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Abstract
The thesis at hand is concerned with the development of a novel model which describes the
fracture healing process by utilizing interface capturing techniques. Such techniques have
been proven to work efficiently in fields like fluid dynamics and combustion simulation, and
have gained increasing attention in biomechanics as well. We illustrate their functionality,
translate these techniques into the field of tissue formation and discuss problem specific
adjustments. One benefit of using interface capturing techniques is the connection of
model parameters to measurable values in experiments, especially for tissue growth
velocities. The process of tissue formation is triggered via mechanical stimuli, following
the well-established mechanotransduction hypothesis previously developed in Ulm.
In a first step, we experimentally verify the convergence behavior of the numerical
model and point out problem specific issues, observable for particular load conditions.
Afterwards, we benchmark the predictions of the developed model with those of the
existing Ulm healing model. Moreover, we corroborate the numerical results with measurements provided by animal experiments on sheep and mice. For this, we demonstrate
the ability of the model to predict the progression of the interfragementary movement
as well as a time-dependent tissue distribution. The numerical results appear similar to
the experimental observations. We conclude this part with a sensitivity analysis of the
numerical model with respect to parameter variations, recognizing the limited accuracy
of measurements in animal experiments.
Afterwards, we present a case study for the description of biodegradable implants.
With such implants there is no need for a surgery to remove the stabilizing device. This
might be the next step of fracture treatment. We simulate two cases: a fast and a
slow degradation of the implant. Typically, the materials used for such devices are
highly biocompatible which is often accompanied with the effect of osteoconductivity or
osteoinductivity. In a final step, we demonstrate the ability of the model to capture such
surface properties as well.

Zusammenfassung
Die vorliegende Arbeit beschäftigt sich mit der Entwicklung eines neuen Modells zur
Beschreibung von Frakturheilungsprozessen. Hierfür wird eine Interface Capturing Technik
verwendet, welche das Verfolgen von sich bewegenden Oberflächen ermöglicht. Diese
Methoden sind bereits im Bereich der Strömungs- und Verbrennungssimulationen etabliert,
finden jedoch auch in der numerischen Biomechanik immer mehr Beachtung.
In einem ersten Schritt zeigen wir die Funktionalität dieser Methoden und übersetzen
diese in den Kontext der Frakturheilung. Darüber hinaus diskutieren wir die nötigen
Anpassungen, um den Aufbau von neuem Gewebe richtig zu modellieren. Ein Vorteil
dieser Methoden ist die Verbindung zwischen Modellparameter und den Observablen
eines Experiments. Dies gilt insbesondere für die Aufbaugeschwindigkeit neuen Gewebes.
Der Aufbauprozess in diesem Modell wird durch mechanische Reize geregelt. Hierfür
folgen wir der in Ulm entwickelten Differenzierungshypothese, welche jedem Prozess
einen bestimmten Bereich von mechanischen Reizen zuordnet. Zunächst verifizieren
wir experimentell das Konvergenzverhalten des numerischen Modells und diskutieren
Probleme, die für bestimmte Belastungszustände entstehen können.
Darauffolgend überprüfen wir die Aussagekraft des Modells, indem wir dessen Ergebnisse mit deren des existierenden Ulmer Heilungsmodells vergleichen. Darüber hinaus
untermauern wir die Relevanz der Ergebnisse, indem wir diese mit experimentellen Daten,
erhoben an Schafen und Mäusen, vergleichen. Hierfür zeigen wir die Übereinstimmung
der gemessenen interfragmentären Bewegungen mit den Vorhersagen des neuen Modells
und vergleichen die berechneten Gewebeverteilungen mit den Erkenntnissen aus den
experimentellen Daten. Wir schließen diesen Abschnitt mit einer Sensitivitätsanalyse für
verschiedene Modellparameter.
Des Weiteren präsentieren wir eine Machbarkeitsstudie für die Simulation resorbierbarer Implantate. Hierfür betrachten wir zwei unterschiedliche Abbaugeschwindigkeiten,
eine bezogen auf die Knochenwachstumsgeschwindigkeit schnelle und eine langsame. Die
verwendeten Materialen sind typischerweise biokompatibel und weisen meist Eigenschaften auf, die als Osteokonduktivität und Osteoinduktivität bezeichnet werden. In einem
letzten Schritt zeigen wir, dass die Beschreibung solcher Eigenschaften ebenfalls mit dem
entwickelten Modell möglich ist.
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Introduction

The treatment of bone fractures is an everyday business in hospitals. In the United States
fractures rank among the most frequent traumas with about 15.3 million cases every
year. Although the medical and technological progress has led to great improvements
of treatment options, still 5 − 10 % suffer delayed healing or even a non-union [Ein98;
PD12]. Especially in case of occurring complications the costs of fracture treatment
are extremely high. While there is a natural risk of such complications, pre-existing
conditions also affect their potential to appear. Osteoporosis for example, one of the most
common diseases particularly suffered by elderly people, has been verified to increase
the probability of bone fractures. Since we live in an aging society, a proper treatment
capability of fractures is a research question of high relevance for society.
Whether a fracture heals or not depends on a number of factors. Besides biological influences, the mechanical stabilization plays a major role for successful healing
[Pau65; Rhi74; McK78; Per79; CRI12]. In case of a fracture, the involved parts of the
musculoskeletal system loses its weight-bearing capacity yielding mechanical conditions
consisting of high strains. These prevent the formation of new connective tissue close
to the fracture site. On the other hand, bone is capable to completely regenerate if the
conditions are sufficient. One aspect for this is a mechanical stimulus which induces new
bone formation. Hence, there is a window of proper loading which triggers the formation
of new connective tissue [Fro63; Pau60; Per79; PHS97; CRI12].
A key task for clinicians is to find a proper stabilizing method which can temporarily
provide enough load-bearing capacity to lower the risk of overloading. However, a fixation
that prohibits any kind of mechanical stimulation will also prevent the fracture from
healing. Developing devices which improve the chance of healing by providing consistent
and convenient characteristics is challenging. Hence, a better insight into the interplay
between biomechanical and biological factors is needed. This requires an understanding
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of the effect of individual parameters on the fracture healing process, which is by far not
complete at present.
At this point, computational models can help to increase the knowledge of the nontrivial interactions [PD12]. Numerical models including these interactions provide the
opportunity to examine variations in the results with respect to changes of individual
parameters. In the past, a number of models covering different levels of spatial dimensions
were presented [PD12]. Some of them consider cell activities without any information
about space [Piv+10; Kro37], while others act on the tissue scale taking spatial distributions into account [Ger+03; GSO10; BM03]. Models which include load conditions
as well are often ascribed to the organ scale level [AH00; Weh+10; Sim+11; Ste+13;
Nie+18].
The mechanical stimulus is supposed to be a key to satisfactory fracture healing. For
this reason, a number of experiments were realized to examine the connection between
mechanical loads and the tissue formation process [Cla+95; Dud+97; Dud+02a; Hu+05].
At the same time, first numerical models were designed to compute strains and stresses
which typically occur in the fractured domain [BCB89; Che+91; HC97; CH99; LBC01;
GM03]. These models consider a static tissue distribution similar to the ones observed in
the experiments and provide a better understanding of the load conditions preferred by
distinct tissue formation processes.
With the help of these studies, mechanotransduction hypotheses were presented which
ascribe processes like osteogenesis and chondrogenesis to certain values of mechanical
stimuli [PHS97; Car+98; CH99; LP02; Sim+11]. While most of them consider components
or invariants of the strain and stress tensor [Car+98; CH99; Sim+11], others assume an
additional fluid flow inside the porous tissue as a parameter determining the stimulus
[PHS97; LP02]. Further developments of the numerical models utilized these hypotheses
to include the simulation of a temporal adaption of the tissue distribution [Lac+02;
Gar+07; Isa+08; CP09; GSO10; Sim+11; BLP11; Rep+15].
These time-dependent models have proven to yield reasonable predictions compared
to experimental data in a variety of cases. Most of them use a description based on tissue
concentrations which evolve according to a mechanotransduction hypothesis. Especially
when using the hypothesis established by the Ulm group [CH99], evolving concentrations
are a contradiction to the assumptions on which the hypothesis is based on. There,
fracture healing is hypothesized to be a process which is typically found on already
existing surfaces of connective tissue. However, these surfaces can not be captured by
the time-dependent models previously presented in literature.
Therefore, in the work at hand, we develop a model which is able to fully resolve the
tissue distribution, including the surfaces proposed by Claes and Heigele [CH99], while
still reproducing the experimental results of Claes et al. [Cla+95].

3
Structure of this Work The thesis at hand is subdivided into three main parts.
Chapter 2 begins with a short overview of the biological background, provide some
basics on tissue fundamentals and discuss the anatomy of long bones. In a next step,
we present a tissue classification and describe the cells and their functionality within
the different tissues. In particular, the properties and tasks of bone cells are analyzed.
Furthermore, we point out the fundamental biology of fracture healing. For this, the
different types of osteogenesis as well as the histology of fracture healing are examined.
Subsequently, we provide a brief overview of the existing mechanotransduction hypotheses.
Starting from principle concepts of tissue adaption and differentiation, the hypothesis of
Prendergast and Lacroix as well as the one of Claes and Heigele becomes emphasized.
The biological background concludes with a summary of already existing fracture healing
models. We start with the models of Geris et al., continue with the one of Isaksson et al.
to Repp et al. and end up with a discussion of the Ulm healing model.
Chapter 3 presents the interface capturing approach developed in the thesis at hand.
After a short motivation, we discuss existing interface capturing techniques and describe
different properties as well as the feasibility of these techniques in the fracture healing
context. Next, the level-set method, the volume-of-fluid method and the coupled level-set
and volume-of-fluid method are considered. Subsequently, we focus on the modeling of
fracture healing. Since the tissue formation is triggered by mechanical stimuli, this part
begins with a description of the linear-elastic Navier-Cauchy Equation before dealing
with the transport formulation of fracture healing. In a next step, a convergence analysis
for the developed numerical algorithm is presented. The final section considers the ability
of a reduction of the computational effort.
Chapter 4 is concerned with the application of the model at hand. In a first study,
an experiment on ovine metastarsal is used to benchmark the capability of the interface
capturing technique to correctly predict the tissue adaption process. We begin with the
definition of the numerical setting. Afterwards, the results are presented followed by a
discussion. The second study is concerned with the description of resorbable bone implants.
We follow the same structure as before, defining the numerical setting, presenting the
results and providing a discussion afterwards.
The final Chapter 5 summarizes the work and provides an outlook of further improvements which could be realized for the model at hand in future.

0

The OpenFOAM solvers developed in this project can be downloaded from
https://bitbucket.org/snoopyPM87/bonecapturing.git.
Furthermore the following tools are
required to run these solvers: OpenFOAM, CSparse and MATLAB.

Biological Background

Before we can start modeling the fracture healing process, we have to become familiar
with at least the fundamentals of the tissue formation process during the healing period.
Especially in complex fields where multiple factors interact non-trivially, the identification
of the most important indicators and interactions is essential to be able to find a
mathematical description of the phenomenon that should be described. With that, one
has to strike a balance between a detailed description with all ingredients plus complex
interactions on one hand and an abstract model that increases usability with respect to
numerical methods and computational effort on the other hand.
In fact, from a mathematical point of view, fracture healing poses a big challenge as
the underlying processes are regulated by a huge amount of biological and biomechanical
factors. These factors interact in a complex manner and the interaction pathways as
well as the triggering mechanisms are still not completely understood. This chapter will
present the basic principles of the fracture healing process that one has to take into
account when modeling the healing of fractured bones mathematically. We conclude with
a short overview of previous fracture healing models.

2.1

Tissue Fundamentals

As stated above, fracture healing is a very complex mechanism. In most scientific
fields, the way to gain insight into a complex system is as follows. Firstly, one tries to
isolate the system from environmental influences as good as possible. Secondly, single
parameters of the system are isolated and the response of the system to small changes
in these is analyzed. Here, we are dealing with living organisms. Thus, this approach
is not fully suitable. Studying the fracture healing process means handling a lot of
environmental influences and experimental inaccuracies at the same time. In order
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to guarantee experimental reproducibility, at least in the majority of cases, a defined
osteotomy of a long bone is one way to do that. A key aspect of those experiments
often is to observe healing under mostly controlled loading conditions. In most of the
computational models, those experiments serve as a benchmark for the model’s prediction
of the tissue formation process. Thus, we start with a description of the typical hollow
bone anatomy and proceed with looking more detailed into tissue classifications.

2.1.1

Anatomy of Long Bones

Figure 2.1 shows the typical anatomical structure of a long bone. One characteristic is
already revealed by the name: the bone is longer than it is thick. Along the long bone
axis, the bone can be split in two different parts. The two ends are called epiphysis and
are filled with a special bone structure named spongy or trabecular bone which is enclosed
by the corticalis. Whereas the corticalis is made of a stiff thin layer of compact bone,
spongy bone consists of many trabeculae and pores that are filled with red marrow. The
optimized orientation of the trabeculae yields a weight minimization of the bone while
preserving the stability and pressure transmission at the long bone ends [Fro89; Rou81;
Wol92]. At joints with other bones, the surface is covered by articular cartilage which
acts as a shock absorber and reduces friction. The transition zone between the epiphysis
and the long shaft is labeled metaphysis.
The central part of long bones is named diaphysis. While the epiphysis is covered
by only a thin layer of the compact corticalis, the diaphysis consists of nearly cortical
bone only. Hence, the shape of a tubular is an optimization that decreases the weight
while ensuring similar mechanical stabilization properties as a filled cylinder. Moreover,
the medullary cavity inside the cylinder acts as a protective layer for the important bone
marrow.
Figure 2.2 presents a microscopic look into the structure of the bone tissue. Here, we
see the basic component of the corticalis which is named osteon. Osteons are composed
of concentrically arranged lamellae of compact bone tissue and a central canal, the
Haversian canal. According to this configuration, the stiffness in axial direction of the
system is much higher than in the other directions. The outer surface of the bone is
covered by the periosteum. The skin of the inner bone surface is called endosteum (see
Figure 2.1). Despite the many differences of those two membranes, both are populated
by cells that play an essential role for the fracture healing process [McK78; EG14].

2.1.2

Tissue Classification

Bone is a special type of tissue that is crucial for stabilizing and protecting the body
and its organs. Of course, when analyzing living organisms one observes a lot of other
tissues, each of them with particular functions and purposes. As we want to focus on the
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Figure 2.1: Anatomical structure of a typical long bone. (Source: [Ope40], https:
accessed April 24, 2018)

//cnx.org/contents/FPtK1zmh@12.8:kwbeYj9S@8/Bone-Structure,

healing of fractured bones, we should at least discuss the main tissues that are part of
the healing process. The majority of them can be combined in a group named connective
tissue [JCK02]. Figure 2.3 outlines one possible classification of the different connective
tissues.
Although these types have very different properties, their overlap is given by their
fundamental structure. In comparison to other organic tissues, significantly less cells are
located in connective tissue. These cells produce their own surrounding, the extracellular
matrix, which plays a major role in the functionality of the tissue. Especially, the
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Figure 2.2: Cross-sectional of the diaphyseal tubular bone structure. (Source:
[Ope40], https://cnx.org/contents/FPtK1zmh@12.8:kwbeYj9S@8/Bone-Structure, accessed April
24, 2018)
mechanical properties depend on the composition of that matrix. The main components
are a gel-like ground substance as well as collagenous, elastic, and reticular fibers made
of protein [Faw94; Sch41].
As water is a nearly incompressible medium, the percentage of bounded water
molecules in the extracellular matrix is deeply connected to the compression strength of
the tissue. In contrast, the tensile strength is mainly influenced by the density and the
arrangement of the protein fibers. Collagenous fibers are characterized by a high tensile
strength, whereas elastic fibers are stretchable by a multiple of their normal length.
In the following, we analyze the fundamental tissues for the healing process: connective
tissue proper, cartilage and bone. For the sake of clarity and motivated by the strength
of connective tissue proper, we will from now on refer to it as soft tissue. Since the goal
of this thesis is to illustrate the modeling of fracture healing, we hope that this lack of
accuracy will increase the clearness of the overall picture.
Cells of Connective Tissue Each of the connective tissues is inhabited by special cells
that are responsible for the composition of the extracellular matrix. Figure 2.4 shows the
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Figure 2.3: One possible classification scheme of tissue types related to the fracture
healing process.
main participating cells of the fracture healing process. Osteo-, chondro- and fibroblasts
are motile cells that produce the extracellular matrix according to their related tissue type.
The amount of extracellular matrix fabricated by this operative part deeply depends on
biological as well as bio-mechanical conditions.
The non-moving local tissue cells, osteo-, chondro- and fibrocytes are surrounded
by the extracellular matrix. Among each others they are mainly connected by gap
junctions and tight junctions that allow the cellular communication within the whole
tissue. Together with the extracellular matrix, they build the mature part of the tissues.
They originate from their active form, the osteo-, chondro- and fibroblasts. These active
cells produce the extracellular matrix, get enclosed by it and get inactivated. If necessary,
the tissue cells can become reactivated and differentiate back to the original cells.
The third cell population belongs to the macrophage lineage, which are part of
the immune system. The macrophages are responsible for the cellular defense against
viral and bacterial agents that are foreign for the body. The two other types, namely
the osteoclasts and chondroclasts, are more important for us to model the fracture
healing process. Osteoclasts are polynuclear cells that resorb bone material. Normally,
osteoclasts and osteoblasts form so-called bone remodelling units. In these units, old
bone is enzymatically resorbed and replaced by fresh bone [SM14]. This ongoing process
replaces about 5 − 10 % of the whole human bone structure per year, even without any
fracture. The interaction of those cells is responsible for the optimized structure of the
bone tissue. The most common types of osteoporosis show what happens when the
interaction gets imbalanced: the bone becomes less stable and tends to fracture [BSL03].
The connection of chondroclasts to cartilage is similar to the one of osteoclasts to
bone. These cells are the main participants in endochondral ossification where cartilage is
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Mesenchymal
stem cell

Resorbing
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Bone tissue

Tissue cells

Osteoblast
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Chondroblast
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Fibroblast
Soft tissue

Building cells

Cartilage tissue

Cell differentiation
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Fibrocyte
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Figure 2.4: Most important cells of the model contributing to the fracture healing
process. Tissue building cells differentiate from the mesenchymal stem cells, whereas
tissue resorbing cells derive from monocytes, a part of the immune system. (Scheme after
[Ame97])
resorbed and substituted by bone. Endochondral ossification is one of the most important
processes during growth in childhood and adolescence as well as in the healing of fractured
bones.

Soft Tissue (Connective Tissue Proper)

Fibroblasts, the most abundant cell type in

soft tissue, are responsible for maintaining and synthesizing the extracellular matrix. In
particular, the activity of fibroblasts regulates the composition and as a consequence the
mechanical properties of the tissue. Thus, soft tissue can be subdivided further into dense
and loose soft tissue (see Figure 2.3). In the dense type, one can find much more densely
packed collagen fibers. In addition to the density of the fibers, the orientation does also
play a role for the mechanical strength of the tissue. In regular dense soft tissue the fibers
are aligned in parallel and thus enhance the tensile strength in one particular direction.
However, in irregular dense soft tissue the alignment of the fibers is random. They are
crisscrossed and form a mesh-like structure. This arrangement lacks of a direction with
specifically high flexibility but provides a higher tensile strength in all directions.
After an injury, the immediate reaction is bleeding. Under normal conditions, an
avascular blood clot is formed that can also be added to the soft tissues category
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after some time. Inside this clot, the transformation to granulation tissue is driven by
fibroblasts. Different growth factors increase proliferation and the activity of fibroblasts
in the injured tissue and therefore the amount of reticular fibers that make the trauma
more tear-resistant [McK78].
Cartilage Tissue

This tissue type belongs to the group of supportive connective tissues

as its mechanical strength is high enough to provide an already stabilizing character
for the body. Because of its avascularity, the nutrient supply of these cells happens by
diffusion. Consequently, the regeneration capacity of that kind of tissue is worse than
those of others.
Cartilage is composed of chondroblasts, whereas the extracellular matrix mainly
consists of water, proteoglycans and type-II collagen. We distinguish three types of
cartilage, called fibrous, elastic and hyaline cartilage. Obviously, fibrous cartilage is
characterized by a high amount of fibers, especially type-I collagen fibers. In addition,
the number of cells is relatively low. Fibrous cartilage occurs e. g. in the menisci or the
intervertebral discs. Elastic cartilage, such as the one our ear lobes are made of, has a
high ratio of elastin. Thus, this material is very flexible.
The third type, the hyaline cartilage, is the type of cartilage most commonly found in
the body. From a pure mechanical point of view it belongs to something between the two
other types. In long bones hyaline cartilage serves as shock absorber for example, but is
also located exemplary in parts of the respiratory system. In the case of endochondral
ossification, the chondrocytes become hypertrophic and begin to calcify the extracellular
matrix over a cascade of processes. This is necessary to provide the environment for
osteoblasts to build bone tissue. The cartilage occurring in the growth plate as well as
the one that is found in areas where fracture healing is active belongs to the hyaline type.
Bone Tissue

Besides bone tissue being one of the most important storages for calcium

and phosphate, it belongs to the strongest materials in our body. Due to this property,
the most apparent functions of the skeletal system are support, protection of the human
body and serving as insertion points for muscle forces [RCT06].
Responsible for the high load-bearing capacity of osseous tissue is hydroxylapatite,
a natural mineral representing the major part of the inorganic material inside the
extracellular matrix [Fro63]. As in other connective tissues, one important substance of
the organic part in the extracellular matrix is the amount of collagen fibers which make
the tissue less brittle.
We already know from Section 2.1.1, anatomy of long bones, that bone occurs in
different structures, called spongy and compact bone. According to the position and the
corresponding function of the bone, either stiffer, compact bone or lighter, spongy bone
appears. Nevertheless, both variants of osseous tissue are made of what is called lamellar
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bone. This name is related to the microscopic structure, where the collagen fibers are
aligned lamellarly according to its mechanical stress history. This lamellar structure is
bundled in osteons which contain canaliculi that are used by vessels.
Lamellar bone is a highly vascularized tissue where nutrients can be delivered directly
by blood supply. This leads to a high metabolic activity. In fact, if we observe biological
as well as biomechanical conditions that are “good enough”, osseous tissue is the only
connective tissue that can be fully reconstructed. These high regeneration capabilities
are related to high interaction of a lot of cells and growth factors which are activated in
case of a trauma.
On the microscopic level, a second type of bone can be identified. This so-called
woven or primary bone is characterized by the haphazard organization of the collagen
fibers. Because this type does not have a preferred direction of the fibers, the strength of
this variant is much lower than the ones of lamellar bone. The big advantage related to
lamellar bone is the rapid producibility of woven bone. This type mainly occurs during
the fetal growth and after a bone fracture, but can also be a result of disease where the
balance between bone forming cells and bone resorbing cells is disturbed.
As bone undergoes a continuous maintenance and transformation process, after a
while woven bone is stepwise substituted by lamellar bone. This mechanism happens
in strong dependence to the mechanical load conditions and is part of the so-called
remodeling. Here, bone remodeling units of osteoblasts and osteoclasts rebuild the
mineralized substance and adapt the new ones to the homeostatic demands.

2.1.3

Bone Cells

In the previous sections, we already presented a short overview over the cells in connective
tissues. For the description of the fracture healing process, we should have a more detailed
look at the related bone cells, named osteoblasts, osteocytes and osteoclasts, as well as
osteogenic or lining cells [Buc+96]. Figure 2.5 provides a brief overview of these cells.
Osteoblasts These cells are known to be the bone matrix producers. They are located
on already existing bone surfaces, including the periosteum and endosteum, and constitute
up to 6 % of the total resident cells in osseous tissue [CPR14]. Osteoblasts derive from
mesenchymal stem cells, which are multipotent progenitor cells with a high potential
for proliferation and differentiation. Mesenchymal stem cells can be found in a lot of
different tissues including bone marrow and cartilage.
The decision to become part of the osteoproginator lineage requires stimulation by
different factors. These factors induce a cascade of complex reactions of chemical and
biological nature that yield an increase of osteoblasts on the bone surface. As our
model will be on a more abstract level, a detailed understanding of this microscopic cell
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Figure 2.5: Illustration of bone cells that are assumed to be responsible for synthesizing,
resorbing and maintaining the structure of bone. (Source: [Ope40], https://cnx.org/
contents/FPtK1zmh@12.8:kwbeYj9S@8/Bone-Structure, accessed April 24, 2018)
interaction is not necessary. For more details we would like to refer to more specialized
literature such as [Fak+13; Duc+97; Hu+05].
Osteoblasts synthesize the bone matrix mainly in two steps: initially they start
with the deposition of organic material like collagen fibers and other substances. In the
following, mineralization takes place where the hydroxylapatite crystals are produced.
After the cells are getting enclosed by their self produced extracellular matrix, there
are three prospects known for osteoblasts: they can undergo apoptosis.1 In phase of
dormancy they develop to the stretched bone lining cells. Or, they differentiate to the
immured osteocytes. About 90 − 95 % do that [Nob08].
Osteocytes

Depending on the health and age of the person, around 90−95 % of all bone

cells are of osteocytic type. The cells derive from osteoblasts after they were trapped by
the mineralized matrix in so-called lacunae and have a lifespan up to 25 years [FHW06].
Osteocytes are strongly connected via tight junctions and gap junctions to their neighbors
as well as to the surface cells. These connections are commonly used for the transport of
nutrients and metabolic waste, but also for signaling processes.
Caused by the highly sophisticated network built by these cells, it has been recognized
that osteocytes are key players in bone tissue with a lot of different functions [Bon11].
Most importantly for now, in addition to osteoblasts, these cells are suspected to
1

Apoptosis is the programmed cell death.
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be mechanosensors and therefore are said to be the managers for the activation and
deactivation of bone synthesizing and resorbing cells. However, even if the signaling
network and the location indicates the mechanosensoric function of these cells, the
detailed mechanism is still part of active research.
Bone Lining Cells The name lining cells already indicates that this cell variant is
located at the surface of the bone. The cells are inactivated osteoblasts and have a
flattened shape compared to their active counterpart. They cover the bone surface where
neither bone formation nor bone resorption should occur. Some lining cells are connected
to the signaling network of the osteocytes via processes as well as to their neighboring
lining cells via gap junctions [Flo+15; Mil+89]. Most likely, they also react to mechanical
stimuli and become activated to osteoblasts during growth as well as after fracture.
Even though, it has been shown that lining cells prevent the bone matrix from direct
interaction with osteoclasts, the function of these cells is not completely understood.
Nevertheless, it is mostly agreed upon lining cells playing an important role during the
bone remodeling process and participating in the activation of osteoclasts [Flo+15].
Osteoclasts Osteoclasts are part of the immune system and are responsible for the
degradation of bone matrix. Most of the time, this degradation is followed by a bone
matrix formation via osteoblasts resulting in an ongoing refreshment process. In diseases
such as osteoporosis, an abnormal increase of osteocyte activity yields an imbalance of
bone formation and resorption where too much bone is resorbed. This can lead to tissue
instability and causes fractures especially in older persons. In contrast, for osteopetrosis
a less frequently diagnose of a disease, the amount of activated osteoclasts decreases due
to genetic mutations. This yields a disproportionate bone matrix accumulation [FM11].

2.2

Biology of Fracture Healing

The previous section imparted us the fundamental information of tissue properties and
cell types occurring in bone tissue and its surrounding. With this information we are
now able to obtain a more detailed description of the fracture healing process.

2.2.1

Osteogenesis

Obviously, the essential component of fracture healing is the formation of new bone. This
process is called osteogenesis. Albeit matured bone consists of load optimized lamellar
bone, newly produced osseous tissue is always of the woven bone variant. This rapidly
fabricated tissue will be substituted according to the loading history with lamellar bone
during the ongoing remodeling process. Osteogenesis can be split into two ossification
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Figure 2.6: Scheme of the two ossification pathways. (after [Nie+18])
types, intramembranous and endochondral ossification, differing by the tissues involved
as well as the precise mechanisms. Figure 2.6 gives an idea of these processes.
Intramembranous Ossification Here, bone is directly formed out of vascularized soft
tissue. Thus, intramembranous ossification is also called direct ossification. It starts
with the progeny of mesenchymal stem cells and their differentiation into bone forming
osteoblasts. The cells then begin to secrete uncalcified matrix (osteoid) which becomes
the calcified extracellular matrix after a few days when salts are deposited in it.
Two key factors have to be fulfilled to observe intramembranous ossification. First
of all, the vascularization of the basic tissue needs to ensure sufficient blood supply.
Secondly, the tissue has to be stable enough with respect to mechanical conditions, such
that the appearing strains do not surpass a certain level of deformation. Direct bone
formation is an important process for the embryonic skeleton and is responsible for the
growth of flat bones such as the ones protecting our brain. Beside the participation in
the early stage development of the human body, this variant of ossifaction is also part of
the bone formation during the fracture healing process.
Endochondral Ossification

Indirect or endochondral ossification describes a process

where cartilage serves as a template for the later formed osseous tissue. This variant
occurs in areas where the mechanical load yields higher compression which are unfavorable
for direct bone formation. As a consequence, hyaline cartilage is built to provide an
initial stabilization. After a few days, the cartilage tissue begins to mineralize whereas
chondrocytes undergo apoptosis. This leads to a matrix of mineralized material including
a network of canaliculi which is afterwards used for the ingrowth of blood vessels and
thus guarantees vascularization of the tissue.
While blood perfusion is established, the proliferation of osteogenic cells is activated
in this area as well. The osteoblasts, now sitting on previous chondrocyte positions
enclosed by the mineralized cartilage matrix, feel a significantly lower load and thus
begin to secrete the osteoid. In addition, chondroclasts start to resorb the cartilaginous
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matrix. The combination of those two processes results in a piecewise substitution of
cartilage with woven bone.
Indirect ossification plays a major role in the development of long bones. However,
this procedure is not only important during childhood, it is also a significant component in
fracture healing. Obviously, bone fractures result in a substantial decrease of the skeletal
stability. Thus, mostly the strains at the fractured areas are too high for direct bone
formation. In this case, endochondral ossification provides an opportunity to overcome
this issue.

