). Using The-
orem 1.29 and the above computation we obtain that BTD2ũ(η)B = D2u(ξ).
This shows that ũ is a solution of∑

i,j

(BT aB)ijDij ũ(η) = f (B−1η) =: f̃ (η).

The ellipticity condition on L is equivalent to saying that a is positive definite.
Hence there exists an orthogonal matrix S such that ST aS = diag(λ1, . . . ,λd)
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where the λi > 0 are the eigenvalues of a. Set B := S diag(λ
− 1

2
1 , . . . ,λ

− 1
2

d ). Then
BT aB = Id and by the above computations we have that

∆ũ = f̃ .

Hence the estimate for ũ and f̃ follows from Corollary 12.5. Applying Theo-
rem 1.21 we obtain the estimate for u and f where the constant C now also
depends on a.

Next we use the case of constant coefficients to show local Lp estimates.
The technique we use here is usually referred to as "freezing the coefficients".

Proposition 12.12. Let L be elliptic with aij ∈ C
(
Ω,R

)
and suppose that Lu = f

where u ∈ W 2,p
loc (Ω,X) and f ∈ Lploc(Ω,X) for some 1 < p < ∞. Then for every

ω ⊂⊂Ω there exists a constant C such that

‖u‖W 2,p(ω,X) ≤ C
(
‖u‖Lp(Ω,X) + ‖f ‖Lp(Ω,X)

)
.

Proof. Let ξ0 ∈ ω be a fixed point. We "freeze" the coefficients of L at ξ0 by
defining the operator L0v :=

∑
i,j aij(ξ0)Dijv for v,Dijv ∈ L

p
loc(Ω,X). By Lemma

12.11 we know that

‖D2v‖Lp(Ω,Xd×d ) ≤ C‖L0v‖Lp(Ω,X)

for every v ∈ W 2,p
0 (Ω,X). Note that C can be chosen independently of the

choice of ξ0. Now suppose v as above has support in the ball B(ξ0, r) where
0 < r < dist(ω,∂Ω). We rewrite

L0v =
∑
i,j

(aij(ξ0)− aij )Dijv + aijDijv,

and thus

‖D2v‖Lp(Ω,Xd×d ) ≤ C

∑
i,j

‖(aij(ξ0)− aij )Dijv‖Lp(Ω,X) +
∑
i,j

‖aijDijv‖Lp(Ω,X)


≤ C

∑
i,j

sup
B(ξ0,r)

|aij(ξ0)− aij | ‖Dijv‖Lp(Ω,X) +
∑
i,j

‖aijDijv‖Lp(Ω,X)

 .
By the continuity of a = (aij ) we may choose r small enough such that

sup
B(ξ0,r)

|a(ξ0)− a| < 1
2C

,
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and hence

‖D2v‖Lp(Ω,Xd×d ) ≤
1
2
‖D2v‖Lp(Ω,Xd×d ) +C

∑
i,j

‖aijDijv‖Lp(Ω,X).

Thus we obtain that

‖D2v‖Lp(Ω,Xd×d ) ≤ 2C
∑
i,j

‖aijDijv‖Lp(Ω,X)

whenever r is small enough. Note that the radius r can be chosen indepen-
dently of ξ0 since aij is uniformly continuous on ω.

Let 0 < α < 1. We define the cut-off function ψα ∈ C∞c (B(ξ0, r), [0,1]) which
is equal to 1 on B(ξ0,αr), supported in B(ξ0,

1+α
2 r) and whose first and second

order derivatives are bounded by 4
(1−α)r and 16

(1−α)2r2 respectively. The function
vα := ψαu satisfies the above estimates, whence

‖D2u‖Lp(B(ξ0,αr),Xd×d ) = ‖D2vα‖Lp(B(ξ0,αr),Xd×d ) ≤ C‖
∑
i,j

aijDij(ψαu)‖Lp(B(ξ0,αr),X).

Since the coefficients aij are symmetric the latter can be rewritten as

C

∥∥∥∥∥∥∥∥
∑
i,j

ψαaijDiju + 2aijDiψαDju +uaijDijψα

∥∥∥∥∥∥∥∥
Lp(B(ξ0,αr),X)

=C

∥∥∥∥∥∥∥∥ψα(f −
∑
i

biDiu − cu) +
∑
i,j

2aijDiψαDju +uaijDijψα

∥∥∥∥∥∥∥∥
Lp(B(ξ0,αr),X)

.

Using the properties ofψα and the coefficients a,b and cwe obtain the estimate

‖D2u‖Lp(B(ξ0,αr),Xd×d )

≤C
(
‖f ‖Lp(B(ξ0,r),X) +

1
(1−α)r

‖∇u‖Lp(B(ξ0,
1+α

2 r),Xd ) +
1

(1−α)2r2 ‖u‖Lp(B(ξ0,
1+α

2 r),X)

)
for sufficiently small r and some constant C. Applying Theorem 1.31 with
ε > 0 small enough we can omit the term ‖∇u‖Lp(B(ξ0,

1+α
2 r),Xd ) on the right-hand

side. Further applying Corollary 1.32 we also have that there exist C̃,C > 0
such that

‖u‖W 2,p(B(ξ0,αr),X) ≤ C̃
(
‖u‖Lp(B(ξ0,αr),X) + ‖D2u‖Lp(B(ξ0,αr),Xd×d )

)
≤ C

(
‖f ‖Lp(Ω,X) + ‖u‖Lp(Ω,X)

)
.

Since ω is precompact we may cover it with a finite number of balls of radius
αr such that the above estimate holds. Summing up we obtain the desired
estimate.
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We now want to extend these estimates from ω to Ω. Under the assump-
tion that Ω is regular enough we obtain such a global estimate. We begin
with a flat boundary portion and then use coordinate transforms to show the
estimate for C1,1-boundaries. For A ⊂ Rd define A+ := A∩Rd+.

Lemma 12.13. Let Ω be bounded and 1 < p <∞. Suppose that u ∈W 1,1
0 (Ω+,X)

and f ∈ Lp(Ω+,X) such that ∆u = f weakly (i.e. in the sense of vector-valued
distributions). Further assume that u vanishes in a neighborhood of (∂Ω)+. Then
u ∈W 2,p(Ω+,X)∩W 1,p

0 (Ω+,X) and we have the estimate

‖D2u‖Lp(Ω+,X) ≤ C‖f ‖Lp(Ω+,X).

Proof. Since u vanishes around (∂Ω)+, we may extend u to Rd+ by setting it to
0 outside of Ω+. We may also extend f to Rd+ by setting it to 0 outside of Ω+.
We now extend u and f to Rd via

u(ξ ′ ,ξd) = −u(ξ ′ ,−ξd) and f (ξ ′ ,ξd) = −f (ξ ′ ,−ξd),

whenever ξd < 0. Note that u ∈W 1,p
0 (Rd+,X) implies that the above extension

of u is an element of W 1,p(Rd ,X). Further the weak derivatives of u on −Rd+
are given by

Diu(ξ ′ ,ξd) =

−Diu(ξ ′ ,−ξd), if i < d

Ddu(ξ ′ ,−ξd), if i = d.

We claim that for the extensions we still have ∆u = f . To see this let ϕ ∈
C∞c (Rd ,R). If supp(ϕ) ⊂⊂ Rd+ the claim is easily seen by multiplying ϕ by a
cut-off function in C∞(Rd+,R) which is supported in Ω+ and equal to 1 on
the support of u. Otherwise choose ε > 0 and let Ψ ∈ C∞(R+, [0,1]) such
that Ψ (t) = 0 if t ≤ ε, Ψ (t) = 1 if t ≥ 2ε and |Ψ ′(t)| ≤ 2

ε for all t ∈ Rd+. We set
ψ(ξ ′ ,ξd) := Ψ (|ξd |). Note that the product ψϕ is compactly supported both
in Rd+ and in −Rd+. Hence using the above formula for Diu(ξ ′ ,ξd) on −Rd+ we
compute

−
∫
Rd
ψf ϕ = −

∫
Rd+
ψf ϕ −

∫
−Rd+

ψf ϕ

=
∫
Rd+
∇u∇(ϕψ) +

∫
−Rd+
∇u∇(ϕψ)

=
∫
Rd
∇u(ψ∇ϕ +∇ψϕ)

=
∫
Rd
ψ∇ϕ∇u +

∫
Rd
ϕDdψDdu.

By the dominated convergence theorem we have that the left-hand side con-
verges to −

∫
Rd f ϕ as ε → 0. For the same reason

∫
Rd ψ∇ϕ∇u converges to
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12.3. Lp estimates

∫
Rd ∇ϕ∇u, hence it remains to show that the last integral vanishes. To see this,

note that Ddψ is uneven in ξd , whence∫
Rd
ϕDdψDdu =

∫
Rd+
ϕDdψDdu +

∫
−Rd+

ϕDdψDdu

=
∫
Rd+
ϕDdψDdu −

∫
Rd+
ϕ(ξ ′ ,−ξd)DdψDdu.

Note that the above integrals vanish if |ξd | ≥ 2ε. On the set {ξ ∈ Rd , |ξd | < 2ε}
we can use the mean value theorem to estimate

|ϕ(ξ ′ ,ξd)−ϕ(ξ ′ ,−ξd)| ≤ 4ε‖Ddϕ‖∞,

from which the claim follows. To finish the proof let ρr be a mollifier and
consider the approximation ur = ρr ∗ u ∈ C∞c (Rd ,X). Since u has compact
support we know that ∆ur = ρr ∗∆u = ρr ∗ f = fr . This holds in the classi-
cal sense. Hence ur satisfies the Lp estimate of Corollary 12.5. Using the
interpolation in Theorem 1.25 it follows that ur converges in W 2,p(Rd ,X) and
thus u ∈W 2,p(Rd ,X) satisfies the Lp estimate as well. It follows that u|Ω+

also
satisfies this estimate with twice the constant as before. Lastly we show that
u ∈W 1,p

0 (Ω+,X). Note that ρr is symmetric and u is antisymmetric in ξd . It
follows that ur(ξ ′ ,0) = 0 for all ξ ′ ∈ Rd−1. Further if r is small enough we also
have ur = 0 on (∂Ω)+. Thus ur ∈ W

1,p
0 (Ω+,X) by Corollary 4.11 and hence

u ∈W 1,p
0 (Ω+,X) as well.

Theorem 12.14. Let Ω ⊂ Rd be open and bounded. Suppose that Ω has a C2-
boundary and let L be elliptic with aij ∈ C

(
Ω,R

)
. Then there exists a constant

C > 0 such that for all u ∈W 2,p(Ω,X)∩W 1,p
0 (Ω,X), Lu =: f we have the estimate

‖u‖W 2,p(Ω,X) ≤ C(‖u‖Lp(Ω,X) + ‖f ‖Lp(Ω,X)).

Proof. For every ω ⊂⊂Ω the estimate has been proven in Proposition 12.12.
Hence it suffices to show the same estimate on Ω\ω for some ω ⊂⊂ Ω. Let
z0 ∈ ∂Ω. Since Ω has a C2-boundary, there exists an open set U 3 z0 and a C2-
coordinate transform ψ which maps U to B(0,1) such that ψ(U ∩Ω) ⊂ B(0,1)+
andψ(U∩∂Ω) ⊂ ∂Rd+. By Theorem 1.29 we have ũ := u◦ψ−1 ∈W 2,p(B(0,1)+,X)
and the usual chain rule holds. Since ψ and ψ−1 are C2-coordinate transforms
the operator L̃ with coefficients ã, b̃ and c̃, where

ãij(ψ(ξ)) :=
∑
r,s

∂ψi(ξ)
∂ξr

∂ψj(ξ)

∂ξs
ars(ξ),

b̃i(ψ(ξ)) :=
∑
r,s

∂2ψi(ξ)
∂ξr∂ξs

ars(ξ) +
∑
r

∂ψi(ξ)
∂ξr

br(ξ),
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c̃(ψ(ξ)) := c(ξ),

is well-defined and elliptic. Using the chain rule we compute that

L̃(η)ũ(η) = f (ψ−1(η)) =: f̃ (η)

almost everywhere in B(0,1)+. We now proceed as in the proofs of Lemma
12.11 and Proposition 12.12: By freezing the coefficients and performing a co-
ordinate transform we obtain the Lp estimate for every v ∈W 2,p(B(0,1)+,X)∩
W

1,p
0 (B(0,1)+,X) from Lemma 12.13. Define a cut-off function ψα as in the

proof of Proposition 12.12. Since u ∈W 1,p
0 (Ω,X) there exists a sequence un ∈

C∞c (Ω,X) which converges to u inW 1,p(Ω,X). Define ũn := un◦ψ−1 on B(0,1)+.
Then the function ψαũn has compact support in B(0,1)+ and ψαũn→ ψαu in
W 1,p(B(0,1)+,X). Hence vα := ψαũ ∈W 2,p(B(0,1)+,X)∩W 1,p

0 (B(0,1)+,X) and
the Lp estimate for vα holds. Analogously to the computations in Proposition
12.12 we now obtain an Lp estimate for ũ on B(0,α)+. Transforming back we
obtain an Lp estimate for u on V ∩Ω, where V is open and z0 ∈ V ⊂U . Since
∂Ω is compact we may cover it with finitely many open sets V as above. Sum-
ming up, the Lp estimate holds on Ω\Ωε for some ε > 0. Choosing ω := Ω ε

2

finishes the claim.

The following estimate cannot be proved analogously to the real-valued
case [GT01, Lemma 9.17] since the proof uses compact embeddings.

Proposition 12.15. In the setting of Theorem 12.14 let c ≤ 0. Then we have the
estimate

‖u‖W 2,p(Ω,X) ≤ C‖f ‖Lp(Ω,X),

for some C > 0.

Proof. By Theorem D.21 there exists T : Lp(Ω,R)→W 2,p(Ω,R)∩W 1,p
0 (Ω,R)

which maps g to the solution v of Lv = g. Theorem D.22 shows that this
operator satisfies −T ≥ 0 and hence by Theorem B.19 it uniquely extends to
an operator T̃ on Lp(Ω,X) with the same norm. Note that T̃ f = u and thus
‖u‖Lp(Ω,X) ≤ ‖T̃ ‖L(Lp(Ω,X))‖f ‖Lp(Ω,X). Combined with the estimate in Theorem
12.14 this yields the result.

12.4 Existence and Regularity of Strong Solutions

We are now in a position to prove the existence of strong solutions for the
Poisson problem with Dirichlet boundary data. We will only consider the case
where Ω has a C2-boundary because this case is sufficient for our construction
in Section 13.2. Note however, that the result works the same way if Ω has
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12.4. Existence and Regularity of Strong Solutions

only a C1,1-boundary. One would only have to prove Theorem 1.29 for this
case and the Lp estimates would follow with the same proofs as in Section
12.3. We refer to [GT01, Chapter 9] for the real-valued case.

Theorem 12.16. Let Ω ⊂ Rd be open and bounded with a C2 boundary and
let L be an elliptic operator with a ∈ C

(
Ω,Rd×d

)
and c ≤ 0. Further let X be

a space which has the UMD property. Then for every data g ∈ Lp(Ω,X) and
f ∈ W 2,p(Ω,X) with 1 < p < ∞ there exists a unique u ∈ W 2,p(Ω,X) solving
Lu = g such that u − f ∈W 1,p

0 (Ω,X).

Proof. By subtracting Lf from g we find that it is enough to consider the case
f = 0. Let first g =

∑n
k=1 gk ⊗ xk be a simple function with gk ∈ Lp(Ω,R) and

xk ∈ X. For the data gk the real-valued Theorem D.21 yields existence of a
solution in W 2,p(Ω,R)∩W 1,p

0 (Ω,R). Thus the function

u :=
n∑
k=1

uk ⊗ xk

is a solution for g. For general g ∈ Lp(Ω,X) there exists a sequence of simple
functions gn which converges to g in Lp(Ω,X). Let un be the solution for gn.
Then by Proposition 12.15 we have

‖un −um‖W 2,p(Ω,X) ≤ C‖gn − gm‖Lp(Ω,X).

Hence un→ u in W 2,p(Ω,X)∩W 1,p
0 (Ω,X) and Lu = g. The uniqueness follows

from the Lp estimates.

Using the results of Section 12.2 we can show that the existence theorem
has the following converse which again shows how deeply the Lp theory is
linked to the UMD property.

Corollary 12.17. Let 1 < p <∞, Ω ⊂ Rd be an open and bounded set with a C2

boundary and let X be a Banach space. The following are equivalent:
(i) For every g ∈ Lp(Ω,X) there exists a unique u ∈W 2,p(Ω,X)∩W 1,p

0 (Ω,X)
satisfying ∆u = g.

(ii) X has the UMD property.

Proof. It remains to show the implication (i)⇒ (ii). Let ω ⊂⊂Ω be nonempty
with a C2 boundary. For g ∈ Lp(ω,X) denote by g̃ the extension to Rd by 0. We
claim that w := Φ ∗ g̃ ∈ L1

loc(Rd ,X). Indeed, let R > 0 such that Ω ⊂ B(0,R) and
let r > 0 be arbitrary. Tonelli’s theorem shows that∫

B(0,r)

∫
B(0,R)

‖Φ(ξ − η)g(η)‖X dη dξ =
∫
B(0,R)

∫
B(0,r)

|Φ(ξ − η)|dξ‖g(η)‖X dη
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≤
∫
B(0,R)

∫
B(0,r+R)

|Φ(ξ)|dξ‖g(η)‖X dη.

Since both Φ and g are integrable on B(0, r + R) and B(0,R) respectively it
follows that the function

(ξ,η) 7→ ‖Φ(ξ − η)g(η)‖X

is integrable. Using Fubini’s theorem we obtain that w is a well-defined
function and further locally integrable. Analogously to Lemma 9.9 one shows
that ∆w = g̃ in the sense of vector-valued distributions. Let u be the solution
for g̃ according to (i). Then u −w solves ∆(u −w) = 0. Corollary 6.6 shows
that u −w has a harmonic representative which is in particular in C2(Ω,X).
Since u ∈ W 2,p(ω,X) we also have w = u − (u −w) ∈ W 2,p(ω,X). Hence the
Newtonian potential defines a mapping from Lp(ω,X) into W 2,p(ω,X). We
claim that the graph of this mapping is closed. Let gn→ g ∈ Lp(ω,X) such that
Φ ∗gn→ w ∈W 2,p(ω,X). Then for every x′ ∈ X ′ the functions 〈gn,x′〉,〈g,x′〉 and
〈w,x′〉 satisfy the analogue. R has the UMD property and thus Theorem 12.4
shows that 〈w,x′〉 = 〈Φ ∗g,x′〉. Choosing x′ from a countable separating subset
of X ′ yields the claim. Now the closed graph theorem shows the existence
of a constant C ≥ 0 such that ‖Φ ∗ g‖W 2,p(ω,X) ≤ C‖g‖Lp(ω,X) for all g ∈ Lp(ω,X).
Finally, Theorem 12.8 shows that X has the UMD property.

Next we want to examine the regularity of a strong solution analogously to
Proposition 11.4 for classical solutions. We will only prove a local regularity
result of order 3 since this will be needed later on. For higher-order and
global regularity results (in the real-valued case) we refer the reader to [GT01,
Chapter 9].

Theorem 12.18. Let u ∈W 2,p
loc (Ω,X) satisfy Lu = f almost everywhere, where the

coefficients of L are locally Lipschitz continuous, c ≤ 0, f ∈W 1,p
loc (Ω,X) and X has

the UMD property. Then u ∈W 3,p
loc (Ω,X).

Proof. Let B1,B2 ⊂⊂ Ω be two balls and let v : B1 ∪ B2 → X such that vB1
∈

W 1,p(B1,X) and vB2
∈ W 1,p(B2,X). Using Theorem 1.17 we easily see that

v ∈W 1,p(B1 ∪B2,X). Hence if we can show that for any ξ0 ∈Ω there exists a
ball B 3 ξ such that u ∈W 1,p(B,X), we obtain u ∈W 1,p

loc (Ω,X) by a compactness
argument. The analogous result for Wm,p

loc (Ω,X), m ∈ N, follows inductively.

Fix a direction ek, 1 ≤ k ≤ d, and a ball B ⊂⊂ Ω. For any function f –
real-valued or vector-valued – defined on Ω and h ∈ R we denote by ∆hf the
difference quotient

∆hf :=
f (·+ hek)− f

h
,
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12.4. Existence and Regularity of Strong Solutions

which is defined on B if the absolute value of h is sufficiently small . Since
u ∈W 2,p

loc (Ω,X) the function ∆hu is an element of W 2,p(B,X). We apply L to
this function and obtain

L(∆hu) =
∑
i,j

aijDij
u(·+ hek)−u

h
+
∑
i

biDi
u(·+ hek)−u

h
+ c
u(·+ hek)−u

h

=
∑
i,j

aij(·+ hek)Diju(·+ hek)− aijDiju
h

+
∑
i

bi(·+ hek)Diu(·+ hek)− biDiu
h

+
c(·+ hek)u(·+ hek)− cu

h

−
∑
i,j

∆haijDiju(·+ hek)−
∑
i

∆hbiDiu(·+ hek)−∆hcu(·+ hek)

=∆hf −
∑
i,j

∆haijDiju(·+ hek)−
∑
i

∆hbiDiu(·+ hek)−∆hcu(·+ hek)

= : Fh

almost everywhere on B. From the local Lipschitz continuity of the coefficients
of Lwe infer that there exists a constant C > 0 such that |∆haij |, |∆hbi |, |∆hc| ≤ C
on B for all 1 ≤ i, j ≤ d. Since u ∈W 2,p(B,X) it follows from this estimate that
Fh ∈ Lp(B,X) and further that ‖Fh‖Lp(B,X) is bounded independently of h. Let
B′ ⊂⊂ B be another ball. By the local estimates in Proposition 12.12 there
exists a C > 0 such that

‖∆hu‖W 2,p(B′ ,X) ≤ C(‖∆hu‖Lp(B,X) + ‖Fh‖Lp(B,X)).

