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erty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.3 Ladder minors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.4 Trees of large pathwidth . . . . . . . . . . . . . . . . . . . . . . . 89

4.4.1 Binary trees, pathwidth and levels of trees . . . . . . . . . 89
4.4.2 The counterexample . . . . . . . . . . . . . . . . . . . . . 90
4.4.3 L10-vertices of γ(T ) . . . . . . . . . . . . . . . . . . . . . 96
4.4.4 Embedding outside A . . . . . . . . . . . . . . . . . . . . 98
4.4.5 Finding a linkage . . . . . . . . . . . . . . . . . . . . . . . 101
4.4.6 Proof of Theorem 4.8 . . . . . . . . . . . . . . . . . . . . 103

4.5 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5 A-paths & Frames 105
5.1 Gallai’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
5.2 Long A-paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
5.3 Even A-paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.4 Combs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5.5 Edge-versions and Mader’s theorem . . . . . . . . . . . . . . . . . 113
5.6 Directed versions . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
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Chapter 1

Introduction and Overview
of Methods

The well-known theorem of Menger is a prime example for the duality of a
packing problem and the corresponding covering problem: If G is a graph and
A,B are two subsets of the vertex set V (G) of G, then either G contains k
disjoint A–B-paths or there is a set X of at most k− 1 vertices such that every
A–B-path meets the set X (i.e. X separates A from B in G). In other words,
the maximal size of a packing of A–B-paths equals the minimal size of a covering
for A–B-paths.

Is there a similar theorem for cycles instead of A–B-paths? It is easy to
see that such a strong duality between the packing and covering problem as
in Menger’s theorem is not possible for cycles. Indeed, consider the complete
graph on four vertices, which is denoted by K4, see Figure 1.1. As every cycle
contains at least three vertices, K4 cannot contain two disjoint cycles. However,
a set X of vertices that meets every cycle in the graph K4 has to contain at
least two vertices. Here, the maximum size of a cycle packing is lower than the
minimum size of a cycle covering.

Figure 1.1: K4 does not contain two disjoint cycles but two vertices need to be
deleted to make the graph acyclic.

Paul Erdős and his student Lajos Pósa studied the packing and covering of
cycles more extensively. Their celebrated theorem yields a weak duality between
those two problems for cycles:

Theorem 1.1 (Erdős, Pósa, 1965, [18]). Let G be a graph and k ∈ N. Then,
either G contains k disjoint cycles or there is a set X ⊆ V (G) of size |X| ≤
O(k log k) such that G−X does not contain a cycle.

This result initiated a lot of research in the last fifty years finding out which
other graph classes apart from A–B-paths or cycles have a similar property.

1



2 CHAPTER 1. INTRODUCTION

We define this property as follows. A family F of graphs1 has the Erdős-Pósa
property if there is a bounding function fF : N→ N such that for every graph G
and every k ∈ N, there are either k disjoint subgraphs of G that are isomorphic
to an element of F or a hitting set X ⊆ V (G) of size |X| ≤ fF (k) such that
G−X does not contain any subgraph isomorphic to an element of F .

Does every family F of graphs have the Erdős-Pósa property? Not at all!
For example, cycles of odd length or K5-expansions2 do not have the Erdős-Pósa
property (see [13, 47]). To prove that a family does not have the Erdős-Pósa
property one usually negates the definition of the property for k = 2: for any
positive integer r (which can be seen as fF (2)+1) we construct a graph Gr that
does not contain two disjoint graphs of F but every hitting set for F-graphs has
size at least r. Figure 1.2 shows a graph that does not contain two disjoint cycles
of odd length but one has to delete Ω(

√
|V (G)|) vertices to make G bipartite.

So far, no family F is known that satisfies the Erdős-Pósa property for k = 2,
but fails for some k > 2.

Figure 1.2: The counterexample for odd cycles

Let us mention some classes that have the Erdős-Pósa property. Robertson
and Seymour [47] were the first to prove that long cycles (cycles whose length
are at least ` for some given number ` ∈ N) have the Erdős-Pósa property.
Several authors [3, 39, 20] improved the bounding function f of the hitting
set until recently, Mousset et al. [41], proved that f(k) = O(k log k + `k),
which is optimal up to a constant. Kakimura et al. [28] proved that A-cycles
(cycles that contain at least one vertex of a given set A ⊆ V (G)) have the
Erdős-Pósa property and Pontecorvi and Wollan [42] improved the bound to
O(k log k) which is optimal up to a constant. Bruhn et al. [8] found a common
generalization of these two problems when they proved that long A-cycles have
the Erdős-Pósa property.

The most general result concerning Erdős-Pósa properties is due to Robert-
son and Seymour and deals with the Erdős-Pósa property of H-expansions.

1By some abuse of notation this also includes the case that F consists of all A–B-paths
for given A,B ⊆ V (G), or A-paths, A-cycles, . . .

2A graph G is an expansion of a graph H if H can be obtained from a subgraph of G by
contracting edges. That is: G is an H-expansion if G contains H as a minor.
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Theorem 1.2 (Robertson, Seymour, [47]). The family FH of H-expansions has
the vertex-Erdős-Pósa property if and only if H is planar.

Note that Theorem 1.2 generalizes Theorem 1.1 as well as the results on
long cycles since every C`-expansion contains a cycle of length at least ` and
every cycle of length at least ` is a C`-expansion. The bounding function on
the hitting set in Theorem 1.2 is enormous, but Chekuri and Chuzhoy [11]
improved the bound to O(k logd k) for some universal constant d and recently,
Cames van Batenburg, Huynh and Joret [10] proved that even O(k log k) is
possible where the hidden constant depends on H. In Section 1.2 we explain
that this is asymptotically best possible if H contains a cycle.

A large part of this thesis focuses on a variant of the Erdős-Pósa property.
What if we pack graphs from F edge-disjointly (instead of vertex-disjointly) but
in turn look for a hitting set of edges instead of vertices? A family F of graphs
has the edge-Erdős-Pósa property if there is a function fF : N → N such that
for every graph G and every k ∈ N, there are either k edge-disjoint subgraphs
of G that are isomorphic to an element of F or an edge hitting set X ⊆ E(G)
of size |X| ≤ fF (k) such that G − X does not contain any subgraph which is
isomorphic to an element of F .

Cycles also have the edge-Erdős-Pósa property (this appears as Exercise 9.5
in Diestel’s textbook [14]). Also Menger’s theorem has an edge version, that is,
for every graph G and sets A,B ⊆ V (G), either there are either k edge-disjoint
A–B-paths in G, or G contains a set X of at most k− 1 edges that meets every
A–B-path. However, the edge-Erdős-Pósa property did not receive that much
attention as the vertex version. This can be seen in the table in the appendix.
Leaving out all results that are co-authored by me, there are 30 results on the
vertex-Erdős-Pósa property and only 11 results on the edge-version. During my
doctoral studies, together with my co-authors Henning Bruhn, Felix Joos and
Arthur Ulmer, I was able to add five new vertex-results and 16 new edge-results.

Especially regarding H-expansions, only two results in the edge-variant were
known before the start of my doctoral studies: namely H = C3 (that is the
edge variant of Theorem 1.1, see [14]) and H = θr where θr is the multigraph
consisting of two vertices a, b and r parallel a–b-edges (this is proved in [43]).
It is natural to ask whether the general theorem of Robertson and Seymour
(Theorem 1.2) translates to the edge version.

Question 1.3. Do expansions of a planar graph H have the edge-Erdős-Pósa
property?

As there was no obvious reason why the answer to Question 1.3 should be
“no”, the main goal of this doctoral thesis was to prove that the answer is “yes”.
It is always a good idea to start with some special cases before approaching the
general problem. As cycles were already known to have the edge-Erdős-Pósa
property I first considered the edge-property of long cycles (which correspond
to C`-expansions as mentioned above). The problem turned out to be more
complex than expected, but in joint work with Henning Bruhn and Felix Joos,
I proved

Theorem 1.4. Let ` be a positive integer. Then every graph G either contains
k edge-disjoint long cycles or a set X ⊆ E(G) of size O(k2 log k+ k`) such that
G−X contains no long cycle.
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We prove Theorem 1.4 in Chapter 2 (it will be called Theorem 2.1 there). En-
couraged by this, I decided to investigate expansions of a more complex graphH.
The smallest 2-connected graph H for which it is not known if H-expansions
have the edge-Erdős-Pósa property is H = K4. While long cycles admit a fairly
simple structure, K4-expansions seem to require more sophisticated methods.
Together with Henning Bruhn, I proved

Theorem 1.5. For any graph G and k ∈ N, the graph G either contains k edge-
disjoint K4-subdivisions or there is a set Y ⊆ E(G) of size O(k8 log k) such that
G− Y does not contain any K4-subdivision.

We prove Theorem 1.5 in Chapter 3 (it will be called Theorem 3.1 there).
Our hope was that this proof could be generalized to any planar graph H to
answer Question 1.3 completely. And in fact, the first step in the proof (the
reduction to the case of a vertex hitting set consisting of a single vertex) is a
general tool which can be applied not only to K4-subdivisions but to any family
F of graphs which has the (vertex-)Erdős-Pósa property.

Is it possible that the other parts of Chapter 3 can also be generalized to
any planar graph H? Unfortunately not. For such a generalization it would be
necessary that (a–b, c–d)-linkages3 have the edge-Erdős-Pósa property, which
they do not have, see Chapter 4. In fact, this counterexample leads to planar
graphs H such that H-expansions do not have the edge-Erdős-Pósa property.
Hence, the answer to Question 1.3 is “no”. These examples are also described
in Chapter 4 and include counterexamples for fairly simple planar graphs H like
large ladders or trees of large pathwidth.

So far we only considered undirected graphs. There is also a variant of
the vertex- and edge-Erdős-Pósa property in directed graphs. Younger conjec-
tured in 1973 that directed cycles have the (vertex-)Erdős-Pósa property but it
took several years until Reed et al. [45] proved that Younger’s conjecture was
true. Chapter 6 contains a simple deduction that directed cycles also have the
edge-Erdős-Pósa property. Kriesell [34] proved that directed A-paths4 have the
Erdős-Pósa property. We prove that directed A-paths also have the edge-Erdős-
Pósa property. Both results on directed graphs are a joint work with Arthur
Ulmer.

In contrast to the directed variant of A-paths, the vertex- and edge-Erdős-
Pósa property of A-paths in undirected graphs have been known for quite a long
time (Gallai [22] and Mader [37]). However, their proofs are rather long and
complex. Together with Henning Bruhn and Felix Joos, I studied elementary
proofs for the Erdős-Pósa property of A-paths and along the way, we obtained
several new results including the Erdős-Pósa property of even A-paths, long
A-paths and long even A-paths. The proofs, which can be found in Chapter 5,
all rely on the frame-technique which was first introduced by Simonovits when
he gave a simpler proof of the classical theorem of Erdős and Pósa in his article
[49]. We present this technique in Section 1.3.2 and also use it in the proof for
long cycles (Chapter 2).

The order of the chapters in this thesis is as follows: We first treat the edge-
Erdős-Pósa property of H-expansions in Chapter 2 (long cycles), Chapter 3

3For a graph G with vertices a, b, c, d ∈ V (G), an (a–b, c–d)-linkage is the disjoint union of
an a–b-path and a c–d-path.

4For a given set A ⊆ V (G), an A-path is a non-trivial path with both endvertices in A.
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(K4-subdivisions) and Chapter 4 (counterexamples for general H, especially
trees). This is followed by the chapter about A-paths and the frame method.
The last chapter addresses the Erdős-Pósa property in directed graphs. A table
of all results in the vertex and edge version that appear in this thesis can be
found in the appendix.

In the remaining part of this introductory chapter we will define or recall
some notation and basic knowledge and mention some methods that are used
at several points later.

1.1 Basic notation and definitions

Theorems, Lemmas, Claims and similar things are labelled consecutively within
each chapter. That is, Theorem 2.3 refers to a theorem in chapter 2 and this
chapter contains two theorems, lemmas etc. before Theorem 2.3.

All graphs in this work are finite, simple and undirected, unless stated differ-
ently. We follow the notation used in the textbook of Diestel [14]. Nevertheless,
we will recall some notation we often use.

All logarithms log n will be to base 2. We write [n] for the set {1, 2, . . . , n} =
{i ∈ N : i ≤ n}.

If G is a graph, and F a subgraph of G, then G − F denotes the graph
obtained from G by deleting all vertices of F . In contrast, if Y ⊆ E(G) is an
edge set then G− Y is the graph obtained from G by deleting the edges in Y .

A graph G is cubic if every vertex v ∈ V (G) has degree dG(v) = 3 and it is
subcubic if dG(v) ≤ 3 for all v ∈ V (G).

A graph is planar if it can be drawn to the plane without edges crossing
each other.

(Sub-)paths and Cycles We write P = u . . . v for a path P with endvertices
u, v and say that P is a u–v-path. For two vertices x, y ∈ V (P ), we denote by
xPy the subpath of P with endvertices x, y. For a tree T and a, b ∈ V (T ), there
is a unique a–b-path in T and this path is denoted by aTb. For an oriented
cycle C and x, y ∈ V (C), we also write xCy to denote the x–y-subpath of C.
For paths x1P1y1 and x2P2y2 such that x2 = y1 and P1 and P2 only meet in
x2, we write x1P1x2P2y2 for the concatenation of P1 and P2.

For two vertex sets A,B, we define an A–B-path as a path P such that one
endpoint of P lies in A and one in B and P is internally disjoint from A ∪ B.
For a subgraph H of G (or a vertex set which we treat as a subgraph without
edges), we define an H-path as a path with two distinct endvertices in H that
is internally disjoint from H. A path of length 1 between two vertices of H is
only considered to be an H-path if its single edge is not in E(H).

A path is trivial if it contains no edge and a block is trivial if it consists of
a single edge.

For a cycle C and a path P , we denote by `(C) and `(P ) the number of
edges of C and P , respectively, and refer to `(C) and `(P ) as the length of C
and P , respectively.

The length of a shortest cycle in G is the girth g(G) of G.

Minors, expansions and subdivisions A graph G contains a graph H as
a minor if G can be transformed to H via vertex- and edge deletions and edge
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contractions. Conversely, a graph F is an H-expansion, if there is a partition
Vh, h ∈ V (H) of the vertex set of F such that there is an Vh–Vh′ -edge in F if
and only if h, h′ are adjacent vertices. Obviously, H is a minor of G if and only
if G contains an H-expansion as subgraph.

If F can be transformed into H only by suppressing vertices of degree 2,
then F is a subdivision of H. If F is a subdivision of H, there is a map γ
that maps every vertex v ∈ V (H) to a vertex of F and every edge uv ∈ E(H)
to a γ(u)–γ(v)-path in F . The vertex γ(v) is the branch vertex of F that
corresponds to v. Every H-subdivision is also an H-expansion. If ∆(H) ≤ 3
holds for the maximum degree ∆(H) of H, then every H-expansion contains an
H-subdivision.

If ∆(H) ≤ 3, the vertex/edge-Erdős-Pósa properties of H-expansions and H-
subdivisions are equivalent: if G contains k vertex/edge-disjoint H-expansions
then it also contains k vertex/edge-disjoint H-subdivisions and if the graph
G−X contains no H-expansion then it does not contain any H-subdivision.

In Chapter 4, we prove the edge-Erdős-Pósa property for K4-subdivisions
which is the same as the edge-Erdős-Pósa property for K4-expansions because
∆(K4) = 3.

Treewidth and pathwidth The treewidth of a graph is a measure how tree-
like a graph is. For a formal definition, consider the article [47] of Robertson
and Seymour. Trees have treewidth 1, cycles have treewidth 2, the complete
graph on n vertices has treewidth n− 1.

Very similar, the pathwidth of a graph measures how path-like a graph is.
Paths and very simple trees (caterpillar trees) have pathwidth 1, complete
graphs on n vertices have pathwidth n − 1. A definition of pathwidth can
be found in [46].

Grids and walls A grid of size 6 × 5 and a wall of size 4 × 5 is depicted
in Figure 1.3. Robertson and Seymour [47] use the fact that for every planar
graph H there is a grid G such that G contains H as a minor. Their graph
minor theorem states that a graph of large enough treewidth contains a large
grid as a minor and hence every planar graph H as a minor. Grids are also used
to construct obstruction graphs to show that a certain family of graphs does
not have the Erdős-Pósa property. Walls are the subcubic variant of grids and
are analogously used for edge counterexamples.

Figure 1.3: A grid and a wall
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1.2 Lower bounds of the bounding function

To prove that a family F has the Erdős-Pósa property it suffices to bound
the size of a hitting set in any graph G from above by some function in the
maximum number of disjoint F-graphs in G. Often the bounding functions
are chosen extremely large, simply because it helps to make the proof easier.
However, it is also natural to ask for an optimal bounding function or at least
for a bound from below for the size of the hitting set.

The original proof of Erdős and Pósa establishes both, a bound from above
and below. As both bounds are of order O(k log k), they proved that their
bound for the hitting set of cycles is tight up to a constant. For a family F of
graphs that contains a forest, Fiorini, Joret and Wood [21] proved that F has
the Erdős-Pósa property with a linear bounding function, which is optimal up
to a constant.

What is a lower bound on the size of an vertex or edge hitting set for H-
expansions? If H is acyclic, the family FH contains a forest and as just men-
tioned, a linear size hitting set can be achieved, at least in the vertex version.
So let us assume that H contains a cycle. Fiorini et al. [21] prove that the lower
bound of the vertex hitting set is at least of order k log k. We use their method
to prove the same for the edge hitting set.

First note that there is a number ω(H) such that a graph that contains no
H-expansion has treewidth at most ω(H) (see [47] or [14]). Fiorini et al. note
in the introduction of [21] that there are graphs G on n vertices with treewidth
Ω(n) and girth Ω(log n) and Raymond et al. [43] mention that these graphs
even can be chosen cubic. Every H-expansion in such a graph G contains at
least Ω(log n) vertices as it contains a cycle and the girth of G is Ω(log n).
Because G is cubic, no vertex is contained in two edge-disjoint H-expansions
and therefore, G contains at most k = O( n

logn ) edge-disjoint H-expansions. If
X is an edge hitting set for H-expansions, then the treewidth of G − X is at
most ω(H) (which is a constant independent from n). As the deletion of an
edge decreases the treewidth by at most 1, the set X has to contain Ω(n) edges.
We conclude that |X| = Ω(k log k) which is a lower bound for the edge hitting
set for H-subdivisions. We do not know a better lower bound.

1.3 Techniques for Erdős-Pósa type theorems

We present three proof techniques for Erdős-Pósa properties that are applied in
this work.

1.3.1 Every F-graph is large

Assume, G contains an F-graph K with at most f(k)− f(k− 1) vertices/edges.
Then, let X1 be the vertex or edge set of K and let G′ = G −X1. The graph
G′ does not contain k − 1 vertex/edge-disjoint F-graphs because otherwise G
would contain k vertex/edge-disjoint F-graphs. Hence, applying induction to
G′ with k − 1 instead of k yields a hitting set X of size f(k − 1) for G′. Then,
X1∪X is a hitting set for G of size at most f(k−1) + (f(k)− f(k−1)) = f(k).
Hence, we may assume that every F-graph has size at least f(k)−f(k−1). This
method is of particular advantage in the case of long cycles: if f(k) ≥ kg(`),
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one can assume that every long cycle has length at least g(`). This gap between
short and long cycles is often used to force certain contradictions.

1.3.2 Frames

The proof of Erdős and Pósa for Theorem 1.1, while not long, is somewhat
indirect and in particular rests on a result about A-paths of Gallai [22]. Si-
monovits [49] gave a different and cleaner proof that works in two steps. First
Simonovits showed that a large cubic multigraph always contains many disjoint
cycles.

Lemma 1.6 (Simonovits [49]). Every cubic multigraph with at least (4 +
o(1))k log k vertices contains k disjoint cycles.

In the second step, Simonovits considered a maximal subcubic subgraph F
of the graph G. Then, if F has many vertices of degree 3, the lemma yields k
disjoint cycles, and if not then the vertices of degree 3 will (almost) be a hitting
set for cycles in G.5

We think of the graph F in Simonovits’ argument as a frame, a subgraph
that essentially captures all target objects, the cycles, but has a much simpler
structure than G. In particular, the frame alone determines whether we find
k disjoint cycles or a hitting set, both of which can be (essentially) obtained
directly from the frame.

Pontecorvi and Wollan [42] extended the frame argument to capture also
A-cycles. Fiorini and Herinckx [20] used the technique in a different way to
treat long cycles. Bruhn, Joos and Schaudt [8] further modified the technique
so that it also applies to long A-cycles. Finally, Mousset, Noever, Škorić, and
Weissenberger [41] again refined the frame argument in order to achieve an
asymptotically tight bound (up to a constant factor) on the size of the hitting
set for long cycles. We see that the frame tool so far only has been used for
different classes of cycles.

In this work, the frame technique has two large applications. The first is
in Chapter 2 on edge-disjoint long cycles. In Chapter 5, we extend the frame
technique to families of A-paths of certain properties.

1.3.3 Single-vertex-hitting-set trick

This method can be used to prove the edge-Erdős-Pósa property of a family of
graphs that has the vertex-Erdős-Pósa property. We invented this technique for
the proof of the edge-Erdős-Pósa property of K4-subdivisions (see Chapter 3)
but it can be used in a very general setting.

Lemma 1.7. Let F be a class of graphs that has the vertex-Erdős-Pósa property
with bounding function g. Let h : N → R be a function such that for every k
and for every graph G that has a vertex x such that G− x does not contain any
subgraph of F it holds that: either G contains k edge-disjoint subgraphs from F
or there is an edge set F of size |F | ≤ h(k) that meets every subgraph from F .
Then F has the edge-Erdős-Pósa property with bounding function f = gh.

5We gloss over some technicalities here that, however, are not hard to resolve. In particular,
components of F that consists of single cycles need to be taken care of, as well as cycles that
meet F in a single vertex.
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Proof. We proceed by induction on the size of a vertex hitting set for F . Let
G be a graph. For the edge-Erdős-Pósa property we can clearly assume that
G does not contain any k edge-disjoint (or vertex-disjoint) subgraphs from F .
Therefore, G has a vertex hitting set for F , and we choose such a set X as
small as possible. If X is empty then the empty set is an edge hitting set for all
subgraphs in F .

If X is not empty, pick x ∈ X and observe that G′ = G − x has a smaller
vertex hitting set (namely X ′ = X \ {x}) than G. By induction, there is thus
an edge set F ′ of size |F ′| ≤ |X ′| ·h(k) such that G′−F ′ is devoid of subgraphs
from F . Consequently, every subgraph of G′′ = G − F ′ that is contained in F
must meet the vertex x. By assumption, there is thus an edge set F ′′ of size
|F ′′| ≤ h(k) such that G′′ − F ′′ does have any subgraphs in F . In total, we see
that F ′ ∪ F ′′ is an edge hitting set for F in G of a size of

|F ′ ∪ F ′′| ≤ h(k) + |X ′|h(k) = |X|h(k) ≤ g(k)h(k),

where the last inequality follows from the minimal choice of X and the fact that
g is a bounding function for the vertex-Erdős-Pósa property.

As we have mentioned before, this lemma is applied in Chapter 3. To demon-
strate the advantages of this method, we show quickly how to derive the edge-
Erdős-Pósa property for cycles from the corresponding vertex-Erdős-Pósa prop-
erty.

By Lemma 1.7, we may assume that the ambient graph G contains a vertex x
such that every cycle in G meets x. Construct a graph G′ from G by subdividing
every edge incident with x and deleting x afterwards. Let A be the set of newly
created vertices. Then, cycles in G have a one-to-one-correspondence with A-
paths in G′. As A-paths have the edge-Erdős-Pósa property by Mader’s theorem
[36] (or by Lemma 5.10 with worse bound but easier proof), also cycles have
the edge-Erdős-Pósa property.

However, the bounding function for the edge hitting set in this proof is of
order O(k2 log k). There are other proofs of the edge-Erdős-Pósa property of
cycles that achieve the asymptotically best bound of O(k log k) (for example
Exercise 9.6 in [14]), but they are not that short and easy as our proof.

In a similar way, the edge-Erdős-Pósa property of long A-paths (which is
still an open problem) would give rise to a short proof of the edge-Erdős-Pósa
property for long cycles. So far, our proof in [7] remains the only proof for the
edge-Erdős-Pósa property for long cycles.

Generally speaking, the single vertex hitting set trick can be a powerful
technique to (quickly) find a proof for the edge-Erdős-Pósa property for a certain
class. However, the size of the hitting set usually is not best possible.
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Chapter 2

Long cycles have the
edge-Erdős-Pósa property

The theorem of Erdős and Pósa (Theorem 1.1) shows an relation between the
packing and covering number of cycles in graphs. What, if we are only interested
in cycles of length at least `, for some ` ∈ N (long cycles)? It seems that
the first Erdős-Pósa-like result for long cycles is derived from the very general
Theorem 1.2 of Robertson and Seymour (using H = C`). The Erdős-Pósa
property of long cycles attracted a lot of interest. The size of the hitting set was
first improved by Birmelé, Bondy and Reed [3], later by Meierling, Rautenbach
and Sasse [39], and by Fiorini and Herinckx [20]. Recently, Mousset, Noever,
Škorić, and Weissenberger [41] proved that long cycles have the vertex-Erdős-
Pósa property with bounding function O(k` + k log k) which is asymptotically
best possible.

However, it was an open problem, if long cycles also have the edge-Erdős-
Pósa property. Together with Henning Bruhn and Felix Joos, I proved the
following theorem:

Theorem 2.1 (Bruhn, H., Joos [7]). Let ` be a positive integer. Then every
graph G either contains k edge-disjoint long cycles or a set X ⊆ E(G) of size
O(k2 log k + k`) such that G−X contains no long cycle.

This answers a question of Birmelé, Bondy, and Reed [3]. The content of
this chapter, including all figures, is mostly taken from our paper “Long cycles
have the edge-Erdős-Pósa property” [7], which was published in Combinatorica.

For vertex-disjoint long cycles, the bound of O(k`+k log k) proved by Mous-
set et al. [41] is optimal as it matches a lower bound found by Fiorini and Her-
inckx [20]. We show below that the set X in Theorem 2.1 also needs to have
size at least Ω(k` + k log k). We believe that, as in the vertex version, this is
the right order of magnitude.

In Section 2.1, we discuss the size of the hitting set and how the Erdős-Pósa
property and its edge analogue differ. In Section 2.2, we introduce tools needed
in the proof of Theorem 2.1. After a brief overview we prove Theorem 2.1 in
Section 2.3.

11
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2.1 Discussion

2.1.1 The size of the hitting set

Fiorini and Herinckx [20] observed that the hitting set for long cycles in the
ordinary Erdős-Pósa property needs to have size at least Ω(k`+ k log k). That
there is a hitting set of size O(k`+ k log k), the optimal size, is due to Mousset
et al. [41] who built on earlier work of Robertson and Seymour [47], Birmelé et
al. [3], and Fiorini and Herinckx [20].

What is the optimal size of the hitting set in the edge-disjoint version? As
mentioned in Section 1.2, Ω(k log k) is a lower bound for an edge hitting set for
cycles.

That the size of the hitting set needs to depend on ` at all is not immediately
obvious. But it does, and indeed, the dependence is linear. To prove this we
construct graphs S` that do not contain two edge-disjoint long cycles and that
do not admit a hitting set of less than `

30 edges. Taking k − 1 disjoint copies
of S` then yields a graph without k edge-disjoint long cycles and no hitting set
of size smaller than 1

30 (k − 1)` = Ω(k`). Therefore, the size of hitting sets for
edge-disjoint long cycles needs to be at least Ω(k`+ k log k).

Figure 2.1: The graph S17 contains no two edge-disjoint cycles of length at
least 17.

The graphs S` are constructed as follows. Let p = b 23 (`− 1)c, and let S` be
the graph obtained from a clique on p vertices v0, . . . , vp−1 by adding vertices
w0, . . . , wp−1 such that each wi is adjacent to vi−1 and vi (where we take indices
mod p). The graphs S` are sometimes called suns [1]. As the clique contains only
p < 2

3` vertices, every long cycle in S` passes through at least d 13`e >
p
2 vertices

of {w0, . . . , wp−1}. As these have degree 2, there cannot be two edge-disjoint
long cycles in S`.

Let ` ≥ 30, and consider any set X of at most `
30 edges. We show that X

is not a hitting set. For every edge uv ∈ X, delete its endvertices u and v in
G, and if we delete a vertex vi of the clique, also delete the adjacent vertices wi
and wi+1. All in all, we delete a set U of at most 6 · `30 ≤

`
5 vertices in G. For

the cycle C = v0 . . . vp−1v0, let C1, . . . , Cr be the components of C −U . Let vsi
and vti be the two endpoints of the path Ci. None of the vertices wsi , . . . , wti−1
is deleted, and thus Pi = vsiwsivsi+1 . . . wti−1vti is a path in G− U .

Concatenating the paths Pi by adding the edges vtivsi+1 , we obtain a Hamil-
ton cycle D of G−U . Noting that p ≥ 2

3 (`− 3), we calculate that the length of
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D is

|V (S`)| − |U | = 2p− 1

5
` ≥ 4

3
(`− 3)− 1

5
` = `+

2`− 60

15
≥ `

as ` ≥ 30. Since G−X ⊇ G− U still contains a long cycle, we deduce that no
edge set of size at most `

30 is a hitting set.

Comparing the lower bound of Ω(k`+k log k) with Theorem 2.1, we see that
there is a gap in the second term by a factor k. We believe that the optimal
size of the hitting set coincides with the lower bound.

2.1.2 Vertex versus edge version

Why is the edge-Erdős-Pósa property hard at all, especially when the corre-
sponding vertex version is known? Cannot a reduction be employed or the
proof be adapted? Pontecorvi and Wollan [42] obtain the edge version for A-
cycles from the vertex version by a simple gadget construction. Essentially,
they apply the vertex version to a modified line graph (a similar approach is
also used by Kawarabayashi and Kobayashi [29]). Why is that not possible for
long cycles?

Cycles do not have a unique image in the line graph. The line graph of a
cycle is a cycle but not every cycle in the line graph corresponds to a cycle in
the root graph. The preimage of an A-cycle in the (slightly modified) line graph
still contains an A-cycle—this is what allows Pontecorvi and Wollan to reduce
to the vertex version. For long cycles this will not work because every cycle
contained in the preimage of a long cycle might be short.

So how about adapting the proof of the vertex version in some more or less
obvious way? While the existing proof might, and does in our case, give some
clues, an easy adaption seems hopeless. We believe this is because edge-disjoint
long cycles actually require a mix of the two disjointness concepts.

Why is this? For simplicity, consider the case k = 2. We could construct two
long cycles in a graph G as follows. Choose 2` vertices v1, . . . , v` and w1, . . . , w`.
For the vertex version, suppose that all these vertices are distinct. What we now
need to do is to find internally vertex-disjoint paths P1, . . . , P` and Q1, . . . , Q`
such that Pi is a vi–vi+1-path and Qi a wi–wi+1-path for every i ∈ [`] (where
we set v`+1 = v1 and w`+1 = w1). In the edge version, we only need to suppose
that vi 6= vj and wi 6= wj for distinct i, j. Again, we seek for paths connecting
these vertices in cyclic order. But, and that is the crucial point, Pi and Pj as
well as Qi and Qj need to be internally vertex-disjoint for distinct i, j, while Pi
and Qj only need to be edge-disjoint. That is, we deal with two different types
of disjointness.

If instead we only require that all these paths are edge-disjoint, then we
obtain immersions of long cycles. Strikingly, for immersions the adaption of
vertex version arguments appears to work very well. Indeed, to prove his strong
result about edge-disjoint immersions, Liu [35] translates a part of the graph
minor theory to line graphs. (The translation, however, is not at all trivial.)

2.2 Preliminaries

In this section we introduce a number of tools and some notation. In particular,
in Section 2.2.1 we develop a tool for finding a short path (Lemma 2.4); in
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Section 2.2.2, we treat frames, a structure that captures a good part of the long
cycles in the graph; and finally in Section 2.2.3, we investigate how many edges
are needed to split vertices of a given set into well-linked parts (Lemma 2.11).
The reader may find it useful to first skip parts of this section. Indeed, to
start with the proof of the main theorem, to be found in Section 2.3, only the
definition of a frame, in Section 2.2.2, is needed. The rest of this section then
can be consulted whenever necessary.

Throughout the chapter, we fix a positive integer ` and call P and C short
if `(P ) < ` and `(C) < `, respectively. A cycle is called long if its length is at
least `.

2.2.1 Extensions of paths

The key trick in our proofs is to exclude cycles of intermediate length, that
is, cycles that are long but not too long. That this is possible, is discussed in
Section 2.3. Later, in the proof of the main theorem, we exclude some cases by
showing that otherwise there would be intermediate cycles. This is often done
by replacing a long path (for example as part of a cycle) by a short one. In this
subsection we treat a tool that allows us to find such short paths. The only
lemmas of this subsection that are used later are Lemmas 2.4 and 2.5.

Consider a path P with endvertices u, v. We write ≤P for the total order
of the vertices V (P ) induced by the distance from u on P . Let Q1, . . . , Qr be
P -paths, and for every i ∈ [r], let ui and vi be the endvertices of Qi such that
ui <P vi. The tuple (Q1, . . . , Qr) is an extension of P if

(E1) the paths Q1, . . . , Qr are pairwise internally disjoint;

(E2) the cycle uiPvi ∪Qi is short for i ∈ [r];

(E3) u1 = u and vr = v;

(E4) ui <P ui+1 <P vi <P vi+1 for i ∈ [r − 1]; and

(E5) vi ≤P ui+2 for i ∈ [r − 2].

See Figure 2.2 for an illustration.

u1 v1 = u3u2 v2 v3u4 v4
P

Q1 Q2 Q3 Q4

Figure 2.2: A P -extension.

Lemma 2.2. Let P be a path, and let (Q1, . . . , Qr) be an extension of P . For

any i, j with 1 ≤ i ≤ j ≤ r, there is exactly one cycle C in P ∪
⋃j
s=iQs that

contains ui, vj. The edge set of the cycle is

E(C) = E
(
P ∪

j⋃
s=i

Qs
)
\

j⋃
t=i+1

E(utPvt−1). (2.1)
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Proof. The graph H = P ∪
⋃j
s=iQs is 2-connected as it is the union of cycles

usPvs ∪Qs, such that consecutive cycles overlap in an edge. Thus the graph H
contains a cycle C through ui and vj .

Note that C has to contain each of Qi, . . . , Qj−1: if Qt * C for a t ∈
{i, . . . , j−1} then, by (E5), ut+1 separates ui and vj in C , which is impossible.
We also have Qj ⊆ C as otherwise vj would have degree 1 in C as vj 6∈ Qj−1
by (E4).

Now, for t = i + 1, . . . , j the vertex vt−1 has degree 2 in C. Therefore,
either utPvt−1 ⊆ C or vt−1Put+1 ⊆ C (where we temporarily interpret uj+1

as vj). However, {ut, vt−1} separates ui from vj in H, which means that C has
to pass through ui, ut, vj , vt−1 in this cyclic order. Thus vt−1Put+1 ⊆ C and
utPvt−1 * C (since already Qt−1 ⊆ C). It is easy to check that this fixes C to
be as in (2.1).

Lemma 2.3. Let P be a path, and let (Q1, . . . , Qr) be an extension of P .
Assume that every long cycle in H = P ∪

⋃r
s=1Qs has length at least 2`. Then

every cycle in H is short.

Proof. Suppose that H contains a long cycle C. Clearly, its intersection with
P is nonempty. Let i be the smallest index such that ui lies in C, and let j
be the largest index with vj ∈ V (C). Note that i < j by the definition of
extensions. We, furthermore, assume C to be chosen such that j− i is minimal.
Thus C ⊆ uiPvj ∪

⋃j
s=iQs.

The cycle C satisfies the conditions of Lemma 2.2, which implies that its edge
set is as in (2.1). Let C ′ be the unique cycle in uiPvj−1 ∪

⋃j−1
s=i Qs containing

ui and vj−1. Hence C ′ is short by the choice of C, and its edge set is given
by (2.1)—with j − 1 instead of j. Then, E(C)∆E(C ′) is equal to ujPvj ∪Qj ,
which is a short cycle by (E2). As |E(C)| ≤ |E(C ′)| + |E(C∆C ′)| < 2`, the
length of the long cycle C is less than 2`, which contradicts the assumption of
the lemma.

We now prove the main lemma of the subsection.

Lemma 2.4. Let P be a path in a graph G, and let (Q1, . . . , Qr) be a tuple of
P -paths that satisfy (E2)–(E4) and

(E1′) if |i− j| > 1, then Qi and Qj are internally disjoint.

If every long cycle in G has length at least 2`, then there is a short path between
the endvertices of P that is contained in P ∪

⋃r
j=1Qj.

Proof. Among all tuples (Q′1, . . . , Q
′
s) of P -paths in

⋃r
j=1Qj that satisfy (E2)–

(E4) and (E1′), choose a tuple T ′ = (Q′1, . . . , Q
′
s) such that s is minimal. Such

a tuple exists as (Q1, . . . , Qr) satisfies (E2)–(E4) and (E1′). Let u′i and v′i be
the endvertices of Q′i such that u′i <P v

′
i holds.

Now, assume that there are two paths Q′i and Q′j , i < j, that share an
internal vertex. By (E1′) we have j = i+ 1. Following Q′i from u′i on, let x be
the first vertex of Q′i − u′i that also belongs to Q′i+1. Now define a new path R
as R = u′iQ

′
ixQ

′
i+1v

′
i+1. The path R is a P -path as x is an internal vertex and

its endpoints are u′i and v′i+1. Furthermore, the length of the cycle R∪u′iPv′i+1

is at most
`(Q′i ∪ u′iPv′i) + `(Q′i+1 ∪ u′i+1Pv

′
i+1) < 2`,
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which implies that R is short, by assumption.
Now, the tuple T ′′ = (Q1, . . . , Q

′
i−1, R,Q

′
i+2, . . . Q

′
s) satisfies (E2)–(E4) and

(E1′) as (E2) was just proved, (E3) is trivial, and (E4) and (E1′) are inherited
from T ′ as R just combines two consecutive paths of T ′. However, T ′′ uses only
s − 1 paths, which contradicts the choice of T ′. Thus, there are no such paths
Q′i, Q

′
j that share an internal vertex and hence T ′ satisfies (E1).

Assume, that T ′ does not satisfy (E5); that is, there is an i such that u′i+2 <P
v′i. By (E4), we have u′i <P u

′
i+1 <P u

′
i+2 and v′i <P v

′
i+1 <P v

′
i+2 which implies

u′i <P u
′
i+2 <P v

′
i <P v

′
i+2.

This is the statement of (E4) for the paths Q′i and Q′i+2 which makes Qi+1

unnecessary in T . This is again a contradiction to the minimality of s. Thus,
the tuple T ′ satisfies (E1)–(E5) and is therefore an extension of P .

Now, Lemmas 2.2 and 2.3 imply that there is a short cycle in P ∪
⋃r
j=1Q

′
j ,

and thus in P ∪
⋃r
j=1Qj , through the endvertices of P . The cycle then contains

the desired path.

For later use, we prove a convenience lemma that helps constructing the
paths Qi in Lemma 2.4.

Lemma 2.5. Let P be a path in a graph G, and let C1, . . . , Cr be a set of short
cycles such that

(i) Ci ∩ P = uiPvi for two (not necessarily distinct) vertices ui, vi, for every
i ∈ [r];

(ii) Ci and Ci+1 meet outside P for every i ∈ [r − 1]; and

(iii) uiPvi and ui+1Pvi+1 meet for every i ∈ [r − 1].

If every long cycle in G has length at least 3`, then there is a short cycle C ⊆⋃r
i=1 Ci such that C ∩ P = u1Pvr.

Proof. By induction on r we show that: there is a short cycle C ⊆
⋃r
i=1 Ci such

that C ∩ P = u1Pvr and such that C contains an edge in E(Cr) \E(P ) that is
incident with vr.

The induction starts with C = C1. Now, let C ′ be such a cycle for r − 1.
For every i, let Qi be the path Ci − uiPvi, and let pi and qi be its endvertices
such that pi is a neighbour of ui in Ci and qi a neighbour of vi in Ci. We define
Q′ with endvertices p′, q′ in the analogous way as Q′ = C ′ − u1Pvr−1.

Assume first that C ′ and Cr meet outside P . Starting in p′ let x be the first
vertex in Q′ that lies in Qr. Then put C = u1p

′Q′xQrqrvr ∪u1Pvr and observe
that C satisfies all required properties if, in addition, it is short. This holds, as
`(C) ≤ `(C ′) + (`(Qr) + `(urPvr)) + `(Cr−1) < `+ `+ ` = 3`.

Next, assume that Q′ and Qr are disjoint outside P . Since the edge q′vr−1
of C ′ is an edge of Cr−1 we see that q′ ∈ V (Qr−1), which means that Q′ and
Qr−1 have a vertex in common. Starting from p′ let y be the first vertex of
Q′ that lies in Qr−1. Starting from qr let z be the first vertex in Qr that lies
in Qr−1. Since Cr−1 and Cr meet outside P , by (ii), there is such a vertex z.
Put C = u1p

′Q′yQr−1zQrqrvr ∪ u1Pvr and observe that, again, C satisfies all
required properties if it is short.
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We now prove that C is a short cycle. Using (iii), we see that

`(C) ≤ `(C ′) + `(Cr−1) + `(Cr)

< `+ `+ ` = 3`,

as C ′ is short by induction and as the other two terms are smaller than ` as
well. Thus, the length of the cycle C is smaller than 3`, which means it is a
short cycle.

2.2.2 Frames

As explained in Section 1.3, Simonovits’ short proof of the Erdős-Pósa theorem
rests on a frame, a maximal subcubic subgraph of the ambient graph G, in which
all the disjoint cycles are found [49]. We mimic this approach that also appears
in other works [8, 42]. However, in contrast to all such previous approaches, in
our case this subgraph is not subcubic, but may have arbitrary high maximum
degree.

There is one more difference between our approach and that of Simonovits.
In Simonovits’ proof, there is a dichotomy: if the frame is large, with respect to
some appropriate measure, then there are k disjoint cycles, and if the frame is
small then it yields a hitting set. In our approach a large frame still contains
k edge-disjoint long cycles. A small frame, however, can still lead to both
outcomes. We might find a hitting edge set or we might find k edge-disjoint
cycles, but these will normally not be contained in the frame but also use parts
outside the frame.

Any subgraph F of a graph G is a frame of G if its minimum degree δ(F ) is
at least 2 and if every cycle in F is long. For a frame F of G, we define

• U(F ) = {v ∈ V (F ) : dF (v) ≥ 3}, the set of vertices of degree at least 3
in F ; and

• ds(F ) =
∑

u∈U(F )

dF (u), the sum of the degrees of the vertices in U(F ).