2.2.2

Histology of Fracture Healing

After the previous overview of bone formation, we are now able to discuss how fractures
heal. For sure, there are a lot of factors influencing the healing, including the position,
shape and fracture type as well as pure biological indicators like age and health. But
in principle, we can distinguish between two substantial types of fracture healing, the
primary (direct) and the secondary (indirect) healing.
Although the healing pattern of both variants are different, the result is quite the
same. In both cases the injured bone tissue is reconstructed and ends up being quite
similar to its original state, if the treatment of the fractured bone is good enough [McK78].
The fracture healing process in principle starts immediately after the trauma.
Inflammatory Phase A short time after the trauma, the inflammatory phase starts.
In this phase, the fracture area is flooded with a huge amount of messenger molecules
which initiate the fracture healing cascade [Kol+10]. Due to the separated bone parts,
the stability of the skeletal system has significantly decreased. Beside this, the vessel
system is most likely destroyed as well. As bone is a tissue with a high blood supply,
the damaged ends of the bone starts bleeding. This blood forms the first soft tissue clot
between the fragments and provide some initial basic, but very small stabilization.
In advance to the modeling part, one important point at this early stage is that the
damaged bone ends do not anticipate to the proliferation process of osteogenic cells
[McK78]. Therefore, to observe healing at the fracture site the surrounding tissue has
to become revascularized at first. Of course, many additional things happen during the
inflammatory phase influencing and initiating the healing process. Unless these things
are relevant from a biological point of view, we would like to skip the more detailed
descriptions and refer to more specific literature on this topic [SS05; Kol+10; CRI12].
Primary or Direct Healing Primary healing describes the reconstruction of the bone
without callus formation. Additionally, at this point, no cartilage is needed for primary
stabilization of the fracture site. Thus, endochondral ossification does not play an
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important role in this case. In clinical applications, a very stable fixation method is
necessary to achieve the mechanical conditions for direct healing. Only if the occurring
strains remain extremely low or if the cortical ends are even under compression, the
opportunity for primary healing is given [Per79; Ein05; CRI12].
In case of sufficient stability at the fracture site, one can distinguish two types of
primary healing: contact healing and gap healing, differing in the property of a remaining
gap. For contact healing, the cortical ends need to be in direct contact with each other
and have to stay under compressive load. Under this circumstances, bridging with newly
formed osteons is possible. This happens in a manner very similar to the typical bone
remodeling process. Osteoclasts create tunnels through the fragments, facilitate the
ingrowth for blood vessels and osteoblasts create new bone matrix connecting both
fragments [SW67].
In clinical applications the fixation methods are often not able to keep this compressive
state. Instead, a small gap remains, which leads to gap healing. This gap should be as
small as possible due to the risk of pseudathrosis2 in case of too large gaps [McK78].
Despite the gap, the conditions are such that there is the chance of intramembranous
ossification leading to a bony bridging of woven bone. The vascularization of this new
tissue begins at the periosteum and the marrow. As both processes are strongly related
to the remodeling mechanism, it takes a long time3 until the refreshed bone has enough
strength to retake the load-bearing job without the support of a fixation method. Thus,
surgeons most likely hope to see, at least a small, callus formation on x-ray images to get
better information of the present stability at the fracture site.
Secondary or Indirect Healing Here, the name secondary healing might be a bit misleading, because this type of fracture healing is the more natural one. Whenever there is
a considerable amount of interfragmentary movement this type occurs, which obviously
could be expected in most cases of a broken bone [Lül15]. Even surgical treatments like
intramedularry nails, external fixators or bridging blades tend to allow interfragmentary
movements (IFMs) which are too high for primary healing [Cla+02; Dud+02a; Dud+02b].
As already discussed in the section osteogenesis (2.2.1), in case of too high compressive
loadings cartilage is formed instead of woven bone. This is the situation normally seen in
fractures. Consequently, the indirect way of creating bone out of cartilage by endochondral
ossification is one key ingredient of secondary healing. Figure 2.7 shows the principle
sequence of the secondary healing process.
During the fuzzy transition from the inflammatory phase to healing, fibroblasts start
to substitute the initial avascular blood clot by vascularized granulation tissue with a
higher amount of reticular fibers. These fibers yield an increase of tear-resistants of
2
3

Pseudathrosis is a synonym for a non-union resulting in a false joint.
often over a year [McK78]
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Figure 2.7: Three steps of secondary healing: (Step 1) As an immediate reaction due
to the trauma, blood invade the fracture area ends up as the haematoma. (Step 2)
Fibroblasts start to increase the amount of collagen fibers in the avascular blood clot
and form a soft callus. Near to the fracture gap, chondrogenesis is observed which
provides first stabilization. In some distance to the fracture site, intramembranous
ossification occurs. This procedures results in a widened load transferring area. (Step 3)
Endochondral ossification leads to a first peripheral bone bridging. Initially formed woven
bone already starts to calcify and become stiffer. (after [Nie13])
the haematoma. In addition, biological trauma reactions trigger a first bone formation
reaction. This primary callus response takes place at a short distance from the fracture site
and result in a rapid intramembranous ossification underneath the periosteum [McK78].
Related to this primary bone formation response, the load transferring area inside the
fracture gap becomes larger. As a result, the amount of strain decreases. Moreover, due
to the profile getting more and more an “ambos-like” shape, the strain tends to be more
compressive than shearing, which is in favor of chondrogenesis. This primary reaction
facilitates the process of indirect healing by leading to better mechanical conditions at
the fracture site .
While intramembranous ossification in a short distal and proximal distance helps
to reduce the loading inside the fracture gap, chondrogenesis happens within weeks at
this location resulting in a soft callus. Because of the material properties of cartilage,
bridging with cartilage yields a rapid reduction of the IFM and thus allows osteoblast
proliferation to that area. Finally a bony bridging takes place due to the process of
endochondral ossification where the previous build cartilage is substituted by new formed
woven bone [Ein05]. At the same time, bone which was formed in the initial cascades
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after the fracture begin to calcify and become stiffer.
The exact time needed for bridging as well as the position of the first bony contact
of the fragments depends on a lot of factors. Especially the starting gap size and the
allowed IFM are well accepted indicators for the union behavior [Cla+95; CH99]. The
more primary gap size and IFM are observed, for example after surgical treatment, the
higher the probability of a non-union.
Remodeling In the course of fracture healing, the phase of remodeling describes the
adaption of the rapidly produced bone to its former purpose. Of course, this is strongly
related to the load conditions after bridging. If the load situation after satisfactory union
of the hard callus significantly differs from the one before trauma, the homeostatic bone
architecture will do that also.
Although this process is deeply connected to the already mentioned ongoing refreshment of old bone, also called remodeling, here we refer to the time period that is needed
for returning to the pre-fractured situation. During the adaption of woven bone to
lamellar bone, the amount of strain decreases. This occurs especially at the peripheral
areas of the hard callus. One consequence is an imbalance of the osteoclast-osteoblast
activity due to mechanotransductive signals. This leads to a degradation of the callus
until the stiffness of the bone is optimized with respect to the all-day load conditions
[Fro63; Wol92].

2.3

Mechanotransduction Hypotheses

In the previous sections, we discussed the fundamental properties of the tissue types
participating in the fracture healing process from the basic cell interactions up to the
typical observations on how fractures heal. We already mentioned multiple times that
the load conditions trigger cell-differentiation and tissue formation. However, the idea of
tissue transformation due to an optimal adaption with respect to mechanical stimulation
is not new. The influence of weight bearing on the skeletal system and adaption of it to
the all-day load situation was already introduced in the late 19th century by W. Roux
and J. Wolff [Rou81; Wol92].
Wolff studied the optimized bony structure, especially at the femur head where he
observed the perfect alignment of the trabeculae to mechanical stress trajectories. Roux
in particular was interested in the differentiation process of the tissue cells as well. He
stated that the type of formed tissue corresponds to a specific mechanical stimulus.
Despite this clear assignment being wrong from todays viewpoint, the principle idea
was a substantial progress at this time and is still present in later works [Kro37; Pau60;
Fro63; PHS97; Car+98; CH99; LP02].
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Frost’s hypothesis
(Adaption)
(b) Scheme of the mechanostat model after
Frost. Too low mechanical load results in
bone resorption, whereas overload yields
bone formation. Both mechanisms stabilize
the amount of bone at the adapted window
where mass and strength is optimized for
physiological loads. (after [Fro00])

Figure 2.8: Two milestone pictures for the understanding of fracture healing and
remodeling.

2.3.1

Concepts of Tissue Adaption and Differentiation

One of the most important milestones in understanding the tissue differentiation and the
skeletal adaption due to mechanical response were the research activities of Pauwels and
Frost [Pau60; Fro63]. Figure 2.8 shows the basic concepts of the two researchers.

Pauwels

The hypothesis of the german orthopedic specialist and biomechanist, Friedrich

Pauwels, is based upon the ideas of Roux. In contrast to Roux, the ability of mesenchymal
stem cells to differentiate into different tissue specific cells like fibroblasts, chondroblasts
and osteoblasts was already familiar to Pauwels [Pau60; Pau65]. Thus, the main question
for him was: why do these cells use the indirect way of endochondral ossification although
they are able to differentiate directly to bone cells? Additionally, he knew that the
physiological loading of long bones is typically a composition of compression and tension.
With this in mind, he disagreed with Roux who claimed that specific loads yield specific
tissues.
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Following Roux, bone formation is related to compressive states which was in Pauwels
opinion a contradiction to experimental observations. In 1858, Fick still recognized that
bone can only be built in areas where high stresses are shielded by surrounding tissues
[LF58]. Moreover, bone formation was also observed in regions more related to tensile
stress instead of compression.
This knowledge about the inconsistency in Roux’s hypothesis led to Pauwels rethinking
of the mechanical stimuli factors. He thought about the kind of mechanical load experience
the cells get independent of the tissue type they are embedded in. As a result he stated
that, instead of stressess the cell deformation is a better candidate for a mechanoregulatory indicator. At this point, the two stimulating factors pure volumetric change
and pure shape distortion make their first appearance. If we translate these factors to
a cellular level, the first would belong to a compression of the cell whereas the second
would result in a pure cell deformation.
At least the goal of the cells is to form bone. In order to do so, the tissue has to prevent
the bone cells from deformations which are too high for osteogenesis. Following Pauwels,
if the load tends to be of a pure volumetric change, the cells feel the compression and
start to produce cartilage. In fact, this is the favorable tissue type to reduce compressive
loadings. In case of shape dirstortion, the cells prefer the production of fibrous tissue,
which yields a better shielding of pure deformation to the bone cells. Subsequently
to these load reduction pathways for specific strains, premature bone can be formed
regardless of whether the stimulation is related to a more compressive or tensile load.
The only fact that matters is that at the end, the occurring strains are small enough
for bone cells to build woven bone. The principle of that hypothesis is illustrated in
Figure 2.8a. Thus, according to Pauwels, the formation of cartilage and fibrous tissue
at the early stages of fracture healing follows only one goal: initial stabilization of the
fracture site such that the occurring strains are of an amount that bone can form.
Frost

Simultaneously to the research activities of Pauwels, Harald Frost developed

further improvements of Wolff’s law. Beginning in the 1960s the focus of Frost’s research
was the bone tissue adaption with respect to mechanical loading for over more than four
decades [Fro63; Fro90a; Fro90b; Fro90c; Fro90d]. Parts of the work of Frost are known
as the Utah Paradigm of Skeletal Physiology and present a model called mechanostat
[Fro63; Fro87]. He suggests the following equilibrium state for the remodeling process:
“Healthy skeletal organs provide only enough strength to keep postnatal voluntary loads, whether chronically subnormal, normal or supranormal, from
causing spontaneous fractures, ruptures, arthroses, or pain.” [Fro00]
Therefore, the idea of the model is to optimize the skeletal strength in order to minimize
weight as long as the bone can resist physiological loads. The principle feedback loop
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that drives this optimization during the remodeling process is presented in Figure 2.8b.
If the physiological load refers to the disuse window bone will be resorbed. This results
in higher strain in the remaining bone tissue. That process goes on until the so-called
adapted window is reached. Herein, the bone tissue is optimized with respect to strength
and mass. On the other hand, if the strain is too high, it is related to the overload
window. As a consequence, bone will be produced, strengthening the bone tissue and
decreasing the local load until the adapted window is reached again.
Based on these two hypotheses, many proposals for adjustments, from a lot of
different research groups were published over the last decades to improve these models.
A comprehensive discourse of the main publications is given in the PhD thesis of Frank
Niemeyer [Nie13]. One example is the idea of Carter, who introduced a distinction
between vascular and avascular tissue for his mechanotransduction hypothesis [CH77;
Car+98]. In addition, he defined an osteogenic index as
I=

N
X
i

ni (Si + kDi ),

which describes a cyclic loading pattern of N cycles. Here, Si and Di are two invariants
of the stress tensor describing the octahedral shear stress and the hydrostatic stress. The
factor k is an empirically defined weighting factor. The exact definition of the hypothesis,
in particular the transition threshold between two differentiation processes, has been
changed many times during the modeling progress.
Nowadays, mainly two hypotheses for the mechano-regulatory behavior are used in
numerical simulations.4 In many cases, only the evaluation of the hypotheses or the exact
definition of the mechanical stimulation factors slightly varies from research group to
research group. In the following, we will discuss those two models in more detail and
start with the one of Lacroix and Prendergast, which provides a different point of view
to the one of Ulm.

2.3.2

Prendergast and Lacroix

Back in 1997, Prendergast et al. studied the tissue differentiation processes next to
implants [PHS97]. To do this, they implemented a static finite element (FE) tool to
compute the mechanical conditions in these areas. In order to understand the main
difference between Prendergast and the approach developed in Ulm, the main attention
should be on the choice of the material description. In Prendergast’s models, the
4

The hypothesis of Prendergast and Lacroix as well as the one from Claes and Heigele resulting
from healing reaction studies. It is not clear if these hypothesis are plausible for describing tissue
differentiation in healthy tissue, too.
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Figure 2.9: Mechanotransduction hypothesis for tissue differentiation during the fracture
healing process after Prendergast and Lacroix. Indicators for mechanical loads in the
porous materials are the shear stress and the interstitial fluid flow. Beginning from
understimulation, by increasing the stimuli the processes of osteogenesis starts, switching
to cartilage production and ends at the formation of fibrous tissue. (after [LP02])
biological tissues appear as porous materials, a biphasic composition of a solid structure
with elasticity and a fluid phase.
For Prendergast, the two biophysical stimuli related to mechanotransduction signals
are given by the tissue shear strain and interstitial fluid flow. Initially, Prendergast
distinguished between three stimuli areas. If the combined stimulus of the shear strain
component and the induced fluid flow is low enough, bone can be formed. For higher
interstitial velocities as well as higher shear strains, the process of osteogenesis is substituted by cartilage production. For even higher mechanical stimulation, as long as it do
not extend to pathological conditions, fibrous tissue is created.
Later, Lacroix added a resorption window for mechanical loads that are too low
for bone creation [LP02]. The motivation for this step was the ability to describe the
resorption during the remodeling phase of fracture healing and therefore the reduction
of the hard callus. Figure 2.9 shows the windows for the different processes and the
corresponding thresholds.
The most severe problem of this hypothesis, which is also a problem for all other
models, is the determination of the thresholds. As the assignment of the thresholds is
based on an FE model, the result definitely depends on the accuracy of the material
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description. But tissues in living organisms undergo a permanent adaption process
resulting in a ongoing change in material parameters. We will revisit that topic in the
discussion of the hypothesis from Claes and Heigele.

2.3.3

Claes and Heigele

Inspired by the work of Pauwels, Claes and Heigele published their own hypothesis for
the mechano-regulatory mechanisms of fracture healing in 1999 [CH99]. The outcomes
are strongly related to experiments done a few years ago on sheep [Cla+95; Cla+97].
Because we will use this hypothesis for our simulation as well, the following paragraph
provides a detailed look onto the origin of this hypothesis and ends with a short critical
discussion regarding the explanatory power of this hypothesis.
Experimental Design

The goal of the experiment was to determine the influence of the

fracture gap size as well as the initial interfragmentary movement (IFM) on the overall
healing progress. To achieve this, Claes and Heigele designed an external fixation method
for long bones which acts nearly rigid in rotational direction and provides a stiffness in
axial direction that approximately corresponds to the intact cortical shell. In addition
to the axial stiffness, a gadget allowed a “free” movement length of the fixator in axial
direction. For this length, the fracture gap was only stabilized by the stiffness of the
callus itself. As a consequence, the design of the experiment enabled the choice of initial
IFM

by adjustments of the free movement length.

The experiment involved 42 male sheep of almost the same age and weight [Cla+97].
The sheep were subjected to a transverse osteotomy under surgery conditions. The
fixator was applied to the intact bone and the periosteum was resected. Afterwards, the
initial gap size was controlled by the amount of bone which was cut by a saw. To get
experimental results for a variation of the two parameters, gap size and initial IFM, the
sheep were randomly subdivided into six groups. The six groups are characterized by
three different gap sizes with two distinct free movements.
After surgery, the sheep were free in their movement. Thus, the mechanical loading
of the fracture site was subjected to the daily walk cycle. Nine weeks after surgery,
all animals were killed such that further analysis was possible. Examining material
parameters like the Young’s modulus was in the focus of these tests. In particular, the
location and type of formed tissues as well as the callus shape was of great interest.
Therefore, at week four and week eight after osteotomy, a substance was injected to mark
newly formed bone.5 With that, it was possible to decide, at which positions new bone
were built after these time steps [CH99].
5

The difference between the bone formation after these time steps can be seen in the publication of
[CH99] in Figure 6 a) and b).
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Static Finite Element Analysis Based on these observations, Claes and Heigele designed
a FE analysis to compute the occurring stresses and strains inside the fracture area. To
simplify the model, they assumed the long bone shaft to be a perfect tube and the cortical
ends to fit perfectly. Thus, they were able to use axially symmetric plus plane symmetric
boundaries and compute only a part of the fracture site. In addition, a force was attached
at the top of the cortical shell resulting in an IFM. For the material parameters several
different tissue types with related stiffness properties were defined. Exemplary, three
distinct callus tissues with different Young’s modulus values are stated, representing the
maturing process while healing time.
To be able to combine the numerical results with the experimental observations, they
stated the following propositions:
1. Osteogenesis occurs exclusively at locations close to already existing bone;
2. The mechanical factors indicating which tissue type has to be formed are local
hydrostatic pressure and local strain.
They evaluated three different tissue distributions corresponding to the immediate time
after surgery and the two distributions observed at weeks four and eight. With these
results, they picked the occurring local hydrostatic pressures and the local strains in
two directions at the existing tissue surfaces and related those to the areas of where
they expected new bone formation [CH99]. Hence, they were able to define windows
for mechanical stimulation related to specific tissue formation processes. Figure 2.10a
presents these windows which are known as the mechanotransduction hypothesis of Claes
and Heigele.
Modification of Simon et al.

Hydrostatic pressure, defined as phy = 13 tr [σ̂], represents

an invariant of the stress tensor σ̂ and thus is independent of the chosen coordinate
system. In contrast, the second parameters used by Claes and Heigele, namely the strain
components in x and y direction of the three dimensional strain tensor ε̂ are strongly
connected to the choice of the coordinate system. Consequently, one has to ask the
following questions:
1. How do the cells know if the actual deformation occurs in x or in y direction?
2. What about the third strain component of the strain tensor? In an axialsymmetric
model, a displacement in radial direction ux 6 does always result in a strain in
rotational direction εφ . The term is given by εφ =
the rotational axis.
6

ux
r ,

Here we use ux instead of ur to preserve the nomenclature of [CH99].

where r is the distance to
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(a) Differentiation hypothesis for the mechanotransductive tissue adaption during fracture
healing of Claes and Heigele. Compressive states
yield cartilage formation, whereas for bone formation, both stimuli have to be small enough. (after
[CH99])

(b) Modification of Simon et al. where
only invariants of the strain tensor account
for mechanical stimulation. High negative
dilatational strain induce cartilage production. To stimulate intramembranous
ossification, dilatational as well as distortional strain has to be sufficiently small.
(after [Sim+11])

Figure 2.10: Areas of the different tissue differentiation processes according to the
hypothesis used by the Ulm group. Note, the different scalars of the two graphs.

Induced by these questions, Simon et al. started to modify the hypothesis of Claes and
Heigele. As already mentioned above, Pauwels came up with the idea that the mechanical
stress felt by the cell is caused by a deformation of the cell itself. Thus, first of all
one should get the information of the actual deformation state of the cell. Therefore,
based on the study of Pauwels, Simon et al. defined two strain invariants describing two
different effects of the deformation [Sim+11]. The dilatational strain ε̂, representing a
pure volumetric change, is given by:

ε̂ :=

3
1 X
εi ,
3 i=1

(2.1)
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with the principle strains7 εi . Secondly, the distortional strain γ̂, which describes a pure
shape change without a variation in the volume, reads:
1
γ̂ := √
2

q

(ε1 − ε2 )2 + (ε2 − ε3 )2 + (ε3 − ε1 )2 .

(2.2)

These two parameters do not depend on the choice of the coordinate system and provide
the information about the deformation state of the cells in the sense of volumetric as well
as shape change. Moreover, all three strain components are included in this description.
With this modification of the hypothesis, the picture of Claes and Heigele can now be
transformed to the one shown in Figure 2.10b.
Sensitivity of the Static Finite Element Analysis The hypothesis of Claes and Heigele
relies on the outcomes of the static FE analysis. As the strain and stress components
inside the tissues are not measurable in real in vivo situations, the FE analysis was
the only way to get this information. They used three different moments out of the
experiment where they approximately knew the tissue distribution. For these points, FE
models were implemented to mimic the situation and figure out the strains and stresses.
Obviously, the outcomes of such a numerical model depend on the boundary conditions
as well as the model parameters. First of all, the force was assumed to be of about 500 N
in axial direction based upon a study of Duda et al. [Dud+97]. This corresponds to a
loading weight of about 50 kg. It is reasonable to expect an uncertainty of about ±10%.
Moreover, one should take into account that this constant load does not reflect the reality
with loading and unloading cycles, but gives an approximative mean load situation that
is assumed to be responsible for the stimulation.
Even more critical is the choice of the material parameters for the different types of
tissue. As Claes and Heigele evaluated the strains and stresses occurring at the surfaces
of existing bone where soft tissue is present, the material parameters of soft tissue are of
special interest. A nice recap of material parameters for different tissue types that are
already published in the literature is presented by Steiner et al. in [Ste+13]. According
to the literature, a range from 0.5 MPa to 3.0 MPa for the Young’s modulus of soft tissue
is taken into account. For the Poisson’s ratio the parameters vary from 0.26 up to 0.49.
Taking into account that the Poisson’s ratio ν occurs with

1−ν
(1+ν)(1−2ν)

in the stiffness

behavior of the material, the uncertainty of this parameter is very high as the upper
bound tends to a singularity.
To get a better feeling of how the strain and stress results vary with respect to the
parameter uncertainties, we performed a sensitivity analysis8 for the Young’s modulus
(2.0 MPa and 4.0 MPa), the Poisson’s ratio (0.3 and 0.45) and the acting load (450 N and
7
8

These are given by the eigenvalues of the strain tensor.
This is done by comparing numerical results for different parameters.
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550 N). Figure 2.11 shows the results for the Young’s modulus. For the sake of readability
the results for the other two parameters are postponed to the Appendix A.1 (Figure A.2
and Figure A.1). The three columns correspond to three different healing steps, which
match the ones presented in [CH99]. The figures present the evaluations for the three
components of the mechanical stimuli related to the ones used of Claes and Heigele9 (top)
as well as for the values corresponding to the invariants used by Simon et al. (bottom).
The evaluation takes place on the ossification path marked in the respective pictures
presenting the healing step. The indicated blue and gray areas correspond to the ranges
of different tissue formation processes according to the hypotheses shown in Figure 2.10.
While blue is associated with the chondrogenesis window, the gray one belongs to bone
formation. When looking on these results one has to take into account that such results
are the basis for the differentiation hypotheses.
For the variation of the Young’s modulus one immediately sees that it has minor
influence on the outcomes for the initial situation. This is not a big surprise, because
the load is mainly transferred through the soft tissue directly between the cortical ends,
where no evaluation occurs. This observation changes for the tissue distributions of
step two and three. Here, the evaluation path is located inside the load transferring
area. Despite the fact that we are dealing with compressive conditions, the amount of
hydrostatic pressure does not significantly depend on the exact Young’s modulus of soft
tissue. In terms of the strain values we get a different picture. The factor of two between
the maximal and minimal Young’s modulus is reflected in the strains again. If we now
assume the boundaries for chondrogenesis and osteogenesis to be fixed and sharp, we can
exemplary conclude the following out of Figure 2.11:
• Horizontal strain εxx of healing step 2: If we deal with a Young’s modulus of 4 MPa,
ossification occurs at the full surface, whereas in case of 2 MPa at a significant part
of the surface cartilage will be formed.
• Volume change ε̂ of healing step 3: In case of 2 MPa, this value would indicate
cartilage building at the full surface, while 4 MPa leads to a bone formation at the
last 30% of the evaluation path.
• Shape change γ̂ of healing step 2: For 2 MPa, about 60% of the path is overstimulated, while in case of 4 MPa on nearly the full path chondrogenesis is predicted.
• Different boundaries would yield to equivalent observations.
9

With the definition of the hydrostatic pressure phy = 13 tr [σ̂] the results differ from the ones of Claes
and Heigele [CH99] by nearly a factor of 3. Thus we believe they used p̃hy = tr [σ̂] back then. But this
was not yet verifiable by the author. Here, for the evaluation of the sensitivity analysis we use p̃hy to
be comparable to the hypothesis.
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Figure 2.11: Parameter sensitivity for the hypothesis of Claes and Heigele [CH99] and
Simon et al. [Sim+11].
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Consequently, at the end the choice of the Young’s modulus strongly affects the
healing pattern. Taking now into account that we deal with living tissue that is subject
to an ongoing adaptation, evidently the material parameters change over time. Even the
uncertainty of the Young’s modulus in the literature itself is about ±1 MPa. Therefore,
the inverse direction is also related to huge uncertainties. Speaking in terms of strain

boundaries, which correspond to a distinct process, it can easily vary by a factor of two.
As a result, the threshold values for the differentiation process presented by Claes and
Heigele rather should be interpreted as guidelines than as fixed and sharp boundaries.
Not at least for this reason, Simon et al. considered a smearing of that sharp thresholds
by using a fuzzy controller that will be discussed in Section 2.4.4 which focuses on the
Ulm Healing Model.
Similar impacts of the uncertainties can be noticed for the variation of the Poisson’s
ratio and also for the loading. A short discussion of these parameters is given in the
Appendix A.1.
Thus, let us assume that the hydrostatic pressure is less sensitive to model parameter
uncertainties than the strain components. Then we can ask, why one would substitute
the less sensitive used by the original hypothesis with the more sensitive one in the
adaption of Simon et al.? One can think of an easy gedanken experiment. If the load
is only transfered through the cortical shell and the soft tissue inside the fracture gap,
then the pressure in axial direction is given by σzz =

F
A

with the load F and the load

transferring area A. This stress component is of the same size, regardless if we measure
it in the stiff bone or the soft tissue part. Moreover, it stays constant even if we have
bone formation inside the fracture gap as well as in case of resorption of the cortical
ends. Therefore, the tissue adaption does not affect the differentiation itself.
In contrast, the strain in axial direction can be approximated with εzz ∼

σzz
E ,

where E is the Young’s modulus. Thus, tissue differentiation directly affects the strain

in axial direction. If the tissue adaption process yields an increased stiffness of the
interfragmentary tissue, the strain will decrease. This leads to a negative response for
the further tissue adaption. The idea behind this response is that only the amount of
stiffness that is needed to overcome the physiological load is supplied. This principle
cannot be provided by the stress components.
Finally, by looking at the procedure done by Claes and Heigele, the following
point should be also taken into account: they had only a few samples where the actual
distribution of the new formed bone was observable. Thus, they had to guess the positions
of osteogenesis for the next time steps and compare this assumption with the results of
the FE analysis. Moreover, whereas cartilage plays an important role while callus healing,
it is not considered in the FE analysis. Here, one has to expect another source of big
inaccuracies.
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Albeit the hypothesis suffers of these drawbacks, the theory itself has been used over
two decades in numerical simulations by different research groups and led to reasonable
results [AH00; Sim+11; Nie+18; Isa+08].

2.4

Fracture Healing Models

The focus of the previous sections was on the basic observations related to the fracture
healing process and the mechanoregulatory hypotheses of tissue differentiation. With
that fundamental knowledge, we are now able to start with the model building. From a
clinical point of view, a huge amount of factors affect the healing pattern. Due to this,
modeling the exact behavior is not possible for many reasons, even if the behavior would
be perfectly explored by clinicians. Most of all, the multi-scale nature10 of the different
processes in time as well as in spatial coordinates inflates the necessary computational
resources.
Thus, modeling the fracture healing process usually starts with the definition of
the scales that should be resolved. In “Role of mathematical modeling in bone fracture
healing” [PD12] Pivonka and Dunstan analyze the different strategies for the various
scales. They distinguish models acting on three different levels, namely celular scale,
tissue scale and organic scale.
Cellular Scale

Models at the cellular scale deal with the interaction between different

cell types as well as the regulation due to biochemical factors. Thus, this type of models
are also labeled cell population models. Often, there is no spatial component in the
description. Therefore, the results of these purely temporal representations are dealing
with spatial averages inside the area of interest. Two representatives of such models are
given by [Piv+10; Kom+03]. Both models deal with the remodeling process and analyze
the cell evolution of the population in presence of growth factor activity. The equations
behind these models are mostly coupled reaction equations with additional source and
sink terms for the growth factors.
Tissue Scale

Looking at the fracture healing process the evolution of the callus is the

focus of the model. In order to get this information, the spatial distribution of the bone
tissue has to be resolved. Usually, a description of the cellular level is then given as an
averaged spatial cellular population. Whereas the exact formulation of such problems
differs from model to model, in principle they all consist of continuous descriptions of
the regulatory factors as well as the different cell types. Here, the temporal behavior is
10

Between the model size of the organic scale and the size required for capturing cell activities a ratio of
106 to 109 is given. The same problem occurs in the temporal degree of freedom, caused by a very long
healing range up to months.
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represented by coupled partial differential equations. The resulting system of equations
is often completed by a number of ordinary differential equations as well as algebraic
equations. A lot of progress in this field has been made by Geris et al. [Ger+03; GSO10]
and Bailón-Plaza et al. [BM03] to name only a few. In most cases, the healing area is
predefined by a maximum callus shape that restricts the tissue formation in space. In
contrast, the model of Garcı́a-Aznar [Gar+07] does not use this restriction, since it is
also concerned with the formation of the maximum callus.
Organ Scale While the processes at the tissue scale are dominated by biochemical
growth factors, at the organ scale models the leading influence of the tissue formation are
mechanical stimuli. Here, not only the fracture site and callus are part of the model, but
also a larger segment of the fractured bone in order to get a realistic load distribution.
In these models, the mechano-regulatory theories of Claes and Heigele [HC97] as wells
as the one of Prendergast [PHS97] play a major role. An exemplary model acting on
this scale is given by the work of Lacroix [LP02] which is based on the porous material
approach proposed by Prendergast. In the modeling approaches of Ulm, the hypothesis
of Claes and Heigele is predominant. Representative simulations of the Ulm groups are
given by [AH00; Weh+10; Sim+11; Ste+13; Nie+18].
Multi Scale

In fact, assigning the models to a distinct scale is not as easy as it seems.

Most models deal with a combination of different scales or act on the transition from
one scale to another. For instance the model of Niemeyer et al. [Nie+18], where the
tissue differentiation could be ascribed to the tissue level is driven by mechanical stimuli
calculated on an organic scale. Of course, there are models that try to consider all length
scales. Nevertheless, they have to make assumptions on the inter-scale couplings. A
realization that aims to capture all scales plus introducing an intracellular level was
presented by Carlier in 2012 [Car+12].
As we have seen, many different approaches to simulate fracture healing were
explored. All of them try to simulate fracture healing or parts of it at least. Finally, the
objective would be the development of a patient specific model including all influences
affecting healing. According to the complexity of the problem, the development of such a
model, however, seems to be impossible. This becomes even more manifest by taking into
account that the full process is not completely understood yet by clinicians at all. Thus,
the following question arises: if we do not know the ongoing procedures and interactions
in detail, how can a mathematical model help to predict the healing pattern of a fractured
bone?
Maybe one has to think in a different way. Of course, in many disciplines we have
laws given by nature. These laws often result from principles like conservation laws
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for mass, inertia or energy and can be expressed as mathematical equations. With the
help of these formulations we are able to predict the outcomes of related experiments
as long as the experiment is covered by these. In case of fracture healing, the task of
numerical models might be another one. There are so many actors fraught with partially
huge uncertainties participating in the overall process on different scales. To resolve that
problem, numerical models can provide an additional tool for testing model assumptions
and getting a better insight to the dependencies of the acting components. For example,
if researchers came up with an idea of how the cell communication works, this idea can be
checked by comparison of model predictions and experimental results. Finally, this yields
an indication for the validity of the model with respect to measurements. This procedure
becomes even more powerful in case of non-trivial coherences because analytical estimates
as well as clear experimental relationships are then not given anymore.
In the following we provide a short overview of different approaches of numerical
models. We restrict ourselves to the presentation of the basic ideas and discuss the
problems that come along. While the model of Geris et al. is representative for the tissue
scale level including less mechanotransductive stimuli, the others are strongly connected
to the differentiation hypotheses explained in Section 2.3. For a more detailed summary
of existing models we would like to refer once more to the PhD thesis of Niemeyer [Nie13].