Since u ∈ W 1,p(B,X) we can estimate ‖∆hu‖Lp(B,X) by ‖∇u‖Lp(B,Xd ) using the
converse of the difference quotient criterion. Hence ‖∆hD2u‖Lp(B′ ,Xd×d ) is uni-
formly bounded in h. The same holds for every other direction k. Since X
has the UMD property it is reflexive and hence also has the Radon-Nikodým
property. Using Theorem 2.5 we find that D2u ∈W 1,p(B′ ,Xd×d). This shows
that u ∈W 3,p(B′ ,X), which finishes the proof.
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13Weak Solutions and Very Weak
Solutions
After we have seen how one can obtain classical and strong solutions we now
want to focus on so-called weak solutions and even very weak solutions. In
both cases we will make sense of the notion Lu without demanding that u is
twice differentiable (classically or weakly). Let Ω ⊂ Rd be open and bounded.
In this chapter we consider an elliptic differential operator in divergence form,
that is

L :=
d∑

i,j=1

Di(aij(·)Dj ) +
d∑
i=1

bi(·)Di + c(·),

with bounded and measurable coefficients a,b and c.

13.1 Regularity of Very Weak Solutions

A classical solution of Lu = f for some data f : Ω→ X, where X is an arbitrary
Banach space, makes only sense if a is differentiable. In this case a function
in C2(Ω,X) which satisfies Lu = f pointwise is a classical solution. Since u
and its derivatives of order 1 and 2 are locally integrable we may multiply the
equation Lu = f by ϕ ∈ C∞c (Ω,R) and integrate to obtain∫

Ω

Luϕ =
∫
Ω

f ϕ.

Using integration by parts this is equivalent to

−
∫
Ω

∑
i,j

aijDjuDiϕ −
∑
i

biDiuϕ − cuϕ =
∫
Ω

f ϕ.

Note that for the above we do not need a to be differentiable. In this case
a function u ∈ W 1,1

loc (Ω,X) which satisfies the above for all ϕ ∈ C∞c (Ω,R) is
called a (local) weak solution of Lu = f . Note that if the coefficients in a are
differentiable almost everywhere (by Rademacher’s theorem A.59 it suffices
to show that they are locally Lipschitz continuous) then we may easily rewrite
the operator L in the non-divergence form of the previous chapters. More
precisely we have

Lemma 13.1. Let L be an elliptic differential operator in divergence form and
assume that the coefficients in a are locally Lipschitz continuous. The operator L̃
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in non-divergence form, given by the coefficients ã := a, b̃i := bi +
∑
jDjaij and

c̃ := c is equivalent to Lmeaning that L̃u = Lu whenever u ∈W 2,p
loc (Ω,X), i.e. every

strong solution is also a weak solution.

Weak solutions for real-valued equations are usually treated via Hilbert
space methods, see e.g. [GT01, Chapter 8]. This is not possible here unless X
is a Hilbert space itself. In this case, the methods to obtain weak solutions are
similar to the real-valued case. Note that this has been done for the Laplace
operator in Section 7.2. We do not want to pursue this here since we want
to treat more general Banach spaces. We will however look at qualitative
properties of weak solutions. The first result is a uniqueness result, which
follows from the real-valued uniqueness assertion in Theorem D.25 using a
separating subset W of X ′.

Proposition 13.2. Let Ω ⊂ Rd be open and bounded and let L be an elliptic
operator in divergence form such that c ≤ 0. Suppose u ∈W 1,2

0 (Ω,X) such that
Lu = 0 weakly. Then u = 0.

Given a weak solution (or any generalized solution such as strong solutions
or the Perron solution), one would like to find that it is actually more regular
than by definition. The optimal case for elliptic operators in divergence
form would be that the solution is actually twice differentiable (and hence a
classical solution if a is differentiable). This problem was already posted by
David Hilbert in his famous 23 problems. Unfortunately, weak solutions are
not differentiable in general. However, Ennio De Giorgi and John Nash found
the celebrated result that they are locally Hölder continuous where the local
exponent α does not depend on the solution itself, see Theorem D.26. Testing
with x′ ∈ X ′ and using Theorem 4.5 this can be transferred immediately to
vector-valued functions.

Theorem 13.3 (De Giorgi-Nash). Let X be an arbitrary Banach space and let L
be an elliptic differential operator in divergence form. Suppose that u ∈W 1,2(Ω,X)
is a weak solution of Lu = f with f ∈ Lq(Ω,X) for some q > d

2 . Then u is locally
Hölder continuous.

We now come to very weak solutions which are not even required to be
weakly differentiable. Let L be an elliptic operator in divergence form with
b = 0 and c = 0. Suppose further that a is locally Lipschitz continuous and
hence differentiable almost everywhere by Rademacher’s Theorem A.59. Let
u be a weak solution of Lu = f . Since a is differentiable almost everwhere, we
may rewrite this as ∫

Ω

∑
i,j

uDj(aijDiϕ) =
∫
Ω

f ϕ,
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for every ϕ ∈ C∞c (Ω,R). A function u ∈ L1
loc(Ω,X) satisfying the above will

be called a very weak solution of Lu = f . For very weak solutions we have the
following regularity theorem which was found by Wei Zhang and Jiguang
Bao in the case X = R. For our construction in Section 13.2 we will actually
only need this case. However, we formulate the theorem for vector-valued
functions when the codomain has the UMD property. In this case, the proof
given by Zhang and Bao works analogously with minor changes.

Theorem 13.4 (Zhang-Bao). Let L be an elliptic differential operator in diver-
gence form where b = 0, c = 0 and a is locally Lipschitz continuous. Further let
1 < p <∞ and suppose that u ∈ Lploc(Ω,X) is a very weak solution of Lu = 0. If X

has the UMD property then u ∈W 2,p
loc (Ω,X).

Theorem 13.4 shows that a very weak solution of Lu = 0 is actually (locally)
a strong solution of L̃u = 0, where L̃ is the elliptic operator in non-divergence
form in Lemma 13.1.

Corollary 13.5. Let u ∈ Lploc(Ω,X) be a very weak solution of Lu = 0 in an
arbitrary Banach space X where 2 ≤ p <∞. Then u is locally Hölder continuous.

Proof. For every x′ ∈ X ′ the function 〈u,x′〉 is a real-valued very weak solution
of Lu = 0. Since R has the UMD property we obtain 〈u,x′〉 ∈W 2,p

loc (Ω,R). The
De Giorgi-Nash theorem shows that 〈u,x′〉 has a locally Hölder continuous
representative and the Hölder exponent does not depend on x′. Using The-
orem 4.5 we see that u has a locally Hölder continuous representative as
well.

Proof of Theorem 13.4. We first prove, that u ∈ W 1,p
loc (Ω,X). Recall from the

proof of Theorem 12.18 that it suffices to show that for any given ξ0 ∈Ω there
exists a ball B ⊂⊂Ω containing ξ0 such that u ∈W 1,p(B,X).

Let ξ0 ∈ Ω and set B := B(ξ0, r) for some r < dist(ξ0,∂Ω). Further let
1
p + 1

q = 1 and let W ⊂ Lq(B,X ′) be the set of all finite sums of tensors of the
form g ⊗ x′ with g ∈ Lq(B,R) and x′ ∈ X ′. Since X ′ has the UMD property we
can use Theorem 12.16 to show that there exists v ∈W 2,p(B,X)∩W 1,p

0 (B,X)
satisfying ∑

i,j

aijDijv = g

strongly for any given g =
∑n0
n=1 gn ⊗ x′n ∈W . Further we have

‖v‖W 2,q(B,X ′) ≤ C‖g‖Lq(B,X ′)

133



13. Weak Solutions and Very Weak Solutions

by Proposition 12.15. Note that by uniqueness, the function v is given by

n0∑
n=1

vn ⊗ x′n,

where vn ∈W 2,p(B,R)∩W 1,p
0 (B,R) solve

∑
i,j aijDijvn = gn. Fix a direction ek,

1 ≤ k ≤ d and recall that for any function f defined on Ω and h ∈ R with
sufficiently small absolute value we denote by ∆hf the difference quotient

∆hf :=
f (·+ hek)− f

h
,

which is defined on B. We have that ∆hv ∈W 2,p(B,X ′) and ∆hvn ∈W 2,p(B,R).
Choose a cut-off function ψ ∈ C∞c (B, [0,1]) such that ψ ≡ 1 on B(ξ0,

r
2 ) and such

that there exists an M > 0 such that ‖∇ψ‖C(B,R) ≤
M
r and ‖D2ψ‖C(B,R) ≤

M
r2 .

Since ψ is compactly supported the function ϕ := ψ∆−hv is well-defined if
the absolute value of h is sufficiently small. In particular it satisfies ϕ ∈
W

2,p
0 (B,X ′). The analogous result holds for ψ∆−hvn. Thus by linearity we

obtain ∫
B

∑
i,j

〈u,Di(aijDjϕ)〉 =
n0∑
n=1

〈∫
B

∑
i,j

uDi
(
aijDj (ψ∆−hvn)

)
xn,x

′
n

〉
.

Since u is a very weak solution of Lu = 0 and C∞c (B,R) is dense in W 2,p
0 (B,R),

the latter is equal to 0. Using the product rule and the symmetry of a we
obtain

0 =
∫
B

∑
i,j

〈u,Di(aijDjϕ)〉

=
∫
B

∑
i,j

〈u,Diaij(Djψ∆−hv +ψ∆−hDjv)〉

+
∫
B

∑
i,j

〈u,aij(Dijψ∆−hv + 2Diψ∆−hDjv +ψ∆−hDijv)〉,

which we rearrange to

−
∫
B

∑
i,j

〈u,aijψ∆−hDijv〉 =
∫
B

∑
i,j

〈u,DiaijDjψ∆−hv〉

+
∫
B

∑
i,j

〈u,Diaijψ∆−hDjv〉

+
∫
B

∑
i,j

〈u,aijDijψ∆−hv〉
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+ 2
∫
B

∑
i,j

〈u,aijDiψ∆−hDjv〉.

Further we have∫
B

∑
i,j

〈u,aijψ∆−hDijv〉

=
1
h


∫
B

∑
i,j

〈u(ξ), aij(ξ)ψ(ξ)Dijv(ξ)〉 −
∫
B

∑
i,j

〈u(ξ), aij(ξ)ψ(ξ)Dijv(ξ − hek)〉

 .
In the second integral we substitute ξ by ξ + hek and obtain that the integral∫
B

∑
i,j〈u,aijψ∆−hDijv〉 is equal to

1
h

∑
i,j

∫
B
〈u(ξ), aij(ξ)ψ(ξ)Dijv(ξ)〉

−
∫
B

∑
i,j

〈u(ξ + hek), aij(ξ + hek)ψ(ξ + hek)Dijv(ξ)〉
,

to which we add the terms

±1
h

∫
B

∑
i,j

〈u(ξ + hek), aij(ξ)ψ(ξ)Dijv(ξ) + aij(ξ + hek)ψ(ξ)Dijv(ξ)〉

and rearrange to infer∫
B

∑
i,j

〈∆hu,aijψDijv〉 =−
∫
B

∑
i,j

〈u,aijψ∆−hDijv〉

−
∫
B

∑
i,j

〈u(ξ + hek), aij(ξ + hek)∆hψDijv〉

−
∫
B

∑
i,j

〈u(ξ + hek),∆haij(ξ + hek)ψDijv〉.

Substituting the first equation into the second one we are left with∫
B

∑
i,j

〈∆hu,aijψDijv〉 =
∫
B

∑
i,j

〈u,DiaijDjψ∆−hv〉

+
∫
B

∑
i,j

〈u,Diaijψ∆−hDjv〉

+
∫
B

∑
i,j

〈u,aijDijψ∆−hv〉
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+ 2
∫
B

∑
i,j

〈u,aijDiψ∆−hDjv〉

−
∫
B

∑
i,j

〈u(ξ + hek), aij(ξ + hek)∆hψDijv〉

−
∫
B

∑
i,j

〈u(ξ + hek),∆haij(ξ + hek)ψDijv〉.

Since a is locally Lipschitz continuous, there exists a constant K , dependent
on B, such that |Diaij | ≤ K and |∆haij | ≤ K . Further recall that ψ and its first
and second derivatives are bounded by 1, Mr and M

r2 respectively. Lastly, we
may estimate |aij | by ‖a‖L∞(Ω,Rd×d ) =: Λ. Lastly, note that by Proposition 2.2
the functions ∆−hv and ∆−hDjv are bounded in Lq(suppψ,X ′). Using these
estimates and Hölder’s inequality on the above equation we obtain that there
exists a constant C > 0 such that∫

B

∑
i,j

〈∆hu,aijψDijv〉 ≤ C‖u‖Lp(B,X)‖v‖W 2,q(B,X ′) ≤ C‖u‖Lp(B,X)‖g‖Lq(B,X ′).

On the left-hand side we have∫
B

∑
i,j

〈∆hu,aijψDijv〉 =
∫
B
〈ψ∆hu,g〉.

Note that g ∈W was arbitrary. Since W is dense in Lq(B,X ′) it is in particular
norming for Lp(B,X). Hence

‖∆hu‖Lp(B(ξ0,
r
2 ),X) ≤ ‖ψ∆hu‖Lp(B,X) ≤ C‖u‖Lp(B,X).

Note that X has the Radon-Nikodým property since this is weaker than the
UMD property. The above estimate shows that we may apply Theorem 2.5
and obtain that u ∈W 1,p

(
B
(
ξ0,

r
2

)
,X

)
.

Now we show that u ∈ W 2,p
loc (Ω,X). Again it suffices to show that the

function u|B(ξ0,
r
2 ) is an element of W 2,p(B(ξ0,

r
2 ),X) for given ξ0 and r as above.

Since u is once weakly differentiable and a very weak solution of Lu = 0, it
follows that u is locally a weak solution of Lu = 0, that is∫

Ω

∑
i,j

aijDiuDjϕ = 0

for all ϕ ∈W 1,p
0 (Ω,R). In particular we may choose ψϕ, where ψ is the same

cut-off function as above. Let v := ψu, then this consideration implies that∫
B

∑
i,j

aijDivDjϕ =
∫
B

∑
i,j

aij(Diψ)uDjϕ +
∫
B

∑
i,j

aij(Diu)ψDjϕ
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=
∫
B

∑
i,j

aij(Diψ)uDjϕ −
∫
B

∑
i,j

aijDiu(Djψ)ϕ.

Setting f := −
∑
i,jDj(aijuDiψ)− aijDiu(Djψ) the latter shows that∫

B

∑
i,j

aijDivDjϕ =
∫
B
f ϕ

for all ϕ ∈ C∞c (B,R). This means that v ∈ W 1,p
0 (B,X) is a weak solution of∑

i,jDjaijDjv = −f . By Theorem 12.16 there exists a unique function w ∈
W 2,p(Ω,X)∩W 1,p

0 (Ω,X) such that
∑
i,j ãijDijw+

∑
i b̃iDiw = −f for ã := a and

b̃i :=
∑
jDjaij . Note that w is also a weak solution of

∑
i,jDjaijDjv = −f and

hence v = w by Proposition 13.2. Thus

u|B(ξ0,
r
2 ) = v|B(ξ0,

r
2 ) = w|B(ξ0,

r
2 ) ∈W 2,p

(
B
(
ξ0,

r
2

)
,X

)
as claimed.

13.2 The Littman-Stampacchia-Weinberger Solution

We now come to the announced generalized solution for the Dirichlet problemLu = 0 in Ω

u = f on ∂Ω,

where f ∈ C(∂Ω,X) for some Banach space X and Ω is bounded. In this
section L will always denote an elliptic differential operator in divergence
form. We want to prove the following analogue to the Perron solution:

Theorem 13.6. Let X be an arbitrary Banach space and let f ∈ C(∂Ω,X). Further
let L be an elliptic differential operator in divergence form with coefficients b = 0
and c = 0. Assume that the coefficients in a are differentiable and their first
derivatives are locally Lipschitz continuous. Then there exists a function u : Ω→ X
satisfying 

u ∈ C2(Ω,X)∩Cb(Ω,X)

L̃u = 0 where L̃ is the operator in Lemma 13.1

limξ→z u(ξ) = f (z) for all z ∈ ∂regΩ.

Further D2u is locally α-Hölder continuous for every 0 < α < 1.

If we only assume that the coefficients in a are locally Lipschitz continuous,
we can still prove
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13. Weak Solutions and Very Weak Solutions

Theorem 13.7. Let X be a Banach space which is weakly sequentially complete
and let L be an elliptic differential operator in divergence form such that a is locally
Lipschitz continuous, b = 0 and c = 0. For every f ∈ C(∂Ω,X) there exists a
function u ∈W 1,∞

loc (Ω,X)∩Cb(Ω,X) satisfying Lu = 0 weakly and

lim
ξ→z

u(ξ) = f (z) for all z ∈ ∂regΩ.

Further u ∈ C1,α(Ω,X) for every 0 < α < 1.

To prove these results we first recall Theorem D.27 found by Littman,
Stampacchia and Weinberger in the case X = R. Suppose that L is an arbitrary
elliptic differential operator in divergence form with b = 0 and c = 0. Then
for every f ∈ C(∂Ω,R) there exists u ∈H1

loc(Ω,R) solving Lu = 0 weakly and
satisfying limξ→z u(ξ) = f (z) for all z ∈ ∂regΩ (note that u is automatically
locally Hölder continuous due to the De Giorgi-Nash theorem), i.e. the regular
points for an arbitrary L and for the special case L = ∆ are the same. Further
the solution u is bounded by ‖f ‖C(∂Ω,R). The construction works analogously
to the construction in Section 7.2. First, one solves the problem for functions
which have an H1-extension, then one shows that the solution operator ex-
tends continuously to C(∂Ω,R). Showing that the regular points are the same
as for the Laplace operator requires some more sophisticated tools in potential
theory, we refer to the proof of Theorem D.27.

Let X be a Banach space. We try to solve the Dirichlet problem analogously
to Chapter 7. Let W be the set of all finite sums of functions of the form
fn ⊗ xn, where fn ∈ H1(Ω,R) ∩ C(Ω,R). For f =

∑n0
n=1 fn ⊗ xn ∈ W we let un

be the solution with respect to the boundary data fn according to Theorem
D.27. Then u :=

∑n0
n=1un ⊗ xn has the same properties as the real-valued

generalized solution. Note that for x′ ∈ X ′ the function 〈u,x′〉 ∈ H1(Ω,R)
satisfies L〈u,x′〉 = 0 as well as 〈u,x′〉 − 〈f ,x′〉 ∈H1

0 (Ω,R). By Proposition 13.2
we have that 〈u,x′〉 is the solution in Theorem D.27 for the boundary values
〈f ,x′〉. Hence in particular we have the estimate

|〈u(ξ),x′〉| ≤ ‖〈f ,x′〉‖C(∂Ω,R) ≤ ‖f ‖C(∂Ω,X),

whenever ξ ∈Ω and ‖x′‖X ′ ≤ 1. Taking the supremum over all normed x′ ∈ X ′
we obtain that

‖u‖Cb(Ω,X) ≤ ‖f ‖C(∂Ω,X).

Now let f be arbitrary. By Proposition 7.3 there exists a sequence of func-
tions fn ∈W such that fn→ f in C(∂Ω,X). Denote by un the above solution
with respect to fn. Using the above estimate we obtain that the functions un
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13.2. The Littman-Stampacchia-Weinberger Solution

form a Cauchy sequence and hence converge uniformly in Ω to a function
u ∈ Cb(Ω,X).

Let z ∈ ∂regΩ and ε > 0. Then we have

‖u(ξ)− f (z)‖X ≤ ‖u(ξ)−un(ξ)‖X + ‖un(ξ)− fn(z)‖X + ‖fn(z)− f (z)‖X ,

for every ξ ∈Ω. Fixing n large enough we see that for all ξ ∈Ω close enough
to z the latter can be estimated by 3ε. Hence

lim
ξ→z

u(ξ) = f (z)

for every regular boundary point z.

Assume now that a is locally Lipschitz continuous. Then un ∈ Cb(Ω,X) ⊂
Lp(Ω,X) is a very weak solution of Lun = 0. Now by the uniform convergence
of un we have∫

Ω

∑
i,j

uDj(aijDiϕ) = lim
n→∞

∫
Ω

∑
i,j

unDj(aijDiϕ) = 0,

for every ϕ ∈ C∞c (Ω,R). Hence u is a very weak solution of Lu = 0. By
Corollary 13.5 we find that u is locally Hölder continuous. Further if X even
has the UMD property, we can apply Theorem 13.4. We have thus proved

Proposition 13.8. Let Ω ⊂ Rd be open and bounded and let X be an arbitrary
Banach space. Consider an elliptic differential operator in divergence form L such
that a is locally Lipschitz continuous, b = 0 and c = 0. For every f ∈ C(∂Ω,X)
there exists a function u ∈ Cb(Ω,X) which is a very weak solution of Lu = 0 and
satisfies

lim
ξ→z

u(ξ) = f (z)

for every z ∈ ∂regΩ. Further u is locally Hölder continuous.