In the proof we will choose a frame F such that ds(F ) is maximal. The main
motivation stems from the fact that large values in ds(F ) yield k edge-disjoint
long cycles in F . In the next lemma we collect a number of useful properties
about frames. Lemma 2.6 is the only lemma of this subsection that is used later.

Lemma 2.6. Let G be a connected graph and let F ⊆ G be a frame such that
ds(F ) is maximal. Then

(i) F is connected;

(ii) if ds(F ) ≥ 84k log k, then G contains k edge-disjoint long cycles;

(iii) every F -path is short; and

(iv) there exists a short path P = u . . . v ⊆ F for every F -path Q = u . . . v.
This path is unique if every long cycle in G has length at least 2`.

We need some preparation before we can prove the lemma.
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Lemma 2.7 (Erdős and Pósa [17]). Let G be a multigraph on n vertices with
δ(G) ≥ 3. Then G contains a cycle of length at most max{2 log n, 1}.

Lemma 2.8. Let k ∈ N and G be a multigraph with |E(G)| ≥ 42k log k and
δ(G) ≥ 3. Then G contains k edge-disjoint cycles.

Proof. We proceed by induction on k. For k = 1 the statement holds, since
every multigraph with δ(G) ≥ 3 contains a cycle.

Let k ≥ 2. We may assume that n = |V (G)| ≥ 2, as otherwise the statement
is trivial. Let C be a shortest cycle in G. Let n1 and n2 be the number of
vertices of degree 1 and 2 in G0 = G−E(C), respectively. Thus n1 +n2 ≤ `(C).
As long as Gt contains a vertex of degree 1 or 2, let Gt+1 arise from Gt by either
deleting a vertex of degree 1 or suppressing a vertex of degree 2. Let s be the
maximal integer for which Gs is defined. We claim that one of the following
statements holds for the transformation from Gt to Gt+1.

(i) The number of vertices of degree 1 does not increase and the number of
vertices of degree 2 decreases.

(ii) The number of vertices of degree 1 decreases and the number of vertices
of degree 2 increases by at most 1.

To see that our claim is true, suppose we deleted a vertex u of degree 1 and let
v be the neighbour of u. If dGt

(v) = 2, then (i) holds and otherwise (ii) holds.
If we suppress a vertex of degree 2, then (i) holds.

It is easy to see that (ii) holds at most n1 times. Hence (i) holds at most
n1 + n2 times. Observe that |E(Gt)| = |E(Gt+1)| − 1. Therefore, |E(Gs)| ≥
|E(G)| − `(C)− 2n1 − n2 ≥ |E(G)| − 3`(C).

Let H arise from Gs by deleting isolated vertices. Thus

|E(H)| ≥ |E(G)| − 3`(C). (2.2)

By construction, H does not contain vertices of degree 1 or 2; thus, δ(H) ≥ 3
holds or H is empty. We claim that |E(H)| > 42(k − 1) log(k − 1) ≥ 0. If
true, H contains in particular an edge, which implies that δ(H) ≥ 3. Moreover,
we can apply induction to H to find k − 1 edge-disjoint cycles in H. Since
G− E(C) contains a subdivision of H, we therefore obtain together with C in
total k edge-disjoint cycles in G.

It remains to prove that |E(H)| > 42(k−1) log(k−1). We write m = |E(G)|
and by δ(G) ≥ 3 we have |V (G)| ≤ 2m

3 . As C was chosen as the shortest cycle
in G, Lemma 2.7 implies

`(C) ≤ 2 log

(
2m

3

)
. (2.3)

Note that the function x 7→ x− 6 log
(
2
3x
)

is increasing for x ≥ 9. Since k ≥ 2,
we conclude log(28 log k) ≤ 6 log k. Together with m ≥ 42k log k ≥ 9, we deduce
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from (2.2) and (2.3) that

|E(H)| ≥ m− 6 log

(
2

3
m

)
≥ 42k log k − 6 log (28k log k)

≥ 42k log k − 6 log k − 6 log(28 log k)

≥ 42k log k − 6 log k − 36 log k

> 42(k − 1) log(k − 1).

This finishes the proof.

Proof of Lemma 2.6. For (i), suppose that F has two components A and B. As
G is connected, there is an A–B-path P in G that is internally disjoint from
F . Thus, F ∪ P is a frame, as F ∪ P contains the same cycles as F . Since
ds(F ∪ P ) > ds(F ), we obtain a contradiction to the choice of F .

For (ii), denote by H the multigraph obtained from F by suppressing all
vertices of degree 2. Observe that |E(H)| = 1

2ds(F ) ≥ 42k log k and δ(H) ≥ 3.
Thus, by Lemma 2.8, H and then also F contain k edge-disjoint cycles. Since
all cycles in F are long, the assertion is proved.

For (iii), suppose there is a long F -path Q. Then it can be added to F ,
since in F ∪Q all cycles are still long. However, ds(F ∪Q) > ds(F ), which is a
contradiction.

For (iv): As F is connected by (i), the distance of u and v in F is finite.
If distF (u, v) ≥ `, then any cycle in F ∪ Q containing Q is long, which again
contradicts (iii) and proves the first part of (iv). If there were two short u–v-
paths P1, P2 in F , their union P1 ∪ P2 ⊆ F would contain a cycle of length less
than 2` which is short by assumption. This is impossible as F only contains
long cycles.

2.2.3 Edge-connectivity

The aim of this subsection is to prove Lemma 2.11, which helps defining a
hitting set in Section 2.3.4. We need Lemmas 2.9 and 2.10 only for the proof of
Lemma 2.11.

Let G be a multigraph and k ∈ N. For two vertices u, v ∈ V (G), we define
u ∼k v if either u = v or if there are k edge-disjoint u–v-paths in G. The
transitivity of ∼k follows from Menger’s theorem and thus ∼k is an equivalence
relation.

Lemma 2.9. Let G be a multigraph and let A,B be nonempty subsets of dis-
tinct equivalence classes of ∼k. Then there is a set X of at most k − 1 edges
separating A and B.

Proof. Pick a ∈ A and b ∈ B, and observe that a 6∼k b. Thus there is an edge
set X of size at most k− 1 that separates a and b in G. Suppose that X fails to
separate A from B in G. Then there are a′ ∈ A and b′ ∈ B such that G−X still
contains an a′–b′-path. Since X is too small to separate a from a′, and b from
b′, we see that the vertices a, a′, b′, b belong to the same component in G −X,
which is a contradiction.
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Lemma 2.10. Let k, p ∈ N, and let A1, . . . , Ap be subsets of p distinct equiv-
alence classes of ∼k in a multigraph G. Then there is an edge set X ⊆ E(G)
of size at most (p− 1)(k − 1) such that for all distinct i, j ∈ [p], the multigraph
G−X does not contain any Ai–Aj-path.

Proof. Let G′ arise from G by identifying for every i ∈ [p] all vertices in Ai to
a single vertex ai. Any edge set of G separates two distinct sets Ai, Aj in G
if and only if, seen as an edge set of G′, it separates ai from aj in G′. Since,
by Lemma 2.9, any two distinct sets Ai, Aj can be separated by at most k − 1
edges in G, also any two distinct ai, aj can be separated by at most k− 1 edges
in G′.

We proceed by induction on p. If p = 1, then X = ∅ will do. Thus, we may
assume that p ≥ 2. By Lemma 2.9, there is a set X ′ of at most k−1 edges such
that a1 is separated from a2 in G′−X ′. Let C1, . . . , Cs be the set of components
of G′ −X ′ that contain at least one vertex of a1, . . . , ap. Let pi be the number
of vertices a1, . . . , ap in Ci. Then pi ≥ 1 but also pi < p for i ∈ [s]. Applying
induction, we obtain for each i an edge set Xi of size at most (pi − 1)(k − 1)
such that no component of Ci − Xi contains two or more of a1, . . . , ap. Then
X = X ′∪

⋃s
i=1Xi separates every two vertices of a1, . . . , ap in G′−X, and thus

also any two sets Ai, Aj in G−X.
We conclude that

|X| = |X ′|+
s∑
i=1

|Xi| ≤ k − 1 +

s∑
i=1

(pi − 1)(k − 1)

≤ k − 1 + (p− s)(k − 1) ≤ k − 1 + (p− 2)(k − 1) = (p− 1)(k − 1),

since s ≥ 2 by choice of X ′.

Let A be a vertex set in a multigraph G, and let k be a positive integer.
An edge set X k-perfectly separates A if for every a, a′ ∈ A with a 6∼k a′ in
G − X, the vertices a, a′ lie in different components of G − X. This means,
that two vertices either are not in the same component or there are at least k
edge-disjoint paths between them.

Lemma 2.11. Let k ∈ N, and let A be a vertex set in a multigraph G. Then
there is a set X ⊆ E(G) of size at most (|A|−1)(k−1) that k-perfectly separates
A.

Proof. We use induction on |A|. Let A1, . . . , Ap be a partition of A induced by
the equivalence classes of ∼k. If p = 1, the statement trivially holds as X = ∅
k-perfectly separates A. In particular, this covers the case |A| = 1.

Therefore, we may assume that p ≥ 2. We apply Lemma 2.10 to obtain a set
X ′ ⊆ E(G) of size at most (p−1)(k−1) that separates Ai from Aj for all distinct
i, j ∈ [p]. Denote for every i ∈ [p] by Gi the union of components in G−X ′ that
contain a vertex in Ai, and observe that the Gi are pairwise disjoint by choice
of X ′. By induction, there is a set Xi ⊆ E(Gi) of size at most (|Ai| − 1)(k− 1)
that k-perfectly separates Ai ∩ V (Gi) in Gi. Thus, X = X ′ ∪ X1 ∪ . . . ∪ Xp

k-perfectly separates A. Observe that

|X| ≤ (p− 1)(k − 1) + (|A| − p)(k − 1) = (|A| − 1)(k − 1),

which completes the proof.
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2.3 Proof of the main theorem

We start with a brief proof sketch. The key trick is to force a gap between
short and long cycles: by induction, we can ensure that there are no interme-
diate cycles, cycles of length between ` and 10`. This forces a lot of structure.
Repeatedly, we will argue that this or that property is satisfied because other-
wise we would find an intermediate cycle. We found this trick in the article of
Birmelé et al. [3].

Throughout we fix a frame F such that ds(F ) is maximal. As every long
cycle that is not contained in the frame contains at least one F -path, it is
necessary to find structure in the F -paths. To this end, we group F -paths to
hubs. The hubs together with parts of the frame F form the hub closures, which
essentially partition the edge set of G. Informally, the hub closures are the
largest 2-connected pieces that may contain cycles without also containing a
cycle of F .

From the absence of intermediate cycles we will deduce that no hub closure
contains a long cycle. That means that every long cycle in some sense follows
along a cycle in F (without actually being contained in F ). In particular, it
traverses at least two (in fact, at least three) distinct hub closures or it uses a
path between two branch vertices of F . To define a candidate hitting set we
therefore disconnect hub closures when this is possible with few edges and when
this cuts a connection between branch vertices of F . The resulting edge set is
either a true hitting set, or we will be able to piece together k edge-disjoint long
cycles that all traverse well-connected hub closures in the same way.

We start with the proof of Theorem 2.1. It will take up the rest of this
chapter.

Proof of Theorem 2.1. We define

f(k, `) = 210k2 log k + 10`(k − 1).

We prove by induction on k that

if a graph G does not contain k edge-disjoint long cycles, then it
contains an edge set X of size at most f(k, `) that meets every
long cycle.

(2.4)

Clearly, (2.4) is true for k = 1 as either G contains a long cycle or X = ∅
meets all long cycles in G. We therefore assume that

k ≥ 2 and that G does not contain k edge-disjoint long cycles. (2.5)

Suppose G contains a long cycle C of length at most 10`. As G − E(C)
contains at most k−2 edge-disjoint long cycles, by induction there is a hitting set
X ′ ⊆ E(G)\E(C) for G−E(C) of size at most 210(k−1)2 log(k−1)+10`(k−2).
Observe that X = E(C) ∪X ′ is a hitting set of G such that

|X| = |X ′|+ |E(C)| ≤ 210(k − 1)2 log(k − 1) + 10`(k − 2) + 10`

≤ 210k2 log k + 10`(k − 1) = f(k, `).

Thus, we may assume that

every long cycle of G has length more than 10`. (2.6)
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We may also assume that every edge of G lies in a long cycle. Otherwise, if
e ∈ E(G) is not contained in any long cycle, then every hitting set of G − e is
also a hitting set of G.

Suppose, G is not 2-connected; that is, G contains several blocks. Note that
every cycle lies in exactly one block. Since every edge belongs to at least one
long cycle, every block contains a long cycle. Let B be a block of G and let
k′ be the maximal integer such that B contains k′ edge-disjoint long cycles.
Hence 0 < k′ < k − 1, as G − E(B) contains at least one long cycle that is
edge-disjoint from every cycle in B. Observe that G − E(B) contains at most
k− k′ − 1 < k− 1 edge-disjoint long cycles. We apply our induction hypothesis
to B and G − E(B) and obtain a hitting set X1 ⊆ E(B) in B of size at most
210(k′ + 1)2 log(k′ + 1) + 10`k′ ≤ 210(k′ + 1)2 log k + 10`k′ and a hitting set
X2 ⊆ E(G) \E(B) of size at most 210(k− k′)2 log k+ 10`(k− k′− 1). Trivially
X = X1 ∪X2 is a hitting set in G such that

|X| ≤ 210(k′ + 1)2 log k + 10`k′ + 210(k − k′)2 log k + 10`(k − k′ − 1)

≤ 210 log k
(
k′2 + 2k′ + 1 + k2 − 2kk′ + k′2

)
+ 10`(k − 1)

= 210 log k
(
2k′(k′ + 1− k) + 1 + k2

)
+ 10`(k − 1)

≤ 210k2 log k + 10`(k − 1) = f(k, `)

as 2k′(k′ + 1 − k) + 1 ≤ 0 holds because of k′ < k − 1. Thus, we can assume
that

G is 2-connected. (2.7)

We now choose a frame F of G such that ds(F ) is maximal (and we may
assume that G contains at least one long cycle, which implies that a frame in G
exists), which we let be fixed throughout the whole proof. As F only contains
long cycles, (2.6) implies that

the girth of F is larger than 10`. (2.8)

Next, we investigate G− F and how the components of G− F attach to F .

2.3.1 Bridges of the frame

In light of (2.5) and (2.6), Lemma 2.6 now states:

F is connected; ds(F ) < 84k log k; every F -path Q = u . . . v is
short and F contains a unique short u–v-path P .

(2.9)

For any F -path Q = u . . . v, we call the unique short u–v-path in F its
shadow and denote it by SQ.

An F -bridge of G or simply a bridge is either an edge in E(G) \ E(F ) with
its two endvertices in V (F ), or a component K of G − F together with all its
neighbours N in F and all edges of G joining K and N . Equivalently, a bridge
is the union of all F -paths that form a component in the graph on the set of all
F -paths where two F -paths are adjacent if they share an internal vertex. For
an F -bridge B of G, we call the vertices in B ∩ F the feet of B (in F ). The
shadow SB of B is the union of the shadows of all F -paths contained in B.
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Claim 2.12. For every bridge B, the shadow SB is a tree of diameter less
than `.

Proof. As B is connected, it contains an x–y-path Q between any two of its
feet x, y. The shadow of this F -path Q connects x and y in SB . As all vertices
in SB that are no feet lie in the shadow of an F -path between two feet, we
conclude that SB is connected.

Suppose that SB contains a cycle C. Since C is contained in F , it follows
that C is a long cycle, which, in turn, implies `(C) ≥ 10`, by (2.6). Pick two
vertices r1, r2 in C at distance precisely 2` in C, and let R be the subpath of C
of length 2` between r1 and r2.

Why is ri in SB? Because there is an F -path Qi ⊆ B whose shadow Pi
contains ri. Denote by xi, yi the endvertices of Pi, and observe that Pi is a
short path, by Lemma 2.6 ((iv)). By the same statement, there exists also a
short x1–x2-path S in the shadow of B.

Since P1 ∪ P2 ∪ R ∪ S ⊆ SB has at most 5` edges it cannot contain a long
cycle, and because it is a subset of F it cannot contain a short cycle. Thus,
xiPiri or yiPiri is internally disjoint from R for i ∈ [2] (we may assume the first
one). In particular, this means that S = x1P1r1Rr2P2x2, and thus that R ⊆ S.
This, however, is impossible since S has length at most ` but R has length 2`.

We deduce that SB is a tree. By the definition of a shadow, every leaf of SB
is a foot. As any two feet of B are connected by an F -path, their distance in
SB is short by Lemma 2.6 ((iv)). Thus, the diameter of SH is less than `.

2.3.2 Hubs

We define a graph G on the set of all bridges of G, where two bridges B1, B2

are adjacent if their shadows share a common edge. A hub is the union of all
bridges in a component of G. Thus, a hub is a subgraph of G consisting of all
bridges that form a component in G. We say that a bridge B belongs to a hub
H if B ⊆ H, that is, if B is part of the component in G that defines H. For a
hub H, the shadow SH of H is the union of the shadows of all bridges in H.
See Figure 2.3 for an illustration.

Figure 2.3: A hub consisting of four bridges, and its shadow (in grey).

Before proceeding, we quickly note for later reference two basic properties of
hub shadows that follow directly from the definition together with Claim 2.12.

Claim 2.13. The shadow of any hub is connected and the shadows of two dis-
tinct hubs are edge-disjoint.
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We will write H for H∪SH and call it the closure of H. Hubs, their shadows
and their closures constitute the key structure that captures how, in terms of
long cycles, the rest of the graph attaches to the frame. In particular, when we
will define the hitting set, in Section 2.3.4, we will exploit two features of hubs:

• hub closures do not contain long cycles (Claim 2.19); and

• every cycle that does not traverse only edges of a single hub closure is long
(Claim 2.22).

Except for basic properties (such as that every shadow of a hub is connected),
these two are the only results about hubs that we need in the final part of the
proof. The sole purpose of this subsection and the next is to prove Claims 2.19
and 2.22. One way, therefore, to read this chapter would be: jump directly to
Section 2.3.4 in order to see what role the claims play in the finale of the proof
and only afterwards come back here for the proofs of the two claims.

We start the path towards our first aim, Claim 2.19, with a simple observa-
tion.

Claim 2.14. For every hub H, the closure H is 2-connected.

Proof. Since G is 2-connected, a bridge together with its shadow is 2-connected,
too. The closure of a hub is the union of adjacent bridges together with their
shadows. As adjacent bridges overlap on an edge, the union again is 2-connected.

For a hub H, let LH be the graph with vertex set E(SH) and e, f ∈ V (LH)
are adjacent in LH if e, f share a common vertex in G and there is a bridge B
which belongs to H such that e, f ∈ E(SB). Let L∗H arise from LH by adding
all possible edges of the following type: for all e1, . . . , er ∈ V (LH) sharing a
common vertex in G which induce a connected graph in LH add all edges eiej
for distinct i, j ∈ [r].

Where do the graphs LH and LH∗ come from? The graph LH is a subgraph
of the line graph on SH whose adjacencies encode how the shadows of the bridges
of H interact. The graph LH∗ is obtained from LH by taking the transitive
closure on each set of edges incident with the same vertex of G.

Claim 2.15. For every hub H, the graph L∗H is connected.

Proof. We will prove that LH is connected which immediately proves the claim
as LH ⊆ L∗H . First, it is easy to see that for any bridge B of H, the induced
subgraph LH [E(SB)] on the edges of SB is connected. This holds as edges of
SB with common endvertex in G are adjacent in LH as they belong to the
shadow of the same bridge. The connectivity of SB (Claim 2.12) then implies
the connectivity of LH [E(SB)].

Let e, f ∈ V (LH) be two edges of the hub H that belong to the shadows of
different bridges B,B′. The definition of hubs implies that there is a sequence
of bridges B = B1, B2, . . . , Br = B′ such that SBi and SBi+1 share at least one
edge. As all LH [E(SBi)] are connected in LH , there is a path in LH joining e
and f .

The essence of the next claim is: provided some technical conditions are
met, we can shortcut any long path through a hub shadow to a short path by
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using parts of the hub. With the help of Claim 2.17 we will then in Claim 2.18
get rid of the technical preconditions.

Claim 2.16. Let H be a hub, and let P be a path in SH such that every P -path
in F has length at least 3` and such that every pair of consecutive edges in P
is adjacent in L∗H . Then there is a short path P̂ between the endvertices of P

such that P̂ ⊆ H and such that distF (u, P ) ≤ ` holds for every u ∈ V (P̂ ∩ F ).

P
usi vti−1 usi+1 vti

Figure 2.4: The path Qi (dotted).

Proof. As before, denote by ≤P the order on the vertices of P induced by the
path, where we fix arbitrarily one of the two endvertices as first vertex.

Denote by P ′ the union of E(P ) and all edges in F that have an endvertex
in P . By assumption, the set P ′ (seen as a vertex set in LH) contains a path
in LH that contains E(P ) entirely (recall that two consecutive edges of P may
be nonadjacent in LH , but adjacent in L∗H). That means, there is a sequence
of bridges B1, . . . , Bt such that

P ⊆
⋃t
i=1 SBi , and E(SBi ∩SBi+1)∩P ′ 6= ∅ for every i ∈ [t−1]. (2.10)

We choose the sequence B1, . . . , Bt such that t is minimal. Moreover, we
require that the shadow of the first bridge B1 contains the first edge of P (and
then the shadow of Bt contains the last edge of P ). To avoid double subscripts
we write Si for the shadow SBi

.
We quickly note:

for every bridge B, the intersection SB ∩ P is a subpath of P . (2.11)

Indeed, this is the case as SB is connected and of diameter less than ` (Claim 2.12)
and as there are no P -paths in F of length at most 3`, by assumption.

We need a claim about the start and end of P :

if Si contains the first vertex of P , then i = 1, and if Si contains
the last vertex of P , then i = t.

(2.12)

Suppose that Si contains the first vertex of P and that i > 1. Then, omitting
the bridges B1, . . . , Bi−1 we still have a sequence of bridges that satisfies (2.10);
that P is still contained in the union of the shadows is due to (2.11). But this
contradicts the minimal choice of B1, . . . , Bt. The argument for the last vertex
of P is symmetric.

We claim:

if |i − j| > 1, then Si ∩ Sj is either empty or consists of a single
vertex in P .

(2.13)
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Let Si ∩ Sj be non-empty and i < j − 1. Suppose first that Si and Sj contain a
common edge e that lies in P ′. Then we could omit the bridges Bi+1, . . . , Bj−1
from the sequence and still retain (2.10); that P is still contained in the union
of the shadows is due to (2.11).

Next, suppose that Si ∩ Sj contains a vertex v outside P . Both shadows,
which are contained in F , contain a v–P -path of length at most `, by Claim 2.12.
As we had assumed that there are no P -paths in F of length at most 3`, this
implies that Si ∩ Sj contains a v–P -path, which in turn means that Si ∩ Sj
contains an edge in P ′, which is impossible as we have seen. Thus, Si ∩Sj ⊆ P .

By (2.11), the set Si∩Sj = Si∩Sj ∩P is a subpath of P . If it contains more
than one vertex, it thus contains an edge in P ′, which we had already excluded.
This proves (2.13).

For every ∈ [t−1] pick an edge ei in Si∩Si+1∩P ′—this is possible, by (2.10).
Denote by e0 the first edge of P , and by et the last edge of P . For every i ∈ [t],
there is, by Claim 2.12, a path in Si containing ei−1 and ei. Let S′i be a longest
such path. By definition of a shadow, the endvertices of S′i are feet of Bi. Pick
a path through Bi and use it to complete S′i to a cycle Ci.

We claim:

(i) Ci ⊆ Si ∪Bi is a short cycle;

(ii) there are vertices ui ≤P vi such that uiPvi = Ci ∩ P ;

(iii) Ci and Ci+1 meet in an edge of P ′; and

(iv) uiPvj ⊆
⋃j
s=i Ss for every 1 ≤ i ≤ j ≤ t.

(2.14)

That Ci is short follows from (2.9), Claim 2.12 and (2.6); (ii) follows from (2.11),
and (iii) holds since both Ci and Ci+1 contain the edge ei. Finally, (iv) is a
consequence of (ii) and (iii).

We also note that since e0 ∈ E(C1) and et ∈ E(Ct):

u1 is the first vertex of P , and vt is its last. (2.15)

The intersections of Ci∩P = uiPvi are paths. Two such paths of consecutive
cycles Ci and Ci+1 may intersect in a single vertex or in a longer path (they
meet by (2.14) (iii)). Let s2 < . . . < sr be precisely those indices such that
Csi−1 ∩ Csi ∩ P contains at least one edge. For a slightly less cumbersome
notation, define also ti−1 = si − 1 and set s1 = 1 and tr = t. Then the cycles
C1, . . . , Ct partition into sets {Csi , . . . , Cti} for i ∈ [r] such that always Cti−1

and Csi share an edge of P . We claim:

for i = 1, . . . , r, there is a P -path Qi ⊆
⋃ti
s=si

(Bs ∪ Ss) between
usi and vti such that Qi ∪ usiPvti is a short cycle.

(2.16)

We prove this with Lemma 2.5 and therefore check that the conditions of
Lemma 2.5 are satisfied. The first condition follows from (ii). Why do Cs
and Cs+1 for s ∈ {si, . . . , ti − 1} meet outside P? Because Cs and Cs+1 have a
common edge e in P ′ by (2.14) that, however, cannot lie in P by definition of
the si. Thus, the endvertex of e outside P is a common vertex that lies outside
P . The other endvertex of e, the one in P , shows that Cs and Cs+1 meet also in
P . Now, the application of the lemma yields a short cycle C ⊆

⋃ti
s=si

(Bs ∪ Ss)
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such that C ∩P = usiPvti . As Ssi needs to contain an edge of P , by definition
of si, we deduce that usi <P vti , and in particular that usi 6= vti . Deleting all
vertices of C in the interior of usiPvti results in the desired P -path Qi.

We note right away:

every vertex of F in
⋃r
i=1Qi is at distance at most ` from P

in F .
(2.17)

Indeed, such a vertex in F lies in some shadow Ss. Every such shadow meets P ,
by (2.10), and has diameter at most ` (Claim 2.12), which results in a distance
at most ` to P in F since Ss ⊆ F .

Next we claim:

if |i− j| > 1, then Qi and Qj are internally disjoint. (2.18)

Since two distinct bridges that meet meet in their shadows, we obtain that
Qi ∩Qj is contained in (

ti⋃
s=si

Ss

)
∩

 tj⋃
s=sj

Ss

 ,

which is contained in P by (2.13) as |sj − ti| > 1 since |j − i| > 1. Since Qi
and Qj are P -paths, they can thus only meet in their endvertices. This proves
(2.18).

Next we claim:

usi <P usi+1
<P vti <P vti+1

for i ∈ [r − 1]. (2.19)

We prove this by induction on i. By definition of the si, the paths usiPvti and
usi+1Pvti+1 have a common edge. This implies usi <P vti+1 .

Suppose that usi+1 ≤P usi . Then i > 1, by (2.12) and (2.15). By induction,
we get usi−1

<P usi <P vti−1
. Since we also have that usi+1

≤P usi <P vti+1
, we

deduce that usi−1
Pvti−1

and usi+1
Pvti+1

have a common edge. By (2.14) (iv),
this means that there are s ∈ {si−1, . . . , ti−1} and s′ ∈ {si+1, . . . ti+1} such that
Ss and Ss′ have an edge in common—but this contradicts (2.13). Thus, we get

usi <P usi+1
<P vti ,

because usiPvti and usi+1
Pvti+1

have a common edge. Suppose that vti+1
≤P

vti . By (2.12) and (2.15), this implies ti+1 < t, which in turn implies i+ 1 < r.
Moreover, usi+1Pvti+1 ⊆ usiPvti . By definition of the si, it follows that usiPvti
and usi+2

Pvti+2
have an edge in common. Again from (2.14) (iv) we get that

there is an s ∈ {si, . . . , ti} and an s′ ∈ {si+2, . . . ti+2} such that usPvs and
us′Pvs′ share an edge. Since this edge then lies in the shadow Ss and in the
shadow Ss′ , we obtain again a contradiction to (2.13). This proves (2.19).

We now apply Lemma 2.4 to Q1, . . . , Qr in order to obtain the desired path
P̂ . We note that (2.15), (2.16), (2.18), and (2.19) ensure that all conditions of
the lemma are satisfied. The resulting path P̂ does not contain vertices u of F
such that distF (u, P ) > ` because of (2.17).
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Claim 2.17. Let H be a hub. Let P ⊆ F be a path of length at least 2 and at
most 5` with first and last edge e and f such that e and f belong to SH but are
not adjacent in L∗H . Then there is no e–f -path in L∗H − (E(P ) \ {e, f}).

Proof. Suppose there is such a P ⊆ F and an e–f -path Q∗ in L∗H − (E(P ) \
{e, f}). Among all such pairs (P,Q∗) choose P and Q∗ such that `(Q∗) is
minimal. We claim that

e and f do not share a common vertex in G. (2.20)

If `(P ) = 5` then obviously e and f cannot have a vertex of G in common.
Suppose that `(P ) < 5` and let e′ be the successor of e in Q∗ (note that e′

is a vertex in Q∗ but an edge in G). We construct a path P ′ that contradicts
the minimal choice of P together with Q∗ − e. As `(P ) < 5`, the graph P + e′

cannot contain a cycle because of P + e′ ⊆ F and (2.8).
If P + e′ is a path, set P ′ = P + e′. Since e′ and f do not have a common

vertex inG they are not adjacent in L∗H . If P+e′ is not a path, set P ′ = P−e+e′.
If e′ and f were adjacent in L∗H , either P + e′ contained a cycle or P = ef and
e, f, e′ all share a common vertex—then, however, the definition of L∗H implies
that e and f have to be adjacent in L∗H , too, which we have excluded.

As `(P ) < 5`, the new path P ′ satisfies `(P ′) ≤ 5` and there is a path in
L∗H − (E(P ′) \ {e′, f}) joining its endvertices e′ and f , namely Q∗ − e. Thus,
(P ′, Q∗ − e) contradicts the minimality of Q∗. This proves (2.20).

Consider the subgraph Q of G that consists of the edges V (Q∗) and all
incident vertices. We claim that Q is a path. By the definition of L∗H , Q is
connected. Clearly, Q is not a cycle by (2.20) and the fact that Q∗ is a path.
Thus, if Q is not a path, it contains a vertex v of degree at least 3. Starting
with e, let e′ be the first vertex of Q∗ that, seen as an edge in G, contains v as
an endvertex and let f ′ be the last such vertex of Q∗. As dQ(v) ≥ 3, the edges
e′ and f ′ are not adjacent in L∗H as Q∗ was chosen minimal. Note that the path
e′Q∗f ′ in L∗H is shorter than Q∗ as {e′, f ′} 6= {e, f}, by (2.20). Thus, the path
P ′ = e′f ′ together with the path e′Q∗f ′ in L∗H form a pair (P ′, e′Q∗f ′) that
contradicts the minimality of Q∗. Therefore, Q is a path in G.

Our next aim is to find a subpath Q′ ⊆ Q that satisfies the following two
conditions:

every Q′-path in F has length at least 5`; and (2.21)

there is a Q′-path R ⊆ F between the endvertices of Q′ of length 5`. (2.22)

The set of those subpaths that satisfy (2.21) is nonempty, since every subpath
of Q of length, say, at most ` satisfies (2.21)—recall that the girth of F is larger
than 10` by (2.8).

Pick a longest subpath S of Q that satisfies (2.21) in the role of S = Q′. If S
also satisfies (2.22), we found the desired path. Thus, we may assume that the
shortest S-path R ⊆ F between the endvertices u and v of S has length larger
than 5`. Suppose that u, v are precisely the endvertices of Q. Since `(P ) ≤ 5`,
either P is a shorter S-path than R, which is impossible, or P contains a S-path
of length less than 5`, which violates (2.21). Therefore, at least one of u, v is
not an endvertex of Q; let this be u.

Thus, S can be extended by the unique neighbour u′ of u in V (Q) \V (S) to
a path S′ ⊆ Q. By the maximality of `(S), the path S′ does not satisfy (2.21).
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This is only possible if there is an S′-path R′ ⊆ F between u′ and some vertex
y ∈ V (S) that has length less than 5`. Since R = uu′R′y is an S-path in F it
follows from (2.21) that

5` ≥ `(R) = `(R′) + 1 ≥ 5`− 1 + 1 = 5`.

Setting Q′ = uSy yields a subpath of Q satisfying (2.21) and (2.22).
Let x and y be the endvertices of Q′ (and of R). We check that the conditions

of Claim 2.16 are satisfied by Q′. As Q′ satisfies (2.21), every Q′-path in F has
length at least 3`. The path Q′ is a subpath of Q for which E(Q) is a path in
L∗H , and thus Q∗ is also a path in L∗H . This implies the second condition of the

claim. Thus, by Claim 2.16, there is a short x–y-path Q̂ contained in H that
uses no vertex of F at distance more than ` from Q′ measured in F .

Denote by R′ the path obtained from R by removing the first `+ 1 vertices
and the last ` + 1 vertices. As R ⊆ F , this is also the case for R′. Note that
`(R′) ≥ 3`−2 ≥ 2` as `(R) = 5`. We claim that every vertex of R′ has distance
more than ` from Q′ in F . Suppose not. Then there exists a Q′–R′-path P1

of length at most `. From the endvertex of P1 in R′ pick a subpath P2 of R
that ends in x or in y and has length at most 3` which is possible as `(R) = 5`.
Since P1 6= P2 the union P1 ∪ P2 either contains a cycle or is a Q′-path. It
cannot contain a cycle, since such a cycle would be contained in F but would
have length at most `(P1) + `(P2) ≤ 4`. Thus, P1 ∪ P2 ⊆ F is a Q′-path of
length at most 4`—this contradicts (2.21) and hence distF (R′, Q′) > `.

Since the path Q̂ does not contain any vertex in F at distance more than `
measured in F , it follows that Q̂ is disjoint from R′. We extend R′ to a subpath
R′′ of R that is a Q̂-path. Then, R′′ has length

2` ≤ `(R′) ≤ `(R′′) ≤ `(R) = 5`.

Consequently, as Q̂ is short the cycle contained in Q̂∪R′′, which contains all of
R′′, has length between 2` and `(Q̂) + `(R) ≤ ` + 5` = 6`, which is impossible
by (2.6). Thus, there are no counterexamples to the claim.

Using Claim 2.17, we show that the assumptions of Claim 2.16 are always
satisfied and thus we obtain a simpler version of Claim 2.16.

Claim 2.18. Let H be a hub. Then

(i) every SH-path in F has length at least 4`; and

(ii) for every path P ⊆ SH , there is a short path P̂ between the endvertices
of P such that P̂ ⊆ H and such that distF (u, P ) ≤ ` holds for every
u ∈ V (P̂ ∩ F ).

Proof. To see (i), suppose there is an SH -path P = u . . . v in F of length less
than 4`. Let e, f ∈ E(SH) be such that e and f contain u and v, respectively.
The edges e and f cannot share an endvertex because then F would contain a
cycle P+e+f of length less than 5` which contradicts (2.8). In particular, e and
f are not adjacent in L∗H . Extend P by these two edges and apply Claim 2.17
to this path (which has length at least 2 and at most 5`) in order to obtain a
contradiction to L∗H being connected (Claim 2.15).

Statement (ii) is exactly the statement of Claim 2.16 without the assump-
tions that P induces a path in L∗H and that P -paths in F have length at least
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3`. The second assumption is satisfied by (i). To prove that P induces a path
in L∗H , we show that every two distinct edges e = uv, f = vw ∈ E(SH) with a
common endvertex v are adjacent in L∗H . Assume the contrary. Then P = uvw
is a path in F of length 2 ≤ 2 = `(P ) ≤ 5`. Applying Claim 2.17 to P , we see
that there is no e–f -path in L∗H , which is impossible as L∗H is connected, by
Claim 2.15.

2.3.3 Cycles in hubs

After collecting some basic (and partially technical) properties of hubs in the
previous section, we now come to those results about hubs, namely Claims 2.19
and 2.22, that will be needed in the last part of the proof when we define a
hitting set.

Claim 2.19. For every hub H, the closure H of H does not contain a long
cycle. Thus, the diameter of H is at most `

2 .

Proof. Using Claim 2.18 (ii) it is an easy observation that the diameter of H
is at most 3`: indeed, let x, y ∈ V (H) and observe that, by (2.9), there is an
x–x′-path and a y–y′-path in H of length at most ` such that x′, y′ ∈ SH . As
distH(x′, y′) ≤ ` by Claim 2.18 (ii), this proves the observation.

Assume for a contradiction that H contains a long cycle. Let C be a shortest
long cycle in H. Thus `(C) ≥ 10` by (2.6). Consider a C-path P contained
in H. Then both paths in C between the endvertices of P are at most as long
as P : indeed, otherwise the longer of the two cycles in C ∪P through P is long,
as `(C) ≥ 2`, but it is shorter than C, which contradicts the choice of C as
shortest long cycle in H.

Recall that `(C) ≥ 10` and pick x, y ∈ V (C) such that distC(x, y) ≥ 5`. As
there is an x–y-path Q in H of length at most 3`, there is a C-path P = u . . . v
in H such that P is shorter than both u–v-paths in C, which is a contradiction.

This, in particular, implies that the diameter of H is at most `
2 ; recall that

H is 2-connected by Claim 2.14.

Let us draw an easy consequence from Claim 2.19: if H is a hub, then its
shadow SH cannot contain a cycle since any such cycle must be long, by (2.9)
and SH ⊆ F . Thus, it follows with Claim 2.13 that:

Claim 2.20. For every hub H, the graph SH is a tree.

Claim 2.21. Let H be a hub, and let u, v ∈ V (SH), u 6= v. Let r ∈ N ∪ {0} be
such that the unique u–v-path Q ⊆ SH has length

r` < `(Q) ≤ (r + 1)`.

Then, for any t ∈ {0, . . . , r}, there is a u–v-path P ⊆ H such that

t` ≤ `(P ) ≤ t`+ 2`.

Proof. If t = r, then we can choose P = Q. Suppose therefore that t ∈
{0, . . . , r − 1}. Note that `(Q) > r` ≥ (t + 1)`. Let x ∈ V (Q) be the ver-
tex on Q with `(uQx) = (t + 1)`. Next we use Claim 2.18 ((ii)) to obtain a
short x–v-path R ⊆ H that uses no vertices of F at distance more than ` from
xQv measured in F .
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H3

SH3

H1

SH1

H2

SH2

Figure 2.5: The dashed cycle traverses and visits H1 once, it traverses H2 once
and visits H2 twice. It does not traverse H3, thus it also does not visit it.

Starting from u, let y be the first vertex of Q that lies in R. We first note that
distF (y, xQv) = distSH

(y, xQv). Indeed, otherwise there is an SH -path of length
at most ` as distF (y, xQv) ≤ ` (because y ∈ V (E))—this, however, contradicts
Claim 2.18 ((i)). Then, distQ(y, xQv) = distSH

(y, xQv) ≤ ` as Q ⊆ SH and SH
is a tree by Claim 2.20, and therefore t` ≤ `(uQy) ≤ `(uQx) = (t + 1)`. Thus
the path P = uQyRv is a path in H such that

t` ≤ `(uQy) ≤ `(P ) ≤ `(uQx) + `(R) ≤ (t+ 1)`+ `.

For a hub H, we call those vertices v ∈ V (SH) that have neighbours in
F −SH the gates of H. Recall that all SH -paths in F have length at least 2, by
Claim 2.18(i). Equivalently, v is a gate of H if it lies in H and has a neighbour
outside H. Thus, every path in G that contains a vertex in G−H and a vertex
in H also contains a gate of H. Gates will play a role when we define the hitting
set.

Claim 2.22. Let C be a cycle, and let H be a hub such that C contains an edge
both in E(H) and in E(G) \ E(H). Then C is long.

Proof. We say a cycle C traverses a hub H if C contains an edge of H. The
number of traversals of H is the number of components of C∩H that contain an
edge of H. For hubs H that are traversed by C, we define the number of visits
as the number of components of C ∩H (which will be larger than the number
of traversals if C ∩H has components that are contained in the shadow of H).
When C fails to traverse H then the number of visits is 0. See also Figure 2.5.

Suppose there is a short cycle that contains an edge of some hub closure H
but is not completely contained in H. Choose such a cycle C such that the total
number of hub traversals is minimal and subject to that choose C such that the
total number of visits is minimal.

We claim:

if C traverses a hub H, then C ∩H is a path. (2.23)

Suppose that C ∩ H has a component Q1 with an edge in H (as C traverses
H) and a second component (with or without edge in H). By Claim 2.19, the



32 CHAPTER 2. LONG CYCLES

diameter of H is at most `
2 . Thus, there is a C-path P ⊆ H of length at most `

2

that starts in Q1 and ends in another component Q2 of C ∩H. Let D1, D2 be
the two cycles in C ∪ P that contain P . We observe that

each of D1, D2 shares an edge with H but is not contained in H. (2.24)

Indeed, each of D1, D2 shares an edge with H because of P ⊆ H. Neither of
D1, D2 is contained in H: running along the P -path Di ∩C from the endvertex
of P in Q1 we see that the first edge outside Q1 lies also outside H, and there
must be such an edge since Q1 and Q2 are distinct components.

Moreover,

each of D1, D2 is a short cycle. (2.25)

For i ∈ [2], the length of Di is at most `(C) + `(P ) ≤ `+ `
2 . As every long cycle

has length at least 10` by (2.6), we deduce that Di is short.
The cycles D1, D2 are thus also counterexamples of the claim. To see that

one of them contradicts the minimal choice of C, we distinguish two cases.
First, assume that C traverses a second hub H ′ 6= H. Then one of D1, D2,

say D1, meets an edge of H ′. It follows that D2 has at least one hub traversal
less than C and, in light of (2.24) and (2.25), contradicts the minimality of C.
Second, assume that C traverses only one hub, namely H. Then each of D1, D2

has fewer visits of H (and at most the same number of traversals) and we again
obtain a contradiction to the minimality of C. This proves (2.23).

Since C is short, C cannot be contained in the frame F and therefore tra-
verses a hub H. Then, by (2.23), the component C ∩ H is a path, which we
denote by QH . Its endvertices are two gates g, g′ of H. If we replace QH in C
by any g–g′-path in H, we obtain a cycle, because otherwise C ∩H would have
more than one component.

Let PH be the (unique) g–g′-path in SH , and assume first that `(PH) < 5`.
We replace in C the path QH by PH and obtain a cycle C ′ such that `(C ′) ≤
`(C) + `(PH) ≤ 6`. Thus together with (2.6), C ′ is a short cycle. Moreover,
C ′ does not traverse H anymore as C ′ ∩ H ⊆ SH . Thus, C ′ contradicts the
minimal choice of C.