2.4.1

Geris et al.

Liesbet Geris can be regarded as one of the most active researchers in the field. She
invented several new modeling approaches and introduced a lot of innovative concepts.
While her first models were subject to mechanically regulated tissue differentiation11
[Ger+03; Ger+04], the focus of later models turns to more bioregulative approaches
inspired by the previous work of Bailón-Plaza and van der Meulen [BM01]. The first
bioregulative models even completely neglect the mechanical induced stimuli [Ger+06;
Ger+08].
In [Ger+08] the process of angiogenesis was included and the aim of the study was to
examine the influences of an impaired angiogenesis with respect to the complete healing
pattern. The bioregulated model consists of 12 coupled partial differential equations
which are mainly of diffusion-reaction type. At this point one should mention that
the formulation of these equations is not derived from conservations laws but is rather
motivated by phenomenological observations. Although the number of equations is
already quite high, the number of input parameters for this model is still higher. More
than 70 parameters like proliferation factors or diffusion constants have to be defined.
While most of those parameters can be measured, albeit with huge uncertainties, the
rest of the parameters has to be estimated.
11

Geris et al. uses the hypothesis of Prendergast [PHS97] for the evaluation of the mechanical stimuli.
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Of course, such an approach perfectly fits to the above idea of how numerical models
could help to increase our insight to the healing process. With the model at hand, one
could reverse-engineer the parameters such that the experimental outcomes are reproduced.
Nevertheless, as we deal with a really huge amount of degrees of freedom (dofs) one should
be aware of the following problem: a model that includes non-trivial interactions as well
as a huge amount of adjustable parameters is able to predict nearly everything. Then,
the only problem is to find the right parameter set. For such models, a verification of the
input parameters by experimental data is crucial. Especially to shrink the risk of getting
right results with wrong models.
In later approaches, Geris et al. worked on the combination of the bioregulative
models with the ones regulated predominantly by mechanical stimuli [GSO10]. To do
so, the biological concentrations were associated with poroelastic material parameters
and a finite element (FE) model was used to compute the stimulation factors. Looking
closer at the model, the computed mechanical stimuli do not show up explicitly in the
differential equations, but are used to manipulate a few input parameters. Moreover,
there is only one function for all parameters that determines how large this manipulation
has to be. Indeed, this drastically reduces the number of values that have to be guessed.
Nevertheless, using only one function for all parameter adjustments seems not to be
realistic as the corresponding parameters for the processes significantly differ in their
impact.
However, despite the mentioned problems of such realizations, all the models presented
by Geris et al. were able to reproduce the results of an experiment done with mice.

2.4.2

Isaksson et al.

The first works presented by Isaksson et al. were related to conceptional questions. The
models were designed to highlight the working ranges of the different mechanotransduction
hypotheses. Therefore, Isaksson et al. designed a three dimensional FE model of an ovine
tibia and studied two different load situations, namely axial compression and rotational
torsion [Isa+06]. Here, the tissue differentiation hypothesis was varied between the one
of Carter et al. [Car+98], Claes and Heigele [CH99], the hypothesis of Prendergast et al.
[PHS97] as well as a fourth one which they referred to as deviatoric strain.
The differentiation and cell proliferation process basically follows the implementation
of Lacroix et al. in [Lac+02]. Herein, densities of different cell types were described.
Each of them is subject to cell activities like proliferation, differentiation and apoptosis.
Whereas the proliferation is mainly described by the diffusion parts of the equations, the
differentiation is determined by reaction terms. The material parameters were derived
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on the basis of a rule of mixture.12
They found that the hypothesis of Carter as well as the ones of Claes and Heigele are
able to predict parts of the tissue distribution for the axial loading case, but completely
fail with respect to the torsion loads.13 Here, one should take into account that the
hypothesis of Claes and Heigele results from a compressive experimental setting. Thus,
it is not expected to work properly for torsion loads.
In [Isa+08] Isaksson et al. came up with their own stimulation parameter. To compute
that, the mechanical stimuli proposed by Prendergast were combined into one scalar
stimuli indicator. In this model, the mechanical impact consists of switching terms in the
coupled system. Thus, if the hypothesis predicts ossification, the reaction and diffusion
terms related to ossification are switched on, otherwise the terms are neglected. This
might be a reasonable approach, but from a numerical point of view a binary character
is strongly connected to the risk of instabilities. Unfortunately, at the time of writing we
are not aware of an extensive convergence analysis for this model.14

2.4.3

Repp et al.

The model of Repp et al. [Rep+15] is a further development based upon the study of
Vetter [Vet+11] and considers an osteotomy of the mid-shaft of a sheep tibia. Each
element of a finite volume (FV) discretization is assigned with a tissue type parameter
plus a parameter defining the Young’s modulus of the element15 . Other values like the
Poisson’s ratio are derived from the tissue type. In each time iteration, a change of the
elasticity is computed for every element according to the actual stiffness, the mechanical
stimulation and a parameter that is related to what they call biological readiness.
The last parameter is said to be representative for processes like angiogenesis or the
cell communication via growth factors. This parameter evolves according to a diffusion
process whereby originally the diffusion constant was not measured but chosen such that
the simulation results “look nice” [Vet+11]. However, to the best of our knowledge, the
boundary conditions used for the simulations in [Vet+11] are not detailed there.
For the mechanical stimulus, they decided to simply use the volumetric strain defined
by

∆V
V

, where V is the reference volume and ∆V is the volume change.16 Different

thresholds are defined for the cell differentiation processes that mainly result in an
12

For example, in case of the Young’s modulus a linear combination of elasticity parameters is built. The
single elasticity parameters correspond to tissue types which are connected to the simulated cells. The
cell concentrations then leads to the factors for the linear combination.
13
Later works of Steiner et al. [Ste+13] show that torsion can also be simulated with the hypothesis of
Claes and Heigele. There, the tissue differentiation process were implemented in a completely different
way.
14
Indeed, this criticism can be raised with respect to most of the published models.
15
For more details on the FV method, we refer to C. Hirt and B. Nichols [HN81].
16
Unfortunately, it remains unclear how ∆V is computed in [Rep+15]. [Vet+11] indicates that ∆V is
computed as the trace over the strain tensor, which would be the natural way.
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Figure 2.12: Scheme of the tissue handling in the model of Repp et al. Every volume
element of the discretized domain is assigned with a Young’s modulus parameter. If the
mechanical stimulus ms correspond to a predefined range, the parameter increases. At
the limit of 10 MPa the stimulus determines if the tissue type changes to cartilage or
bone tissue in that element according to a threshold M Sb . The green areas illustrate
ranges of committed maturation. If the Young’s modulus is inside the range for fibrous
tissue or cartilage tissue, the parameter increases independent of the mechanical stimulus.
(after [Rep+15])
increase or decrease of the element stiffness. The callus stiffness initially starts with the
lowest value corresponding to fibrous tissue. While the tissue in these elements becomes
stiffer, the mechanical stimulus determines the tissue differentiation at a certain point.
According to a bone formation threshold M Sb the algorithm determines whether bone is
directly formed via intramembranous ossification, or endochondral ossification takes place
and cartilage is produced at first. Whereas this has no effect on the Young’s modulus at
first, the Poisson’s ratio differs. After the Young’s modulus of the elements of cartilage
reaches a certain threshold, the tissue type switches to bone. Thereby, the change in the
element stiffness is related to the biological parameter as well as the actual mechanical
stimulus. The procedure that determines the tissue type is schematically described in
Figure 2.12.
In a variation of the model, they included a so-called committed maturation mechanism.
This mechanism takes place in fibrous tissue as well as cartilage and is active for a Young’s
modulus that corresponds to the green areas of Figure 2.12. For example, if a FV element
is filled with fibrous tissue and the Young’s modulus increases to about 5 MPa, during
the following iterations the stiffness will increase further and further until the tissue type
changes. The motivation for this variation is the lack of knowledge relied to the following
question: how much stimulation is enough for tissue differentiation? Thus, for the case
of committed maturation they postulated if the stimulation was high enough to increase
the stiffness of cartilage or fibrous tissue up to 10 % of its maximum, the process goes on
even if the stimulus is gone.
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2.4.4

The Ulm Healing Model

Finally we will consider the healing model developed by the Ulm group. As the model
developed in the thesis at hand is based upon the previous Ulm models, we will go a
bit more into detail. Furthermore, we will conclude this section with a short discussion
about some contradictions that came up during this work.
Due to the experimental expertise of the biomechanics group in Ulm, the modeling
was always supported by experimental data. A great step forward was done by the
model of Simon et al. [Sim+11] which was built up from preliminary works like the one
of Ament et al. [AH00]. The model was able to reproduce experimental results of an
in-house sheep experiment. Of course, the experiment is quite similar to the one used
by Claes and Heigele for their hypothesis [Cla+95; Cla+97].17 From the experimental
data, two groups of sheep with distinct initial stabilization properties were chosen. These
two cases will be referred to as stable case and unstable case. Whereas the stable case
considers an initial gap size of 2.0 mm and a starting interfragmentary movement (IFM)
of 0.25 mm in axial direction, in the unstable case the gap size is of 3.0 mm18 and the
initial IFM is 1.25 mm. The load is given by an approximation of about 500 N in axial
direction related to experimental outcomes of Duda et al. [Dud+97].
The Model As in previous static FE models of the group, axially symmetry of the
geometry is assumed to reduce the computational effort. For the representation of the
tissue level, normalized tissue concentrations ct are assigned for each FE. In other words,
inside each element the type of tissue is given as a mixture of concentrations fulfilling:
X

t∈T

ct = 1,

(2.3)

with T := {woven bone, cartilage, soft tissue}. In addition, the state of vascularity
inside each element is described by another normalized scalar. As the model assumes
the fracture site to be completely destroyed initially, the tissue is avascular at first. Via
angiogenesis the vascularity can be restored during the healing progress which is necessary
for bone formation. Figure 2.13 provides an overview over the quantities involved in the
model.
The Young’s modulus E and the Poisson’s ratio ν required for the stress-strain
equation are derived from the mixture of tissue concentrations according to the following
rules:
17
18

A short description of the experiment is also given in Section 2.3.3.
It was not replicable where the gap size of 3.0 mm arises, because in the experimental publications
[Cla+95; Cla+97] the maximum gap size is 2.0 mm. However, later works of numerical simulations are
using gap sizes of 3.0 mm, too. All of them refer to the indicated publications [Cla+95; Cla+97].
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Figure 2.13: Schematic explanation of the tissue composition in the healing model of
Simon et al. [Sim+11]. Each finite element exists of a composition of tissue concentrations
for soft tissue, cartilage and woven bone. In addition, a further scalar represents the
vascularity at this positions.
Table 2.1: Material parameters for the Young’s modulus E and the Poisson’s ratio ν
used by Simon et al. in [Sim+11].
Tissue

Young’s modulus
E in MPa

Poisson’s ratio
ν

10, 000.0
4, 000.0
200.0
3.0

0.36
0.36
0.45
0.30

Lamellar bone
Woven bone
Cartilage
Soft tissue

E=

X

t∈T

Et · c3t

and

ν=

X

t∈T

νt · ct ,

(2.4)

where Et and ct are the material parameters corresponding to the distinct tissue types,
listed in Table 2.1. The expression for the Young’s modulus originates from experimental
data of Carter and Hayes [CH77], where they analyzed the apparent compressive modulus
of trabecular bone.
As the experiment was performed with a fixation method of highly non-linear properties, the IFM that corresponds to the applied load can be computed in the following way
[Sim+11]:
1. Compute the reaction force Freact resulting from an applied axial displacement uref
with the help of the stress-strain equation.
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2. Compute the apparent axial stiffness parameter for the whole callus area via
kcallus = Freact /uref .
3. Substitute the system by a parallel circuit consisting of an fictive spring with the
callus stiffness and a non-linear spring due to the fixation method. With that,
compute the real IFM ureal that corresponds to the 500 N.
4. Compute the strains related to the load case of 500 N by multiplying the ones of
the reference computation with the factor η = ureal /uref . This is possible since the
material behavior is linear elastic.
Tissue Differentiation & Angiogenesis One key issue of the model is to predict the
healing pattern with respect to different aspects. Therefore, describing the tissue differentiation is a crucial point for success. Furthermore, Simon et al. analyzed the influence
of angiogenesis on healing properties like the bridging time. In analogy to the tissue
differentiation, they assumed that angiogenesis is also driven by mechanical influences.
The state variables of the model are given by ~c = (cbone cca bva )t , with the tissue
concentrations for bone cbone and cartilage cca as well as the vascularity bva . Then, the
temporal evolution of the state variable is determined by
d ~c
= F (M, ~c, D~c) ,
dt

(2.5)

with a function F that depends on the mechanical stimulus M, the present state ~c and

possibly an operator D that computes secondary information out of the present state.

A possible secondary information could be the amount of adjacent bone concentration
[Sim+11]. As the function F is not yet derivable from conservation laws for example, the
function itself is the central modeling approach. Here, the authors use a description via

linguistic rules that are evaluated with a fuzzy logic controller. For a detailed description
of how the linguistic controller works and where the fuzzy term occurs we would like to
refer to the appendix of [Nie13]. The concept of this controller is presented in Figure 2.14.
In principle, during the first step the input variables of the function F are translated

into linguistic markers like low, medium or high. This is achieved by evaluating the

so-called membership function. Contrary to logical operators, the result of the evaluation
is in the interval [0, 1] instead of the discrete set {0, 1}. Consequently, like in the example

shown in Figure 2.14 (see Step 1), the local bone value is assumed to be 60% medium
and 40% low at the same time. This procedure is also known as the fuzzyfication process.
With the help of the linguistic markers, the controller evaluates in a second step a
set of 20 linguistic rules like the following one:
If local bone is medium and vascularity is high and mechanical stimuli is good
then delta bone is positive.
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Figure 2.14: Scheme for the fuzzy logic controlled tissue differentiation. Step 1: The
input variables are translated into linguisitic markers like low, medium, high. Here, the
local bone concentration would be of 60% medium. Step 2: The evaluation step consists
of linguistic rules of the if-then type and results in linguistic results like positive, zero or
negative of bone concentration. Step 3: Here, the linguistic results are translated into
usable values by projecting the centroid of the filled area onto the horizontal axis.
Here, input and output parameters are written in blue, whereas the linguistic markers
are written in red. Each rule has a linguistic output like positive, zero or negative for the
change of the different state variables. Dependent on the percentages assigned to the
linguistic input properties, the result of the rules is in the interval [0, 1]. Thus, the rule
for positive bone change can also be “partly true”.
In the last step, the linguistic results have to be quantified to get the values for the right
hand-side of (2.5). This process is called defuzzyfication and uses an output membership
function. As indicated in Figure 2.14 (step 3), the area below the membership function is
filled until the rate of the evaluation is reached. Subsequently, the centroid of this areas
is computed and projected onto the horizontal axis which corresponds to a concentration
change.
This whole procedure is done for every FE in the discretized domain. Now the question
is: where does the connection to the mechanotransduction hypothesis appear? Basically,
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the hypothesis is reflected by the membership functions as well as the linguistic rules itself.
The fuzzyfication process determines the location inside the mechanical stimulus space.
The evaluation determines the tissue differentiation processes that will be activated or
deactivated for the element. During defuzzyfication the amount of concentration change
will be determined.

Discussion This whole procedure has benefits as well as drawbacks. The linguistic
formulation in combination with the high number of rules leads to unidentifiable interactions of the model parameters. Therefore, adjusting rules to match experimental data
to numerical results, is nearly impossible. On the other hand, from a clinical point of
view, the interpretation of such linguistic rules is much easier than reading mathematical
equations. Obviously, numerical models of the fracture healing process rely heavily
on the input from clinicians to get as close as possible to a description of the reality.
Nevertheless, having models that are hardly to control always are subjected to a loss of
validation capability.
One advantage to use a fuzzy controller instead of a simple logic controller could
be the following. The model describes the behavior of cell differentiation at a tissue
scale level. Therefore, the cell activity is only described statistically. If we assume a
mechanical stimuli γ to be responsible for the differentiation process we could argue
like this: for a γ that is far away from the range of positive tissue formation, 0% of the
cells will differentiate. If the value of γ is in a perfect range for tissue formation, nearly
100% of the cells will differentiate. Intuitively, one would expect especially for processes
we look at, that the transition between these zones is not a sharp one. Exactly that is
the idea of the fuzzy controller. Therefore, the fuzzy controller most likely represents a
statistical mean behavior of the cells.
Nevertheless, while the membership functions in technical applications are often
measurable, we have to make assumptions. Furthermore, the choice between different
defuzzification methods is very important. In [Sim+11], the projection of the centroid
was chosen. In Figure 2.15 a problem inherited by this choice is illustrated. While a
zero fulfillment of the rule rightly yields zero concentration change, even a small ε of
fulfillment results in a concentration change near the maximal reachable value. For an
increasing satisfaction of the rule, the results only slightly vary.19 Consequently, the
behavior of the controller is almost like a binary one.
A further point that should be considered when working with this model is that
the cubic power law for the Young’s modulus can yield inconsistencies. By looking
at the concentration composition of one single element and assuming that only the
19

Exemplary, for the bone change in the Ulm model we observe ∆cb ∈ {0} ∩ [0.15, 0.18] (in 1/day units)
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Figure 2.15: Illustration of the defuzzyfication process and its flaw for a single defuzzyfication function related to the change of bone concentration ∆cb . Left: No change in
bone concentration if the rule is completely unfulfilled. Middle: If the rule is satisfied
by just a small ε > 0, the outcome for ∆cb immediately jumps to a high value. Right:
In case of complete fulfillment of the rule, the change of ∆cb related to the case in the
middle is small.
concentrations of soft tissue cst and woven bone cwb are greater than zero. We can write
the apparent Young’s modulus as
E = Est · (1 − cwb )3 + Ewb · c3wb .

(2.6)

Here, we also made use of the normalization (2.3). It is easy to compute that the
minimum of this curve is at a bone concentration of
√
−Est + Est · Ewb
cwb =
,
with
Ewb − Est

Est  Ewb

(2.7)

which indeed is not zero. Consequently, while the part of stiff material inside the element
increases, the apparent stiffness goes down for small concentrations. To overcome that,
later works are using modified versions of the rule of mixture that should fix the decreasing
stiffness behavior. For example in [Weh+10] the authors proposed:
E = Est + c3ca · (Eca − Est ) + c3wb · (Ebone − Eca ) ,

(2.8)

where the subscript ca denotes cartilage tissue. However, this modification only helps for
the processes of intramembranous ossification and chondrogenesis. For endochchondral
ossifictaion, where only cca and cwb take part, the same problem arises. A working

solution would be the following:20 if we have a tissue composition of N different tissues
with elasticity parameters E1 < E2 < ... < EN and the corresponding concentrations
c1...N , the rule of mixture reads
E = E1 +

N
X
i=2

20


3
N
X
(Ei − Ei−1 ) ·  cj  .

(2.9)

j=i

This equation was not developed by the author itself but is out of discussions with Ulrich Simon and
Frank Niemeyer (the authors of [Sim+11] and [Nie+18]).
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Figure 2.16: Results of the established Ulm healing model [Sim+11] compared to the
experimental outcomes of Claes et al. [Cla+97]. While the grey curves represent single
sheeps out of the groups, the error bars indicate the variation between the single curves.
The red curve displays the predicted IFM of the numerical simulation.
However, one finally has to state that the results presented by the model are well
established by the community. Figure 2.16 shows the predicted IFM and compares it to
the experimental findings. This will be the main benchmark for checking the predictions
of the model developed in this thesis.

Interface Capturing

This chapter deals with the modeling approach of the fracture healing process developed
in this thesis. We already reviewed a few approaches presented in the past in Section 2.4.
As discussed, various models for the description of healing processes already exist. Some
are able to describe proceedings on the cellular scale, others act on an organic level
including mechanical properties. Thus, one might ask: is it necessary to develop further
new models? In Section 2.4, we argued that the function of numerical models in this
context might provide tools for a better understanding of complex interactions. The new
model focuses on the hypothesis presented by Claes and Heigele [CH99] as well as the
modification of Simon et al [Sim+11]. We develop a numerical model of fracture healing
which uses the same conditions as they did for their stationary state. In addition, we
also take the time evolution into account, which, in a consequence, is closer to in vivo
observations in experiments. Parts of this chapter are already published in [Pie+18].

3.1

Motivation

Claes and Heigele hypothesized that fracture healing is dominantly related to a surface
process. Consequently, in their finite element (FE) model they evaluated the mechanical
state values on already existing bone surfaces to identify differentiation specific stimuli
states. Thereof, they postulated a differentiation hypothesis which assigns mechanical
stimuli to distinct tissue transformation processes. The hypothesis itself was used many
times in models of the Ulm simulation group [AH00; Weh+10; Sim+11; Ste+13; Nie+18],
but also by other researchers [Isa+06]. Most numerical models use concentrations to
describe the tissue distribution. Then, they allow mixtures of them to describe the tissue
composition. Typically, the models include a formulation which ensures that ossification

3
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appears only next to already existing bone. Nonetheless, distinct tissue surfaces are not
present in these models.
However, the hypothesis of Claes and Heigele is based on the assumption of existing
surfaces. Thus, its predictive power in numerical models might be of most accuracy, if
they also reflect surfaces. Most of the already established fracture healing models do not
enable a surface detection due to their concentration based formulation [Sim+11; Isa+08;
LP02]. If they allow for surface detection, they are often under suspicion to be mesh
dependent [Rep+15]. Furthermore, the FE analysis of Claes and Heigele uses a discrete
domain decomposition with specific material parameters. In numerical realizations which
use concentrations, assumptions on the material parameters with respect to the present
state have to be made. This leads to smoother transitions of the material parameters in
space, especially for the Young’s modulus. Obviously, the value of the stimuli factors is
also affected by the tissue mixture. Remember, we already mentioned the sensitivity of
the thresholds postulated by Claes and Heigele in Section 2.3.3 due to inaccuracies on
the material parameters.
Therefore, the idea is to develop a model that automatically fits to the assumption
made by Claes and Heigele: osteogenesis occurs exclusively at locations next to already
existing bone. Furthermore, the formulation of distinct tissue domains will be carried over
to get quite the same mechanical conditions at the surface. To satisfy this purpose, using
a transport formulation of the problem would be the natural way. With this approach,
we will most likely see the precise implications of the hypothesis on the differentiation
process. Moreover, we get a feedback that yields temporal changes with respect to the
mechanical stimuli. Hence, we are able to analyze the temporal behavior of the stimuli
strongly connected to the hypothesis. This was not possible by previous models.
There are different approaches to describe transport problems in numerical mathematics. Of course, the method of choice depends extensively on the problem characteristics.
The following sections are motivated by the procedures presented in [HN81; Krö97; Set99;
SP00; DR08] which have been modified to match the specific requirements demanded
by the problem at hand. Figure 3.1 presents the basic idea of the transport formulation
for fracture healing. Here, the bone growth is described as a movement of the bone
enclosing curve according to a time and spatial dependent surface velocity V. In general,
this velocity might depend on local (L) and global (G) parameters [Set99]. For example

• Local parameters are the mechanical stimulus, the present nutrient update and the
cell concentration.
• Global parameters are the healing history and the potential of a preferable healing
direction.
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Figure 3.1: Scheme of the interface capturing idea. Tissue growth is described via
moving interfaces. The velocity function V depends on different aspects, including
mechanical stimuli as well as the tissue which is replaced.
Then the transport of an arbitrary1 quantity α out of a suitable function space reads:
∂α
− V (L, G) · ∇α = 0,
∂t

(3.1)

The next sections give an overview of the techniques used in this thesis to describe such
interface movements.

3.2

Interface Capturing Techniques

In other fields like fluid dynamics, combustion simulation or chrystal growth, interface
capturing techniques are well-established for over decades [Mar64; MOS92; Set99; SP00;
OF01]. But these techniques also started to get utilized for simulations in biology and
biomechanis over the last years. Here, the simulation of tumor-growth or the degradation
of implants are examples for the application [HMS06; Guy+14; Man+16]. Recall, that
interface capturing methods have so far mainly been used in cases where the interface
velocity is high. Here, however, this is not the case, so that a priorly it is not obvious if
interface capturing is appropriate for fracture healing.
Capturing the propagation of a front can be realized in different ways. We will
focus on methods which describe the interface only implicitly. These methods typically
correspond to an Eulerian description and have the advantage of using a constant mesh.
1

Later, this will be the indicator which defines the certain tissue type for each position in the healing
domain.
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The disadvantage might be the implicit description of the boundary. Thus, reconstruction
techniques are required, if the exact position of the interface is needed. This yields
sources for additional inaccuracies. Two main representatives of such methods are the
level-set (LS) method and the volume-of-fluid (VOF) method.
To be able to discuss the methods we should define the mathematical framework at
first. From now on, we deal with a stationary convex simulation domain Ω ⊂ RN with

smooth boundary ∂Ω, where N describes the number of spatial dimensions.2 Moreover,
dλ denotes the Lebesgue measure on RN and dS the measure of (N -1)-dimensional
objects Γ in RN (the boundary measure). The objects Γ later refer to the surfaces of
the tissue types. In addition, we define |Ω| := dλ(Ω) and |Γ| := dS(Γ). Furthermore, we

subdivide Ω into time-dependent, closed sub-domains Ωi (t), with t ∈ I := [0, T ] and the

final time of the simulation T > 0. Each sub-domain is filled with a specific tissue type
denoted by the subscript i ∈ T .3 The temporal evolution of the sub-domains Ωi (t) obeys
[

i∈T

Ωi (t) = Ω

(3.2)

∀ t ∈ I,

and
Ωi (t) ∩ Ωj (t) =


Γ̃i,j (t),
∅,

if Ωi and Ωj are neighboring cells,
else.

∀ t ∈ I, i 6= j

(3.3)

Here, Γ̃i,j (t) denote the interface between the tissues i and j. Each sub-domain is enclosed
by its time-dependent boundary Γi (t) := ∂Ωi (t). Finally the temporal change of this
object represents the tissue adaption process.

3.2.1

Level-Set Method

The LS method was first introduced by S. Osher and J.A. Sethian in 1988 [OS88] and is
one possible description for solving multi-phase problems. Here, for a given transition
level δ ∈ R, every domain Ωi is represented by a function φi : I × Ω → R, which has to
fulfill the following conditions:


> δ,
φi (t, x)
< δ,

if x ∈ Ωi (t),
else.

(3.4)

In addition, the LS function has the property of implicitly describing the interface φi with
2
3

In the work at hand, we most likely deal with N = 2 and a symmetry assumption for the third
dimension.
Remember, T denotes the set of tissue types.
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Γi (t) := {x ∈ Ω : φi (t, x) = δ} .

(3.5)

Theoretically, each definition of a LS function which fulfill these requirements is possible.
In practice, two representations are used. One of them is the signed distance representation.
This representations fulfills the requirements of (3.4), if the transition parameter δ is
chosen to be 0. Then the LS function reads

 dist(x, Γi (t)),
φi (t, x) =
−dist(x, Γ (t)),

if x ∈ Ωi (t),

(3.6)

else,

i

with the Euclidean distance function dist(x, Γi (t)). More precisely, the distance is
measured between x and the closest point on the surface Γi (t). Thus, the function reads
dist(x, Γi (t)) :=

inf

y ∈ Γi (t)

||x − y|| ,

(3.7)

where ||·|| denotes the Euclidean norm. With this choice, one immediately has access to

the distance information during the simulation. As interface descriptions often require
a fine discretization close to the surfaces, the distance information could be used for a
mesh refinement algorithm in the surrounding area.
Additionally, the LS formulation readily provides local geometrical information about
the surface. As long as we use the Euclidean distance, the normal ñi : I × Γi (t) → RN

with ||ñi || = 1 to the surface is given by

ñi (t, x) = ∇φi (t, x)

Γi

(3.8)

.

The tilde emphasizes the quantity to be only given on the interface. With that, the
curvature κ̃i : I × Γi (t) → R reads:
κ̃i (t, x) = ∆φi (t, x)

Γi

(3.9)

.

Nevertheless, to be less restrictive, the normal and the curvature usually is written as
ñi (t, x) =

∇φi (t, x)
||∇φi (t, x)||

Γi

and

κ̃i (t, x) = ∆ñi (t, x)

Γi

,

(3.10)

where the Euclidean distance representation is not required.
As already mentioned, the signed distance function is only one example for a proper
LS

function. Another commonly used representation is the smoothed Heaviside function.

Here, the function is either 1 or 0 dependent whether the function is evaluated inside or
outside the domain. In a small range ε > 0 close to the interface, a smooth transition
from 1 to 0 is given to retain differentiability.4 Then, the surface is implicitly given
4

1
For example: φHS
(t, x) = 12 + d(t,x)
+ 2π
sin
i
2ε

π d(t,x)
ε



with −ε < d(t, x) < ε and d(t, x) := dist(x, Γi (t)).
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n

HS
as ΓHS
i (t) := x ∈ Ω : φi (x, t) =

1
2

o

[OK05]. For both representations, the transport

equation for the surface implicitly given by φi reads
∂φi (t, x)
− Vi (t, x) · ∇φi (t, x) = 0,
∂t

on I × Ω

(3.11)

with the velocity Vi : I × Ω → RN . The representation with the smoothed Heaviside
function has some benefits with respect to conservation laws. However, the description of

fracture healing is not based on such law. Moreover, having a distance information could
be used for modeling cell behaviors or biological factors with respect to some distance
to the surfaces. Consequently we consider the approach of the signed distance function
from now on.
Transport in Perpendicular Direction In the problem at hand, the velocity is indirectly
given by the tissue creation rate. In Section 2.1, we already discussed for bone that
osteoblasts, sitting on existing surfaces, deposit extracellular matrix and build new bone.
Thus, we can assume the growth velocity to be in perpendicular direction to the present
surface. To do so, one can use the normal vector of (3.10). Despite this is the natural
choice, one has to be careful in doing so.
While the velocity Vi is defined on the whole domain Ω, the normal vector is only

defined on Γi . Thus, one has to expand this information onto the full domain. This can
be done by defining a vector ni : I × Ω → RN as
ni (t, x) =

∇φi (t, x)
,
||∇φi (t, x)||

(3.12)

which obviously obeys ñi (t, x) = ni (t, x) on Γi (t). But then, two aspects have to be taken
into account: Firstly, the signed distance function is not necessarily differentiable on
the full domain. In numerical realizations, this is not a big issue as long as φi (t, x) is
differentiable on a narrow band along the surface. Secondly, the normal vector ni (t, x)
does not necessarily point into perpendicular direction at some distance to the surface.
We will address these concerns later in more detail.
Using this, the growth velocity can be split into
Vi = νi · ni

(3.13)

with the scalar growth velocity νi : I × Ω → R. This scalar velocity is strongly connected

to tissue creation rates, which are more familiar in the field of biomechanics. Here, a
conceptional problem arises. Most likely, the velocity field can be derived from potentials
that drive the system. Consequently, the velocity is physically defined on the full domain.
In our case, the velocity has to be derived from the cell activity on existing surfaces.
Hence, the velocity can be different from zero only on the surface. But for positions
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Figure 3.2: Schematic description of the LS formulation for moving boundaries.
off the surface, no hypothesis exists that determines the velocity. For stability reasons,
an expansion of the surface velocity to a narrow band5 along the surface is needed. A
number of methods that deal with this issue are presented in [Set99]. We will keep this
in mind and take care about this issue in the practical part.
For now, let us assume a constant growth velocity perpendicular to the surface. With
(3.12) and (3.13), the transport equation reduces to
∂φi (t, x)
− νi · ||∇φi (t, x)|| = 0
∂t

on I × Ω.