If X is a space which has the UMD property, then u ∈ W 2,p
loc (Ω,X) for all

1 < p <∞ and u satisfies L̃u = 0 strongly where L̃ is the operator in Lemma 13.1

The solution u in Proposition 13.8 will be referred to as the Littman-Stam-
pacchia-Weinberger solution. We want to examine its qualitative properties.
First let X be a Banach space which has the UMD property. Since p <∞ can
be chosen arbitrarily, we may choose p > d. If ω ⊂⊂Ω satisfies a uniform Lips-
chitz condition, it follows from the higher order version of Morrey’s embed-
ding theorem 4.19 that u is even an element of C1,α(ω,X), where 0 < α < 1− dp .
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13. Weak Solutions and Very Weak Solutions

Letting p→∞ it follows that α can be chosen arbitrarily in the interval (0,1).
In particular: u ∈ C1(Ω,X).

Now assume that aij ∈ C
1,1
loc (Ω,X). Then the operator L in its non-diver-

gence form L̃ has coefficients ã and b̃, which are locally Lipschitz continuous.
Theorem 12.18 now shows that even u ∈ W 3,p

loc (Ω,X). Using Morrey’s em-
bedding theorem 4.19 we now have that u ∈ C2,α(ω,X) for all 0 < α < 1.
In particular: u ∈ C2(Ω,X). Hence in this case the Littman-Stampacchia-
Weinberger solution is a true successor of the Perron solution, meaning that it
exists for every continuous boundary data, solves Lu = 0 in the classical sense
and fulfills the boundary values at least at the regular points. We summarize
this in the following Corollaries.

Corollary 13.9. The Littman-Stampacchia-Weinberger solution in a Banach space
which has the UMD property is differentiable and its derivatives are locally α-
Hölder continuous for every 0 < α < 1.

Corollary 13.10. Assume that X has the UMD property, the coefficients of L are
differentiable and their first derivatives are locally Lipschitz continuous. Then the
Littman-Stampacchia-Weinberger solution u satisfies

u ∈ C2(Ω,X)∩Cb(Ω,X)

Lu = 0

limξ→z u(ξ) = f (z) for all z ∈ ∂regΩ.

Further D2u is locally α-Hölder continuous for every 0 < α < 1.

Note that the results above hold in particular if X = R. We will now use
this case to prove the theorems in the beginning of this section.

Proof of Theorem 13.7. Let u be the Littman-Stampacchia-Weinberger solu-
tion. Since u is continuous we have that 〈u,x′〉 is continuous as well for every
x′ ∈ X ′. By Corollary 13.9 we know that the latter function is actually an
element of C1(Ω,X). Now Proposition 4.1 shows that u ∈ W 1,∞

loc (Ω,X) and
hence u is actually a weak solution of Lu = 0. In particular we know that ∇u
exists in L∞loc(Ω,X). Moreover, 〈∇u,x′〉 is even locally α-Hölder continuous
for every 0 < α < 1 by Corollary 13.9. It follows from Corollary 4.5 that u is
locally α-Hölder continuous for every 0 < α < 1.

Now suppose that aij ∈ C
1,1
loc (Ω,X). One could proceed as above to obtain

that Corollary 13.10 is true for weakly sequentially complete spaces as well.
However, we actually do not need to proceed like this. Instead we can use the
interior Schauder estimates to give the
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13.2. The Littman-Stampacchia-Weinberger Solution

Proof of Theorem 13.6. Consider the functions un used in the construction
of the Littman-Stampacchia-Weinberger solution. Every function un can be
written as a finite sum

∑N (n)
k=1 u

k
n⊗xkn, where the real-valued functions ukn satisfy

Lukn = 0. As seen above, it follows that ukn ∈ C2,α(Ω,R). Now let ω ⊂⊂ ω0 ⊂⊂Ω.
Then the coefficients of L as well as the solutions un satisfy the conditions
of Proposition 11.6 on ω0. Since un → u in C(ω0,X) it follows that un is
Cauchy in C2,α(ω,X). Whence u ∈ C2,α(Ω,X). In particular u ∈ C2(Ω,X) and
L̃u = 0.
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14Notes on Part III
The results in the first section of Chapter 11 have been submitted for publica-
tion in [Kre18]. The rest of this part has not been published or submitted for
publication.

Chapter 11 Juliusz Schauder proved the exisitence and uniqueness of so-
lutions for the elliptic boundary value problem via the continuity method
in [Sch34]. The proof we give for vector-valued equations is basically the
same proof. It is convenient not to prove the necessary estimates form scratch
(although this is also possible) but to use the well-known real-valued case. The
second section of this chapter is based on the fact that the regular boundary
points of an elliptic operator with Hölder continuous coefficients are the same
as for the Laplace operator. As mentioned in the appendix this result was first
proved by Rose-Marie Hervé [Her62] and one can also use an even weaker
condition due to Nicolai Krylov [Kry67]. For general coefficients this is not
true (not even if the coefficients are continuous). We refer to [GT01, Notes
on Chapter 6] for a discussion of more known results. See also our notes on
Chapter 13 below. We use the same construction as in Part II to show the
existence of a solution at least on a regular domain. In Part II we needed the
Poisson formula to show that the limit of harmonic functions is again har-
monic. We do not know an equivalent formula for elliptic operators, but the
interior Schauder estimates are sufficient to show an analogous convergence
theorem for L.

Chapter 12 The Lp estimates for strong solutions go back to the work of
Alberto Calderón and Antoni Zygmund [CZ52]. It was shown by Donald
Burkholder [Bur83] and Jean Bourgain [Bou83] that the Hilbert transform –
which as we have seen opens the way to prove Lp estimates in the vector-valued
case – is equivalent to the UMD property. This property is usually defined via
martingales, we refer the interested reader to [HvNVW16, Chapter 4]. The
proof that the second-order Riesz transforms are bounded in this case and
the resulting Lp estimate for the Laplacian is taken from [HvNVW16, Section
5.5]. The necessity of the UMD property is also mentioned in [HvNVW16,
Theorem 5.6.12] in the case Ω = Rd . The case of a general domain – as well
as the fact that the existence of strong solutions implies the UMD property –
seems not to have been published before. The results in [HvNVW16, Theorem
5.6.12] also give a different proof for Theorem 12.10, but in a much more
general setting. Our proof is designed to fit into this thesis. The author
thanks Manuel Bernhard and Tuomas Hytönen for valuable input on this
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14. Notes on Part III

topic. Obtaining the Lp estimates for a general elliptic operator from the ones
for the Laplacian is a standard process. We followed the proofs in [CW98]
and [GT01]. However, note that the proof of Proposition 12.15 is usually done
via the Rellich-Kondrachov theorem, see [GT01, Lemma 9.17]. As mentioned
before in the text this compact embedding theorem fails for vector-valued
functions. Our solution to this problem was to go back to the real-valued case
and use the negativity of the solution operator in this case.

Chapter 13 The L2 theory for elliptic partial differential operators in diver-
gence form is the go-to method for many functional analysts. We refer the
interested reader to [GT01, Chapter 8]. As mentioned in the text, we are not
particularly interested in this kind of existence methods, since they seem
to work exclusively on Hilbert spaces and in this case usually analogously
to the real-valued case. Very weak solutions (in the real-valued case) were
studied by many authors, see e.g. [BCMR96]. Our inspiration came from
the work of Wei Zhang and Jiguang Bao [ZB12] who proved the regularity of
very weak solutions in the real-valued case. We follow their work and show
that their proof works with minor changes in the vector-valued setting as
well if the space has the UMD property. Note that the result by Zhang and
Bao can be stated in an even stronger version, namely, it suffices to have a
very weak solution which is only locally integrable. The essential tools to
prove this are the embedding theorems and regularity of strong solutions
similar to Chapter 12. We have not given this stronger result since it is not
needed for our construction of the Littman-Stampacchia-Weinberger solu-
tion. Walter Littman, Guido Stampacchia and Hans Weinberger [LSW63]
showed that the regular points for an elliptic operator in divergence form
are the same as the regular points for the Laplacian. We use this to define
the Littman-Stampacchia-Weinberger solution. Note that in [LSW63] only
boundedness and measurability was demanded. As mentioned above this is
not true for operators in non-divergence form. We then use the Zhang-Bao
theorem to examine the regularity of the Littman-Stampacchia-Weinberger
solution. Note that the real-valued version of this theorem would actually
suffice for our approach.
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AFunctional Analysis and Function
Spaces
In this chapter we will summarize the classic tools of functional analysis
needed in the thesis. For more information we refer to books like [Bré11],
[Meg98], [Woj91] and [ABHN11].

A.1 Abstract Functional Analysis

Let X be a normed vector space over R or C. A function p mapping X to R is
called sublinear if it satisfies

p(λx) = λp(x)

p(x+ y) ≤ p(x) + p(y)

for all x,y ∈ X and λ > 0.

Theorem A.1 (Hahn-Banach [Bré11, Theorem 1.1]). Let p : X→ R be a sub-
linear function on a vector space. Let U ⊂ X be a subspace and ϕ : U → R be
linear. If ϕ(x) ≤ p(x) for all x ∈U then there exists an extension Φ : X→ R of ϕ
which is linear and satisfies Φ(x) ≤ p(x) for all x ∈ X.

The non-trivial normed vector space (X,‖ · ‖X) is called a Banach space if
it is complete with respect to the metric induced by its norm. The dual space
of X is the vector space of all continuous linear functions mapping X to R.
It will be denoted by X ′ and we write 〈x,x′〉 := x′(x) for all x ∈ X and x′ ∈ X ′.
The norm ‖x′‖X := sup‖x‖X |〈x,x

′〉|makes X ′ into a Banach space as well (note
that X ′ , ∅ by the Hahn-Banach theorem, see below). Subsequent duals will
be denoted by X ′′, X ′′′ and so on. The Hahn-Banach theorem has a lot of
consequences for Banach spaces which are often referred to as Hahn-Banach
theorems as well.

Corollary A.2 (Hahn-Banach [Bré11, Chapter 1]). Let X be a Banach space.
(a) X ′ , {0}
(b) Let U ⊂ X be a subspace and let ϕ : U → R be linear and continuous. Then

there exists a continuous extension x′ ∈ X ′ of ϕ. Moreover, the extension x′

can be chosen to have the same norm as ϕ.
(c) Let x ∈ X. There exists an x′ ∈ X ′ with ‖x′‖X ′ ≤ 1 (or ‖x′‖X ′ = 1) and 〈x,x′〉 =
‖x‖X . In particular

‖x‖X = sup
x′∈X ′
‖x′‖X′≤1

〈x,x′〉 = sup
x′∈X ′
‖x′‖X′=1

〈x,x′〉.
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(d) Let K ⊂ X be a closed convex set and let x ∈ Kc. Then there exists a functional
x′ ∈ X ′ such that 〈X,x′〉 > supy∈K〈y.x′〉. In particular: If 〈x,x′〉 = 〈y,x′〉 for
all x′ ∈ X ′, then x = y.

Theorem A.3 (Baire [Bré11, Theorem 2.1]). Let M be a complete metric space
and let Kn be a sequence of closed sets such that

⋃
n∈NKn =M. Then there exists

n0 ∈ N such that Kn0
has non-empty interior.

Let X,Y be Banach spaces. The vector space of all continuous linear
mappings T : X→ Y will be denoted by L(X,Y ). The Hahn-Banach theorem
implies that L(X,Y ) , ∅. The norm ‖T ‖L(X,Y ) := supx∈X

‖T x‖
‖x‖ makes L(X,Y )

into a Banach space. If X = Y we denote L(X) := L(X,Y ).

Theorem A.4 (Uniform boundedness principle [Bré11, Theorem 2.2]). Let
F be a family of operators in L(X,Y ). Assume that supT ∈F T x is bounded for
every x ∈ X. Then F is bounded.

Corollary A.5 ([Bré11, Corollary 2.4]). Let U ⊂ X such that the set 〈U,x′〉 :=
{〈u,x′〉,u ∈U } is bounded for every x′ ∈ X ′. Then U is bounded.

Theorem A.6 (Closed graph theorem [Bré11, Theorem 2.9]). Let T be a
linear mapping from a Banach space X into a Banach space Y . The graph
{(x,T x),x ∈ X} of T is closed if and only if T is continuous.

Let F be a set of functions on a vectorspace V . The coarsest topology on V
for which all f ∈ F are continuous, will be denoted by σ (V ,F ). An important
example is the weak topology σ (X,X ′). It can best be described by

Proposition A.7 ([Bré11, Proposition 3.1]). A sequence xn in X converges to
x ∈ X in the weak topology if and only if 〈xn,x′〉 → 〈x,x′〉 for every x′ ∈ X ′.

Theorem A.8 (Mazur [Bré11, Theorem 3.7]). Let K be a convex subset of a
Banach space X. Then the weak and the strong closure of K coincide.

The space X embeds canonically into the space X ′′ via x 7→ 〈x, ·〉. If the
canonical embedding is an isomorphism we say that X is reflexive.

Proposition A.9 ([Bré11, Proposition 3.20]). Let X be reflexive and Y be a
closed subspace. Then Y is reflexive as well.

Proposition A.10 ([Meg98, Corollary 1.11.20]). Let X and Y be reflexive.
Then X ×Y is reflexive as well.

Theorem A.11 (Eberlein-Šmulyan [Meg98, Corollary 2.8.9]). The space X
is reflexive if and only if every closed bounded subset of X is weakly sequentially
compact.
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The topology σ (X ′ ,X) on X ′ is referred to as the weak-∗ topology.

Theorem A.12 (Banach-Alaoglu [Bré11, Theorem 3.16]). The closed unit ball
BX ′ (0,1) is compact in the weak-∗ topology.

A topological space is metrizable if there exists a metric which induces the
topology.

Theorem A.13 ([Bré11, Theorem 3.28]). Let X be separable. Then BX ′ (0,1) is
metrizable in the weak-∗ topology.

Corollary A.14. Let X be separable. Then BX ′ (0,1) is separable. Moreover there
exists a sequence (x′k) in X ′ which is norming, that is

‖x‖X = sup
k∈N
〈x,x′k〉

for all x ∈ X.

Proof. Every compact metric space is separable, see [Rud76, Chapter 2, Exer-
cise 25]. Hence BX ′ (0,1) is separable by the above theorems. Now let (x′k) be
dense in BX ′ (0,1). The Hahn-Banach theorem shows that (x′k) is norming.

Theorem A.15 (Krein-Šmulyan [Meg98, Theorem 2.7.11]). Let K ⊂ X ′ be a
convex set. Then K is closed in the weak-∗ topology if and only if K ∩BX ′ (0, r) is
weakly-∗ closed for every r > 0.

We want to specify the structure of the topological space (X ′ ,σ (X ′ ,X)).
Let V be a vectorspace over K. A seminorm on V is a function p : V → [0,∞)
which satisfies

p(x+ y) ≤ p(x) + p(y) and p(αx) = |α|p(x)

for all x,y ∈ V and α ∈K. The space V is called a locally convex space if there
exists a family of seminorms (pi)i∈I with the property that pi(x) = 0 for all
i ∈ I implies x = 0. If V is a locally convex space we equip it with the topology
σ (V , {pi , i ∈ I}). For a locally convex space V we define the dual space V ′ as
the space of all continuous linear functionals on V . The following version of
the Hahn-Banach theorem shows that V ′ is non-trivial.

Theorem A.16 (Hahn-Banach for locally convex spaces [RS80, Theorem
V.3]). Let V be a locally convex space and letW ⊂ V be a subspace. Letϕ :W →K
be a continuous linear functional. Then there exists a continuous linear functional
x′ ∈ V ′ which extends ϕ.

Theorem A.17 ([Con85, Theorem 1.3]). Let X be a Banach space. The space
(X ′ ,σ (X ′ ,X)) is a locally convex space and its dual space is X.
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Let X be a Banach space. The set W ⊂ X ′ is said to separate points if
〈x,x′〉 = 0 for all x′ ∈W implies x = 0.

Corollary A.18. Let W ⊂ X ′. Then W separates points if and only if it is dense
in the weak-∗ topology.

Proof. If W is not dense in the weak-∗ topology we may use the Hahn-Banach
theorem to find a functional x ∈ X\{0} such that x|W ≡ 0. Hence W does
not separate points. On the other hand suppose that W is dense and let
x ∈ X\{0} and choose ε > 0. By the Hahn-Banach theorem there exists a
functional x′0 ∈ X ′ such that 〈x,x′0〉 > ε. The set {y′ ∈ X ′ ,‖〈x,x′0 − y′〉| >

ε
2 } is a

neighborhood of x′0 in the weak-∗-topology. Since W is dense there exists a
functional y′ in this set and hence 〈x,y′〉 , 0.

Theorem A.19 (Banach-Mazur [Woj91, Theorem II.B.4]). Every separable
Banach space is isometric to a subspace of C([0,1],R).

A sequence xn ∈ X is a Schauder basis if for every X there exist unique
scalars an such that x =

∑
n∈N anxn.

Lemma A.20 ([Woj91, Proposition II.B.6]). Let (xn)n∈N be a basis in X. The
projections Pn (n ∈ N), defined via x 7→

∑n
k=1 akxk , are uniformly bounded.

Theorem A.21 ([Woj91, II.B.12]). The space X = C([0,1],R) has a Schauder
basis.

Lemma A.22 (Riesz’s lemma [Bré11, Theorem 6.5]). If the closed unit ball in
a Banach space X is compact, then dim(X) <∞.

Due to the above lemma one often has trouble finding compact sets in
infinite dimensional spaces. The following theorem is a useful tool. Let K
be a compact metric space and X a Banach space. A set F ⊂ C(K,X) is called
equicontinuous if for all ε > 0 there exists a δ > 0 such that d(ξ,η) < δ implies
‖f (ξ)− f (η)‖ < ε for all f ∈ F . It will be called pointwise relatively compact if
for every ξ ∈ K the set {f (ξ), f ∈ F } is relatively compact in X.

Theorem A.23 (Arzelà-Ascoli [Edw65, Corollary 0.4.12]). LetK be a compact
metric space and X a Banach space. A set F ⊂ C(K,X) is compact if and only if it
is equicontinuous and pointwise relatively compact.

Proposition A.24 ([AB06a, Theorem 5.35]). Let K ⊂ X be compact. Then the
closed convex hull conv(K) is compact as well.

A hermitian form a on a vectorspace V which satisfies

a(x,x) ≥ 0 for all x ∈ V and a(x,x) = 0 if and only if x = 0
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is called a scalar product and is usually written as (·|·)V := a(·, ·). A scalar
product induces a norm on V via ‖x‖2 := (x|x). The Banach space X is called a
Hilbert space if the norm on X is induced by a scalar product (·|·)X .

Theorem A.25 (Riesz-Fréchet [Bré11, Theorem 5.5]). LetX be a Hilbert space
and let x′ ∈ X ′. Then there exists a unique y ∈ X such that

〈x,x′〉 = (x|y)X .

In particular: Every Hilbert space is reflexive.

Let X be a Hilbert space. A sesquilinear form a on X is called continuous
if there exists a constant C ≥ 0 such that

|a(x,y)| ≤ C‖x‖X‖y‖X .

It is called coercive if there exists a constant α > 0 such that

a(x,x) ≥ α‖x‖2X .

Theorem A.26 (Lax-Milgram lemma [Ouh05, Lemma 1.3]). Let a : X ×X→
K be a continuous coercive sesquilinear form on X. Given ϕ ∈ H ′ there exists a
unique x ∈ X such that

a(y,x) = ϕ(y)

for all y ∈ X.

Theorem A.27 (Dugundji-Tietze [Dug51, Theorem 4.1]). Let M be a metric
space and A ⊂ M be closed. Let f be a continuous function mapping A into
a Banach space X. Then there exists a function F ∈ C(M,X) which extends f .
Further we can choose F such that F(X) ⊂ conv(f (A)).

A.2 Banach Lattices

In this section we summarize some results about Banach lattices. For in-depth
discussions of the results and more information we refer to the books [Sch74],
[MN91], [LZ71], [AB06b], [AGG+86] and also to [Kre15, Chapter 5]. Banach
lattices are traditionally denoted by E instead of X and we will follow this
tradition troughout the thesis. Note however that – even though some experts
may disagree – all proven results remain true if one decides to name a Banach
lattice X instead of E.
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Let (E,≤) be a partially ordered set. E is called a lattice if for all x,y ∈ E
the least upper bound and the greatest lower bound of x and y, denoted by

x∨ y and x∧ y,

exist. If in addition E is a real vector space such that

x ≤ y ⇒ x+ z ≤ y + z and ax ≤ ay

holds for all x,y,z ∈ E and all a ∈ R+, then E is called a Riesz space or a vector
lattice. In a Riesz space we can define the positive and negative part of any
element x ∈ E as well as its absolute value via

x+ := x∨ 0, x− := (−x)∨ 0, |x| := x∨−x.

Now assume that in addition E is a Banach space such that

|x| ≤ |y| ⇒ ‖x‖E ≤ ‖y‖E ,

then we say that E is a Banach lattice. In the following, E will always denote
a Banach lattice. A subspace Y ⊂ E is called a sublattice if for all x,y ∈ Y it
follows that x∨ y,x∧ y ∈ Y .