Second, assume that `(PH) ≥ 5`. By Claim 2.21, there is a g–g′-path P ′H
in H with ` ≤ `(P ′H) ≤ 3`. Thus, if we replace QH by P ′H in C, we obtain a
cycle C ′ such that ` ≤ `(P ) ≤ `(C ′) ≤ `(C) + `(P ′H) ≤ 4`, which is the final
contradiction to (2.6).

2.3.4 The hitting set

We distinguish two cases: that F is a cycle and that it is not. While it would
be possible to treat both cases at once, we prefer not do so. The case when F is
a cycle is naturally much simpler but already contains some of the main ideas.
We feel it might be instructive to see these ideas first in a simpler setting.

Claim 2.23. Unless there is a hitting set of at most k − 1 edges, the frame F
is not a cycle.

Proof. Assume F to be a cycle. If there are no hubs then G = F , and the graph
becomes acyclic once a single edge is deleted. We may therefore assume that
there are hubs.
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As shadows of hubs are trees (Claim 2.20) and F is a cycle, every shadow
of a hub is a path. In particular, the cycle F cannot lie in a single shadow. Let
u1, u2 ∈ V (F ) be the two (distinct) endvertices of a some hub shadow. As hub
shadows are edge-disjoint (by Claim 2.13) it follows that neither of u1 and u2
lies in the interior of any hub shadow.

Denote by P1 and P2 the two edge-disjoint u1–u2-paths in F . For i ∈ [2],
we let P i be the union of Pi and all hubs H so that SH ⊆ Pi. Then

G = P 1 ∪ P 2.

Indeed, any edge e of F is contained in P1 ∪P2. If e ∈ E(G) \E(F ), then e lies
in a hub, and every hub is contained in either P 1 or in P 2 as its shadow lies in
either P1 or in P2.

Since hub closures are blocks in P i—the endvertices of their shadow-paths
are cutvertices in P i—it follows from Claim 2.19 that every long cycle contains
an edge of P 1 and an edge of P 2. More precisely, every long cycle can be
decomposed into two u1–u2-paths—one in each P i.

Suppose that for i = 1 or for i = 2, there is a set X of at most k − 1 edges
that separates u1 from u2 in P i. Then, X meets every long cycle, since every
such cycle contains a u1–u2-path in both P 1 and P 2. This means that X is a
hitting set of size at most k − 1, and we are done.

If, on the other hand, u1 and u2 cannot be separated in either of P 1 and
P 2 by fewer than k edges then, by Menger’s theorem, for i ∈ [2] there are k
edge-disjoint u1–u2-paths Qi1, . . . , Q

i
k contained in P i. We combine them to k

edge-disjoint cycles Q1
1 ∪Q2

1, . . . , Q
1
k ∪Q2

k, each of which is long, by Claim 2.22,
a contradiction to our assumption (2.5) that G does not contain k edge-disjoint
long cycles.

As a consequence of Claim 2.23, we may assume from now on that F is not
a cycle. For a set of vertices Z, we call a Z-path or a cycle containing exactly
one vertex of Z a Z-ear. Bending the definition a bit, we use path notation for
Z-ears P , even if P is a cycle. In particular, we implicitly fix one orientation of
P if P is a cycle, and then mean by uPv the one subpath between u and v of P
which, in the orientation of P , starts at u and ends at v. We may also say that
a Z-ear P has endvertices u and v (and we may have u = v) if P ∩ Z = {u, v}.

Recall that U(F ), which we abbreviate to U in this subsection, denotes the
set of vertices of F of degree at least 3 in F , see Section 2.2.2. As F is not a
cycle but connected, by (2.9), with minimum degree at least 2, it follows that
U 6= ∅. This, in turn, implies that

F is the edge-disjoint union of U -ears. (2.26)

We distinguish two kinds of hubs: A hub H is a vertex-hub if SH∩U 6= ∅ and
a path-hub otherwise. As the shadow of a hub is connected by Claim 2.13, we
observe that the shadow of a path-hub is completely contained in some U -ear
of F . Let H be the set of all vertex-hubs. A vertex-hub is shown in Figure 2.3,
while the hub in Figure 2.6 is a path-hub.

Recall that gates are the vertices in a hub shadow that have neighbours
outside the hub. For a hub H, let AH be the set of gates of H and let AV =⋃
H∈HAH . That is, AV is the set of all gates of vertex-hubs.

Next, we give a bound from above for
∑
H∈H |AH | for later use. As hub

shadows are edge-disjoint by Claim 2.13, every edge of F incident with a gate
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F

Figure 2.6: A path-hub consisting of four bridges, and its shadow (in grey).

g ∈ AV belongs to at most one hub shadow SH . Hence, a gate g belongs to at
most dF (g) vertex-hubs.

Let P be a U -ear contained in F , and let u, v be its endvertices. Assume
that a vertex-hub H has a gate g that lies in the interior of P . Since hub
shadows are connected, by Claim 2.13, it follows that either uPg or gPv lies
in SH , say uPg. As a gate has, by definition, a neighbour outside the hub
shadow, no inner vertex of uPg can be a gate. Since, moreover, hub shadows
are edge-disjoint, again by Claim 2.13, it follows that every U -ear in F either
contains two gates that each belong to only one vertex-hub, or the ear contains
only one gate that belongs to at most two vertex-hubs, or it contains no gate.
Thus,

∑
H∈H |AH \ U | is at most twice the number of U -ears in F :∑

H∈H
|AH | =

∑
H∈H

|AH ∩ U |+
∑
H∈H

|AH \ U |

≤
∑

g∈AV ∩U

dF (g) + 2|{P : P ⊆ F is a U -ear}|

≤
∑
u∈U

dF (u) +
∑
u∈U

dF (u)

Recall that ds(F ) is defined as
∑
u∈U dF (u), see Section 2.2.2. We thus obtain∑

H∈H |AH | ≤ 2ds(F ). From (2.9) it therefore follows that∑
H∈H

|AH | ≤ 168k log k. (2.27)

Consider a U -ear P of F . If the shadow of a vertex-hub, which is connected
by Claim 2.13, meets P −U , then the intersection of the shadow and P is either
a path containing at least one endvertex of P , or the disjoint union of two paths
each of which contains an endvertex of P (in the case when P is a cycle recall
that the shadow of a hub is a tree, by Claim 2.20). Thus at most one component
of P −

⋃
H∈HE(H) is a path of length at least 1. If there is such a component

P ′, then let uP , vP be the endvertices of P ′. Then P ′ = uPPvP . Let P denote
the set of all U -ears P of F such that P −

⋃
H∈HE(H) is not edgeless. We note

that
if P ∈ P, then uP , vP ∈ AV ∪ U.

For P ∈ P, we define P to be the union of P ′ and all (path-)hubs H so that
SH ⊆ P ′. It is no coincidence that the notation P is similar to how we denote
a hub closure. Indeed, vertex-hub closures and the subgraphs P , P ∈ P, have
some similar properties (but also some that are dissimilar). In particular, the
vertices uP and vP play the same role as the gates of a vertex-hub.



2.3. PROOF OF THE MAIN THEOREM 35

Next, we show

for any two distinct A,B ∈ H ∪ P, the graphs A and B are
edge-disjoint and A ∩B ⊆ AV ∪ {uP , vP : P ∈ P}. (2.28)

Indeed, this follows directly if both A,B ∈ H, and also if both A,B ∈ P, since
U -ears in F meet only in U . If A ∈ H and B ∈ P, then uBBvB meets

⋃
H∈HH

at most in {uB , vB}, by definition.
We claim that

G =
⋃
H∈H

H ∪
⋃
P∈P

P (2.29)

We remark that this is quite similar to the, admittedly simpler, edge-partition
that appeared in Claim 2.23. To prove (2.29), consider an edge e /∈

⋃
H∈HE(H)

ofG. Assume first that e is contained in the closure of a path-hub L. The shadow
of L then is contained in a U -ear P of F , by (2.26). Since the shadow of L is
edge-disjoint from

⋃
H∈HH this implies that P ∈ P. Then e ∈ E(L) ⊆ E(P ).

Second, we have to consider the case when e is an edge of F that lies outside
every hub shadow. Let P be the U -ear of F containing e. Again we see that
P ∈ P and trivially e is contained in P . This proves (2.29).

Next we show

for every P ∈ P, every cycle contained in P is short. (2.30)

The graph P is the edge-disjoint union of path-hub closures and edges in F that
lie outside every hub shadow. In particular, the path-hub closures contained
in P are blocks in P . Thus, any cycle contained in P lies completely in some
path-hub closure, which only contains short cycles, by Claim 2.19.

We call P ∈ P thick if there are at least k edge-disjoint uP –vP -paths in P ,
and thin otherwise. If P is thin, then there is a set XP ⊆ E(P ) of at most
k − 1 edges separating uP and vP in P , by Menger’s theorem. As part of the
hitting set we define Xp as the union of all XP where P ∈ P is thin. By (2.9),
we obtain

|Xp| =
∑
P∈P
|XP | ≤ k · 12ds(F ) ≤ k · 42k log k.

We note that (2.30) implies that

in G−Xp every long cycle is edge-disjoint from P for every thin
P ∈ P.

(2.31)

Consider H ∈ H. Applying Lemma 2.11 with H and AH playing the roles of
G and A, we obtain a set XH of size at most |AH |k that k-perfectly separates
AH in H. Let Xv =

⋃
H∈HXH . With (2.27) we find that

|Xv| ≤ k
∑
H∈H

|AH | ≤ k · 168k log k = 168k2 log k.

We will show that X = Xp ∪ Xv is a hitting set for long cycles in G. We
note first that

|X| = |Xp|+ |Xv| ≤ 42k2 log k + 168k2 log k = 210k2 log k ≤ f(k, `).

Thus, if X is indeed a hitting set then the induction hypothesis (2.4) is proved.
Let J be the set of all graphs J such that either J = P for a thick P ∈ P,

or such that J is a component of H −X for some H ∈ H.



36 CHAPTER 2. LONG CYCLES

Claim 2.24.

(i) For any J ∈ J , we have g ∼k g′ in J for all g, g′ ∈ V (J)∩ (AV ∪{uP , vP :
P ∈ P}).

(ii) Distinct J, J ′ ∈ J are edge-disjoint, and their intersection J ∩ J ′ lies in
AV ∪ {uP , vP : P ∈ P}. Furthermore, if J, J ′ ⊆ H for some H ∈ H, then
J ∩ J ′ = ∅.

(iii) Every long cycle in G − X is entirely contained in
⋃
J∈J J and no long

cycle is contained in a single J ∈ J .

Proof. Let us first prove statement ((i)) in the case that J is a component of
H − X for some H ∈ H. The set X separates AH k-perfectly, i.e. two gates
g, g′ ∈ AH either belong to distinct components in H −X or g ∼k g′ holds in
H −X (in particular they belong to the same component of H −X). Thus, if
g, g′ ∈ J for a component J of H −X, we conclude g ∼k g′ in J . Suppose now
that J = P for a thick P ∈ P. Then uP ∼k vP as P is thick and P is disjoint
from X.

Observe that ((ii)) follows from (2.28) as all J ∈ J are subgraphs of graphs
in H ∪ P and two J, J ′ ∈ J that belong to the same vertex-hub H are disjoint
by definition as components of H −X.

To see ((iii)), consider a long cycle C. Since G is, by (2.29), the union of
vertex-hub closures and all P for P ∈ P, it follows that G −X is contained in
the union of all J ∈ J and all P for thin P ∈ P. By (2.31), the cycle C is edge-
disjoint from every P , when P ∈ P is thin, which means that C is contained in
the union of all J ∈ J . Finally, C cannot be contained in any single J ∈ J as
this is either a subgraph of a hub closure (recall Claim 2.19) or equal to P for
some P ∈ P (recall (2.30)).

Suppose that G − X contains a long cycle C. Then C decomposes by
Claim 2.24 ((iii)) into edge-disjoint non-trivial paths P1, . . . , Ps such that each
Pi is contained in some Ji ∈ J and such that Ji and Ji+1 are distinct for every
i (where we put Js+1 = J1). We choose such a C such that the number s of
these paths is minimal.

Let gi−1 and gi be the endvertices of Pi for i ∈ [s], where gs = g0, and
observe that every gi either lies in AV or in {uP , vP } for some thick P ∈ P, by
Claim 2.24 ((ii)). We claim

Ji 6= Jj for every i 6= j, (2.32)

which means that C traverses no J ∈ J more than once. Suppose that this
is false, and choose J ∈ J such that C ∩ J has at least two components that
contain an edge. As J is connected, there is a C-path Q ⊆ J that joins two
such non-trivial components of C ∩ J . Then C ∪Q contains two cycles D1 and
D2 that pass through Q. Both cycles are edge-disjoint from X. As `(C) > 10`
by (2.6), at least one of D1 and D2, say D1, has length at least 5`, and is thus
long. However, D1 decomposes into fewer paths than C as D1∩J contains fewer
non-trivial components than C ∩ J does. This contradicts the choice of C and
thus proves (2.32).

By Claim 2.24 ((i)), there are k edge-disjoint gi−1–gi-paths P 1
i , . . . , P

k
i in Ji

for every i ∈ [s]. By (2.32), any two distinct paths P ri and P tj are edge-disjoint
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for i, j ∈ [k] and r, t ∈ [s]. Concatenating, for each r ∈ [k], the paths P r1 , . . . , P
r
s

we obtain a closed walk Wr. Any two walks Wr and Wt are edge-disjoint. Every
vertex of Wr has degree at least 2. This is trivial for the inner vertices of a path
Pi. The endvertex gi of Pi and Pi+1 is incident with an edge of Ji and an edge
of Ji+1. As Ji and Ji+1 are edge-disjoint by Claim 2.24 (ii), these two edges
are distinct. Thus, Wr has minimum degree at least 2 and therefore contains a
cycle Cr. As Wr ∩ Ji is acyclic for every Ji (it consists of the path Pi together
with some isolated vertices by (2.32)), the cycle Cr uses edges from at least two
distinct J ∈ J , and then by Claim 2.24 (ii), also from two distinct hub closures.
As a consequence of Claim 2.22 the cycle Cr is long. Summing up, we found
k edge-disjoint long cycles C1, . . . , Ck, which is the final contradiction to (2.5).
Therefore, the set X is indeed a hitting set for the long cycles in G.
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Chapter 3

K4-subdivisions have the
edge-Erdős-Pósa property

As mentioned in the introduction, my aim was to prove that H-expansions for
a planar graph H have the edge-Erdős-Pósa property (Question 1.3). After I
proved together with Henning Bruhn and Felix Joos that this holds for H = C`,
I decided to investigate a more complex planar graph H and H = K4 seemed to
be a good choice. It is the smallest 2-connected graph H for which Question 1.3
was still open. As K4 is a cubic graph, it is the same as asking whether K4-
subdivisions have the edge-Erdős-Pósa property (compare notes on minors and
subdivisions in Section 1.1).

Together with Henning Bruhn, I proved in our article [4] (on arXiv) that
K4-subdivisions have the edge-Erdős-Pósa property.

Theorem 3.1 (Bruhn, H., [4]). Every graph G either contains k edge-disjoint
K4-subdivisions or there is a set Y ⊆ E(G) of size O(k8 log k) such that G− Y
does not contain any K4-subdivision.

Besides simply answering Question 1.3 for H = K4, our motivation was that
during the proof for H = K4 we develop techniques that can be used to solve
Question 1.3 for every planar graph H.

Indeed, one part of a proof generalizes directly to many other families F :
the first step in our proof is to reduce to the case that the ambient graph G has
a vertex x such that every K4-subdivision in G meets x, that is, {x} is a single
vertex hitting set. This method is applicable in a lot more general context and
we alreday explained it in Section 1.3.

As explained in the introduction and in Chapter 4, our original aim failed
since there are a lot of planar graphs H such that H-expansions do not have
the edge-Erdős-Pósa property. Knowing that even such simple graphs as large
ladders fail to have the edge-Erdős-Pósa property, it is even more interesting
that K4-expansions have the property.

3.1 Reducing to series-parallel graphs

One key step in our proof of Theorem 3.1 is to prove that we can restrict
ourselves to ambient graphs G that are series-parallel. We first define series-
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parallel graphs, give an overview how the reduction is used later and then prove
the reduction.

3.1.1 Series-parallel graphs

There are several almost identical notions of what a series-parallel graph is.
Here, we use what some call two-terminal series-parallel. If G is a graph and
s, t are two (not necessarily distinct) vertices inG, we say thatG is series-parallel
with terminals s, t if it

• is equal to the vertex s if s = t; or

• is equal to the edge st ( if s 6= t); or

• if there is a series-parallel graph G1 with terminals s, r and a series-parallel
graph G2 with terminals r, t such that G = G1 ∪G2 and G1 ∩G2 = {r};
or

• if there are series-parallel graphs G1, G2 both with terminals s, t such that
G = G1 ∪G2 and V (G1 ∩G2) = {s, t}.

In the third case, G1 ∪ G2 is a series decomposition of G, and in the last case
G1 ∪ G2 is a parallel decomposition of G. Note that the terminals of a series-
parallel graph are distinct if it contains an edge.

By a diamond we mean a graph consisting of three internally disjoint a–
b-paths for two distinct vertices a, b. Let u1, u2 ∈ V (G). We call a subgraph
D′ ⊆ G a u1–u2-diamond if it is the union of a diamond D = P1 ∪ P2 ∪ P3

and disjoint paths Q1, Q2 such that Qi connects ui and the interior of Pi and
is disjoint from Pj for j 6= i.

Here we give a basic lemma about series-parallel graphs and diamonds. We
need it in the proof of Lemma 3.27.

Lemma 3.2.

(i) Let G be a 2-connected graph, and let st be an edge of G. Then G does not
contain a K4-subdivision if and only if G is series-parallel with terminals
s, t.

(ii) A series-parallel graph with terminals s, t does not contain an s–t-diamond.

Proof. For (i): Eppstein (Lemma 9 in [16]) proves that a 2-connected graph that
is series-parallel with some terminals is also series-parallel if any two adjacent
vertices are chosen as terminals. The rest of the statement is elementary.

For (ii): Suppose there is an s–t-diamond D in a series-parallel graph G
with terminals s, t. We add an s–t-path P that is internally disjoint from G,
and observe that the resulting graph G′ is still series-parallel (with terminal s, t)
as G′ = G∪P is a parallel decomposition. The graph G′, however, contains the
K4-subdivision D ∪ P , which is impossible, by (i).

3.1.2 The aim of the reduction to series-parallel graphs

Let G be a graph and assume that it does not contain k edge-disjoint K4-
subdivisions. Since K4 is a planar graph, K4-subdivisions have the vertex-
Erdős-Pósa property by Theorem 1.2 and therefore, the single vertex hitting
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set lemma (Lemma 1.7) can be applied. Thus, we may assume that G contains
a vertex x such that every K4-subdivision contains x. Hence, G − x does not
contain any K4-subdivision.

If additionally, G−x is (essentially) 2-connected, it is series-parallel and this
structural property helps a lot to prove the result in this special case. Indeed,
we prove in Sections 3.2–3.4 the following lemma:

Lemma 3.3. Let x be a vertex in a graph G such that every K4-subdivision in
G meets x, and let each neighbour of x in G have degree 2. If G−N(x)− x is
2-connected, then G either contains k edge-disjoint K4-subdivisions or an edge
set of size O(k4) that meets every K4-subdivision.

In the remaining part of this Section we prove that we can indeed reduce
to the case that G − N(x) − x is 2-connected (and thus G − N(x) − x is 2-
connected). By identifying O(k3) blocks of G−x that contain an essential part
of a K4-subdivision and applying Lemma 3.3 to each of these blocks we show
the main result of this section:

Lemma 3.4. Let G be a graph with a vertex x such that G−x does not contain
any K4-subdivision. Then for every k, the graph G either contains k edge-
disjoint K4-subdivisions or there is an edge set F of size |F | = O(k7) that meets
every K4-subdivision.

Once we have proved the two lemmas above, we have proved that K4-
subdivisions have the edge-Erdős-Pósa property:

Proof of Theorem 3.1. Lemma 3.4 provides a function h as in Lemma 1.7 for the
family F of K4-subdivisions. The function g for F is in O(k log k) by [2]. Hence,
the hitting set function in Theorem 3.1 is k log k ·O(k7) = O(k8 log k).

3.1.3 The proof of Lemma 3.4

Let us now start with the proof that we can restrict our ourselves to graphs
where G − x is (essentially) 2-connected (Lemma 3.4). Before we start, let us
denote the size of the hitting set F in Lemma 3.4 by f(k). Then the function f
we will find will satisfy f(k) ≥ k7, which implies that

f(k1) + f(k2) ≤ f(k1 + k2 − 1) for all positive integers k1, k2. (3.1)

We fix throughout the rest of the section a positive integer k, and a graph G
that has a vertex x such that G − x does not contain any K4-subdivision. We
also assume that

G does not contain k edge-disjoint K4-subdivisions. (3.2)

Moreover, we may assume that every edge e ofG is contained in aK4-subdivision;
any edge e that is not contained in one may simply be omitted as a hitting set
in G− e is still a hitting set in G.

Suppose that G contains several blocks. Every K4-subdivision is contained
in a single block. Because every edge of G is contained in a K4-subdivision,
every block contains a K4-subdivision. Hence, we can apply induction on every
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block of G. By (3.1), the union of the hitting sets of each block has size smaller
than f(k). Therefore, we may assume from now that

G is 2-connected, and thus G− x is connected. (3.3)

Furthermore, we can assume that G−x is not 2-connected: otherwise, after
subdividing the edges incident with x, we can directly apply Lemma 3.3, which
then finishes the proof of Lemma 3.4.

In the rest of the section, whenever we speak of a block, without specifying
of which graph, we mean a block of G − x. Pick an arbitrary cutvertex r∗ of
G− x, and use it to define a partial order on the blocks by setting B ≥ B′ for
two blocks B,B′ if either B = B′ or if there is a B–r∗-path in G that passes
through an edge of B′. (It is easy to verify that then every B–r∗-path meets
E(B′).)

For a block B, we write uB for the unique cutvertex of G − x that lies in
B and that separates B from r∗. We, furthermore, denote for any block B by
G≥B the subgraph of G induced by

⋃
B′≥B B

′ ∪{x}, where the union is over all
blocks B′ with B′ ≥ B, and where we exclude the edge uBx from G≥B , should
it exist. We also define G6≥B as the subgraph of G induced by

⋃
B′ 6≥B B

′ ∪ {x}.
Note that if uBx is an edge of G, then it lies in G6≥B but not in G≥B . Thus,
G = G≥B ∪ G6≥B is an edge-disjoint union, and indeed G≥B and G6≥B meet
precisely in {x, uB}.

A block B is essential if there is a K4-subdivision K such that K∩B contains
a cycle. Any such K4-subdivision then makes B essential. Note that every K4-
subdivision makes precisely one block essential. For an essential block B there
is a (unique) ≤-largest block A such that G≥A contains a K4-subdivision that
makes B essential. That block A is the baseblock of B, or simply a baseblock if
there is a block for which it is the baseblock. Clearly, A ≤ B, and note that
A = B may happen.

Here is a short overview which steps we take to prove Lemma 3.4. Lem-
mas 3.5, 3.6 and 3.7 provide some basic properties of essential blocks and base-
blocks. Using them, Lemma 3.8 shows that we cannot have 3k baseblocks in G
because otherwise we would find k edge-disjoint K4-subdivisions. Then, our aim
is to bound the number of essential blocks that belong to the same baseblock.
Lemmas 3.9, 3.10 and 3.11 prove that almost all essential blocks that have the
same baseblock have a certain simple structure. Then, Lemma 3.13 uses this
structure to find a small set of edges that makes almost all such essential blocks
inessential (the set meets all K4-subdivisions that make the block essential). As
now, there are only few baseblocks and only few essential blocks per baseblock
left, we can focus on every essential block and either find k edge-disjoint K4-
subdivisions there or an edge hitting set of bounded size (done by Lemma 3.3).
The union of these sets over all remaining essential blocks is the hitting set for
the whole graph.

We start the proof of Lemma 3.4 with a couple of lemmas about essential
blocks and baseblocks. We call a block trivial if it consists of a single edge.

Lemma 3.5. Let B be an essential block, and let u be a cutvertex of G − x
contained in B. Let C be a component of G − {u, x} that is disjoint from
B, and let K be a K4-subdivision that makes B essential. If P is a u–x-path
internally disjoint from B, then (K − C) ∪ P contains a K4-subdivision that
makes B essential.
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Proof. Whether x is a branch vertex of K or whether it lies on a subdivided
edge does not change the fact that all other branch vertices lie in the unique
non-trivial block of K − x, and thus in B. As {u, x} separates B from C in G,
it follows that K ∩C is either empty or contains a subpath of a subdivided edge
of K, that then is continued to x and to u. Replacing this subpath, if it exists,
by P results in a new K4-subdivision that again contains a cycle in B, i.e. that
makes B essential.

Lemma 3.6. Let B be an essential block, let A be the baseblock of B, and let
K be a K4-subdivision that makes B essential. Then:

(i) if B = A then there are two internally disjoint uB–x-paths in G≥B;

(ii) if B > A then K ∩G≥B contains a uB–x-path; and

(iii) if B > A then K ∩G�B contains a uB–x-path that meets A.

Proof. We recall that K ∩ B contains a cycle, and thus the whole unique non-
trivial block of K − x. We start with the proof of ((iii)). As B > A, it follows
that A ⊆ G�B . By definition of a baseblock, and as B 6= A, the K4-subdivision

K must meet A and must have an edge outside G≥B , and thus in G�B . As

G�B is separated from B by {uB , x}, this means that K ∩G�B is a subpath Q

of a subdivided edge of K. In particular, Q is a uB–x-path that meets A.
Next, we treat ((ii)). Let C be a cycle in K ∩ B. Then there are at least

two C–x-paths contained in K that meet only in x. Of these, only one may
pass through uB ; the other, P say, is disjoint from uB and therefore contained
in G≥B . Since, by ((iii)), K also contains uB and since it is connected, we
therefore find a uB–x-path in K ∩G≥B .

For ((i)), consider a K4-subdivision K ′ that makes B essential and that is
contained in G≥B . Such a K ′ exists as B is its own baseblock. As above, K ′∩B
contains a cycle C ′, and two C ′–x-paths that meet only in x. As K ′ ⊆ G≥B (as
A = B), the two paths are contained in G≥B . As B is 2-connected, there are
two uB–C ′-paths that only meet in uB . These paths can be extended disjointly
from each other on C ′ to the start vertices of the C ′–x-paths so that we obtain
internally disjoint uB–x-paths in G≥B .

Lemma 3.7.

(i) Let A be a baseblock, and let B′ be some block with B′ > A. Then G≥A ∩
G6≥B′ contains a uA–x-path.

(ii) Let A be the baseblock of an essential block B > A, and let B′ be some
block with A < B′ < B. Then there is no uB–x-path in G≥B′ ∩G�B.

(iii) Let A be the baseblock of an essential block B and let A′ be another block
such that A < A′ < B. Then A′ cannot be a baseblock.

Proof. Let B be an essential block such that A is the baseblock of B, and let
K be a K4-subdivision that makes B essential, and that is contained in G≥A
(such a K exists, by definition of a baseblock).

Assume first that B and B′ are incomparable, or that B = A. In either case,
Lemma 3.6 ((i)) or ((ii)) yields a uB–x-path in G≥B ∩ G�B′ . We extend the

path through G≥A ∩G�B′ to a uA–x-path.
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Now assume thatB andB′ are comparable and thatB > A. Lemma 3.6 ((iii))
yields a uB–x-path P in K∩G�B that meets A. In particular, P ⊆ G≥A∩G�B
as K ⊆ G≥A. Let a be the last vertex of P in A. Then aP is an A–x-path in
G≥A ∩G�B′ . As A is connected, we can extend it to a uA–x-path through A.

This proves ((i)).
Statement ((ii)) follows from Lemma 3.5: if there was such a path, then we

would find a K4-subdivision in G≥B′ that makes B essential, in contradiction
to that A < B′ is the baseblock of B.

Let us now prove ((iii)). Suppose that A′ is a baseblock. By ((i)), there is
then a uA′–x-path in G≥A′ ∩G�B , which implies that there is also a uB–x-path

in G≥A′ ∩G�B . This, however, is impossible as ((ii)) shows.

The next lemma bounds the number of baseblocks.

Lemma 3.8. There are fewer than 3k distinct baseblocks.

Proof. We prove by induction on ` that G contains ` edge-disjoint K4-subdi-
visions if G contains at least 3` distinct baseblocks. By (3.2), it then follows
that G cannot have 3k or more distinct baseblocks.

Pick a ≤-largest baseblock A1, and set G′ = G 6≥A1 . The restriction of the
partial order of the blocks of G− x onto the blocks of G′ − x is a partial order
of the blocks of G′ − x. Thus, we can speak of baseblocks with respect to G′.

We claim that G′ − x contains at least 3(` − 1) blocks (of G′ − x) that are
baseblocks with respect to G′. Then, by induction, G′ contains ` − 1 edge-
disjoint K4-subdivision. Together with one K4-subdivision contained in G≥A1

(that exists as A1 is a baseblock) we obtain the desired ` edge-disjoint K4-
subdivisions.

To prove the claim, consider a baseblock A (with respect to G) with A 6= A1,
and let B be an essential block such that A is its baseblock. First assume that
A 6≤ A1. From the choice of A1 it then follows that A1 and A are incomparable
and thus

G≥A = G
[ ⋃
B′≥A

B′ ∪ {x}
]
− uAx ⊆ G

[ ⋃
B′ 6≥A1

B′ ∪ {x}
]

= G6≥A1 = G′.

By definition of a baseblock, there is a K4-subdivision K that makes B essential
(in G) and that is contained in G≥A. Then K is still contained in G′, and thus
still makes B essential in G′, which in turn means that A is still a baseblock
with respect to G′.

Next, assume that A < A1. Let A2 be the ≤-largest baseblock such that
A2 < A1. If it exists, let A3 be the ≤-largest baseblock such that A3 < A2.
Otherwise set A3 := A2. We show that A is still a baseblock in G′ if A 6∈
{A2, A3}. The choice of A implies A < A3. Lemma 3.7 ((iii)) implies B ≯ A3.
Then, with A2 in the role of A, and A1 in the role of B′, we apply Lemma 3.7 ((i))
in order to find a uA2

–x-path in G≥A2
∩G�A1

. The path can be extended to a

uB–x-path P in G≥A ∩ G�A1
. We follow this by an application of Lemma 3.5

to B,P and a C that contains G≥A1
− x. In this way, we find a K4-subdivision

in G≥A∩G�A1
that makes B essential. As a consequence, A is still a baseblock

in G′.
To conclude, all but at most three of the baseblocks with respect to G

(namely all but A1, A2 and A3 if they exist) are still baseblocks with respect to
G′. This proves the claim and the lemma.
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Knowing that G − x only contains few baseblocks we aim to bound the
number of essential blocks that have the same block as their baseblock. This
will be done in Lemma 3.13.

For the rest of the section, we call a vertex v ∈ V (B) of a block B a gate
of B if v has neighbours outside B. Note that gates are either cutvertices of
G− x or neighbours of x. Furthermore, as G is 2-connected by (3.3), it follows
for every gate v of B that there is a v–x-path that is internally disjoint from B.

Lemma 3.9. Let B be an essential block with exactly two gates u, v, and let P
be a set of edge-disjoint u–v-paths contained in B. Then there is a u–v-diamond
in B that is edge-disjoint from all but at most five of the paths in P.

Proof. Let K be a K4-subdivision that makes B essential. Hence, the unique
non-trivial block of K − x lies in B. As B has only two gates, namely u, v, it
follows that x must lie on a subdivided edge of the K4-subdivision K, which
means that K ∩ B =: D is a u–v-diamond. Let s, t be the two vertices of D
that are linked by three internally disjoint paths in D. Note that s, t, u, v must
be four distinct vertices. We can express D as D = Du ∪ DM ∪ Dv where for
y ∈ {u, v}, we let Dy be the unique tree in D that contains y and that has
leaves s, t, and where DM is the s–t-path in D that is separated from u and v
by {s, t}.

Note that {s, t} separates any two of Du, Dv, DM in B because otherwise
we would find a K4-subdivision in B ⊆ G − x. In particular, B is the edge-
disjoint union of connected subgraphs Bu, Bv, BM , where, for y ∈ {u, v}, By is
connected and contains y, and where any two of them meet precisely in s, t.

We will construct graphs D′u ⊆ Bu, D
′
v ⊆ Bv, D

′
M ⊆ BM such that D′ =

D′u ∪D′v ∪D′M is a u–v-diamond that is edge-disjoint from all but at most five
paths in P. We start with D′M . If some path P in P shares an edge with
DM , then, as {s, t} separates BM from the rest of B, the path P contains an
s–t-subpath sP t ⊆ BM . In this case put D′M = sP t; if there is no such P ∈ P,
put D′M = DM .

Next, we construct D′u in such way that it is edge-disjoint from all but at
most two paths of P. The construction of D′v is analogous.

At least one of the paths in P contains an s–u-subpath that avoids t or a
t–u-subpath that avoids s; let us assume the former is the case. Define S as the
set of all s–u-subpaths of paths in P such that the subpath avoids t and put
S =

⋃
P∈S V (P )\{s}. Observe that both S as well as S are non-empty. We also

define T as the set of all t–{s, u}-subpaths of paths in P that meet Bu −{s, t}.
To ensure that T is also non-empty, we add a path P ∗ to T consisting of a
single edge between t and a neighbour in Bu − {s, t} (such a neighbour exists
as D contains one). We point out that every path in P that meets Bu − {s, t}
is represented by a subpath in S or in T , or both. Put T =

⋃
P∈T V (P ) \ {s, t}

and observe that T 6= ∅.
As Bu − {s, t} is connected, there is a shortest S–T -path Q in Bu − {s, t}.

Pick PS ∈ S and PT ∈ T such that both meet Q. (Note that possibly Q
consists of a single vertex, e.g. u.) The minimal choice of Q implies that it is
edge-disjoint from every P ∈ P. Then PS ∪Q ∪ PT ⊆ Bu is edge-disjoint from
all but at most two paths in P (note that this is also the case if PT = P ∗). The
graph PS ∪Q ∪ PT contains a ⊆-minimal tree that has leaves s and t and that
contains u; we pick this tree as D′u.
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Lemma 3.10. Let B be an essential block, and let A < B be its baseblock.
Then:

(i) if B1, B2 ≥ B are two essential blocks that have A as a baseblock, then
they are comparable; and

(ii) if B′ > B is an essential block that has A as a baseblock, then B has only
two gates.

Proof. For (i), suppose thatB1 andB2 are incomparable. Then, by Lemma 3.6 ((ii)),
there is a uB2

–x-path in G≥B2
⊆ G�B1

, which we can extend to a uB1
–x-path

in G≥B ∩G�B1
. This, however, violates Lemma 3.7 ((ii)) (with B2 in the role

of B).
For (ii), suppose that B has three gates, which implies that there are three

disjoint B–x-paths in G. Only one of these can start in uB , and only one can
pass through uB′ . Thus, there must be a B–x-path contained in G≥B ∩G�B′ .

Extending this to a uB′–x-path, we obtain a contradiction to Lemma 3.7 ((ii)).

Lemma 3.11. Let B be an essential block and A < B be its baseblock and let
B be the set of essential blocks B′ ≥ B that have A as baseblock. If there is a
set C of k + 5 edge-disjoint cycles such that each passes through x and contains
an edge from B, then |B| ≤ k.

Proof. Suppose that r := |B| ≥ k + 1. By Lemma 3.10 (i), the essential blocks
in B form a chain B = B1 < . . . < Br. By Lemma 3.10 (ii), the blocks
B1, . . . , Br−1 all have at most two gates.

We claim that

each cycle in C shares an edge with each of B1, . . . , Br. (3.4)

Suppose not, and pick j minimal such that some cycle C ∈ C fails to contain an
edge of Bj . Since C contains an edge of B = B1, it follows that j ≥ 2. Denote
by P the uBj−1–x-subpath of C that is contained in G≥Bj−1 , and observe that P
meets Bj at most in uBj . Consequently, we find a uBj–x-path in G≥Bj−1∩G�Bj

contrary to Lemma 3.7 ((ii)). This proves the claim.
Claim (3.4) implies that every cycle C1, . . . , Ck+5 ∈ C passes through every

uBj for j = 1, . . . , r. For i = 1, . . . , k + 5 and j = 1, . . . , r − 1, let P ji be
the uBj–uBj+1-subpath of Ci that meets Bj . We apply Lemma 3.9 to every
block Bj for j = 1, . . . , r − 1 with {P j1 ∩ Bj , . . . , P

j
k+5 ∩ Bj} as the set of

edge-disjoint paths between the two gates uBj and vBj of Bj and obtain a
uBj–vBj -diamond D̄j in Bj that is edge-disjoint from all but at most five paths
P ji . After renaming the paths P ji , we may assume that D̄j is edge-disjoint

from P j6 , . . . , P
j
k+5. Then, Dj = D̄j ∪ vBjP j1 , is a uBj–uBj+1 -diamond that is

edge-disjoint from P j6 , . . . , P
j
k+5.

Consider i ∈ {1, . . . , k}, and let Qi be the uBr–x-subpath of Ci that is edge-
disjoint from B1, and let Ri be the uB1–x-subpath of Ci that is edge-disjoint
from B1. We set

Li = Di ∪
r−1⋃

j=1,j 6=i

P ji+5 ∪Q
i ∪Ri
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Note that, as r ≥ k+1 there are enough Di to define all Li. Observe that every
Li is a K4-subdivision, and that any two Li are edge-disjoint. We obtain k
edge-disjoint K4-subdivisions in this way, which we had excluded in (3.2). Thus
r = |B| ≤ k.

Let B be an essential block. An edge set F makes B inessential if F meets
every K4-subdivision that makes B essential. For the proof of the next lemma
we use a result of Mader about S-paths:

Theorem 3.12 (Mader [37]). Let S be a vertex set in a graph H. Then there
are either k edge-disjoint S-paths in H or there is an edge set of size at most
2k − 2 that meets every S-path in H.

Lemma 3.13. Let A be a baseblock. Then there is an edge set FA of size
|FA| ≤ 33k2 such that all but at most 5k2 of the essential blocks with A as
baseblock are made inessential by FA.

Proof. Let B1, . . . , BN be the set of ≤-minimal blocks with baseblock A such
that Bi 6= A for all i ∈ {1, . . . , N}. In particular

B1, . . . , BN are pairwise incomparable. (3.5)

Let Z ′′ denote the set of edges between x and vertices in
⋃N
i=1G≥Bi

, and let
Z ′ be the set of edges incident with x that are not contained in Z ′′. For every
i ∈ {1, . . . , N}, let yi be a new vertex. Form G′ from

⋂N
i=1G 6≥Bi by adding yi

and the edge ei = yiuBi for every i ∈ {1, . . . , N}. Set Y = {y1, . . . , yN}.
We apply the edge-version of Menger’s theorem to Y and x in G′. Assume

first that there are k edge-disjoint Y –x-paths P1, . . . , Pk in G′, where we may
assume that Pi starts in yi. Then, for i = 1, . . . , k, we apply Lemma 3.5 with
uBiPi ⊆ G6≥Bi and obtain a K4-subdivision that is contained in G≥Bi ∪ uBiPi.
By (3.5), these k K4-subdivisions are all pairwise edge-disjoint, which we had
excluded in (3.2).

So, let us treat the case when there is an edge set F ′ of size |F ′| ≤ k − 1
such that any Y –x-path in G′ meets F ′. We claim

if ei /∈ F ′, then Bi is separated from x in G− F ′ − Z ′′. (3.6)

Indeed, suppose that ei /∈ F ′ but there is a Bi–x-path P in G−F ′−Z ′′. Then,
the last edge of P must lie in Z ′, and the penultimate vertex must lie outside
any G≥Bj . In particular, P passes through uBi by (3.5). As a result, the interior
of uBiP lies outside any G≥Bj . Thus yiuBiP is a Y –x-path in G′ and must be
met by F ′. As ei /∈ F ′, it follows that F ′ meets P , which is impossible. Thus,
the claim is proved.

Next, we apply Theorem 3.12 to Y in G′. Assume first that the theorem
yields k edge-disjoint Y -paths Q1, . . . , Qk in G′, where we may assume that
Qi starts in y2i−1 and ends in y2i. By Lemma 3.6 ((ii)), there is for every
i ∈ {1, . . . , k} a uB2i

–x-path Ri contained in G≥B2i
. By (3.5), the paths Ri are

pairwise edge-disjoint, and since Qj ⊆ G′, the paths Ri are also edge-disjoint
from every path Qj . Lemma 3.5 yields for every i ∈ {1, . . . , k} a K4-subdivision
contained in G≥2i−1 ∪ uB2i−1

QiuB2i
∪ Ri. These k K4-subdivisions are, again

by (3.5), pairwise edge-disjoint, which contradicts (3.2) again.
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Thus, by Theorem 3.12, there is an edge set F ′′ of size |F ′′| ≤ 2k − 2 such
that every Y -path in G′ meets F ′′. We show:

for every ei ∈ F ′′ there is at most one j with ej /∈ F ′′ such that
F ′′ does not separate uBi and uBj in G− x.

(3.7)

Suppose that there are two such indices j, namely j′ and j′′. Thus, there is a
uBj′–uBi

-path P in G−x and a uBi
–uBj′′ -path Q in G−x, both of which avoid

F ′′. By (3.5) it follows that P,Q ⊆ G′. But then yj′PQyj′′ contains a Y -path
in G′ − F ′′, which is impossible.

Denote by J the set of all such j as in (3.7), and note that |J | ≤ |F ′′| ≤ 2k−2.
Set I = J ∪ {i : ei ∈ F ′ ∪ F ′′}. Note that

|I| < 5k and |F ′ ∪ F ′′| ≤ 3k. (3.8)

For s ∈ {1, . . . , N}, we define Bs as the set of all essential blocks B with base-
block A such that B ≥ Bs. The rest of the proof consists of two steps: First,
we prove that for all r 6∈ I, the set F ′ ∪ F ′′ makes all essential blocks B ∈ Br
inessential. Then we prove that for r ∈ I, there are either few essential blocks
B ∈ Br or there is a small set of edges that makes all B ∈ Br inessential.

Consider r /∈ I. That means r /∈ J and also er /∈ F ′ ∪ F ′′. Let K be a
K4-subdivision that makes a block B ∈ Br essential (i.e. B ≥ Br). We show
that K contains an edge from F ′ ∪ F ′′, which means that F ′ ∪ F ′′ makes B
inessential.