(3.14)

Furthermore, if the LS function is defined as the signed distance function of (3.6), the
transport problem finally reads
∂φi (t, x)
− νi = 0
∂t
φi (0, x) = φ0i (x)

on I × Ω,

(3.15)

on Ω,

with the initial condition φ0i (x). Figure 3.2 presents a visualization of the LS method.
If the initial condition characterizes two objects of a circular shape, then the initial
LS
5

function φ0i (x) is given by two cones with peaks in the center of the bodies:

Following J. A. Sethian we label the neighborhood along the surfaces as narrow band. In [Set99] the
author introduces a set of “Narrow Band Level-Set Methods”.
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φ0i (x) =


−dist(x, p̂1 ) + r1 ,

−dist(x, p̂ ) + r ,
2
2

if dist(x, p̂1 ) < dist(x, p̂2 ),
else,

(3.16)

with the centers p̂1 , p̂2 ∈ R2 and the radii r1 , r2 ∈ R (see Figure 3.2a). In case of
an uniform perpendicular growth with the velocity νi for both objects, the temporal
evolution according to (3.15) reads
φi (t, x) = φ0i (x) + νi · t

∀ t ∈ I.

(3.17)

Figure 3.2b indicates the analytical solution. The growth is computed by increasing the
LS

function uniformly on the full domain. Moreover, if the two body surfaces undergo

fusion in case of touching, the method automatically deals with that. Such behavior
would also be expected in case of two merging bone surfaces.
Translation to the Fracture Healing Context So far, we dealt with constant velocities
in perpendicular direction. Now, let us take a look on boundary movements which
are more related to the fracture healing context. Figure 3.3a depicts a common initial
condition for simulations of a long bone osteotomy. The cortical shell is assumed to be
rotationally symmetric and the bone fragments are plane symmetric (see Figure 3.1).
For the growth, we have to remember the discussion in Section 2.2 on fracture healing
patterns. A short time after the trauma, a healing reaction takes place. In experimental
results, on the intact cortical shell at some distance to the fracture site, intramembranous
ossification occurs on the peripheral surface. This circumstance is indicated by the green
box in Figure 3.3a. Thus, we have to deal with velocities, which depend on the spatial
degrees of freedom (dofs). In fact, we have to expect location-dependent velocities at
each time of the healing process. Therefore, the assumption of a uniformly distributed
velocity does not hold in this context.
The problem with such velocities is illustrated in Figure 3.3b. While the time evolution
is initially represented by (3.15), the preconditions for the LS functions after an infinitely
short time are not fulfilled anymore. Two major points can be observed in this figure.
As the LS function is only “lifted” on a small part in space, the temporal evolution does
not conserve the signed distance property. Furthermore, while the vector defined in
(3.12) still points into perpendicular direction on the surface, this is not true for the full
domain. One possibility to overcome this issue is to use a strategy that recovers the
signed distance function via reinitialization.
Reinitialization

The reinitialization of the signed distance function can be realized

either directly or indirectly. Here, directly refers to the re-computation of the distance
according to (3.6). Consequently, the exact position of the LS function has to be known.
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(b) The temporal evolution of the LS function
does not conserve in the signed distance property.

Figure 3.3: Principle LS formulation translated into the bone growth context.

In the continuous description, this is given by (3.5) itself. For the numerical realization,
commonly, a finite difference scheme is used for simulations with the LS method. There,
the values of the LS function are only known on a set of sampling points. Thus, the exact
position of the interface can solely be identified if it coincides with the positions of the
sampling points. Especially for spatial dimensions higher than one, the uncertainties due
to the reconstruction are too large to retain the feasibility of the method. Hence, often
an indirect reinitialization method is chosen.
In 1994, Sussman et al. came up with the idea of reconstructing the signed distance
function via another partial differential equation [SSO94]. They were interested in the
simulation of an incompressible two-phase fluid flow. Consequently, the accuracy of the
surface representation is directly connected to conservation laws. Uncertainties in the LS
description of the fluid domain yields a violation of these fundamental laws. Thus, the
reinitialization equation has to ensure the conservation of the zero level-set.
They proposed reinitialization by solving the following problem:
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∂φRe (τ, x)
− sign [φ0 (x)] 1 − ∇φRe (τ, x) = 0
∂τ
φRe (0, x) = φ0 (x)

on [0, ∞) × Ω,

(3.18)

on Ω,

with the sign-function that is either 1 for positive values, −1 for negative values and

0 if the input parameter is 0. Here, for an initial condition φ0 (x), the solution of the
reinitialization problem converges to the signed distance function. Thereby, the zero
level-set does not undergo any changes during evolution. To understand the temporal
behavior of the solution, we might have a look on examples with only one dof in space.
To compute the solution, the equation is discretized by a finite difference scheme.

Thus, we get the discretized LS function φRe
ξ,η , where ξ denotes the temporal dof and η

the dof in space. As (3.18) is a highly non-linear transport problem, it is well known
that the spatial discretization has to be realized with an advanced technique to achieve
better convergence results. For more details on that topic, we refer to topic specific
literature such as [Krö97]. One technique is known as the upwind-scheme, where the
computation of the finite differences depends on the propagation direction. Here, the
discretized upwind gradient ∇up φξ,η is given by

∇up φξ,η =


φξ+1,η −φξ,η


,


 xξ+1 −xξ

φξ+1,η −φξ−1,η
xξ+1 −xξ−1 ,




φ
 ξ,η −φξ−1,η ,
xξ −xξ−1

if ν̃ > 0,

(foward differences)

if ν̃ = 0,

(central differences)

if ν̃ < 0,

(backward differences)

(3.19)

with ν̃ being the one-dimensional velocity function corresponding to (3.18).
In Figure 3.4, we illustrate the solutions of (3.18) for different initial conditions
φ0 (x). Figure 3.4a presents the solution for the initial condition φ0 (x) := − 12 x where the
interface is located at xΓ = 0. For the temporal evolution, we observe a propagating
adjustment of the gradient ∇up φξ,η to −1, starting at the initial zero LS. After “sufficiently

enough” time steps, one recovers the signed distance function as the steady state. This
procedure works for two existing surfaces, too. Here, the reinitialization equation leads
to a propagation of two adjustment fronts in opposite directions (see Figure 3.4b).
In Figure 3.4c, the case already discussed in Figure 3.3b is prescribed as the initial
condition. Remember, this case has to be expected for the initial healing response due to
intramembranous ossification. The result shows that also in case of an initial condition
which is not differentiable, the method works quite well. But one has to note that we are
dealing here with an one dimensional space. For higher dimensions, there is an increased
risk that oscillations occur due to discretization errors. Especially, the size of the time
step has to be small enough to obtain convergence.
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φξ,η1

ν̃

φξ,η2

φξ,η3

φξ,η4
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Γ

Γ

ν̃

Γ
ν̃

ν̃

a
a
(a) Temporal reinitialization of the signed
distance function for an initial condition
φ0 (x) := − 12 x.

Γ

(b) Temporal reinitialization of the signed
distance function for the case of two existing
surfaces.

Γ

(c) Temporal reinitialization of the signed distance function for an initial condition which is
expected to occur during the healing simulation. Here, the part close to the existing surface on
the right side is increased. This situation is connected to the initial healing reaction shown in
Figure 3.3b.

Figure 3.4: Reinitialization for three different initial conditions.
Now, we are familiar with the basic ideas of how an implicit interface capturing
technique works. We discussed the rapid simplification of the transport equation by
an appropriate definition of the LS function. Furthermore, we also stressed the need
of reinitialization to preserve those simplifications. Two major benefits are connected
with the LS method. At first, the computation of geometrical surface properties like the
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normal and the curvature of the surface is straightforward. Secondly, the merging of
surfaces corresponding to the same phase does not need any additional treatment.
Nevertheless, there is also a major drawback of the LS method. The LS function
describes the property of being inside or outside of a domain Ωi . Thus, one LS function
is able to describe a two-phase problem for arbitrary phases A and B. If the problem
has a further phase C, an additional LS function is needed to resolve that. Then, we may
have two LS functions representing the surfaces ΓAB and ΓCB for example. With this, the
system would be completely described as the interface of A and C would be automatically
given by the intersection ΓAB ∩ ΓCB . However, the numerical implementation of such a

problem faces some major issues if the contact mechanism has to be resolved precisely
[Set99]. For those problems, a second type of implicit interface capturing method, namely
the VOF method, appears to be more accurate.

3.2.2

Volume-of-Fluid Method

The VOF method was first presented back in 1981 by C. Hirt and B. Nichols [HN81]. In
analogy to the LS representation of the surface, the VOF method makes use of an indicator
function, too. Here, the function representing the i−th tissue χi : Ω × I → {0, 1} is
defined by

χi (t, x) :=


1,
0,

if x ∈ Ωi (t),

(3.20)

else.

Then, the interface Γi (t) is located at those positions, where the indicator function
switches from 1 to 0. Obviously, the detection of the interface appears not as easy as for
the LS method. Again, the surface motion is described by the transport equation
∂χi (t, x)
− Vi (t, x) · ∇χi (t, x) = 0
∂t

on I × Ω

(3.21)

with the velocity Vi : I × Ω → R. One recognizes that the spatial derivative of the

indicator function is needed for the transport equation. According to (3.20), the derivative
in a classical sense is not defined for the indicator function. Thus, the description is only
reasonable in a distributional sense.
Regarding the problem in a weak sense, the indicator function can be used to compute
global properties. For example, if ρi denotes the density of the i-th tissue, the complete
mass mi observed inside the domain Ωi , which corresponds to the i-th tissue, is given by
mi (t) :=

Z

Ω

ρi χi (t, x) dλ

Now, let us define the function αi : I → [0, 1]

∀ t ∈ I.

(3.22)
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Z

1
χi (t, x) dλ
∀ t ∈ I,
(3.23)
|Ω| Ω
which represents the relative amount of Ω which is filled by the i-th tissue. Originally,
αi (t) :=

this method was motivated in the field of fluid dynamics where the function α was labeled
volume-of-fluid.
Finite Volume Discretization For the finite volume (FV) discretization6 we start with
the integral representation7 of the transport equation (3.21). This formulation reads
∂
∂t

Z

Ω

χi (t, x) dλ −

Z

∂Ω

χi (t, x) · Vi (t, x) · n dS = 0

on I × Ω,

(3.24)

with the outer normal n. In this equation, source and sink terms are neglected. The
temporal change is just given by a dis-balance of an inward and outward surface flux.
Typically, one uses a FV discretization for solving the transport equation with the VOF
method [FP02]. For this, the domain Ω gets subdivided into N closed sub-domains Ωhk

with k = 1, . . . , N . The sub-domains Ωhk obey
N
[

k=1

and

Γh (t),
k,j
Ωhk ∩ Ωhj =
∅,

Ωhk = Ω

if Ωhk and Ωhj are neighboring cells
else

(3.25)

∀ t ∈ I, k 6= j.

(3.26)

As the conservation law of (3.24) is valid for an arbitrary domain, it has to be valid on
each FV element, too. Hence, with (3.23) we get for every FV element the conservation
law
∂
αi,k (t) · Ωhk −
∂t

Z

∂Ωh
k

χi (t, x) · Vi (t, x) · nk dS = 0

on Ωhk × I,

(3.27)

with the volume-of-fluid αi,k (t) corresponding to the relative amount of the FV element
that is filled with the i-th tissue. The second term summarizes the inward and outward
flux. Let us assume two discrete FVs Ωhk and Ωhk+1 , connected by the interface Γhk,k+1 as

illustrated in Figure 3.5. Then, nk = −nk+1 is valid on the interface. Hence, for the flux
across the shared interface we observe
6

7

Commonly, the FV method in combination with the VOF is presented in a slightly different way. Thus,
we expect this perspective to be an additional point of view to the method at hand. We would like to
refer to [DR08; FP02; Krö97] for the traditional introduction.
This representation originates from conservation laws on control volumes Vh with h denoting the size of
the control volume. The formulation as a partial differential equation like in (3.21) appears by taking
the limit as h approaches 0.
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Ωhk
nk+1

Ωhk+1
nk

Ωhk

Ωhk+1

nk+1

nk
Γhk,k+1

Γhk,k+1
(a) On the interface of arbitrary domains
the normals point into contrary directions.

(b) For a structured grid, the normal vectors
are constant on the interface.

Figure 3.5: Illustration of the conservative character of the FV method. Two neighboring
elements Ωhk and Ωhk+1 share the interface Γhk,k+1 . While integrating along the interface,
the normals n point on opposite directions.

Z

Γh
k,k+1

χi (t, x) · Vi (t, x) · nk dS = −

Z

Γh
k,k+1

χi (t, x) · Vi (t, x) · nk+1 dS.

(3.28)

In other words, the amount of the VOF in Ωhk leaving the FV through the interface Γhk,k+1

automatically yields an inflow of the same amount in the neighboring element Ωhk+1 .
Consequently, the FV method has the intrinsic property of being conservative.

For the moment, let us assume a constant velocity on Γhk,k+1 . With the definition of
Γh
αi k,k+1 (t)

=

1
Γhk,k+1

Z

Γh
k,k+1

χi (t, x) dS

∀ t ∈ I,

(3.29)

on I × Ωhk ,

(3.30)

we can then rewrite the transport equation (3.27) as
X Γhk,j
∂
αi (t) · Γhk,j = 0
αi,k (t) · Ωhk − Vi ·
∂t
j∈Υ
k

Γh

with the set Υk of all interfaces being in contact with the element Ωhk . The function αi k,j

can be interpreted as the relative part of the interface Γhk,j , which is “filled” with the i-th
tissue.

In the FV method, the integrals on a single element are approximated by the quadrature
formula via
Z

Ωh
k

Φ(t, x) dλ ≈ Φk (t, xk ) · Ωhk

(3.31)

for an arbitrary function Φ : I × Ωhk → R and one evaluation point xk ∈ Ωhk . In the

following, we use the short-hand notation φk (t) := Φk (t, xk ). For xk , we choose the
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intersection point of the surface normals.8 The method uses the points xk as sampling
points for the discretized functions. Hence, due to the similarity of (3.23) and (3.31),
the sampling for the indicator function χi,k is given by αi,k .
The second term in (3.27) needs the information of the VOF that actually moves
Γ

through the interface. Thus, we have to make some assumptions about αi k,k+1 , based on

the sampling αi,k . Here, different approaches are possible. One of them is the already
mentioned upwind scheme from the LS section. For the VOF method, the upwind scheme
reads
Γh
k,k+1

αi

=


αi,k ,
α

i,k+1 ,

if (n · Vi ) > 0,
if (n · Vi ) < 0

on Γhk,k+1 .

(3.32)

Thus, depending on the velocity field, either the sampling point of αi in element k or
element k + 1 is projected to the interface.
Donor-Acceptor Scheme

One typical problem of the VOF method is a smearing of the

interface. This issue was already known by Hirt and Nichols in [HN81]. Hence, they
presented an algorithm to keep a sharp interface description. This method is known as
the donor-acceptor scheme. To illustrate that method, let us assume a one-dimensional
case with a constant velocity and the initial condition
0
αi,k
=


1,
0,

if xk ≤ xΓ,0 ,
else.

(3.33)

Then, solving (3.30) with the upwind scheme leads to the solution given in Figure 3.6a.
Here, we used a Dirichlet boundary condition αi = 1 on the left edge of the domain.9
Since we regard a one-dimensional problem with constant velocity, we know the
exact solutions which are indicated by dashed curves. We see that the propagating front
diffuses during temporal evolution and yields a fuzzy description of the front. Figure 3.6b
provides an explanation of this effect. If we look at the flux Fk,k+1 through the interface
Γhk,k+1 with a constant velocity v in one dimension, we get
Fk,k+1 (t) := αi,k (t) · v

∀ t ∈ I.

(3.34)

Thus, even if the FV element is not completely filled with the VOF, it yields an outflow
to the next element. As indicated by the exact interface position in the second time step
of Figure 3.6b (red line), the moving interface is almost in some distance to the next
element. Consequently, the flux of the VOF function has to be zero on the boundary.
8
9

Of course, there are more opportunities to define the sampling positions. One could also choose the
center of mass, for example.
Due to the upwind scheme and the direction of the propagation, we do not need a boundary condition
on the right edge of the domain.
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(a) A smearing behavior is observable which
increases during the temporal evolution. The
dashed lines indicate the exact solution.
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(b) Illustration of the diffusive effect for
three time steps on a one-dimensional FV
discretization. The red line indicates the
exact interface movement.

Figure 3.6: One-dimensional temporal evolution of the VOF function α for an initial
condition α0 and a constant velocity v using the upwind scheme.
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(c) Propagation through the
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Figure 3.7: Illustration of the donor-acceptor scheme in one dimension with four FVs.
Flux is only allowed on interfaces between donor (D) and acceptor (A) cells.
In the donor-acceptor scheme, the algorithm uses the information about the present
state plus the velocity field to decide which elements donor VOF and which elements
accept VOF. Figure 3.7 illustrates this process for a one-dimensional example. Here,
the filled element Ωh1 , on the upwind-side of the surface, is initially identified as an
element that donors and accepts VOF. In contrast, the adjacent element Ωh2 in downwind

direction to the surface only accepts VOF (see Figure 3.7a). Once the VOF αi,2 reaches
the maximum level, the donor property of the element gets activated, too. At the same
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time, Ωh3 becomes an acceptor (see Figure 3.7b and 3.7c). In case of a negative velocity,
here, the acceptor property of the interface capturing element switches from an acceptor
to a donor element. Once the element gets cleared completely, the donor element becomes
inactive and the acceptor property of the next capturing element gets disabled.
For an accurate management of the donor-acceptor scheme, one has to identify the
time ti,k which denotes the time of reaching the maximum (or minimum) in the k-th
element. Of course, this has to be known for every element becoming filled (or cleared)
during evolution. Hence, in case of a time stepping algorithm, the times ti,k have to be
part of the temporal sampling points. This might not be a big issue for constant velocities
in a one-dimensional problem, but constitutes a major issue for higher dimensions or
spatial and time-dependent velocities. Typically, a mismatch, such that the time ti,k
is not captured by the temporal discretization, results in an exceeding of the natural
limits for the VOF function. Thus, one observes αi,k > 1 for elements becoming filled and
αi,k < 0 for elements becoming cleared. As such values are not rational in this context
and their occurrence may lead to unpredictable numerical behavior, one has to take care
about this effect.
Translation to the Fracture Healing Context Often, the VOF method is used due to
its conservative behavior which is crucial for equations based on conservation laws. To
additionally get a sufficiently sharp description of the propagating surface, one has to
increase the computational effort for algorithms that prevent diffusion on the surface. In
case of fracture healing, the description of bone growth is neither based on a conservation
law nor provides a velocity field which allows conservative flows on the complete domain.
This issue becomes clear with the illustration provided in Figure 3.8.
We know from experimental data that bone growth might start on the peripheral
surface of the cortex. This is indicated by the green box in Figure 3.8a. Hence, we have
to expect favorable mechanical conditions at this location according to the hypothesis of
Claes and Heigele (see Section 2.3.3). On the other hand, at the remaining bone surface,
the velocity will be zero. The question now is: how has the velocity field to look like for
capturing the surface such that we observe a reasonable behavior?
As indicated in Figure 3.8a, the VOF of bone has to be “transported” through the
cortex to the location where bone growth is active. Here, we recognize the velocity field
inside the cortex, which is neither given by some equation nor can be computed out of
the mechanotransduction hypothesis. Consequently, it has to be constructed while the
construction of the field is subject to some conceptional conditions:
1. At surfaces where growth is inactive, the velocity perpendicular to the surface has
to be zero.
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Inflow zone

Inflow zone

Initial
ossifification zone
(a) Needed velocity field for transporting the
bone VOF to the growth location.

Initial
ossifification zone
(b) For a higher growth potential at different locations, the velocity field has to provide enough
VOF for both locations.

Figure 3.8: Scheme of the velocity problem with respect to expected healing patterns.
2. The velocity field has to transport enough VOF such that the VOF function inside
the cortex remains completely filled.
3. The construction algorithm should handle arbitrary surface velocity distributions
as the stimuli distribution due to different loadings is wide ranged.
The last point addresses the generality which is needed in this context. Let us consider
the situation illustrated in Figure 3.8b. Here, we observe a large distinction on the
velocity through the cortex to the locations of active bone formation. Thus, the transport
direction as well as the amount of transport depends on the present surface behavior
on the full domain. As this behavior is suspected to be time dependent, the effort to
compute velocity fields for the VOF method points out as an exhausting task.
A different solution to describe the growth behavior without the construction of a
“non-physical” velocity field might be a slight modification of the donor-acceptor scheme.
In this modification, only the elements containing the surface plus their neighborhood
elements take part in the temporal evolution. Lets have a look on two FV domains Ωhk

and Ωhk+1 where αi,k = 1 and αi,k+1 is any value between 0 and 1. Hence, the surface
is located in the element αi,k+1 . Now, if we deal with a velocity pointing in direction

from Ωhk to Ωhk+1 , the flux Fk,k+1 leads to an increase of αi,k+1 and a decrease of αi,k . A

velocity field which satisfies the conditions mentioned above would compensate this flux
on the opposite boundary by the flux Fk−1,k .

Here, a change of perspective helps to solve the problem. While the explicit construc-

tion of this velocity field is quite expensive, we can suppose that we know that velocity
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field. Then, the consequence is a compensation of the flux Ωhk+1 for the k-th element.

Thus, αi,k remains constant. A similar consideration is possible for the resorption case,
where the velocity points in the opposite direction. With this in mind, we can reinterpret
the behavior of the elements close to the surface:
• Growth: The interface containing element is an acceptor. The neighboring element
that contains VOF is the donor element. The flux between those two elements is
completely compensated via a source term in the donor element.

• Resorption: The interface containing element is a donor element. The neighborhood element which contains VOF is an acceptor element. The flux is completely
compensated via a sink term in the acceptor element.
Up to this point, we stated mostly arguments which let the VOF method appear
to be unsuitable in the context of fracture healing. Nevertheless, the method has one
major advantage compared to the LS approach. A treatment of more than two different
phases is way easier with the VOF method than with LS. This will help us in the context
of fracture healing, as we do not only expect bone formation but also cartilage building.
We know that the VOF function αi,k measures the “fill level” of each element for the i-th

tissue. Hence, the contact algorithm10 of two tissue types on the k-th element has to be
active, if we observe αi,k > 0 for both tissues.
Initially, we have defined a VOF function αi for all tissue types appearing in the full
domain. As the model is designed such that it does not contain elements without any
tissue, we get the normalizing equation,
X

i∈T

αi,k = 1

(3.35)

for every element. Thus every FV element contains at least one tissue type. We can use
this equation to neglect the description of one tissue j with
αj,k = 1 −

X

i∈T \j

αi,k .

(3.36)

Since the hypothesis of Claes and Heigele only provides information about the behavior of
bone and cartilage, it is obvious to neglect the part of soft tissue with this normalization
equation.
10

To get an almost reasonable shape of the surface, reconstructing algorithms are necessary which
approximate the exact position inside the surface element.
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3.2.3

Coupled Level-Set and Volume-of-Fluid Method

In the previous sections, we discussed two different methods to capture moving interfaces
implicitly. Both of them provide some benefits, but both are also subject to some
restrictions. While the LS description provides robust geometrical information due to
a sharp interface and an automatic handling of merging and pinching, the handling of
more than two phases turns out to be difficult. On the other hand, the VOF method
allows a stable realization for more than two phases, but is subject to an interface
diffusion. In 2000, Sussman et al. presented the idea of a coupled level-set and volumeof-fluid (CLSVOF) method to combine the advantages and weaken the restrictions of both
methods [SP00].
They were interested in the simulation of a three-dimensional ink-jet problem. Here,
the topology of the surface as well as the mass conservation is crucial. Thus, to combine
the methods to be able to capture both properties accurately, they presented the following
procedure. They start with an initial LS function φ0 : Ω → R. Similar to (3.23), they
translated this LS function into a VOF representation via
α0 (x) :=

1
|Ω|

Z

Ω

Θ [ φ0 (x) ] dλ,

(3.37)

with the Heaviside function11 Θ defined by
Θ [ φ0 ] =


1,
0,

if φ0 > 0,
else.

(3.38)

Hence, we have access to the interface with a LS representation as well as a VOF representation for the initial step. Over the last two decades, different approaches were presented
for approximating the temporal evolution. Often, the transport equation is solved for
both functions [SP00; SH02]. Afterwards, an intelligent surface reconstructing algorithm
for the LS function is necessary which couples both solutions. At this point, we would
like to refer to related works on that topic [SH02; SSO94; MTB07].
While a few of the algorithms use geometrical reconstruction approaches, most of them
realize the reinitialization by solving (3.18) to recover the signed distance function. From
now on, we will follow the algorithm of Albadawi et al. [Alb+13], which is also the present
implementation12 of the Open Source Field Operation and Manipulation (OpenFOAM)
toolbox. In this method, only the transport equation of the VOF representation (3.30) is
solved to obtain the propagation of the surface. The idea for this approach, where the
11

Note that this definition only works for the signed distance LS function. For other representations, one
has to modify this translation.
12
This algorithm introduces an additional velocity which is the difference of the velocities on both
sides of the surface. This velocity has compressive character. Nevertheless, as we have to project the
velocity from the surface into the domain, we observe equal velocities on both sites. Consequently, the
introduced velocity is zero in our case.
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reinitialization of the LS function is based on the propagated VOF function, was firstly
proposed by Sun and Tao in 2010 [ST10]. By using a time-stepping algorithm, for every
time step n = 1, ..., N , with N ∈ N the number of total time steps, a LS function is
defined as

φ(0)
n (x) :=

3
(2 αn (x) − 1) · ∆x,
4

(3.39)

with the characteristic mesh step size ∆x. Then, this LS function is used as an initial
condition for the reinitialization problem of (3.18). In [Alb+13] they propose a timestepping algorithm with a pseudo-time step of size ∆τ := 0.1 · ∆x to observe “sufficiently
good” results.13

As already discussed in Section 3.2.1 on the LS method, the temporal evolution for
(m)

m time steps of the reinitialization with the size ∆τ yields LS functions φn . These
(m)

functions obey the signed distance condition ||φn || = 1 on a narrow band along the
surface for even a low number of time steps m. Moreover, by analyzing the number of

time steps M needed to observe this condition on a narrow band of size β · ∆x with
an arbitrary positive multiplier β, one gets M ≈

β·∆x
∆τ

[Alb+13]. Thus, the algorithm

provides the normal and the curvature information for the surface with
nn (x) =

(M)

∇φn (x)
(M)

∇φn (x)

and

κn (x) = ∇nn (x),

(3.40)

for every time step n. In case of fluid dynamics, one can now use the surface information
to compute surface tensions for example that would influence the velocity occurring in
the transport equation.
Translation to the Fracture Healing Context

Let us translate this coupling procedure

to the fracture healing context. Here, we use the discretized VOF formulation of (3.30)
X Γhk,j
αk,n+1 − αk,n
αk,n · Γhk,j = 0,
· Ωhk − Vk,n ·
∆t
j ∈Υ

(3.41)

k

for the propagation of the surface with a piecewise constant velocity Vk,n . Equation (3.41)
already contains a forward Euler time-stepping algorithm. At this point, one can easily
substitute this procedure with an implicit algorithm. In the following, we use the same
discretization for the LS description, such that φk,n denotes the sampling point of φn on
the k-th element. Next, we use the equations (3.37) and (3.38) to define a LS function
(0)

φn,k which serves as an initial condition for the reinitialization at the n-th time step.
13

Note that ∆x and τ are normalized parameters divided by a characteristic length and a characteristic
time scale to make them unitless.
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(M)

After the reinitialization procedure, we get φn,k that obeys the property ||φM
n,k || = 1

on a narrow band along the surface. Hence, with the assumption of a perpendicular
tissue formation, we can substitute the velocity by the use of (3.13)
(M)

Vk,n = νk,n ·

∇k φn,k

(3.42)

(M)

∇k φn,k

with a scalar piecewise constant growth velocity νk,n . The gradient ∇k on the k-th
element is defined according to the upwind scheme already mentioned in (3.19).

Now, we are able to define the procedure to compute the tissue formation process
for a time-stepping algorithm. Thus, in every time step we have to
(0)

1. translate the VOF function αk,n into a LS description φk,n ,
(M)

2. compute the related signed distance function φk,n with the reinitialization according
to (3.18),

3. compute the velocity field Vk,n with the normals defined by the signed distance
(M)

function φk,n ,

4. compute the next time step by solving the transport equation for the VOF function
αk,n with the velocity field Vk,n .
Up to this point, we have not specified how the scalar velocity field is defined. We know
from Section 2.3 on the tissue differentiation hypotheses, that the velocity depends on
mechanical stimuli like pressure or deformation. The following part will deal with the
computation of these stimuli as well as the final transport formulation of the healing
process.

3.3

Modeling the Fracture Healing

In this section, we present the modeling of the fracture healing with an interface capturing
technique. It is known from Chapter 2 that a few aspects have to be considered. While the
pattern of the healing process depends on lots of mechanical and biological circumstances,
we have to make model assumptions to reduce the complexity of the system. Therefore,
like in the existing model of Simon et al. [Sim+11], the biological influence on the healing
process is reduced such that only the vascularization is captured by the model. This
complies with the history of approaches for the numerical treatment of bone healing
typically done in Ulm. Here, the focus clearly lies on the influence of mechanical conditions
and their effect on the healing pattern.
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The tissue differentiation process uses the hypothesis of Claes and Heigele, which is
based on experimental data. The model aims to recapture the experimental observations
as well as to provide further insight into the hypothesis itself. Consequently, the model
has to be as close as possible to the assumptions of the hypothesis. As they stated bone
growth to be possible only on existing bone, we use the interface capturing technique
to follow the bone surface during the healing. The growth velocities depend on the
mechanical stimuli according to the modified phase diagram of the hypothesis (see
Figure 2.10b). We choose this diagram to be able to compare the results of the new
model with the established Ulm healing model.
According to the modification of Simon et al., the stimulation for tissue growth is
given by the pure volumetric change ε̂ and the pure shape change γ̂ defined in (2.1)
and (2.2). These values are evaluated on the surface of existing tissues and indicate
the growth velocities for the transport formulation. As these values are crucial for a
successive fracture healing model, we take a closer look on the computation of them first.

3.3.1

Linear-Elastic Navier-Cauchy Equation

For the formulation of the mechanical problem we will follow [Sch99; DR08; RHA12].
In principle, two strategies are possible in this context. These two mainly differ by the
degrees of freedom (dofs) for whom the system of equations is built, the stresses of the
system or the occurring displacements. Both formulations are equivalent and can be
transferred into each other. In our model, we will use the formulation for displacements
for reasons that become clear later in this section.
Thus, let us define a displacement field u : I × Ω → R3 on a three-dimensional spatial

domain. With this, we can define a strain tensor ε̂ : R3 → R3×3 , where the components
read

1
εij =
2

∂ u i ∂ uj
+
∂ xj ∂ x i

!

,

with i, j ∈ {1, 2, 3}.

(3.43)

Here, ∂ xi denotes the derivative with respect to the i-th spatial direction. This is
already a reduction due to a geometric linearization which is only valid for small strains.
Nevertheless, as we do not expect non-linear geometrical effects like buckling, the
linearized theory will satisfy our requirements. In addition, we also get a stress tensor
σ̂ of size 3 × 3 which describes the stress state of the material. For reasons regarding

the conservation of angular momentum, both, the stress and the linearized strain tensor
are symmetric. Thus, typically these tensors are written in vector form ε and σ with 6
components. For the three-dimensional space, the vectors read
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σ23

ε23

In general, the stresses and the strains are connected by a generalized Hook’s Law
which is given by
σ=F





C ,ε ,

(3.45)

where C ∈ R6×6 describes the material reaction with respect to stress. The function

F : R6×6 × R6 → R6 is general. It might contain non-linear behavior such as plasticity
or crack appearance. For our model, we assume that the occurring strains to be small

enough such that non-linear effects are negligible. Thus, we can use a linear-elastic
material behavior. The relation between strains and stresses then reads
σ = C · ε.