Example A.28 ([Kre15, Example 5.1]). Let E be an arbitrary Banach lattice
(e.g. the obvious example E = R) and 1 ≤ p ≤ ∞, then the space Lp(Ω,E)
equipped with the partial ordering

f ≤ g :⇔ f (x) ≤ g(x) a.e.

is a Banach lattice. In particular we have that the Lebesgue spaces Lp(Ω,R)
are Banach lattices.

Let A ⊂ E. The element s ∈ E is called an upper bound (lower bound) if
a ≤ S (a ≥ s) for all a ∈ A. The set A is called bounded above/below if it has an
upper/lower bound. A is called order bounded if it is bounded above and below.
Note that if we speak about boundedness, we usually mean boundedness in
norm, not in order. The Banach lattice E is called order complete (or Dedekind
complete) if every non-empty order bounded set has a supremum and an
infimum, that is a least upper and a greatest lower bound respectively. E is
called σ -order complete if the same holds only for countable A. A set A ⊂ E
is called downwards directed if for every x,y ∈ A there exists z ∈ A such that
z ≤ x,y (i.e. A is a net indexed by itself). E is said to have order continuous norm
if for every downwards directed set A with infA = 0 we have infu∈A ‖u‖E = 0.

Proposition A.29 ([Fre04, Proposition 354E (e)]). If E has order continuous
norm, then it is order complete.
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Example A.30 ([Kre15, Example 5.5], [Fre04, 365C, 366C]). (a) Let E be a
Banach lattice and K be a compact space. The space C(K,E) equipped with
the pointwise comparison is a Banach lattice. It is not σ -order complete.

(b) Let 1 ≤ p <∞. Then Lp(Ω,R) has order continuous norm.

Analogously to the definition of order continuous norms we say that a
functional x′ ∈ E′ is order continuous if for every downwards directed set A
with infA = 0 we have infu∈A〈u,x′〉 = 0.

Let E be a Banach lattice. The positive cone is the set E+ consisting of all
x ∈ E such that x ≥ 0. Let Y be an ordered vector space. A linear operator
T : E→ Y is called positive if

T x ≥ 0

holds for all x ∈ E+. A positive operator T is called a lattice homomorphism if

T (x∨ y) = T x∨ T y

for all x,y ∈ E. If T is bijective we say that it is a lattice isomorphism. In this
case we say that E and Y are lattice isomorphic.

Proposition A.31 ([MN91, Proposition 1.3.5]). Suppose that Y is a normed
vector lattice. Then every positive operator T : E→ Y is continuous.

The notion of a positive operator induces a partial ordering on L(E,Y ).
Namely T ≥ S if T −S is positive. As a special case take Y = R, i.e. we consider
the dual E′ of E.

Proposition A.32 ([MN91, Proposition 1.3.7]). The space E′ is a Banach lat-
tice.

Proposition A.33 ([MN91, Proposition 1.4.2]). Let x ∈ E. Then x ∈ E+ if and
only if 〈x,x′〉 ≥ 0 for all x′ ∈ E′+.

Theorem A.34 (Riesz-Kakutani [AB98, Theorem 38.3]). Let K be a compact
Hausdorff space. For every positive linear functional x′ ∈ C(K,R)′+ there exists a
unique regular Borel measure µ such that

〈f ,x′〉 =
∫
K
f dµ

for all f ∈ C(K,R).
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We say that a set W ⊂ E′+ determines positivity if 〈x,x′〉 ≥ 0 for all x′ ∈W
implies x ≥ 0.

A Banach lattice E is called an AM-space if x ∧ y = 0 implies ‖x ∨ y‖ =
max(‖x‖,‖y‖). Common examples are C(K,R) for some compact space K , `∞

and c0.

Theorem A.35 (Krengel [AB06b, Theorem 4.30]). Let E be an AM-space and
let ∅ , A ⊂ E be totally bounded. Let Ã be the set of all suprema of finitely many
elements of A. Then Ã is totally norm bounded as well. Further supA exists and
is equal to sup Ã which is an element of the closure of Ã. In particular: Every
compact set in E is order bounded and contains its supremum and infimum.

Let E be a Banach lattice. An element e ∈ E is called an (order) unit
if for every x ∈ E there exists λ > 0 such that |x| < λe. The most common
examples would be C(K,R) for some compact space K or Lp(Ω,R) for some
finite measure space Ω with order units e = 1K and e = 1Ω respectively.

Theorem A.36 (Kakutani [AB06b, Theorem 4.29]). Let E be an AM-space
with order unit e. Then E is order isometrically isomorphic to C(K,R) for some
compact Hausdorff space K .

If E is an arbitrary AM-space, then it is isometrically isomorphic to a sublattice
of C(K,R) for some compact Hausdorff space K .

In the space C(K,R) boundedness and order boundedness are the same
concept. Hence this is also true for every AM-space with unit by Kakutani’s
theorem.

A subspace Y ⊂ E is called an ideal of E if for all y ∈ Y and x ∈ E we
have that |x| ≤ |y| implies x ∈ Y . The ideal Y is called a band if supA ∈ Y for
any subset A ⊂ Y which has a supremum in E. Bands and ideals are closed
under intersection, whence for every A ⊂ E there exists a smallest band B(A)
and a smallest ideal I(A) containing A. If A = {x} for some x ∈ E we say that
Ex := I(A) and Bx := B(A) are respectively the principal ideal and the principal
band generated by x.

Proposition A.37 ([MN91, Propositions 1.2.5 and 1.2.13]). Let x ∈ E+. The
ideal Ex is given by

Ex = {y ∈ E,∃n ∈ N such that |y| ≤ nx}.

Further we can define a new norm – the so-called gauge norm – on Ex via

y 7→ ‖y‖x := inf{λ > 0, |y| ≤ λx}.
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With this norm Ex becomes an AM-space and x is an order unit of Ex. In particular:
Ex is isomorphic to C(K) for some compact Hausdorff space K .

Proposition A.38 ([MN91, Proposition 1.2.3]). Closures of bands and ideals
are bands and ideals respectively.

For A ⊂ E we denote by Ad the set of all y ∈ E such that |x| ∧ |y| = 0 for
all x ∈ A. We say that the elements of Ad are disjoint to the elements of A. If
A = {x} for some x ∈ E we denote |x|d := Ad .

Proposition A.39 ([MN91, Proposition 1.2.7]). Let A ⊂ E. Then Ad is a band
and B(A) = Add := (Ad)d .

A band B ⊂ E is called a projection band if there exists a projection P : E→ B
such that 0 ≤ P x ≤ x for all x ∈ E+. Consequently E = B⊕Bd and P commutes
with lattice operations.

Theorem A.40 (Riesz [MN91, Theorem 1.2.9]). In an order complete Banach
lattice every band is a projection band. Moreover we have

E = B(A)⊕Ad

for every A ⊂ E.

Proposition A.41 ([MN91, Proposition 1.2.11]). Let x ∈ E. The band Bx is a
projection band if and only if for every y ∈ E+ we have that

yx := sup{y ∧nx,n ∈ N}

exists. In this case yx is the image of the projection of E onto Bx.

The vector x ∈ E+ is called a quasi-interior point if Ex = E.

Example A.42 ([Sch74, Chapter II, §6, Example 2]). Let X = C(K) for some
compact Hausdorff space K . Then f ∈ C(K) is a quasi-interior point if and
only if f > 0 on K .

Proposition A.43 ([AB06b, Theorem 4.85, consequence (f)]). Let X be an
arbitrary Banach lattice. Every x ∈ E+ is a quasi-interior point of Ex.

The Banach space E is called weakly sequentially complete if each weak
Cauchy sequence in E has a weak limit. Examples are reflexive spaces and
also L1(Ω,R).

Theorem A.44 ([MN73, Korollar I.8]). A Banach lattice E is weakly sequen-
tially complete if and only if it does not have c0 as a closed subspace.
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A.3 Operator Theory

The material covered in this section is contained in [ABHN11, Appendix B]
and [Are04, Chapter 4]. Let X and Y be Banach spaces. A linear mapping
A : D(A) ⊂ X → Y is called an (unbounded) operator. The set D(A) will be
called the domain of A. If D(A) is dense in X we say that A is densely defined.
The range of A is the subspace R(A) := {Ax,x ∈D(A)}. An operator A is called
closed if whenever xn ∈ D(A) such that xn → x ∈ X and Ax → y ∈ Y then
x ∈ D(A) with Ax = y. It follows that D(A) equipped with the graph norm
‖ · ‖D(A) := ‖ · ‖X + ‖A · ‖Y is a Banach space. Note that bounded operators are a
special case with D(A) = X.

The operator Id : X → X,x 7→ x is called the identity. An operator A is
called invertible if there exists another operator A−1 : Y → D(A) such that
AA−1 = Id and A−1A = Id on the respective sets. In the following let X be a
complex Banach space and let A be an operator on X with range in X as well.
The resolvent set ρ(A) is the (open) set of all λ ∈ C such that λ−A is invertible
with continuous inverse. We denote R(λ,A) := (λ−A)−1. If ρ(A) is non-empty,
then A is automatically closed. The function ρ(A) → L(X),λ 7→ R(λ,A) is
called the resolvent of A. The resolvent is holomorphic, that is

lim
λ→µ

R(λ,A)−R(µ,A)
λ−µ

exists for every µ ∈ ρ(A). The complement of ρ(A) in C is called the spectrum
of A and will be denoted by σ (A).

An operator T is called compact if it maps bounded sets to compact sets.
Compact operators are obviously bounded. We say that an (unbounded)
operator A has compact resolvent if R(λ,A) is compact for one (equivalently all)
λ ∈ ρ(A). This is equivalent to saying that D(A) ⊂ X is compactly embedded.

Lemma A.45 (Resolvent Identity [ABHN11, Proposition B.4]). Let A be an
operator and let λ,µ ∈ ρ(A). Then

R(λ,A)−R(µ,A) = (µ−λ)R(λ,A)R(µ,A).

In particular: R(λ,A) and R(µ,A) commute.

A function R : C→L(X) where C ⊂ C is a pseudo resolvent if it satisfies the
Resolvent identity.

Proposition A.46 ([ABHN11, Proposition B.6]). Let R be a pseudo resolvent.
The kernel and the range of R(λ) are independent of λ. If R(λ) is injective for
some (equivalently all) λ then there exists a unique operator A on X such that
R(λ) = R(λ,A) for all λ.
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Let 0 < ϕ < π. The sector Σϕ is the set

Σϕ := {reiα , r > 0,α < ϕ}.

The operator A on X is called sectorial (of angle ϕ) if there exists a ϕ as
above such that σ (A) ⊂ Σϕ and λR(λ,A) is uniformly bounded in λ ∈ C\Σϕ.
The angle of sectoriality of A is defined via

ϕsec(A) := inf{ϕ,A is sectorial of angle ϕ}.

Lemma A.47 ([Are04, 4.1.4]). Let A be an injective sectorial operator. The
inverse of A, given by

A−1 : R(A)→ X

x 7→ A−1x

is a sectorial operator of the same angle of sectoriality as A.

For a sectorial operator A we define a functional calculus in the following
way:

Let ϕsec(A) < ϕ < π and denote by H∞0 (Σϕ) the space of all bounded
holomorphic functions f : Σϕ → C such that there exist c ≥ 0 and γ < 0
satisfying

|f (z)| ≤ c|z|−γ , |z| > 1

and |f (z)| ≤ c|z|γ , |z| ≤ 1.

For f ∈H∞0 (Σϕ) we define

f (A) :=
1

2πi

∫
Γ

f (λ)R(λ,A)dλ,

where

γ(r) =

−re−iϕ1 if r < 0,

reiϕ1 if r ≥ 0,

for some ϕsec < ϕ1 < ϕ. The definition of f (A) is independent of the choice
of ϕ1 and f (A) ∈ L(X).
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Assume now that A is injective. In this case we can extend the functional
calculus to a broader set of holomorphic functions. For this, let ψ(λ) := λ

(1+λ)2

and denote by B(Σϕ) the space of all bounded holomorphic functions such
that there exists an n = n(f ) ∈ N for which ψnf ∈ H∞0 (Σϕ). For f ∈ B(Σϕ) we
define

f (A) := (I +A)2nA−n(ψnf )(A).

This definition is consistent if f ∈H∞0 (Σϕ) and the operator f (A) is closed.
For every α ∈ C the function fα(z) := zα is an element of B(Σϕ), hence Aα :=
fα(A) is well defined. We say thatA has bounded imaginary powers ifD(A)∩R(A)
is dense and Ais is bounded for all s ∈ R. Note that if X is reflexive, then
D(A)∩R(A) is automatically dense whenever A is injective and sectorial. If A
has bounded imaginary powers we denote by

ϕbip(A) := inf{ω ∈ R,∃M ≥ 0 such that ‖Ais‖L(X) ≤Meω|s| for all s ∈ R}

the group type of Ais (the reader is referred to the literature if they want to
know why this is called the group type). We always have ϕsec(A) ≤ ϕbip(A).
Two operators A and B are said to commute if ρ(A)∩ρ(B) , ∅ and the operators
R(λ,A) and R(λ,B) commute in the usual way for every λ ∈ ρ(A)∩ ρ(B). For
commuting operators we have the following theorem.

Theorem A.48 (Dore-Venni [Are04, 4.4.8]). Let A and B be two commuting op-
erators with bounded imaginary powers on a Hilbert space (or more general a space
which has the UMD property, see Appendix C). Assume that ϕbip(A)+ϕbip(B) < π.
Then A+B with domain D(A)∩D(B) is a closed operator which also has bounded
imaginary powers. Further we have ϕbip(A+B) ≤max(ϕbip(A),ϕbip(B)).

An operator A on X is called dissipative if

‖(λ−A)x‖X ≥ λ‖x‖X

for all λ > 0 and x ∈ D(A). A dissipative operator A is called m-dissipative
if there exists a λ0 > 0 such that λ0 −A is surjective. Since ρ(A) is open, a
sufficient condition for the surjectivity of λ0 −A would be to check whether
0 ∈ ρ(A).

Proposition A.49 ([EN00, Proof of Proposition 3.14 (ii)]). Let A be an m-
dissipative operator on X. Then C+ ⊂ ρ(A).
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A.4 Holomorphic Semigroups

This section considers semigroups and the abstract Cauchy problems to which
they are solutions. For more information we refer the reader to [ABHN11] and
[Are04]. Let X be a Banach space. The strong operator topology on L(X) is the
topology induced by the mappings T 7→ ‖T x‖X (x ∈ X). Let T : (0,∞)→L(X)
be a strongly continuous function (i.e. a function, which is continuous in the
strong operator topology) such that

(a) T (t + s) = T (t)T (s) for all t, s > 0,
(b) there exists a c > 0 such that ‖T (t)‖L(X) ≤ c for all 0 < t ≤ 1,
(c) if T (t)x = 0 for all t > 0, then x = 0.

We say that T = (T (t))t>0 is a semigroup.

Lemma A.50 ([ABHN11, Proof of Theorem 3.1.7]). Let T be a semigroup.
There exist M,ω ≥ 0 such that ‖T (t)‖L(X) ≤Meωt for all t > 0.

For integration of vector-valued functions we refer to Appendix B.

Proposition A.51 ([ABHN11, Proposition 3.2.4]). Let T andω be as in Lemma
A.50. There exists a unique (unbounded) operator A on X such that

(ω,∞) ⊂ ρ(A) and R(λ,A) =
∫ ∞

0
e−λtT (t)dt.

The operator A is called the generator of T .

Let T be a semigroup. We say that T is holomorphic (of angle θ) if there
exists θ ∈ (0, π2 ] such that T has a holomorphic extension to the sector Σθ.
Checking vector-valued functions for holomorphy can be done using the
following theorem.

Theorem A.52 (Arendt-Grosse-Erdmann-Nikolski [AN00]). Let Ω ⊂ C be
open and let f : Ω→ C be locally bounded. Then f is holomorphic if and only
if there exists a separating subset W ⊂ X ′ such that 〈f ,x′〉 is holomorphic for all
x′ ∈W .

Example A.53 ([ABHN11, Examples 3.7.6 and 3.7.8]). Consider the space
X = L∞(Rd ,R). The function

G(t)f (ξ) :=
1

(4πt)
d
2

∫
Rd
f (ξ − η)exp

(
−|η|2

4t

)
dη
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defines a holomorphic semigroup. Its generator is ∆∞, the distributional
Laplacian with maximal domain in L∞(Rd ,R), that is

D(∆∞) = {f ∈ L∞(Rd ,R),∆f ∈ L∞(Rd ,R)}
∆∞f = ∆f .

If one replaces L∞(Rd ,R) by Lp(Rd ,R) (1 ≤<∞) the semigroup is even strongly
continuous.

For an operator A on X and an element x ∈ X and τ > 0 we consider the
abstract Cauchy problem u′(t) = Au(t), t ≥ 0

u(0) = x.

In general, this problem does not have a classical solution, i.e. a function
u ∈ C1([0,∞),X) such that the range of u is contained in D(A) and the above
holds. We say that u ∈ C([0,∞),X) is a mild solution if∫ t

0
u(s)ds ∈D(A) and u(t) = x+A

∫ t

0
u(s)ds

for all t ≥ 0.

Theorem A.54 ([ABHN11, Proposition 3.7.22]). Let A be the generator of a
holomorphic semigroup T . Then for all x ∈D(A) there exists a unique mild solution
of the abstract Cauchy problem, given by u(t) = T (t)x.

Due to this theorem it is desirable to identify generators of holomorphic
semigroups. Here is a sufficient condition.

Theorem A.55 ([ABHN11, Corollary 3.7.12]). Let A be an operator. Then A is
the generator of a bounded holomorphic semigroup if and only if C+ ⊂ ρ(A) and
λR(λ,A) is bounded on C+.

If a semigroup T is strongly continuous in 0 with T (0) = Id, then we say
that T is a C0-semigroup. In this case we have

Theorem A.56 ([ABHN11, Corollary 3.7.21]). Let A be the generator of a
holomorphic C0-semigroup T . Then for every x ∈ X the abstract Cauchy problem
has a unique classical solution.

To test whether a given semigroup is a C0-semigroup, we may use

Lemma A.57 ([ABHN11, Corollary 3.3.11]). Let T be a semigroup with gener-
ator A. Then T is a C0-semigroup if and only if D(A) is dense in X.
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A.5 Sobolev Spaces of Scalar-Valued Functions

Sobolev spaces are an important example of Banach spaces which are frequently
used in the theory of partial differential equations (among others). We refer
to books like [AF03], [Bré11], [Leo09] or [GT01] for a thorough treatise. Here
we will only collect the results needed in this thesis.

Let Ω ⊂ Rd be open, m ∈ N and 1 ≤ p ≤∞. A function u ∈ Lp(Ω,R) belongs
to the Sobolev space Wm,p(Ω,R) if for every multi-index α with |α| ≤m there
exists Dαu ∈ Lp(Ω,R) such that∫

Ω

uDαϕ = (−1)|α|
∫
Ω

Dαuϕ

for all ϕ ∈ C∞c (Ω,R).

Lemma A.58 ([Leo09, Exercise 10.37 (iii)]). Let Ω = Rd+ := {(ξ ′ ,ξd) ∈ Rd−1 ×
R,ξd > 0} and let u ∈W 1,p(Ω,R). The function

u(ξ) :=

u(ξ), , if ξd > 0

u(ξ ′ ,−ξd), , if ξd < 0

belongs to W 1,p(Rd ,R) and the weak derivatives are given by

Dju(ξ) =


Dju(ξ), if ξd > 0

Dju(ξ ′ ,−ξd), if ξd < 0 and j < d

−Dju(ξ ′ ,−ξd), if ξd < 0 and j = d

.

Theorem A.59 (Rademacher [Leo09, Theorem 11.49]). Let F : Rd → R be
Lipschitz continuous. Then F is differentiable almost everywhere.

Theorem A.60 ([Leo09, Theorem 11.51]). Let Ω and Ω′ be open sets and let Φ :
Ω′→Ω be a Lipschitz continuous coordinate transform with Lipschitz continuous
inverse Φ−1. Let u ∈W 1,p(Ω,R) for some 1 ≤ p <∞. Then u ◦Φ ∈W 1,p(Ω′ ,R)
and the weak derivatives are given by

Dju ◦Φ =
d∑
i=1

(Diu) ◦Φ ·DjΦi

Theorem A.61 ([AF03, Theorem 3.41]). Let Φ : Ω1 → Ω2 be a coordinate
transform. Let m ∈ N and assume that Φ ∈ Cm

(
Ω1,Ω2

)
as well as Φ−1 ∈

Cm
(
Ω2,Ω1

)
. Then for every function u ∈Wm,p(Ω2,R) the function ũ := u ◦Φ is

an element of Wm,p(Ω1,R). Further the mapping u 7→ ũ is bounded and the usual
chain rules for the derivatives of ũ hold.
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Theorem A.62 ([Leo09, Theorem 8.21]). Let Ω ⊂ Rd be open and let Φ : Ω→
Rd be continuous. Assume that there exist measurable sets F,G such that Φ : F→
G is bijective and differentiable and such that the sets Ω\F, Φ(Ω\F) and Φ(Ω)\G
are negligible. For every integrable function u : Φ(Ω)→ R we have∫

Φ(Ω)
u =

∫
Ω

u ◦Φ · |det(∇Φ)|.

Lemma A.63 ([GT01, (7.18)]). Let u,ψ ∈ W 1,p(Ω,R) such that ψu, (Djψ)u
and ψDju are in Lp(Ω,R). Then ψu ∈W 1,p(Ω,R) with

Dj(ψu) = (Djψ)u +ψDju.