Since A < Br it follows from Lemma 3.7 ((i)) that K contains a uBr
–x-path

R in G6≥Br
. If the last edge of R, the one incident with x, lies in Z ′, then R

is edge-disjoint from Z ′′, and thus, by (3.6), meets F ′. If, on the other hand,
the last edge of R lies in Z ′′ then, by (3.5), R contains a uBr–uBi path S for
some i 6= r. The path S lies in G′ (since the uBs

are cutvertices in G − x).
Since the path yruBr

SuBi
yi has to meet F ′′ by definition of F ′′, it follows that

either S and thus R meets F ′′, in which case we are done, or that F ′′ contains
er = yruBr

(which we had excluded) or that F ′′ contains ei = yiuBi
. The latter,

however, is also impossible as this would imply r ∈ J . Therefore, F ′∪F ′′ makes
B inessential. We have proved:

for r /∈ I, each essential block in Br is made inessential by F ′ ∪ F ′′. (3.9)

Now, consider r ∈ I. First assume that there are k + 5 edge-disjoint cycles
each of which meets x and contains an edge of Br. In this case, we apply
Lemma 3.11, obtain |Br| ≤ k and set Fr = ∅. Otherwise, there is an edge set
Fr of size |Fr| ≤ k + 5 that separates uBr from x in either G≥Br or in G�Br

.

Consider some B ∈ Br, and a K4-subdivision K that makes B essential. We
see with Lemma 3.6 ((ii)) and ((iii)) that K contains a uB–x-path in G≥B and
one in G�B . In particular, the union of these two paths must be met by Fr.

Thus, we have for r ∈ I, that either there is an edge set Fr of size at most
k + 5 that makes every B ∈ Br inessential, or |Br| ≤ k. We set

FA = F ′ ∪ F ′′ ∪
⋃
r∈I

Fr,

and observe with (3.9) that FA makes all but |I| · k + 1 ≤ 5k2 essential blocks
with baseblock A inessential (the +1 is due to the fact that A itself might be
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essential). With (3.8) we see that the of size FA is at most 3k + 5k · (k + 5) ≤
5k2 + 28k ≤ 33k2

Let F be the union of the FA as in the previous lemma, where we range over
all baseblocks A, and denote by B the set of all essential blocks that are not
made inessential by F . Then, by Lemma 3.8 and Lemma 3.13

|F | ≤ 3k · 33k2 ≤ 100k3 and |B| ≤ 3k · 5k2 = 15k3 (3.10)

Consider a block B ∈ B, i.e. an essential block that is not made inessential
by F . Let UB be the set of gates of B. That is, UB is the union of the neighbours
of x in B with the set of cutvertices of G−x that lie in B. For each gate u ∈ UB ,
fix a maximal set Pu of edge-disjoint u–x-paths that are internally disjoint from
B and a minimal edge set Fu that meets every such u–x-path that is internally
disjoint from B. By Menger’s theorem, we have |Pu| = |Fu|.

We form a graph GB as follows. Start with G[B∪{x}], and for each u ∈ UB ,
add |Pu| many internally disjoint u–x-paths of length 2; let the set of these
be P ′u. We observe that GB satisfies the requirements of Lemma 3.3: the
neighbours of x have degree 2, GB − NGB

(x) − x is 2-connected, and every
K4-subdivision of GB still needs to contain x. Using Lemma 3.3 we can prove

Lemma 3.14. For each B ∈ B, there is an edge set YB ⊆ E(G) of size |YB | =
O(k4) that makes B inessential (in G).

Proof. Suppose there are k edge-disjoint K4-subdivisions in GB . We turn these
into K4-subdivisions of G by substituting any path in P ′u, for u ∈ UB , by a
distinct path in Pu. As G is assumed to have fewer than k edge-disjoint K4-
subdivisions, by (3.2), we obtain a contradiction.

Thus, an application of Lemma 3.3 to GB yields an edge hitting set Y ′B of
GB of size O(k4). We may assume that Y ′B is minimal subject to inclusion. As
a consequence of minimality, for each u ∈ UB , whenever Y ′B contains an edge
from one of the paths in P ′u it contains edges from all of the paths in P ′u. Note
that |Fu| = |P ′u|. We turn Y ′B into an edge set YB ⊆ E(G) by replacing any
edge in any path from P ′u, u ∈ UB , by Fu. Then |Y ′B | = |YB |.

Suppose there is a K4-subdivision K of G that makes B essential but is not
met by YB . In particular, if K has a subdivided edge that leaves B through
a vertex u ∈ UB (and then continues on to x), then Fu is disjoint from YB .
Thus, we may replace the part of the subdivided edge between u and x by a
path in P ′u, and by doing so for all subdivided edges that leave B through a
vertex in UB , we obtain a K4-subdivision in GB that is disjoint from Y ′B , which
is impossible.

We may finally finish the proof of the main lemma of this section.

Proof of Lemma 3.4. In view of Lemma 3.14, the set

Y := F ∪
⋃
B∈B

YB

meets every K4-subdivision of G. Recalling (3.10), we see that its size is |Y | ≤
100k3 + 15k3 ·O(k4) = O(k7).
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3.2 Nested ear decompositions

Recall from Section 3.1.2 that to finish the proof of our main theorem (Theo-
rem 3.1) it remains to prove Lemma 3.3, which we will do in the course of the
next three sections. As in Lemma 3.3, G−x−NG(x) is 2-connected and does not
contain K4 as a minor, it is series-parallel. In this section we describe a struc-
tural characterization for series-parallel graphs that was found by Eppstein [16]:
series-parallel graphs admit a special kind of ear decompositions, the nested ear
decompositions. Later, we will prove in Section 3.3 that this nested ear decom-
position only contains few ears with neighbours of NG(x), and then Section 3.4
uses this fact to construct an edge hitting set in G and prove Lemma 3.3.

An ear decomposition of a graph G is a sequence E1, . . . , En of non-trivial
paths such that

(i) G =
⋃n
i=1Ei; and

(ii) Ei is a
(⋃i−1

j=1Ej

)
-path for every i = 2, . . . , n.

The paths Ei are the ears of the ear decomposition. The ear E1 is the first ear.
The endvertices of the first ear E1 are the terminals of the ear decomposition.

If Ei and Ej are ears with i < j such that both endvertices of Ej lie in Ei
and such that no ear Ei′ with i′ < i contains both endvertices of Ej , then Ej is
nested in Ei. If Ej is nested in Ei, then we write I(Ej) for the subpath of Ei
between the two endvertices of Ej and call it the nest interval of Ej .

E1

E2

E7

E8
E5

E6

E3
E4

Figure 3.1: A nested ear decomposition

Eppstein [16] introduced nested ear decompositions: these are ear decompo-
sitions E1, . . . , En such that

(i) for every j ∈ {2, . . . , n} there is a i < j such that Ej is nested in Ei; and

(ii) if Ej′ and Ej are both nested in Ei, then I(Ej) and I(Ej′) are either
edge-disjoint or one contains the other.

For the sake of brevity we write NED for nested ear decomposition from now
on.

Theorem 3.15 (Eppstein [16]). A graph with at least one edge is series-parallel
with terminals s, t if and only if it admits a NED with terminals s, t.

Whenever we consider a (nested) ear decomposition of a series-parallel graph
we will implicitly assume that the terminals of the decomposition and of the
graph are the same.

We repeat Lemma 3.3 here for the reader’s convenience:
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Lemma 3.3. Let x be a vertex in a graph G such that every K4-subdivision
in G meets x, and let each neighbour of G have degree 2. If G − N(x) − x is
2-connected, then G either contains k edge-disjoint K4-subdivisions or an edge
set of size O(k4) that meets every K4-subdivision.

We fix G as in the lemma throughout the rest of the chapter. We also
define the vertex set X as NG(x) ∪ {x}. Moreover, we note that, as G −X is
2-connected and does not contain any K4-subdivision, it follows by Lemma 3.2
(i) that G − X is series-parallel (with some terminals). In conclusion, we will
use the following properties throughout the remainder of this chapter:

G has a vertex x, the set N(x)∪{x} is X, all vertices in X \{x}
have degree 2, G −X is 2-connected and series-parallel, but G
contains a K4-subdivision.

(3.11)

For the proof of Lemma 3.3, we will often work in certain subgraphs H of G
such that H −X is series-parallel. To simplify notation somewhat we will say
that a E is a NED of H if it is one of H −X (if H −X contains an edge). Let
F be an ear of such a NED E of some subgraph H of G (such that H − X is
series-parallel with the same terminals as E). Let the endvertices of F be u and
v. We define F as the union of F with all (F −{u, v})–x-paths in G of length 2.
That is, to form F we start with F , then we add all edges between F − {u, v}
and X (together with the corresponding endvertices in X) and finally we add
all edges between the newly added vertices in X and x (together with x if we
added any edge at all).

An ear F of E is an x-ear if it contains a vertex from N(X) in its interior,
or equivalently, if F contains x. The NED E = E1, . . . , En is good if

(i) among all NEDs of H the number of x-ears in E is maximal; and

(ii) subject to (i) x-ears appear as early as possible, that is, the binary number
b1 . . . bn is maximal, where bi = 1 if Ei is an x-ear and bi = 0 otherwise.

In the next lemma we collect some properties of good NEDs.

Lemma 3.16. Let H ⊆ G be a subgraph such that H −X is series-parallel and
contains at least one edge. Let E be a good NED of H, and let E,F be ears of
E such that F is nested in E. Then the following holds:

(i) Let P be the interior of I(F ). If E is an x-ear but F is none, then either
P is disjoint from N(X) or P contains all of N(X) ∩ E except possibly
the endvertices of E;

(ii) If F is an x-ear, then so is E.

Proof. Let E = E1, . . . , EN , and let E = Ei and F = Ej , which implies i < j.
(i) Suppose that P contains a vertex from N(X) and that, at the same time,

some vertex of the interior of Ei lies in N(X)\V (P ). Let u, v be the endvertices
of Ej . Form the paths E′i = EiuEjvEi and E′j = uEiv = I(Ej), and observe
that both contain a vertex from N(X) in their respective interiors. Moreover,
the sequence

E ′ = E1, . . . , Ei−1, E
′
i, E
′
j , Ei+1, . . . , Êj , . . . , En,
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where Êj indicates that Ej is omitted, is a NED with more x-ears than E , which
is impossible.

(ii) Suppose that Ej is an x-ear but Ei is not. As in (i), form the paths
E′i = EiuEjvEi and E′j = uEiv = I(Ej). Observe that now E′i contains a
vertex of N(X) in its interior. Thus, the x-ears of the NED E ′ from (i) appear
earlier than in E , contradicting the choice of E .

If H −X contains an edge, we define the x-ear number of H as the number
of x-ears in a good NED of H (by definition the number of x-ears is the same
in all good NEDs of H and equals the maximal number of x-ears in any NED
of H). If H −X consists of a single vertex, we define the x-ear number of H as
0.

We use the x-ear number of G to distinguish between two major cases in the
proof of Lemma 3.3: If the x-ear number is large, we will always find k edge-
disjoint K4-subdivisions; if it is small, then both outcomes will still be possible,
but we will be able to do an induction on the x-ear number. We first treat the
case when the x-ear number is large.

3.3 Many x-ears

We prove in this section:

Lemma 3.17. If the x-ear number of G is at least 200k, for some integer k,
then G contains k edge-disjoint K4-subdivisions.

Let H ⊆ G be a subgraph of G such that H − X is series-parallel and let
E be a good NED of H. By Lemma 3.16 (ii) the union of all x-ears in E is a
connected graph, i.e. every x-ear except for the first ear is nested in another
x-ear. Whether an x-ear is nested in another x-ear or not defines a relation
whose transitive closure is a partial order ≤nest on the x-ears. The first ear is
always the unique minimal element in this partial order. If F ≤nest F

′ holds
for two x-ears F and F ′, the ear F ′ is a ≤nest-descendant of F . Note that we
define the ≤nest-relation only for x-ears.

Lemma 3.18. Let F1, . . . , F` be x-ears that are nested in an ear E such that all
nest intervals are edge-disjoint. Let P be the minimal subpath of E that contains⋃`
i=1 I(Fi). Then

⋃`
i=1 F i ∪ P contains b `3c edge-disjoint K4-subdivisions.

Proof. We show the statement first for ` = 3. The general statement then
follows by partitioning F1, . . . , F` into groups of three with consecutive nest
intervals.

For i = 1, 2, 3, let si, ti be the endvertices of Fi and assume that they appear
in the order s1 < t1 ≤ s2 < t2 ≤ s3 < t3 on E. For i = 1, 2, 3, let vi be a
vertex in Fi ∩ N(X) and yi the unique neighbour of vi in X. Let C be the
cycle F2 ∪ I(F2). Then, there are three C–x-paths P1, P2, P3 that only meet
in x, namely P1 = s2Et1F1v1y1x, P2 = v2y2x and P3 = t2Es3F3v3y3x. The
union C ∪ P1 ∪ P2 ∪ P3 is a K4-subdivision contained in P ∪ F 1 ∪ F 2 ∪ F 3 for
P = s1Et3; see Figure 3.2a.

Lemma 3.19. Let H be a subgraph of G such that H−X is series-parallel and
E be a good NED of H. Let E be an x-ear with at least seven ≤nest-descendants.
Then H contains a K4-subdivision.
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x

(a) Side by side

x

(b) Nested

x

(c) Stacked

Figure 3.2: K4-subdivisions

Proof. Let F be the set consisting of E and its ≤nest-descendants. If there is
an ear F ∈ F that has three distinct ears F1, F2, F3 ∈ F \ {E} nested in F ,
their nest intervals are either edge-disjoint (Figure 3.2a) or the nest intervals are
nested (Figure 3.2b). In the first case we find a K4-subdivision with x as branch
vertex by Lemma 3.18. In the second case, let F2 be the ear with I(F2) ⊆ I(F1).
Set C = F2 ∪ I(F2) and let v be an X-neighbour in the interior of F1. Then,
there are three C–v-paths that only meet in v, namely one from an X-neighbour
in F2 via x and two from the endvertices of F2 via I(F1) − I(F2) and F1 − v.
Hence, the union of C and these paths is a K4-subdivision.

We therefore may assume that every F ∈ F has at most two≤nest-descendants.
If there were no ears F1, F2, F3 such that F1 is nested in E, F2 is nested in F1 and
F3 is nested in F2, then E would have at most six ≤nest-descendants. Therefore,
those ears exist (looks similar as Figure 3.2c, however some paths there could
be trivial) and we can construct a K4-subdivision in F1 ∪ F2 ∪ F3 as follows.

Let C = F2 ∪ I(F2). Let u be a neighbour of X in F2 and let P1 be the
u–x-path of length 2. Then, there is an endvertex v of F3 with v 6= u and let P2

start in v, follow F3 until it reaches a neighbour of X in F3 and then continues
via X to x. If I(F2) contains a neighbour of X, let w be this neighbour and
P3 be the w–x-path of length 2. Otherwise, F1 − I(F2) contains a neighbour
of X and we chose w as an endvertex of F2 closest to this neighbour of X. In
this case, we let P3 start in w, follow F1 up to this neighbour of X and finally
reach x via X. Then, the paths P1, P2, P3 are C–x-paths that only meet in x
and therefore, C ∪ P1 ∪ P2 ∪ P3 is a K4-subdivision.

Let E be a good NED of some subgraph H of G. We refine the ≤nest-relation
on the set of x-ears to a relation ≤. We first define the ≤-relation on specific
pairs (F, F ′) of x-ears, and then take the transitive closure of the relation. For
two distinct x-ears F, F ′ of E set

F < F ′ if F ′ is nested in F or there is an ear E such
that F ′ and F are nested in E with I(F ′) ( I(F ) or
I(F ′) = I(F ) but F appears earlier in E than F ′.

(3.12)

Let ≤ denote the partial order obtained from the transitive closure of (3.12). If
F < F ′, the x-ear F ′ is a ≤-descendant of F .
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Lemma 3.20. Let H be a subgraph of G that contains a K4-subdivision and
such that H − X is series-parallel. Let E be a good NED of H with λ x-ears.
Then

⋃
F∈E F contains at least b λ

200c+ 1 edge-disjoint K4-subdivisions.

Proof. Let E be the first ear in E . Let ` = b λ
200c+ 1, hence λ = 200(`− 1) + r

with 0 ≤ r ≤ 199.
If ` = 1, the statement holds because H contains at least one K4-subdivision,

by assumption. Hence, we assume ` ≥ 2 and thus, λ ≥ 200 holds. Among all
x-ears F that have at least 13 ≤-descendants (the first ear E is one of them),
let E∗ be a ≤-maximal one. As a result, every ≤-descendant of E∗ has at most
12 ≤-descendants itself.

If E∗ has at least 78` ≤-descendants, then it has at least 6` immediate ≤-
descendants of E∗ (those F such that E∗ < F ′ ≤ F implies F ′ = F ) because
every immediate ≤-descendant has at most 12 ≤-descendants itself. If at least
3` of the immediate ≤-descendants of E∗ are nested in E∗, set E′ := E∗. If not,
then let E′ be the ear in which E∗ is nested. Then there must be at least 3`
immediate ≤-descendants of E∗ that are nested in E′. In both cases, as they are
immediate ≤-descendants of E∗, their nest intervals have to be edge-disjoint.
We can apply Lemma 3.18 and obtain ` edge-disjoint K4-subdivisions in H.
Thus, we may assume that E∗ has fewer than 78` ≤-descendants.

Next, consider the case when E∗ has at least seven ≤nest-descendants. De-
fine E1 as the subsequence of E of all F ∈ E with F ≥nest E

∗, and E2 as the
subsequence of those ears F ∈ E with F 6≥nest E

∗. Define edge-disjoint sub-
graphs H1, H2 of H as Hi =

⋃
F∈Ei F for i = 1, 2. Note that Ei is a NED of

Hi for i = 1, 2. We check that both subgraphs contain a K4-subdivision. By
Lemma 3.19, H1 contains a K4-subdivision. The number of x-ears of E that are
contained in H2 is at least

200(`− 1)− 78` = 122`− 200 ≥ 44

because E contains at least 200(` − 1) x-ears and E∗ has at most 78` ≤-
descendants and ` ≥ 2. Thus, the first ear of E2 has at least seven ≤-descendants
(in E2) and these are even ≤nest-descendants because it is the first ear. By
Lemma 3.19, H2 contains a K4-subdivision, as well.

We apply induction to H1 and H2. The x-ear number λi of Hi is at least
as large as the number of x-ears of Ei, which implies λ1 + λ2 ≥ λ. In total, we
obtain ⌊

λ1
200

⌋
+ 1 +

⌊
λ2
200

⌋
+ 1 ≥

⌊
λ1 + λ2

200

⌋
+ 1 ≥

⌊
λ

200

⌋
+ 1 = `

edge-disjoint K4-subdivisions.
Next, consider the case when E∗ has at most six ≤nest-descendants. Then,

E∗ is not the first ear but nested in some other x-ear E′. We decompose E into
two NEDs E1 and E2 belonging to two edge-disjoint subgraphs H1 and H2. Let
E1 consist of I(E∗) as first ear and all F ∈ E with F ≥ E∗ but F 6≥nest E

∗, in
the same order as in E . For E2, let E′′ be the ear obtained from E′ by replacing
the subpath I(E∗) with E∗. We then set E2 = E \ (E1 ∪ {E′}) ∪ {E′′} (where
keep the order of E). The graphs H1 and H2 are defined as Hi =

⋃
F∈Ei F .

Again, the x-ear numbers λ1 and λ2 of H1 and H2 are at least the number
of x-ears in E1 resp. E2. Since E∗ was chosen to have at least 13 ≤-descendants,
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and since it has, in this case, at most six ≤nest-descendants, it follows that E1
contains I(E∗) as first ear and at least seven x-ears from E . These x-ears are
≤nest-descendants of I(E∗) in E1. Furthermore, as E∗ contains fewer than 78`
≤-descendants, the sequence E1 contains fewer than 78` x-ears from E . Together
with I(E∗) as new x-ear in E1, we have λ1 ≤ 78`. Every x-ear of E \ {E∗, E′}
appears either in E1 or E2. Thus, E2 contains at least 200(`−1)− (78`−1)−2 =
122` − 201 ≥ 43 x-ears from E where we used ` ≥ 2. Hence, both E1 and
E2 contain at least seven ≤nest-descendants of their respective first ear, and
Lemma 3.19 shows that both subgraphs H1 and H2 contain a K4-subdivision.

Every x-ear of E except for E∗ and E′ appears either in E1 or E2. We lose
the two x-ears E∗ and E′ and gain the new x-ear E′′. The other new ear, I(E∗),
however, is not necessarily an x-ear. Thus λ1 + λ2 ≥ λ− 1.

We prove that nevertheless
⌊
λ1

200

⌋
+ 1 +

⌊
λ2

200

⌋
+ 1 ≤

⌊
λ1+λ2

200

⌋
+ 1 =

⌊
λ

200

⌋
+ 1

holds. Let `i =
⌊
λi

200

⌋
+ 1, i.e. λi = 200(`i − 1) + ri with 0 ≤ ri ≤ 199, for

i = 1, 2. Then λ ≤ λ1 +λ2 +1 ≤ 200(`1 + `2−2)+(r1 +r2 +1). As ri ≤ 199, we
have r1 +r2 +1 < 2 ·200 which means

⌊
λ

200

⌋
+1 ≤ (`1 + `2−2)+1+1 = `1 + `2.

Thus, applying induction on H1 and H2 yields `1 + `2 ≥
⌊
λ

200

⌋
+ 1 edge-disjoint

K4-subdivisions, which finishes the proof.

We finally observe that, because G contains a K4-subdivision by (3.11),
Lemma 3.17 is a special case of Lemma 3.20, which means that it is proved as
well. In particular, we may from now on assume that the x-ear number of G is
smaller than 200k.

3.4 Few x-ears

In the previous section we saw that the x-ear number of G is smaller than
200k. Here, we will use this fact and find a hitting set for K4-subdivisions
whose size is bounded by some function in the x-ear number λ of G and k
(or k edge-disjoint K4-subdivisions). This is done in Section 3.4.5 where we
decompose the graph G−x step by step into smaller graphs (called parts) such
that the x-ear number λ in these smaller parts is lower than the x-ear number
of the original part. By induction on λ we can find the desired hitting set. The
next four subsections prepare 3.4.5 by introducing some useful structures: parts
(Sections 3.4.1 and 3.4.2) are the environments we work in, ladders and fans
(Section 3.4.3) will appear in the hardest case of 3.4.5 and modules (Section
3.4.4) nearly everywhere in 3.4.5.

Note that G is fixed and satisfies (3.11). The main lemma in this section is
the following.

Lemma 3.21. Let λ be the x-ear number of G, and let k be a positive integer.
Then G either contains k edge-disjoint K4-subdivisions or G has an edge hitting
set of size O(λk3).

With Lemma 3.21 we can finally prove Lemma 3.3.

Proof of Lemma 3.3. Let λ be the x-ear number of G − x. If λ ≥ 200k,
Lemma 3.17 shows that G contains k edge-disjoint K4-subdivisions. Hence,
λ < 200k and Lemma 3.21 shows that G either contains k edge-disjoint K4-
subdivisions or a hitting set of size at most O(λk3) = O(k4).
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3.4.1 Parts

Let H be a subgraph of G− x. Any vertex in H that is incident with an edge
e ∈ E(G−x)\E(H) is a terminal of H. If H = G−x, then H contains no such
vertices but by (3.11), there are two vertices s, t such that G−x is series-parallel
with terminals s, t. Then, we use s, t as terminals of H = G− x.

The graph H is a part (of G) if it has at most two terminals. This means
that a part H with terminals s, t is an induced subgraph except for possibly the
edge st, which may be a chord of H. A part H is trivial if H −X consists of a
single vertex (the terminal). Two parts H1, H2 are internally disjoint if H1 and
H2 meet at most in their terminals and have no common edge. Using the facts
that G− x is connected and G−X is 2-connected from (3.11) we deduct

A part is a connected graph, it has at least one terminal and the
only parts with exactly one terminal are trivial parts.

(3.13)

Mimicking the notions of series-parallel graphs, we define series and parallel
decomposition for parts as well. Let H be a part with terminals s, t, and let
H1, H2 be parts, too. Then H = H1 ∪H2 is a series decomposition of H into
parts if H1 and H2 are internally disjoint and have a common terminal w such
that H1 has s, w as terminals and H2 has w, t as terminals. Note that we
explicitly allow H1 or H2 (or both) to be trivial parts, which entails s = w or
w = t.

We say that H = H1 ∪H2 is a parallel decomposition of H into parts if H1

and H2 are internally disjoint and both have s, t as terminals.
A part H with terminals s, t is substantial if it contains a vertex in X that

is adjacent to a vertex in H − {s, t}. In particular, H −X must contain more
than a single edge. A part B ⊆ H is a block-part of H if B−X is a block of H.

Lemma 3.22. If H is a part with terminals s, t, then H −X is series-parallel
with terminals s, t.

Proof. If H − X is a single vertex s = t or a single edge st, it is trivially
series-parallel with terminals s, t.

If H = G− x, then the definition of the terminals of H imply the statement
of the lemma. We therefore assume that H ( G− x.

Let s, t be the terminals of H and let H ′ := (H−X)+st. Assume that H ′ is
not 2-connected and let v be a cutvertex in H ′. In H ′− v, the adjacent vertices
s and t belong to the same component and are separated by v from some other
component F . As {s, t} separates H−X from G−H−X, the vertex v separates
F from the rest of G − X. This, however, contradicts the fact that G − X is
2-connected, by (3.11). We conclude that H ′ is 2-connected.

Assume that H ′ contains a K4-subdivision K. If H ′ = H, the graph G−x )
H would contain one as well which contradicts (3.11). If H ′ 6= H, the fact that
G−x is 2-connected by (3.11) and {s, t} separates H from G−E(H) imply that
there is an s–t-path P in G − x that is internally disjoint from H. Replacing
the edge st in K by P yields a K4-subdivision in G−x which is a contradiction
to (3.11). We conclude that H ′ contains no K4-subdivision.

Thus, by Lemma 3.2 (i), it follows that H ′ with terminals s, t is series-
parallel with terminals s, t because st is an edge in H ′. Obviously, then also
H −X = H ′ − st is series-parallel with terminals s, t.
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3.4.2 Parts and ears

This subsection provides results on how the x-ear numbers of two parts H1, H2

are related to the x-ear number of a part H if H = H1∪H2 is a series or parallel
decomposition. For this purpose we will first introduce induced x-ear numbers.

Let H be a part such that H − X contains an edge. By Lemma 3.22 and
Theorem 3.15, H − X has a (good) NED. As mentioned in Section 3.2, we
also say that H has a NED E if it is one of H − X. Let H = H1 ∪ H2 be
a series or parallel decomposition into parts H1 and H2. Given a good NED
E = (E1, . . . , En) of H, we define an induced NED Ej of Hj as the subsequence
of E1 ∩Hj , . . . , En ∩Hj of all Ei ∩Hj that are non-trivial paths. The NEDs Ej
do not have to be good. We define the E-induced x-ear number as the number of
x-ears in Ej . Note that Hi is substantial if and only if its induced x-ear number
is at least 1.

Lemma 3.23. Let H be a part with terminals s, t and x-ear number λ. If
there is an s–t-path P in H that does not contain any vertex from N(X) in its
interior, then there is a NED E of H with λ x-ears that has P as first ear.

Proof. Among all NEDs of H with λ x-ears choose a NED E1, . . . , Em such that
the largest r such that Er contains an edge of P is as small as possible.

Let Q be a maximal subpath of Er with Q ⊆ P , and suppose that Q 6= Er.
Then Q has an endvertex u that is not an endvertex of Er. Moreover, u /∈ {s, t}
as u is an internal vertex of Er. Thus, u is incident with an edge of P outside
Er, which then already belongs to

⋃r−1
`=1 E` by choice of r. On the other hand,

this edge is incident with an inner vertex of Er, which implies that it belongs
to an ear nested in Er. Therefore, the edge cannot be contained in

⋃p−1
`=1 E`.

Because of this contradiction, we deduce that

Er ⊆ P. (3.14)

Suppose that r ≥ 2. Let u, v be the endvertices of Er, and let Er be nested
in Eq. Then omitting Er from the sequence

E1, . . . , Eq−1, EquPvEq, uEqv,Eq+1, . . . , Em

results in a NED of H.
Observe that the number of x-ears does not decrease as uPv = Er is not an

x-ear by assumption. If uEqv is edge-disjoint from P , we immediately obtain a
contradiction to the minimal choice of r. Thus, assume that uEqv contains an
edge from P . As Er ⊆ P has endvertices u, v and P does not contain a cycle,
it follows that uEqv contains an internal vertex that is incident with an edge e
that lies in P but outside Eq. Then, e must lie in an ear Ep with p > q. Since
e lies in P we also get p < r. Thus, q < p < r, i.e. q + 1 < r. In the NED
above, the last edge of P appears in the (q + 1)th ear, which again contradicts
the choice of r. Thus, r = 1.

As E1 has endvertices s and t, the same as P , we get P = E1 from (3.14).

Lemma 3.24. Let H be a part, E a good NED of H and H = H1 ∪ H2 be a
series or parallel decomposition into parts H1 and H2. Then, for j = 1, 2, the
E-induced x-ear number λEj of Hj equals the x-ear number λj of Hj.



58 CHAPTER 3. K4-SUBDIVISIONS

Proof. Observe that we only have to prove λEj ≥ λj for j = 1, 2, and by symme-

try it suffices to prove that λE2 ≥ λ2. Let E1, . . . , Em be the NED E , and denote
by i1 < . . . < in the indices i such that Ei ∩H1 is a non-trivial path. Note that
Ei1 ∩H1, . . . , Ein ∩H1 has λE1 many x-ears. Let λ be the x-ear number of H.

First, assume that H = H1 ∪H2 is a parallel decomposition. Then Ei ⊆ H1

or Ei ⊆ H2 for i = 1, . . . ,m. This implies that λ = λE1 + λE2 . Let E′1, . . . , E
′
` be

a NED of H2 with λ2 many x-ears. Then

Ei1 , . . . , Ein , E
′
1, . . . , E

′
`

is a NED of H with λE1 + λ2 many x-ears. With λ = λE1 + λE2 it follows that
λ2 ≤ λE2 .

Second, assume H = H1 ∪ H2 to be a series decomposition, and observe
that we may assume λ2 ≥ 1 as otherwise λ2 ≤ λE2 trivially holds. Set δ1 = 1 if
E1 ∩H1 is an x-ear, and δ1 = 0 otherwise. We distinguish two cases. In both
cases, we will pick a specific NED E′1, . . . , E

′
` of H2 and form a NED E∗

(E1 ∩H1) ∪ E′1, Ei2 , . . . , Ein , E′2, . . . , E′`
of H. This is a NED as i1 = 1 and Eij ∩H1 = Eij for j = 2, . . . , n.

We first treat the case when E1 ∩H2 is not an x-ear. That implies that E
has

λ = 1 + (λE1 − δ1) + λE2 (3.15)

many x-ears.
Moreover, since E1 ∩H2 is not an x-ear, it follows from Lemma 3.23 (with

E1 ∩H2 as P ) that there is a NED E′1, . . . , E
′
` of H2 with λ2 many x-ears such

that E′1 is not an x-ear. As E1 is an x-ear (in H) but E1 ∩ H2 is not (in
H2), it follows that (E1 ∩H1) ∪ E′1 is an x-ear (in H). The NED E∗ then has
1 + (λE1 − δ1) + λ2 many x-ears. We get

1 + (λE1 − δ1) + λ2 ≤ λ = 1 + (λE1 − δ1) + λE2 ,

by (3.15), which implies λ2 ≤ λE2 .
Finally, we treat the case when E1∩H2 is an x-ear. That implies that E has

λ = 1 + (λE1 − δ1) + (λE2 − 1) (3.16)

many x-ears.
Let E′1, . . . , E

′
` be a good NED of H2. Then it has λ2 many x-ears, and

in particular, by Lemma 3.16 (ii) the first ear E′1 is an x-ear. Consequently
(E1 ∩H1) ∪ E′1 is an x-ear, and we get that the NED E∗ has

1 + (λE1 − δ1) + (λ2 − 1) ≤ λ = 1 + (λE1 − δ1) + (λE2 − 1)

many x-ears, where we have used (3.16). Again we deduce λ2 ≤ λE2 .

The next lemma describes how x-ear numbers behave in series or parallel
decompositions in relation to the x-ear number of the original part. We will use
it in Section 3.4.5.

Let H be a part with terminals s, t, and let B be a block-part of H with
terminals a, b, where we assume that there is an s–a path in H that is internally
disjoint from B. Then we define LB , RB ⊆ H as the parts that are internally
disjoint from B such that LB has terminals {s, a}, RB has terminals {b, t} and
such that H = LB ∪B ∪RB .
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Lemma 3.25. Let H be a part with x-ear number λ, and let H = H1 ∪ H2

be a series or parallel decomposition into parts H1, H2. Let λ1 and λ2 be the
respective x-ear numbers of H1 and H2.

(i) If H = H1 ∪H2 is a parallel decomposition, then λ1 + λ2 ≤ λ.

(ii) If H = H1 ∪H2 is a series decomposition and if both H1 and H2 contain
a substantial block-part, then 1 ≤ λ1, λ2 ≤ λ − 1 and λ1 + λ2 ≤ λ, or
2 ≤ λ1, λ2 ≤ λ− 1 and λ1 + λ2 ≤ λ+ 1.

(iii) If H has exactly one substantial block-part B that parallel decomposes into
B = B1∪B2 such that B2 is non-substantial, and if at least one of LB−s,
RB − t contains a vertex that is adjacent to X, then the x-ear number of
B is at most λ− 1, and λ ≥ 2.

Proof. Given a good NED E = (E1, . . . , Er) of H, let λEj be the E-induced x-ear
number of Hj , while λj is the x-ear number of Hj . By Lemma 3.24, the two
numbers are equal. However, the distinction between these two meanings makes
this proof clearer to understand.

Assume first that H1 ∪ H2 is a parallel decomposition. Then every ear
of E1, . . . , Er lies either in H1 or in H2. Consequently, λ = λE1 + λE2 . By
Lemma 3.24, also λ = λ1 + λ2 is true. This proves ((i)).

Let us prove ((ii)) now. As both parts H1 and H2 contain a substantial
block-part, we have λ1, λ2 ≥ 1. Let us first treat the case that E1 ∩ Hj is an
x-ear for at most one j ∈ {1, 2}. Then, no x-ear of E is counted twice in the sum
λE1 +λE2 and therefore, using Lemma 3.24, we get λ1 +λ2 ≤ λ. Using λ1, λ2 ≥ 1
we also conclude λ1, λ2 ≤ λ− 1.

Second, we treat the case when both E1 ∩H1 and E1 ∩H2 are x-ears. No
x-ear of E except for E1 is counted twice in λE1 + λE2 , so again by Lemma 3.24
we have λ1 +λ2 ≤ λ+1. It remains to prove λ1, λ2 ≥ 2. Suppose λ1 = 1. Then,
the induced NED E ′1 of H1 has only one x-ear, namely E1 ∩ H1. However, as
H1 contains a substantial block-part B, there must be vertex b in B that is not
a terminal and that is adjacent to a vertex in X. As E ′1 has a unique x-ear,
that vertex b lies in the interior of E1 ∩ H1. Since B is a block-part, there is,
moreover, some ear Ei that is nested on E1 such that b lies in the interior of its
nest interval I(Ei). Note that Ei cannot be an x-ear.

From Lemma 3.16 (i) we get that the interior of I(Ei) must contain all
neighbours of X that are contained in the interior of E1. This, however, is
impossible as E1 ∩H2 is an x-ear, too. We have proved ((ii)).

At last consider the situation in ((iii)). Suppose that E1 ∩ B is an x-ear,
i.e. it contains a neighbour of X in its interior. In particular, it follows that
E1 ∩ B ⊆ B1. Let a, b be the terminals of B. Observe that E contains an ear
F with endvertices a, b that is contained in B2. Then, as B2 is not substantial,
the ear F is not an x-ear. Moreover, F is nested on E1 since E1 passes through
a and b. Note that, since at least one of LB−s and RB− t contains a neighbour
of X and since neither LB nor RB contains a substantial block-part it follows
that the interior of E1 contains a neighbour of X outside B−{a, b}. If we apply
Lemma 3.16 (i) to E1 and F , we obtain, however, a contradiction, since E1 ∩B
is supposed to contain a neighbour of X as well in its interior. Thus E1 ∩ B is
not an x-ear.
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As a consequence, the induced NED of B, of which E1∩B is an ear, contains
at least one x-ear less than E (we lose the first ear as x-ear). With Lemma 3.24,
we obtain λB ≤ λ − 1. As, by assumption, B is substantial, we have, on the
other hand, λB ≥ 1, which implies λ ≥ 2.

3.4.3 Ladders and fans

A well-connected ladder is a subgraph H of G−x that is the union of internally
disjoint non-trivial parts Q1, . . . , Q3k+2, R1, . . . , R3k+2, S1 . . . , S3k+3 such that

• there are distinct vertices s1, . . . , s3k+3, t1, . . . , t3k+3 such that for i =
1, . . . , 3k + 2 the terminals of Qi are si and si+1, the terminals of Ri are
ti and ti+1, and such that for i = 1, . . . , 3k + 3 the terminals of Si are si
and ti;

• there are a ∈ {s1, t1}, b ∈ {s3k+3, t3k+3} and 8k edge-disjoint a–b-paths in
H, there are k edge-disjoint a–x-paths that meet H at most in {s1, t1} and
there are k edge-disjoint b–x-paths that meet H at most in {s3k+3, t3k+3}.

We define a second structure that is very similar. For later use, we keep the
definition a bit more flexible, though.

A fan-graph is a subgraph H of G−x that is the union of internally disjoint
non-trivial parts Q1, . . . , Q`, S1, . . . , S`+1 such that there are distinct vertices
s1, . . . , s`+1, t such that for i = 1, . . . , ` the terminals of Qi are si and si+1, and
such that for i = 1, . . . , ` + 1 the terminals of Si are si and t. The integer ` is
the size of the fan-graph and we call s1, s`+1, t the terminals of the fan-graph.

The fan-graph H is a well-connected fan if the size of H is ` = 3k, and if
there are 6k edge-disjoint s1–s3k+1-paths in H − t, and for each c ∈ {s1, s3k+1}
there are k edge-disjoint c–x-paths in G that are internally disjoint from H.

Lemma 3.26. If G contains a well-connected ladder or a well-connected fan,
then G contains k edge-disjoint K4-subdivisions.

Proof. First assume that G contains a well-connected ladder H consisting of
partsQ1, . . . , Q3k+1, R1, . . . , R3k+1, S1 . . . , S3k+2. Let a ∈ {s1, t1}, b ∈ {s3k+2, t3k+2}
such that H contains 8k edge-disjoint a–b-paths P.

For each i = 0, . . . , k − 1 pick in each of the parts Q3i+2, Q3i+3, R3i+2,
R3i+3, S3i+2, S3i+3, S3i+4 a path between the respective terminals and de-
note their union by Li+1. Choose Li+1 in such a way such that Li+1 con-
tains edges from at most seven distinct paths in P. Then L1, . . . , Lk are pair-
wise edge-disjoint, no Li contains any vertex of s1, t1, s3k+2, t3k+2 as the parts
S1, Q1, R1, S3k+2, Q3k+1, R3k+1 are never used for any Li. Furthermore, in P
there are still at least k paths that are also edge-disjoint from L1, . . . , Lk; denote
these paths by P1, . . . , Pk.

Let L′i be the union of Li with the initial segment of Pi from a to Li and
with the terminal segment from Li to b. In particular, the graphs L′1, . . . , L

′
k

are still pairwise edge-disjoint. By definition of a well-connected ladder, there
are furthermore k edge-disjoint a–x-paths Pa that meet H only in {s1, t1} and
k edge-disjoint b–x-paths Pb that meet H only in {s3k+3, t3k+3}. Hence, no
path in Pa or Pb meets any Li. Note that also no path in Pa may meet any
path in Pb outside x since otherwise G − x would contain a K4-subdivision,
which contradicts (3.11). Thus, each L′i together with a distinct path in Pa
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and a distinct path Pb yields a K4-subdivision, and all of these are pairwise
edge-disjoint.

We omit the proof for well-connected fans as it is very similar.

We will apply the lemma in the proof of Lemma 3.45.

3.4.4 Modules

Let H be a part. A non-empty subgraph M ⊆ H is a module of H if there is
a K4-subdivision K such that M is obtained from K ∩H by deleting isolated
vertices. (Deleting isolated vertices is merely a matter of convenience: it helps
to reduce the number of of possible types of modules.) Although there are
infinitely many possible modules we will prove that they can be classified into
only finitely many types of them, the blueprints. The aim of this subsection is to
define blueprints, to prove that every module has a blueprint and to investigate
how modules of a part H behave in a series or parallel decomposition.

A labelled graph is a graph in which some of the vertices are endowed with a
label from some alphabet Σ (while other vertices remain unlabelled). We only
use the labels s, t and x. We fix a set of labelled graphs that we call basic
blueprints. These are the labelled graphs in Figure 3.3, as well as some more
graphs obtained from them: namely, we also allow to contract any dashed edge
of a graph in Figure 3.3, where we require that the resulting vertex receives the
label of the labelled endvertex of the contracted edge. For instance, the labelled
graph in Figure 3.4 (a) is obtained from (h) in Figure 3.3 by contracting the
unique dashed edge. Moreover, we allow that the labels s and t are exchanged.
That means, for instance, that an edge with endvertices labelled t and x is a
basic blueprint, too.

A blueprint is either a basic blueprint, or it is derived from a basic blueprintB
as follows: for each label α ∈ {s, t} that does not appear in B we may either
label an unlabelled vertex with α, or we may subdivide an edge and label the
resulting subdividing vertex with α, or we may choose to omit α. (That is, if
both labels s and t are missing, we may add one or both of the missing la-
bels.) In this case, we say that α is an accidental label of the blueprint. As an
example, consider Figure 3.4 where we derive four more blueprints from basic
blueprint (a) by introducing an accidental label (t here).

Let H be a part with terminals s, t (where we think of s as the first terminal,
and t as the second terminal, i.e. the order of the terminals matters) and let
B be a blueprint. We say that a subgraph M ⊆ H (that is usually, but not
necessarily, a module) has blueprint B if M is a subdivision of B such that any
branch vertex of M that has label x in B lies in X, and such that a vertex of
M is equal to s (resp. to t) if and only if it is a branch vertex that is labelled
with s (resp. t) in B. If the blueprint B contains s or t as an accidental label,
then M uses s, resp. t, accidentally.