(3.46)

Of course, the validity of this simplification is not clear at all. As the tissue types in the
fracture healing context appear as a mixture of different materials, the linear dependency
of strains and stresses has to be validated by experiments. Nevertheless, especially for
small strains, the relation of (3.46) can be assumed to hold. Remember that small strains
are also a precondition for the linearized strain definition in (3.43).
Now, let us focus on the material matrix C. For a three dimensional space, an
anisotropic material is represented by a total number of 21 independent parameters.14
Note that due to energy conservation, the matrix C has to be symmetric. The parameters
usually have to be measured in experimental settings and typically remain constant.
Moreover, one can often use symmetries to further reduce the number of parameters.
However, in our case, the materials undergo constant adaptation. Thus, they might
change their material properties over time. But, even the measurement on dead organs
appears to be difficult. For this, the tissue has to be extracted and analyzed by typical
strain-stress experiments. But then, the material composition is often already disturbed
due to the loss of fluid between the pores for example. This makes it very hard to define
validated material laws in the context of living tissues, especially in the fracture healing
context. A literature research conducted by Malte Steiner in [Ste+13] even enforces this
14

Due to the symmetry of σ̂ and ε̂, the number is already reduced from 81 to 36. With energy conservation,
one can reduce the number of independent parameters further from 36 to 21.
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problem. There, a wide range of material parameters was found published for the same
tissue type.
As a consequence, the models typically take another point of view. One might get the
idea of designing the material law as easy as possible and trust on experts intuition if the
numerical results seem reasonable. Of course, this procedure looks very unsatisfactory
at first. However, the alternative would be to design complex material descriptions
without the knowledge of the detailed parameters. Then, we have to deal with non-trivial
connections of the parameters if we would like to adjust the system. Hence, as long as
we do not know the exact material behavior, keeping the number of parameters with big
uncertainties small, might be the better choice.
Thus, we use an isotropic material representation which attributes each tissue type
with a Young’s modulus E and a Poisson’s ratio ν. These two material parameters are
sufficient to describe the connection of strains and stresses. For this, the material matrix
is then given by


1−ν






E

C=
(1 + ν) (1 − 2ν) 





ν

ν

ν

ν

0

0

0

1−ν

ν

0

0

0
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0

0

0
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0

0
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0

0

0

0

0

0

0

0

0

0

0

0

1 − 2ν








.
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Besides the Young’s modulus and the Poisson’s ratio, there also exist other material
parameters which describe isotropic materials. Two of them are the well-known Lamé
parameters λ and µ. These are defined by
λ=

Eν
(1 + ν)(1 − 2ν)

and

µ=

E
.
2(1 + ν)

(3.48)

With the Lamé parameters, Hook’s Law for isotropic materials can be rewritten in the
form
σij = λ tr (ε̂) · δij + 2µ εij ,

i, j = 1, 2, 3

(3.49)

with the Kronecker delta δij given by
δij =


1,
0,

if i = j,
if i 6= j.

Using (3.43), the relation between displacements and stresses can be written as

(3.50)
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σij = λ δij

N
X
∂ uk

k=1

∂ xk

+µ

∂ ui ∂ u j
+
∂ x j ∂ xi

!

,

i, j = 1, 2, 3.

(3.51)

With this relation, we are able to formulate the conservation law which gives us the
displacements.
Navier-Cauchy Equation Let us look at the conservation of momentum for the displacements. According to Newton’s Second Law, the change of the momentum requires
forces acting on the body. Here, one has to take body forces as well as internal forces
due to the stress state into account. In continuum mechanics, the conservation law reads
ρ

∂2u
= ∇ · σ̂ + f ,
∂t2

(3.52)

where ρ denotes the material density and f the body forces. For the systems we are
interested in, the only body force which appears is due to gravitation. As the amount of
this force is very small compared to the loads which are assumed on the boundary of the
domain, the effect of gravitation is negligible. Thus, we can simplify the conservation
law by assuming f = 0.
Next, we should focus on the temporal behavior of the displacements. For this, two
influences are suspected to be responsible for a change of the displacements. At first,
if the boundary load changes, obviously the displacements change. Since the patients
typically have the permission to walk with aids, the loads are obviously subjected to
an ongoing variation. If we like to consider this factor, the resolution in time has to be
way smaller than an hour. In contrast to that, the aim of fracture healing models is
to predict the tissue formation process until healing is complete. Thus, dependent on
whether we are interested in human, sheep or mice, the simulation time has to be up to a
few months. In case of considering the resorption process as well, it would be even more.
For the moment, let us assume that we are able to resolve this small periods over
such a long time. Then, we face a further question: what would be a typically load cycle?
If we like to use patient specific load cycles, how can we measure the load conditions on
the fracture site? For both questions, the answers are not clear at all. Hence, numerical
models of fracture healing commonly use a mean load case that is representative for
the experienced load over some time interval. Consequently, caused by this modeling
approach, no temporal change of the displacements due to the loads are expected.
The second influence which yields alternating displacements, is the ongoing tissue
adaption due to healing. In case of successful healing, cartilage and new bone is built
near the fracture site. This leads to an increased apparent stiffness of the domain and
consequently affects the appearing displacements. Nevertheless, as tissue formation is a
rather slow process, the temporal change of the displacements could also be expected
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to be very slow. Here, we can simplify the system by using a quasi-static assumption
for the displacements. For this, we suppose inertia forces due to tissue adaption to be
negligible. This assumption is well-established for fracture healing models and is not
under suspicion to fail.
With this simplifications, we are able to reduce the partial differential equation of
(3.52) to
∇ · σ̂ = 0,

(3.53)

which describes the equilibrium state of the system. In other words, the stress tensor σ̂
has to be divergence free. With the divergence of the stress tensor given by


∂ σ11
 ∂ x1

+

∂ σ13
∂ x1

+

∂ σ21
∂ x2

+



∂ σ31
∂ x3 





,
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∂
σ
∂
σ
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22
32
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+
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∂ x3 

 ∂ x1


∂ σ23
∂ x2

+
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∂ σ33
∂ x3

we get a partial differential equation for every component i of the displacement vector u.
With (3.51), the i-th component reads

(λ + µ)

N
X
∂ 2 uj
j=1

∂xi ∂xj

+µ

N
X
∂ 2 ui
j=1

∂xj ∂xj

= 0,

i = 1, 2, 3

(3.55)

which is also know as the stationary Navier-Cauchy Equation of the linear elastic theory.15
Weak Formulation Usually, (3.55) is solved with a finite element (FE) method. Therefore, we need the weak formulation of the problem. We get this by integration of (3.55)
with respect to the computational domain Ω after multiplying it with an arbitrary test
function v : Ω → RN of sufficient regularity. Then, the i-th component is given by
"
Z X
N

Ω

j=1

∂ 2 uj
∂ 2 ui
(λ + µ)
+µ
∂xi ∂xj
∂xj ∂xj

#

vi dλ = 0,

i = 1, 2, 3.

(3.56)

Using integration by parts, the derivative with respect to xj is shifted to the test function.
In addition, a surface integral occurs which includes the stresses acting on the surface,
which can be identified with (3.51). Then, (3.56) reads
15

Commonly, this equation still contains the volume force fi which we neglected in our scenario.
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"
Z X
N

Ω

j=1

∂uj
∂ui
(λ + µ)
+µ
∂xi
∂xj

#

∂vi
dλ =
∂xj

Z X
N

∂Ω j=1

σij nj vi dS,

(3.57)

where nj denotes the j-th component of the outer normal n according to the surface ∂Ω.
Two types of boundary conditions on ∂Ω are possible for such systems,16 which are either
fixed displacements or fixed stresses. Hence, let us split the boundary of the domain ∂Ω
into three parts S1 , S2 , S3 such that S1 ∪ S2 ∪ S3 = ∂Ω. For suitable boundary values ũi

and κij , these three parts are symbolic for the boundary conditions we are looking at,
namely
•

ui = ũi on S1 (fixed displacements, Dirichlet boundary condition),

• σij nj = κij on S2 (fixed stresses, Neumann boundary condition),
• σij nj = 0 on S3 (zero stresses, which is a special case of the second type).
Of course, whether all types of boundary conditions are active depends on the mechanical
system. In general, we can perform a homogenization of the problem such that we can
choose test functions and trial functions that vanish on S1 . Consequently, the surface
integral of (3.57) disappears on this part of the boundary. In addition to that, in case of
zero stresses, the surface integral will also be zero. Thus, it disappears for S3 , too. With
that, the problem of a static linear-elastic system can be written as
"
Z X
N

Ω

j=1

∂uj
∂ui
(λ + µ)
+µ
∂xi
∂xj

#

∂vi
dλ =
∂xj

Z X
N

S2

j=1

σij nj vi dS,

on Ω,

ui = ũi ,

on S1 ,

σij nj = κij ,

on S2 ,

(3.58)

for i = 1, 2, 3, while the boundary condition σij nj = 0 on S3 is already implemented in
the equation, implicitly. Here we should mention that this problem is only well-posed
for boundary conditions on S1 and S2 which at least disable rigid body movements. For
more details on that topic, we would like to refer to more specific literature such as
[Sch99; DR08].
For the FE discretization, we utilize the already existing finite volume (FV) mesh
which is built for the transport problem. Thus, we use the setting illustrated in Figure 3.9,
where each element consists of a set of five nodes. Four of them are assigned to edges and
correspond to the FE mesh, while the fifth node is related to the FV mesh and is located
at the center of the element. The benefit of using this approach is the computation
16

Combinations of them are also possible as long as they satisfy the material law.
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xFE
n+m+1

xFE
n+m
xFV
k
Ωhk
xFE
n

xFE
n+1

Figure 3.9: Illustration of the matched mesh for the FE discretization (red) and the FV
discretization (blue). Each element consists of four nodes xFE on the corners assigned to
the FE mesh and one node xFV in the center which is related to the FV mesh.
of the strains which correspond to the FV nodes. Here, one can directly compute the
strains for the central point due to trial functions used for building the system of linear
equations. Thus, no special mapping algorithm is required to transform the information
from one mesh to the other. Remember, these strains will finally give us the stimulation
for the tissue growth. In the model at hand, we make use of linear trial functions in all
directions for both, the test function v as well as the displacements u.
Symmetry Simplifications Until now, we discussed the three-dimensional description of
the mechanical problem. In our case we use further simplifications. For our simulations
we will either assume rotational symmetry or use a plane strain setting. In both cases, the
dimension of the domain Ω is 2 while the third dimension is part of the model assumption.
In case of a plane strain setting, we get
ε33 = ε13 = ε23 = 0.

(3.59)

The plane strain attempt yields good results for systems where the third dimension is
larger than the remaining two. Hook’s Law can be simplified for such problems by using
the conditions for the strains of (3.59) in the material matrix of (3.47). Then, Hook’s
Law reads
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For the remaining stress components we get σ13 = σ23 = 0 and
σ33 =

 

ε11



  
 · ε22  .
  

(3.60)

ε12

Eν (ε11 + ε22 )
.
(1 + ν) (1 − 2ν)

(3.61)

In case of rotational symmetry, we have to slightly modify the plane strain case.
Whereas, the components ε13 and ε23 are still zero, the rotational strain ε33 is

1
ur .

Here,
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the index r implies that the strain component in rotational direction ε33 depends on the
displacement in radial direction. Hook’s Law for rotational symmetry reads
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(3.62)

ε12

The procedure to get the final representation of the Navier-Cauchy Equation for the
symmetric setting is mostly the same as presented in the three-dimensional case. For
rotational symmetry, one has just to consider the strain in rotational direction with a
special treatment due to the factor

1
r.

With that, we are now able to formulate the

algorithm which will predict the tissue differentiation for the fracture healing process.

3.3.2

Transport Formulation of Fracture Healing

In this section, we will combine the interface capturing techniques with the linear-elastic
material theory. This will provide the opportunity to define an algorithm which predicts
tissue formation due to mechanical stimuli. Whereas the influence of the mechanical
problem onto the transport formulation is reflected by the adjustment of the growth
velocities, the opposite direction is given by the temporal material adaption.
For the moment, let us recap the information we already have. We defined a stationary
simulation domain Ω ⊂ RN . This domain is subdivided into time-dependent closed subdomains Ωi (t), each of them filled with a certain tissue type i ∈ T , where T denotes the

set of tissue types inside the domain. Each sub-domain is enclosed by the surface Γi . For
the discretization, we get a set of FV elements Ωhk whose geometrical information is used

for the FE method as well. Due to the coupled level-set and volume-of-fluid (CLSVOF)
method, the central nodes of Ωhk provide the sampling points for the level-set (LS) function
φi,k and the volume-of-fluid (VOF) function αi,k . While the sub-domain Ωi (t) is described

via the VOF function αi,k , the LS function φi,k contains geometrical surface information
such as the surface normal ni . In addition to that, each element has nodes on the edges
of Ωhk . On these nodes, the sampling points for the FE analysis are given. Hence, the
stationary linear-elastic problem provides the displacements uk on these nodes.

Determining the Growth Velocities As already implied in the previous section, we will
use a quasi-static assumption for the computation of the mechanical stimuli. This means,
we need to solve a boundary value problem for each time step of the temporal evolution.
Consequently, we require a time stepping algorithm which allows us to update the results
of the mechanics. For the FE analysis, we use linear trial functions in all directions to
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construct the stiffness matrix17 . According to (3.58), we need the Young’s modulus Ekh

and the Poisson’s ratio νkh for each element Ωhk . If the element Ωhk is completely filled with
a certain tissue type, we can use the material parameters of the tissue itself. In case of
FV

elements Ωhk which contains the transition between two tissues, the procedure appears

more complex. Let us have a look on the Young’s modulus in such an element. There,
we get a piecewise constant distribution of the Young’s modulus E while the transition
position depends on the location of the surface. Consequently, a geometric surface
reconstruction is necessary to evaluate the integral. We discussed in the section about
interface capturing techniques that this is only possible with deficits (see Section 3.2.1).
In addition, a surface reconstruction for every time step would significantly increase
the computational effort. Hence, we use another approach to approximate the material
parameters. Since the VOF function αi,k contains the information of how much the element
Ωhk is filled with the i-th tissue type, we use a rule of mixture to define an apparent but
constant Young’s modulus on elements which contain the surfaces. Therefore, we use

the modified rule of mixture of (2.9), which is based on the previous Ulm healing model
[Sim+11]. Writing it with the VOF function, for the k-th element it reads
Ekh = E1 · α1,k +



N
X

(Ei − Ei−1 ) · 

i=2

N
X
j=i

3

αj,k  ,

(3.63)

for N the number of tissue types. The same is done for the Poisson’s ratio but without
the cubic power law. Thus we get
νkh =

N
X
i=1

νi · αj,k .

(3.64)

With this, we are able to solve the stationary linear-elastic problem to obtain the
displacements on the elements edges. Then, with (3.43) we know the strain tensor at the
center of Ωhk which is necessary to compute the mechanical stimuli. Remember, these are
given by the volume change

ε̂k =
and the shape change

3
1 X
εi,k ,
3 i=1

(3.65)

q

1
γ̂k = √
(ε1,k − ε2,k )2 + (ε2,k − ε3,k )2 + (ε3,k − ε1,k )2 .
(3.66)
2
with the eigenvalues (principle strains) ε1,k , ε2,k and ε3,k of the strain tensor on the
element Ωhk (see (2.1) and (2.2)).
17

For this part, a code was programmed which make use of the CSparse library [Dav06] to compute the
strains. An initial state of that code was provided by Prof. S. Funken, who supported this project with
a significant speedup in the computation of the strain components.
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In order to illustrate how the velocity field on the surface is built, we might look at a
toy model for bone formation and resorption. Hence, following the idea of the original
hypothesis for fracture healing, let us consider a simplified one:
1. If the volume change ε̂ and the shape change γ̂ is lower than the corresponding
thresholds γ̂th and ε̂th , bone will be degraded on the surface.
2. If at least one of the stimuli is higher than the related threshold, bone will be
formed on the surface.
For this, we will look on the model illustrated in Figure 3.10. Here, we see a piece of
bone which is loaded in axial direction (see Figure 3.10a). In addition, a second load
case which does not fit the orientation of the bone is presented in Figure 3.10b. For this,
the load becomes tilted by an angle, whereas the upper boundary fulfills the constraint
of equal vertical displacements. This toy model18 rests upon a plain strain assumption
for the mechanical part (see Section 3.3.1).
In both cases, we analyze the mechanical stimuli on the left and on the right surface,
indicated by the different color gradients. The stimuli are presented via phase plots of the
stimuli space of ε̂ and γ̂. For axial loading, we see that the mechanical stimuli are near
to the transition zone where the processes alternate between resorption and formation
of bone. Hence, in a biomechanical setting, this would be close to what is called the
homeostatic distribution of bone with respect to mechanical stabilization. This suggests
that the piece of bone is almost optimized for this load case. The evaluated strain
invariants on the surfaces are plotted to their related positions in the phase diagram. The
color does only support data which makes the surface position identifiable in the phase
diagram. Then, for every point in the phase diagram the condition of being inside or
outside the resorption domain gets checked. If the point is inside the resorption domain,
a negative velocity will be assigned to the surface element, pointing in normal direction.
Otherwise, the velocity will be positive. The two velocities are not necessarily of the same
amount. Of course, typically, resorption is way slower than formation. But for this toy
model, we likely assume resorption appears as fast as formation. One also recognizes in
Figure 3.10a the symmetric distribution of the velocities. Since the load case is oriented
in axial direction, the strains and stresses along the symmetric bone shape are the same.
Hence, the two phase plots contain the same information.
In contrast, we get a different picture for the case where the load does not fit the
bone orientation. Because of the constraint of equal vertical displacements on the top
boundary, the body becomes s-shaped. The resulting displacements are higher than
before. This is reflected by the amount of the mechanical stimuli. In Figure 3.10b one
18

This is not intended to show real bone behavior in experimental settings but to provide a better
illustration of the model itself.
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Load & BC

Shape change γ̂

Volume change ε̂
Left surface

Shape change γ̂

Volume change ε̂
Rigth surface

(a) Load in axial direction. The mechanical stimuli are close to the threshold. The stimuli on
both sides are symmetric.

Load & BC

Shape change γ̂

Volume change ε̂
Left surface

Shape change γ̂

Volume change ε̂
Rigth surface

(b) Tilted load which does not fit the bone axis. The mechanical stimuli of shape change increase
and the two surfaces are point-symmetric to the center of the bone.

Figure 3.10: Toy model of a simple piece of bone to illustrate the mechanical stimuli
evaluation and their translation into surface velocities. Two load cases are presented
(red arrows), once in axial direction and the other with an angle that does not fit to the
orientation to the piece of bone. In the second case, the top boundary has the constraint
of equal displacements in vertical direction which forbid tilting of the surface. The stimuli
ε̂ and γ̂ are plotted in a phase diagram where the gray zone denotes the resorption
stimulation.
sees that especially the shape change is significantly higher. This perfectly fits to what is
expected. The stiffness of the bone in vertical direction is high enough to sustain the
related load component. This was already indicated by the first load case where the
bone was close to the homeostatic state. The component pointing in horizontal direction
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experiences a much smaller stiffness. As a consequence, the horizontal displacement
increases. This corresponds to a shear experiment setting for our system, resulting
in higher shape changes than volume changes. But, Figure 3.10b provides much more
information. While the curves for the stimuli in the phase plots have the same shape,
their start and end points are reversed. The smallest stimulus on the left surface is located
on the top, whereas the same stimulus is found on the bottom of the right surface. Hence,
the velocity field is no longer symmetric with respect to the bone axis. Furthermore,
the velocity field biases a reorientation of the bone such that it will fit to the new load
direction.
Now, the construction of the velocity field according to the phase diagram leads
to the following problem: as suggested by the examples in Figure 3.10, the velocity
distribution on the surface is not necessarily continuous. These jumps are sources of
numerical instabilities. Hence, a smoother transition between the maximum resorption
rate and the maximum formation rate would most likely stabilize the numerical method.
One possibility to do so is the implementation of a transition zone inspired by the fuzzy
logic of Simon et al. [Sim+11]. Let us assume for a moment that shape change is the
only mechanical stimulus we are looking at. Then, we can define a fuzzy transition zone
as displayed in Figure 3.11. Here, the phase diagram gets an additional dimension which
denotes the “potential” for the velocity. This normalized multiplier scales the velocity
inside the transition zone such that a smoother transfer of vectors pointing in opposite
directions takes place. In addition to this, a separation zone ξ might be introduced
to define the homeostatic state of the tissue. This idea is strongly connected to the
mechanostat model of Frost (see Section 2.3.1). Hence, the velocity of the i-th tissue on
the surface Γi is given by
ViΓi = ζ · νiΓi · p · ni ,


 1,
with ζ =
−1,

for formation,
for resorption.

(3.67)

Here, νiΓi denotes the maximum velocity of the process, p the transition multiplier and
ni the outward normal to the surface.

Spatial Extended Stimuli In the previous part, we used the mechanical stimuli as
computed by the FE analysis of (3.58). From the chapter on the biological background we
know that on the cellular level, a communication system exists which transduces signals
to regulate the formation and resorption processes (see Chapter 2). Hence, one has to
expect that mechanical stimulation has a non-local influence. Thus, to conclude which
process is active on a certain location, one has to take the neighborhood stimulation
into account, too. For this, one should consider the following point: according to the
hypothesis of Claes and Heigele, the mechanical stimuli are evaluated in the soft tissue
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Potential p
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Figure 3.11: Illustration of a fuzzy transition zone on the example of a one-dimensional
stimulation. The potential p denotes a multiplier to the maximum velocity according
to resorption and formation. There is a transition zone at the decreasing resorption
potential, an increasing formation potential as well as a separation zone ξ. This zone
corresponds to the homeostatic state for the evaluated position.
side off the surface. Hence, the thresholds presented there, correspond to strains in
a soft tissue. Consequently, if we like to consider effective strains which incorporate
the neighborhood, we have to neglect the strains related to the harder tissue in this
treatment.
To make that clear, let us assume a bone surface next to soft tissue. Since bone is
much stiffer than soft tissue, the strains on the bone side will be much smaller. If we
would compute the effective strains on the surface by building the average on a certain
range, the effective stimulus is most likely underestimated. This could result in perfect
healing conditions on surfaces typically subject to overstimulation. As a consequence,
for the computation of the effective strains on bone surfaces, we have to consider only
strains which are not located inside the bone. In addition to that, we have to define an
area of influence that will restrict the maximum distance of signal transduction. To do
so, we define a Gaussian-like function w : Ω × Ω → [0, 1] with
(

||y − x||2
w (y, x) := exp −
2σ 2

)

on Ω

(3.68)

which weights the influence of the strain at location x to a certain location y. Here,
σ specifies the rate of decrease with respect to an increasing distance. For a distance
greater than 3σ, the proportion of the strain at x on y is smaller than 1%. Hence, we
truncate the influence zone at a distance of 3σ, while σ is a parameter which remains
adjustable.
Finally, we state the effective mechanical stimuli due to the integral
ε̂eff
i (y)

1
=
Ai

Z

Ω

[1 − χi (x)] · ε̂(x) · w (y, x) dλ(x),

for the effective volume change ε̂eff
i regarded to the i-th tissue and

(3.69)
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γ̂ieff (y) =
for the effective shape change

1
Ai

Z

Ω
eff
γ̂i .

[1 − χi (x)] · γ̂(x) · w (y, x) dλ(x),

(3.70)

Here χi (x) denotes the indicator function with respect

to Ωi and the normalization factor Ai reads
Ai =

Z

Ω

(

||y − x||2
[1 − χi (x)] · exp −
2σ 2

)

dλ(x).

(3.71)

Besides the fact of non-local signal transduction, an additional point has to be
mentioned. We already referred to a number of reasons for using a rule of mixture to
define material parameters on elements that contain the surface. Thus, the stiffness
of the elements increases. This yields smaller strains at the front itself. To overcome
this issue, the strains are evaluated on elements beside the surface where no mixture is
present. With that, the effective strains of these elements are not under suspicion to be
underestimated. Subsequently, we can project these stimuli in normal direction onto the
surface elements.
Time Stepping Algorithm

At this point we are ready to deal with the time stepping

algorithm to get the temporal evolution of the tissue domains. Remember, the transport
problem of (3.41) was given as
X Γhk,j
∂
αk (t) · Γhk,j = 0,
αk (t) · Ωhk − Vk (t) ·
∂t
j∈Υ

∀ Ωhk ,

k

(3.72)

with an initial condition αk (0) = αk,0 and a piecewise constant velocity Vk (t) in space.
This representation is already in a discretized upwind setting for the elements Ωhk . The
Γh

sum runs over the surfaces of the k-th element. The values of αk k,j (t) are the projected
VOF

functions due to the upwind scheme.19

The first part of this section was concerned with the translation of the mechanical
stimuli into transport velocities. From now on, we use these velocities to predict the tissue
formation process. Hence, we look on the time integration of (3.72). In the following, we
address two different discretization schemes in time. Therefore, let us define a time step
size ∆t :=

T
N,

with T being the final simulation time and N the number of time steps.

Then, the explicit Euler discretization reads
αk,n+1 = αk,n +

X Γhk,j
∆t
· Vk,n ·
αk,n · Γhk,j
h
Ωk
j∈Υ
k

∀ Ωhk ,

(3.73)

where n ∈ {0, . . . , N } denotes the present time step. This discretization has the benefit

of being extremely fast. Everything on the right-hand side of the equation is known by
19

For more details we would like to refer to Section 3.2.3.
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the present state. Hence, there is no need for solving a system of linear equations in
contrast to an implicit scheme. As a drawback, this scheme requires a sufficiently small
time step size for convergence. Especially for the problem at hand, the necessary time
step size could be too small to be feasible.
The second time-stepping algorithm we consider is of implicit type. Since we assume
the tissue velocity to be perpendicular to the surface the velocity depends on the VOF
functions αk itself. For the explicit description we can compute Vk,n by the present state
αk,n . Now, we describe the propagation velocity in (3.72) by Vk,n+1 , which is computed
by the VOF function αk,n+1 . Then, the transport equation reads
αk,n+1 = αk,n + Vk,n+1 ·

∆t X Γhk,j
·
α
· Γhk,j
Ωhk j ∈ Υ k,n
k

∀ Ωhk ,

(3.74)

where the right-hand side of the equation depends on the solution of the equation. Hence,
a system of equations has to be solved. Due to the non-trivial construction of the
velocities, this system is non-linear and suitable techniques have to be used. Here, we
use a fixed-point iteration to compute αk,n+1 . For this, we define an initial prediction of
0
the solution αk,n+1
with an explicit time step such that
0
αk,n+1
= αk,n + Vk,n ·

∆t X Γhk,j
·
α
· Γhk,j
Ωhk j ∈ Υ k,n
k

∀ Ωhk .

(3.75)

Then, we use an iteration over τ which reads
τ +1
τ
αk,n+1
= αk,n + Vk,n+1
·

∆t X Γhk,j
· Γhk,j
α
·
Ωhk j ∈ Υ k,n
k

∀ Ωhk ,

(3.76)

τ
τ
where the velocity Vk,n+1
now depends on the present prediction αk,n+1
of the fixed point

iteration. To get an indicator for the convergence of the fixed point iteration, we look on
r :=

1 X τ +1
τ
αk,n+1 − αk,n+1
.
|Γh | k

(3.77)

This equation sums the variation of the next time step with respect to the fixed point
iteration. To get a better interpretation, this value is finally weighted by the length of
the surface. Hence, r indicates the relative change with respect to the size of the surface.
The fixed point iteration terminates as soon as r fulfills an exit condition r < tol.
It is well-known that implicit methods are more stable as explicit methods with
respect to the time step size. Hence, hopefully the implicit method allows the choice
of a larger time step. Nevertheless, the convergence of the fixed point iteration is not
guaranteed at all. From the experience of the model outcomes, one can state the following:
the fixed point iteration converges for a sufficiently small time step.20 Up to now, there
20

The Courant number has to be smaller than ∼ 10−2 .

82 Chapter 3 • Interface Capturing
are no further rigorous results for this topic. The main reason for that is the non-trivial
generation of the velocity field.

Tissue Formation

With the time-stepping method and the construction of the velocity

field, we can finally define the algorithm of tissue formation. Typically, we deal with
three types of tissues that participate directly on the moving interface representation.
These tissues are woven bone, cartilage and soft tissue. In addition, the healing domain
is supplemented by further types of tissues like bone marrow or muscle. The spatial
distribution of such tissues remains constant and does only take part in the computation
of the strains. Hence, we have to solve the transport equation for three types of tissue.
As we assume the tissues to be strictly separated, we can use the normalization condition
of the VOF method to compute soft tissue. Then, the temporal evolution of soft tissue
reads
χst (t, x) = 1 −

X

i ∈ T \{st}

χi (t, x)

on I × Ω,

(3.78)

where the index “st” refers to soft tissue. Consequently, the temporal adaption of soft
tissue follows directly from the change of the cartilage domain as well as the bone domain.
We already mentioned several times that bone is assumed to be only created on
existing bone surfaces. Here, two conditions have to be complied. First of all, the local
strains have to satisfy the hypotheses of Claes and Heigele. Additionally, the blood supply
has to be suitable in order to form bone. For this, another level is introduced to the
model which is called vascularization. This property is modeled by a moving interface
representation, too. Thus, we define a time-dependent sub-domain Ωv (t) ⊆ Ω for all
t ∈ I which denotes the area of vascularized tissue, while Ωcv (t) := Ω \ Ωv (t) refers to the

avascular domain. As we deal with fractured bones, we have to suppose the fractured
area initially has a disturbed blood supply. Then, revascularization describes the process
of a blood vessel ingrowth into the fractured area and thus constitutes the reconstruction
of the blood supply. Since this is crucial for bone formation, we can define a biological
potential B : I × Ω → [0, 1] which is given as
B(t, x) =


1,
0,

if x ∈ Ωv (t),
else.

(3.79)

Following the idea of Simon et al. [Sim+11], revascularization is a process which depends
only on mechanical stimulation. Hence, after (3.21) the transport of the vascularized
domain with the VOF methods follows from
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∂χv (t, x)
− Vv (t, x) · ∇χv (t, x) = 0
∂t

on I × Ω

(3.80)

with the revascularization rate Vv and the VOF function χv . This velocity is again
assumed to be normal to the surface and depends on the mechanical stimuli.

Considering the biological potential for the bone formation, osteogenesis can be
formulated by the transport equation
∂χb (t, x)
− B(t, x) · Vb (t, x) · ∇χb (t, x) = 0
∂t

on I × Ω,

(3.81)

where the index “b” refers to bone tissue. Figure 3.12 presents an exemplary solution of
this equation by using the techniques described above for the toy model of the previous
parts. Here, the tissue is assumed to be vascular on the full domain such that no
revasularization is required. Figure 3.12a shows the expected tissue adaption already
discussed with respect to the initial condition in Figure 3.10. Almost the complete
surface experiences stimuli that correspond to bone formation. Hence, the bone begins
to thicken, except the corners on the right bottom and top left which are subject to
understimulation. There, resorption takes place. This yields almost first tilting of the
bone according to the load orientation. After a short time, one observes the situation
where the volumetric changes are significantly smaller, presented in Figure 3.12b. Here,
the transition from formation to resorption appears approximately about the halfway up,
which speeds up the reorientation. In Figure 3.12c, one recognizes the overall procedure.
While the upper half of the right surface still increases, the lower half corresponds to the
resorption window. Remember the symmetry of the problem. Hence, the left surface acts
vice versa. There, the upper half gets degraded while the lower one corresponds to bone
formation. The homeostatic distribution is connected to a specific shape change which is
reflected by an angle of the trabecula. This can be observed in the final Figure 3.12d,
where the full surface is tended by the same angle. The mechanical stimulus on the full
surface is aligned at the transition zone between bone formation and resorption, which
describes the homeostatic bone distribution.
At least, we have to think about chondrogenesis. In the model at hand, we assume
cartilage production occurs on already existing surfaces of cartilage. In addition to this,
chondrogenesis is also possible on existing bone surfaces. To capture this approach, a
slight modification of the transport equation is required. For cartilage formation, the
transport then reads
∂χc (t, x)
− Vc (t, x) · [∇χc (t, x) + ∇χb (t, x)] = 0
∂t

on I × Ω,

(3.82)

where the index “c” refers to cartilage. Note that the biological potential is not a factor
for cartilage formation. We already mentioned in Chapter 2 on the biological background,

84 Chapter 3 • Interface Capturing
Load & BC

Shape change γ̂

Load & BC

Volume change ε̂
(a) According to the horizontal load component the surfaces are subject to higher shear
strains resulting in bone formation.