Proposition A.64 ([Bré11, Proposition 9.5]). Let u ∈ W 1,p(Ω,R) for some
1 ≤ p ≤∞ and G ∈ C1(R,R) with |G′(s)| ≤M for some constant M ≥ 0. Suppose
G(0) = 0 if Ω is unbounded. Then G ◦u ∈W 1,p(Ω,R) and we have

Dj(G ◦u) = (G′ ◦u)Dju

for all 1 ≤ j ≤ d. If we replace W 1,p(Ω,R) by W 1,p
loc (Ω,R) we may drop the

assumption that G(0) = 0 or Ω is bounded.

Theorem A.65 (Poincaré’s inequality [Leo09, Proof of Theorem 12.17]). Let
1 ≤ p <∞ and Ω be bounded in direction ej . Then there exists a constant C > 0
such that

‖Dju‖Lp(Ω,R) ≥ C‖u‖Lp(Ω,R)

for all u ∈W 1,p
0 (Ω,X). In particular: u 7→ ‖∇u‖Lp(Ω,R) is a norm on W 1,p

0 (Ω,X)
which is equivalent to the W 1,p-norm.

Proposition A.66 (Ideal property [Ouh05, Proof of Theorem 4.21]). Let u ∈
W 1,p(Ω,R) and v ∈W 1,p

0 (Ω,R). Suppose that |u(ξ)| ≤ v(ξ) for almost all ξ ∈Ω.
Then u ∈W 1,p

0 (Ω,R).

Proposition A.67 ([Bré11, Theorem 9.17 and Remark 19]). Suppose that
u ∈W 1,p(Ω,R)∩C(Ω,R) such that u|∂Ω ≡ 0. Then u ∈W 1,p

0 (Ω,R). If Ω has a

C1-boundary, then u ∈W 1,p
0 (Ω,R)∩C(Ω,R) implies that u|∂Ω ≡ 0.

Theorem A.68 (Trace theorem [Leo09, Theorems 15.10 & 15.23]). Let Ω ⊂
Rd be an open set with uniform Lipschitz boundary, d ≥ 2 and 1 ≤ p <∞. Then
there exists a linear and continuous operator

TrX :W 1,p(Ω,R)→ Lp(∂Ω,R)

such that TrXu = u|∂Ω for all u ∈ W 1,p(Ω,R) ∩ C(Ω,R). Moreover, given u ∈
W 1,p(Ω,R) we have u ∈W 1,p

0 (Ω,R) if and only if TrXu = 0.
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A.5. Sobolev Spaces of Scalar-Valued Functions

Next we formulate the embedding theorems for Sobolev spaces.

Theorem A.69 (Sobolev embedding theorem (also known as Sobolev-Ga-
gliardo-Nirenberg) [AF03, Theorem 4.12 Part I & III]). Let Ω be a domain
which satisfies the interior cone condition (in particular, this is true if Ω satisfies
a uniform Lipschitz condition) and let m ∈ N and 1 ≤ p <∞. Then we have the
following continuous embeddings:

(a) If mp < d then Wm,p(Ω,R) ↪→ Lq(Ω,R) for all p ≤ q ≤ p∗ := dp
d−mp .

(b) If mp = d then Wm,p(Ω,R) ↪→ Lq(Ω,R) for all p ≤ q <∞.

(c) If mp > d then Wm,p(Ω,R) ↪→ Lq(Ω,R) for all p ≤ q ≤∞.

All embeddings remain valid for an arbitrary domain if Wm,p(Ω,R) is replaced by
W

m,p
0 (Ω,R).

Theorem A.70 (Morrey’s embedding theorem [AF03, Theorem 4.12 Part II
& III]). Let Ω be a domain which satisfies a uniform Lipschitz condition and
let m ∈ N and 1 ≤ p < ∞. Suppose that mp > d ≥ (m − 1)p. Then we have the
continuous embedding

Wm,p(Ω,R) ↪→ C0,α(Ω,R),

where 0 < α ≤m− dp if m− dp < 1 and 0 < α < 1 if m− dp = 1.

The embedding remains valid for an arbitrary domain ifWm,p(Ω,R) is replaced
by Wm,p

0 (Ω,R).

Theorem A.71 (Partition of unity [Rud91, Theorem 6.20]). Let (Ui)i∈I be
an open cover of the open set Ω ⊂ Rd , then there exists a sequence (ψn)n∈N in
C∞c (Ω, [0,1]) such that

(a) supp ψn ⊂Ui for some i ∈ I

(b)
∑∞
n=1ψn(ξ) = 1 for all ξ ∈Ω

(c) for every compact set K ⊂ Ω there exists an m ∈ N and an open set W ⊃ K
such that ψn(ξ) = 0 for all n ≥m and all x ∈W (i.e. the series in (ii) is locally
a finite sum)

A sequence of functions as in Theorem A.71 is called a partition of unity
subordinate to the covering (Ui). It can be used to extend local results glob-
ally. Due to the local finiteness of the sum one can sum up all functions ψn
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supported in one set Ui and still obtain a function in C∞(Ui , [0,1]). Note that
this function is not compactly supported if Ui is unbounded. We still call the
resulting functions a partition of unity.

A.6 Real-Valued Distributions with Compact Support

In this section we want to sum up the necessary facts to understand the exam-
ple in Remark 9.15(b).

Let T ∈ D′(Ω,R) be a real-valued distribution. For every ω ⊂⊂Ω we define
the order of T on ω to be the minimal k ∈ N0 such that there exists a constant
C > 0 satisfying

|Tϕ| ≤ C‖ϕ‖Ck(ω,R)

for all ϕ ∈ C∞c (ω,R). The order of T is the supremum over all orders of T on
arbitrary sets ω ⊂⊂Ω.

The support of T is the set suppT consisting of all ξ ∈Ω such that there
exists no open neighborhood of ξ such that T vanishes on all testfunctions
with support in this neighborhood.

Theorem A.72 ([DK10, Theorem 8.10]). Let ξ ∈Ω and let T ∈ D′(Ω,R) such
that suppT = {ξ}. Then T has finite order k and there exist constants cα for all
|α| ≤ k such that

T =
∑
|α|≤k

cαD
αδξ .

Lemma A.73 (Weyl [DL90, II,§3, Proposition 1]). Let T ∈ D′(Ω,R) such that
∆T = 0. Then T has representative which is a harmonic function and in particular
real analytic (cf. Appendix D).

We want to extend Weyl’s lemma to distributional solutions of the inho-
mogeneous problem.

Theorem A.74. Let g ∈ L∞(Ω,R) with compact support and let T ∈ D(Ω,R) be a
solution of ∆T = g. Then T is given by a continuous function.

Proof. By Lemma 9.9 we know that the Newtonian potential w of g solves
∆w = g and thatw is continuous. Hence the distribution T −w solves ∆(T −w) =
0 and is hence continuous by Weyl’s lemma. Thus T is continuous as well.
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BIntegration of Vector-Valued
Functions
Just as in the real-valued case, integration plays a huge role in Sobolev spaces
and partial differential equations. In this chapter, we will give an overview of
the Bochner integral and related notions and results. For a thorough treatise
we refer to the author’s Master’s thesis [Kre15] as well as the books [DU77]
and [HvNVW16]

Let (Ω,Σ,µ) be a σ -finite, complete measure space and X be a Banach
space. A function s : Ω→ X is said to be a simple function if it can be written
as

s =
n∑
i=1

xi · 1Ei

with xi ∈ X and pairwise disjoint Ei ∈ Σ, µ(Ei) <∞ (i = 1, . . . ,n). A function
f : Ω→ X is said to be measurable if there exists a sequence (sn) of simple func-
tions which converges to f in norm almost everywhere. A function f : Ω→ X
is said to be weakly measurable if the function 〈f ,x′〉 is measurable for all
x′ ∈ X ′. We say that f is almost separably valued if there exists a set N with
µ(N ) = 0 such that f (Ω\N ) is separable. The most common way to check
vector-valued functions for measurability is Pettis’ theorem which links the
notions of measurability and weak measurability.

Theorem B.1 (Pettis’s theorem [HvNVW16, Theorem 1.1.20]). (a) A func-
tion f : Ω → X is measurable if and only if f is weakly measurable and
almost separably valued.

(b) Let W ⊂ X ′ be a norming subspace. A function f : Ω→ X is measurable if
and only if 〈f ,x′〉 is measurable for every x′ ∈W and f is almost separably
valued.

Corollary B.2. Let Ω ⊂ Rd open and let f : Ω→ X be continuous. Then f is
measurable.

Corollary B.3. Let Ω ⊂ Rd open and let f : Ω→ X be weakly continuous. Then
f is measurable.

Proof. Clearly, f is weakly measurable. The image of f is contained in the
weak closure of conv(f (Ω∩Qd)). On the other hand the strong and weak
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B. Integration of Vector-Valued Functions

closures of conv(f (Ω ∩Qd)) coincide by Mazur’s theorem A.8. Hence f is
separably valued and thus measurable.

Corollary B.4 ([Kre15, Corollary 2.4]). Let fn be a sequence of measurable
functions such that fn(ω)⇀ f (ω) for almost all ω ∈Ω, then f is measurable.

For a simple function s =
∑n
i=1 xi · 1Ei the integral

∫
Ω
sdµ can be defined in

the obvious way ∫
Ω

sdµ =
n∑
i=1

xi µ(Ei).

It is obvious, that the integral acts linear on simple functions and by the
triangular inequality for the norm, we gain the fundamental estimate for the
integral ∥∥∥∥∥∫

Ω

sdµ

∥∥∥∥∥
X
≤

∫
Ω

‖s‖X dµ.

As for scalar-valued functions, we now extend this integral to certain func-
tions using a limit process.

A measurable function f : Ω→ X is said to be Bochner-integrable or simply
integrable if there exists a sequence (sn) of simple functions converging to f
almost everywhere such that

lim
n→∞

∫
Ω

‖f − sn‖X dµ = 0.

For an integrable function, the integral is defined via∫
Ω

f dµ = lim
n→∞

∫
Ω

sndµ.

The linearity of the integral carries over to the limit of simple functions,
hence the integral can be interpreted as an operator. For this reason, we
sometimes omit the dµ when no confusion arises.

The following theorem links the Bochner integral to the Lebesgue integral.
This will also be helpful to quickly carry over classical theorems for the
Lebesgue integral to the vector-valued case.

Theorem B.5 (Bochner’s theorem [Kre15, Theorem 2.5]). Let f : Ω → X
be a measurable function, then f is Bochner-integrable if and only if ‖f ‖X is
Lebesgue-integrable. Further we have the fundamental estimate∥∥∥∥∥∫

Ω

f dµ

∥∥∥∥∥
X
≤

∫
Ω

‖f ‖X dµ.
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Corollary B.6 (Dominated convergence theorem [Kre15, Corollary 2.6]).
Let (fn) be a sequence of integrable functions and let f be a measurable function
such that fn→ f almost everywhere. Further let g ∈ L1(Ω,R) such that ‖fn‖X ≤ g
almost everywhere and for all n ∈ N. Then f is integrable and we have∫

Ω

f dµ = lim
n→∞

∫
Ω

fndµ.

Proposition B.7 (Converse of the dominated convergence theorem [Kre15,
Proposition 2.13]). Let 1 ≤ p ≤ ∞ and let fn → f in Lp(Ω,X). Then there
exists a subsequence (fnk ) and a function g ∈ Lp(Ω,R) such that fnk converges to f
pointwise almost everywhere and ‖fnk‖X ≤ g pointwise almost everywhere.

Theorem B.8 (Hille [HvNVW16, Theorem 1.2.4]). Let f : Ω→ X be measur-
able and let A : D(A) ⊂ X 7→ Y be a closed linear operator into another Banach
space Y such that f (ω) ∈D(A) almost everywhere. If A ◦ f is integrable, then

A

∫
Ω

f =
∫
Ω

A ◦ f .

Corollary B.9. Let A ∈ L(X,Y ) and let f be integrable. Then
∫
A ◦ f = A

∫
f . In

particular this holds if Y = R, i.e. A = x′ ∈ X ′.

Since the dual space X ′ separates the Banach space X, Corollary B.9 can
be used to prove a vast quantity of linear equalities, such as integration by
parts, integration by substitution or the divergence theorem.

Theorem B.10 (Substitution [HvNVW16, Theorem 1.2.6]). Let (Ωi ,Σi) be
measurable spaces for i = 1,2 and let µ be a measure on Ω1. Let Φ : Ω1 → Ω2
and define ν as the image measure µ ◦Φ−1 on Ω2. Then a measureable function
f : Ω2→ X is ν-integrable if and only if f ◦Φ : Ω1→ X is µ-integrable. In this
case we have ∫

Ω1

f ◦Φ dµ =
∫
Ω2

f dν.

Theorem B.11 (Fubini [Kre15, Theorem 2.9]). Let Ω = Ω1 ×Ω2 be a product
measure space with respect to the measure µ1⊗µ2 and let f : Ω→ X be measurable.
Suppose that the integral ∫

Ω1

∫
Ω2

‖f ‖X dµ2dµ1

exists, then f is Bochner integrable and we have that∫
Ω1×Ω2

f dµ1 ⊗µ2 =
∫
Ω1

∫
Ω2

f dµ2dµ1 =
∫
Ω2

∫
Ω1

f dµ1dµ2.

Conversely if f is Bochner integrable, then the above integrals exist and the equa-
tion holds.
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B. Integration of Vector-Valued Functions

For all 1 ≤ p ≤∞ the space Lp(Ω,X) is defined as the space of all measur-
able functions such that ‖f ‖X ∈ Lp(Ω,R) and the norm on this space will be
defined via ‖f ‖Lp(Ω,X) := ‖‖f ‖X ‖Lp(Ω,R). As in the scalar-valued case we view
a measurable function f as an equivalence class of functions that are equal
almost everywhere. It now follows as in the scalar-valued case that Lp(Ω,X)
is a Banach space. If X is a Hilbert space, then L2(Ω,X) is a Hilbert space as
well with respect to the inner product (f |g)L2(Ω,X) :=

∫
(f |g)X .

Proposition B.12 (Hölder’s inequality [Kre15, Propositions 2.10 and 2.11]).
Let 1 ≤ p ≤ ∞ and let f ∈ Lp(Ω,X) and g ∈ Lq(Ω,R) with 1

p + 1
q = 1. Then the

function f g is in L1(Ω,X) and we have

‖f g‖L1(Ω,X) ≤ ‖f ‖Lp(Ω,X) ‖g‖Lq(Ω,R).

If g ∈ Lq(Ω,X ′), then the function 〈f ,g〉 is in L1(Ω,R) and we have

‖〈f ,g〉‖L1(Ω,R) ≤ ‖f ‖Lp(Ω,X) ‖g‖Lq(Ω,X ′).

Corollary B.13 ([Kre15, Propositions 2.12]). If Ω is a finite measure space,
then Lq(Ω,X) ⊂ Lp(Ω,X) for 1 ≤ p ≤ q ≤∞.

In particular: For the Lebesgue measure on Rd we define

L
p
loc(Ω,X) := {f : Ω→ X,f ∈ Lp(ω,X) for all ω ⊂⊂Ω}

Then the first statement implies that Lqloc(Ω,X) ⊂ Lploc(Ω,X) if q ≤ p.

Proposition B.14 (Interpolation). Let f ∈ Lp(Ω,X) ∩ Lq(Ω,X) where p < q.
Then f ∈ Lr(Ω,X) for all p ≤ r ≤ q. Indeed

‖f ‖r ≤ ‖f ‖αp ‖f ‖a−αq

where 1
r = α

p + 1−α
q .

Proof. The real-valued case is well known, see e.g. [Bré11, Exercise 4.4]. The
claim follows from the definition of Lp(Ω,X).

Proposition B.15 (Minkowski inequality [HvNVW16, Proposition 1.2.22]).
Let (Ω1,Σ1,µ1) and (Ω2,Σ2,µ2) be two measure spaces and let 1 ≤ p <∞. Then
for all f ∈ L1(Ω1,L

p(Ω2,X)) we have f ∈ Lp(Ω2,L
1(Ω1,X)) and the inequality

‖f ‖Lp(Ω2,L1(Ω1,X)) ≤ ‖f ‖L1(Ω1,Lp(Ω2,X))

holds.
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Lemma B.16 ([Leo09, Exercise 12.14]). Let fn : Rd → X be a sequence of
measurable functions. Suppose that there exists and M ∈ N such that for every
ξ ∈ Rd there exist at most M of the fn’s such that fn(ξ) , 0. Then for 1 ≤ p <∞
the Lp-norm of the function f :=

∑∞
n=1 ‖fn‖X can be estimated by

‖f ‖Lp(Rd ,R) ≤M
1
q

 ∞∑
n=1

‖fn‖Lp(Rd ,X)


1
p

,

where 1
p + 1

q = 1. For p =∞ we have

‖f ‖L∞(Rd ,R) ≤M sup
n∈N
‖fn‖L∞(Rd ,X).

Proposition B.17 ([Kre15, Propositions 2.14]). Let f ∈ Lp(Ω,X). If 1 ≤ p <∞
then there exists a sequence (sn) of simple functions converging to f in Lp(Ω,X). If
p =∞ then there exists a sequence (sn) of measurable, countably valued functions
converging to f in L∞(Ω,X).

A function of the form g(·) = f (·)x where f ∈ Lp(Ω,K) and x ∈ X is called a
tensor and is usually written as g = f ⊗x (The reader who wants to know where
this notation stems from is referred to [DU77, Chapter VIII]). By the above
proposition the set of all linear combinations of tensors is dense in Lp(Ω,X)
for 1 ≤ p < ∞. This motivates the so-called Lp-extension problem: Given a
bounded operator T on Lp(Ω,R) or Lp(Ω,C) we may define T̃ for all tensors
f ⊗ x via T̃ (f ⊗ x) := T f ⊗ x. The operator T̃ is extended linearily on linear
combinations of tensors. The problem is whether this defines a bounded
operator which then automatically extends uniquely to all of Lp(Ω,X). This is
false in general, see [HvNVW16, Chapter 2]. However we have the following
two results.

Theorem B.18 (Paley-Marcinkiewicz-Zygmund [HvNVW16, Thm. 2.1.9]).
Let 1 ≤ p < ∞ and let X be a Hilbert space. For any bounded operator T on
Lp(Ω,K) let T̃ be defined as above. Then T̃ is bounded and the operator norms of
T and T̃ coincide.

Theorem B.19 ([HvNVW16, Thm. 2.1.8]). Let 1 ≤ p <∞ and letX be a Banach
space. For any positive operator T on Lp(Ω,K) let T̃ be defined as above. Then T̃
is bounded and the operator norms of T and T̃ coincide.

For the special case where Ω is a subset of Rd equipped with the Lebesgue
measure, we have the following denseness result.

Proposition B.20 ([Kre15, Propositions 2.15]). Let Ω ⊂ Rd open and consider
integrations with respect to the Lebesgue measure λ. If 1 ≤ p <∞ and f ∈ Lp(Ω,X),
then there exists a sequence (ϕn) of functions in C∞c (Ω,X) converging to f in
Lp(Ω,X).
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B. Integration of Vector-Valued Functions

Corollary B.21. For all ξ ∈ Rd and u ∈ Lp(Rd ,X) the translation t 7→ u(·+ tξ) is
continuous in Lp(Rd ,X)-norm in the variable t. The same holds for u ∈ Lp(Ω,X)
if we extend it to Lp(Rd ,X) by setting it to 0 outside of Ω.

Proof. By Proposition B.20 it suffices to show this for u ∈ C∞c (Rd ,X). But then
u(·+ tξ)→ u uniformly on a compact set and hence the claim follows from
the dominated convergence theorem.

Theorem B.22 (Lebesgue’s differentiation theorem [Kre15, Theorem 2.16]).
Let Ω ⊂ Rd be open. Let f ∈ L1

loc(Ω,X), then

λ (B(ξ,r))−1
∫
B(ξ,r)

‖f (η)− f (ξ)‖dλ(η)→ 0 (r→ 0)

for almost all ξ ∈Ω. In particular we have that

f (ξ) = lim
r→0

λ (B(ξ,r))−1
∫
B(ξ,r)

f (η)dλ(η)

almost everywhere. Further if d = 1 and we have

f (t) = lim
h→0

1
h

∫ t+h

t
f (s)dλ(s)

for almost all t ∈Ω.

Let ϕ ∈ C∞c (Rd) such that
(a) ϕ ≥ 0
(b) supp ϕ ⊂ B(0,1)
(c)

∫
Rd ϕ = 1

We say that ϕ is a mollifier. For r > 0 let ϕr := 1
rd
ϕ( ·r ), then ϕr has the same

properties as ϕ apart from being supported on the ball B (0, r). We will refer to
the family (ρr )r>0 as a mollifier as well. Note that any function u ∈ L1

loc(Ω,X)
can be extended to L1

loc(Rd ,X) by setting it to 0 outside of Ω. The same is true
for Lp- and C∞c -functions and we will implicitely use this throughout in this
context. For u ∈ L1

loc(Ω,X) and ϕ ∈ C∞c (Ω,R) (or more general u ∈ Lp(Ω,X)
and ϕ ∈ L1(Ω,R)) we define the convolution u ∗ϕ of u and ϕ as in the scalar-
valued case via

u ∗ϕ(z) :=
∫
Rd
u(z − y)ϕ(y)dy

=
∫
Rd
u(y)ϕ(z − y)dy = ϕ(z) ∗u.
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Note that in the second integral representation of u ∗ϕr the variable z is only
plugged into ϕ and not into u. It follows that u ∗ϕ ∈ C∞(Rd ,X). As in the
scalar case we define the support of an Lp-function via

supp f := Ω\
⋃

U⊂Rd open
f|U=0

U.