We will show in the next lemma that every module has a blueprint. To
talk more easily about the different kinds of modules, we give names to some
of them. Let M be a subgraph of some part that has blueprint B. If B was
obtained from basic blueprint (a) in Figure 3.3, then M is an appendix. If B
came from (b), then M is a double appendix, if B came from one of (c)–(f),
then M is a comb, and it is a 0-, 1-, 2- or 3-comb depending on the number
of vertices from X it contains. Finally, if B arose from one of (m)–(o), it is a
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Figure 3.3: The basic blueprints. Starred blueprints are exceptional; see discus-
sion before Lemma 3.32.

rooted diamond.

Lemma 3.27. Every module of a part has a blueprint.

Proof. Let M be a module of a part H, and let K be a K4-subdivision such
that M is obtained from H ∩ K by deleting isolated vertices. If s, t are the
terminals of H, then there is a smallest set S ⊆ {s, t} such that S ∪ (H ∩ X)
separates M from x in K. Figure 3.5 shows schematically how M may be
situated with respect to H if x is a branch vertex of K, and Figure 3.6 does the
same if x is a subdividing vertex. In the figures, M and thus H may be either
represented by the gray area, or by everything outside the gray area (except
for the terminals). The different cases arise from the different locations of S
with respect to M , where we have omitted terminals outside S that meet M
from the drawing — their inclusion would multiply the number of configurations
considerably. Moreover, if only one of s, t lies in S then, by symmetry, we assume
that it is s ∈ S. There is a final simplification in the drawings: s, t are always
shown as subdividing vertices in K but they may obviously be branch vertices.
Thus, the figures should be understood so that each terminal might move to the
closest branch vertex. The reader might want to check that we have covered all
possible configurations: here, we note that in Figure 3.6 it is not possible that
s, t separates the two vertices in M ∩ V (X) from the rest of M as this would
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Figure 3.4: We obtain four more blueprints from the basic blueprint (a) by
accidental use of t

contradict Lemma 3.2 (ii).
Now, if S = {s, t} ∩ V (K), then contracting edges in M we arrive at the

basic blueprints as indicated in the figures. If not, then the terminals in ({s, t}∩
V (K)) \ S will appear as accidental terminals.

We also fix an observation that is immediate from the definition of a module:

Lemma 3.28. Let H be a part, let H ′ ⊆ H be a part and let M be a module
of H. If M ′ is obtained from M ∩H ′ by deleting isolated vertices, then M ′ is a
module of H ′.

Lemma 3.29. Let H be a part with terminals s, t, let M be a module of H,
and let P ⊆ M be a path such that no interior vertex lies in {s, t} ∪X or has
degree 3 or larger in M . Let P ′ ⊆ H be a path between the endvertices of P that
is internally disjoint from M −P and also from {s, t}. Then replacing P by P ′

in M results in a module M ′ of H that has the same blueprint as M .

Proof. Let K be a K4-subdivision such that M arises from K ∩H by deleting
isolated vertices. Then, if we replace P by P ′ in K, we obviously obtain a
K4-subdivision K ′. (Here it matters that P ′ is internally disjoint from M − P
and from {s, t}.) As M ′ is equal to K ′ ∩H, up to isolated vertices, we see that
M ′ is a module. That M and M ′ have the same blueprint follows from the fact
that K and K ′ differ only in the interior of a subdivided edge, and only along
a path inside H that avoids its terminals.

Lemma 3.30. Let H1 be a part, let H2 ⊆ H1 be a part with terminals s2, t2,
and let M1 be a module of H1. Let M2 be the module of H2 obtained from
M1∩H2 by deleting isolated vertices, let B2 be the blueprint of M2. Let M ′2 be a
subgraph of H2 that has blueprint B2 (a priori not necessarily a module). Then

(i) M ′1 = M ′2 ∪ (M1 − (H2 − {s2, t2})) has blueprint B1; and

(ii) M ′2 and M ′1 are modules.
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Figure 3.5: Where the blueprints come from if x is a branch vertex. The two
terminals separate G− x into two parts, a gray part and the rest.

Proof. Set H2 := H1 − (H2 − {s2, t2}), where we additionally omit s2t2 from
H2 if it is an edge of H2. For a subdivision M we write U(M) for the set of
branch vertices. If M1 meets s2 but s2 is not already a branch vertex of B1,
then subdivide the corresponding edge of B1, and do the same for t2. In this
way we obtain a new (labelled) graph B′1 of which M1 is a subdivision. Let us
first show that M ′1 is also a subdivision of B′1. Note that, ignoring labels, we
may see B2 as a subgraph of B′1.

For a vertex u of B′1 denote by u∗ the corresponding branch vertex in M1.
As M2 and M ′2 have the same blueprint, there is a bijection ϕ2 : U(M2) →
U(M ′2) such that for every u ∈ V (B2) the vertex ϕ2(u∗) is the branch vertex
corresponding to u in M ′2. We extend ϕ2 via the identity on U(M1 ∩V (H2)) to
an injective function ϕ1 with domain U(M1). We claim that ϕ1(U(M1)) as the
set of branch vertices makes M ′1 a subdivision of B′1.

Consider an edge uv in B′1. Since M1 is a subdivision of B′1 it contains a
subdivided edge between u∗ and v∗, i.e. a u∗–v∗-path P whose internal vertices
all have degree 2 in M1. Moreover, as each vertex in {s2, t2}∩V (M1) is a branch
vertex ofM1, it follows that P ⊆ H2 or P ⊆ H2. In the latter case, it follows that
P ⊆M ′1 as M ′1∩H2 = M1∩H2, and we see that P is a subdivided edge between
ϕ1(u∗) and ϕ1(v∗) in M ′1. If, on the other hand, P ⊆ H2, then P is a subdivided
edge between the two branch vertices u∗ and v∗ of M2. Therefore, M ′2 ⊆ M ′1
contains a ϕ1(u∗)–ϕ1(v∗)-path P ′ whose internal vertices have degree 2 in M ′2
anthen also in M ′1.

As u ∈ X if and only if ϕ2(u) ∈ X for every u ∈ U(M2), and as M1 and



3.4. FEW X-EARS 65

X X

(c) and (l)*(a) and (n)

(c) and (o)* (c) and (j)*

(d) and (i)

(m)

X X
s

X X

s
t

s
t

X X

s
t

X X

s

t

X X

Figure 3.6: Where the blueprints come from if x is a subdividing vertex

M ′1 coincide on H2, it follows that M ′1 contains a terminal of H1 or a vertex
in X if and only if the corresponding vertex in B1 bears the appropriate label.
Therefore, M1 and M ′1 have the same blueprint.

Let K be a K4-subdivision such that M1 is obtained from M1 ∩ H1 by
deleting isolated vertices. Then, replacing M2 with M ′2 in K we obtain another
K4-subdivision K ′ (this can be seen via ϕ2 as above). Moreover, M ′1 is equal to
K ′ ∩H1, up to isolated vertices, and thus M ′1 is a module.

The previous lemmas show that modules are compatible with parts and thus
with series and parallel decomposition. This is summarised as follows

Lemma 3.31. Let H be a part, and let H = H1 ∪ H2 be a series or parallel
decomposition of H into parts. Let M be a module of H and for i = 1, 2, let Mi

be obtained from M ∩Hi by deleting isolated vertices. Then

(i) Mi is either empty or a module of Hi, with blueprint Bi say, for i = 1, 2;
and

(ii) if M ′i has blueprint Bi in Hi for i = 1, 2, then M ′1 ∪M ′2 is a module of H
with the same blueprint as M .

Proof. (i) follows directly from Lemma 3.28. (ii) follows from two applications
of Lemma 3.30 (i).

If M is a module with a blueprint that is derived from basic blueprints (f),
(j), (k), (l) or (o), M is called an exceptional module. A look at the blueprints
shows that

an exceptional module in a part H with terminals s, t contains
two disjoint {s, t}–X-paths.

(3.17)
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In the next two lemmas we make two observations about exceptional and unex-
ceptional modules that will become important much later, in Lemma 3.45.

A module M of a part H is hit by an edge set F ⊆ E(G) if every K4-
subdivision K with E(K ∩H) = E(M) meets F . In particular, if F meets M
then it hits it. There are other ways, however, how F can hit M :

Lemma 3.32. Let H be a part with terminals s, t, and let M be an unexceptional
module of H. Let y ∈ {s, t} be used non-accidentally in M . If F ⊆ E(G) meets
every y–x-path that is internally disjoint from H − {s, t} then F hits M .

Proof. Let K be a K4-subdivision such that M is obtained from K ∩ H by
deleting isolated vertices. By checking the list of blueprints of unexceptional
modules, see in particular Figures 3.5 and 3.6, we see that K − (M − {s, t}) is
connected and contains x.

Lemma 3.33. Let H be a part with terminals s, t and H2 ⊆ H be a part with
terminals s′, t′. Let H1 be a subgraph of H such that H is the edge-disjoint
union of H1 and H2, and H1 ∩H2 = {s′, t′}. If M is an exceptional module in
H, then M ∩H1 is the disjoint union of two {s, t}–{s′, t′}-paths.

Proof. The vertices s′, t′ separate s, t from X in M as H1 does not contain any
vertex of X. Considering Figure 3.3, we see that this immediately implies that
M ∩H1 is the disjoint union of two {s, t}–{s′, t′}-paths, unless the blueprint of
M is derived from (l) or (o). If, in that case, M ∩ H1 is not as desired, then
we find ourselves in the situation as shown in Figure 3.7. Since every part is

s

t

s′

t′

P

H1 H2

(l)

s

t

s′

t′

P

H1 H2

(o)

Figure 3.7: Obtaining an s–t-diamond in the proof of Lemma 3.33.

connected by (3.13), there is an s′–t′-path P in H2. Then, (M ∩ H1) ∪ P is
an s–t-diamond in H −X, which contradicts Lemma 3.2 (ii) because H −X is
series-parallel, by Lemma 3.22.

An edge set F ⊆ E(G) is a hit-or-miss set for H if for any module M of H
that is not hit by F there are k edge-disjoint modules in H that have the same
blueprint as M . Note that a hit-or-miss set for all of G − x is either an edge
hitting set, or indicates that G contains k edge-disjoint K4-subdivisions.

A part H is simple if it is disjoint from X or if it is trivial, i.e. if H − X
consists of a single vertex.

Lemma 3.34. Let H be a simple part, and let M be a module of H. Then M is
either a path between the terminals of H or it is an edge between the terminal of
H and a vertex in X. In particular, H has a hit-or-miss set of size at most k−1.

Proof. If H is disjoint from X, then, by consulting the list of basic blueprints
in Figure 3.3, we see that the only possible modules of H are paths between the
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terminals of H. If it is possible to separate the terminals with at most k − 1
edges, then such an edge set is a hit-or-miss set; otherwise the empty set is a
hit-or-miss set.

If H −X consists of a single vertex s, then H is a star with centre s and all
leaves in X. If H has at least k vertices in X, then the empty set is a hit-or-miss
set; otherwise E(H) is a hit-or-miss set.

Lemma 3.35. Let M be a module of a part H. If H has no substantial block-
part, then M is either a comb, an appendix or a double appendix.

Proof. Any neighbour of X in H is either a cutvertex of H −X, or a terminal
of X. Therefore, there is a sequence B1, . . . , B` of edge-disjoint subgraphs of H
such that H =

⋃`
i=1Bi is an iterated series decomposition of parts, and such

that every Bi is either a block of H (and then disjoint from X), or a star whose
centre is a cutvertex of H −X and whose leaves lie in X. In other words, every
Bi is a simple part. It follows from Lemma 3.34 that each Bi ∩M is a path.
Consequently, M−X is a forest, and a look at the basic blueprints in Figure 3.3
confirms that M must be a comb, an appendix or a double appendix.

3.4.5 Ear induction

We start with a tool with which we can inductively construct hit-or-miss sets.

Lemma 3.36. Let H be a part, and let H = H1 ∪ H2 be a series or parallel
decomposition of H into parts H1 and H2. If F1, F2 are hit-or-miss sets for H1

and H2, respectively, then F1 ∪ F2 is a hit-or-miss set for H.

Proof. Let M be a module of H that is not hit by F1 ∪ F2, that is, there is a
K4-subdivision K with M ⊆ K ⊆ G− (F1 ∪ F2). If M ⊆ Hi for some i = 1, 2,
the fact that the hit-or-miss set Fi for Hi does not hit M implies that there
are k edge-disjoint modules of Hi that have the same blueprint as M . They are
also modules of H of the same blueprint as M .

Therefore we may assume that M contains an edge of both, H1 and H2.
For i = 1, 2, let Mi be obtained from M ∩Hi by deleting isolated vertices. By
Lemma 3.31 (i), Mi is a module of Hi for i = 1, 2. Because Mi ⊆ M ⊆ K ⊆
G − Fi holds, the set Fi does not hit Mi for i = 1, 2. As Fi is a hit-or-miss
set for Hi, there are k edge-disjoint modules M1

i , . . . ,M
k
i in Hi that have the

same blueprint as Mi, for i = 1, 2. By Lemma 3.31 (ii), for every j = 1, . . . , k,
the graph M j = M j

1 ∪M
j
2 is a module that has the same blueprint as M . The

modules M1, . . . ,Mk are edge-disjoint because H1 and H2 are edge-disjoint and
because the smaller modules M j

1 , . . . ,M
j
k are edge-disjoint for j = 1, 2. This

proves that F1 ∪ F2 is a hit-or-miss set for H.

Let H be a part with terminals s 6= t, and let B be a block-part of H. As
defined in Section 3.4.2, we use LB and RB to decompose H = LB ∪ B ∪ RB
twice in series into edge-disjoint parts. Moreover, we say that H has

• type I: if H does not have any substantial block-part;

• type II: if H has at least two substantial block-parts;

• type III: if H has exactly one substantial block-part B that parallel de-
composes into B = B1∪B2 such that B2 is non-substantial, and if at least
one of LB − s,RB − t contains a vertex that is adjacent to X;
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• type IV: if H has exactly one substantial block-part B that parallel de-
composes into two substantial parts B = B1 ∪B2; and

• type V: if H has not type I, II, III or IV.

Note that if the x-ear number λ of H is 0, then H is type I and λ = 1 implies
that H is type I or V. Define

f∗(λ, k) =

{
(λ− 2) · 2000k3 + 1000k3 for λ ≥ 2

6k2 for λ ≤ 1

and
f(λ, k) = f∗(λ, k) + 250k3

The following lemma is the main lemma in this section.

Lemma 3.37. Let H be a part with x-ear number λ. Then there is a hit-or-
miss set F for H such that |F | ≤ f∗(k, λ) if H has type I–IV and such that
|F | ≤ f(k, λ) if H has type V.

Before we prove the lemma, let us first show how we can finish the proof of
Lemma 3.21 with it.

Proof of Lemma 3.21. Let λ be the x-ear number of G. By Lemma 3.37 there is
a hit-or-miss set Y for the part G−x of size at most 2000λk3. If Y meets every
K4-subdivision of G, then we are done. So, let K be a K4-subdivision in G−Y .
Then K−x is a module of G−x (either with blueprint as in Figure 3.3 (g), or a
rooted diamond with blueprint as in (m)) that is not hit by Y . Therefore, there
are k edge-disjoint modules that have the same blueprint as K − x and thus,
as the vertices in X have degree 2, these can be completed to k edge-disjoint
K4-subdivisions.

We start with the proof of Lemma 3.37, the final piece in the proof of the
main theorem. We proceed by induction on λ and treat each type of H in a
separate lemma. In the first lemma we deal with the base case, when the x-ear
number of H is 0.

Lemma 3.38. Let H be a part of type I. Then there is a hit-or-miss set F for
H of size |F | ≤ 6k2.

Proof. Let s, t be the terminals of H. Note that, by Lemma 3.35, any non-
trivial module of H is a comb, an appendix or a double appendix (modules of
blueprints (a)–(f) in Figure 3.3).

Assume first that there is an edge set F1 of size |F1| < k that separates s
from t in H. Then F1 hits any comb of H, as well as any appendix that contains
both terminals (one of them accidentally). Thus, the only modules we still need
to consider are appendices that do not accidentally contain the other terminal
as well as double appendices.

If there is a set of at most k− 1 edges separating s from X in H − F1, then
denote the set by F2; otherwise put F2 = ∅. Define F3 for t in the analogous
way. Then either F = F1 ∪ F2 ∪ F3 hits every s–X-path in H or there are
k edge-disjoint ones, and the same holds for t–X-paths. Assume that there is
an s-appendix M in H (i.e. a K4-subdivision K meets H exactly in an s–X-
path). Then, Lemma 3.30 (ii) shows that every other s–X-path in H (that



3.4. FEW X-EARS 69

does not contain t accidentally) is a module (an s-appendix). Thus, there are k
edge-disjoint s-appendices in H. The same holds for t instead of s.

Consider a double appendix M of H that is not hit by F . By the choice of F ,
there must be k edge-disjoint s–X-paths in H−F1 and also k edge-disjoint t–X-
paths in H −F1, and none of the s–X-paths can meet any of the the t–X-paths
as F1 separates s from t in H. The union of any s–X-path and any t–X-path
is a double appendix by Lemma 3.30 (ii). Hence, H contains k edge-disjoint
double appendices. Thus F is a hit-or-miss set for H of size |F | ≤ 3k.

Second assume that there are k edge-disjoint s–t-paths in H. Recall that
every neighbour of X in H is a cutvertex of H or a terminal and therefore there
is an s–t-path in H that contains every neighbour of X. If H contains at least
3k + 2 neighbours of X, we let F consist of all edges between s and X if there
are at most k − 1 of them and of all t–X-edges if there are at most k − 1 of
them; otherwise we set F = ∅. Then, F has size at most 2k and we claim that
F is a hit-or-miss set in this case.

As H contains 3k neighbours of X which are not adjacent to s or t, the graph
H contains k edge-disjoint subdivisions of the blueprint (f) in Figure 3.3 in which
the terminals each have degree 1 (neither of the dashed edges is contracted) and
by Lemma 3.30 (ii) they are 3-combs if there is any 3-comb in H. Any such
3-comb contains any module of blueprint (a)–(f) where the dashed edges are
not contracted if there is at least one such module in H (again by Lemma 3.30
(ii)).

Any other module in H thus contains an {s, t}–x-edge and is either hit by
F or we find k such edges. Let B be any blueprint of (a)–(f) where (some or
all of) the dashed edges are contracted and such that H contains a module of
blueprint B. Then, any 3-comb together with an s–x-edge and/or a t–x-edge
contains another module of blueprint B.

Therefore, we may assume that H−X has at most 3k+ 1 vertices that have
a neighbour in X ∩ V (H). Let the set of these be v1, . . . , v`, and assume them
to be enumerated in the order they appear on an s–t-path R in H. For each
vi, let Pi be the simple part consisting of vi and its neighbours in X ∩ V (H)
together with the edges between them. For i = 1, . . . , `− 1, let Qi be the union
of all blocks in H − X that share an edge with viRvi+1. Then Qi is a simple

part, too, and H =
⋃`
i=1 Pi ∪

⋃`−1
i=1 Qi is an iterated series decomposition into

simple parts. (Note that G − X is 2-connected, by (3.11).) By Lemma 3.34,
there is a hit-or-miss set of size at most k − 1 in each of these simple parts,
and by Lemma 3.36 their union F is a hit-or-miss set of H, which then has size
|F | ≤ (3k + 1) · 2 · (k − 1) ≤ 6k2.

The proofs for types II and IV need similar calculations that are extracted
in the following lemma.

Lemma 3.39. Let λ1, λ2, λ be non-negative integers. Let λi < λ and either
2 ≤ λi and 2 ≤ λ1 + λ2 ≤ λ + 1, or 1 ≤ λi and 2 ≤ λ1 + λ2 ≤ λ. Then
f(λ1, k) + f(λ2, k) ≤ f∗(λ, k)− 12k2.

Proof. Assume first that λ1, λ2 ≥ 2. Then:

f(λ1, k) + f(λ2, k) ≤ (λ1 − 2)2000k3 + 1250k3 + (λ2 − 2)2000k3 + 1250k3

≤ (λ− 2)2000k3 + 2500k3 − 2000k3 ≤ f∗(λ, k)− 12k2,
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as λ1 + λ2 ≤ λ+ 1.
Second, assume that one of λ1, λ2 is at most one, and that the other is at

least 2. Then, by assumption, 3 ≤ λ1 + λ2 ≤ λ. Thus

f(λ1, k) + f(λ2, k) ≤ f(1, k) + f(λ− 1, k) = 256k2 + (λ− 3)2000k3 + 1250k3

≤ (λ− 2)2000k3 + 1506k3 − 2000k3 ≤ f∗(λ, k)− 12k2

Finally, assume that λ1, λ2 ≤ 1. Then

f(λ1, k) + f(λ2, k) ≤ 256k3 + 256k3 ≤ 1000k3 − 12k2 = f∗(2, k)− 12k2

Note that λ ≥ 2, by assumption.

Lemma 3.40. Let H be a part with x-ear number λ of type II. Then there is a
hit-or-miss set F for H of size |F | ≤ f∗(λ, k).

Proof. As H is of type II, there is a series decomposition H = H1 ∪ H2 such
that each part Hi contains a substantial block-part. If λi is the x-ear number of
Hi, for i = 1, 2, we see with Lemma 3.25 ((ii)) that λ1, λ2 satisfy the conditions
of Lemma 3.39. As λ1, λ2 < λ, we can apply induction in H1 and in H2, and get
hit-or-miss sets F1, F2 for H1, H2 of sizes |F1| ≤ f(λ1, k) and |F2| ≤ f(λ2, k).
Then F = F1 ∪ F2 is a hit-or-miss set for H, by Lemma 3.36, of size

|F | ≤ f(λ1, k) + f(λ2, k) ≤ f∗(λ, k),

by Lemma 3.39.

Lemma 3.41. Let H be a part with x-ear number λ of type III. Then there is
a hit-or-miss set F for H of size |F | ≤ f∗(λ, k).

Proof. Let B the unique substantial block-part of H and let LB , RB be defined
as before. We can apply Lemma 3.25 ((iii)) and get λB ≤ λ − 1 and λ ≥ 2.
Induction yields a hit-or-miss set FB for B of size |FB | ≤ f(λ− 1, k).

As B is the unique substantial block-part, it follows that LB , RB are of
type I. Thus, by Lemma 3.38, we obtain hit-or-miss sets FL, FR for LB , RB
of sizes |FL|, |FR| ≤ 6k2. By Lemma 3.36, the union F = FB ∪ FL ∪ FR is a
hit-or-miss set for H of size f(λ − 1, k) + 2 · 6k2. If λ = 2, then f(λ − 1, k) ≤
256k3 ≤ 1000k3 − 744k3 ≤ f∗(λ, k) − 12k2 and if λ ≥ 3, then f(λ − 1, k) =
2000k3(λ − 3) + 1250k3 ≤ 2000k3(λ − 2) + 1000k3 − 750k3 ≤ f∗(λ, k) − 12k2.
Thus, |F | ≤ f(λ− 1, k) + 2 · 6k2 ≤ f∗(λ, k).

Lemma 3.42. Let H be a part with x-ear number λ of type IV. Then there is
a hit-or-miss set F for H of size |F | ≤ f∗(λ, k).

Proof. Let B be the unique substantial block-part of H. Then LB and RB do
not contain any substantial block-parts. By Lemma 3.38, there are thus hit-or-
miss sets FL and FR for LB and RB such that |FL|, |FR| ≤ 6k2. Below we will
find a hit-or-miss set FB for B of size at most |FB | ≤ f∗(λ, k)− 12k2. Then, by
two applications of Lemma 3.36 we see that FL ∪ FB ∪ FR is a hit-or-miss set
for H of size at most f∗(λ, k).

So, let us construct FB . Denote the x-ear number of B by λB and observe
that λB ≤ λ as B ⊆ H. By assumption, there is a parallel decomposition
B = B1 ∪B2 of B into parts B1 and B2 such that the respective x-ear numbers
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λ1, λ2 are positive. By Lemma 3.25 ((i)), it follows that 2 ≤ λ1 + λ2 ≤ λB ≤ λ.
In particular, we have λ1, λ2 < λ, which means by induction we find a hit-or-
miss set F1 for B1, and a hit-or-miss set F2 for B2 such that |F1| ≤ f(λ1, k)
and |F2| ≤ f(λ2, k). Put FB = F1 ∪ F2, and observe that it is a hit-or-miss set
for H, by Lemma 3.36.

Now, we can apply Lemma 3.39 to λ1, λ2, λ and obtain |FB | ≤ f∗(λ, k) −
12k2.

Unfortunately, the last case, type V, needs a bit more work and we will
need to prove two more lemmas first. The reader might notice that exceptional
modules are excluded within the next two lemmas. The first reason lies in
the difference between exceptional and unexceptional modules that is explained
in Lemma 3.32 and the second reason in the fact, that a hit-or-miss set for
exceptional modules in type V can be easily constructed using Lemma 3.33 and
therefore, we do not have to care about them.

We first define simple pseudo-parts as a generalization of simple parts (com-
pare Lemma 3.34) and then, the next lemma plays the same role for simple
pseudo-parts as Lemma 3.34 does for simple parts. Note that when we speak
about separators {a, b} of G−X in the next definition and Lemma 3.43, neither
{a} nor {b} is a separator of G−X because G−X is 2-connected by (3.11).

Let H be a part, and let F ⊆ E(G) be an edge set. An induced subgraph
H ′ of H is a simple pseudo-part of (H,F ) if H ′ has three terminals, s′, t′ and
w′ such that both {s′, t′} and {w′, t′} are separators of G−X, if H ′ is disjoint
from X and if

(a) either F separates w′ from x in G− E(H ′) and there is an edge set D ⊆
E(H ′) such that an s′–t′-path in H ′ passes through w′ if and only if it is
disjoint from D;

(b) or F separates w′ from s′ in H ′ − t′.

Even though pseudo-parts have three terminals they are quite similar to ordi-
nary parts. The next lemma shows how to construct one part of a hit-or-miss
set in pseudo-parts.

Lemma 3.43. Let H be a part, F an edge set, and let H ′ be a simple pseudo-
part of (H,F ) with terminals s′, t′, w′. Then there is an edge set F ′ of size at
most 2k such that: if M is an unexceptional module of H that contains an edge
of H ′ but is not hit by F ∪ F ′, then

(i) M∩H ′ consists of a path P between two terminals r1, r2 of H ′ plus possibly
the third terminal r3 as isolated vertex; and

(ii) there are k edge-disjoint r1–r2-paths P1, . . . , Pk in H ′ such that r3 ∈ V (P )
if and only if r3 ∈ V (Pi) for all i.

Proof. First note that M ∩H ′ has a unique component that contains an edge.
If there were two of them, one of them would have to be an appendix because
H ′ has only three terminals. This, however, is impossible as H ′ contains no
neighbour of X.

For the purpose of this proof, let us say that H ′ is of x-type if F separates w′

from x in G−E(H ′), and that it is of s′-type if F separates w′ from s′ in H ′−t′.
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Let s, t be the terminals of H. We first show:

If M is an unexceptional module of H that meets E(H ′) and
that is not hit by F , then the unique component P of M ∩ H ′
with an edge is a path between two terminals of H ′.

(3.18)

Let M be such a module. First let M be a rooted diamond (Figure 3.3 (m),
(n)) consisting of two cycles C1, C2 that intersect along a non-trivial path Q
with two disjoint paths Q1, Q2 from C1 −Q, C2 −Q to {s, t} ∪X and suppose
that C1∪C2 ⊆ H ′. We will show that there is qi ∈ V (Qi)∩{s′, t′, w′} for i = 1, 2
such that {q1, q2} is a separator of G−X. As G−X is 2-connected (by (3.11)),
then G − x contains a q1–q2-path that avoids H ′. That, however, will lead to
a contradiction to Lemma 3.2 (i) as follows: any such q1–q2-path together with
M yields a K4-subdivision that is contained in G− x, which is series-parallel.

To find such q1, q2 consider first the case when H ′ is of x-type. Let q1 be the
last vertex on Q1 such that Q1q1 ⊆ H ′ and define q2 in the analogous way for
Q2. Let K be a K4-subdivision such that C1∪C2∪Q1q1∪Q2q2 is obtained from
K ∩H ′ by deleting isolated vertices. As M is a rooted diamond, K contains a
q1–x-path and q2–x-path that are edge-disjoint from H ′. Since F does not hit
M and since thus the ends of Q1, Q2 outside H ′ cannot be separated from x
and since H ′ is of x-type, it follows that {q1, q2} = {s′, t′}, which is a separator
of G − X by assumption. If, on the other hand, H ′ is of s′-type, then, as
F separates w′ from s′, and as both Q1, Q2 contain a vertex with neighbours
outside H ′, it follows that one of Q1, Q2 meets t′, while the other meets w′ or
s′. Since both {s′, t′} and {w′, t′} are separators of G−X we are done with this
case. In particular, if M is a rooted diamond, then M ∩H ′ cannot contain two
cycles.

Second, suppose there is a vertex v in M ∩H ′ that has degree 3 in M and
at least degree 2 in H ′. If M is not a rooted diamond then it contains three
internally disjoint paths from v to three vertices in {s, t} ∪ X such that none
of these is separated by F from x in G − E(H ′). In particular, there are also
three internally disjoint paths from v to {s′, t′, w′} since H ′ is disjoint from X,
which is impossible when H ′ is of s′-type. If H ′ is of x-type, then none of these
paths can end in w′ as F separates w′ from x in G− E(H ′), which means this
is impossible as well. If M , on the other hand, is a rooted diamond, then, as
M ∩H ′ cannot contain two cycles, there are still three internally disjoint paths
from v to s′, t′, w′, and each of these cannot be separated from x by F . Again,
this is impossible.

Therefore, the unique component P of M ∩ H ′ that contains an edge is
either a path or a cycle. If P is a cycle, however, then we see by inspecting
the blueprints that P must contain a vertex that has degree 3 in M , which we
already had excluded. Thus we have shown (3.18).

Now let us define F ′. First assume that H ′ is of x-type. In particular, for
any module M as in (3.18) the path P is an s′–t′-path that may pass through
w′. Indeed, P cannot start or end in w′ as F separates w′ from x in G−E(H ′).
If it is possible to separate s′ from t′ in H ′ − w′ by at most k edges, then let
F1 be such an edge set; otherwise set F1 = ∅. If it is possible to separate s′

from t′ in H ′ −D (where D is as in the definition of a simple pseudo-part) by
at most k edges, then let F2 be such an edge set; otherwise put F2 = ∅. Then
F ′ = F1 ∪ F2 is as desired.

Finally, consider the case when H ′ is of s′-type. Again if M is a module as
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in (3.18), then the path P is either an s′–t′-path, a t′–w′-path, or an s′–w′-path
that passes through t′ (note that F does not intersect M). Now, for a ∈ {s′, w′}
if it is possible to separate a from t′ in H ′ − F by at most k edges, then let Fa
be such a set, and otherwise set Fa = ∅. Then F ′ = Fs′ ∪ Fw′ is as desired.

We say that an edge set F fails a module M of a part H if F does not hit M
and if there are no k edge-disjoint modules in H that have the same blueprint
as M . Clearly, a set F that does not fail any module of H is a hit-or-miss set
of H.

Lemma 3.44. Let H be a part, and let F be an edge set such that H is the
edge-disjoint union H = L∪B such that B is a part, and such that L is the edge-
disjoint union of r simple non-trivial parts or simple pseudo-parts of (H,F ). If
F does not fail any exceptional module of H and if B has a hit-or-miss set FB,
then there is a hit-or-miss set for H of size at most |F ∪ FB |+ 2rk.

Proof. Put P0 = B, Y0 = FB and let P1, . . . , Pr be an enumeration of the
simple parts and pseudo-parts that make up L. We apply Lemma 3.34 to
every simple part in P1, . . . , Pr, and Lemma 3.43 to every simple pseudo-part
in P1, . . . , Pr. This results in r edge sets Y1, . . . , Yr, each of size at most 2k.
We set Y = F ∪ Y1 ∪ . . . ∪ Yr ∪ FB and observe that |Y | ≤ |F ∪ FB | + 2rk.
Let us check that Y does not fail any module M of H. We may assume that
M is unexceptional and does not meet Y as then Y does not fail M (note that
F ⊆ Y ).

Inductively, we define for j = −1, 0, . . . , r modules M j
1 , . . . ,M

j
k of H such

that all have the same blueprint as M and such that M j
1 , . . . ,M

j
k are edge-

disjoint on
⋃j
s=0 Pj , and such that M j

i ∩ Ps = M ∩ Ps for i = 1, . . . , k and
s = j + 1, . . . , r. Note that Mr

1 , . . . ,M
r
k will then be k edge-disjoint modules of

H of the same blueprint as M , which means that Y does not fail M .
To start the induction, we set M j

1 , . . . ,M
j
k := M for j = −1. Assume now

that j ∈ {0, . . . , r} and that we have achieved the construction for smaller j.
Consider M j−1

1 ∩Pj = . . . = M j−1
k ∩Pj = M ∩Pj . If M ∩Pj is edgeless, then we

may simply put M j
i = M j−1

i for i = 1, . . . , k. Thus, assume M ∩ Pj to contain
an edge.

If Pj is a part then, after deletion of isolated vertices, M ∩ Pj is a module
of Pj with blueprint B′, by Lemma 3.28. Moreover, as Yj is a hit-or-miss set
there are k edge-disjoint modules N1, . . . , Nk of Pj with blueprint B′. With

Lemma 3.30 we may, for i = 1, . . . , k replace M j−1
i ∩ Pj by Ni and thus obtain

modules M j
1 , . . . ,M

j
k as desired.

If, on the other hand, Pj is a simple pseudo-part of (H,F ) then, by Lemma 3.43,
M ∩ Pj is a path between two terminals of Pj , and there are k edge-disjoint
paths R1, . . . , Rk in Pj that meet the terminals of Pj in the same way as M∩Pj .
With Lemma 3.29 we may, for i = 1, . . . , k replace M j−1

i ∩ Pj by Ri and thus

obtain modules M j
1 , . . . ,M

j
k as desired.

Lemma 3.45. Let H be a part with x-ear number λ of type V. Then there is a
hit-or-miss set F for H of size |F | ≤ f(λ, k).

Proof. Let s0, t0 be the terminals of H. The terminals might be neighbours
of vertices in X within H. To exclude this case, we consider the simple parts
induced by {s0}∪(N(s0)∩X) and by {t0}∪(N(t0)∩X). By Lemma 3.34, these
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have hit-or-miss sets of size at most k each. Since they together with a hit-or-
miss set for H − (N(s0, t0) ∩X) form a hit-or-miss set for H by Lemma 3.36,
we may from now on assume that

neither s0 nor t0 has a neighbour in X within H, (3.19)

provided we find a hit-or-miss set for H that has size at most f(λ, k) − 2k.
(Which we will obviously do.)

Next, we will show that H has a ladder-like structure (later we will apply
Lemma 3.26). Let ` be maximal such that there are internally disjoint parts
Q0, . . . , Q`, R0, . . . , R`, S1 . . . , S` and B∗ such that

• there are vertices s1, . . . , s`+1 such that consecutive vertices si might co-
incide and vertices t1, . . . , t`+1 such that consecutive vertices ti might co-
incide and such that si 6= tj for all i, j ∈ {1, . . . , `+ 1};

• for i = 0, . . . , ` the terminals of Qi are si and si+1, the terminals of Ri
are ti and ti+1, and such that for i = 1, . . . , ` + 1 the terminals of Si are
si and ti, and such that the part B∗ has terminals s`+1 and t`+1;

• the parts S1 . . . , S` are non-trivial (but not necessarily the other parts);

• setting L =
⋃`
i=0Qi ∪Ri ∪

⋃`
i=1 Si we have H = L ∪B∗; and

• L is disjoint from X (what makes every Qi, Ri, Si a simple part).

First note that there is indeed such an ` to begin with as we can always choose
` = 0, Q0 = {s0}, R0 = {t0}, s1 = s0, t1 = t0 and B∗ = H.

We claim that
B∗ has one of the types I–IV. (3.20)

Suppose that B∗ has type V. As B is neither of type I, nor of type II, it has
a unique substantial block-part B, with terminals s`+2, t`+2. In particular, B∗

decomposes into parts Q`+1, B,R`+1 such that Q`+1 has terminals s`+1 and
s`+2, and the part R`+1 has terminals t`+1 and t`+2. Moreover, since B∗ is not
of type IV the block-part B has a parallel decomposition B = S`+1 ∪ B′ into
parts S`+1 and B′ such that S`+1 is not substantial. Moreover, as B∗ is not of
type III, neither of Q`+1, R`+1 can have a vertex in N(X). Then, however, the
new sequence of parts satisfies all the required conditions, but is longer. This
contradicts the maximality of ` and proves (3.20).

To save a bit on indices, we put s = s0, t = t0, s′ = s`+1 and t′ = t`+1.
By considering the different possible modules for H and by recalling that L is
disjoint from X, we can see (by consulting Figure 3.3) that each module M of
H falls into one of the following categories:

(a) M is an s–t-path;

(b) M ∩ L is an s′–t′-path;

(c) M is exceptional;

(d) M ⊆ B∗; and

(e) M is neither of (a)–(d), and then contains a {s, t}–{s′, t′}-path.
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By Lemmas 3.38–3.41 and (3.20), there is a hit-or-miss set F∗ for B∗ of size
at most |F∗| ≤ f∗(λ, k). Moreover, let F ′ be an edge set of size at most 4k such
that F ′ separates s from t in H if s, t can be separated by at most k edges, such
that F ′ separates s′ from t′ in L if s′, t′ can be separated by at most k edges,
such that F ′ separates s from s′ in

⋃`
i=1Qi if that is possible with at most k

edges, and such that that F ′ separates t from t′ in
⋃`
i=1Ri if that is possible

with at most k edges. Put F1 = F∗ ∪ F ′ and observe that |F1| ≤ f∗(λ, k) + 4k.
We claim that:

if F1 fails a module M of H, then it is as in (e). In particular,
M is unexceptional.

(3.21)

Indeed, if M is as in (a), i.e. if M is an s–t-path, then if F1 fails M there must
be, by choice of F ′, k edge-disjoint s–t-paths in H which contradicts the fact
that F1 fails M . If M is as in (d), i.e. if M ⊆ B∗, then F1 does not fail M as
F∗ ⊆ F1 is a hit-or-miss set for B∗.

Thus, assume that M is as in (b) or (c). In both cases, M ∩B∗ is a module
of the block-part B∗, by Lemma 3.28. As F∗ is a hit-or-miss set for B∗, if F1

does not hit M , then there must be k edge-disjoint modules M∗1 , . . . ,M
∗
k of the

block-part B∗ that have the same blueprint as M ∩B∗. If M is as in (b), i.e. if
M∩L is an s′–t′-path, then, by choice of F ′, there are k edge-disjoint s′–t′-paths
P1, . . . , Pk in L. It now follows from Lemma 3.30 that M∗1 ∪ P1, . . . ,M

∗
k ∪ Pk

are edge-disjoint modules of H of the same blueprint as M and thus, F1 does
not fail M .

If M is as in (c), that is, if M is exceptional, then L in the role of H1 and
B∗ in the role of H2 satisfy the conditions of Lemma 3.33. Its application shows
that M∩L is the union of two disjoint {s, t}–{s′, t′}-path. As L does not contain
the disjoint union of an s–t′-path and an s′–t-paths, we see that M ∩ L is the
disjoint union of an s–s′-path and an t–t′-path. The rest of the argument is
similar to case (b). Hence, we have shown that F1 does not fail any module of
types (a), (b), (c) or (d). This proves (3.21).

Next let F ′′ be the edge set consisting, for each a ∈ {s, t} and b ∈ {s′, t′},
of at most 8k edges separating a from b in L, if possible, and of at most k
edges meeting every a–x-path that is disjoint from V (L) − {s, t}, if possible,
and of at most k edges separating b from x in B∗, if possible. Then we have
|F ′′| ≤ 32k + 2k + 2k = 36k.

Put F2 = F1 ∪ F ′′. Then

|F2| ≤ f∗(λ, k) + 40k. (3.22)

If F2 does not fail any module of H, then we are clearly done. Thus, assume it
fails a module M . By (3.21), M contains an {s, t}–{s′, t′}-path, and therefore,
by definition of F ′′, we see that there is a ∈ {s, t} and b ∈ {s′, t′} such that
there are 8k edge-disjoint a–b-paths in L. Since M is unexceptional, it follows
from Lemma 3.32 that F2 cannot meet every a–x-path that is disjoint from
V (L)− {s, t}. Thus there must exist k edge-disjoint a–x-paths that meet L at
most in {s, t}. As the hit-or-miss set F∗ ⊆ F2 for B∗ does not hit the module
M ∩ B∗ (see Lemma 3.28), it follows that there are k edge-disjoint modules
M∗1 , . . . ,M

∗
k of B∗ of the same blueprint as M ∩B∗. Consulting Figure 3.3 and

Lemma 3.27, we see that every module of H that is not an s–t-path contains a
path between any vertex to some vertex in X. Consequently, each M∗i contains
a b–X-path that is then contained in B∗ (the path may contain both s′, t′).
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Let L∗ be an auxiliary graph defined on {si, ti : i = 1 . . . , `+1} as vertex set
and with {siti : i = 1, . . . , `} as edge set. Assume that L∗ contains a matching
of size 3k + 3. Then L contains 3k + 3 disjoint parts Si. Moreover, by the
previous paragraph, there vertices a, b as in the definition of well-connected
ladders. Hence, we conclude that L contains a well-connected ladder. But then,
Lemma 3.26 implies k edge-disjoint K4-subdivisions which contradicts (3.2).
Hence, by Kőnig’s theorem, the graph L∗ has a vertex cover of size at most
3k + 2 and therefore,

there is a set Z ⊆ {s0, . . . , s`+1, t0, . . . , t`+1} with |Z| ≤ 3k + 2
such that every Si is incident with a vertex in Z.

(3.23)

Consider a vertex z ∈ Z, and assume that z ∈ {t0, . . . , t`+1}. Let i be the
smallest index such that Si has terminals si and z, and let j be the largest index
such that Sj+1 has terminals sj+1 and z. Then the union Wz of Si, . . . , Sj+1

and Qi, . . . , Qj is a fan-graph with terminals z, si, sj+1. In the analogous way,
we get a fan-graph if z ∈ {s0, . . . , s`+1}. Now, the fan-graphs Wz and Wz′ for
two distinct z, z′ ∈ Z might overlap. By shortening fan-graphs, we can find a set
W of such fan-graphs that are pairwise edge-disjoint and that contains all parts
Si of L and such that |W| ≤ |Z|. Moreover, for the set R of non-trivial Qi, Rj
that are not contained in any W ∈ W we get that |R| ≤ 2|Z|. By construction,
it follows that L =

⋃
R∈RR ∪

⋃
W∈WW is an edge-disjoint union.