Load & BC

Shape change γ̂

Volume change ε̂
(c) According to the interaction of resorption and formation, the bone begins to tilt
against the load orientation.

Shape change γ̂

Volume change ε̂
(b) The bone surface at the bottom right on
and the top left is shielded from excessive
strains which activates resorption.

Load & BC

Shape change γ̂

Volume change ε̂
(d) Finally, the bone reaches a homeostatic
distribution which fits to the present load
case.

Figure 3.12: Tissue formation for the toy model. The phase diagram presents the
mechanical stimuli for the right surface. While the gray box illustrates the resorption
window, the rest is related to bone formation. The stimuli on the left surface appear
similar (see Figure 3.10). After a first stabilization by bone thickening, the piece of bone
adapts its orientation with an interaction of formation and resorption due to the shifted
load case.
that cartilage is an avascular type of tissue and does not require blood supply for the
production.

3.3.3

Convergence Analysis

In the previous section, we worked on the fracture healing model which uses interface
capturing methods to describe tissue formation. In addition, a quasi-static assumption
for the appearing mechanical stimuli is used to simplify the Navier-Cauchy Equation to a
time-independent formulation. Hence, for the initial value problem of tissue adaptation,
a boundary value problem has to be solved in every time step to obtain the loads. The
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connections between the two problems are non-trivial and are based on a two-dimensional
stimuli space. Thus, we have to work on an indicator which at least provides an idea of
the solution quality. For the present state of the model, there is no obvious ansatz to get
such information analytically, not even as an estimator.
For now, we will work on a numerical approach to get an indicator for the remaining
discretization error. To do this, we analyze the saturation of the solution with respect to
a discretization refinement. As our main interest is on the evolution of the tissue types,
we most likely want to observe a saturation of the VOF function with respect to the time
discretization.21 Thus, a corresponding error indicator reads
α(n+1) − α(n)

L1

(I h ×Ωh )

:=

|I h |

X X (n+1)
1
(n)
α
− αj,k ,
h
· |Ω | h h j,k

(3.83)

Ωk

Ij

in an already discretized setting. The superscript denotes the refinement step of the
temporal domain. For the number of time steps we define N (n+1) > N (n) . While this
indicator measures the variation of the output with respect to space and time, one might
also be interested in the spatial variation at a given time. For this purpose, we use the
indicator

ατ(n+1) − ατ(n)

L1 (Ωh )

:=

1 X (n+1)
(n)
ατ,k − ατ,k
h
|Ω | h

with τ ∈ I h .

Ωk

(3.84)

At this point we should notice the following: a saturated solution is only an indicator
for the quality of the solution. Nevertheless, there might be issues which are not
measurable by this method. For the moment, let us consider the numerical observation
α(n+1) − α(n)

L1 (I h ×Ωh )

< ε,

ε>0

(3.85)

for a given n. Then, we know the solution of the two time discretizations N (n+1) and
N (n) are almost equal. But, we can not necessarily conclude
α(n+m) − α(n)

L1 (I h ×Ωh )

<ε

(3.86)

for m > 1. Nonetheless, if the numerical method reaches stable conditions, the difference
of the solutions should saturate.
However, there is a further issue which has to be mentioned. A saturation of the error
indicators (3.83) and (3.84) does not necessarily indicate that the error with respect to
the real solution vanishes, due to the lack of a rigorous error estimator. Since there is no
better choice at the moment, we have to work with this indicator and keep these concerns
21

Of course, as we deal with discontinuities in space, the discretization in space should result in saturation,
too.
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Figure 3.13: Evaluation of the error indicators for the toy model. The colors indicate
the connection of both plots.
in mind. Thus, we view a saturated solution to be a candidate for the solution of the
real problem and have to decide with experts eyes whether a solution is reasonable from
a biomechanical point of view or not. In the following, we will use the term convergence
to describe the saturation of the solution for the discretized model.
Now, we can use the error indicator to check the convergence for the toy model.
For this, we solve the evolution for T = 30 days with temporal discretizations from 150
up to 3 · 104 time steps. Figure 3.13a, presents the indicator of (3.83) for six evaluations.
Here, we see a linear decay in the variation for different time discretizations in a log-log
plot. The x-axis is adjusted to a logarithmic base of 2, indicating a doubling of time
steps N for every tic. Hence, we observe algebraic convergence of the solution with
respect to the time discretization. As we deal with a transport problem, which is coupled
to the solution of a Navier-Cauchy Equation in a non-trivial way, a better convergence
rate can not be expected. If we consider the error indicator of (3.84) for every time
step, we get the temporal behavior of the variations. Figure 3.13b presents the evolution
of this error indicator for a different number of time steps. The curves correspond to
their counterpart of (3.83) in Figure 3.13a indicated by the respective color. For all
discretizations, we observe an increase of the variation for the first 10 days. This is due
to the typical discretization error. Afterwards, we get a local maximum, followed by a
monotonic decay of the variation. Hence, the two solutions are getting closer which might
be irrational for temporal problems. In our case, this behavior indicates that the solution
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for different discretizations tends to the same homeostatic distribution. Consequently, if
we are interested in the homeostatic distribution, the convergence behavior with respect
to time yields a further indicator for the quality of the solution.

3.4

Reduction of the Computational Effort

The previous section addressed the design of the algorithm we use for fracture healing.
The focus was on the principle treatment of the velocity generation due to mechanical
stimuli and the time discretization of the transport problem. We explored occurring
issues on a toy model of a trabecula. This trabecula was loaded with a specific angle
such that the mechanical stimulus induces a reorientation of the bone. This ends up
in a new homeostatic orientation which fits to the applied load. However, we did not
investigate the computational effort for the simulations yet. For the two-dimensional
plane strain toy model of Figure 3.12, we used a mesh of 135, 000 elements for the volumeof-fluid (VOF) method as wells as the finite element (FE) method. The computational
effort for the algorithm can be split into three major contributions: first, the generation
of the stiffness matrix for the time-independent linear-elastic Navier-Cauchy Equation
needs approximately 3 ms.22 Second, solving the system of linear equations requires
a period of about 7, 000 ms. And third, a time step of the transport equation to get
the tissue adaption additionally requires around 700 ms. Thus, one time step of the
simulation corresponds to about 8 s of computation time for the discretization of the toy
model. Consequently, we are able to compute approximately 450 time steps per hour for
this model.
We already mentioned that the time step size is a parameter of high impact to the
accuracy of the numerical solution. To achieve a convergent method, the time step size
has to be sufficiently small. But then, the expensive computation of the strains lets the
effort increase significantly. Consequently, we should try to reduce the computational
effort needed for one time step. As the major effort is due to the mechanical part, we
consider this for the following approaches.
Reduced Basis Method Model reduction to compute solutions of partial differential
equations fast and without needing a lot of resources is an important part of numerical
research. Different approaches were presented which pursue different ideas to reduce the
requirements for solving a problem. The reduced basis method is one of the key tools for
model reduction of parametrized partial differential equations. They are typically used if
the problem is real-time critical or one has to solve an equation several times for different
sets of parameters [OR16]. Our case is related to the second type of problems. We are
22

The time was measured on a typical workstation with an intel core i7 CPU existing of 8 CPUs with a
frequency of 3.60GHz. The memory size was of about 32GB.
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interested in the solution of the displacements u according to a distinct tissue distribution.
Thus, we can interpret the tissue distribution as a parameter for the Navier-Cauchy
Equation. Then, for a reasonable set of parameters which creates a solution manifold, we
want to find a low-dimensional subspace of the solution space in order to approximate
the solution manifold. The construction of the subspace is a major task. Some methods
try to approximate the full solution space first and generate a low-dimensional subspace,
second. Others use an error estimator to compute the subspace by successive updates in
a Greedy manner.
Let us consider the proper orthogonal decomposition of the solution space, where we
follow [QMN15]. For this, we compute N displacements ui for different but reasonable
tissue distributions. With these snapshots, we define a solution matrix that reads
S = [u1 |u2 | ... |uN ] .

(3.87)

By using a singular value decomposition of S, we get the singular values λ1 , λ2 , λ3 , ..., λN

of S with λ1 > λ2 > λ3 > ... > λN . Then, the decay of the singular values provides

a good idea of the reducibility of the problem. If we observe an exponential decay,
a low-dimensional subspace exists which approximates the solution space in a proper
way. Furthermore, the approximation error due to a subspace of the dimension i reads
[QMN15]
v
u N
u X
ei = t
λ2k .

(3.88)

k=i+1

Hence, we are able to quantify the quality of the reduced space with respect to the
solution space S.
Figure 3.14 presents the results of the singular value decomposition for a solution matrix of about 1300 snapshots for different reasonable tissue distributions. In Figure 3.14a
one recognizes an algebraic decay of the singular values. The rate is of about

3
4

which is

indicated by the purple line inside the log-log plot. Figure 3.14b shows the approximation
error of a low-dimensional subspace with respect to the number of snapshots used for the
reduction.
The behavior of the singular values is similar to an advection dominant problem.23
This is not surprising since the formulation of the problem bases on the condition
∇ · σ = 0,

(3.89)

which states that the stresses have to be free of divergence for the stationary state
(see Section 3.3.1 for more information about the equation). Of course, this equation is
23

Here, one observes an algebraic decay of the singular values with the rate
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Figure 3.14: Result of the singular value decomposition of the solutions space according
to 1300 snapshots.
strongly connected to the transport equation. For such problems, it is common sense
that the standard reduction methods do not work properly. Thus, a more sophisticated
method has to be explored to reduce the solution space of the linear-elastic Navier-Cauchy
Equation. Because this is not the main concern of the work at hand, we do not pursue
this approach in the following part.
Slow Mechanical Response

Besides the approach of model reduction, one can also try

to reduce the computational effort by making assumptions on the model itself. One
assumption for the problem at hand might be the one of a slow mechanical response.
Hence, we suppose the variation of the mechanical stimuli for a given time step is much
smaller than the magnitude of interest. Therefore, we assume a series of displacements
uτ corresponding to the time step τ . Then, the variation ||uτ − uτ +1 ||L1 (Ωh ) is strongly
connected to the variation of the tissue distribution ||ατ − ατ +1 ||L1 (Ωh ) . For convergence
reasons of the transport problem, the time step size has to be small. Hence, the variation

of the tissue distribution for a single time step is expected to be small, too. This leads to
the following idea: since we are constrained to small time steps for a convergent transport
solution, we might ignore the update of the mechanical stimuli for a few time steps.24
Figure 3.15 presents a study for the toy model where the update of the mechanical
stimuli was executed solely for every n-th time step. We compare the results with the
24

This assumption is also present with a slightly different formulation in the work of [Nie13].
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Figure 3.15: Study of the slow mechanical response assumption on the toy model. The
results for different mechanical update intervals are measured against a reference solution
where the update was executed on every time step.
reference solution where the stimuli are updated after every time step. In Figure 3.15a,
one observes a linear increase of the variation for a log-log plot. Thus, we get an algebraic
behavior for the variation with respect to an increasing update interval.25 Figure 3.15b
presents the temporal evolution of the differences according to the spatial domain. The
connection between Figure 3.15a and 3.15b is indicated by the colors. In general, these
curves show a similar behavior. This indicates that the results do not oscillate for
different update intervals. Furthermore, the decreasing variation for the second half of
the simulation time suggests that all solutions tend to the same homeostatic distribution.
Consequently, this method might work for some cases. Dependent on the required
accuracy, the toy model allows a skip of the stimuli update for several time steps.
Nevertheless, at this point, we should mention that there is no rigorous statement on the
quality of the assumption. In addition, one has to check the validity of this approximation
and their accuracy for every new setting of tissue parameters as well as load conditions.
Dynamical Mesh Refinement The third approach for reducing the computational effort
uses the location of the tissue boundaries. The material parameters for a specific tissue
are constant in space for every time step. Thus, the grid size for the Navier-Cauchy
Equation could be coarser at some distance to the surfaces compared to the neighborhood
25

For the toy model, this behavior is of quadratic order. But, this might not be valid for other settings.
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Figure 3.16: Convergence study of the grid refinement method for the mechanical
stimuli. Elements that correspond to a distinct layer of the surface are using the finer
grid.
of the moving fronts. Hence, the idea is to use two grids in parallel, with element sizes
such that the lengths scales differ by an integer factor. Consequently, the sampling points
of the coarse grid match to sampling points on the fine grid. Because the transport
equation requires a fine discretization and is not the time-critical part, the transport
equation is computed on the fine grid. The linear-elastic Navier-Cauchy Equation is
computed on the coarse grid, except for locations close to the surfaces. Since the stimuli
are only required at fronts where the displacements are already computed on the fine
grid, no mapping algorithm from the coarse grid onto the fine grid is required.
For the detection of the elements which have to be refined, we first detect the elements
of the coarse grid that include surfaces. Then, the adjacent elements to the already
selected ones become activated. This procedure is repeated n times, such that finally n
layers along the surface elements are activated. This strategy is illustrated in Figure 3.16a.
The different colors denote the different layers, where we recognize that a narrow band
along the surface is built on which the mesh size gets refined. On these elements, we use
the fine grid and stick the refinement boundaries26 onto the coarse grid. The numerical
treatment at this point is realized via a penalty method.
Figure 3.16b presents a convergence study of the mesh refinement for an increasing
number of refinement layers. For this study, a grid refinement by a factor of two was
26

This correspond to the transition of the third layer into the deactivated elements in Figure 3.16a.
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used. Thus, the grid size close to the surface gets halved. In this context, close refers to
elements which are part of layers smaller than the outside refinement layer. We measured
the variation of the stimuli values for a different number of refinement layers with respect
to the solution which only uses the fine grid. One recognizes the exponential decay of the
variation for both stimuli factors. For this case, we already observe an error indicator
lower than 10−3 by using 10 refinement layers.27 Consequently, this method might be
the best choice of reducing the computational effort in every time step.

27

Using the method with 10 refinement layers reduces the number of elements for the toy model from
135, 000 to 43, 200, which corresponds to a reduction of 68%.

Applications

In this chapter, we will apply the numerical model developed in the previous Chapter 3
to different biological systems. Recall that this model describes the fracture healing
process by the use of interface capturing techniques. So far, the model was motivated by
the study of Claes and Heigele [CH99] which analyzed the stress and strain values along
the healing front using finite element (FE) models of the fractured area. From this study,
their hypothesis originates and its underlying experiments as well as the computational
models are described in Section 2.3. According to Claes and Heigele, the values of
the stress and strain tensors are responsible for the regulation of tissue differentiation.
Furthermore, they assumed strictly separated materials for the stress-strain analysis
without distinguishing between further material properties inside each domain. These
assumptions perfectly match the modeling approach of the interface capturing technique
of Chapter 3.
Nevertheless, transferring these conditions of a static system to a time-dependent
problem, does not automatically lead to a “satisfying” method. In our context, satisfying
is associated to the prediction of reasonable tissue distributions during healing.1 Thus, we
have to benchmark the model predictions with existing experimental data. To do so, we
invoke the experimental investigation of Claes et al. [Cla+95; Cla+97] and compare their
observations with our numerical results. Furthermore, the numerical model of Simon et
al. [Sim+11] is widely accepted, which was also validated on these experiments. Hence,
we utilize these numerical studies as a benchmark for the interface capturing model.
Next, we analyze the temporal behavior of the mechanical stimuli at the moving
tissue interfaces. To the best of the author’s knowledge, this has never been investigated
before. Hence, we can stress the assumptions of the hypothesis from Claes and Heigele
1

Here, we choose the word reasonable since the precise tissue distributions are not measurable during an
experiment. Hence, a “validation” of the tissue distribution requires expert knowledge of clinicians.
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according to their relevance and identify its limitations on the differentiation function.
To do so, we use the time-dependent tissue differentiation computed by the model at
hand for the experimental setting of Claes et al. [Cla+95; Cla+97] and present different
views on the stimuli values.
In addition, we present a proof of concept with respect to biodegradable implants.
The development of such implants probably improves the treatment of fractures and
fusion cases. Obviously, since these implants are degraded by the body, a major advantage
is that the final surgery which is normally unavoidable to remove the implant, is no longer
necessary. On the other hand, a degradation appearing too fast could lead to an overload
of the newly formed tissue and therefore in a new trauma. Degradation products could
furthermore influence the healing not only in a positive way. In particular, it may lead to
negative effects, such as acidification, worsening the healing conditions. Each are complex
interactions which could be analyzed with a computational model advantageously.

4.1

Experiment on Ovine Metatarsal

The animal experiment performed by Claes et al. [Cla+95] serves as the basis for the
validation of our model. We already discussed the experimental setup in Section 2.3.3
in more detail. In this section, we focus on the numerical setting which is used to
describe this experiment and compare the numerical predictions with the experimental
observations. Furthermore, we emphasize advantages and disadvantages of the developed
model with respect to the existing Ulm healing model [Sim+11]. Parts of this section are
already published in [Pie+18]2 .
Before we can discuss the results of the model, we have to clarify the numerical
setting used to describe the experiment. Of course, finding the right numerical setting is
already a key challenge in the context of fracture healing. We mentioned some aspects
of this topic earlier in the section on existing numerical models (see Section 2.4). The
experiment explores an ovine osteotomy of the metatarsus treated by a non-linear external
fixation. The ends of the cortical shell were positioned such that they fit geometrically,
but form a gap in between. Obviously, as this involves surgery on living organisms, the
initial geometry, in particular the alignment of the cortical ends, will differ from one
sheep to the other. This is visible on histological sections of the fracture area obtained
by the experiment, see for example Figure 4.1. Here, the cortex is slightly tilted and is
also subject to a small shift in horizontal direction. Although this seems like very small
uncertainties in the sense of a medical treatment, it could significantly affect the strain
distribution. Nevertheless, at the present state of research, numerical methods typically
deal with idealized geometries of the fracture area.
2

under the Creative Commons Attribution-NonCommercial-NoDerivatives License (http://
creativecommons.org/licenses/by-nc-nd/4.0/)
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Figure 4.1: Representative histological section of the fracture healing area in sheep
metatarsus related to the experiment of Claes et al. The facing cortical ends are slightly
tilted and also shifted to their counterpart. (source: in-house data from [Cla+95])

4.1.1

The Numerical Setting

Following the description of Chapter 3, we use the interface capturing technique to predict
the tissue formation induced by the mechanical stimulus. For the discretized transport
formulation of the moving interfaces, we use the backward Euler scheme of (3.74). Recall,
as already mentioned in Section 3.3.1, we assume that the mechanical stimulus remains
constant within one time step. Since the stimulus is deeply connected to the tissue
distribution, the time step size of the transport algorithm has to be sufficiently small to
justify this condition. Whether the algorithm satisfies this assumption can be verified
by comparing results of different time step sizes with respect to the tissue distribution.
Hence, the error indicator of (3.83) provides reasonable information about the validity of
this assumption.
With Euler’s time stepping method, the mechanical stimulus update can be performed
after each individual time step. Furthermore, in case the mechanical response occurs on
a much smaller time scale than the step width, the computational effort can be reduced
by not updating the strain tensor after every time step (see Section 3.4). The mechanical
stimulus is computed via the time-independent isotropic linear-elastic Navier-Cauchy
Equation (3.55). The solution of this equation first gives the displacements with respect
to the applied load. With (3.43) the strain tensor is then fixed. According to Simon et
al. [Sim+11], the mechanical stimulus relies on the principal strains (see Section 2.3.3).
They take two invariants into account, which mainly correspond to a pure volumetric
change and pure shape change, see (2.1) and (2.2). Whether there is an active tissue
formation process on a present interface, depends on the position of the mechanical
stimulus in the phase space of the differentiation hypothesis (see Section 2.3).
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(a) A 3D extension of the initial tissue distribution for the axially symmetric case.

Axial symmetry

Muscle

ksoft
usoft
kstiff
sgap
Plane symmetry

(b) Illustration of the mechanical boundary
conditions of the experimental setup.

Figure 4.2: Idealized geometry of the 2D model of the sheep experiment and its 3D
extension. a) Initial tissue distribution of the axially symmetric healing domain where
also plane symmetry is utilized. b) The size of the domain is 20 × 20 mm2 and the
mechanical load acts on the top boundary in axial direction. In addition, a non-linear
fixation is attached which consists of a soft spring ksoft acting for a predefined free IFM.
In case the clearance device reached its maximal deformation usoft , only the stiff spring
kstiff can produce further deformations. (after [Pie+18])
Finally, we encounter two types of problems. First, the transport equations describing
the tissue formation. Second, the Navier-Cauchy Equation concerning the static strain
distribution. Hence, we have to define initial conditions as well as boundary conditions
for both problems.
Initial and Boundary Conditions Let us start by defining the dimensionality of the
computational domain. Equivalent to the study of Claes and Heigele [CH99] as well as
the study of Simon et al. [Sim+11], we approximate the geometry by a standardized
callus. According to the experimental data presented in Claes et al. [Cla+95], the load
only acts in a direction parallel to the bone axis. Consequently, the problem possesses
rotational symmetry as indicated in Figure 4.2a. In addition, we also utilize a plane
symmetry through the center of the gap. This is justified since the focus of the model is
lying on the influence of the mechanical stimulus and the strains of the upper half are
equally distributed as those occurring on the lower half, for the given load case.
For the different types of tissue i ∈ T , the initial indicator functions χi (0, x) of

the volume-of-fluid (VOF) formulation are given according to the setting in Figure 4.2b.
There, we see first of all that the cylindrical cortex is filled with bone marrow. Between
the cortical ends, the osteotomy results in a gap of the size sgap , only filled with avascular
soft tissue. The surrounding of the gap corresponds to a blood clot also consisting

Axial symmetry
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∂ΩH
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∂ΩH
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Figure 4.3: Illustration of the healing domain ΩH and its boundaries.
of avascular soft tissue. The domain ΩH on which tissue differentiation is possible,
is determined by the initial soft tissue (see Figure 4.3). The peripheral area next to
the healing domain is assigned to muscle. For the simulations we present, the tissue
types bone marrow and muscle do not take part in the tissue differentiation process.
Consequently, they only participate in the computation of the strains and remain constant
with respect to time and space. The same consideration holds for the cortex (lamellar
bone respectively). Hence, we only require boundary conditions for cartilage and woven
bone. On the boundaries ∂ΩH
sym which are also associated to a symmetry condition, the
tissues have to fulfill homogeneous Neumann conditions
∇⊥ χi (t, x) = 0

and

∇k χi (t, x) = 0

on ∂ΩH
sym

∀ t ∈ I,

(4.1)

where ∇⊥ denotes the derivative in normal and ∇k the one in tangential direction to the
H
boundary. In addition, the boundaries ∂ΩH
mu and ∂Ωma which are next to muscle and

bone marrow, also have to fulfill the homogeneous Neumann conditions
∇⊥ χi (t, x) = 0

and

∇k χi (t, x) = 0

H
on ∂ΩH
mu ∩ ∂Ωma

∀ t ∈ I.

(4.2)

The remaining boundary ΩH
co of the healing area is associated to the cortex. Since bone
growth only appears on surfaces of existing bone, this presents the only source for initial
bone formation. Because there is initially no cartilage inside the healing domain, cartilage
can also only be built on the cortical surface. Consequently, the corresponding boundary
condition reads
χi (t, x) = 1
which is of Dirichlet type.

on ∂ΩH
co

∀ t ∈ I,

(4.3)
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Recall that, the model considers bone formation only at places were blood perfusion is
observed. We introduced a further indicator function χv (t, x) in Section 3.3.2 to describe
the process of revascularization. As mentioned above, the area initially corresponding
to soft tissue is assumed to be avascular. In addition, we follow the observation of
Rhinelander [Rhi68; Rhi74], who found that the vessels inside the cortical ends, close to
the fracture site, are also destroyed due to the trauma. Hence, we also set the cortex
with some distance to the osteotomy to be initially avascular. The same assertion is
valid for the tissue of bone marrow. Finally, the remaining areas of the bone marrow and
the cortical shell, as well as the muscle tissue are assumed to be vasularized even at the
starting point.
The mechanical problem is computed on the full domain Ω. Since it is timeindependent, we only need boundary conditions on ∂Ω. Due to the rotational symmetry
we get displacements in two dimensions. Hence, the displacement field is given by
u = (ur , uz )t

with

ur , uz : Ω → R,

(4.4)

where ur is related to the displacements of the axis pointing in radial direction and uz
denotes the displacement in direction of the long bone axis. Let us recap the types of
boundary conditions allowed for this problem (see Section 3.3.1 for more details). To get
a well-posed setting, the boundary conditions have to suppress free body movements.
Therefore, Dirichlet conditions are required for both components of the displacements.
These are automatically given by the symmetry assumptions. The axial symmetry on
the left boundary ∂Ωas prohibits displacements in radial direction on the long bone axis.
Consequently we get
ur (x) = 0

on ∂Ωas ,

(4.5)

whereas the plane symmetry boundary ∂Ωps forbids displacements in axial direction,
leading to
uz (x) = 0

on ∂Ωps .

(4.6)

The experimental setting imposed loads acting only on the top boundary pointing in
axial direction. One might be tempted to include the load as a Neumann boundary
condition. This is equivalent to a constant pressure which is applied along the upper
boundary. Then, the part of muscle next to the cortical shell experiences much higher
axial displacements as the cortical shell. Since this might be valid for the presented
conditions, the resulting deformations are not reasonable for the real behavior.3 To
overcome this issue, we use a Dirichlet boundary condition on the top boundary ∂Ωt
3

In fact, this appears only because we are looking on a small part of the full geometry of the real system.
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which corresponds to the total amount of the applied force, but ensures a constant axial
displacement ũ ∈ R for the full boundary. Thus, we get
uz (x) = ũ

on ∂Ωt .

(4.7)

The remaining boundaries of the domain are implicitly described by zero pressure
conditions, which are of Neumann type.4
Computation of the Load Condition The question is, how can we get the right amount
of axial displacement ũ corresponding to the applied load? Especially, since the fixation
method has a non-linear character. To resolve this issue, we recall the technique already
mentioned in Section 2.3.3. We assume a displacement ũ of a reasonable amount.5 Then,
we solve the Navier-Cauchy Equation (3.58) and obtain the displacements which are
translated into stresses according to Hook’s Law (3.46). Integration over the normal
stresses σzz on the upper boundary yields the reaction force
Freact =

Z

σzz (x) dS,

(4.8)

∂Ωt

due to the applied displacement ũ. Subsequently, we compute an apparent callus stiffness
kcal of the fracture area via the one-dimensional Hook’s Law
kcal :=

Freact
.
ũ

(4.9)

Obviously, the stiffness depends on the tissue distribution inside the domain. Since the
distribution undergoes ongoing differentiation processes, the apparent callus stiffness
changes in time.
To compute the correct amount of displacement, the individual fixation method has to
be taken into account. The stiffness behavior of the fixation is illustrated in Figure 4.4a.
Two serially connected springs of significant different spring constants kstiff and ksoft with
kstiff  ksoft lead to an effective constant
kfix =

kstiff · ksoft
≈ ksoft .
kstiff + ksoft

(4.10)

The soft spring is further connected to a clearance device. This device restricts the
displacement of the soft spring to an upper limit labeled as usoft . Hence, if the applied
4
5

The boundary integral of the weak formulation of the Navier-Cauchy Equation (3.58) vanishes for this
special case.
The strain tensor is only defined for small displacements. Therefore, the applied displacements have to
be small enough to fulfill this constraint.
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Load on the system

Load on the fixator

(3)

kstiff
≈ ksoft
Fpre
ufree

(2)

ksys

ksys
(1)

ksys
Fpre
ufree

Displacement of the fixator

Displacement of the system

(a) Load-displacement behavior of the pure
fixator.

(b) Load-displacement behavior of the parallel
circuit of fixation and callus.

Figure 4.4: Illustration of the non-linear IFM dependency with respect to the applied
load. As long as the applied load on the fixation does not exceed a pre-stress setting
Fpre of the soft spring ksoft , the stiff part kstiff is active. For higher loads, a configurable
free movement window ufree determines the stiffness of the fixation. If the displacement
extends the free movement of the clearance device, the stiff spring is activated again.
(b) presents the dependency taking also the callus system into account. The curves for
(1) (2)
(3)
ksys , ksys and ksys correspond to different stiffnesses provided by the tissue distribution,
(1)
(2)
(3)
with ksys < ksys < ksys .
load is high enough to extend this limit, only the stiff spring of the fixation is active and
we get
kfix = kstiff .

(4.11)

In addition, a pre-stress configuration Fpre of the soft spring was applicable in the
experiment. This results in a minimum load transfer through the fixation for activation
of the soft behavior.
The stiffness of the full system is given by the callus and fixation stiffnesses acting in
parallel. Thus, we get
ksys = kcal + kfix .

(4.12)

As mentioned above, the apparent callus stiffness changes due to tissue adaption. Thus,
(1)

(2)

(3)

for different calluses we might get apparent stiffnesses kcal < kcal < kcal . The re(1)

(2)

(3)

spective behavior of the system for the stiffnesses ksys , ksys and ksys is illustrated in

Figure 4.4b. From there the displacement ũr corresponding to the applied load can be
computed straight forwardly. The next step would consist in the re-computation of the
Navier-Cauchy Equation with a replaced boundary condition on the top. However, since
the material behavior is of a linear-elastic type, we use the solution for the approximated
displacement and compute the correct strains according to:
εrij =

ũr
· εij
ũ

on Ω

∀ i, j = 1, 2, 3.