For a continuous function, this and the ususal definition of the support coin-
cide. The following lemma describes the support of u ∗ϕ.

Lemma B.23 ([Kre15, Lemma 4.4]). suppu ∗ϕ ⊂ suppu + suppϕ

Proposition B.24 ([Kre15, Proposition 4.5]). Let 1 ≤ p ≤ ∞ and let ρr be
a mollifier. Then the mapping defined via u 7→ u ∗ ϕr is a linear contraction
Lp(Rd ,X)→ Lp(Rd ,X).

As in the scalar-valued case the C∞-functions u ∗ ϕr approximate the
function u ∈ Lp(Ω,X). This justifies the term ’mollifier’.

Theorem B.25 ([Kre15, Theorem 4.6]). Let 1 ≤ p <∞. For all u ∈ Lp(Rd ,X)
we have

‖u −u ∗ϕr‖Lp(Rd ,X)→ 0 (r→ 0).

The approximation of the identity can be improved for sets of integrable
functions.

Proposition B.26. Let F ⊂ Lp(Ω,X) and assume that

‖τhu −u‖p→ 0

uniformly. Then

sup
u∈F
‖ρh ∗u −u‖p→ 0.

Proof. For h > 0 and ξ ∈ Rd we have

‖ρh ∗u(ξ)−u(ξ)‖ ≤
∫
Rd
‖u(ξ − η)−u(ξ)‖ρh(η)dη.

Using Hölder’s inequality, the latter can be estimated by(∫
Rd
‖u(ξ − η)−u(ξ)‖pρh(η)dη

) 1
p

.
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Thus Fubini’s theorem yields

‖ρh ∗u −u‖
p
p ≤

∫
B(0,h)

ρh(η)
∫
Rd
‖u(ξ − η)−u(ξ)‖p dξ dη

For small h the assumtion on F yields the result.

The following lemma is related.

Lemma B.27. Let F ⊂ Lp(Rd ,X) be bounded and let ρ ∈ C∞c (Rd ,R). Then there
exists a C > 0 such that

‖ρ ∗ f (ξ)− ρ ∗ f (η)‖X ≤ C|ξ − η|,

for all f ∈ F and all ξ,η ∈ Rd .

Proof. Let r > 0 such that the support of ρ is contained in the ball B(0, r).
Further denote the volume of B(0, r) by V

2 . Note that ρ is Lipschitz continuous
with Lipschitz constant L := ‖∇ρ‖∞. For f ∈ F and ξ,η ∈ Rd we compute

‖ρ ∗ f (ξ)− ρ ∗ f (η)‖X ≤
∫
B(ξ,r)∪B(η,r)

(ρ(ξ −ψ)− ρ(η −ψ)‖f (ψ)‖X dψ

≤
(∫

B(ξ,r)∪B(η,r)
Lq|ξ − η|q dψ

) 1
q

‖f ‖p

≤ LV
1
q sup
g∈F
‖g‖p|ξ − η|,

which is independent of the choice of f ,ξ and η.

We now want to describe the dual space of the space Lp(Ω,X). Unlike
the findings above, this does not work analogously to the real-valued case
for every Banach space X. Instead we need to require a geometric prop-
erty. Hölder’s inequality shows that for all Banach spaces X we have the
embedding Lq(Ω,X ′) ↪→ Lp(Ω,X)′. Further for all g ∈ Lq(Ω,X ′) it holds that
‖g‖Lp(Ω,X)′ ≤ ‖g‖Lq(Ω,X ′) hence this embedding is continuous. We can extend
this result:

Proposition B.28 ([Kre15, Proposition 2.18]). For 1 ≤ p < ∞ the inclusion
mapping Lq(Ω,X ′) ↪→ Lp(Ω,X)′ is an isometry.

A Banach space X is said to have the Radon-Nikodým property if every Lip-
schitz continuous function f : I → X is differentiable almost everywhere (or
equivalently if every absolutely continuous function is differentiable almost
everywhere, [ABHN11, Proposition 1.2.4]). Note that this is not the usual
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definition of the Radon-Nikodým property but the one most convenient for
our work. We refer to [DU77] or [BL00, Chapter 5, in particular Theorem
5.21] for more information.

Proposition B.29 (Dunford-Pettis, [ABHN11, Theorem 1.2.6]). Let Y be a
Banach space and let X := Y ′ be separable, then X has the Radon-Nikodým prop-
erty.

Corollary B.30 ([Kre15, Corollary 2.21]). Every reflexive space has the Radon-
Nikodým property.

Theorem B.31 ([DU77, IV Theorem 1]). Let X be a Banach space. Lp(Ω,X)′ �
Lq(Ω,X ′) for 1 ≤ p <∞ if and only if X ′ has the Radon-Nikodým property.

Corollary B.32 (Phillips [DU77, IV Corollary 2]). If X is reflexive and 1 <
p <∞ then Lp(Ω,X) is reflexive.

Theorem B.33 (Sundaresan, Turett and Uhl, [TU76]). If 1 < p < ∞ then X
has the Radon-Nikodým property if and only if Lp(Ω,X) does.
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CFourier Multipliers and the UMD
Property
In this appendix we discuss the Fourier transform and its relation to the UMD
property. For a thorough treatise we refer the reader to the book [HvNVW16].
Let X be a complex Banach space. The Fourier transform is the operator

F : L1(Rd ,X)→ L∞(Rd ,X),

given by

F f (ξ) :=
∫
Rd
f (η)e−2πi(ξ |η)Rd dη.

Its formal inverse is given by

F −1 :L1(Rd ,X)→ L∞(Rd ,X)

f 7→
∫
Rd
f (η)e2πi(·|η)Rd dη.

As in the real-valued case the Fourier transform has the property of turning
convolution into multiplication and derivation in direction j into multiplica-
tion by 2πiξj .

The Fourier transform and its inverse are linked in the way that F −1F f =
f whenever F f ∈ L1(Rd ,X), see [HvNVW16, Proposition 2.4.5]. We now
consider the space

F −1L1(Rd ,X) = {g ∈ L∞(Rd ,X),∃f ∈ L1(Rd ,X) s.th. F −1f = g}.

For every g ∈ F −1L1(Rd ,X) the function f in the definition of this set is actu-
ally unique and hence we may extend the Fourier transform to F −1L1(Rd ,X)
via the obvious setting F g := f . As we have seen, this coincides with the usual
definition if g ∈ L1(Rd ,X).

Let m ∈ L∞(Rd ,C). We associate with m the linear operator Tm mapping
F −1L1(Rd ,X) into L∞(Rd ,X) given by

f 7→ Tmf := F −1(mF f ).

An operator of this form is called a Fourier multiplier and the associated func-
tion m is called the multiplier of this operator.
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C. Fourier Multipliers and the UMD Property

Let Tm be a Fourier multiplier with associated multiplier m. We may
consider the operator Tm on F −1L1(Rd ,X)∩Lp(Rd ,X). This space is dense in
Lp(Rd ,X), see [HvNVW16, Lemma 2.4.7]. A priori the operator has values in
L∞(Rd ,X). Suppose now that Tm actually maps F −1L1(Rd ,X)∩Lp(Rd ,X) into
Lp(Rd ,X) and that it is bounded in Lp-norm. Then it can be uniquely extended
to Lp(Rd ,X). In this case we call m an Lp(Rd ,X)-multiplier. We often do not
differentiate between m and Tm and call Tm an Lp(Rd ,X)-multiplier as well.
To check the boundedness of Tm it suffices to check the boundedness for func-
tions in C∞c (Rd ,X), since these functions are dense in F −1L1(Rd ,X)∩Lp(Rd ,X),
see [HvNVW16, Lemma 2.4.23].

Fourier multipliers can also be defined on real Banach spaces in the fol-
lowing way: Let X be a real Banach space. We define the complexification of X
as the space

XC := X ×X,

endowed with the usual addition and the complex multiplication given by

(a+ bi)(x,y) := (ax − by,ay + bx),

for all a,b ∈ R and x,y ∈ X. There are different norms which make XC a
Banach space. The most common choice is

‖(x,y)‖XC := sup
0≤θ≤2π

‖xcosθ + y sinθ‖X

= sup
‖x′‖X′=1

(〈x,x′〉2 + 〈y,x′〉2)
1
2 ,

for all x,y ∈ X.

Proposition C.1 ([HvNVW16, Proposition 5.3.11]). Let X be a real Banach
space with complexification XC. Suppose that m ∈ L∞(Rd ,C) has an even real part
and an odd imaginary part. Then Tm on F −1L1(Rd ,XC) can be restricted to an
operator on

{f ∈ F −1L1(Rd ,XC), f (Rd) ⊂ X}.

Since X is the image under the projection PR : XC→ X, (x,y) 7→ x, the above space,
restricted to Lp(Rd ,X) is dense in Lp(Rd ,X) and we can define Tm on this space.
The operator Tm is an Lp(Rd ,XC)-multiplier if and only if the restricted operator
above is bounded on Lp(Rd ,X).

Remark C.2. There exists a norm on XC such that the operators above have
the same norm, see [HvNVW16, Proposition 5.3.11].
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Let X be an arbitrary Banach space. For every 0 < ε < R we denote hε,R =
1
πξ1{ξ∈R,ε≤|ξ |≤R} ∈ L1(R,R). For every f ∈ Lp(R,X) we then define

Hε,Rf := hε,R ∗ f ,

which maps continuously into Lp(R,X). Since the Fourier transform turns
convolution into multiplication the operator Hε,R is actually an Lp(R,X)-
multiplier and its multiplier is given by F hε,R. The space X is said to have the
UMD property if

Hf := lim
ε→0
R→∞

Hε,Rf

exists in Lp(R,X) for every f ∈ Lp(R,X) and defines a bounded operator on
Lp(R,X) for some (equivalently all) p ∈ (1,∞). In this case, the limit also exists
pointwise almost everywhere. Note that this is not the original definition of
the UMD property, but often the most useful one. Spaces with this property
were formerly called HT -spaces. It was later found that these spaces are the
same space as those which have the UMD property, see [HvNVW16, Theorem
5.1.1].

Example C.3 ([HvNVW16, Propositions 4.2.14, 4.2.15 and 4.2.17]). Every
Hilbert space has the UMD property (and hence also X = R and X = C). If X
has the property, then so do the spaces X ′ and Lp(Ω,X), where Ω is a measure
space and 1 < p <∞.

The UMD property is a rather strong property as the following proposition
reveals.

Proposition C.4 ([HvNVW16, Theorem 4.3.3]). If X has the UMD property,
then X is reflexive.

We can also describe the UMD property via a Fourier multiplier.

Proposition C.5 ([HvNVW16, Proposition 5.2.2]). The complex Banach space
X has the UMD property if and only if

m : ξ 7→ −i sign(ξ).

is an Lp(R,X)-multiplier for some (equivalently all) p ∈ (1,∞). In this case we
have Tm =H .

Note that the multiplier satisfies the conditions of Proposition C.1. Hence
the above proposition remains valid in the case of a real Banach space.
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DPotential Theory and Real-Valued
Elliptic Boundary Value Problems
Let Ω ⊂ Rd be an open and bounded set. The set of all harmonic functions will
be denoted by H(Ω,R) := {u ∈ C2(Ω,R),∆u = 0}.

Theorem D.1 (Poisson’s (integral) formula [Hel09, Theorem 1.5.4]). Let
u : Ω→ R be harmonic. Then

u(ξ) =
1

r0σd−1(B(0,1))

∫
∂B(ξ0,r0)

r2
0 − |ξ − ξ0|2

|ξ − s|d
u(s)dσd−1(s)

for all ξ ∈ B(ξ0, r0) if ξ0 ∈Ω and r0 > 0 such that B(ξ0, r0) ⊂⊂Ω.

Lemma D.2 ([ABR01, Proof of Theorem 1.24]). The Poisson kernel

r2
0 − |ξ − ξ0|2

|ξ − s|d

has a power series expansion in a neighborhood of 0.

Theorem D.3 (Maximum principle [ABR01, Theorem 1.4]). Let u : Ω→ R
be harmonic. If u attains a local extremum in Ω, then u is constant on the con-
nected component of Ω containing the extremum.

In particular: If u is continuous up to the boundary of Ω, then

max
ξ∈Ω

u(ξ) = max
z∈∂Ω

u(z) and min
ξ∈Ω

u(ξ) = min
z∈∂Ω

u(z).

Theorem D.4 (Mean-Value property [Hel09, Theorems 1.7.9 and 1.7.12]).
Let u : Ω→ R. Then the following are equivalent:

(i) u is harmonic
(ii) u is loacally integrable and satisfies the mean-value property (volume version)

u(ξ) = −
∫
B(ξ,r)

u

whenever B(ξ,r) ⊂Ω

(iii) u is continuous and satisfies the mean-value property (surface version)

u(ξ) = −
∫
∂B(ξ,r)

udσd−1

whenever B(ξ,r) ⊂⊂Ω.
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D. Potential Theory and Real-Valued Elliptic Boundary Value Problems

Proposition D.5 ([Eva10, Chapter 2, Proof of Theorem 6]). Let u ∈ C(Ω,R)
satisfy the mean-value properties and let ρr be a mollifier with support in B(0, r).
Then ur = ρr ∗u = u in Ωr . In particular ∈ C∞(Ω,R).

Let Ω ⊂ Rd be an open and bounded set. Given a function f ∈ C(∂Ω,R)
we consider the classical Dirichlet problemu ∈ H(Ω,R)∩C(Ω,R)

u|∂Ω = f .

For the definition of ∂regΩ we refer to Chapter 7.

Theorem D.6 ([Hel09, Theorems 2.6.16 and 2.6.23], [Kel66, Theorem IX]).
There exists a unique function Hf ∈ Hb(Ω,R) such that

lim
ξ→z

Hf (ξ) = f (z)

for every z ∈ ∂regΩ.

Regularity holds under very weak assumptions. The following is a simple
but sufficient condition.

Proposition D.7 (Exterior sphere condition [Hel09, Theorem 2.6.25]). Let
z ∈ ∂Ω and suppose there exists a ball B which does not intersect Ω such that
z ∈ ∂B. Then z ∈ ∂regΩ. In particular: Every set Ω which has a C2-boundary is
Dirichlet regular.

Theorem D.8 (Wiener’s construction of the Perron solution [Kel66, Theo-
rem II]). Let f ∈ C(∂Ω,R). For every continuous extension F of f to the whole
of Ω and every nested exhausting sequence (ωn) of Dirichlet regular open subsets
of Ω we have: If Hn denotes the solution of the Dirichlet problem for ωn with
boundary data F|∂ωn , then Hn converges to Hf uniformly on compact subsets.

Wiener’s construction is justified since an exhausting sequence of regular
sets always exist, cf. [AG01, Corollary 6.6.13], and the existence of F is ensured
by Tietze’s theorem. In some circumstance we can also approximate Ω from
the outside.

Theorem D.9 ([AD08, Theorems 4.7 and 4.8]). Let Ωn be Dirichlet regular
sets such that Ωn ⊃ Ωn+1 ⊃ Ω and

⋂
nΩn = Ω. Let F ∈ C

(
Ω1,R

)
and define

fn := F∂Ωn
and f := F∂Ω. Then Hfn →Hf on compact sets in Ω (for every such F)

if and only if

W
1,p
0

(
Ω,R

)
=W 1,p

0 (Ω,R).
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In this case we can also more generally assume that Ωn ⊂ Rd are regular open sets
such that for every ω ⊂⊂Ω there exists an n0 ∈ N such that ω ⊂⊂Ωn for all n ≥ n0
and such that for every ball B ⊂ Rd we have |(Ωn ∩B)\Ω| → 0. Let F : Rd → R be
uniformly continuous and set fn and f as above. Then we still have Hfn →Hf .

Theorem D.10 (Poincaré’s construction of the Perron solution [Hil05, The-
orem 2]). Let f ∈ C(∂Ω,R) and let F be a continuous extension of f to the whole
of Ω. Let Bi be a sequence of non-trivial balls such that Bi ⊂⊂Ω and let in be a
sequence such that every natural number appears infinitely often in in. Define a
sequence un inductively via

u0 = F and un = (un−1)Bin .

Then the sequence un converges to Hf uniformly on compact subsets.

Theorem D.11 (Hilbert space approach[Hil05, Theorem 1]). Suppose that
for f ∈ C(∂Ω,R) there exists a continuous extension F of f to the whole of Ω such
that F ∈H1(Ω,R). Then the unique minimizer of

v 7→
∫
Ω

|∇v|2

in the set {v ∈H1(Ω,R),v −F ∈H1
0 (Ω,R)} is the Perron solution of the Dirichlet

problem with boundary data f .

The set of all functions which do have such extensions are dense since they
contain restrictions of every function in C∞c (Rd ,R). The maximum principle
implies that one can extend the solution operator obtained by the Hilbert
space approach to all of C(∂Ω,R).

Proposition D.12 (Maximum principle (subharmonic functions) [ABR01,
Theorem 11.2]). Let v : Ω→ R be subharmonic. If v has a local maximum in
ξ0 ∈Ω it is constant on the connected component containing ξ0.

The following maximum principle respects the nature of the Perron solu-
tion

Proposition D.13 (Phragmén-Lindelöf maximum principle [AG01, Theo-
rems 5.2.6 (i) and 6.6.8]). Let u ∈ Cb(Ω ∪ ∂regΩ,R) be subharmonic. Then
supξ∈Ωu(ξ) = supz∈∂regΩ

u(z). In particular if u is even harmonic, then

inf
z∈∂regΩ

u(z) ≤ u(ξ) ≤ sup
z∈∂regΩ

u(z).

Lemma D.14 ([Hel09, Lemma 2.3.4]). If v ∈ C2(Ω,R), then v is subharmonic
if and only if −∆v ≤ 0.
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D. Potential Theory and Real-Valued Elliptic Boundary Value Problems

Lemma D.15 ([MZ97, Theorem 2.59]). Let u ∈ C(Ω,R) such that −∆u ≤ 0 in
the sense of distributions. Then u is subharmonic.

We consider an elliptic differential operator L as defined in Chapter 11.
Note that we always mean in non-divergence form if not indicated otherwise
and also always c ≤ 0. Recall that the Poisson problem is given byLu = g in Ω

u = f on ∂Ω

where f and g are given functions.

Theorem D.16 ([GT01, Theorems 6.6 and 6.14, Theorem 3.7]). (a) (Kellogg-
Schauder) Suppose that Ω ⊂ Rd is open and bounded with a C2,α boundary
for some 0 < α < 1 and let L be an elliptic differential operator whose co-
efficients are globally α-Hölder continuous. Further let g ∈ C0,α(Ω,R) and
f = F|∂Ω where F ∈ C2,α(Ω,R). A solution u ∈ C2(Ω,R) ∩ C(Ω,R) of the
Poisson problem, if it exists, is an element of C2,α(Ω,R) and there exists a
constant C – dependent on Ω,λ,α and the C0,α-norms of the coefficients of L –
such that

‖u‖C2,α(Ω,R) ≤ C(‖u‖C(Ω,R) + ‖F‖C2,α(Ω,R) + ‖g‖C0,α(Ω,R)).

(b) (Maximum principle) Let Ω be an arbitrary domain, L as in (a) and g ∈
Cb(Ω,R). Assume that u ∈ C2(Ω,R)∩C(Ω,R) satisfies Lu = g. Then we have

‖u‖C(Ω,R) ≤ ‖u‖C(∂Ω,R) +C‖g‖Cb(Ω,R).

In particular these estimates hold if L = ∆.

Proposition D.17 ([GT01, Theorem 6.17 and Problem 6.1]). Let k ∈ N0 and
0 < α < 1. Suppose u ∈ C2(Ω,R) satisfies Lu = g for some g ∈ Ck,α(Ω,R). Suppose
further that the coefficients of L are in Ck,α(Ω,R). Then u ∈ Ck+2,α(Ω0,R) for
every Ω0 ⊂⊂Ω1 ⊂⊂Ω and we have the estimate

‖u‖Ck+2,α(Ω0,R) ≤ C(‖u‖C(Ω1,R) + ‖g‖Ck,α(Ω1,R)), (D.1)

where C = C(L,Ω1,Ω0,α,d). In particular: If we replace Ck,α by C∞, then also
u ∈ C∞(Ω,R).

Theorem D.18 ([GT01, Theorem 6.19]). In the setting of Theorem D.16 (a) as-
sume that the boundary of Ω is of class Ck+2,α. Assume further that g ∈ Ck,α(Ω,R)
and the coefficients of L are in Ck,α(Ω,R). Assume finally that F ∈ Ck+2,α(Ω,R).
Then the solution u to the Poisson problem is an element of Ck+2,α(Ω,R) as well.
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Proposition D.19 (Interior Schauder estimates [GT01, Corollary 6.3]). Let
Ω ⊂ Rd be open and bounded, 0 < α < 1 and let L be an elliptic operator with
coefficients in C0,α(Ω,R). Suppose that u ∈ C2,α(Ω,R)∩C(Ω,R) satisfies Lu = 0.
Then for every ω ⊂⊂Ω there exists a constant C > 0 such that

d‖Du‖C(ω,Rd ) + d2‖D2u‖C(ω,Rd×d ) + d2+α |D2u|C0,α(ω,Rd×d ) ≤ C‖u‖C(Ω,R),

where d := dist(ω,∂Ω).