LetW ′ be the subset ofW of fan-graphs of size at least 3k, and let R′ be the
union of R with all non-trivial Qi, Ri, Si contained in some W ∈ W \W ′. Then
|R′| ≤ (3k + 2)|Z| ≤ 25k2, by (3.23), and we still have that L =

⋃
R∈R′ R ∪⋃

W∈W′W is an edge-disjoint union. Note that |W ′| ≤ |W| ≤ |Z|. For later
use, we state that

|R′|+ |W ′| ≤ 25k2 + 5k ≤ 30k2. (3.24)

Consider W ∈ W ′. By symmetry, we may assume that W consists of
Si, . . . , Sj and Ri, . . . Rj−1, and that each Sr, r = i, . . . , j has terminals sr
and t′ ∈ {t0, . . . , t`+1}. Assume first that there is an edge set FW of size at
most k that separates a c ∈ {si, sj} from x in G − (W − c). We may assume
that c = si. Then W is a simple pseudo-part of (H,FW ) as in (a) of the defi-
nition of simple pseudo-part, with si in the role of w′, sj in the role of s′ and⋃j
r=i+1E(Sr) in the role of D.

If there is no c ∈ {si, sj} that can be separated from x in G − (W − c) by
at most k edges, then, as we are done when G does contains a well-connected
fan, by Lemma 3.26, we may assume that there is a set FW of size at most 6k
such that si is separated from sj in W − t′. Then W is a simple pseudo-part of
(H,FW ) as in (b) of the definition. In both cases, W is a simple pseudo-part of
(H,FW ) with |FW | ≤ 6k.

Put F3 = F2 ∪
⋃
W∈W′ FW and observe with (3.22) and (3.23) that

|F3| ≤ f∗(λ, k) + 40k + |Z| · 6k ≤ f∗(λ, k) + 40k + 30k2 ≤ f∗(λ, k) + 70k2.

Note that because of (3.21) and because L is the edge-disjoint union of the
simple (and non-trivial) parts in R′ with the simple pseudo-parts in W ′ of
(H,F3) we may apply Lemma 3.44 and then obtain a hit-or-miss set F for H
of size at most

|F | ≤ |F3|+ 2k(|R′|+ |W ′|) ≤ f∗(λ, k) + 70k2 + 60k3

≤ f∗(λ, k) + 130k3 ≤ f(λ, k)− 2k,
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where we have used (3.24) in the second inequality.

We now have proved that for all types I-V of H we find a hit-or-miss set of
size f∗(λ, k) resp. f(λ, k) and thus, we have proved Lemma 3.37. This completes
the proof of our main theorem.

3.5 Size of the hitting set

As K4 contains a cycle, the method explained in Section 1.2 shows that a lower
bound on the edge hitting set for K4-subdivisions is Ω(k log k).

The size of the hitting set in Theorem 3.1 is far away from this lower bound.
Let us recall that the power of k in our theorem comes from the following parts:
the single vertex hitting set reduction gives a factor of k log k (the size of a
vertex hitting set according to [2]); the reduction to 2-connected graphs adds
a factor of k3, the case for many x-ears a linear factor k and the case for few
x-ears a factor of k3. Even if we could lower the two k3-terms to k2 or k, the
total power of k would be k4 which is still far away from the best lower bound
that is know so far. As it seems that there is no easy way to optimize the two
mentioned steps in our proof, we made no effort to optimize the size of a hitting
set. To reach the lower bound, a completely different approach seems to be
necessary.
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Chapter 4

The edge-Erdős-Pósa
property

As part of their graph minor project, Robertson and Seymour proved that there
is a weak vertex packing-covering duality for the family FH of all graphs con-
taining a fixed graph H as a minor if and only if H is planar; that is, FH has
the Erdős-Pósa property if and only if H is planar. In this chapter we show
that for the analogous question for edge-disjoint H-expansions the general pic-
ture is significantly different. While exactly as in the vertex version, expansions
of a non-planar graph H do not have the edge-Erdős-Pósa property, we show
that there are planar graphs H the expansions of which also do not have the
edge-property, and that this graph H can even be chosen as a tree. To be more
precise, we can show this for all subcubic trees of pathwidth at least 19 or a
ladder of length at least 71.

The content of this chapter is mostly taken from our paper “The edge-Erdős-
Pósa property” [5], which is available as preprint on arXiv.

First, we will discuss approaches to attack the edge-Erdős-Pósa property,
and why these may or may not be successful (Section 4.1). Despite the positive
results for Question 1.3 outlined in the introduction of this thesis and in previous
chapters, we prove that for many planar graphs H the family FH does not
have the edge-Erdős-Pósa property. In particular, our results suggest that a
large pathwidth of H may be already be an obstruction. To be more precise,
among other examples, we provide a negative answer even for all subcubic trees
of pathwidth at least 19 (Section 4.4) and all ladders of length at least 71
(Section 4.3).

To verify that a certain family does not have the Erdős-Pósa property, nor-
mally an obstruction is constructed: a graph (or rather a graph family) that
does not admit two disjoint target graphs but that necessitates an arbitrarily
large vertex set meeting all target subgraphs. Interestingly, these obstructions
all follow a common pattern. They usually consist of a large grid (or wall), with
certain gadgets attached to the boundary of the grid (compare counterexamples
in Sections 5.3 and 5.5). In all cases known to us, it is straightforward to check
that the obstruction works as intended.

One of the key contributions of this chapter is to present an entirely new
type of obstruction (Section 4.2). This type does not contain a large grid or wall,
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and it is technically involved to verify that these graphs are indeed obstructions.

4.1 Potential and successful approaches for the
edge-Erdős-Pósa property

As mentioned in the introduction of thesis, numerous results are known regard-
ing the (vertex-)Erdős-Pósa property. There are several natural ideas how to
(easily) derive the edge-property of a certain family F from the vertex-property
of the same or some other family F ′. However, some of these ideas do not seem
to lead anywhere and it turns out that for many families of graphs conceptually
new ideas are needed to prove that these families have edge-Erdős-Pósa prop-
erty (provided they do). Since the edge-Erdős-Pósa property is not yet well
investigated, we decided to include a short expository section. We present in
the following four potential approaches.

4.1.1 Bounding the maximum degree of G

Suppose F is a family of graphs that has the Erdős-Pósa property. If we re-
strict the ambient graphs G to those of maximum degree at most C for some
constant C, then it is easy to see that F also has the edge-Erdős-Pósa property
in these graphs. Indeed, if G does not contain k edge-disjoint F-graphs, then it
does not contain k vertex-disjoint F-graphs and hence, there is a vertex hitting
set X, bounded in size by some function in k. As an edge hitting set Y we take
all edges that are incident with some vertex of X. Clearly, the set Y meets all
graphs in G isomorphic to graphs in F and |Y | ≤ C|X|.1

Therefore, whenever we want to prove the edge-Erdős-Pósa property for a
family F we may assume that at least one (in fact all) vertices in a vertex hitting
set for F has high degree (cf. Subsection 4.1.4).

4.1.2 Working in the line graph

Another idea is to transfer the investigations from G to its line graph L(G)
and turn the “edge problem” into a “vertex problem”. Consequently, we also
need to translate our target graphs. To this end, for a family F of graphs,
let FL = {L(H) : H ∈ F}. Observe that vertex-disjoint subgraphs in L(G)
correspond to edge-disjoint subgraphs in G and a vertex hitting set for FL in
L(G) corresponds to an edge hitting set for F in G.

Unfortunately, there are few problems we encounter with this approach.
Suppose for an illustrative example F = FC`

for some ` ≥ 5. Then FL = FC`
,

which is as itself a good news because FC`
has the Erdős-Pósa property by

Theorem 1.2. However, not every cycle in L(G) stems from a cycle in G, since
the graph L(G)[NG(v)] contains a C` for any vertex v of degree at least ` in G.
It is easy to see that every induced cycle in L(G) exactly corresponds to a cycle
of the same length in G. Hence we introduced the problem that we now seek
induced subgraphs (cycles) in L(G).

1This approach has been successfully applied in [43] for the family of theta-graph expan-
sions as any vertex of sufficiently large degree in a single block of G yields many edge-disjoint
theta-graphs. Hence one can essentially assume that G has bounded maximum degree.
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Moreover, until very recently it was unknown whether the set of induced
cycles of length at least ` has the Erdős-Pósa property. Even worse, Kim and
Kwon showed in [32] that this is not the case for every ` ≥ 5 (see also [54])
although this is the case when the host graphs are restricted to line graphs [7].

In other cases, for example, for H = K4, nothing is known about the Erdős-
Pósa property of induced L(K4)-expansions and therefore, this method is not
very useful in general.

Nevertheless, in some special scenarios this approach is still helpful. Pon-
tecorvi and Wollan [42] considered a modification of the line graph (essentially
every edge is subdivided once and labels are carefully assigned to certain ver-
tices) and proved the edge-Erdős-Pósa property for the family of cycles that
contain at least one vertex of a priorly specified vertex set.

4.1.3 The graph minor toolbox

We first briefly discuss the approach of Robertson and Seymour for connected
graphs. The overall strategy is two distinguish between two cases. If the ambient
graph G has large treewidth, then by the grid minor theorem [47], it contains
a large grid as a minor in which we can find k disjoint expansions of any fixed
planar graph H.

Hence we may assume in the following that G has bounded treewidth and we
may also assume that G does not contain k disjoint H-expansions. Consequently
G contains many small separations arranged in a tree-like structure. Suppose
(A,B) is a separation of size at most g(k) (that is, A,B ⊆ V (G) such that
|A∩B| ≤ g(k) and there is no (A\B)–(B \A)-edge in G), then three situations
are possible: If G[A \B] as well as G[B \A] contain an H-expansion, then both
sides contain at most k−2 disjoint H-expansions and so, we can inductively find
hitting sets for both graphs whose union together with A∩B is a hitting set for
the whole graph. If on the other hand, neither G[A \ B] nor G[B \ B] contain
any H-expansion, then A ∩ B is a hitting set bounded in size by a function
in k. Thus, as the only remaining case, we may assume that for every such
separation (A,B) of size at most g(k), exactly one side contains H-expansions
and the other side does not (we can orientate the separation towards the side
that contains the H-expansion). Using this orientation of all small separations,
we can identify a bag of the tree decomposition in which all H-expansions must
be found. Then, this bag is a hitting set of bounded size.

As a large grid also contains k edge-disjoint H-expansions, this part of the
proof directly carries over to the edge version.

However, in the second part, the small vertex separations provided by a
tree decomposition of small width do not necessarily give rise to small edge
separations and it seems a bit hopeless to satisfactorily repair this approach.

4.1.4 Single vertex hitting set

We already explained this approach in Section 1.3. While the first three ap-
proaches have their disadvantages, the single vertex hitting set trick only causes
the bound on the hitting set to be large. In addition, it can be combined with
the other three approaches if needed.
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A

D

C

B

Figure 4.1: An 4r × 4r grid that neither contains two disjoint (A–B, C–D)-
linkages nor a set of size of most r meeting every (A–B, C–D)-linkage.

4.2 Linkages

When we tried to generalize the approach of Chapter 3 from K4-subdivisions
to H-expansions for any planar graph H, we obtained the problem to prove
that linkages have the edge-Erdős-Pósa property. We show in this section that
linkages do not have the Erdős-Pósa property, and neither do they have the edge
property. The results of this section are the crucial ingredient to find planar
graphs H whose expansions do not have the edge-Erdős-Pósa property.

4.2.1 Vertex-disjoint linkages

For vertex sets A,B,C,D, an (A–B,C–D)-linkage is the disjoint union of an
A–B-path with an C–D-path. Suppose that (A–B,C–D)-linkages have the
Erdős-Pósa property, and suppose that every graph G that does not contain
two (vertex-)disjoint (A–B,C–D)-linkages admits a set of at most r vertices
meeting every (A–B,C–D)-linkage.

Let G be a 4r×4r-grid and let the sets A,B,C,D be chosen as in Figure 4.1.
It is easy to check that no set of at most r vertices intersects every linkage.
Suppose that the graph contains two disjoint (A–B,C–D)-linkages. Then these
two linkages contain two disjoint C–D-paths but at most one of them can contain
a vertex of the rightmost column of the grid. However, every C–D-path that
does not contain a vertex of the rightmost column separates A and B, and
thus meets every A–B-path. Therefore, the graph does not contain two disjoint
linkages, and consequently linkages do not have the Erdős-Pósa property.

4.2.2 Edge-disjoint linkages

Now we consider edge-disjoint linkages. Replacing the grid by a wall in Fig-
ure 4.1 implies that linkages do not have the edge-Erdős-Pósa property. How-
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c

d

a b

Figure 4.2: A condensed wall of size 6.

ever, walls as well as grids have large treewidth and we are mainly interested
in graphs of bounded treewidth. For this reason we replace the wall by a dif-
ferent graph that has even small pathwidth. To simplify a bit, we consider sets
A,B,C,D that each contain only a single vertex. That is, we are interested in
(a–b,c–d)-linkages for vertices a, b, c, d, the disjoint union of an a–b-path with
an c–d-path.

Let r be a positive integer. A condensed wall W of size r is defined as follows
(see Figure 4.2 for an illustration):

• For every j ∈ [r], let P j : uj1, . . . , u
j
2r be a path of length 2r − 1 and for

j ∈ {0} ∪ [r], let zj be a vertex. Moreover, let a, b two further vertices.

• For every i, j ∈ [r], add the edges zj−1uj2i, z
juj2i−1, zi−1zi, auj1 and buj2r.

We define c = z0 and d = zr and refer to

Wj = W [{uj1, . . . , u
j
2rz

j−1, zj}]

as the j-th layer of W . The vertices a, b, c, d are called the terminals of W .
We continue with a few observations about condensed walls. Let W be a

condensed wall of size r. Then it is not difficult to see that W − a − b has
pathwidth (and hence treewidth) at most 3. Therefore, W has pathwidth at
most 5.

Observation 4.1. A condensed wall (of any size) has pathwidth at most 5.

Next, we consider an (a–b, c–d)-linkage in W . Observe that in any (a–b,
c–d)-linkage the a–b-path is of the form aP jb as {a, b, zj} separates c and d and
thus {z0, . . . , zr} is disjoint from the a–b-path. Moreover, given that aP jb is the
a–b-path in an (a–b, c–d)-linkage, then any c–d-path contains the edge zj−1zj ,
which also shows that there do not exist two edge-disjoint linkages.

Observation 4.2. A condensed wall W does not contain two edge-disjoint (a–
b, c–d)-linkages.
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Suppose X is a set of at most r−1 edges in W . Then there exists some j ∈ [r]
such that aP jb and the j-th layer Wj are disjoint from X. Moreover, for all
i ∈ [r], the vertices zi−1 and zi belong to the same component in W −X−aP jb
(even in Wi −X − aP jb). Therefore, W −X contains an (a–b, c–d)-linkage.

Observation 4.3. Suppose W is a condensed wall of size r and let X be a set
of at most r − 1 edges. Then, W −X contains an (a–b, c–d)-linkage.

Observations 4.1, 4.2 and 4.3 immediately imply the following result.

Theorem 4.4. The family of (a–b, c–d)-linkages does not have the edge-Erdős-
Pósa property and it is possible to choose the sequence of counterexample graphs
in such a way that they have pathwidth at most 5.

4.2.3 Planar graphs that do not have the edge-Erdős-Pósa
property

In this section we show that the edge version of Robertson and Seymour’s result
(Theorem 1.2) does not hold in general. The key ingredient will be the condensed
walls of the previous section.

Let H1 be a 10 × 70-grid, H2 be a 20 × 60-grid, H3 be a 30 × 50-grid, and
H4 be a 40×40-grid such that H1, H2, H3, H4 are disjoint. It is easy to see that
for all distinct i, j ∈ [4], the graph Hi does not contain Hj as a minor. Join H1

and H2 by an edge u1u2 (it does not matter which vertices of the grid are used)
and join H3 and H4 by an edge u3u4. Let H be the disjoint union of these two
graphs. Hence H is a planar graph.

Let r ∈ N. For a graph J , the r-inflation ε(J) of J is obtained from J by
replacing every edge uv of J by r internally disjoint paths of length 2 joining
u and v. We refer to u as ε(u) in ε(J). It is easy to see that ε(Hi) does not
contain Hj as a minor for all distinct i, j ∈ [4] and all r.

Next, we construct a sequence of graphs (Gr)r≥2 that verify that H does
not have the edge-Erdős-Pósa property. Take a condensed wall W of size r with
terminals a, b, c, d and add r internally disjoint paths of length 2 between a and
ε(u1), b and ε(u2), c and ε(u3), and d and ε(u4). Let Gr be the resulting graph.
Now we claim that

every H-expansion in Gr contains an (a–b, c–d)-linkage in W . (4.1)

Let us prove (4.1). Let F be an H-expansion in Gr and let γ be the function
that maps every vertex of H to its corresponding branch-set in F and every
edge uv of H to an edge joining the branch-sets of u and v.

Since Hi is 2-connected, there is a block B of Gr such that no branch-set
of γ(Hi) is contained in a block distinct from B. The graph Gr has exactly
nine distinct blocks: W , ε(Hi) for each i ∈ [4], and the block that contains a
and ε(u1), b and ε(u2), c and ε(u3) and d and ε(u4), respectively. By Observa-
tion 4.1, the condensed wall W has treewidth at most 5 and so, γ(Hi) is neither
(essentially) contained in W nor in any block that contains a terminal of W as
all grids Hi have treewidth at least 10. Hence, γ(Hi) is contained (essentially)
in some ε(Hj) and as mentioned above we must have i = j.

As H1 and H2 are connected by an edge, the H-expansion F must contain an
a–b-path and in the same manner, F must contain an c–d-path that is disjoint
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from this a–b-path. These two paths give rise to an (a–b, c–d)-linkage in W in
Gr. This proves (4.1).

Using (4.1) and Observation 4.2, it is obvious that

Gr does not contain two edge-disjoint H-expansions. (4.2)

What about a hitting set for H-expansions? Let X be a set of r−1 edges in Gr.
Then, by Observation 4.3, W −X still contains an (a–b, c–d)-linkage. For every
edge uv in Hi, we added r internally disjoint ε(u)–ε(v)-paths to Gr and thus,
there is at least one ε(u)–ε(v)-path in Gr −X. In the same manner, X cannot
render the connections between the terminals of W and the vertices ε(ui) for
each i ∈ [4]. Thus, G−X still contains an H-expansion and we note that

every edge hitting set for H-expansions in Gr contains at least
r edges.

(4.3)

By (4.2) and (4.3), we obtain the following result.

Theorem 4.5. There are planar (disconnected) graphs H such that FH does
not have the edge-Erdős-Pósa property.

This in particular yields a negative answer to Question 1.3. To the best of
our knowledge this is first example of a family of graphs that has the Erdős-Pósa
property but not the edge-Erdős-Pósa property (excluding graphs with labels).

We wonder which properties one needs to impose on H to answer Ques-
tion 1.3 in the affirmative such H. One can easily modify the arguments above
to rule out connectivity. Simply add a further edge between H2 and H3 and
replace the r-inflations of H2 and H3 by an r-inflation of this new graph. Es-
sentially the same arguments show that FH does not have the edge-Erdős-Pósa
property either.

In the proof above we used large grids to identify particular parts of the
graphs. So how about low treewidth? In Section 4.4, we show that there are
even trees T (graphs with treewidth 1) where FT does not have the edge-Erdős-
Pósa property and in Section 4.3 we prove the same for all ladders of length at
least 71. Ladders have even low pathwidth, namely 2.

4.3 Ladder minors

The basic idea in all previous counterexamples was to choose two edges e1, e2 of
H and to link an inflation of H− e1− e2 to a condensed wall in such a way that
everyH-expansions has to contain a linkage inH that represents the edges e1, e2.
We demonstrate that the same method also works for certain simple graphs such
as ladders. A ladder is a graph L with vertex set V (L) = {ui, vi : i ∈ [`]} and
edge set E(L) = {uiui+1, vivi+1 : i ∈ [` − 1]} ∪ {uivi : i ∈ [`]}. The edges
uivi are called the rungs of the ladder. We define the length of a ladder as the
number of its rungs. We prove the following.

Theorem 4.6. Let H be a ladder of length at least 71. Then, FH does not have
the edge-Erdős-Pósa property.

Before we prove Theorem 4.6, we note a small observation about ladders
that are contained in a condensed wall.
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Lemma 4.7. Let W be a condensed wall of any size and with terminals a, b, c, d.
Then, W − {a, b} does not contain any subdivision of a ladder of length 6.

Proof. Assume for a contradiction that L is a subdivision of a ladder of length at
least 6 in W−{a, b}. As L is 2-connected, L is contained in a block of W−{a, b},
that is, in one layer Wi of H. It is easy to see that Wi does not contain three
disjoint cycles (as every cycle contains zi or zi+1). However, L contains three
disjoint cycles as it has at least six rungs. This is a contradiction.

Proof of Theorem 4.6. We present the proof for the case when the length of
the ladder is exactly 71 as the proof is almost the same when the length is
larger. Before we start let us give a short outline of the proof. For a ladder
L of length 71, we remove a rung at one third of the length and one at two
thirds of the length and split the rest of L into three parts of equal size. We
glue inflations of these three parts to a large condensed wall to form a graph
G. Then, we prove that every subdivision γ(L) of L in G contains an (a–b, c–
d)-linkage in the condensed wall, which by construction and Observation 4.2
proves the theorem. To prove that γ(L) contains a linkage, we count how many
rungs of γ(L) can be contained in the wall and the three inflated parts of L.
This can be used to show that no vertex that has degree 3 in γ(L) is contained
in the condensed wall, which helps to prove that it contains a linkage.

We start now with the proof. Let L be a ladder of length 71, that is, we may
write V (L) = {ui, vi : i ∈ [71]} and E(L) = {uiui+1, vivi+1 : i ∈ [70]} ∪ {uivi :
i ∈ [71]}. Let L′ = L − {u24v24, u48v48} and let A = L′[{ui, vi : i ∈ [24]}],
B = L′[{ui, vi : 24 ≤ i ≤ 48}], C = L′[{ui, vi : 48 ≤ i ≤ 71}]. Let U(L) denote
all vertices w of L with dL(w) = 3, that is, U(L) = {ui, vi : 2 ≤ i ≤ 70}.

Let r ∈ N be given. We construct a graph G as follows and define a map ε
along the way such that ε maps subgraphs of L to subgraphs of G.

• Start with a condensed wall W of size r with terminals a, b, c, d;

• for every vertex w ∈ U(L) \ {u24, v24, u48, v48}, add a new vertex x to G
and set ε(w) = x;

• set ε(u24) = a, ε(v24) = b, ε(u48) = c, ε(v48) = d;

• for every U(L)-path P between two vertices s, t ∈ U(L), create r internally
disjoint ε(s)–ε(t)-paths of length 3. Let ε(P ) be the union of these r paths.

For any subgraph F ⊆ L that is edge-disjoint from {u24, v24, u48, v48}, we write
ε(F ) for the union of ε(P ) over all U(L)-paths P in F . We set T = {a, b, c, d}.

Now we fix a subdivision γ(L) of L in G, where we treat γ as the function
that maps every vertex of L to a vertex of G and every edge st ∈ E(L) to a
γ(s)–γ(t)-path in G. A rung of γ(L) is a path γ(uivi) for some i ∈ [71].

Observe that G−T has four components ε(A)−{a, b}, ε(B)−T , ε(C)−{c, d},
W − T . We first claim that

W − T does not contain 21 rungs of γ(L). (4.4)

To prove (4.4) consider γ(L) − T and let L1, . . . , Lp be the distinct maximal
subladders of γ(L) − T . As |T | = 4, we have p ≤ 5. Note that every rung of
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γ(L) is either met by T or is contained in exactly one Li. Since γ(L) contains
71 rungs and T meets at most four rungs, at least one subladder Li contains
at least 6 rungs. Note that every subladder Li is entirely contained in one
component of G−T . Assume now that W −T contains 21 rungs of γ(L). These
rungs are contained in certain subladders Li and if W − T contains one rung of
Li, it contains Li entirely. Since, W − T does not contain a ladder of length at
least 6, by Lemma 4.7, every Li with Li ⊆W − T contains at most 5 rungs. If
W − T contained 21 rungs of γ(L), it contains at least five subladders Li, that
is, every subladder L1, . . . , Lp. However, we observed that at least one of these
ladders has length at least 6, a contradiction to Lemma 4.7. This proves (4.4).

Next, we claim that

each of ε(A)− {a, b}, ε(B)− T , ε(C)− {c, d} does not contain
24 rungs of γ(L).

(4.5)

Let us first prove (4.5) for ε(A) − {a, b}. All inner rungs of γ(L) (these are
the paths γ(uivi) for 2 ≤ i ≤ 70) are paths between two vertices of degree 3 in
γ(L) and hence degree at least 3 in G. The only such vertices in ε(A) − {a, b}
are those in R = {ε(ui), ε(vi) : 2 ≤ i ≤ 23}. As rungs of γ(L) are disjoint
from each other, no two rungs share a vertex of R and hence, ε(A)− {a, b} can

contain at most |R|2 = 22 inner rungs of γ(L). Additionally, there is one more
possible rung, which is not an inner rung of γ(L) and this proves the statement
for ε(A) − {a, b}. The proofs for ε(B) − T and ε(C) − {c, d} are analogously.
This proves (4.5).

Set M = γ(L)− T , and observe that it splits into at most four components.
We claim that

M has exactly three components that contain a vertex of
γ(U(L)), namely γ(L) ∩ (ε(A)− {a, b}), γ(L) ∩ (ε(B)− T ) and
γ(L) ∩ (ε(C) − {c, d}), and each of these components contains
at least 21 rungs of γ(L).

(4.6)

Let us prove (4.6). As M ⊆ G− T it follows from (4.4) and (4.5) that M does
not contain any component with at least 24 rungs.

Let X ⊆ V (L)∪E(L) be the set of all vertices x and edges e of L such that
either γ(x) is a terminal of W or an internal vertex of γ(e) meets a terminal
of W . Hence |X| ≤ 4. Moreover, as γ(L − X) ⊆ M , we deduce that L − X
contains no component with at least 24 rungs.

Suppose first that M contains four components that each contain a vertex of
γ(U(L)). Then L−X must have four components that each contain a vertex of
U(L). It is not hard to see that this is only possible if there is an i ∈ [67] \ {1}
such that X is contained in L′ = L[{uj , vj : i ≤ j ≤ i+ 3}]. Then, either to the
left of L′ or the right, we find a subladder of L−X that has length at least 30,
which is impossible.

Hence we may assume that M has at most three components that contain
a vertex of γ(U(L)). Suppose there is such a component K of M that does not
contain 21 rungs of γ(L). Then, the other two of these components together
contain at least 71− 20− 4 = 47 rungs and hence, one of them contains at least
24 rungs. This is impossible by (4.4) and (4.5).

Hence M contains three components each containing at least 21 rungs of
γ(L) and the fourth component does not contain a vertex of γ(U(L)). Therefore,
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by (4.4), W−T is none of these three components and hence does not contain any
vertex in γ(U(L)). Thus, the only components of M that can contain a vertex in
γ(U(L)), are γ(L)∩(ε(A)−{a, b}), γ(L)∩(ε(B)−T ) and γ(L)∩(ε(C)−{c, d}).
This proves (4.6).

As γ(U(L)) ∩ V (W − T ) = ∅ by (4.6), the only vertices in G that could
serve as a vertex in γ(U(L)), are the vertices ε(s) for s ∈ U(L). As γ and ε
are injective maps, we have |γ(U(L))| = |ε(U(L))|. Thus, γ(U(L)) ⊆ ε(U(L))
implies that

γ(U(L)) = ε(U(L)). (4.7)

In particular, each of a, b, c, d equals some vertex γ(ui) or γ(vi) for some 2 ≤
i ≤ 70. Without loss of generality, we may assume that a = γ(ui∗) for a certain
2 ≤ i∗ ≤ 70 (otherwise exchange the roles of all ui and vi). We claim that

γ(vi∗) = b and γ(ui∗vi∗) is an a–b-path that is contained in W . (4.8)

To prove (4.8), we consider the properties of the three internally disjoint γ(ui∗)–
γ(vi∗)-paths γ(ui∗vi∗), γ(ui∗ui∗−1vi∗−1vi∗) and γ(ui∗ui∗+1vi∗+1vi∗) and see what
their existence in G implies about the location of γ(vi∗).

The path γ(ui∗vi∗) does not contain a vertex of γ(U(L)) in its interior.
By (4.7), the vertex γ(ui∗) = a is separated from every vertex in γ(U(L)) by
the vertices ε(u23), ε(u25), b, c, d, and therefore the vertex γ(vi∗) must equal one
of these five.

Next, consider the paths γ(uiui−1vi−1vi) and γ(uiui+1vi+1vi). Assume
first that γ(vi∗) = ε(u23). We observe that every a–ε(u23)-path that is edge-
disjoint from ε(u23u24) contains v24 and therefore, the paths γ(uiui−1vi−1vi)
and γ(uiui+1vi+1vi) cannot exist in this case, as they have to be internally
disjoint. Similarly, we can exclude that γ(vi∗) = ε(u25).

Now assume that γ(vi∗) = c. We observe that every a–c-path that contains
an edge of G − (W − T ) contains at least 3 vertices of ε(U(L)) = γ(U(L)) in
its interior (namely a terminal of W − {a, c} and two vertices ε(ui), ε(vi) for
some i ∈ {23, 25, 47, 49}). Since the paths γ(uiui−1vi−1vi) and γ(uiui+1vi+1vi)
contain exactly two vertices of γ(U(L)) in its interior, we observe that γ(vi∗) 6= c.
In the same way, we also prove that γ(vi∗) 6= d.

Therefore we conclude that γ(vi∗) = b. Moreover, we have γ(ui∗vi∗) ⊆ W
because otherwise the path would contain vertices of γ(U(L)) in its interior.
This proves (4.8).

Analogously, we can prove that that {c, d} = {γ(ui′), γ(vi′)} for a certain
2 ≤ i′ ≤ 70 distinct from i∗ and that γ(ui′vi′) ⊆ W . Therefore, γ(L) ∩ W
contains the disjoint union of an a–b-path and a c–d-path, that is, γ(L) contains
an (a–b, c–d)-linkage in W .

By Observation 4.2, W does not contain two edge-disjoint (a–b, c–d)-linkages
and therefore, G does not contain two edge-disjoint L-subdivisions. By construc-
tion, no set of at most r − 1 edges meets every L-subdivision. This shows that
L-subdivisions do not have the edge-Erdős-Pósa property.

We think that with a bit more effort, one can also prove the same for lad-
ders of length 30. Using an argument as in Lemma 4.7, one can prove that a
condensed wall of any size does not contain a ladder of length 18 as a subdivi-
sion. We think that subdivisions of a ladder of length 18 also do not have the
edge-property.
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d e

Figure 4.3: Introducing linked binary trees and levels: The tree contains a B3-
tree with root c, but no e-linked B3-tree. The levels of the labelled vertices are
λ(a) = λ(c) = 0, λ(b) = λ(d) = 1.

4.4 Trees of large pathwidth

We expected the expansions of a fixed tree T to have the edge-Erdős-Pósa
property. When the tree is complex enough, however, they do not:

Theorem 4.8. If T is a subcubic tree of pathwidth at least 19, then the family
of subdivisions of T does not have the edge-Erdős-Pósa property.

We believe that the theorem still holds true for trees of larger maximum de-
gree, if instead of subdivisions we consider expansions of T and if the pathwidth
of T is sufficiently large. However, subdivisions and subcubic trees are a lot
easier to handle.

To prove Theorem 4.8 we construct for any number r (the size of a pos-
sible edge hitting set) a graph G such that G contains no two edge-disjoint
T -subdivisions but every edge hitting set for T -subdivisions contains at least r
edges. The graph G consists of a condensed wall to which inflations of some
parts of the tree T are attached. The crucial idea is to prove that every subdi-
vision of T in G contains a linkage in the condensed wall. By Observations 4.2
and 4.3, this proves the theorem.

To prove the existence of such a linkage, we introduce the notion of the level
of a vertex in a tree. In Lemma 4.16 we prove that a vertex in the inflation of
T in G has the same level as its preimage in T . Using this property, we can
prove in Lemmas 4.18 and 4.21 that a T -subdivision in G has to use almost
everything of the inflations of large subtrees of T .

4.4.1 Binary trees, pathwidth and levels of trees

We define a binary tree of height h ≥ 0 inductively as follows. A binary tree of
height 0 is simply the tree with only one vertex, which is also its root. A binary
tree of height h > 0 arises from the disjoint union of two binary trees T1, T2 of
height h− 1 and a vertex r (its root) that is joint to the roots of T1, T2. A tree
T is called a Bh-tree if it is a subdivision of a binary tree T ′ of height h. The
root of T is the branch vertex that corresponds to the root of T ′. We call a tree
T a v-linked Bh-tree if T = Th ∪P for a Bh-tree Th with root r and a v–r-path
P such that V (P ∩Th) = {r}. Figure 4.3 shows an example of (linked) Bh-trees.
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Robertson and Seymour [46] were the first to prove that a graph of large
pathwidth contains a subdivision of a binary tree with large height. Marshall
and Wood [38] prove an explicit formula if the graph is a tree:

Lemma 4.9 (Marshall, Wood [38], restated). Let T be a tree with at least two
vertices. Then, T contains a Bpw(T )−1-tree.

For the other direction of Lemma 4.9, Robertson and Seymour have a tight
bound:

Lemma 4.10 (Robertson and Seymour [46]). A binary tree of height h has
pathwidth d 12 (h+ 1)e. A Bh-tree has pathwidth d 12 (h+ 1)e.

If G is a graph, we define the level set Lh(G) as follows. A vertex v is in
Lh(G) if there are three v-linked Bh-trees in G that only meet in v and whose
root is not v. For every v ∈ V (G) with dG(v) ≥ 3, we define the level of v as

λG(v) = max{h : v ∈ Lh(G)}.

In Figure 4.3 you find a small example of levels in a tree.
Let T be a tree and h ∈ N such that Lh(T ) 6= ∅ but Lh+1(T ) = ∅. Pick a

vertex r in Lh(T ), and then let ≤T be the usual tree order with root r. That is,
u ≤T v if and only if the unique u–r-path in T contains v, for any two vertices
u, v in T . While the partial order depends on the choice of r, we will never use
it to compare vertices of T that are contained on the path between two vertices
of Lh(T ). Then, however, the actual choice of the root makes no difference. For
every vertex u of T , let Tu = T [{v ∈ V (T ) : v ≤T u}] and note that Tu is a tree.

4.4.2 The counterexample

For the rest of the section let T be a fixed subcubic tree of pathwidth at least 19.
By Lemma 4.9, T contains a subdivision of a binary tree of height 18 and hence
L17(T ) 6= ∅. To simplify notation, we write Li instead of Li(T ). Let U denote
the set of all vertices v ∈ V (T ) with dT (v) = 3.

For a subtree T ′ ⊆ T , we define its weight ω(T ′) by |L10 ∩ V (T ′)|. For later
use we note the following.

Lemma 4.11. The weight of a Bk-tree T ′ ⊆ T is at least 2k−10 − 2.

Proof. We may assume that k ≥ 11, and we may assume T ′ to be a binary tree
of height k as suppressing vertices of degree 2 does not change anything.

Let r be the root of T ′, and consider a vertex w 6= r that has distance at
least 11 from every leaf of T ′. Then, w ∈ L10. The number of such vertices w is

k−11∑
i=1

2i = 2k−10 − 2

Therefore, the weight of T ′ is 2k−10 − 2.

We will decompose T into three parts A,C,D (and two paths connecting
these parts) such that A contains L17 (the “large” part), C is the intermediate
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Figure 4.4: The structure of T

part and D does not contain a large binary tree as a subdivision; compare Figure
4.4. Then, we will construct a counterexample graph G using a condensed wall
W and gluing an inflation of A to the left terminal of W , an inflation of D to
the bottom terminal of W and an inflation of C between the right and the top
terminal of W . Then, using the concepts of the level of a vertex, we will step
by step prove that every T -subdivision in G contains a linkage in W .

Let us first define the decomposition of T into A,B,C. Let S be the set
of ≤T -minimal L15-vertices. Among all vertices in S, let u15 be one such that
ω(Tu15) is minimal. Throughout the entire section, the weight of Tu15 is denoted
as ωmin. As T is subcubic and Tu15

contains a u15-linked B16-tree, the graph
Tu15

− u15 consists of two components each of which contains a B15-tree.
For i = 14, 13, 12 pick a component T ′ of Tui+1

− ui+1 of minimal weight.
Since Tui+1 contains a Bi+2-tree with root ui+1, the tree T ′ contains a Bi+1-
tree and therefore contains at least one vertex in Li. Let ui be the ≤T -minimal
Li-vertex in T ′. Furthermore let Pi be the unique ui+1–ui-path in Tui+1

. From

now on we call the path PM =
⋃15
i=12 Pi the main path of T . Note that Tu12

contains a B13-tree with root u12 but does not contain a B14-tree. Otherwise
one would find a ≤T -smaller vertex in L12 ∩ V (Tu12) than u12.

For i ∈ {12, 15}, let vi be the ≤T -smallest vertex in U with vi >T ui. Note
that the tree Tu15

does not contain a vertex in L17 since this vertex was a
≤T -smaller L15-vertex than u15. The graph obtained from T by removing all
internal vertices and all edges of v15Tu15 has exactly two components: we refer
to the one that contains L17 by A, and the other component is Tu15 . The graph
obtained from Tu15

by removing all internal vertices and all edges of v12Tu12
has exactly two components: We refer to the one that contains a B15-tree by
C, and the other one by D. So, T = A ∪ v15Tu15 ∪ C ∪ v12Tu12 ∪D.

For later use we note some properties of the decomposition of T .

(X1) The root of T lies in L17. In particular, for every v ∈ V (T ) there is a
v-linked B16-tree that meets Tv only in v.

(X2) For k ∈ {12, . . . , 15}, the vertex uk lies in Lk and is ≤T -minimal within
Lk. In particular, Tuk

contains a Bk+1-tree with root uk.

(X3) The interior vertices of v15Tu15 and of v12Tu12 have degree 2, D = Tu12
,

C = Tu15
−D − (v12Tu12 − v12) and A = T − Tu15

− (v15Tu15 − v15)

(X4) PM is the u15–v12-path in T , contains u14 and u13, and v12 >T u12.
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(X5) PM is linearly ordered by ≤T .

(X6) if T1, T2 are the two components of Tu15
− u15 such that T2 contains PM

then ω(T1) ≥ ω(T2).

(X7) u15 ∈ S and mins∈S ω(Ts) = ω(Tu15
) =: ωmin, where S is the set of

vertices that are ≤T -minimal within L15.

Now that we have decomposed T into parts A,C,D and the two paths
v15Tu15 and v12Tu12, we will exploit this decomposition of T to define the
counterexample graph G. Let r ∈ N.2 During this process we define a map ε
which maps vertices of T to vertices of G and edges of T to certain subgraphs
of G. One can think of ε as a “thick” embedding of T as a subdivision into G,
where every U -path in T is replaced by r parallel paths. Let ` = |V (T )| and let
G be first the empty graph.

(C1) Let W be a condensed wall of size r with terminals a, b, c, d; add it to G;

(C2) for every u ∈ U , add a new vertex x to G and set ε(u) = x;

(C3) for every U -path P with endvertices u, v that is distinct from v15Tu15 and
v12Tu12, add r internally disjoint ε(u)–ε(v)-paths Pi of length ` to G and
set ε(P ) = P1 ∪ . . . ∪ Pr;

(C4) for every leaf–U -path P from a leaf v to u ∈ U , add r new vertices
x1, . . . , xr and for every i ∈ [r], create an ε(u)–xi-path Pi of length `
and set ε(P ) = P1 ∪ . . . ∪ Pr;

(C5) let Za be a set of r internally disjoint ε(v15)–a-paths of length `, Zb a set
of r internally disjoint b–ε(u15)-paths of length `, Zc a set of r internally
disjoint c–ε(v12)-paths of length ` and Zd as set of r internally disjoint
d–ε(u12)-paths of length `. Add Za ∪ Zb ∪ Zc ∪ Zd to G.

If R ⊆ V (T ) is a vertex set, we write ε(R) for {ε(v) : v ∈ R} and if T ′ ⊆ T
is a subgraph of T , ε(T ′) is the union of all graphs ε(P ) for all U -paths and
leaf–U -path P in T ′. Figure 4.5 illustrates the structure of G. We often use the
subgraph G′ ⊆ G which is defined as

G′ = W ∪ ε(C) ∪ ε(D) ∪ Zb ∪ Zc ∪ Zd (4.9)

an we note that also G′ = G− (ε(A) ∪ Za − a) holds. Similar as the properties
(X1)–(X7) for the decomposition of T , we list in the following several properties
of the graph G that will be used in the rest of the proof. They follow directly
from the construction of G. The first two properties appear implicitly at many
points in the proof (the reader should memorize them) while the other properties
are referenced explicitly every time they are used (the reader does not need to
memorize them).

(P1) We did not define ε(v15Tu15) and ε(v12Tu12).3 Therefore, ε(Tu) is only
defined when Tu is edge-disjoint from v15Tu15 and v12Tu12.

2The reader may think of r as a very large number as we later show that the size of the
smallest hitting for T -subdivisions is bounded from below by r − 1.

3This is because a linkage in W should replace these paths in a T -subdivision in G
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Figure 4.5: The counterexample graph G

(P2) G = W ∪ ε(A) ∪ ε(C) ∪ ε(D) ∪ Za ∪ Zb ∪ Zc ∪ Zd.

(P3) ε(S) ∩G′ = {ε(u15)}.

(P4) For every path P ⊆ T between a branch vertex s and a branch vertex or
a leaf t, whose internal vertices all have degree 2 in T , the length of the
ε(s)–ε(t)-paths in G are at least as long as P .

(P5) |ε(L10) ∩ V (G′)| = ωmin.

(P6) If dG(x) ≥ 3, then x ∈ ε(U) ∪ V (W ).

In the rest of this subsection we prove some lemmas that follow from the
decomposition of T and the construction of G and are independent from the
T -subdivision we will choose later. To help the reader, we have the following
convention for the rest of this section: We denote by s, t, u, v, w always vertices
in T and x, y are vertices in G. Trees in G are called F (with some index) and
subtrees of T have name T (with some index).
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Let T ∗ be the tree that is obtained from T by suppressing all vertices of
degree 2. The next lemma gives an important local view on the structure of G,
which follows directly from our construction.