(4.13)
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Material Parameters To solve the Navier-Cauchy Equation, the Lamé parameters
are required. These parameters characterize the material parameters with respect to
their stress-strain relation (see Section 3.3.1 for more details). Typically, the material
parameters are determined in terms of Young’s modulus E and Poisson’s ratio ν in
the numerical fracture healing context. Both representations are equivalent and can be
translated into each other. Nevertheless, as we stressed already in Section 2.3.3, the
precise definition of the material parameters is challenging. Furthermore, the recap of
published material parameters for a variety of tissue types presented by Steiner et al.
[Ste+13], shows a wide range of measured values.
To maintain comparability to the numerical results of Simon et al. [Sim+11], we use
the same material parameters as they did, except for cartilage. The concentration based
model of Simon et al. uses a Young’s modulus of about 200 MPa and a Poisson’s ratio of
0.45. As they dealt with mixtures of tissues, an effective Young’s modulus and Poisson’s
ratio was computed by using the rule of mixture in (2.4). By having a close look on the
results presented in [Sim+11], the cartilage concentration never exceeds 0.35 %, which
corresponds to an effective Young’s modulus of about 10 MPa. The same is valid for the
effective Poisson’s ratio, which is of about 0.4. Since the interface capturing technique
does not include mixtures of different tissue types, we have to describe the cartilage
domain with distinct material parameters. The full set of material properties is listed in
Table 4.1.
Growth Velocities At last, we have to determine the tissue formation velocities. Unfortunately, measuring the tissue formation speed is not easy in real experiments. Hence,
there exist no precise values in current literature yet. For the study at hand, we use an
approximation of the bone formation rate which is based on the experimental data of
[Cla+95]. In [Sim+11], the authors estimated a maximum bone growth rate of about
Table 4.1: Material parameters of the different tissue types. For the sake of comparability,
the values are chosen in accordance with [Sim+11], except for cartilage. Here, we assume
the Young’s modulus to be softer. The parameters for muscle and bone marrow are
adopted from [Nie13].
Tissue
Lamellar bone
Woven bone
Cartilage
Soft tissue
Muscle
Bone marrow

Young’s modulus
E in MPa

Poisson’s ratio
ν

10, 000.0
4, 000.0
10.0
3.0
2.0
1.5

0.36
0.36
0.40
0.30
0.30
0.30
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Table 4.2: Tissue-growth velocities for the different processes. While the ossification
velocity is adopted from [Sim+11], the others are used to calibrate the model.
Process

υ in

Revascularization
Chondrogenesis
Ossification

mm
d

0.44
0.44
0.22

0.22 mm
d for the referred experiment. This estimate relies on the fluorescence images

which keep record of the bone front after 4 and 8 weeks, respectively. Indicated by
this study and the fact that the tissue distribution predicted from that model show
well-accepted results, the proposed velocity is assumed to be reasonable for the interface
velocity, as well, at least for the experimental setting of interest.
Two further velocities are required. These correspond to the processes of chondrogenesis and revascularization. For both, no measurements have been presented in
literature at all. Thus, we choose these velocities such that the experimental results are
recovered. However, we always have to critically challenge the conclusions of the results
with respect to these parameters. Nevertheless, as long as the lack of experimental data
for these parameters exists, one might have to accept this unpleasant situation. Table 4.2
summarizes the velocities used for the surface processes.
Whether a differentiation process is active or not has to be evaluated according to
the differentiation hypothesis. We already mentioned several times that the basis for
the study at hand is the tissue differentiation hypothesis of Claes and Heigele. More
precisely, since the hypothesis presented in [CH99] strongly depends on the choice of the
coordinate systems, we follow the modification of Simon et al. [Sim+11]. There it is
translated into a formulation which uses invariants of the strain tensor (see Section 2.3.3
and 2.3.3 for more information). Figure 4.5 presents an illustration of the differentiation
hypothesis and includes the used thresholds according to [Sim+11; Nie13]. In addition,
the thresholds are listed in Table 4.3.
Starting from the origin of the stimuli phase space, as long as both stimuli are below
Table 4.3: Thresholds for tissue differentiation following [Sim+11] and [Nie13].
Process
Ossification
Chondrogenesis
Revascularization

Volumetric change
ε0 in %

Shape change
γ0 in %

0.03 ≤ |ε0 | ≤ 0.85
|ε0 | ≤ 0.85

γ0 ≤ 0.045
0.045 < γ0 ≤ 7.0

−5.0 ≤ ε0 < −0.85

−0.85 ≤ ε0 ≤ 5.0

γ0 ≤ 16.0
γ0 ≤ 7.0
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16
Chondrogenesis

Distortional strain
γ̂ in %
Revascularization

7
Ossification
0.045

−5.0

−0.85

−0.03
0.03
0.85
Understimulation

Dilatational
strain
5.0
ε̂ in %

Figure 4.5: The tissue differentiation scheme following the study of Simon et al.
[Sim+11]. The ossification window is symmetric with respect to the dilatational strain.
Compressive as well as tensile loads are equal in sense of stimulation of bone formation
as long as their values do not exceed an upper threshold. In contrast, chondrogenesis
appears only if the stimulus is highly compressive. In addition, an understimulation
window where no tissue formation occurs. Revascularization is possible for the same
conditions required for bone formation, the understimulation window and a stimuli area
which corresponds to higher tensile loads.

the lower ossification thresholds, no connective tissue is built due to understimulation.
These thresholds are given by 0.03 % and 0.045 % for the dilatational strain and distortional strain, respectively. Hence, the only active process for such low stimulation
is revascularization. For an increased stimulus, bone formation appears besides revascularization. The upper bound for ossification is of about 0.85 % for the dilatational
strain and 7 % for the distortional strain. Up to these thresholds, the phase space of the
processes is symmetric. In other words, compression and tension are contrarily acting
strains, but result in the same tissue formation stimulus. For higher tensile behaviors, e. g.
dilatational strains up to 5 %, only revascularization takes place as long as the distortional
strain remains lower than 7 %. On the other hand, if we exceed the ossification window
for compressive states, chondrogenesis appears up to a negative dilatational strain of
−5 %. While this process is even possible for way higher distortional strains, ossification
and revascularization is disabled for this window.

In addition to the mechanical stimulus, there are two biological properties affecting
the activation of bone formation. First, despite the mechanical stimulus corresponds to
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ossification, the process is only active if the locations have already been revascularized.6
Second, according to [CRI12] endochondral ossification only occurs in cartilage older
than 14 days. Since, cartilage is initially an avascular tissue which gets revascularized
over a cascade of processes, we consider this time delay by taking apoptosis in cartilage
into account [Ein98; Ein05; Phi05].
Simulation Cases In the following we present the results for two experimental settings,
which were already investigated in [Sim+11]. In both situations, the applied load reads
about F = 500 N. This value is motivated by the study of Duda et al. [Dud+97],
where the mean load of the sheep metastarsal was estimated from experimental observations. The two stiffness constants corresponding to the non-linear fixation are
N
N
given by kstiff = 4, 600 mm
and ksoft = 20 mm
. The soft spring is initially loaded against

compression with Fpre = 100 N to protect the fracture area from large strains even for
low forces (see Figure 4.4a).

Now we distinguish two different cases. Case A represents a stable fixation. Here,
the gap size is of about sA
gap = 2.0 mm while the displacement range corresponding to
the soft fixation is set to uA
soft = 0.25 mm. Case B refers to a less stable setting, we will

denote it flexible fixation. Here, the gap size is sB
gap = 3.0 mm and the clearance of the
soft spring is uB
soft = 1.25 mm. Hence, the interfragmentary tissue initially experiences
strains which are way above the regime for tissue formation.

For both cases, the exact characteristic of the strains can be observed in the phase
space of the mechanical stimulation. In Figure 4.6 the stimulus is presented for both,
the stable and the flexible case. Figure 4.6a presents the evaluation for the stable case,
where the stimulus on the full initial bone surface is such that a formation of connective
tissue is induced. Except for some small areas on the periosteal and endosteal surface,
where the distortional strain is too high for bone formation and the dilatational strain
is too low for chondrogenesis. From Chapter 2 we know that a typical observation in
experimental data is the initial response of intramembranous ossification at some distance
to the fracture site. This matches the initial distribution of the stimulus, where the
strains close to the gap are too high. However, this is not very surprising because the
method used for defining the thresholds was pretty similar (see Section 2.3.3). Since the
load appears along the long bone axis, the area close to the cortical ends are subject to
high compression. Hence, cartilage formation is preferred there.
For the flexible case, the stimulus curve looks pretty similar. Of course, since the
initial tissue distribution only slightly varies, the solutions of both settings differ only
6

By having a close look into the implementation of the fuzzy rules of [Sim+11], one recognizes that: in
case the mechanical stimulus induces bone formation at locations which are avascular, chondrogenesis is
active. Despite this does not coincide with the original hypothesis proposed by Simeon et al. [Sim+11],
for the sake of comparability, we follow this assumption as well.

Tissue distribution
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32
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−10.0

−5.0

−0.85

Dilatational strain ε̂ in %

(a) Stimuli for the stable case A. While bone
formation is active in some distance to the gap,
the interfragmentary strain is low enough for
chondrogenesis.

7
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−0.85

Dilatational strain ε̂ in %

(b) Stimuli for the flexible case B. Here, the
distance to the gap where intramembranous
ossification starts is bigger and the fracture site
is subject to strains way higher than allowed
for tissue formation.

Figure 4.6: Initial mechanical stimulus presented in a phase space diagram with respect
to the cases of a stable fixation and a flexible fixation. The colored boxes indicate
the stimulus corresponding to the differantiation processes of osteogenesis (gray) and
chondrogenesis (blue). The inset contains the tissue distribution for the stable case,
whereas the flexible case differs only slightly by a bigger gap size (not shown).

by a factor approximately. This factor is due to the different used fixations. Since the
allowed IFM is about 5 times higher than in the stable case, the strains also scale with
this factor. Consequently the stimuli parameters close to the gap are too high for any
tissue formation process. Nevertheless, in some proximal distance the loads are low
enough to allow bone formation. Again, this can be identified as the initial response of
intramembranous ossification.

4.1.2

Results

This section presents the results obtained for the temporal tissue evolution. First, we
analyze the predicted IFM and compare it to the numerical results in [Sim+11] as well
as to the experimental outcomes of [Cla+95]. Afterwards, we focus on the convergence
behavior with respect to both cases, illustrate the tissue formation process and compare
the total amount of tissue to a further experimental setting [CRI12]. We close the section
with a sensitivity analysis for different parameters.
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Interfragmentary Movements The experimental study of Claes et al. [Cla+95] analyzes
the effect of the initial gap size for different initial IFMs. Besides the tissue distribution
after 4 and 8 weeks, they additionally measured the IFM appearing during a certain load
step. For this, the fixation was equipped with a measurement device to track the IFM
once every week. Under successive healing conditions, the IFM has to decrease due to the
increasing callus stiffness. Thus, a reasonable model has to reproduce this behavior.
Crucially, the healing process of every sheep is different. Consequently, this data is
subject to numerous variations leading to a huge uncertainty. In many cases, the mean
value of the single sheep data is used, which certainly leads to a reasonable IFM behavior.
However, since each group contained only six sheep, we also show the single sheep data in
the figures of the IFM, giving the reader the opportunity to judge the results by himself.
We further provide error bars indicating the variance of the data knowing that this kind
of evaluation is critical.7
Before comparing the numerical results with the experimental data, some important
points have to be mentioned. The numerical setting is based upon two groups of the
experimental data, each of them originally consisting of six sheep. According to [Cla+95],
not all data points were usable for reasons regarding infection or other complications
with the sheep. In addition, the weekly update of the present IFM could not be performed
on all sheep. Hence, there are sheep which do not provide a complete dataset. The IFM
for sheep without any complications are presented by gray curves in Figure 4.7. The
group corresponding to the stable fixation is shown in Figure 4.7a, whereas the group of
the flexible fixation is presented in Figure 4.7b. In the latter, one of the curves differs
significantly from the others. Since this sheep was not mentioned as a failure and the
dataset is complete, it may have been associated to the wrong group. Consequently, this
dataset does not participate in the computation of the error bars.
The colored curves correspond to the IFM progression of the established Ulm model
(blue) and the model presented in this work (red). Both reproduce the overall IFM
behavior with respect to the in vivo data of [Cla+95]. In the stable case Figure 4.7a,
the interface capturing approach shows a very fast decay over the first few days which
is not observed in the Ulm model. The reason for this is found in Figure 4.6a, where
the area next to the cortical ends is associated with cartilage formation. This leads
to a fast stiffening effect that yields cartilage bridging within one week. In the Ulm
model, chondrogenesis is allowed on the full domain as long as the mechanical stimulus
is appropriate. Hence, despite cartilage is found in the fracture site initially for both
models, the Ulm model increases the cartilage concentration on a big part of the complete
7

Certainly, providing statistical statements with such kind of data has to be done carefully. To overcome
this, the number of experimental data one has to measure has to be multiplied with a factor. Since we
deal with animal experiments, this can be extended to an even philosophically discussion. Hence, this
might be the best one can do at the moment, if one is interested in fracture healing on larger organs
than the once of mice for example
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(b) IFM for the flexible fixation starting at
1.25 mm and reaching a stable condition after
week 7.

Figure 4.7: Comparison of the IFM predicted by the new model (red) with the Ulm
model (blue) of Simon et al. [Sim+11] and the experimental data of Claes et al. [Cla+95]
(gray). For the experimental data, only sheep with a full dataset are shown. Furthermore,
critical experiments such as the curve of the flexible case which presents only a small
initial IFM do not participate in the computation of the error bars. (after [Pie+18])

domain. This leads to understimulation inside the fracture gap for further chondrogenesis.
Nevertheless, the overall character of both numerical approaches appear similar. The
long term behavior of the experimental data is not correctly reflected in both models.
Since the stable case is typically associated with advantageous circumstances for healing
[Cla+95], it seems reasonable to assume bridging within the first 5 weeks. Furthermore,
since the occurring displacements are already very small, the measuring device reaches
its maximum level of accuracy in this range [Cla+95]. Thus, values lower than 0.1 mm
have to be judged critical.
For the flexible case we observe similar IFM progressions for both models. The
only difference is a smoother IFM decay for the interface capturing technique. However,
because of the uncertainties of the measured data, it is not clear which curve reflects
the real behavior more accurately. Thus, with respect to the experimental results, both
models appear equivalent. As stressed at the beginning of this chapter, since the IFM
data of the Ulm healing model is well-accepted in the field, this serves as a benchmark
for the interface capturing technique. Consequently, this already indicates the possibility
of modeling the fracture healing process as moving interfaces.
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Convergence Studies We demonstrated above that the IFM prediction of the interface
capturing technique clearly match the experimental results. However, the model at hand
exists of two-dimensional transport equations which describe sharp moving boundaries.
Since these equations are critical for a numerical treatment, one has to check the
convergence behavior of the algorithm (see Section 3.3.3 for further details). At the
present state, neither analytic solutions, nor a rigorous error estimators have been derived.
Thus, we use indicators which compare the solutions of different time step sizes and
quantify the saturation of the solution. Since the IFM is an indirect measure of the model,
this might not be the right dataset for a convergence analysis despite this is the most
accurate measurement of the experiment.
The primary output of the numerical method is given by the evolution of the tissue distribution. Hence, the convergence analysis is performed with respect to the
VOF

functions α(n) which capture the tissue distribution over time (see Section 3.2 for

the VOF functions). Let us shortly recap the indicators introduced in Section 3.3.3.
Equation (3.83) considers the spatial and temporal dimension at once with
α(n+1) − α(n)

L1

(Ωh ×I h )

=

|I h |

X X (n+1)
1
(n)
α
− αj,k ,
h
· |Ω | h h j,k
Ij

Ωk

whereas (3.84) only compares the spatial distribution at a certain time τ with
ατ(n+1) − ατ(n)

L1 (Ωh )

=

1 X (n+1)
(n)
ατ,k − ατ,k
h
|Ω | h
Ωk

τ ∈ I h.

Figure 4.8a presents the evaluation of (3.83) for different time discretizations into N ∈ N

time steps. For the stable fixation, we observed a linear decay of the indicator. Thus, for
an increasing number of time steps, the variation of the solution decreases. Since we use
a log-log representation of the axis, we get an algebraic convergence behavior for this
case.
In case of the flexible fixation, the error exhibits significant oscillation and the linear
decay only reveals on average. These oscillations might be an indicator for bifurcations
in the solution. Therefore, let us first consider the influence of the bifurcation on the
predicted IFM. We compare the IFM for the time discretizations N6 , N7 and N8 in
Figure 4.8b. Taking the errorbars of the experimental data into account, the required
numerical accuracy for IFM is already reached. Although no large variations in the IFM
curves exist, we will have a closer look on the source of this bifurcation in the following.
We consider a tissue distribution which corresponds to a typical situation encountered
after a few weeks. Bone formation begins in some distance to the gap after a trauma

(see Chapter 2). The interfragmentary area experiences high loads which disable tissue
formation in the flexible case. Thus, after this initial formation pattern, we normally
observe a situation like the one presented in Figure 4.9a. The critical segment of the
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(b) IFM progression for the time discretizations
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Figure 4.8: Convergence analysis with respect to an increasing number of time steps for
the stable and the flexible fixation. While the stable case shows a linear decay, the flexible
case oscillates significantly, however, still decrease linearly on average. The indicators
corresponding to the discretizations N6 , N7 and N8 are not related to big variations of
the IFM progression. (after [Pie+18])
surface is indicated by the colored curve. Figure 4.9b displays the evaluation of the
mechanical stimulus along this segment. The central point C of this segment is subject
to the most compressive state. According to this stimulus, further tissue formation
is such that the woven bone still grows in peripheral direction yielding an even more
compressive state at point C. Hence, the curve of the mechanical stimulus gets shifted as
indicated by the green arrow in Figure 4.9b, tending to reach the critical triple point (red
in Figure 4.9b). At this point, three different processes are possible. Depending on the
precise value of the stimulus, the processes switch between ossification, chondrogenesis
and stagnation. How large this shift of the curve in Figure 4.9b is depends on the time
step size in combination with the tissue formation speeds. Based on the phase space
representation of the mechanical stimulus each finite volume related to a surface gets
assigned with the process dependent speed. Thus, the number of elements ascribed to
chondrogenesis varies dependent on the time step size.
The following additional fact makes the situation even more involved: The stimulus
for bone formation is evaluated at the existing surfaces of bone. Whether the tissue
next to bone is cartilage or soft tissue has a tremendous influence on the occurring
strains. Hence, once cartilage formation is active on a few surface elements for a single
time step, the surrounding area gets shielded from strains due to the stiffening effect

Distortional
strain γ̂ in %

Axial symmetry
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(a) Typical tissue distribution after a few weeks
of intramembranous ossification with some distance to the fracture site.
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(b) Critical mechanical stimulus close to a
triple point (red) in the stimuli phase space.

Figure 4.9: Illustration of the critical moment of the flexible fixation where the solutions
start to vary for different time discretizations. The mechanical stimulus on the colored
part of the surface is close to a triple point (red), where three different processes are
possible, namely chondrogenesis, ossification or stagnation due to overstimluation.

lowering the mechanical stimulus. This yields to a bifurcation of the numerical solution,
whereas the numerical realization depends on the time step size. An even better insight
into this behavior is provided by Figure 4.10, where the time-dependent error indicator
of (3.84) is presented. In Figure 4.10a we analyze the convergence behavior for the
flexible case with disabled chondrogenesis. Here we observe that, if the mechanical
stimulus exceeds the dilatational strain window of ossification, no tissue formation is
active. Since in this case, there is no stiffening effect, overstimulated positions remain
overstimulated. The critical procedure is therefore neglected which yields reasonable
convergence behavior as presented in Figure 4.10b. The variation of two solutions with
different time discretizations decreases for an increasing number of time steps and the
solutions tend to a similar homeostatic distribution.
In contrast, if chondrogenesis is active the progression of the indicator shows a
distinct behavior as soon as the critical point C is reached. Figure 4.10b presents the
error indicator for different realizations of the transition zone with respect to volume
change (see Figure 3.11 for a detailed explanation). As illustrated in Figure 4.10c, we
distinguish gap transition, smooth transition and crisp transition from ossification to
chondrogenesis. The used time discretizations correspond to the N1 discretization of
Figure 4.10a. For the gap transition, we see no difference in the behavior. This originates
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(a) Temporal error indicator for the tissue distribution in the flexible case. Here, chondrogenesis is disabled in the simulations even if the
mechanical stimulus would indicate cartilage
formation.
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(b) Temporal error indicator for different transition realizations between the processes of
ossification and chondrogenesis. The critical
threshold is adjusted to the less crisp transitions.

Process activation

0.85

ε̂ in %

Smooth transition

Process activation

0.85
ε̂ in %
Crisp transition

(c) Illustration of the transition zone between chondrogenesis (blue) and ossification (gray) with
respect to the stimulus related to volume change.

Figure 4.10: Study of the temporal error indicator of (3.84) to obtain further insight
on the bifurcation behavior.
from the fact that in the gapped case, no cartilage is built due to understimulation. Once
the tissue distribution corresponds to a dilatational strain, which is too high for ossification,
no further tissue is built yielding a stagnation of the mechanical stimulus. Hence, the
stimulus does not move beyond the gap. For the smooth and the crisp transition we
observe the numerical bifurcation of the two time discretizations (Figure 4.10b). This
appears at the critical point where the selection of the chondrogenesis area depends on
the time step size.
At the present state of the model, there exist no solution to overcome this issue. From
a numerical point of view this is problematic, since different time step sizes might result
in different solutions, whereas the exact behavior is not predictable. Although there is no
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chance to determine the most reasonable tissue distribution from a biomechanical point
of view, improved versions of this model will have to address this concern.
Tissue Distribution Let us focus on the tissue distribution predicted by the interface
capturing technique. Figure 4.11 presents the temporal sub-domain evolution for the
stable fixation. Bone formation starts in some distance to the gap. In addition, the
area close to the cortical ends experiences a compressive load which is favorable for
chondrogenesis (see Figure 4.6a). The fast cartilage bridging is also reflected in the IFM
as discussed for Figure 4.7a. Vascularziation is active on the full blood perfusion surface
as long as the interface does not reach the area which corresponds to high compression.
After 2 weeks of chondrogenesis next to the gap, endochondral ossification starts by
replacing the cartilage with woven bone. This process occurs on the endosteal as well
as on the periosteal surface of the cortex. Taking the vascularization into account, one
recognizes the area of too high dilatational strain. This is also valid in the existing
cartilage tissue. By the end of week 4 only a small avascular gap remains. Consequently,
no bone is directly between the cortical ends. However, the woven bone callus peripheral
to the cortex is close to bridging. Since we deal with an axially symmetric case, the loads
decrease in radial direction reaching the preferred stimuli for ossification. As soon as the
bone ends merge, the junction takes off the load from the softer tissue in between the
gap. Thus, revasularization and ossification can be found there. Since we do not consider
maturation of woven bone and also neglect bone resorption in case of understimulation,
the final state is the homeostatic tissue distribution of the stable case.
For the flexible fixation, we obtain a different picture (see Figure 4.12). Initial
revascularization appears only peripheral to the cortex while the area inside remains
avascular during the first 5 weeks. Again, bone formation starts at some distance to
the gap which is the typical response to trauma that is observed in experimental data
[McK78]. For this case, woven bone forms a more pronounced callus compared to
the stable fixation. Thus, the cross-sectional area is larger resulting in an increased
stabilization of the fracture. While the periosteal surface is initially associated with a
nearly pure distortional strain, the callus shape after 3 weeks yields a transition into a
mechanical stimulus which is more related to dilatational strain. Since this is connected
with chondrogenesis, cartilage growth begins at the peripheral end of the callus. Once
cartilage growth has been started, this is an ongoing process over the following weeks with
a first bridging after 5 weeks inside and outside the cortex. However, directly between
the cortical ends the load is still far too high. Nevertheless, the cartilage bridge provides
enough stabilization to allow further revascularization and also induces endochondral
ossification. In week 7, woven bone is close to bridging. This takes place in a peripheral
location whereas the center between the cortical ends is under too high compression.
Immediately after the woven bone fusion, the bone bridge reduces the load of the fracture
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Figure 4.11: Solution of the temporal behavior for the tissue sub-domains in the case
of stable fixation. The pure tissue distribution is presented on the right whereas the
vascularization process is indicated on the left. Fast bridging with cartilage is observed,
followed by slower bone formation. First bone bridging occurs on the peripheral side of
the cortex after 4 weeks.
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Figure 4.12: Solution of the temporal behavior for the tissue sub-domains in the case
of a flexible fixation. Initially, only intramembranous ossification occurs at some distance
to the gap. This increases the load transferring area of the gap and leads to more
compressible states which are favorable for cartilage formation. First bridging with
cartilage appears after 5 weeks of healing and the bone fragments merge after 7 weeks.
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Figure 4.13: Comparison of the bone distribution for the interface capturing model
with both, the experimental data presented by Claes and Heigele [CH99] as wells as the
numerical results of the Ulm Healing model of Simon et al. [Sim+11]. The numerical
figures correspond to the tissue distribution of week 4. The shape of the woven bone
callus is similar on all three figures.
site allowing ossification at the rest of the domain as long as the stimulus is high enough.
This process appears similarly to the stable case. Again, since no resorption is considered,
the tissue distribution after 9 weeks corresponds to the homeostatic situation.
Figure 4.13 presents a comparison of the experimental data with the tissue distribution
predicted by the Ulm healing model and the interface capturing approach in the flexible
case. The tissue distributions correspond to the fourth week. The callus given by the
experimental data is reflected in both numerical models. Thus, for this comparison
and the overall temporal behavior presented in Figure 4.11 and 4.12, the model exhibits
typical characteristics of fracture healing known from experimental data.

Temporal Tissue Amount

Up to this point, we benchmarked the numerical results

on the basis of the Ulm healing model as well as on the experimental results of the
sheep experiment. In [CRI12], Claes et al. discuss the typical amount of different tissue
types inside the callus domain. This study was performed on mice but might yield
a qualitative indication whether the model provides reasonable predictions. For this
8

Reprinted from Publication Magnitudes of local stress and strain along bony surfaces predict the course
and type of fracture healing, 32.3, L. Claes and C. Heigele., pp. 255-266, Copyright (1999), with
permission from Elsevier.
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(a) Predicted tissue area for both, the stable
fixation (case A, lines) and the flexible fixation
(case B, dashed).
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Figure 4.14: Comparison of the relative tissue composition in the callus area with
respect to time. The relative amount of woven bone (green), cartilage (blue) and
(vascularized) soft tissue (red) is given for the interface capturing technique (a) and the
experimental outcomes in mice (b), according to Figure 5d in [CRI12]. (after [Pie+18])

reason, we monitored the total amount of each individual tissue over time with respect
to the complete callus domain. The numerical results are presented in Figure 4.14a
while the experimental observations for mice are shown in Figure 4.14b. For the soft
tissue, only the revascularized part is taken into account. By comparing both figures,
we recognize a very similar behavior of the relative amounts. First of all, we observe
rapid revascularization at early times. With the knowledge of the tissue formation results
from Figure 4.11 and 4.12, we ascribe this to the peripheral area. In addition, these
curves display the delayed cartilage formation for the flexible case. While cartilage is
built immediately in the stable case, the case with 5 times higher initial IFM (dashed line
in Figure 4.14a) shows significant cartilage formation after 2 weeks.
Although the model at hand agrees qualitatively with the measurements of Claes et al.,
this comparison should not be stressed too far. The animals which served for the study
are quite different to the sheep used for the interface capturing model. This can be
seen directly from the timescale of the fracture healing process. In mice, after 4 weeks
the relative amount of woven bone begins to saturate. In sheep, this process is firstly
observed after 4 weeks for stable fixation and 7 weeks for flexible fixation. Considering
the different origins of the data, the comparison indicates that also the relative amount
of the predicted tissue formation is reasonable for the model at hand.
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Sensitivity Analysis Finally, we present a sensitivity analysis for different input parameters. The model at hand requires input parameters such as material properties, growth
velocities, load conditions and differentiation thresholds for the growth processes. Parts
of these parameters are subject to big uncertainties. We already discussed this issue in
Chapter 2. Furthermore, in Section 2.4.1, we stressed that models which include nontrivial interaction in combination with a high number of vaguely determined parameters,
are able to reproduce any result one would like to have.9 The only challenge would then
be the estimate of a suitable parameter set. This might also be true for the model at
hand. An indicator for such a behavior is obtained by performing a sensitivity analysis.
For this reason, we run simulations by varying only one single parameter and consider
the variation of the solution. In Figure 4.15, the sensitivity analysis for the bone growth
velocity and the applied force is presented. Moreover, we also consider the thresholds for
osteogenesis in the differentiation hypothesis. The parameters are varied by ±10 % of
their reference values used in the simulations in steps of 1 %. We perform this study with

respect to the IFM, since this is the only quantitative value measured in the experiment
on sheep. The more sensitive the solution reacts to this variation, the more precise
the parameter has to be known. In other words, if the variation of a parameter yields
significant changes in the result, one can produce very different solutions.
However, considering the results presented in Figure 4.15, none of the four parameters
influence the model such that the result is completely different. Here, the red curve
displays the reference prediction of the model at hand, whereas the shaded area marks
the solution variation for the sensitivity study. For the bone growth velocity shown
in Figure 4.15a, a significant variation of the solution appears after week 3. From
Figure 4.11 we know that bone growth begins in the fracture gap as well. Nevertheless,
the variation does not exceed the expectable range. This is also valid for the applied
force (see Figure 4.15b). Since the initial stiffness is not affected by the latter parameter,
a higher force leads to an increase of the IFM, whereas a lower force leads to a decreased
IFM.

Consequently, this variation is natural. Just after 3 weeks we recognize a variation

which is not explainable by the force alone. However, the initially applied load affects
the distance to the gap where the bone formations begins. Thus, we also obtain a slight
variation of the tissue distribution. Taking this consideration into account, the observed
variation with respect to the applied force does not exceed a reasonable range. As
discussed for the convergence behavior, the thresholds of the stimulus which is related to
ossification, influences the tissue distribution such that this can be observed in the error
indicator of (3.84). There, we obtain a bifurcational behavior if the mechanical stimulus
at parts of the surface is close to the triple point (see Figure 4.10b). Figure 4.15c and
Figure 4.15d presents the results for the threshold parameters belonging to dilatational
9

These models include a huge number of input parameters, partly known and partly unknown. While
the known parameters are subject to uncertainties, the unknown where used to yield satisfying results.
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(d) Variation of the volume change threshold
for ossification by ±10 %

Figure 4.15: Sensitivity analysis of key model parameters. The variation of about
±10 % is applied on the reference value which is 0.22 mm
d for the bone velocity (a), 500 N
for the applied load (b), 7 % for the shape change threshold for ossification (c) and 0.85 %
for the volume change threshold for ossification close to chondrogenesis (d).
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and distortional strain. For the IFM progression, a change of these thresholds does not
yield significant variations.

4.1.3

Discussion

The aim of this section was to benchmark the developed model on experimental results.
Therefore, we designed a numerical setting which captures the experimental conditions
of the sheep experiment by Claes et al. [CH99]. The initial conditions were given by the
tissue distribution after surgery. In addition, symmetry conditions were used to reduce
the computational effort. The applied force was chosen based upon in vivo studies of
Duda et al. [Dud+97]. Since the experiment used a non-linear fixation method, we
reproduced this behavior to retain comparability. Furthermore, the existing Ulm model
provides well-accepted results for exactly the same experiment, which we also include in
our benchmark analysis.
We presented the results for two cases which correspond to a stable fixation and a
flexible fixation. One key result of [Cla+95] was the temporal behavior of the IFM. As
demonstrated, the interface capturing technique is able to reproduce the IFM progression
for both cases (see Figure 4.7). However, the convergence analysis revealed an instability
with respect to time step size (see Figure 4.8). This arises from a numerical bifurcation
of the two surface processes, ossification and chondrogenesis. In future extensions of
the model one has to overcome this issue such that the solution does not depend on
numerical parameters, but rather on parameters of the biological system. This could
lead to an advanced modeling of the critical transition point where ossification switches
to chondrogenesis. Since the model shows stable convergence conditions as long as the
stimulus does not reach this critical point, an adaptive method might be promising. Such
an algorithm could increase the time resolution when the stimulus is close to the critical
point. Moreover, mesh refinement, especially next to the critical part of the surface
increases the stability of the solution (see Chapter 3).
Biological reflections should be taken into account as well. Assuming a crisp transition
from osteogenesis to cartilage formation might be questionable. Using a time delayed
stimulus, a larger number of finite volumes would be part of the osteogenesis window.
This decreases the oscillatory behavior for this process transition. Additionally, in case of
time steps much smaller than a day, another question arises: if the mechanical stimulus
vanishes during one time step due to the tissue adaption, is it realistic that the tissue
formation process breaks up immediately? In other words, by considering a more realistic
stimulus behavior, the bifurcation problem might be solved. On the other hand, the
model at hand is already challenging to treat analytically. This even gets worse if a
convolution integral is introduced to take the history of the stimulus into account.
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Nevertheless, when considering the tissue distribution predicted by the interface
capturing model, one observes reasonable distributions which are also obtained from
experimental results (see Figure 4.13). In Figure 4.11 and 4.12 one observes typical
characteristics of fracture healing. In addition to the in vivo study of sheep, we compared
the model results with respect to a further animal experiment performed on mice [CRI12]
(see Figure 4.14). Despite one has to be careful by comparing results based on different
animals, the similarities indicate that the simulations of the interface capturing technique
are reasonable. Hence, the new model demonstrated its suitability for the simulation of
fracture healing processes.
At last, we underlined the validity of the results by providing a sensitivity analysis for
different parameters. Since the model includes non-trivial dependencies between different
types of equations, one has to check the stability of the results with respect to parameter
variations. Here, we varied input parameters in an interval of ±10 % of their reference

value. We performed this study for the estimated bone growth velocity, the applied force
and the ossification thresholds that are related to the critical process transitions. In our
analysis, no unpredictable behaviors are observed for the variation of these parameters
(see Figure 4.15).