Theorem D.20. Let Ω ⊂ Rd be a Dirichlet regular open and bounded set and let L
be as in Proposition D.19 with c ≤ 0. For every f ∈ C(∂Ω,R) there exists a unique
u ∈ C2,α(Ω,R)∩C(Ω,R) satisfyingLu = 0, in Ω

u = f , on ∂Ω.

Proof. In [Hel09, Theorem 9.8.9] the result is shown for domains which are
assumed to be L-regular (for a definition of L-regular points see [Hel09,
Section 9.8]). However, since the coefficients of L are Hölder continuous
up to the boundary, an L-regular set is the same as a Dirichlet regular set. This
was first shown in [Her62, 36 Corollaire] (only available in French; note that in
this article "lipschitzien" means Hölder continuous in the common notation).
Another proof can be found in [Kry67, Theorem 4] in English. In this article
the equivalence is actually proved under the even weaker condition that the
coefficients of L are Dini continuous at the boundary (see [Kry67, Condition
(10)] for a definition of Dini continuity). This condition is easy to verify for
globally Hölder continuous coefficients.

Theorem D.21 ([GT01, Theorem 9.15]). Let Ω ⊂ Rd be open and bounded
with a C1,1-boundary and let L be an elliptic operator with a ∈ C(Ω,Rd×d) and
c ≤ 0. Then for every data g ∈ Lp(Ω,R) and f ∈W 2,p(Ω,R) with 1 < p <∞ there
exists a unique u ∈W 2,p(Ω,R) satisfying Lu = g and u − f ∈W 1,p

0 (Ω,R).

Theorem D.22. In the setting of Theorem D.21 let f = 0. Define T : Lp(Ω,R)→
W 2,p(Ω,R)∩W 1,p

0 (Ω,R) via g 7→ u. Then −T is a positive operator, that is, T g ≤ 0
whenever g ≥ 0.

For the proof of Theorem D.22 we will need the following maximum
principle and an Lp-estimate.

Theorem D.23 ([GT01, Theorem 9.6]). Let Ω ⊂ Rd be open and bounded and
let L be as in Theorem D.21. Suppose u ∈W 2,d

loc (Ω,R) (note that u is continuous
by Morrey’s embedding theorem A.70) such that Lu ≥ 0. Then u cannot achieve a
nonnegative maximum in Ω unless it is constant.
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D. Potential Theory and Real-Valued Elliptic Boundary Value Problems

Lemma D.24 ([GT01, Lemma 9.17]). Under the same hypotheses as in Theorem
D.21 there exists a constant C > 0 such that for all u ∈W 2,p(Ω,R)∩W 1,p

0 (Ω,R)
we have

‖u‖W 2,p(Ω,R) ≤ C‖Lu‖Lp(Ω,R).

Proof of Theorem D.22. First suppose that g ∈ C∞c (Ω,R). Then g ∈ Ld(Ω,R)
and hence by uniqueness the solution u := T g is an element of W 2,d(Ω,R)∩
W 1,d

0 (Ω,R). Further it is continuous up to the boundary by Morrey’s embed-
ding theorem A.70. Proposition A.67 shows that u|∂Ω = 0 in the classical sense.
Suppose that u(ξ) > 0 for some ξ ∈Ω. Then u has a nonnegative maximum in
Ω. This contradicts Theorem D.23.

Now let g be arbitrary. There exist nonnegative functions gn ∈ C∞c (Ω,R)
such that gn → g in Lp(Ω,R). By the first step we know that the solution
un := T gn is non-positive. Lemma D.24 shows that un is Cauchy and hence
convergent in W 2,p(Ω,R)∩W 1,p

0 (Ω,R). The uniqueness of the solution shows
that u ≤ 0.

Theorem D.25 ([GT01, Theorem 8.3]). Let Ω ⊂ Rd be open and bounded and
let L be an elliptic operator in divergence form such that c ≤ 0. Then for every
g ∈ L2(Ω,R) and every f ∈H1(Ω,R) there exists a unique function u ∈H1(Ω,R)
such that Lu = g weakly and u − f ∈H1

0 (Ω,R).

Theorem D.26 (De Giorgi-Nash [GT01, Theorem 8.22]). Let u ∈W 1,2(Ω,R)
be a weak solution of the equation Lu = f where L is an elliptic differential operator
in divergence form and f ∈ L

q
2 (Ω,R) for some q > d. Then u is locally Hölder

continuous. Furthermore for every ω ⊂⊂Ω the Hölder exponent α of u|ω depends
only on the dimension d, the coefficients a,b and c, the distance dist(ω,∂Ω) and q.
Note that this theorem also holds for more general equations, see [GT01, Theorem
8.22].

Theorem D.27 ([LSW63]). Let Ω ⊂ Rd be open and bounded and let L be an
elliptic operator in divergence form with b = 0 and c = 0. For every f ∈ C(∂Ω,R)
there exists a function u ∈ H1

loc(Ω,R) which has the following properties: The
function is locally a weak solution of Lu = 0 (in particular u is locally Hölder
continuous by Theorem D.26). The function u satisfies the maximum principle

min
z∈∂Ω

f (z) ≤ u(ξ) ≤max
z∈∂Ω

f (z)

for all ξ ∈Ω. Further at the boundary we have

lim
ξ→z

u(ξ) = f (z)
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D.1. Keldyš’s Lemma

for all f ∈ C(∂Ω,R) if and only if z ∈ ∂Ω is regular in the sense of Part II. Lastly,
if f has an H1-extension F (see Section 7.2), then u coincides with the unique
H1-solution, that is u ∈H1(Ω,R), Lu = 0 weakly and u −F ∈H1

0 (Ω,R).

D.1 Keldyš’s Lemma

Keldyš’s lemma is the essential tool to prove Keldyš’s theorem in Section 8.2.
It states as follows.

Lemma D.28 ([Bre61, Lemme 1]). Let Ω ⊂ Rd be open and bounded and let
z0 ∈ ∂regΩ. For every ε,δ,K > 0 there exists a function w ∈ H(Ω,R)∩C(Ω,R)
such that
(a) w ≥ 0
(b) w(z0) < ε
(c) w(z) ≥ K for all z ∈ ∂Ω such that |z − z0| > δ.

Keldyš originally proved a slightly stronger lemma than this one, see the
notes on Part II. In these notes the reader will also find references to more
ways of proving Keldyš’s lemma and the resulting theorem. Brelot’s proof
in [Bre61] has the advantage that it uses only standard tools in potential
theory which can be found in textbooks such as [Hel09], [AG01] or even the
introductory book [Hel75]. Since this proof seems to be available in French
only – and French is not the lingua franca in mathematics anymore – it is
adequate to replicate the proof here. For the reader’s convenience we will also
include references for the tools needed to understand the proof.

First, we must extend the notion of sub-/ and superharmonic functions. In
this section, a function u : Ω→ R∪{−∞} will be called subharmonic if it is up-
per semicontinuous, not identically −∞ on any component of Ω and satsifies
the submean-value property. A function u : Ω→ R∪ {∞} is superharmonic if
−u is subharmonic. Such functions still satsify the maximum principles. Note
that the two definitions of sub-/ and superharmonic functions coincide on
continuous real-valued functions. For more information we refer to [Hel09,
Section 2.3].

Another tool we need is the so-called Green function on Ω. We will
summarize the necessary facts and refer to [Hel09, Chapter 3] for an in-depth
treatement. On every bounded open set Ω one can show that for every η ∈Ω
the function Uη : Ω→ R∪ {∞} defined via

ξ 7→

− log |ξ − η|, d = 2

|ξ − η|2−d , d ≥ 3,
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has a subharmonic minorant on Ω. Note that the functionU0 is just a multiple
of the fundamental solution Φ and hence has analogous properties. One can
show that Uη also has a greatest harmonic minorant hη . We define the Green
function (of Ω) via

G : Ω×Ω→ [0,∞]

(ξ,η) 7→Uη(ξ)− hη(ξ).

Let µ be a measure on Ω. The functionGµmapping Ω to [0,∞] will be defined
via

Gµ(ξ) :=
∫
Ω

G(ξ,η)dµ(η).

It is called a potential of µ if it is superharmonic on Ω. If the function Gµ has
a point where it is finite, then it is automatically superharmonic in the com-
ponent containing this point. The Newtonian potential we have encountered
earlier can also be seen in this context.

Proof of Lemma D.28. Choose R > 0 such that Ω ⊂⊂ B := B(z0,R). Further let
b := B(z0, r) for some r > 0 which we will determine later. Note that the
set B\b is Dirichlet regular by Proposition D.7. For some K ′ > K define
g ∈ C(∂(B\b),R) via

g =

K ′ , on ∂B

0, on ∂b,

and consider the classical solution Hg to the Dirichlet problem with bound-
ary data g. We may extend g to B by setting it to 0 inside b. By Wiener’s
construction of the Perron solution D.8 we have that Hg converges uniformly
on compact sets to the constant function K ′ which is the Perron solution of
the Dirichlet problem with boundary data g on B\{z0}. Hence for r > 0 small
enough we have that Hg(ξ) > K for all ξ ∈ B such that |ξ − z0| > δ. Fix such an
r and define a continuous subharmonic function u by extending the function
Hg to B by 0 inside b. The first result from potential theory we will need is
the following lemma which can be seen as a generalization of the harmonic
lifting. Note however that we already need the new definition of sub-/ and
superharmonic functions in case of an irregular boundary.

Lemma D.29 ([Hel09, Lemma 4.6.7]). Let ω ⊂⊂Ω and let u be a nonnegative
superharmonic function on Ω. Define

v :=

u, on Ω\ω
Hu|∂ω , on ω,

and let v̂(ξ) := liminfη→ξ v(ξ) for all ξ ∈Ω. Then v̂ is superharmonic in Ω.
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The function u is subharmonic and bounded by K ′. Hence the lemma
applies to the function K ′ −u. It follows that we can set

v :=

u, on B\Ω
Hu|∂Ω , on Ω,

and obtain a subharmonic function v̂ via v̂(ξ) := limsupη→ξ v(ξ) for all ξ ∈ B.
Note that v̂ coincides with v whenever v is continuous in a point. In partic-
ular we have that v̂ is harmonic in Ω, b\Ω and B\Ω∪ b. Since z0 is regular,
we also obtain that v̂(z0) = 0. Further v̂(z) ≥ K whenever z ∈ ∂Ω and |z−z0| > δ.

We consider the superharmonic nonnegative function K ′ − v̂. On ∂B this
function vanishes. Hence if h ∈ H(B,R) satisfies h ≤ K ′ − v̂ it is automatically
non-positive by the maximum principle. Hence h ≡ 0 is the greatest harmonic
minorant of K ′ − v̂. We now apply the following decomposition theorem.

Theorem D.30 (Riesz decomposition theorem [Hel09, Theorem 3.5.11]).
Let Ω ⊂ Rd be open and bounded and let u be a nonnegative superharmonic
function on Ω. Then there exists a unique measure µ on Ω such that we have the
decomposition

u = Gµ+ h,

where h is the greatest harmonic minorant of u.

Since the greatest harmonic minorant of K ′ − v̂ is h ≡ 0 we obtain that
K ′ − v̂ is a potential associated with a unique measure µ on B. The measure µ
can be specified using the following theorem.

Theorem D.31 ([Hel09, Theorems 3.4.7 and 3.4.9]). Let Gµ be a potential on
the open and bounded set Ω and let ω ⊂Ω be open. Then Gµ is harmonic on ω if
and only if ω is negligible for µ.

Since v̂ is harmonic in Ω, b\Ω and B\Ω∪ b it follows that µ has support
in ∂Ω∪∂(b∩Ωc). The following theorem is a consequence of Lusin’s theorem
in measure theory and the Evans-Vasilesco theorem in potential theory.

Theorem D.32 ([Hel09, Theorem 3.6.2]). Let Gµ be a potential on the open
and bounded set Ω and suppose that µ has compact support in Ω. For every α > 0
there exists a compact set Γ0 ⊂ suppµ such that
(a) µ(Γ c0 ) < α,
(b) G(µ|Γ0

) is continuous in Ω.

Note that G(µ|Γ0
) is again a potential. The measure µ associated with K ′ − v̂

has compact support in B as we have seen above. For α > 0 which will be
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specified later let Γ0 be the set in the above theorem. We claim that we can
choose α such that

w := K ′ −G(µ|Γ0
)

satisfies the claim. Indeed, since G(z0, ·) is µ-integrable we can fix α small
enough such that

0 ≤ G(µ|Γ c0 ) =
∫
Γ c0

G(z0,η)dµ(η) < ε.

Now we have K ′ = K ′ − v̂(z0) = G(µ|Γ0
)(z0) + G(µ|Γ c0 )(z0) and hence w(z0) <

ε. By the choice of Γ0 we know that w is continuous on B and hence in
particular continuous on Ω. Further, since G(µ|Γ0

) ≤ K ′ − v̂ we also have
w(z) ≥ K whenever z ∈ ∂Ω and |z − z0| > δ. Lastly, note that µ(Ω) = 0. Hence
Theorem D.31 shows that w is harmonic in Ω which finishes the proof.

188



Bibliography
[AB98] Charalambos D. Aliprantis and Owen Burkinshaw. Principles of

real analysis. Academic Press, Inc., San Diego, CA, third edition,
1998.

[AB99] Wolfgang Arendt and Philippe Bénilan. Wiener regularity and
heat semigroups on spaces of continuous functions. In Topics
in nonlinear analysis, volume 35 of Progr. Nonlinear Differential
Equations Appl., pages 29–49. Birkhäuser, Basel, 1999.

[AB06a] Charalambos D. Aliprantis and Kim C. Border. Infinite dimen-
sional analysis. Springer, Berlin, third edition, 2006. A hitch-
hiker’s guide.

[AB06b] Charalambos D. Aliprantis and Owen Burkinshaw. Positive op-
erators. Springer, Dordrecht, 2006. Reprint of the 1985 original.

[ABHN11] Wolfgang Arendt, Charles J. K. Batty, Matthias Hieber, and
Frank Neubrander. Vector-valued Laplace transforms and
Cauchy problems, volume 96 of Monographs in Mathematics.
Birkhäuser/Springer Basel AG, Basel, second edition, 2011.

[ABR01] Sheldon Axler, Paul Bourdon, and Wade Ramey. Harmonic
function theory, volume 137 of Graduate Texts in Mathematics.
Springer-Verlag, New York, second edition, 2001.

[AD08] Wolfgang Arendt and Daniel Daners. Varying domains: stability
of the Dirichlet and the Poisson problem. Discrete Contin. Dyn.
Syst., 21(1):21–39, 2008.

[ADKF14] Wolfgang Arendt, Dominik Dier, and Marjeta Kramar Fijavž.
Diffusion in networks with time-dependent transmission condi-
tions. Appl. Math. Optim., 69(2):315–336, 2014.

[AF03] Robert A. Adams and John J. F. Fournier. Sobolev spaces, vol-
ume 140 of Pure and Applied Mathematics (Amsterdam). Else-
vier/Academic Press, Amsterdam, second edition, 2003.

[AG01] David H. Armitage and Stephen J. Gardiner. Classical potential
theory. Springer Monographs in Mathematics. Springer-Verlag
London, Ltd., London, 2001.

189



Bibliography

[AGG+86] Wolfgang Arendt, Annette Grabosch, Günther Greiner, Ulrich
Groh, Heinrich P. Lotz, Ulrich Moustakas, Rainer Nagel, Frank
Neubrander, and Ulf Schlotterbeck. One-parameter semigroups of
positive operators, volume 1184 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1986.

[AH96] David R. Adams and Lars Inge Hedberg. Function spaces and
potential theory, volume 314 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1996.

[AK18] Wolfgang Arendt and Marcel Kreuter. Mapping theorems
for Sobolev spaces of vector-valued functions. Studia Math.,
240(3):275–299, 2018.

[Ama00a] Herbert Amann. Coagulation-fragmentation processes. Arch.
Ration. Mech. Anal., 151(4):339–366, 2000.

[Ama00b] Herbert Amann. Compact embeddings of vector-valued Sobolev
and Besov spaces. Glas. Mat. Ser. III, 35(55)(1):161–177, 2000.
Dedicated to the memory of Branko Najman.

[AN00] Wolfgang Arendt and Nikolai Nikolski. Vector-valued holomor-
phic functions revisited. Math. Z., 234(4):777–805, 2000.

[Are82] Wolfgang Arendt. Kato’s equality and spectral decomposition
for positive C0-groups. Manuscripta Math., 40(2-3):277–298,
1982.

[Are04] Wolfgang Arendt. Semigroups and evolution equations: func-
tional calculus, regularity and kernel estimates. In Evolution-
ary equations. Vol. I, Handb. Differ. Equ., pages 1–85. North-
Holland, Amsterdam, 2004.

[Are16] Wolfgang Arendt. Vector-valued holomorphic and harmonic
functions. Concr. Oper., 3:68–76, 2016.

[BCMR96] Haïm Brézis, Thierry Cazenave, Yvan Martel, and Arthur
Ramiandrisoa. Blow up for ut −∆u = g(u) revisited. Adv. Differ-
ential Equations, 1(1):73–90, 1996.

[BL00] Yoav Benyamini and Joram Lindenstrauss. Geometric nonlinear
functional analysis. Vol. 1, volume 48 of American Mathematical
Society Colloquium Publications. American Mathematical Society,
Providence, RI, 2000.

190



Bibliography

[Bou83] Jean Bourgain. Some remarks on Banach spaces in which
martingale difference sequences are unconditional. Ark. Mat.,
21(2):163–168, 1983.

[Bre39] Marcel Brelot. Familles de Perron et problème de Dirichlet. Acta
Litt. Sci. Szeged, 9:133–153, 1939.

[Bre61] Marcel Brelot. Sur un théorème de prolongement fonctionnel de
Keldych concernant le problème de Dirichlet. J. Analyse Math.,
8:273–288, 1960/1961.

[Bre67] Marcel Brelot. Lectures on potential theory. Notes by K. N.
Gowrisankaran and M. K. Venkatesha Murthy. Second edition,
revised and enlarged with the help of S. Ramaswamy. Tata Insti-
tute of Fundamental Research Lectures on Mathematics, No. 19.
Tata Institute of Fundamental Research, Bombay, 1967.

[Bré73] Haïm Brézis. Opérateurs maximaux monotones et semi-groupes
de contractions dans les espaces de Hilbert. North-Holland Pub-
lishing Co., Amsterdam-London; American Elsevier Publishing
Co., Inc., New York, 1973. North-Holland Mathematics Studies,
No. 5. Notas de Matemática (50).

[Bré11] Haïm Brézis. Functional analysis, Sobolev spaces and partial dif-
ferential equations. Universitext. Springer, New York, 2011.

[Bur83] Donald L. Burkholder. A geometric condition that implies the
existence of certain singular integrals of Banach-space-valued
functions. In Conference on harmonic analysis in honor of Antoni
Zygmund, Vol. I, II (Chicago, Ill., 1981), Wadsworth Math. Ser.,
pages 270–286. Wadsworth, Belmont, CA, 1983.

[Car62] Lennart Carleson. Interpolations by bounded analytic functions
and the corona problem. Ann. of Math. (2), 76:547–559, 1962.

[CH98] Thierry Cazenave and Alain Haraux. An introduction to semi-
linear evolution equations, volume 13 of Oxford Lecture Series in
Mathematics and its Applications. The Clarendon Press, Oxford
University Press, New York, 1998. Translated from the 1990
French original by Yvan Martel and revised by the authors.

[Con85] John B. Conway. A course in functional analysis, volume 96 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 1985.

191



Bibliography

[CW98] Ya-Zhe Chen and Lan-Cheng Wu. Second order elliptic equations
and elliptic systems, volume 174 of Translations of Mathematical
Monographs. American Mathematical Society, Providence, RI,
1998. Translated from the 1991 Chinese original by Bei Hu.

[CZ52] Alberto P. Calderon and Antoni Zygmund. On the existence of
certain singular integrals. Acta Math., 88:85–139, 1952.

[DHP03] Robert Denk, Matthias Hieber, and Jan Prüss. R-boundedness,
Fourier multipliers and problems of elliptic and parabolic type.
Mem. Amer. Math. Soc., 166(788):viii+114, 2003.

[DK10] Johannes J. Duistermaat and Johan A. C. Kolk. Distributions.
Cornerstones. Birkhäuser Boston, Inc., Boston, MA, 2010. The-
ory and applications, Translated from the Dutch by J. P. van
Braam Houckgeest.

[DL54] Jacques Deny and Jacques-Louis Lions. Les espaces du type
de Beppo Levi. Ann. Inst. Fourier, Grenoble, 5:305–370 (1955),
1953–54.

[DL90] Robert Dautray and Jacques-Louis Lions. Mathematical analysis
and numerical methods for science and technology. Vol. 1. Springer-
Verlag, Berlin, 1990. Physical origins and classical methods,
With the collaboration of Philippe Bénilan, Michel Cessenat,
André Gervat, Alain Kavenoky and Hélène Lanchon, Translated
from the French by Ian N. Sneddon, With a preface by Jean
Teillac.

[DU77] Joseph Diestel and John J. Uhl, Jr. Vector measures. American
Mathematical Society, Providence, R.I., 1977. With a foreword
by B. J. Pettis, Mathematical Surveys, No. 15.