Lemma 4.12. Suppose v ∈ V (T ) \ V (PM ) and λT (v) ≥ 1. Suppose that
w1, w2, w3 are the three neighbours of v in T ∗. Let Ki be the component of
T − v that contains wi. Then there are vertices x1, x2, x3 and edge-disjoint
graphs G1, G2, G3, Z1, Z2, Z3 such that the following holds for each i ∈ [3]:

(i) Either xi = ε(wi) or xi is a terminal of W ;

(ii) Zi is a union of r internally disjoint ε(v)–xi-paths;

(iii) Gi contains xi and xi separates Gi from G−Gi in G;

(iv) Gi contains all vertices ε(w) with w ∈ U ∩ V (Ki) and therefore, |ε(L10)∩
V (Gi)| = ω(Ki); and

(v) G = Z1 ∪ Z2 ∪ Z3 ∪G1 ∪G2 ∪G3.

Proof. First note that no wi is a leaf of T because of λT (v) ≥ 1. By (C3) and
(C5), the only edges incident with ε(v) belong to the r internally disjoint ε(v)–
ε(wi)-paths of length ` or to the r internally disjoint paths joining ε(v) and a
terminal of W . We set Zi = ε(vwi) or Zi = Zt for the corresponding terminal t
of W . Then, (i) and (ii) hold.

Furthermore, we see that since v /∈ V (PM ), each of x1, x2, x3 belongs to
a different component of G − ε(v). Let G′i be the component of G − xi that
is disjoint from ε(v) and set Gi = G[V (G′i) ∪ {xi}], which proves (iii). By
our construction, ε(w) ∈ V (Gi) for every w ∈ U ∩ V (Ki), so (iv) holds. The
definition of the six subgraphs implies (v).

Lemma 4.13. If F is an ε(v)-linked Bµ-tree with root x 6= ε(v) such that
F ⊆ ε(Tv) and Tv is disjoint from PM , then there is a vertex r ∈ V (Tv) ∩ U
with ε(r) = x and ε(Tr) contains a Bµ-tree with root ε(r).

Proof. As x is the root of F and F is ε(v)-linked, we have dG(x) ≥ 3. By (P6)
and x ∈ V (ε(Tv)) ⊆ G− ε(PM ), there is a vertex r ∈ U such that ε(r) = x. As
ε(r) ∈ V (ε(Tv)) and ε(r) 6= ε(v), we have r <T v. Now we apply Lemma 4.12
to the vertex r. Therefore, G can be partitioned into edge-disjoint subgraphs
G1, G2, G3, Z1, Z2, Z3 such that Gi ∩ Zi = {xi} for certain vertices x1, x2, x3 ∈
V (G), and Zi is a union of internally disjoint ε(r)–xi-paths, and such that xi
separates Gi from G−Gi. We may assume that ε(v) ∈ V (G1) and therefore the
ε(v)–x-path P in F that is disjoint from the Bµ-tree in F contains x1. Moreover,
this means that Z2 ∪G2 ∪ Z3 ∪G3 = ε(Tr).

The Bµ-tree with root x = ε(r) contains two x-linked Bµ−1-trees F1, F2 that
only meet in x and whose roots are distinct from x. Assume that Fi meets Z1

for some i ∈ [2]. As Fi meets P only in x, we have x1 /∈ V (Fi) and since x1
separates G1 from x, the tree Fi is disjoint from G1. Since x separates Z1 from
Z2 ∪G2 ∪ Z3 ∪G3, we conclude that Fi is entirely contained in Z1. As its root
is not x, we conclude that Fi cannot be a B1-tree and therefore, µ = 1 in this
case. However, ε(Tr) = Z2∪G2∪Z3∪G3 also contains a B1-tree with root ε(r)
and the lemma is proved in this case.
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Hence, we may assume that both trees Fi are contained in Z2 ∪ G2 ∪ Z3 ∪
G3 = ε(Tr) and thus, ε(Tr) contains a Bµ-tree with root ε(r). This proves the
lemma.

Lemma 4.14. Let v ∈ U be a vertex such that Tv is disjoint from PM . If ε(Tv)
contains an ε(v)-linked Bµ-tree then also Tv contains a v-linked Bµ-tree.

Proof. Suppose first that µ ≤ 1. As v ∈ U , Tv contains a B1-tree with root v
(thus it is also v-linked), which proves the lemma in this case.

Assume that the lemma was wrong for µ ≥ 2 and let v be a ≤T -minimal
counterexample, that is, ε(Tv) contains an ε(v)-linked Bµ-tree but Tv does not
contain a v-linked Bµ-tree, and the lemma holds for all vertices u <T v.

Let F ∪ P be a v-linked Bµ-tree in ε(Tv) where F is a Bh-tree with root x
and P is a ε(v)–x-path that meets F only in x. We claim that

x = ε(v), that is, ε(v) is the root of the Bµ-tree F . (4.10)

To prove (4.10), assume that x 6= ε(v). Then, an application of Lemma 4.13
shows that there is a vertex r ∈ U with r <T v such that ε(r) = x and ε(Tr)
contains an Bµ-tree with root ε(r).

As r <T v and v is a ≤T -minimal counterexample, we conclude that Tr
contains an r-linked Bµ-tree T ′. The union of T ′ and the unique v–r-path in
T is a v-linked Bµ-tree in Tv and therefore, v is not a counterexample to the
lemma. This proves (4.10).

By (4.10), ε(v) is the root of a Bµ-tree F in ε(Tv). Thus, F contains two
ε(v)-linked Bµ−1-trees F1 and F2 that only meet in ε(v). For each i ∈ [2], let yi
be the root of Fi. Note that y1, y2 are distinct from ε(v). Then, for every i ∈ [2],
Lemma 4.13 shows that yi = ε(wi) for a vertex wi ∈ U and ε(Twi

) contains a
Bµ−1-tree with root ε(wi).

As v is a ≤T -minimal counterexample, the lemma applies to w1 and w2, and
we conclude that Twi

contains a wi-linked Bµ−1-tree, for each i ∈ [2]. Thus, Tv
contains a v-linked Bµ-tree, which shows that v is not a counterexample to the
lemma. Therefore, there are no counterexamples and the lemma is proved.

Lemma 4.15.

(i) The condensed wall W does not contain any B10-tree.

(ii) Let h ∈ V (W ). Every B15-tree with root h that is contained in G′ contains
a vertex in ε(C).

Proof. (i) As W has pathwidth at most 5, by Observation 4.1, but B10-trees
have pathwidth at least 6, by Lemma 4.10, it follows that W cannot contain
any B10-tree.

(ii) Let F ⊆ G′ be the h-linked B15-tree, and denote by F1, F2 the two
components of F − h that contain each a B14-tree (with a root that is adjacent
to h in F ). If one of F1, F2 is contained in ε(D) then ε(D) contains a ε(u12)-
linked B14-tree. As D = Tu12 by (X3) and as PM is disjoint from Tu12 by (X4)
and (X5), Lemma 4.14 implies that D contains a u12-linked B14-tree. The root
v < u12 of this B14-tree is contained in L13 by (X1), which contradicts the
choice of u12 as minimal L12-vertex (compare (X2)).

Thus, at most of one F1, F2 may meet ε(D); the other, F2 say, is disjoint
from ε(D). By (i), no B10-tree lies completely in W . As F2, as a B14-tree,
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contains more than two disjoint B10-trees, one must be completely contained in
G′ −W − ε(D), and then meets ε(C).

As discussed above we want to prove that G does not contain two edge-
disjoint T -subdivisions. We first prove two lemmas about how levels and paths
translate from T to G. These lemmas are independent from a subdivision of T .
In the next subsection we will fix a certain subdivision of T in G and prove that
it contains a linkage in the condensed wall W . This in turn proves that there
cannot be two edge-disjoint of them.

Lemma 4.16. Suppose v ∈ U and λT (v) ≤ 15. Then λG(ε(v)) = λT (v).

Proof. First, we always have λG(ε(v)) ≥ λT (v), as we can find T as a subdivision
in G such that ε(v) is the corresponding branch vertex of v. If v = r for the
root r ∈ L17 of T , then λT (v) ≥ 17 > 15, which contradicts our choice of v.

Next, we set µ := λT (v) and prove that λG(ε(v)) ≤ µ. Denote by w1, w2 the
≤T -largest two vertices in U with v > w1 and v > w2. By (X1) and µ ≤ 15, it
follows that for one i ∈ [2] the tree Twi

does not contain any wi-linked Bµ+1-tree.
We assume that this is the case for i = 1.

If Tw1
is disjoint from PM then an application of Lemma 4.14 yields λG(ε(v)) ≤

µ. Therefore, we assume from now on that Tw1 intersects PM . By (X2), there
is a u15-linked B16-tree in Tu15 , which means because of µ < 16 that u15 can-
not lie in Tw1

. Then, as Tw1
intersects PM , we see that v ∈ V (PM ), and as a

consequence of (X4) that
v12 ∈ V (Tw1). (4.11)

From (X4) we deduce that Tu12 ⊆ Tw1 , which by (X2) implies that Tw1 contains
a w1-linked B13-tree, i.e. that µ ≥ 13.

As there is no w1-linked Bµ+1-tree in Tw1
it follows that no vertex in Tw1

lies in Lµ. Since v ∈ Lµ ∩ V (PM ) we see with (X5) that v is ≤T -minimal
within Lµ ∩ V (PM ). As µ ∈ {13, 14, 15} it follows from (X2) and (X4) that
v = uµ+1. Then, by (X2), v is ≤T -minimal within Lµ, which in particular
together with (X1) implies that Tw2 cannot contain any w2-linked Bµ+1-tree.

We can now exchange the roles of w1 and w2 and deduce in the same way
that either λG(ε(v)) ≤ µ or that v12 ∈ V (Tw2

). As v12 can lie in only one of
Tw1

and Tw2
, we must have λG(ε(v)) ≤ µ.

4.4.3 L10-vertices of γ(T )

As discussed above we want to show that G neither contains a set of at most
r − 1 vertices that meets all T -subdivisions nor contains two edge-disjoint T -
subdivisions. The first part of the statement follows from our construction
(more details at the end of this section) and the latter is based on the following
statement.

Lemma 4.17. Suppose γ(T ) is a subdivision of T in G. Then, γ(T ) ∩ W
contains an (a–b, c–d)-linkage as a subgraph.

We split the proof of Lemma 4.17 in several smaller pieces. In addition that
we fixed T already before, we now also fix some T -subdivision γ(T ) in G, where
we think of γ as the map that maps every vertex of V (T ) to a vertex γ(t) in G
and every edge st ∈ E(T ) to a γ(s)–γ(t)-path in G such that γ(st) ∩ γ(uv) = ∅
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if {s, t}∩ {u, v} = ∅ and γ(st)∩ γ(uv) = {γ(s)} if the edges st and uv share the
vertex s.

For F ⊆ G, we define ωγ(F ) = γ(L10) ∩ V (F )|. If F is a subgraph of G,
the reader may think of the number |ε(L10) ∩ V (F )| as the capacity of F while
ωγ(F ) = |γ(L10) ∩ V (F )| may be called the utilization of G1. A key step in
the proof of Lemma 4.17 is to show that the utilization and the capacity of any
subgraph of G differ at most by 2.

Lemma 4.18. The set γ(L10)\ε(L10) is contained in W and |γ(L10)\ε(L10)| =
|ε(L10) \ γ(L10)| ≤ 2. In particular, for any subgraph G1 ⊆ G, it holds that

|ε(L10) ∩ V (G1)|+ 2 ≥ |γ(L10) ∩ V (G1)| ≥ |ε(L10) ∩ V (G1)| − 2.

Proof. Since ε as well as γ map injectively a single vertex of T to a single
vertex of G, it holds that |γ(L10)| = |L10| = |ε(L10)| and consequently |γ(L10)\
ε(L10)| = |ε(L10) \ γ(L10)|. We will show now that γ(L10) \ ε(L10) is contained
in W and consists of at most two vertices.

Assume first that there is an x ∈ γ(L10)\(ε(L10)∪V (W )). Since x ∈ γ(L10)
we observe that λG(x) ≥ 10 and dG(x) ≥ 3. As it is not contained in ε(L10) but
has degree at least 3, there is a vertex v ∈ Li \L10 for some i ∈ {0, . . . , 9} with
x = ε(v). As λT (v) ≤ 9 ≤ 14, Lemma 4.16 shows λG(x) = λG(ε(v)) = λT (v) ≤
9, which is a contradiction to λG(x) ≥ 10 and shows that γ(L10) \ ε(L10) ⊆
V (W ).

Assume now that |γ(L10)∩V (W )| ≥ 3. No B10-tree is completely contained
in W , by Lemma 4.15 (i). Hence, for every vertex x ∈ γ(L10) ∩ V (W ), there
are three x-linked B10-trees that only meet in x such that each of these trees
contains a vertex of G −W and therefore contains a distinct terminal of W .
Now, three vertices in γ(L10) ∩ V (W ) give rise to at least five disjoint paths
from γ(L10) ∩ V (W ) to G −W , which contradicts Menger’s theorem because
the four vertices {a, b, c, d} separate γ(L10) ∩ V (W ) from G −W . This proves
the lemma.

The next lemma shows that the capacity of subgraphs has to be utilised in
a certain way.

Lemma 4.19. Let x ∈ V (G) be a cutvertex in G and let G1, G2 ⊆ G with
G1 ∪ G2 = G and V (G1 ∩ G2) = {x}. If |ε(L10) ∩ V (G2)| ≥ 3 and γ(T )
contains a vertex of G1, then γ(T )∩G2 is a tree F that contains x and ωγ(F ) ≥
|ε(L10) ∩ V (G2)| − 2.

Proof. By |ε(L10) ∩ V (G2)| ≥ 3 and Lemma 4.18, |γ(L10) ∩ G2| ≥ 1. As γ(T )
contains vertices in both of G1 and G2 and x separates G1 from G2, we conclude
that γ(T ) contains x and that F = γ(T ) ∩ G2 is a tree (that also contains x).
By Lemma 4.18, we conclude

ωγ(F ) = |γ(L10) ∩ V (G2)| ≥ |ε(L10) ∩ V (G2)| − 2.

Lemma 4.18 helps to prove that γ(T ) contains the terminals a and d:
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Lemma 4.20.

(i) γ(T ) meets ε(A) and ε(D). In particular, γ(T ) contains a and d.

(ii) ω(D) ≥ 6 and ωγ(D) ≥ 4.

Proof. By (X1), (X2) and (X3), both trees A and D contain a B13-tree, and
thus have, by Lemma 4.11, a weight of at least 23 − 2 ≥ 6. Lemma 4.18 implies
that ωγ(ε(A)) ≥ 6 − 2 = 4 and ωγ(ε(D)) ≥ 4. Therefore, γ(T ) meets both of
ε(A) and ε(D).

4.4.4 Embedding outside A

Recall that S ⊆ V (T ) is the set of ≤T -minimal vertices within L15; see (X7). A
crucial step in the proof of Lemma 4.17 is to locate Ts for s ∈ S. The following
lemma provides a handy criterion to exclude parts of G.

Lemma 4.21. Let x, y be cutvertices in G, and let G1, G2, G3 ⊆ G such that
G = G1 ∪G2 ∪G3, G1 ∩G2 = {x}, G1 ∩G3 = ∅ and G2 ∩G3 = {y}, and such
that G2 is the union of internally disjoint x–y-paths. Let v ∈ L13, and assume
that |ε(L10) ∩ V (G3)| ≥ ω(Tv)− 2 and that γ(v) ∈ V (G1). Then, γ(Tv) ⊆ G1.

Proof. As v ∈ L13, it follows that γ(Tv) contains two trees F1, F2 that only meet
in γ(v) and each of which contains a γ(s)-linked B13-tree. Suppose that both
trees F1, F2 meet G2 ∪G3. Since each of them contains at least 23 − 2 vertices
of ε(L10), by Lemma 4.11, and G2 ∩ ε(L10) ⊆ {x, y}, both trees F1, F2 meet
G3 and therefore contain y. This contradicts the fact that F1, F2 only meet in
γ(v) ∈ V (G1).

Hence, at most one tree Fi meets G2 ∪G3. Suppose that F1 meets G2 ∪G3.
Then, x ∈ V (γ(T )) and as x separates G1 from G2 ∪ G3, we have γ(T ) ∩
(G2 ∪ G3) ⊆ F1. We apply Lemma 4.19 to G1, G2 ∪ G3, x and obtain a tree
F = γ(T )∩ (G2 ∪G3) of weight ωγ(F ) ≥ |ε(L10)∩V (G2 ∪G3)| − 2 ≥ ω(T2)− 4
that contains x. Since F = γ(T )∩ (G2 ∪G3) ⊆ F1 it holds ωγ(F1) ≥ ω(T2)− 4.
Recall that F2 contains a B13-tree, so again ωγ(F2) ≥ 23 − 2 = 6. However,
then

ω(Tv) = ωγ(γ(Tv)) = ωγ(F1) + ωγ(F2) ≥ ω(T2)− 4 + 6 > ω(Tv),

which is impossible. Therefore, F1 ∪ F2 does not meet G2 ∪ G3 and hence,
γ(Tv) ⊆ G1.

Lemma 4.22 further elaborates on the location of γ(Ts) for s ∈ S and ω(Ts) ≤
ωmin + 2.

Lemma 4.22. Let s ∈ S and ω(Ts) ≤ ωmin + 2. Then, γ(s) ∈ ε(S) ∪ V (W ).
Moreover, if γ(s) = ε(t) for some t ∈ S \ {u15}, then γ(Ts) ⊆ ε(Tt).

Proof. If γ(s) ∈ V (W ) then there is nothing left to prove. Thus, let γ(s) /∈
V (W ), which implies that there is some s′ ∈ V (T ) with γ(s) = ε(s′) (as γ(s)
has degree 3 in γ(T )).

Next, observe that we must have λG(ε(s′)) = λG(γ(s)) ≥ 15 because s ∈ L15

and γ(s) is the corresponding branch vertex of s in γ(T ). By Lemma 4.16, this
implies that

s′ ∈ L15. (4.12)
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Next, we prove that
s′ ∈ S. (4.13)

Suppose not. Let w1, w2, w3 be the three neighbours of s′ in the tree T ∗ that is
obtained from T by suppressing all vertices of degree 2. We assume w1 >T v,
which implies w2, w3 <T v. From (4.12), we get w1, w2, w3 ∈ U . For i ∈ [3], let
Ki be the component of T − s′ that contains wi.

As w1 >T v, there is, by (X1), a vertex in L15 contained in T − Tv that is
incomparable with v, and then also a vertex s1 ∈ S such that Ts1 ⊆ K1. As s′

is not ≤T -minimal within L15, one of Tw2 and Tw3 contains a vertex from S,
say that s2 ∈ S ∩ V (Tw2). Then

ω(K1), ω(K2) ≥ ωmin, (4.14)

by (X7).
Because of (X2), (X4) and (X5) the vertex u15 is the only vertex in PM

that lies in L15. Since s′ 6= u15 as s′ /∈ S by (X2), we deduce from (4.12)
that s′ /∈ V (PM ). By Lemma 4.12, the graph G can be expressed as the union
G = G1∪G2∪G3∪Z1∪Z2∪Z3 of edge-disjoint graphs Gi, Zi for i ∈ [3] such that
V (Zi ∩Gi) = {xi} for some vertices x1, x2, x3 ∈ V (G) (where either xi = ε(wi)
or xi is a terminal of W ), Zi is the union of internally disjoint xi–ε(s

′)-paths
and xi separates Gi from G − Gi. Moreover, (iv) of Lemma 4.12 shows that
|ε(L10) ∩ V (Gi)| = ω(Ki). As the interior of Zi does not contain any vertex of
ε(L10), every ε(s′)-linked B15-tree contains xi for some i ∈ [3].

Set G(1) = Z2 ∪G2 ∪ Z3 ∪G3, G(2) = Z1 and G(3) = G1, x = ε(s′) = γ(s),
y = x1. Observe that |ε(L10)∩V (G(3))| = ω(K1) ≥ ωmin ≥ ω(Ts)−2, by (4.14),
and that γ(s) ∈ V (G(1)).

We apply Lemma 4.21 toG(1), G(2), G(3), x, y and obtain that γ(Ts) ⊆ G(1) =
G2∪Z2∪G3∪Z3 and therefore, γ(Ts) meets Z1∪G1 only in ε(s′). By exchanging
the roles of w1 and w2, we can prove in the same way that γ(Ts) meets Z2 ∪
G2 only in ε(s′). Therefore, γ(Ts) is contained in Z3 ∪ G3. The tree γ(Ts)
contains two ε(s′)-linked B15-trees that only meet in ε(s′) = γ(s). But as both
of them are contained in Z3 ∪ G3, they have to contain x3 6= ε(s′), which is a
contradiction. This proves (4.13), which then implies that γ(s) ∈ V (ε(S)∪W ).

Finally, we claim that

if t ∈ S \ {u15} and γ(s) = ε(t), then γ(Ts) ⊆ ε(Tt). (4.15)

Let t′ be the ≤T -minimal vertex in U with t′ >T t. Define G(1) = ε(Tt),
G(2) = ε(tT t′), G(3) = G − (G(1) ∪ G(2) − ε(t′)). Observe that ε(Tt) is defined
as Tt is disjoint from PM ; the latter follows from (X2) and (X5).

Since G(1)∪G(2) is disjoint from G′ (as t 6= u15), we have |ε(L10)∩V (G(3))| ≥
ωmin, by (P5). Moreover, G(2) is the union of internally disjoint ε(t′)–ε(t)-paths.
Finally, as ω(Ts) ≤ ωmin + 2 and γ(s) = ε(t) ∈ V (G(1)), we can apply Lemma
4.21 and obtain γ(Ts) ⊆ G(1) = ε(Tt).

For a vertex u ∈ U , we define the signature σ(Tu) ∈ N2 of the tree Tu as
follows: Let v, w be the neighbours of u with v, w ≤T u and suppose ω(Tv) ≥
ω(Tw) Then, σ(Tu) = (ω(Tv), ω(Tw)). We write σ(T1) ≥ σ(T2) if the inequality
holds componentwise.

The next lemma shows that if for some s, t ∈ S the tree Ts is mapped into
ε(Tt), the intended space for Tt, then the signature of Tt is at least as large as
the signature of Ts.
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Lemma 4.23. Let s1, s2 ∈ S, set Q1 = Ts1 and Q2 = Ts2 , and assume that
Q2 ⊆ A. If γ(Q1) ⊆ ε(Q2), then σ(Q2) ≥ σ(Q1).

Proof. By Lemma 4.18, we have ε(A − L10) ∩ γ(L10) = ∅. Therefore, if T1, T2
are two subtrees of T , then we clearly have

T2 ⊆ A, γ(T1) ⊆ ε(T2) =⇒ ω(T1) ≤ ω(T2). (4.16)

For each i ∈ [2], let σ(Qi) = (αi, βi), and let Qi,1 and Qi,2 be the two
subtrees in Qi−si such that ω(Qi,1) = αi and ω(Qi,2) = βi. Note that, because
of si ∈ S each of Qi,1 and Qi,2 contains a B15-tree that is linked to the respective
root.

Assume for a contradiction that (α2, β2) � (α1, β1). Suppose first that
β2 < β1. Since α1 ≥ β1 > β2, neither γ(Q1,1) nor γ(Q1,2) can be contained
in ε(Q2,2), by (4.16). This implies that both trees γ(Q1,1) and γ(Q1,2) contain
edges of ε(Q2,1). As γ(Q1,1) and γ(Q1,2) are disjoint, this is only possible if
the whole tree γ(Q1) is contained in ε(Q2,1). However, this implies that Q2,1

contains a B16-tree, which together with (X1), shows that the root of Q2,1 lies
in L15. This, however, contradicts s2 ∈ S.

Now suppose that β2 ≥ β1 but α2 < α1. So we have α1 > α2 ≥ β2 ≥ β1.
Hence, by (4.16), the tree γ(Q1,1) is neither contained in ε(Q2,1) nor in ε(Q2,2)
and therefore contains edges of both trees ε(Q2,1) and ε(Q2,2). But then, there
is no place for γ(Q1,2) as it is disjoint from γ(Q1,1) but also contained in ε(Q2).
This is the final contradiction.

Recall from (P3) that u15 ∈ S, ω(Tu15
) = ωmin and ε(V (Tu15

)) ⊆ V (G′)
with G′ = G− (ε(A) ∪ Za − {a}). So, ε maps Tu15

to G′, but γ may map it to
some other part of G. Which part of T is then mapped to G′ by γ? The next
lemma shows that this is a ≤T -minimal tree that contains a B16-tree.

Lemma 4.24. There is a vertex s ∈ S such that γ(Ts) ⊆ G′ and σ(Ts) ≥
σ(Tu15).

Proof. Let s1 = u15. Starting from s1, we construct a sequence s1, . . . , sh of
vertices with γ(si) = ε(si+1) for i ∈ [h − 1] and such that for every i ∈ [h] the
following properties hold.

(i) si ∈ S for i ∈ [h];

(ii) ω(Tsi) ≤ ωmin + 2 for i ∈ [h];

(iii) σ(Tsi) ≥ σ(Tu15
);

(iv) γ(si) ∈ ε(A) for i < h and γ(sh) ∈ V (G′).

Then, sh will serve as the vertex s in the statement of the lemma. To find this
sequence, we first check that s1 satisfies all properties (i)–(iv) and prove that
the properties are maintained from each si to its successor. To avoid double
subscripts, we write T (i) instead of Tsi for every i.

By (X7), s1 = u15 ∈ S and ω(T (1)) = ωmin and trivially, σ(T (1)) ≥ σ(Tu15
).

Since ω(T (1)) ≤ ωmin + 2, Lemma 4.22 shows that γ(s1) ∈ V (W ) ∪ ε(S). If
γ(s1) ∈ V (G′), we set h = 1 and stop this process. Hence, we may assume that
γ(s1) ∈ ε(S \ {u15}) ⊆ ε(A) and therefore, s1 satisfies all properties (i)–(iv).
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Now let i ∈ N be a number such that s1, . . . , si are already constructed, each
sj for j ≤ i satisfies (i)–(iv) and γ(si) /∈ V (G′). We prove now that si+1 is well-
defined via γ(si) = ε(si+1) and that it satisfies (i)–(iv), as well. As si ∈ S by (i)
and ω(T (i)) ≤ ωmin + 2 by (ii), Lemma 4.22 implies that γ(si) ∈ V (W ) ∪ ε(S).
Since γ(si) /∈ V (G′), we have si ∈ ε(S \ {u15}). So, the vertex si+1 ∈ S \ {u15}
is well-defined via γ(si) = ε(si+1) and therefore satisfies (i).

Since ω(T (i)) ≤ ωmin + 2, by (ii), Lemma 4.22 implies that γ(T (i)) ⊆
ε(T (i+1)). This in turn implies by Lemma 4.23 that σ(T (i+1)) ≥ σ(T (i)) and
as σ(T (i)) ≥ σ(Tu15

), by (iii), we also have σ(T (i+1)) ≥ σ(Tu15
). Thus, si+1

satisfies (iii).
To prove (ii), assume for a contradiction that ω(T (i+1)) > ωmin + 2. Then

there are three distinct vertices t1, t2, t3 and numbers 1 ≤ j1 ≤ j2 ≤ j3 ≤
h− 1 such that for every i ∈ [3], we have ti ∈ L10 ∩ V (T (ji+1)) but ε(ti) /∈
γ(L10) ∩ V (γ(T (ji))). This implies that ε(ti) /∈ γ(L10) for each i ∈ [3], which
is a contradiction to Lemma 4.18. Hence, ω(T (i+1)) ≤ ωmin + 2, and therefore
si+1 satisfies (ii).

Now, if γ(si+1) ∈ V (G′), set h = i+1 and stop, otherwise we have γ(si+1) ∈
ε(S \ {u15}) ⊆ ε(A) and therefore, si+1 also satisfies (iv).

It is not difficult to see that this process terminates. Indeed, assume for a
contradiction that it does not. Since there are only finitely many vertices in
S, there must be indices 1 ≤ i < j ≤ |S| + 1 such si = sj . Among all such
pairs of indices choose (i, j) such that |j − i| is minimal and subject to that i is
minimal. Then, by this minimality, we have si−1 6= sj−1 but on the other hand
γ(si−1) = ε(si) = ε(sj) = γ(sj−1). This is a contradiction as γ maps V (T )
injectively into V (G).

Therefore, the process terminates with a vertex sh ∈ S such that γ(sh) ∈
V (G′) and σ(T (h)) ≥ σ(Tu15). Set s = sh. Let G1 = G′, G2 = Za, G3 = ε(A),
x = a and y = ε(v15). We have |ε(L10) ∩ V (G3)| ≥ ωmin as ε(A) contains a
tree Ts′ for some s′ ∈ S \ {u15}, and this tree has weight ωmin by (X7). Since
γ(s) ∈ V (G1), Lemma 4.21 implies that γ(Ts) ⊆ G1 = G′. Hence, s satisfies
the statement of the lemma.

4.4.5 Finding a linkage

We finally come to the proof of Lemma 4.17. By Lemma 4.24, there is a vertex
s∗ ∈ S such that γ(Ts∗) ⊆ G′ and σ(Ts∗) ≥ σ(Tu15).

Consider the unique a–γ(s∗)-path P in γ(T ), which exists as a ∈ γ(T ), by
Lemma 4.20. We claim that

if v ∈ V (T ) is such that Tv contains a v-linked B13-tree, if
ε(Tv) ⊆ G′ and if t ∈ V (T ) is such that γ(t) ∈ V (P ) and γ(t)
separates γ(T ) ∩ ε(Tv) from P in γ(T ) then t = s∗.

(4.17)

Suppose that t 6= s∗. As Tv contains a v-linked B13-tree it follows from
Lemma 4.11 that ω(Tv) ≥ 23 − 2 ≥ 6. From Lemma 4.18 we get ωγ(ε(Tv)) ≥
6− 2 = 4, which in particular implies that γ(T ) ∩ ε(Tv) 6= ∅.

The trees γ(Ts∗) and γ(T )∩ε(Tv) are disjoint and both contained inG′. Thus
ωγ(G′) ≥ ω(Ts∗)+ωγ(Tv) ≥ ωmin+4, where we have used (P3). However, (X7)
gives |ε(L10)∩V (G′)| = ωmin, which means that ωγ(G′) ≥ ωmin+ 4 contradicts
Lemma 4.18. This proves (4.17).



102 CHAPTER 4. THE EDGE-ERDŐS-PÓSA PROPERTY

From Lemma 4.22 and (P3) we deduce that γ(s∗) ∈ V (W ∪ ε(u15)). In each
of the two cases γ(s∗) ∈ V (W ) and γ(s∗) = ε(u15) we will prove now that γ(T )
contains an (a–b, c–d)-linkage in W .

Let us first prove that

if γ(s∗) = ε(u15), then W contains an (a–b, c–d)-linkage. (4.18)

In this case, P connects a and ε(u15) ∈ ε(C) (note that u15 ∈ V (C) by (X3))
and therefore contains an W–ε(C)-path contained in Zb or in Zc. Suppose it
is the latter. Then, the path P contains in particular ε(u13). Now, u13 lies
in PM by (X4) and thus has precisely one neighbour v that does not lie in
PM . By (X5), Tv is disjoint from PM , which means that ε(Tv) is defined, and
moreover that ε(Tv) lies in G′. Moreover, as u13 ∈ L13 by (X2), we observe that
Tv contains a v-linked B13-tree. Then, however, ε(u13) separates γ(T ) ∩ ε(Tv)
from P , which contradicts (4.17).

Thus, P contains an W–ε(C)-path contained in Zb. Therefore, P contains
an a–b-path, which is then contained in W . By Lemma 4.20, γ(T ) contains an
u15–d-path Q. If Q and aPb meet then there is a t such that γ(t) ∈ V (aPb)
and such that γ(t) separates d, and then also ε(D) ∩ γ(T ), from P in γ(T ). As
s∗ /∈ V (aPb), this contradicts (4.17); where we have used D = Tu12

by (X3)
and u12 ∈ L12 by (X2). Therefore aPb and Q do not meet, and as Q starts in
ε(u15) it follows that Q must contain c. Then cQd ⊆W , and we have found the
linkage.

Finally, we claim that:

if γ(s∗) ∈ V (W ), then W contains an (a–b, c–d)-linkage. (4.19)

Let T1, T2 be the two components of Tu15
− u15 such that T2 contains PM and

then also D. Then, by (X6), it follows that ω(T1) ≥ ω(T2), which implies that
σ(Tu15) = (ω(T1), ω(T2)) =: (α1, α2).

As s∗ ∈ S ⊆ L15, the two components R1, R2 of Ts∗ − s∗ both contain
B15-trees. Since ε(s∗) ∈ V (W ), it follows from Lemma 4.15 that each of γ(R1)
and γ(R2) contains a vertex of ε(C). In particular, we may assume that γ(R1)
contains b and ε(u15), and that γ(R2) contains c.

The vertex ε(u15) separates ε(T1) from G− ε(T1). Thus, Lemma 4.19 yields
ω(R1) ≥ ωγ(ε(T1))− 2 = α1 − 2.

Suppose that γ(R2) is disjoint from ε(D). Then γ(R2) ⊆W ∪(ε(T2)−ε(D)),
and consequently, by Lemma 4.18,

ω(R2) ≤ 2 + ω(T2)− ω(D) ≤ 2 + α2 − (23 − 2) < α2,

where we have used Lemma 4.20. We obtain that ω(R1) < α1 and ω(R2) <
α1. On the other hand, however, the choice of s∗, see Lemma 4.24, requires
that σ(Ts∗) ≥ σ(Tu15

) = (α1, α2). As σ(Ts∗) = (ω(R1), ω(R2)) or σ(Ts∗) =
(ω(R2), ω(R1)), we obtain a contradiction.

Therefore, γ(R2) must meet ε(D) and thus contain d. The c–d-path Q′

contained in γ(R2) lies in W . Moreover, as γ(R2) is disjoint from P and from
γ(R1) it does not meet the a–b-path P ′ in γ(T ), as the branch vertices contained
in P ′ lie in P ∪ γ(R1). As P ′ thus avoids c it follows that P ′ ⊆ W . The pair
P ′, Q′ is thus the desired linkage.

From (4.18) and (4.19) we directly derive Lemma 4.17.
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4.4.6 Proof of Theorem 4.8

By Lemma 4.17, every T -subdivision inG contains a linkage inW . By Lemma 4.2,
W does not contain two edge-disjoint linkages and therefore, G cannot contain
two edge-disjoint subdivisions of T . However, Lemma 4.3 shows that for every
set X ⊆ E(W ) of size at most r − 1, the graph W −X still contains a linkage.
Every U -path and every U–leaf-path in T was replaced by r parallel paths in G
of large enough length (see (P4)) and thus, in G−X, there is at least one path
left between each pair of branch vertices. Thus, by joining these paths with the
linkage in G −X, we obtain a T -subdivision in G −X. Therefore, G does not
contain an edge set of size at most r − 1 that meets all T -subdivisions.

4.5 Open problems

Similar as Theorem 4.8 we conjecture the following.

Conjecture 4.25. There is number c ∈ N such that for every planar graph H
of treewidth (pathwidth) at least c, the family FH of H-expansions does not have
the edge-Erdős-Pósa property.

We were able to prove that FH does not have the edge-Erdős-Pósa property
if H is large grid which are the prime examples for planar graphs of large
treewidth. Our argument uses an inflation of H ′ which is obtained from H by
removing two certain non-adjacent edges which is glued to a condensed wall
such that the missing edges form a linkage in the wall. We omitted the proof in
this chapter to save space for other topics.

However, the argument for grids cannot be modified to work with graphs H
that contain a large grid as a minor (which is the case for every graph of high
treewidth).

Let us recall for which graphs H, the family FH has the edge-Erdős-Pósa
property: We mentioned cycles of length `, θ-graphs and K4. Arthur Ulmer
proved in his master’s thesis [53] that subdivisions of the house-graph (a C5

with one chord) and of a ladder of length 3 also have the edge-Erdős-Pósa
property. It is very interesting to observe that every one of these graphs (or an
expansion of it) is contained in a condensed wall of large enough size and even
in one layer Gi of it. This leads to the following bold conjecture:

Conjecture 4.26. Let H be a planar graph such that there is a number r such
that the condensed wall of size r contains an H-expansion. Then, FH has the
edge-Erdős-Pósa property.

For all planar graphs H an expansion of which cannot be found in any
condensed wall, one could hope to be able to construct a counterexample for
H-expansions as in the examples above. However, especially in those cases when
H almost fits in the wall, it is unclear if a condensed wall is a strong enough
tool to construct a counterexample.
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Chapter 5

Frames, A-paths and the
Erdős-Pósa property

As mentioned in Section 1.3.2, Simonovits’ shorter proof for the classic theorem
of Erdős and Pósa uses a frame of the graph G, which is the largest subcubic
subgraph of G. If the frame contains many branch vertices, G contains many
disjoint cycles and if the frame contains few branch vertices, it is easy to find
a small hitting set. We mentioned several other articles that used the frame
technique for proofs of Erdős-Pósa type theorems.

In this chapter, we demonstrate that a simple frame argument also works
for Erdős-Pósa type theorems about different variants of A-paths. In this case,
trees with their leaves in A will play the role of a frame. We see the main merit
of this chapter in discussing the frame argument and in showing how it can be
used in a different context. Along the way, we will obtain several new results
including the following: we prove that even A-paths and long A-paths have the
vertex-Erdős-Pósa property. Moreover, we prove that A–B-cycles do not have
the edge-Erdős-Pósa property what seems to be the first example of a class that
has the vertex-property but not the edge-property.

This chapter, including all figures, is taken from our paper “Frames, A-
paths and the Erdős-Pósa property”, which was published in SIAM Journal on
Discrete Mathematics (see [6]).

Gallai discovered that A-paths, paths with first and last vertex but no interior
vertex in A and at least one edge, behave in a quite similar way as the cycles
in Erdős and Pósa’s theorem.

Theorem 5.1 (Gallai [22]). For every positive integer k, every graph G and
every set A ⊆ V (G), the graph G either contains k disjoint A-paths or a vertex
set X of size |X| ≤ 2k − 2 that meets every A-path.

Very general types of A-paths can be realised by labelling the edges of the
graph with elements from an (abelian) group Γ. There are at least two ways to
do that.

In the simpler way, undirected group labellings, every edge e receives a label
γ(e) ∈ Γ. A path P is then said to be non-zero if the sum of its edge labels is
non-zero in Γ. If, for instance, the group Γ is Z2 and every edge receives a label
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of 1, then the non-zero paths are simply the paths of odd length. With respect
to undirected labellings, Wollan [55] proved:

Theorem 5.2 (Wollan [55]). For every graph G, vertex set A ⊆ V (G), abelian
group Γ and undirected Γ-edge labelling of G, there are either k disjoint non-zero
A-paths or a vertex set of size O(k4) that meets every non-zero A-path.

Chudnovsky et al. [12] investigated directed group labellings. In contrast to
undirected labellings, an edge e of a path is counted with weight γ(e) if it is
traversed in direction of a fixed reference orientation, and with weight −γ(e)
otherwise. Chudnovsky et al. prove a result similar to Theorem 5.2 but with
a much smaller hitting set, namely one of size at most 2k − 2, which is clearly
optimal.

Both results have interesting consequences: odd A-paths have the Erdős-
Pósa property (Geelen et al. [23]), and so doA–B–A-paths, i.e.A-paths that each
meet some vertex from a second vertex setB (see also Kakimura, Kawarabayashi,
and Marx [28]).

Other extensions of Gallai’s theorem concern directed A-paths (Kriesell [34])
and edge-disjoint A-paths (Mader [37]).

In this chapter, we apply the frame argument to show that A-paths (Sec-
tion 5.1), long A-paths (Section 5.2), even A-paths (Section 5.3) as well as
certain trees with their leaves in A (Section 5.4) have the Erdős-Pósa prop-
erty. We also discuss types of A-paths that do not have the Erdős-Pósa prop-
erty. These are A-paths with certain, more complicated, modularity constraints
(Section 5.3) as well as directed even A-paths or directed A–B–A-paths (Sec-
tion 5.6). In Section 5.5 we turn to the edge-version of the Erdős-Pósa property.
In particular, we give a simple proof of Mader’s theorem about edge-disjoint A-
paths (but with a worse bound), and we show that neither even A-paths nor
A–B–A-paths have the edge-Erdős-Pósa property. To the best of our knowledge
this is the first example of a class that possesses the vertex-Erdős-Pósa property
but not the edge-Erdős-Pósa property.

Note that the table in the appendix of this thesis helps checking which results
are known and which problems are open.

5.1 Gallai’s theorem

While Gallai’s original proof of his theorem was quite technical, there are very
nice proofs that reduce the problem to matchings and in particular to the Tutte-
Berge formula; see Schrijver [48].

We give an alternative proof of Gallai’s theorem, albeit with a slightly worse
bound on the size of the hitting set. Gallai’s bound of 2k−2, on the other hand,
is optimal as can be seen by considering a complete graph on 2k − 1 vertices,
all in A.

Still, because the proof is quite simple and because it serves as a model for
the other results later, we find it worth the effort. First, we set up the frame,
the structure that captures the essence of the A-paths in the graph. The frame
could not be much simpler: it is a tree with all its leaves in A. The following
easy lemma plays the same role as Lemma 1.6 in Simonovits’ proof.

Lemma 5.3. Every subcubic tree with p leaves contains bp2c disjoint leaf-to-leaf
paths.
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Proof. Let T be a subcubic tree with p leaves. We proceed by induction on the
number of leaves. By contracting the edges incident with vertices of degree 2,
we obtain a new tree whose leaf-to-leaf paths are in direct correspondence to
leaf-to-leaf paths in T . We thus may assume that T contains no vertices of
degree 2.

If T has at most three leaves, the statement is obviously true. Assume T to
have at least four leaves, and pick a root r. Choose a vertex t of degree 3 that is
farthest from r. Then t is adjacent to two leaves `1 and `2 and one non-leaf s (as
T has at least four leaves). We remove the path P = `1t`2 from T and obtain a
new tree T ′. As s has degree 3 in T , this implies that the sets of leaves of T and
of T ′ differ only in `1 and `2. Inductively, we obtain bp−22 c disjoint leaf-to-leaf
paths in T ′ and thus in T . Together with P we find the desired paths.

We prove Gallai’s theorem with a hitting set of size at most 4k.

Proof of Theorem 5.1 with hitting set of size at most 4k. Let F ⊆ G be a forest
maximal under inclusion such that

• F is subcubic with no isolated vertices; and

• every leaf of F lies in A, and every vertex in A ∩ V (F ) is a leaf of F .

Let c be the number of components of F . If F contains 2k+c vertices of A, then
by applying Lemma 5.3 to each component of F we obtain k disjoint leaf-to-leaf
paths in F , each of which is an A-path.

Thus, assume that |A ∩ V (F )| < 2k + c. Let X be the union of A ∩ V (F )
together with all vertices of degree 3 in F . In every subcubic tree, the number
of vertices of degree 3 equals the number of leaves minus 2. Thus

|X| ≤ 2|A ∩ V (F )| − 2c < 4k.