[Dug51] James Dugundji. An extension of Tietze’s theorem. Pacific J.
Math., 1:353–367, 1951.

[Edw65] Robert E. Edwards. Functional analysis. Theory and applications.
Holt, Rinehart and Winston, New York-Toronto-London, 1965.

[EN00] Klaus-Jochen Engel and Rainer Nagel. One-parameter semigroups
for linear evolution equations, volume 194 of Graduate Texts in
Mathematics. Springer-Verlag, New York, 2000. With contri-
butions by S. Brendle, M. Campiti, T. Hahn, G. Metafune, G.
Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli and R.
Schnaubelt.

192



Bibliography

[Eva33] Griffith C. Evans. Application of Poincaré’s sweeping-out pro-
cess. Proceedings of the National Academy of Sciences, 19(4):457–
461, 1933.

[Eva10] Lawrence C. Evans. Partial differential equations, volume 19
of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, second edition, 2010.

[Fre04] David H. Fremlin. Measure theory. Vol. 3. Torres Fremlin, Colch-
ester, 2004. Measure algebras, Corrected second printing of the
2002 original.

[GE92] Karl-Goswin Grosse-Erdmann. The Borel-Okada Theorem Revis-
ited. Habilitationsschrift, FernUniversität Hagen, 1992.

[GMSS10] Stefan Geiss, Stephen Montgomery-Smith, and Eero Saksman.
On singular integral and martingale transforms. Trans. Amer.
Math. Soc., 362(2):553–575, 2010.

[GP06] Leszek Gasiński and Nikolaos S. Papageorgiou. Nonlinear analy-
sis, volume 9 of Series in Mathematical Analysis and Applications.
Chapman & Hall/CRC, Boca Raton, FL, 2006.

[Gro53] Alexandre Grothendieck. Sur certains espaces de fonctions
holomorphes. I. J. Reine Angew. Math., 192:35–64, 1953.

[GT01] David Gilbarg and Neil S. Trudinger. Elliptic partial differential
equations of second order. Classics in Mathematics. Springer-
Verlag, Berlin, 2001. Reprint of the 1998 edition.

[Hel75] Lester L. Helms. Introduction to potential theory. Robert E.
Krieger Publishing Co., Huntington, N.Y., 1975. Reprint of the
1969 edition, Pure and Applied Mathematics, Vol. XXII.

[Hel09] Lester L. Helms. Potential theory. Universitext. Springer-Verlag
London, Ltd., London, 2009.

[Her62] R.-M. Hervé. Recherches axiomatiques sur la théorie des fonc-
tions surharmoniques et du potentiel. Ann. Inst. Fourier (Greno-
ble), 12:415–571, 1962.

[Hil05] Stefan Hildebrandt. On Dirichlet’s principle and Poincaré’s
méthode de balayage. Math. Nachr., 278(1-2):141–144, 2005.

[HvNVW16] Tuomas Hytönen, Jan van Neerven, Mark Veraar, and Lutz Weis.
Analysis in Banach spaces. Vol. I. Martingales and Littlewood-
Paley theory, volume 63 of Ergebnisse der Mathematik und ihrer

193



Bibliography

Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics
[Results in Mathematics and Related Areas. 3rd Series. A Series of
Modern Surveys in Mathematics]. Springer, Cham, 2016.

[Kel28] Oliver Kellogg. Unicité des fonctions harmoniques. C. R. Acad.
Sci. Paris, 187:526, 1928.

[Kel66] Mstislaw V. Keldyš. On the solvability and the stability of the
Dirichlet problem. Amer. Math. Soc. Translations(2), 51:1–73,
1966.

[Kre15] Marcel Kreuter. Sobolev spaces of vector-valued functions. Mas-
ter’s thesis, Ulm University, 2015.

[Kre18] Marcel Kreuter. The Perron solution for vector-valued equia-
tions. submitted, arXiv:1804.01370, 2018.

[Kry67] Nicolai V. Krylov. The first boundary value problem for second-
order elliptic equations [English translation]. Differential Equa-
tions, 3:158–164, 1967.

[Lan72] Naum S. Landkof. Foundations of modern potential theory.
Springer-Verlag, New York-Heidelberg, 1972. Translated from
the Russian by A. P. Doohovskoy, Die Grundlehren der mathe-
matischen Wissenschaften, Band 180.

[Leo09] Giovanni Leoni. A first course in Sobolev spaces, volume 105
of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2009.

[Lev06] Beppo Levi. Sul principio di Dirichlet. Rendiconti del Circolo
Matematico di Palermo (1884-1940), 22(1):293–359, 1906.

[LSW63] Walter Littman, Guido Stampacchia, and Hans. F. Weinberger.
Regular points for elliptic equations with discontinuous coeffi-
cients. Ann. Scuola Norm. Sup. Pisa (3), 17:43–77, 1963.

[LZ71] Wilhelmus A. J. Luxemburg and Adrian C. Zaanen. Riesz spaces.
Vol. I. North-Holland Publishing Co., Amsterdam-London;
American Elsevier Publishing Co., New York, 1971. North-
Holland Mathematical Library.

[Meg98] Robert E. Megginson. An introduction to Banach space theory,
volume 183 of Graduate Texts in Mathematics. Springer-Verlag,
New York, 1998.

194



Bibliography

[MM79] Moshe Marcus and Victor J. Mizel. Complete characterization
of functions which act, via superposition, on Sobolev spaces.
Trans. Amer. Math. Soc., 251:187–218, 1979.

[MN73] Peter Meyer-Nieberg. Zur schwachen Kompaktheit in Ba-
nachverbänden. Math. Z., 134:303–315, 1973.

[MN91] Peter Meyer-Nieberg. Banach lattices. Universitext. Springer-
Verlag, Berlin, 1991.

[MZ97] Jan Malý and William P. Ziemer. Fine regularity of solutions of
elliptic partial differential equations, volume 51 of Mathemati-
cal Surveys and Monographs. American Mathematical Society,
Providence, RI, 1997.

[Net80] Ivan Netuka. The Dirichlet problem for harmonic functions.
Amer. Math. Monthly, 87(8):621–628, 1980.

[Nir55] Louis Nirenberg. Remarks on strongly elliptic partial differen-
tial equations. Comm. Pure Appl. Math., 8:649–675, 1955.

[Ouh05] El Maati Ouhabaz. Analysis of heat equations on domains,
volume 31 of London Mathematical Society Monographs Series.
Princeton University Press, Princeton, NJ, 2005.

[Per23] Oskar Perron. Eine neue Behandlung der ersten Randwertauf-
gabe für ∆u = 0. Mathematische Zeitschrift, 18:42–54, 1923.

[Poi90] Henri Poincare. Sur les equations aux dérivées partielles de
la physique mathématique. American Journal of Mathematics,
12(3):211–294, 1890.

[PW93] Aleksander Pełczyński and Michał Wojciechowski. Molecu-
lar decompositions and embedding theorems for vector-valued
Sobolev spaces with gradient norm. Studia Math., 107(1):61–100,
1993.

[RS80] Michael Reed and Barry Simon. Methods of modern mathematical
physics. I. Academic Press, Inc. [Harcourt Brace Jovanovich, Pub-
lishers], New York, second edition, 1980. Functional analysis.

[Rud76] Walter Rudin. Principles of mathematical analysis. McGraw-Hill
Book Co., New York-Auckland-Düsseldorf, third edition, 1976.
International Series in Pure and Applied Mathematics.

195



Bibliography

[Rud91] Walter Rudin. Functional analysis. International Series in Pure
and Applied Mathematics. McGraw-Hill, Inc., New York, second
edition, 1991.

[Sch34] Juliusz Schauder. Über lineare elliptische Differentialgleichun-
gen zweiter Ordnung. Mathematische Zeitschrift, 38(1):257–282,
Dec 1934.

[Sch74] Helmut H. Schaefer. Banach lattices and positive operators.
Springer-Verlag, New York-Heidelberg, 1974. Die Grundlehren
der mathematischen Wissenschaften, Band 215.

[Sho97] Ralph E. Showalter. Monotone operators in Banach space and
nonlinear partial differential equations, volume 49 of Mathemat-
ical Surveys and Monographs. American Mathematical Society,
Providence, RI, 1997.

[SS05] Hans-Jürgen Schmeißer and Winfried Sickel. Vector-valued
Sobolev spaces and Gagliardo-Nirenberg inequalities. In Non-
linear elliptic and parabolic problems, volume 64 of Progr. Non-
linear Differential Equations Appl., pages 463–472. Birkhäuser,
Basel, 2005.

[SSS12] Benjamin Scharf, Hans-Jürgen Schmeißer, and Winfried Sickel.
Traces of vector-valued Sobolev spaces. Math. Nachr., 285(8-
9):1082–1106, 2012.

[TU76] Barry Turett and J. Jerry Uhl, Jr. Lp(µ,X) (1 < p < ∞) has the
Radon-Nikodým property if X does by martingales. Proc. Amer.
Math. Soc., 61(2):347–350, 1976.

[Wey97] Hermann Weyl. Die Idee der Riemannschen Fläche, volume 5 of
Teubner-Archiv zur Mathematik. Supplement [Teubner Archive on
Mathematics. Supplement]. B. G. Teubner Verlagsgesellschaft
mbH, Stuttgart, 1997. Reprint of the 1913 German original,
With essays by Reinhold Remmert, Michael Schneider, Stefan
Hildebrandt, Klaus Hulek and Samuel Patterson, Edited and
with a preface and a biography of Weyl by Remmert.

[Wie24] Norbert Wiener. The Dirichlet problem. Journal of Mathematics
and Physics, 3(3):127–146, 1924.

[Woj91] Przemysław Wojtaszczyk. Banach spaces for analysts, volume 25
of Cambridge Studies in Advanced Mathematics. Cambridge Uni-
versity Press, Cambridge, 1991.

196



Bibliography

[ZB12] Wei Zhang and Jiguang Bao. Regularity of very weak solu-
tions for elliptic equation of divergence form. J. Funct. Anal.,
262(4):1867–1878, 2012.

[Zie89] William P. Ziemer. Weakly differentiable functions, volume 120
of Graduate Texts in Mathematics. Springer-Verlag, New York,
1989. Sobolev spaces and functions of bounded variation.

197





Nomenclature
Elementary notation

R the real numbers

R R∪ {∞}∪ {−∞}

C the complex number

N the positive integers

N0 the nonnegative integers

R+ (0,∞)

C+ the complex numbers with positive real part

bxc the largest integer smaller than or equal to x ∈ R

1A the function x 7→

1, x ∈ A
0, x < A

C a constant which may vary from line to line – quite paradoxical
if you think about it

δa the Dirac measure of the point a

δij the Kronecker delta

Euclidian space

Rd the d-dimensional Euclidean space

| · | the d-dimensional Euclidean norm

Rd+ {ξ ∈ Rd ,ξd > 0}

A,A◦ the closure and the interior of a set A

ω ⊂⊂Ω ω is precompact and ω ⊂Ω

Ωr {ξ ∈Ω,dist(ξ,∂Ω) > r}

B(ξ,r) BRd (x,r) (if it is clear from the context, that X = Rd)

S(ξ,r) SRd (x,r) (if it is clear from the context, that X = Rd)

σd−1 the (d − 1)-dimensional Hausdorff measure
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−
∫

the averaged integral

ν the outer unit normal; on the ball B(ξ,r) we have νj(η) =
ηj−ξj
r

∂regΩ the regular boundary points of an open and bounded set Ω in
Rd

Banach spaces

X ′ the dual space of X

〈x,x′〉 duality (x ∈ X,x′ ∈ X ′)

‖ · ‖X the norm of the space X

BX(x,r) the ball in X with center x and radius r

SX(x,r) ∂BX(x,r)

⇀ weak convergence

conv the closed convex hull

L(X,Y ) the bounded linear operators mapping X to Y

R(·,A) the resolvent of the operator A

ρ(A),σ (A) the resolvent set and the spectrum of the operator A

(·|·)H the inner product on the Hilbert space H (also used for H = Rd)

XC the complexification of X

v+,v−, |v| the positive part, negative part and absolute value of v (an ele-
ment of a Banach lattice)

Vector-valued functions

Lp(Ω,X) Bochner space of X-valued p-integrable functions on Ω

C(Ω,X) the continuous X-valued functions on Ω

Cb(Ω,X) the continuous and bounded X-valued functions on Ω

Cob(Ω,E) the continuous and order bounded E-valued functions on Ω

OBC(Ω,E) the order boundedly continuous E-valued functions on Ω

Cm(Ω,X) the m times differentiable X-valued functions on Ω
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∂
∂ξj

the partial derivative in direction ej

∇,D2,∆ the gradient, the Hessian an the Laplacian

Cm,α(Ω,X) the functions in Cm(Ω,X) whose derivatives up to order m are
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Zusammenfassung in deutscher
Sprache
Die vorliegende Arbeit beschäftigt sich mit dem klassischen elliptischen
Randwertproblem Lu = g, in einem Gebiet Ω

u = f , auf dem Rand von Ω,

wobei g und f gegebene Funktionen auf Ω beziehungsweise ∂Ω sind und L
ein gegebener elliptischer partieller Differentialoperator zweiter Ordnung ist,
welchen wir später spezifizieren. Über solche Probleme gibt es eine Vielzahl
an wissenschaftlichen Arbeiten, beispielsweise das vielzitierte Buch von Da-
vid Gilbarg und Neil Trudinger.

Das Ziel der vorliegenden Arbeit ist es, zu untersuchen, was passiert,
wenn die Funktionen f und g – und damit natürlich auch die Lösung u – Ba-
nachraumwertige Funktionen sind. Funktionen mit Werten in Banachräumen
wurden in der Vergangenheit vor allem im Zusammenhang mit Evolutions-
gleichungen untersucht, weshalb sich ihr Studium normalerweise auf den
eindimensionalen Fall beschränkt. In den letzten Jahren hat sich das geändert,
nachdem physikalische Probleme entdeckt wurden, die sich nur mittels vek-
torwertiger Funktionen auf Gebieten beschreiben lassen. Ein weiteres Ziel
ist es, beliebige Gebiete behandeln zu können, das heißt Ω ist eine beliebige
beschränkte und offene Teilmenge des Rn, anstatt, wie oft üblich, eine Teil-
menge mit einem in irgendeiner Hinsicht „glatten“ Rand. Oftmals lassen sich
solche Probleme nur noch verallgemeinert lösen.

Die Arbeit besteht aus drei Teilen, welche im Prinzip auch unabhängig
voneinander gelesen werden können, sich aber referenzieren. Insbesondere
der dritte Teil verbindet Techniken und Ergebnisse aus den ersten beiden Tei-
len um das Randwertproblem für elliptische Operatoren zu lösen. Zusätzlich
wurde ein umfangreicher Anhang mit bekannten Ergebnissen und Referenzen
erstellt, damit die Arbeit autark gelesen werden kann.

Der erste Teil beschäftigt sich mit Räumen schwach differenzierbarer
Banachraumwertiger Funktionen, so genannten Sobolevräumen. Diese Verall-
gemeinerungen von differenzierbaren Funktionen sind eines der wichtigsten
Werkzeuge im Studium partieller Differentialgleichungen und der gesamten
modernen Analysis. Häufig ist es einfacher, verallgemeinerte Lösungen, die
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Zusammenfassung in deutscher Sprache

mithilfe von Sobolevräumen definiert werden, zu suchen, als klassische Lö-
sungen. Der Grund ist, dass Sobolevräume bessere Eigenschaften als Räume
klassisch differenzierbarer Funktionen haben. Zum Beispiel können sie refle-
xiv sein oder sogar Hilberträume. Im Anschluss versucht man häufig zu zeigen,
dass eine gefundene verallgemeinerte Lösung doch stärkere Eigenschaften
hat als zunächst erwartet. Der Autor hat sich bereits in seiner Masterarbeit
mit solchen Räumen beschäftigt und in seiner weiteren Forschung einen Arti-
kel in Zusammenarbeit mit Wolfgang Arendt zum Thema Abbildungssätze
zwischen Sobolevräumen geschrieben. Unter anderem werden die Ergebnisse
dieses Artikels hier vorgestellt. Im wesentlichen geht es darum, die Frage
zu beantworten, ob eine gegebene Funktion schwach differenzierbar ist oder
nicht. Eine Möglichkeit dies zu entscheiden ist das Differenzenquotienten-
kriterium, welches für reellwertige Funktionen besagt, dass eine Funktion
genau dann schwach differenzierbar ist, wenn ihre Differenzenquotienten in
einem Lp-Raum beschränkt sind. Der Autor hat bereits in seiner Masterarbeit
zeigen können, dass die analoge Aussage für vektorwertige Funktionen genau
dann wahr ist, wenn der Raum die Radon-Nikodým-Eigenschaft hat. Der
Beweis wurde in der weiteren Forschung verfeinert und wird hier präsentiert.
Eine weitere Möglichkeit bieten die Abbildungssätze. Lässt sich eine reell-
wertige Funktion als Verknüpfung einer Lipschitzstetigen und einer schwach
differenzierbaren Funktion schreiben, so ist sie selbst auch schwach differen-
zierbar. Die analoge Aussage für vektorwertige Funktionen hängt ebenfalls
an der Radon-Nikodým-Eigenschaft. Eine Alternative ist es, nur solche Lip-
schitzstetigen Funktionen zu betrachten, welche zusätzlich noch einseitig
Gateauxdifferenzierbar sind. Es werden mehrere Beispiele, wie die Norm ei-
nes Banachraums oder die Verbandseigenschaften auf einem Banachverband,
und Anwendungen, wie die Sobolevschen Einbettungssätze und die schwa-
chen Dirichlet-Randbedingungen, präsentiert. Zusätzlich wird im ersten Teil
eine Vielzahl von Ergebnissen dargelegt, welche schnell aus dem skalaren Fall
folgen, aber in den weiteren Teilen nützlich sind.

Im zweiten Teil beschäftigen wir uns mit der Perronlösung für das klas-
sische Dirichletproblem, bei dem man in der obigen Notation L = ∆ und
g = 0 wählt. Diese Lösung existiert auf jedem beliebigen Gebiet und "löst"
das Problem in der Hinsicht, dass sie die eindeutige beschränkte und harmo-
nische Funktion ist, die an allen regulären Punkten (im Sinne des Wiener-
schen Kriteriums) die Randwerte annimmt. Wir zeigen, dass das auch für
Banachraumwertige Funktionen gilt, und beschäftigen uns mit verschiedenen
Konstruktionsmöglichkeiten, die alle im skalaren Fall wohlbekannt sind. Be-
sonderes aufmerksam werden hierbei Banachverbände betrachtet, in denen
Perrons ursprüngliche Konstruktion anwendbar ist. Wir zeigen, dass sich die
Perronlösung unter gewissen Umständen als punktweises Supremum von
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Unterlösungen darstellen lässt. Da sich die Norm und die Ordnung eines Ba-
nachverbands nicht so kooperativ wie im skalaren Fall verhalten, müssen wir
andere Wege finden, Perrons Methode anwenden zu können. Als hilfreiches
Werkzeug eignet sich eine von Mstislav Keldyš gefundene, operatortheoreti-
sche Beschreibung der Perronlösung. Wir zeigen, dass sich dieser Satz unter
gewissen Umständen auf den vorliegenden Fall übertragen lässt und wie
man damit die Konstruktion von Perron erhält. Wir verbessern außerdem
ein Kriterium für Harmonizität von vektorwertigen Funktionen, welches wir
in diesem Teil oft nutzen. Zusätzlich wenden wir die Ergebnisse an, um das
Poissonproblem und die Wärmeleitungsgleichung für Banachraumwertige
Funktionen zu lösen.

Der letzte Teil verallgemeinert die Ergebnisse des zweiten Teils unter
gewissen Umständen auf elliptische Differentialoperatoren zweiter Ordnung,
entweder in Divergenz- oder in Nichtdivergenzform. Wir zeigen, dass im
Falle von Hölderstetigen Koeffizienten die Schaudersche Stetigkeitsmethode
auch im vektorwertigen Fall anwendbar ist und wie man die dazu nötigen
Abschätzungen aus dem skalaren Fall erhält. Das funktioniert allerdings nur
auf Gebieten mit hinreichend glattem Rand. Für beliebige Gebiete nutzen
wir die inneren Schauderabschätzungen, um zumindest auf einem Gebiet mit
einem aus nur regulären Punkten bestehenden Rand eine Lösung zu erhalten.
Danach kümmern wir uns um die Lp-Theorie für starke Lösungen. Wir zeigen,
wie man die nötigen Abschätzungen erhält und dass dieses Vorgehen nur
dann funktioniert, wenn der zugrundeliegende Raum die UMD Eigenschaft
hat. Die Lp-Theorie dient als Vorbereitung auf den Divergenzfall, in dem
wir die Existenz einer Lösung, ganz ähnlich der Perronlösung, zeigen. Diese
Lösung – von uns als Littman-Stampacchia-Weinberger-Lösung bezeichnet –
existiert im skalaren Fall für beschränkte und messbare Koeffizienten. Wir
zeigen, dass im Falle von lokal Lipschtizstetigen Koeffizienten eine solche
Lösung auch im Banachraum existiert. Dazu ist es nötig einen sehr schwachen
Lösungsbegriff einzuführen und mithilfe der Lp-Theorie zu zeigen, dass eine
solche sehr schwache Lösung unter gewissen Umständen eigentlich eine starke
und manchmal sogar eine klassische Lösung ist.
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