We claim that X meets every A-path in G. Suppose that P is an A-path that
is disjoint from X. It has to intersect F since otherwise F ∪P would contradict
the choice of F . Let P ′ be the initial segment of P that is an A–F -path, and
observe that P ′ has length at least 1 since every vertex in A ∩ V (F ) lies in
X, and that P ′ does not end in a leaf of F since every leaf of F lies in X as
well. Moreover, P ′ does not end in a vertex of degree 3 either, since these also
all lie in X. The path P ′ therefore ends in a vertex of degree 2, which means
that F ∪ P satisfies the same conditions as F and thus contradicts the choice
of F .

5.2 Long A-paths

For a fixed positive integer ` a cycle is long if its length is at least `. Long cycles
have the Erdős-Pósa property [3, 20, 41, 47]. Analogously, we say a path is long
if its length is at least `. Here we give a short proof that long A-paths also have
the Erdős-Pósa property.

Theorem 5.4. For every positive integer k, every graph G and every set A ⊆
V (G), the graph G either contains k disjoint long A-paths or a vertex set X of
size |X| ≤ 4k` that meets every long A-path.
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For the proof we adapt, in a fairly straightforward way, a technique of Fiorini
and Herinckx [20] and combine it with the forest-frames of the previous section.

Proof. Let F ⊆ G be a forest maximal under inclusion such that

• F is subcubic with no isolated vertices;

• every leaf of F lies in A, and every vertex in A ∩ V (F ) is a leaf of F ; and

• every A-path in F is long.

Let c be the number of components of F . If F contains 2k + c vertices of A,
then Lemma 5.3 applied to each component of F yields k disjoint leaf-to-leaf
paths in F , each of which is a long A-path.

Thus, assume that |A ∩ V (F )| < 2k + c. Let U be the set of vertices of
degree 3 in F . We extend U to a vertex set X as follows: for every vertex
v ∈ A ∩ V (F ), we add all vertices in F at distance at most `− 1 from v in F .

To bound |X| from above, assign every vertex of degree 2 and 3 in F at
distance at most ` − 1 to a closest leaf (which is in A by definition) and in
case there are multiple choices decide according to some ordering of A. Observe
that this results in an assignment such that all vertices that are assigned to a
specific leaf induce a subtree of F . Now, let T be such a subtree, and pick a root
r ∈ A ∩ V (T ). By induction on the number m of vertices of degree 3 in T we
prove that |V (T )| ≤ `+(`−1) ·m. If m = 0, we have |V (T )| ≤ `. Otherwise, let
p be a leaf in T distinct from r. The p–r-path P contains a vertex of degree 3
in T . Starting from p, let u be the first vertex of degree 3 in P and let v be
the predecessor of u in P . Deleting pPv yields a subtree where u has no longer
degree 3. Using the induction hypothesis leads to the desired result. Hence

|X| ≤ `|A ∩ V (F )|+ `|U |
= `(|A ∩ V (F )|+ |A ∩ V (F )| − 2c)

< 4k`

where we have also used that the number of leaves minus 2 equals the number
of vertices of degree 3 in every component of F .

Suppose that there is a long A-path P that is disjoint from X. By the
maximal choice of F , the path P meets F . Let P ′ be the initial segment of P
that is an A–F -path. Note that P ′ ends in a vertex that has degree 2 in F , as
(V (F )∩A)∪U ⊆ X. Finally, let Q be an A-path contained in F ∪P ′ that starts
in the A-vertex of P ′ and ends in a ∈ A∩V (F ). Since X contains all vertices of
F at distance at most `− 1 in F to a, it follows that Q is a long A-path. Thus
F ∪ P ′ contradicts the choice of F .

How tight is the bound on the hitting set? The bound is likely not optimal,
but has the right order of magnitude. To obtain a lower bound, take k−1 disjoint
copies of a complete graph on 2`−3 vertices whose vertices are matched to 2`−3
vertices in A; see Figure 5.1 for an example with ` = 4 and k = 5. Then in
each component of the graph, there are no two disjoint long A-paths. A hitting
set for long A-paths, on the other hand, contains at least ` − 1 vertices from
each component. Thus, there are no k disjoint long A-paths in the whole graph,
while the smallest hitting set has size (k − 1)(` − 1). We believe that in every
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×(k − 1)

Figure 5.1: Example for long A-paths, with vertices in A in grey and ` = 4; at
most k − 1 disjoint long A-paths, yet every hitting set needs to contain ` − 1
vertices from each component

graph there should be a hitting set of size at most k`. Our hitting set size of
4k` is only a bit off from that.

The construction is quite similar to one proposed by Fiorini and Herinckx [20]
for long cycles.

5.3 Even A-paths

The results of Chudnovsky et al. or of Wollan (Theorem 5.2) discussed in the
introduction imply in particular that odd A-paths have the Erdős-Pósa prop-
erty. What about even A-paths? For cycles, there is a difference between even
and odd cycles. The former have the Erdős-Pósa property, the latter do not.
Interestingly, parity makes no difference for A-paths. Again, we apply the frame
argument in the proof of the theorem.

Theorem 5.5. For every positive integer k, every graph G and every set A ⊆
V (G), the graph G either contains k disjoint even A-paths or a vertex set X of
size |X| ≤ 10k that meets every even A-path.

Proof. Let F ⊆ G be a forest maximal under inclusion such that

• F is subcubic with no isolated vertices;

• every leaf of F lies in A, and every vertex in A ∩ V (F ) is a leaf of F ; and

• each component of F contains an even A-path.

Let c be the number of components of F . First assume that |A ∩ V (F )| ≥
4k + 2c. If F has at least k components then, as each component contains an
even A-path, there are k disjoint even A-paths. Thus, c < k.

Consider a component T of F . Then T is a tree, and its vertices split into
two bipartition classes. The bipartition of T also partitions A ∩ V (T ); let AT
be the one class of A ∩ V (T ) that is not smaller than the other one. (If both
are equal sized, pick one.)

Each vertex in A ∩ V (T ) is a leaf of T . Delete the ones in A \ AT and
iteratively their neighbours until the resulting tree T ′ has all its leaves in AT
(while keeping AT ⊆ V (T )).

An application of Lemma 5.3 yields⌊
|AT |

2

⌋
≥
⌊
d|A ∩ V (T )|/2e

2

⌋
≥ |A ∩ V (T )|

4
− 1

2
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disjoint AT -paths in T , and thus as many disjoint even A-paths.
Summing over all components we find at least∑

T

|A ∩ V (T )|
4

− 1

2
=
|A ∩ V (F )|

4
− c

2
≥ k

disjoint even A-paths.
Second assume that |A∩V (F )| < 4k+ 2c. Let X be the union of |A∩V (F )|

together with the set of vertices of degree 3 in F . Since the number of leaves
minus 2 equals the number of vertices of degree 3 in a non-trivial subcubic tree
it follows that

|X| ≤ 2|A ∩ V (F )| − 2c ≤ 8k + 2c ≤ 10k,

where we used that c < k.
We claim that X is a hitting set for even A-paths. Suppose that X fails to

meet some even A-path P . Then, P cannot be disjoint from F as otherwise
F ∪P would be better choice for F . Thus, P meets F . Let u be the first vertex
of P in F (considered from some endvertex v of P ). By definition of X, it
follows that u /∈ A and that u does not have degree 3 in F . Therefore, u has
degree 2 in F , and again F ∪ vPu contradicts the maximal choice of F .

By combining the proof techniques of Theorems 5.4 and 5.5, one may readily
deduce that also long even A-paths have the Erdős-Pósa property.

What can we say about the size of the hitting set? While the bound in the
theorem is not optimal, it turns out that the hitting set sometimes needs to be
larger than 2k − 2, the optimal bound for A-paths without parity constraints.
To see this we can use the construction for long A-paths, where we set ` to 4;
see Figure 5.1. The graph in that construction does not contain any A-paths
of length 2; that is, every even A-path has length at least 4 and is thus long.
Consequently, the graph does not contain k disjoint even A-paths, but at least
3k − 3 vertices are necessary to meet every even A-path. We conjecture that a
hitting set never needs more than 3k − 3 vertices.

Cycles of quite general modularity constraints have the Erdős-Pósa property.
This is the case, for instance, for cycles of length congruent to 0 modulo m, for
every fixed positive integer m (Thomassen [50]); and it is also the case for cycles
of a non-zero length modulo m, whenever m is odd (Wollan [56]). While non-
zero A-paths are quite well covered by the results of Chudnovsky et al. and of
Wollan (see Introduction), not much seems to be known about zero A-paths,
A-paths of zero length modulo m, or more generally, with weight γ(P ) = 0 for
some directed or undirected group labelling γ of the edges with elements of an
abelian group. Is there a counterpart of Theorem 5.2 for zero A-paths?

No, it turns out: already A-paths of length divisible by 6 fail to have the
Erdős-Pósa property. To see this, consider the graph in Figure 5.2. It consists of
a subdivision of an 10r× 10r-grid, whose left side is matched to r vertices in A,
and whose right side is linked by disjoint paths of length 2 to r different vertices
in A. Finally, the top edges of the grid are subdivided to have length 3 each,
while the other, unmarked edges of the grid are subdivided to have a length of 6
each.

Every A-path with both its endvertices on the left will have a length of 2+3s
for some integer s, while any A-path with both endvertices on the right has a
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Figure 5.2: All unlabeled edges have length 6; an A-path of length divisible by 6
in grey.

length of 4 + 3t, for some integer t. Neither of these lengths is divisible by 6.
Any A-path with a length divisible by 6 has to cross the grid from left to right,
and in addition, needs to pick up an odd number of the subdivided top edges.
Clearly, no two such paths can be disjoint. On the other hand, no hitting set
can have size smaller than r.

We can generalise the construction to lengths divisible bym for other integers
than m = 6. Let m > 4 be a composite number and let p be its smallest prime
divisor. This implies m

p > 2. Let b = m
p and c = m− m

p −1. In the construction
of Figure 5.2 we replace every length 3 by b, every length 2 by c and every
length of an unmarked edge by m. Call the new graph G(m, s) if the grid has
size s × s. Then, any A-path that has both endvertices on one side has length
congruent to ±2 + k · mp 6≡ 0 (mod m) because m

p > 2. Any A-path that crosses

the grid but avoids the top edges has a length of m − m
p 6≡ 0 (mod m). Thus,

every A-path of a length divisible by m crosses from left to right and picks up
at least one of the top edges. Again, there cannot be two such paths that are
disjoint. Any hitting set, on the other hand, must contain a substantial part of
the grid and thus has unbounded size.

We can even prove a more general statement on A-paths with modularity
constraints:

Proposition 5.6. For any composite integer m > 4 and every d ∈ {0, . . . ,m−
1}, the A-paths of length congruent to d modulo m do not have the Erdős-Pósa
property.

Proof. We start with the graphs G(m, s), the counterexamples for A-paths of
length divisible by m, and then, depending on m and d, subdivide some of the
edges incident with A. An A-path in any subdivision of G(m, s) is proper if it
starts on the left, intersects the top of the grid and ends on the right.

We will modify G(m, s) in such a way that every proper A-path that inter-
sects exactly one subdivided edge of the top of the grid has length congruent
to d modulo m. That means, in particular, that every hitting set needs to have
size proportional to s. On the other hand, we will show that no improper A-
path can have length congruent to d modulo m. Since no two proper A-paths
are disjoint, this will be enough to finish the proof.

If the equation 2x ≡ d (mod m) has a solution x, we modify the graph
G(m, s) as follows: replace every edge incident with a vertex in A by a path
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of length x + 1. Then, every A-path in G(m, s) of length ` corresponds to an
A-path in the modified graph of length `+2x ≡ `+d, and vice versa. Therefore,
with the same argument as above, we deduce that A-paths of length congruent
to d (mod m) in the modified graph are proper.

Next, assume that 2x ≡ d (mod m) does not have a solution, which implies
that d is odd but m even. Thus, p = 2. If d 6≡ m

2 − 2 (mod m), subdivide
the edges in G(m, s) incident with a vertex in A on the left of the grid such
that they become paths of length d + 1. Then, proper A-paths have length
(d + 1) + rm2 + (m − m

2 − 1), which is congruent to d (mod m) for some odd
r. Every improper A-path, in contrast, has a length congruent to 2(d + 1),
2(d+ 1) + m

2 (both ends on the left), 2(m2 − 1), 2(m2 − 1) + m
2 (both ends on the

right) or (d+ 1) + (m2 − 1) (no top intersection). Using that d is odd, m is even
and d 6≡ m

2 − 2 (mod m), we see that none of these lengths are congruent to d.
Suppose now d ≡ m

2 − 2 (and d is odd and m is even). Now, subdivide the
edges in G(m, s) incident with a vertex in A on the right side of the grid such
that they become paths of length d+1. Improper A-paths have length congruent
to 2, m2 + 2 (both ends on the left), 2(m2 − 1 + d), 2(m2 − 1 + d) + m

2 (both ends
on the right) or 1 + m

2 − 1 + d. Using d ≡ m
2 − 2, m > 4 and the parities of m

and d, we see that none of these lengths are congruent to d (mod m).

Intriguingly, the construction does not work if m is a prime or equal to 4.
Does the Erdős-Pósa property hold in these cases? We do not know for the
prime case but for m = 4 this is indeed the case — the proof, however, needs
quite a bit more work than the ones here; see [9].

In another simple generalisation, we add to the graph an undirected group
labelling (compare explanations below Theorem 5.1). In many groups, in which
there are suitable weights b, c to replace the lengths b, c, the construction can
be adapted so that zero A-paths cannot have the Erdős-Pósa property.

In other groups this does not seem possible. The construction fails, for
instance, when the underlying group is Z`2 for some ` ∈ N. This is for a reason:
the proof of Theorem 5.5 can be adapted so that it gives the Erdős-Pósa property
for Z`2-zero A-paths.

The situation seems to be more complicated for directed group labellings. In
this setting, we currently can only construct a counterexample with the group Z2

but have been unable to do so for any finite group.

Arguably, the first Erdős-Pósa type result is Menger’s theorem. Indeed,
weakening it somewhat, we may reformulate Menger’s theorem as: A–B-paths
have the Erdős-Pósa property. Strikingly, and in contrast to A-paths, the prop-
erty is lost once we impose parity constraints. For instance, neither even nor
odd A–B-paths have the Erdős-Pósa property. This follows from an easy mod-
ification of the counterexample in Figure 5.2. We only have to replace the right
part of A by B, and to adjust the lengths in the grid in such a way that every
A–B-paths that avoids the top edges has the wrong parity and such that any
A–B-path that traverses one of the top edges has the right parity.

5.4 Combs

The forest-frame technique is not only suited for different kinds of A-paths but
may also be used for certain simple trees. One such example are combs.
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Let us define an elementary `-comb, for an integer ` ≥ 1, as the graph
obtained from a path of length ` by adding a pendant edge to each internal
vertex; see Figure 5.3. An `-comb is any subdivision of an elementary `-comb.
Finally, for a given vertex set A, we say that an `-comb is anA-`-comb if all its
leaves are in A and if every A-vertex in the comb is a leaf.

Figure 5.3: An A-2-comb, an A-3-comb and an A-4-comb

Theorem 5.7. For any positive integer `, there exists an integer c` such that
following holds: For every positive integer k, every graph G, and every set
A ⊆ V (G), the graph G either contains k disjoint A-`-combs or a vertex set X
of size |X| ≤ c`k that meets every A-`-comb.

Proof sketch. As a frame we choose a ⊆-maximal forest F ⊆ G such that

• F is subcubic with no isolated vertices;

• every leaf of F lies in A, and every vertex in A ∩ V (F ) is a leaf of F ; and

• each component of F contains an A-`-comb.

Similar as with the leaf-to-leaf paths in a tree, we may find b 4
c`
|A ∩ V (T )|c

disjoint A-combs in every component T of F , but at least one (for some positive
integer c`). Thus with basically the same calculations as in the proofs of Theo-
rems 5.4 and 5.5, we see that there are k disjoint A-`-combs in F unless the set
X, consisting of the vertices from A in F and of the vertices of degree 3 in F ,
has size smaller than c`k. As before we may argue that X is a hitting set for
A-`-combs. Indeed, suppose there is an A-`-comb C in G−X. Then, C contains
an A–F -path that can be added to F , which results in a larger frame.

5.5 Edge-versions and Mader’s theorem

Theorem 1.1, the theorem of Erdős and Pósa, as well as Gallai’s theorem (The-
orem 5.1), both have an edge-version. The one of Gallai’s theorem is due to
Mader.

Theorem 5.8 (Mader [37]). For every positive integer k, every graph G and
every set A ⊆ V (G), the graph G either contains k edge-disjoint A-paths or an
edge set F of size |F | ≤ 2k − 2 that meets every A-path.

Mader’s proof is not short. Using a frame-like argument we give here a short
proof but with a much worse bound. Again a tree will serve as frame:

Lemma 5.9 (Thomassen [52]). Let T be a tree and let A ⊆ V (T ). Then T
contains b 12 |A|c edge-disjoint A-paths.

The lemma is the finite version of a result of Thomassen [52, Theorem 8].
Thomassen writes that the finite version is an ‘easy exercise’.

We now prove our weaker version of Mader’s theorem.
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Proposition 5.10. For every positive integer k, every graph G and every set
A ⊆ V (G), the graph G either contains k edge-disjoint A-paths or an edge set
F of size |F | ≤ 2k log2 k that meets every A-path.

Proof. We may assume that G is connected. Pick a spanning tree T of G. Now,
if |A| ≥ 2k then, by Lemma 5.9, the graph G contains k edge-disjoint A-paths.

Thus, we may assume that |A| < 2k. Put A0 = {A}. Unless we find k edge-
disjoint A-paths we construct for each i ∈ {1, . . . , dlog2 |A|e} a partition Ai of
A and an edge set Xi of size at most ik such that Xi meets every B–B′-path
for distinct B,B′ ∈ Ai. Assume the construction to be achieved for i− 1. Split
each B ∈ Ai−1 into two sets B1,B2 that differ in cardinality by at most 1, and
let Ai be the set of all such B1, B2, and let B∗1 be the union of all such B1, and
let B∗2 be the union of all such B2.

Apply Menger’s theorem between B∗1 and B∗2 . If there are at most k − 1
edges that separate B∗1 from B∗2 in G−Xi−1, then we take as Xi the union of
these edges with Xi−1. Since Xi−1 separates, by induction, B from B′ for any
two distinct B,B′ ∈ Ai−1, it follows that Xi separates any two sets in Ai. If
there is no edge set of size at most k− 1 that separates B∗1 from B∗2 , then there
are k edge-disjoint B∗1–B∗2 -paths, each of which is an A-path.

Note that for s = dlog2 |A|e each set in As is a singleton. Thus, Xs meets
every A-path. Its size is |Xs| ≤ dlog2 |A|e · k < dlog2(2k)ek.

Arguably, the key argument differs markedly from the other arguments in
this chapter, and should perhaps not be a called a frame argument. Indeed, as
a characteristic of a frame we stated at the beginning that the frame determines
the outcome: either it is large, with respect to some suitable measure, and then
yields k disjoint target objects, or it is small and delivers a hitting set. In the
proof of Proposition 5.10, the frame, the spanning tree, only gets us halfway:
if it is large, that is, if it contains many vertices from A, then we find k edge-
disjoint A-paths, but if it is small (not many A-vertices), then both outcomes
are still possible.

Why is that so? Did we not use the ‘right’ frame? Perhaps there simply
is no ‘right’ frame. Indeed, edge-versions in this context seem to be generally
more complicated. To see this, let us come back to the theorem of Erdős and
Pósa.

Let us say that a class of graphs (or more generally objects) F has the edge-
Erdős-Pósa property if for every integer k, there is a number f(k) such that
every graph either contains k edge-disjoint subgraphs each isomorphic to some
element of F or an edge set Z of size at most f(k) that meets every subgraph
contained in F .

Simonovits’ proof of Theorem 1.1 can be modified so that it yields the edge-
Erdős-Pósa property for cycles, and Mader’s theorem shows that A-paths have
it, too. Some more classes are known to have the edge-Erdős-Pósa property,
but not as many as are known to have the ordinary, vertex-version, property.
In some rare cases, the edge-property can be deduced from the vertex-property.
This is, for instance, the case for even cycles. That even cycles have the ordinary
Erdős-Pósa property seems to have been observed first by Neumann-Lara:

Theorem 5.11 (Neumann-Lara, see [13] or [50]). Even cycles have the vertex-
Erdős-Pósa propery. That is, there is a function f such that for every positive
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integer k every graph G either contains k disjoint even cycles or there is a vertex
set X of size |X| ≤ f(k) such that G−X does not contain any even cycle.

Chekuri and Chuzhoy [11] demonstrate that the size of the hitting set can
be bounded by a function f(k) = O(k polylogk).

Theorem 5.12. Even cycles have the edge-Erdős-Pósa property.

We use here a technique that is similar to the one in the proof of Theorem 5.5.

Proof. Let f be a function as in Theorem 5.11. We may assume that every
vertex is contained in some even cycle — otherwise we could delete the vertex
without changing anything.

Assume first that G contains a vertex x of degree at least 6k. Let c be the
number of components of G− x, and consider a component K of G− x. Then
there is an even cycle that meets K. Since the vertex set of any such even cycle
is contained in V (K)∪{x}, we therefore find at least c edge-disjoint even cycles,
one for each component of G− x. Thus, we may assume that c ≤ k − 1.

Subdivide every edge between x and K exactly once, and denote the set of
subdividing vertices by A. In particular, |A| = |N(x)∩V (K)|. Pick a spanning
tree T of K (in the subdivided graph). The bipartition of T induces a bipartition
of A ∩ V (K). Let A′ be one of the two induced bipartition classes of A such
that |A′| ≥ d12 |A∩V (K)|e. Applying Lemma 5.9, we obtain b 12 |A

′|c many edge-
disjoint A′-paths contained in K, each of which is an even A-path. By replacing
the first and last edge of such a path P by the edge between the second vertex
of the path and x, and by the edge between the penultimate vertex and x, we
obtain an even cycle. In this way we obtain pairwise edge-disjoint even cycles
contained in G[K + x]. The number of these is at least⌊d 12 |N(x) ∩ V (K)|e

2

⌋
≥ 1

4
|N(x) ∩ V (K)| − 1

2
.

Summing over all components K of G− x we obtain at least∑
K

(
1
4 |N(x) ∩ V (K)| − 1

2

)
= 1

4 |N(x)| − 1
2c ≥ k

edge-disjoint even cycles, where we have used that |N(x)| ≥ 6k and c ≤ k.
It remains to consider the case when no vertex in G has degree at least 6k.

Since even cycles have the vertex-Erdős-Pósa property (Theorem 5.11), there is
a vertex set X of size at most f(k) such that G−X does not contain any even
cycle. Let F be the set of all edges incident with any vertex in X. Then F is
an edge hitting set for even cycles of size |F | ≤ 6kf(k).

Normally, the edge-property does not follow as easily. Long cycles, for in-
stance, do have the edge-property but in contrast to the vertex-version, the
proof is much longer and quite a bit more complicated [7]. While a frame argu-
ment is used, as in our proof of Mader’s theorem, the frame is much weaker. If
the frame is large, then k edge-disjoint long cycles are found, but if it is small,
then more work is necessary and both outcomes are possible.

That we know less about the edge-Erdős-Pósa property becomes immediately
apparent when we consider A-paths. It is an open problem, whether long A-
paths have it.
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Problem 5.13. Do long A-paths have the edge-Erdős-Pósa property?

We point out that another open problem would give an affirmative answer
for long A-paths.

Problem 5.14. Do long A-cycles have the edge-Erdős-Pósa property?

Indeed, consider a graph G with a vertex set A, and a fixed length `. Now,
add a vertex s and link s to each a ∈ A by dG(a) parallel paths each of length 2.
In the resulting graph G′ apply the edge-Erdős-Pósa property for long {s}-
cycles, where we use a minimal length of ` + 4. Then every long {s}-cycle
contains a long A-path, and vice versa, every long A-path can be extended to a
long {s}-cycle. Hitting sets may be translated in a similar fashion.

B

A A

A A

Figure 5.4: Counterexamples: neither A–B–A-paths nor even/odd A-paths have
the edge-Erdős-Pósa property

If some class F does not have the vertex-Erdős-Pósa property, such as odd
cycles, then it usually does not have the edge-Erdős-Pósa property either. This
is because the counterexamples for the vertex-property are normally based on a
grid plus some extra structure; these then often (always?) turn into counterex-
amples for the edge-Erdős-Pósa property if a wall is used instead.

In contrast, classes F may have the vertex-Erdős-Pósa property but not
the edge-Erdős-Pósa property. We show that here for A–B–A-paths, for even
A-paths and for odd ones. To the best of our knowledge, such graph classes
were not known before. We recognized them even before the counterexamples
in Chapter 4.

Consider the top graph in Figure 5.4: it consists of a wall with 10r × 10r
bricks together with two vertices in A, one of which is linked to the left side,
while the other is linked to the right side of the wall. The top row of the wall
makes up the vertex set B. Clearly, no two A–B–A-paths can be edge-disjoint.

At the same time, no hitting set of edges contains fewer than r edges. Indeed,
let X be some edge set of fewer than r edges, let a1 denote the left-hand side
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vertex in A and a2 the right-hand side one. A wall of size 10r × 10r contains
10r + 1 disjoint vertical paths P0, . . . , P10r, ordered according to their starting
vertex in the top row. As |X| < r, there are at least two consecutive vertical
paths Pi, Pi+1 such that X is disjoint from Pi∪Pi+1 and does not contain any of
the two edges ei, e

′
i with endvertices in B between the two starting vertices of Pi

and Pi+1 either. Since there are, moreover, 10r edge-disjoint a1–Pi-paths, and
also that many edge-disjoint Pi+1–a2-paths, the set X must miss at least one a1–
Pi-path, Q1 say, and at least one Pi+1–a2-path, Q2 say. Then Q1∪Pi∪Pi+1∪Q2

together with ei, e
′
i contains an A–B–A-path that avoids X. Thus, X cannot

be a hitting set of edges. This shows that A–B–A-paths do not have the edge-
Erdős-Pósa property.

The construction for odd (or even) A-paths is very similar, and shown in the
bottom part of Figure 5.4. Here, by subdividing certain edges incident with the
left or the right A-vertex, we make sure that every A-path that avoids the grey
edges has even (resp. odd) length. If we define B as the set of endvertices of
the grey edges, then every odd (resp. even) A-path is an A–B–A-path and we
may argue as above.

We can also modify the construction to show that A–B-cycles do not have the
edge-Erdős-Pósa property. Remove the labels from the two A-labelled vertices
and add a new vertex with label A to the graph. Connect this vertex with 10r
internally paths to each end of the wall.

A-combs, in the sense of Section 5.4, also fail to have the edge-Erdős-Pósa
property. The counterexamples are very similar to the ones discussed in this
section.

As in Section 5.3 we can generalise even or odd A-paths to zero A-paths with
respect to some (directed or undirected) labelling of the edges with an abelian
group Γ. While in the vertex-version the group might make a difference, this is
not the case for the edge-Erdős-Pósa property. Indeed, the construction shown
in the bottom part of Figure 5.4 turns into one for zero A-paths: we just label
all edges incident with the left vertex in A with a non-zero group element µ ∈ Γ,
we label all grey edges with −µ and all other edges with 0 (in addition, if there
is a reference orientation, then orient all edges from left to right and top to
bottom).

5.6 Directed versions

Why do A–B–A-paths have the vertex-Erdős-Pósa property but not the edge-
version? Because in the edge-version we can force the A–B–A-paths in examples
such as in Figure 5.4 to cross the wall from left to right: as no path can return
to its starting vertex, we can fix start and endvertex in the edge-version by only
assigning two vertices to A. In the vertex-version this fails, as we could always
put the two vertices in the hitting set. But if, instead, we replace the left and
the right vertex in A by many vertices, then the A-paths can return to their
starting side.

It is intuitively clear that we can also enforce a direction of the A-paths
in a digraph, and indeed, directed A–B–A-paths do not have the Erdős-Pósa
property. To see this, consider the construction shown in Figure 5.5, where we
again scale the size of the grid to be (much) larger than the size of any purported
hitting set. Since every A–B–A-path needs to cross the grid from left to right,
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B

A A

Figure 5.5: A directed A–B–A-path

and needs to meet the top row as well, no two disjoint such paths are possible.
Any (vertex) hitting set, however, will need to contain a number of vertices that
grows with the size of the grid.

The construction easily transfers to the edge-Erdős-Pósa property if the grid
is replaced by a wall as in Figure 5.4, and, in a similar way, also extends to even
or odd directed A-paths. However, for directed A-paths without a modularity
constraint, no such simple counterexample is possible. We are not aware of any
result in literature treating the edge-Erdős-Pósa property of directed A-paths.
However, in Chapter 6 we present a proof for this problem. As the method
used there is not a frame argument, we decided to separate the result from the
current chapter.



Chapter 6

The Erdős-Pósa property
for directed graphs

When we address the Erdős-Pósa property in directed graphs, only a few results
are known — and nearly all of them regarding the vertex version. In 1996,
Reed et al. in [45] proved the conjecture of Younger [57] that directed cycles in
digraphs have the vertex-Erdős-Pósa property. The bound of tk in terms of k is
extremely large.

Theorem 6.1 (Reed et al. [45]). For every k ∈ N there is a tk ∈ N such that
for every digraph G there are either k vertex-disjoint directed cycles in G or a
set X ⊆ V (G) of size at most tk such that G−X contains no directed cycle.

To the best of our knowledge the edge-version for directed cycles has been
an open problem so far. Together with Arthur Ulmer, I discovered a simple
solution for this problem, which is presented in Section 6.1 and also appears in
our arXiv article [24].

As a generalization of Gallai’s theorem [22] on A-paths, Kriesell proved in
[34] that directed A-paths have the vertex-Erdős-Pósa property with the opti-
mal bound of 2k− 2 on the hitting set. It has not been known whether directed
A-path have the edge-Erdős-Pósa property. In Section 6.2 we prove that di-
rected A-paths have the edge-property. The proof is elementary and uses no
other results than Menger’s theorem for directed A–B-path (max-flow min-cut
theorem). We obtain a quadratic bound for the edge hitting set.

6.1 Directed cycles

Even et al. [19] showed a correspondence between edge-hitting sets in G and
vertex-hitting sets in L(G) and for that they also defined the directed line graph.
We will show an analogous statement for edge-disjoint and vertex-disjoint di-
rected cycles and can then prove our main theorem.

Let G = (V (G), E(G)) be a digraph. The directed line graph L(G) of G has
E(G) as its vertex set and two directed edges (a, b), (c, d) of G are joined by a
directed edge from (a, b) to (c, d) in L(G) if and only if b = c. If T is a subgraph
of L(G), we denote by G[T ] the minimal subgraph of G that has edge set V (T ).
For a vertex u ∈ V (G) we define E(u) as the set of all edges that have u as their
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first or second vertex. It is easy to see that the subdigraph Lu = L(G)[E(u)]
contains no directed cycle.

Lemma 6.2. For every directed cycle C in G, C ′ = L(G)[E(C)] is a directed
cycle in L(G). For every directed cycle C ′ in L(G), C = G[C ′] contains a
directed cycle in G.

Proof. Let u1, . . . , u` be the vertices of C. Therefore, the vertices of C ′ are
v1 = (u1, u2), . . . , v` = (u`, u1) which are all distinct as u1, . . . , u` are distinct.
The vertices vi and vi+1 (mod `) in L(G) are joined by a directed edge in L(G)
because the endvertex of vi is the startvertex of vi+1 (mod `). Hence, C ′ is a
directed cycle.

Let C ′ be a directed cycle in L(G) with vertex set {vi = (u1i , u
2
i ) : i ∈ [`]}.

As vi and vi+1 are joined by a directed edge, we have u2i = u1i+1 (mod `) for

every i ∈ [`]. Now, G[C ′] has vertex set {u11, . . . , u1`} where not all vertices are
necessarily distinct and the edge set consists of all edges vi = (u1i , u

1
i+1 (mod `)),

i ∈ [`]. Let i < j be integers such that u1i = u2j and such that j − i is minimal.
It then follows that the graph G[{vi, . . . , vj}] is a directed cycle contained in
G[C ′].

Theorem 6.3. For every k ∈ N there is a tk ∈ N such that for every digraph G
there are either k edge-disjoint directed cycles in G or a set X ⊆ E(G) of size
at most tk such that G−X contains no directed cycle.

Proof. Apply Theorem 6.1 to the directed line graph L(G) of G. If the theorem
returns k vertex-disjoint directed cycles C1, . . . , Ck in L(G), their preimages
G[Ci] in G are edge-disjoint and each contain a directed cycle in G, by Lemma
6.2. Hence, G contains k edge-disjoint directed cycles.

If the theorem returns a vertex hitting set X of size tk in L(G), the same
set X (as a set of edges) is an edge hitting set for directed cycles in G. Namely,
if C was a directed cycle in G −X, then, by Lemma 6.2, the digraph L(G)[C]
would be a directed cycle in L(G) that avoids X contradicting the choice of X
as a hitting set in L(G).

Lately, Kawarabayashi and Kreutzer mentioned in their paper [30] on the
directed grid theorem that for any ` ∈ N, the class of directed cycles of length at
least ` has the vertex-Erdős-Pósa property. So is it possible to use the method
above also for long directed cycles? Unfortunately not. Although the image of
a long cycle in G is a long cycle in L(G) again, the preimage of a long cycle in
L(G) may consist of many short cycles in G.

6.2 Directed A-paths

Theorem 6.4. Directed A-paths have the edge-Erdős-Pósa property with bound-
ing function at most f(k) = k2 + 5k − 8.

We use a directed edge version of Menger’s theorem which is also a special
case of the max-flow-min-cut-theorem:

Theorem 6.5 (Max flow min cut). Let G is a digraph and A,B ⊆ V (G). Then,
either G contains k edge-disjoint directed A–B-paths or it contains a set X of
at most k − 1 edges such that G−X does not contain any directed A–B-path.
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Before we prove Theorem 6.4, we need a technical lemma about a property
of the bounding function f(k).

Lemma 6.6.

(i) If k ≥ 2, then f(k) ≥ 6k − 6.

(ii) If x, y ≥ 1, then f(x+ y + 1) ≥ f(x+ 1) + f(y + 1) + 2k − 2.

Proof. To prove (i) we calculate f(k)−(6k−6) = k2−k−2 = (k+1)(k−2) ≥ 0
as k ≥ 2.

Let us prove (ii) now. Let k = x+y+1 and thus we can write f(x+1)+f(y+
1)+2k−2 as γ(x) = f(x+1)+f(k−x)+2k−2 = 2x2+(2−2k)x+(k2+7k−12).
Note that x ∈ [1, k − y − 1] ⊆ [1, k − 1]. As γ(x) is a convex function, we have

max
x∈[1,k−y−1]

γ(x) = max{γ(1), γ(k − 1)}.

We see that γ(1) = γ(k− 1) = f(2) + f(k− 1) + 2k− 2 and an easy calculation
shows that γ(1) = f(k). This proves that f(x+ 1) + f(y+ 1) + 2k− 2 = γ(x) ≤
γ(1) = f(k).

Proof of Theorem 6.4. We may assume that k ≥ 2 because otherwise either
there is at least one directed A-path in G or X = ∅ is a hitting set. We assume
that G does not contain k edge-disjoint directed A-paths and construct an edge
hitting set for directed A-paths. By a 2-partition of A we mean a tuple (A1, A2)
of two disjoint subsets A1, A2 of A such that A1 ∪A2 = A.

If there is a 2-partition (A1, A2) of A such that there are k edge-disjoint
directed A1–A2-paths or k edge-disjoint directed A2–A1-paths, they form a set
of k edge-disjoint directed A-paths, which contradicts our assumption in the
beginning. Hence, by Theorem 6.5, for every 2-partition (A1, A2) there is a
set X(A1, A2) of at most 2(k − 1) edges such that G −X(A1, A2) contains no
directed A1–A2-path and no directed A2–A1-path. Hence, every directed A-
path in G − X(A1, A2) has both endvertices in A1 or both endvertices in A2.
For i ∈ [2] define graphs Gi as

Gi = G−X(A1, A2)−A3−i.

Note that every directed A-path in G is either a directed A1–A2-path, a directed
A2–A1-path, a directed A1-path in G1 or a directed A2-path in G2. Further-
more, we observe that

if P1 is a directed A1-path in G1 and P2 is a directed A2-path
in G2, then P1 and P2 are disjoint.

(6.1)

Otherwise follow P1 from its start vertex until we first meet P2 in a vertex v.
Then, follow P2 from v on up to its endvertex and by this, we have obtained a
directed A1–A2-path in G1 ∪ G2 = G − X(A1, A2), which is impossible. This
proves (6.1).

Assume now that there is a 2-partition (A1, A2) of A such that for both i ∈ [2]
there is a directed Ai-path Pi in Gi. For i ∈ [2], let ki be the maximum number
of edge-disjoint Ai-paths in Gi. Then, we may assume that k1 + k2 ≤ k− 1 and
since k1, k2 ≥ 1, we have k1, k2 ≤ k−2. We apply induction on G1 and G2 to find
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a hitting set X1 for directed A1-paths and a hitting set X2 for directed A2-paths
such that |Xi| ≤ f(ki + 1). Then, X = X(A1, A2) ∪X1 ∪X2 is a total hitting
set for directed A-paths in G of size at most f(k1 + 1) + f(k2 + 1) + 2k − 2.
Lemma 6.6 (ii) implies |X| ≤ f(k1 + k2 + 1) and as f is non-decreasing and
k1 + k2 + 1 ≤ k, we conclude |X| ≤ f(k).

Next, if there is a 2-partition (A1, A2) of A such that Gi contains no directed
Ai-path for both i ∈ [2], then X(A1, A2) is a hitting set for directed A-paths of
size 2(k − 1). By Lemma 6.6 (i) and k ≥ 2, it follows that 2(k − 1) ≤ f(k).

Summing up, we may assume that for every 2-partition (A1, A2) of A either

G1 contains at least one directed A1-path and G2 contains no
directed A2-path

(6.2)

or the other way round. In the following, we always think of G1 as the subgraph
with a directed A1-path.

Among all such 2-partitions choose (A1, A2) such that A1 has minimal size.
Because G1 contains a directed A1-path, A1 consists of at least two vertices.
Consider an arbitrary 2-partition (A3, A4) of A1. We will show that X =
X(A3, A2 ∪ A4) ∪ X(A4, A2 ∪ A3) ∪ X(A2, A1) is a hitting set for directed A-
paths.

Since (A3, A2∪A4) is a 2-partition and |A3| < |A1|, the minimality of A1, the
definition of X(·, ·) and (6.2) imply that X(A3, A2 ∪ A4) meets every directed
A-path with at least one endvertex in A3. By symmetry between A3 and A4,
the set X(A4, A2∪A3) meets every directed A-path with at least one endvertex
in A4. Again by the definition of X(·, ·) and (6.2), the set X(A1, A2) meets
every directed A-path with at least one endvertex in A2. Hence, the union X
of these three sets meets every directed A-path in G. The size of X is bounded
by 3 · 2(k − 1) = 6k − 6 and by Lemma 6.6 (i), we have |X| ≤ f(k).

The method applied here (which is similar to Robertson and Seymour’s
strategy to hit H-expansions in graphs of small treewidth) can also be applied to
deduce the edge-Erdős-Pósa property for other types of A-paths if the result for
the corresponding type of A–B-paths is known. For example, consider long A-
paths and long A–B-paths in undirected graphs. Both families have the vertex-
Erdős-Pósa property (see [6] and [40]), but the edge-Erdős-Pósa property is still
open. If the edge-property for long A–B-paths is proved, the edge-property for
long A-paths can be deduced in the same way as in Theorem 6.4. The only
crucial point is statement (6.1). If a long A1-path and a long A2-path meet in
a vertex, it is possible to construct a long A1–A2-path from them.
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Overview of Erdős-Pósa
results

Cycles

Class Vertex property Edge property

cycles yes [18] yes, e.g. [14, Ex. 9.6]

even cycles yes, see [13] or [50] yes, Theorem 5.12

odd cycles no [13] no∗

cycles of length ≡ 0 (mod m) yes [50] open

cycles of length 6≡ 0 (mod m)
with odd m

yes [56] open

A-cycles yes [42] yes [42]

long cycles yes [41] yes, Theorem 2.1

long A-cycles yes [8] open

directed cycles yes [45] yes, Theorem 6.3

directed long cycles yes [30] open

directed A-cycles no [27] no∗

A–B-cycles yes [25] no, see mod. of Figure 5.4

A-paths

Class Vertex property Edge property

A-paths yes [22] yes [37]

non-zero A-paths yes [12, 55] no, Figure 5.4

even A-paths yes, Theorem 5.5 no, Figure 5.4

A-paths of length ≡ 0 (mod m)
with composite m > 4

no, Proposition 5.6 no, Proposition 5.6∗

A-paths of length ≡ 0 (mod 4) yes [9] no, Figure 5.4
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A-paths of length ≡ 0 (mod m)
for m prime

open no, Figure 5.4

long A-paths yes, Theorem 5.4 open

directed A-paths yes [34] yes, Theorem 6.4

A–B-paths

Class Vertex property Edge property

A–B-paths Menger Menger

long A–B-paths yes [40] open

even/odd A–B-paths no, see Section 5.3 no, see Section 5.3∗

A–B–A-paths yes [28] no, Figure 5.4

directed A-paths yes [34] open

directed long A–B-paths yes [40] open

directed A–B–A-paths no, see Section 5.6 no∗

(A–B,C–D)-linkages no, see Section 4.2.1 no, Theorem 4.4

Minors

Class Vertex property Edge property

H-expansions for planar H yes [47] no, Theorem 4.5

H-expansions for non-planar H no [47] no∗

θr-expansions yes [47, 43] yes [43]

K4-subdivisions yes [47, 2] yes, Theorem 3.1

In certain ambient graphs

Class Vertex property Edge property

Odd cycles, planar graph yes [44] yes [33]

Odd cycles, high connectivity yes [51] yes [29]

Kt-expansions, high connectivity yes [15] open

Odd A-cycles, high connectivity yes [26] open

Nonzero cycles, high connectivity yes [31] open

H-immersions, 4-edge connected open yes [35]

∗modify the counterexample by replacing the grid by a wall
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clique minors in highly connected graphs, J. Combin. Theory (Series B) 102
(2012), 454–469.

127

http://www.graphclasses.org/smallgraphs.html


128 BIBLIOGRAPHY

[16] D. Eppstein, Parallel recognition of series-parallel graphs, Information and
Computation 98 (1992), no. 1, 41 – 55.
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edge-Erdős-Pósa property, arXiv:1802.05026 (2018).

[25] T. Huynh, F. Joos, and P. Wollan, A unified Erdős-Pósa theorem for con-
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