4.2

Resorbable Bone Implants

In this section, we use the interface capturing technique to describe the degradation
process of an implant in combination with fracture healing. Typically, orthopedic implants
are made of metals [PBF13] regardless of whether their purpose is long-term behavior
or temporal treatment. For permanent implants, e. g. employed for hip-joints, metals
like stainless-steel and titanium have been proven to work well [Sta+06]. However, in
case of fracture treatment, often the implant has to be removed after healing have been
finished. During this procedure there are a lot of risks for the patient, like infection or
even a new fracture. Saving this final surgery would be a significant benefit. Thus, a lot
research activity is found in the field of resorbable implants [Kra+09; Tho+09; Aga+16;
Mah+17].
These implants are made of biodegradable materials like polymer-ceramic composites,
also known as bioceramics, or metals like magnesium and its alloys [Aga+16]. Bioceramics
are easy to construct and have the property to be extremely wear-resistant. On the other
hand, magnesium alloys have similar stiffness parameters as bone [ZGW14]. In addition,
magnesium is a common substance of the metabolism which is known to provide good
bio-compatibility. Thus, we focus on the mechanical conditions provided by magnesium.
The results presented in the next section should be considered as a proof of concept.
Since there is no experimental data available, which could be used for validating the
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Figure 4.16: Illustration of the axially symmetric geometry used for the case study
of a biodegradable implant. The total radial dimension of the implant is 19 mm while
the height is 10 mm. The top and boundary plates are 1 mm thick and are connected
via a central pillar of 2 mm diameter and a outside surface of 1 mm width. Inside the
case, lamellae of a 1 mm thickness are alternately fixed on the top and bottom plate.
The distance in between the lamellae is 1 mm as well. The lamellea ends at a distance of
1 mm to the counter plate.
model, we can only present the possibility of simulating such processes with the model
at hand. Implant degradation is strongly connected to surface-based chemical processes.
Consequently, extending the interface capturing model developed in Chapter 3 with the
description of an implant degradation is straightforward. However, at this point we
also stress that the present state of the model does not include biological dependencies.
Neither the effect of the degraded substances nor the influence of the by-products on the
tissue in the neighborhood is taken into account. Also the dependency of bone formation
on vascularization is disabled for this study.

4.2.1

The Numerical Setting

For the simulation of implant resorption in combination with tissue adaption we use
the interface capturing technique described in Chapter 3. The geometry of this study
is given by an axially symmetric cage as illustrated in Figure 4.16 (green). This cage is
initially filled with soft tissue and is enclosed by two pieces of cortical bone (lamellar
bone tissue respectively).10 Bone formation can occur on existing bone surfaces as long
as the mechanical stimulus induces ossification regardless of further conditions.
The implant has a radius of 19 mm and a total height of 10 mm. The top and bottom
surfaces are connected via a central pillar of 2 mm diameter and an outside surface of
1 mm width. The dimension of 1 mm is also found for the thickness of the top and bottom
10

This setting corresponds to a spinal fusion treatment case.
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plate, the lamellea inside the implant, the distance of each lamella to the next one and
for the distance of the lamellea ends to the counter plate as well.
The settings of the time-stepping algorithm are similar to the case study on sheep
presented in the previous Section 4.1. For the time integration of the transport problem
we use the backward Euler scheme of (3.74). The tissue formation is induced by the
mechanical stimulus computed after each individual time step via the Navier-Cauchy
Equation (3.55). The stimulus is determined by the strain invariants of (2.1) and (2.2),
denoting dilatational and distortional strain.
Description of the Implant In the previous Section 4.1 we already dealt with the
description of a further phase. There, vascularization was treated with an additional
indicator function of the volume-of-fluid (VOF) interface capturing formulation. The
phase affected the tissue formation process by enabling and disabling the possibility of
osteogenesis dependent on the state of vascularization. Here, we have to work with another
type of influence. The implant restricts the area for tissue appearance. Furthermore,
since the implant becomes degraded the area where no tissue can exist is time-dependent.
We describe this behavior by introducing an indicator function χim : I × Ω → {0, 1}

which describes the implant material according to (3.20). This indicator is treated by
the VOF formation of the interface capturing technique and also obeys the transport
equation for the surfaces (3.74). With the normalization of (3.35), tissue formation is
only allowed where the indicator function of the implant is zero.
Initial and Boundary Conditions In order to obtain a well-posed description for the
transport and the mechanical problem, initial and boundary conditions on the domain
and its boundaries are required. For the sake of a reduced computational effort, we
consider a simplified, axially symmetric case.11 Thus, we have a two dimensional domain,
while the third dimension is expressed via symmetry assumptions.
The initial conditions for the indicator functions are such that they capture the tissue
distribution of Figure 4.16. Only the domain ΩH determined by the area initially filled
with soft tissue and the implant participate in the tissue adaption process. Consequently,
the part ascribed to lamellar bone remain constant in time and space. The boundary
condition for the implant indicator χim is given by a homogeneous Neumann condition
∇⊥ χim (t, x) = 0

and

∇k χim (t, x) = 0

on ∂ΩH
as

∀t∈I

(4.14)

on the rotational axis. Here, ∇⊥ denotes the derivative in normal and ∇k the one

in tangential direction to the boundary. In addition, we have homogeneous Dirichlet
conditions
11

The symmetry assumption does not restrict the generality of this proof of concept. The formulation
allows an extension to a three dimensional space as well.
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on ∂ΩH \ ∂ΩH
as

χim (t, x) = 0

(4.15)

∀t∈I

on the remaining boundaries. For the tissue indicator functions χi , only boundary
conditions are required for woven bone and cartilage, since soft tissue is fixed by the
normalization according to (3.35) (see Section 3.2.1). Due to the axial symmetry of the
system, the boundary condition along the symmetry axis is given by
∇⊥ χi (t, x) = 0

and

on ∂ΩH
as

∇k χi (t, x) = 0

∀t∈I

(4.16)

which is of a Neumann type. In addition we have a homogeneous Dirichlet boundary
condition on the right domain boundary
χi (t, x) = 0

on ∂ΩH
right

∀t∈I

(4.17)

χi (t, x) = 1

on ∂ΩH
lam

∀t∈I

(4.18)

and a Dirichlet condition

at the upper and bottom boundary of the healing domain where the surface of the
lamellar bone serves as a source for bone formation. Because the surface of lamellar bone
is covered by the implant material, there is no possibility for bone formation at the very
beginning of the simulation. Therefore, we added a further source for bone formation on
the surfaces marked with blue lines in Figure 4.16.12 With this, the numerical setting
for the transport formulation is completed.
Since the Navier-Cauchy Equation (3.55) is used in a time-independent formulation,
we only require boundary conditions for computing the mechanical stimulus. The setting
of a axially symmetric geometry reduces the displacement field to only two components,
the displacement pointing in radial direction ur and the displacement parallel to the
rotational axis uz . The field is given by
u = (ur , uz )t

with

ur , uz : Ω → R.

(4.19)

The axial symmetry immediately fixes the displacements ur along the rotational axis
yielding a homogeneous Dirichlet boundary condition
ur (x) = 0

on ∂Ωas .

(4.20)

On the bottom boundary ∂Ωb , the displacements in axial directions are fixed, which is
given by the Dirichlet condition
12

The blue lines could indicate holes inside the top and bottom plate, which allow tissue growth into the
cage.
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Table 4.4: Material parameters of the tissue types which are present in this case study.
We use the same parameters as given for the experiment on sheep in 4.1 and complete
the ensemble with the material parameters of magnesium.
Tissue

Young’s modulus
E in MPa

Poisson’s ratio
ν

10, 000.0
4, 000.0
10.0
3.0
44, 000.0

0.36
0.36
0.40
0.30
0.30

Lamellar bone
Woven bone
Cartilage
Soft tissue
Implant

uz (x) = 0

on ∂Ωb .

(4.21)

With these two conditions, the mechanical system is already well-conditioned (see
Section 3.3.1 for more details). However, we need a further load condition to get a
mechanical stimulus for tissue formation. With the same algorithm used for the nonlinear fixation method of the experiment on sheep, we apply a constant displacement in
axial direction ũ ∈ R which corresponds to a given force (see Section 4.1). Thus, we get
a Dirichlet boundary condition

uz (x) = ũ

on ∂Ωt ,

(4.22)

for the upper boundary ∂Ωt of the domain.
Material parameters

In order to compute the mechanical stimulus by the solution

of the Navier-Cauchy Equation (3.55), the material parameters have to be determined.
Therefore we use the properties of the previous Section 4.1 and complete the list with
the Young’s modulus and Poisson’s ratio of a magnesium alloy which are given by
E = 44, 000 MPa and ν = 0.30 [Mah+17]. The full set of material parameters used for
this study is presented in Table 4.4.
The exact parameters for the implant material depend on the precise composition of
the alloy. Especially the Young’s modulus varies within a certain range [Mah+17]. Since
we are only interested in a case study for the moment, a fixation of this parameter at
E = 44, 000 MPa does not falsify the results.
Surface velocities The set of parameters is completed by determining the surface
velocities. The most interesting factor for the simulation of bio-degradable implants is
the interplay of the tissue formation rate with the degradation velocity. Thus, despite
degradation rates are available in literature [Kra+09; Aga+16; Mah+17], we follow a
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different ansatz. Nevertheless, at the end of this section we present the connection of
this ansatz with the available degradation rates.
The degradation velocity νd is given as a product of the ossification velocity νb with
a factor ω > 0, such that
νd = ω · νb .

(4.23)

The velocity of chondrogenesis is fixed to be a multiple of the bone formation velocity as
well, given by13
νc = 2 · νb .

(4.24)

The reasons for this choice are: First, the velocity utilized for the simulations of the sheep
study were measured on a distinct location of the body. This does not necessarily mean
that the velocity is the same for other parts of the body. Second, the main effect of healing
in this case is the relation between degradation and bone formation. This motivates
the introduction of another timescale t∗ which scales with respect to the effective bone
formation speed. Hence, we introduce the timescale t∗ which reads
t∗ := t · νb ·

1
.
mm

(4.25)

By calling the point in time t∗ = 1 the translation to the real time t would denote the
time when the bone surface has been moved for 1 mm.
The decision whether a tissue formation process is active or not is again based on the
modified hypothesis of Claes and Heigele [CH99; Sim+11] (see Section 2.3). Figure 4.17
illustrates the phase space of the mechanical stimulus and mark the windows ascribed to
osteogenesis and chondrogenesis.
The results presented in this section illustrate what happens, when implant degradation is active on the full surface. In this first model, the tissue type next to the surface has
no effect on the degradation speed such that we get a constant loss of implant material
on the complete domain.

4.2.2

Results

In this section we present different degradation behaviors and discuss their influence on
the tissue formation pattern. We distinguish two degradation velocities
νdA =
13

1
· νb
10

and

νdB =

1
· νb ,
20

Recall, in Section 4.1 the speed of chondrogenesis was given as 0.44
velocity was 0.22 mm
.
d

mm
,
d

(4.26)
while the bone formation
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Figure 4.17: The tissue differentiation scheme following the modification of Simon et al.
[Sim+11]. The gray window denotes the mechanical stimulus preferred for bone formation. In case of higher dilatational strains, chondrogenesis is activated, whereas for
understimulation tissue formation is disabled.
where the velocity νdA refers to a fast and the velocity νdB refers to a slow degradation.
To examine the tissue behavior for the “classical” case without implant degradation, we
completely disable the resorption in a first study.
Disabled Implant Degradation A major aspect of degradable implants is the decay
of the load-bearing capacity over time. This surely affects the mechanical stimulus for
tissue formation. In order to better distinguish the influence of this decay from the
already appearing tissue formation without the loss of implant material, we first run the
simulation without degradation. The results for this case are presented in Figure 4.18.
Initially ossification is stimulated on surfaces where a lamella is attached on the
opposite surface yielding a proper mechanical stimulus. The areas next to the central and
outside support of the implant experience understimulation. The bone formation yields
a connection of the newly formed bone and the lamellae of the cage. This happens after
a period of t∗ = 1. Recall, t∗ = 1 denotes the time when bone growth yields a surface
movement of 1 mm. Since the distance between the initial bone source end the lamellae
ends is of exactly this value, this is not astonishing. However, immediately after bridging
the stimulus decreases such that no stimulus exists for further ossification. Hence, in
case of no implant resorption, the tissue distribution after t∗ = 1.2 reflects a homeostatic
situation.
In case of a healing scenario, the final goal is to observe a homeostatic distribution
where the bone tissue has enough load-bearing capacity on its own to take off the full
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Figure 4.18: Illustration of the results where implant degradation is disabled. While
bone formation initially is active, once the newly formed bone bridges with the implant
lamellae the mechanical stimulus is not high enough to induce further ossification.
physiological load without support of an implant. Since we do not have a bony connection
here, this is not possible. Thus, one might ask to remove the lamellae to avoid these stiff
connections between the top and bottom plates. Figure 4.19 presents what happens in
this case. Here, we compare the mechanical stimulus initially given for the case where the
lamellae are present (Figure 4.19b) and the case of non-existent lamellae (Figure 4.19a).
One recognizes the effect of the lamellae especially for the mechanical stimulus on the
opposite plates. Their ends press against the counter surface which yields an increase
of both strain invariants. The tissue experiences an higher dilational and distortional
strain which induces bone formation. Contrary, in case of non-existent lamellea, this
effect disappears, implying, the stimulus is too low for bone formation (see Figure 4.19a).
Consequently, the lamellae are required to observe ossification at all.

Fast Degradation Rate

For the first study including resorption, we assume a fast

degradation where the rate is a tenth of the bone formation speed. The results for this
case are presented in Figure 4.20. By the end of t∗ = 1 we obtain a similar distribution
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Figure 4.19: Phase space representation for the mechanical stimulus along the upper
surface in case of non-existent lamellae (a) and present lamellae (b). While the lamellae
induce a bone formation stimulus on the opposite surface, the stimulus in case of nonexistent lamellae is to low for tissue formation. The insets of the geometry presents the
surfaces where the stimulus is measured exemplary for both cases.

as for the static implant. During the interval t∗ = 1 to t∗ = 2 only a small amount of
newly formed bone is found. Due to the interplay of understimulation and the decay of
the implant load-capacity the ossification velocity gets adjusted to the degradation speed.
This effect holds until the load-bearing capacity of the implant is low enough to allow
enough deformation for further bone formation (see t∗ = 4 in Figure 4.20). After t∗ = 5
the implant looses its connection between the upper and lower connective tissue, except
for the central support. This leads to a significant increase of dilatational strain. The
highly compressive strains induce cartilage formation at the existing bone surfaces. This
process continues until the complete implant is gone (see t∗ = 6 in Figure 4.20). At this
stage we obtain the homeostatic distribution due to overstimulation for the complete
domain.
Consequently, if the implant degrades too fast, we do not observe a bony bridge until
the implant material is gone. Recall, the distance between the top and bottom plate
is 10 mm, while the thickness of the lamellae is 1 mm. Since the same factor is found
for the two surface speeds, the bone surface has the chance to bridge on half height
at the time when 50% of the lamellae are degraded. However, since we have a period
of understimulation once the connection of bone and lamellae is established, the bone
surfaces do not reach the opposite bone tissue.
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Figure 4.20: Illustration for the fast implant degradation which is a tenth of the
bone formation velocity. Initially, ossification is induced until a connection between the
lamellae ends and the new formed bone occurs. The ossifcation speed is then adjusted
to the degradation velocity due to the interplay of understimulation and decay of the
load-bearing capacity of the implant. Once the stiffness of the implant is low enough,
further ossification is induced. Around t∗ = 5 the connection of the implant between
the upper and lower bone tissue is lost, except for the central connection. This leads to
a significant increase of compressive strains which activates chondrogenesis. At t∗ = 6,
where no implant is present anymore, we obtain the homeostatic distribution as a bony
non-union where no further tissue formation is active due to overstimulation, which is
even valid for chondrogenesis.
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Figure 4.21: Illustration of the slow implant degradation which is 20 times slower than
the bone formation speed. We again obtain initial bone formation until the connection of
bone and lamellae is established. Due to the slow decay of load-bearing capacity of the
implant, bone can adapt and follow the lamellae surface. At t∗ = 9 a first bony bridge is
obtained between the third and fourth lamella creating a load-bearing capacity of the
bone tissue on its own. After t∗ = 12 nearly the complete domain is ossified including
only small pieces of the implant material anymore. This corresponds to a successful
fusion.

Slow Degradation Rate For the case of a slow degradation rate we present a study
where the resorption speed is 20 times slower than the ossification velocity. The results
for this case are presented in Figure 4.21. We recognize an ossification pattern similar to
the fast degradation case in the beginning. While the degradation is much slower, the
period which is related to understimulation holds on up to t∗ = 3. Afterwards, bone
formation is induced where the speed is adjusted to the slow degradation speed as already
observed for the fast case.
However, the resorption is slow enough to allow slightly bone adjustments along
the lamellae at the same time as implant material disappears. This leads to a first
connection between two opposite bone surfaces for t∗ = 9. The bridge is established
between the third and the fourth lamellea (see Figure 4.21). This connection yields
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already a load-bearing capacity provided by bone tissue only. In the following, further
bone growth results in an increase of this capacity which balances the ongoing loss of
implant stability. For t∗ = 12 we observe a nearly complete ossified domain, where only
a low amount of implant material remains. However, this does not contribute to the
stability such that their will be no significant tissue adaption observed when the remains
got resorbed completely.
Slow Degradation Rate with Osteoconductivity A phenomenon regularly observed
while using implants is called osteocunductivity [TC01]. Osteoconductivity describes the
property of the material to induce bone formation on its surface and is typically ascribed
to materials with a high bio-compatibility [Aga+16]. Considering this effect for the
setting we are dealing with, we activate ossification on bone surfaces which correspond to
an implant surface as well, regardless of the mechanical stimulus. The resorption speed
is determined by the slow case above, which corresponds to a successful bridging. The
results for this study are presented in Figure 4.22. At this point, we stress that these
results are just a proof of concept and do not have any aspirations to reflect the precise
in vivo behavior with respect to osteoconductivity.
While the initial healing pattern is quite the same as for the slow degradation case,
once a connection of bone and implant appears, the further progress differs completely.
Without osteoconductivity, bone formation has been stopped due to understimulation.
Afterwards, there is a balance between degradation of the implant and the bone formation
process. In case of osteoconductivity, bone formation continues along the surfaces even
for the understimulated period. Already before t∗ = 6, a bony bridge is established on
all surfaces of the implant.
The subsequent resorption induces the substitution of implant material by bone
tissue (see the interval t∗ = 6 to t∗ = 12 in Figure 4.22). For t∗ = 12 we observe a
geometrical structure which is clearly triggered by the lamellea of the degraded implant.
Bone pillars14 have been established exactly at the initial positions of the lamellea. This
structure provides enough load-bearing capacity to reduce the strains inside the domain
to an amount where no significant osteogenesis is stimulated.
Interestingly, between t∗ = 12 and t∗ = 15 small junctions are formed between the
bone pillars. These junctions originate from tiny nubs of the bone tissue. At the end of
the nubs, the same effect occurs as for the lamellea at the very beginning. They induce
enough strain for bone formation and grow until a counterpart is found. At this point
we should mention that the source for the nubs is not clear up to now, so that the nubs
could be a numerical artifact as well.
14

Recall, this is a 2D representation of an axially symmetric case. Hence, these “pillars” have to be
extruded to the shell of a cylinder.
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Figure 4.22: Results for the slow degradation rate of the implant in combination with
osteoconductivity. Once the connection of bone and the implant lamellae is established, no
further ossification is stimulated, except for the implant surfaces where osteoconductivity
induce further bone growth. At about t∗ = 6 the complete implant surface is covered with
ossified tissue. The consequence is an ongoing understimulation of the remaining area
between the lamellae. The subsequent resorption process substitutes implant material
with bone tissue. Just when the implant pillars disappear between t∗ = 9 and t∗ = 12,
the bony connections between the top and bottom cortical plates experience a small
thickening effect. Up to t∗ = 15, only small additional junctions are built between the
bone supports while the presented tissue distribution at t∗ = 15 describes the homeostatic
situation as a successful fusion with vertical bone structures.
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After t∗ = 15, no significant change occurs such that this state represents the homeostatic distribution. By comparing this result to the solution without osteoconductivity,
we come to the following conclusion: despite the rapid closure of the bone pieces with
ossified tissue, the final state is not as good as for the case without an osteoconductive
behavior of the implant. There, we have a higher amount of bone inside the healing
domain. We already mentioned that these results have to be treated carefully. However,
the results show at least the capability of the interface capturing technique to describe
such processes as well.

Fast Degradation Rate with Osteoinductivity

The final part of the results presents a

further material property which influence the healing process. This property is called
osteoinductivity and describes the potential for ossification on implant surfaces regardless
of the presence of an already existing bone [TC01; TYT05; NL07]. To describe this
behavior with the interface capturing technique, a further condition has to be implemented.
Therefore, we allow bone formation out of the implant material on surfaces where the
mechanical stimulus is proper for ossification. For the numerical treatment we use the
formulation as presented for cartilage, which can grow on surfaces which are only related
to bone tissue. The resorption rate is determined by the fast scenario which failed to
bridge without this property. The results of this study are presented in Figure 4.23.
In contrast to the previous presented results, in this case we observe bone formation
on all surfaces present in the domain, whether they correspond to bone or to implant
materials. Consequently, the implant is completely covered by bone tissue after a short
time. At t∗ = 0.5 a small area of cartilage appears which was not obtained in the
preceding studies (indicated by the red circle in Figure 4.23). Chondrogenesis appears
only locally and stops immediately after bridging. Once the bone surfaces have been
connected the mechanical stimulus vanishes on the complete domain. Only the area where
implant material gets released experiences enough stimulus for bone formation. This
looks like implant is just substituted with ossified tissue. Of course, until the homeostatic
situation at t∗ = 0.5 no additional tissue adaption occurs in this case.
The homeostatic distribution is quite similar to the ones of a slow degradation rate in
combination with osteoconductivity. Despite the fact that this property induces a rapidly
formed bone connection of the top and bottom bone, which is still capable of providing
a reasonable load-bearing capacity, the homeostatic distribution is less satisfying than
in case of pure resorption with a slow velocity. Nevertheless, the method developed in
the work at hand presents its capability to capture this implant behavior as well, even
though further improvements of the model have to be made to get an in vivo behavior.
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Figure 4.23: Illustration of the fast degradation process in combination with osteoinductivity. Initially, ossification is stimulated on the complete domain. Even for t∗ = 0.3
we observe ossified tissue covering the full implant surface. At t∗ = 0.5, small areas of
cartilage are found between the ends of the lamellae coated with bone and the opposite
surface (indicated by the red circle). After the bone tissue connects at t∗ = 0.8 the
mechanical stimulus for further ossification vanishes. This condition holds for the rest
of the resorption period resulting in a homeostatic distribution presented for t∗ = 10,
describing a successful, structured bone fusion.

4.2.3

Discussion

This section presents a proof of concept for capturing implant degradation during
a fracture healing process with the method developed in this work. Since material
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degradation is typically based on surface processes, utilizing the interface capturing
technique to model biodegradable implants seems obvious. To proof this thesis, we built
an axially symmetric setting which exists of a cylindrical cage enclosed by two pieces
of bone. Inside the cage, additional lamellae are attached alternating at the top and
bottom plate of the implant.
In a first step we presented results which emphasize the importance of the lamellae
since the lack of mechanical stimulus if they are not present. However, their presence
only induces bone formation at the very beginning. Once the newly formed bone has
established a connection with the opposite lamella, the mechanical stimulus significantly
decreases resulting in an understimulation. The result is a homeostatic distribution which
does not include a connection of pure bone between the upper and lower plates.
This effect disappears in case of a resorbable implant. Due to the loss of material
the load-bearing capacity of the implant decreases which reactivates bone formation.
However, in case of too fast resorption, the implant is gone before a bony connection
can be established, resulting in a non-union. In contrast, a low resorption rate yields
satisfying healing conditions since the decay of the load-bearing capacity is of a rate which
allows a bony connection to form before the implant material completely disappears.
At this point, we stress the connection between the degradation rates we presented
in this proof of concept and measured values for magnesium [Mah+17]. Considering a
bone growth velocity of 0.22 mm
d , which is the velocity used for the study on sheep, the
mm
degradation rates are fixed by ∼ 8 mm
a for the fast and ∼ 4 a for the slow degradation

rate. These values are at least of the same order as measured in experiments [Mah+17].
Consequently, if the bone formation speed do not vary too much, we already dealt with
reasonable factors between degradation and tissue formation.
In addition to these cases, we also presented the ability of the method to describe
implant surface properties such as osteocunductivity and osteoinductivity. For osteoconductivity, we activated bone formation on existing bone surfaces which, at the same
time, faces an implant boundary as well, whether the mechanical stimulus is proper
or not. In case of osteoinductivity, the implant surface serves as an additional source
for ossified tissue as long as the mechanical stimulus is favorable for ossification. This
process is independent of already existing bone. We combined these improvements with
the slow resorption rate in case of osteoconductivity and in the case osteoinductivity with
the fast degradation speed. Both yield a bone connection capable of providing enough
load-bearing capacity to take over a physiological load.
As already mentioned, these results have to be considered as a case study at least.
Experimental data are required to validate the predictions of the fusion model. However,
further improvements could be made to be closer to in vivo behaviors. For instance, one
could take the effect of surrounding tissue on the degradation of the implant material and,
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vice versa, the effect of the degradation products on the tissue formation into account.
For the first, one might think of different degradation rates dependent on the type of
tissue next to the implant. Obviously, the chemical composition, as well as the turnover
of nutrients and waste, of soft tissue compared to bone or cartilage is different which may
cause a faster resorption. Also coatings influence the initial degradation rates. Modeling
these effects might improve the in vivo description further. For the opposite direction,
by-products of the resorption process could influence the tissue formation potential. Here,
a diffusion process may describe the release of such products properly. These could
provoke an acidification of the neighborhood tissue resulting in conditions which prevent
the formation of new connective tissue.

Conclusion and Outlook

The thesis at hand presents a model developed to compute the fracture healing process.
It reproduces experimental observations while capturing the tissue formation fronts
supposed by Claes and Heigele [CH99]. In fulfilling the latter condition, the numerical
model utilizes interface capturing techniques to describe the temporal tissue adaption
process during fracture healing. Moreover, our results include extensive comparisons with
previously published results, particularly with the experimental outcomes of [Cla+95].
The model complies with the requirements of reproducing typical characteristics of the
fracture healing process. In addition, the model provides a straightforward way to
simulate resorbable bone implants, which might be the next step of fracture treatment.
In particular, the work started with a brief overview of the biological background
required for the development of a fracture healing model. We began on an organ scale,
describing the anatomy of long bones, and moved to smaller dimensions. The properties
of different types of tissue were considered and the cells which participate on the healing
process were discussed. Subsequently, we focused on the regeneration potential of osseous
tissue, including a detailed view on the histology of fracture healing. With that in mind,
existing mechanotransduction hypotheses, explicitly the one developed in Ulm, were
considered. We exhibited the history of development and pointed out major issues when
defining precise thresholds for the mechanical stimulation.
In a next step, a brief review on existing models concerned with the numerical
treatment of fracture healing was presented. Starting with a short illustration of different
scales on which the models focus, their explanatory power as well as the limitations of
the mathematical setting they utilize was mentioned. Particularly, the models of Geris
et al. [Ger+03; Ger+04] provide satisfying predictions of experimental data. However,
occurring issues were pointed out when having such a high number of parameters. The

5

138 Chapter 5 • Conclusion and Outlook
problem increases especially due to the limited measurability of their value. This section
ended with a more detailed discussion of the Ulm healing model. We revealed the binary
behavior of the fuzzy logic and discussed the translation of tissue distributions into
material properties via a rule of mixture.
The previous part in mind, we began to develop a model which is able to resolve
fracture healing characteristics while including a monitoring of the tissue surfaces. We
motivated the necessity of this new model and described how numerical interface capturing
works. This was accompanied with links to the fracture healing context. Here, the issues
one faces when utilizing either the level-set or the volume-of-fluid method in this context
were pointed out. Also the adjustments required to get a numerical model which
adequately reflects the correct behavior of the system were described. This part closed
with the presentation of the coupled level-set and volume-of-fluid method, combining the
benefits of both interface capturing techniques.
The determining component, whether tissue formation is active or not, is given by the
mechanical stimulus. To compute the strains and stresses occurring in the neighborhood
of the fracture, Hook’s Law was used. In particular, the strains were used for the decision
of enabling and disabling tissue formation on existing surfaces. This was followed by the
formulation of the transport problem where the mechanical stimulus affect the growth
velocities. We explained the behavior of this formulation on a toy model which presents
a reorientation of a bone structure in order to regain shape optimality for the attached
load. This modeling part was completed with numerical experiments on the convergence
behavior.
In the following, the reducibility of the computational effort was concerned. Here, we
considered model reduction methods and obtained a solution space characteristic which
is not preferred for classical approaches. In order to obtain better approximations of the
solution space, more sophisticated approaches perform significantly better. In addition,
two further ideas for reducing the computational effort were examined. The first exploits
a slow mechanical response of the system with respect to tissue adaption which allows us
to choose a larger updating interval for the mechanical stimuli. The second approach
utilizes a mesh refinement algorithm which increases the numerical resolution close to
existing surfaces up to a certain layer. Hence, the size of the elements for the rest of the
domain can be bigger. Both methods exhibit reasonable convergence conditions, making
them attractive to save computational effort.
In a last part, the developed model was applied on experimental settings, where
we utilized an experimental study on sheep to benchmark the results predicted by
the interface capturing method. We presented the ability of the models to resolve
measured interfragmentary movements as well as tissue distributions observed in these
experiments. Moreover, the model was able to reproduce all characteristics associated
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with the fracture healing process. In addition, the limitations of this method were stressed
as well, particularly with respect to the mechanotransduction hypothesis. We pointed
out the issue which appears for certain load conditions, where a bifurcation behavior
that affects the convergence characteristic with respect to time was observed.
After benchmarking the model on experimental data and the existing Ulm healing
model, we showed that the model proves to be very useful in simulating resorbable
implants as well. Such implants might be the next step of fracture treatment and thus
are part of recent research. The method was able to predict non-union behavior in case of
too fast degradation and successful bone stabilization for slow resorption rates. Moreover,
we also presented the extensibility of the model with further implant properties such as
osteoconductivity and osteoinductivity.
Outlook The developed method is able to resolve the fracture healing process reasonably.
However, the current state should be improved in further steps. A key problem is the
computational effort required for solving the Navier-Cauchy Equation. This takes the
major part of the simulation time. Since the transport problem of crisp surfaces needs
a fine mesh in combination with small time steps, a system of linear equations with
a significant amount of degrees of freedom has to be solved frequently. Here, we see
the most potential for further improvements. Research on more sophisticated model
reduction techniques, based on a non-linear approximation of the solution space may
finally save notable computation time.1
Besides the potential of model reduction methods, using an iterative solver for the
update of the mechanical stimulus might also reduce the required computation time.
Particularly for very small time steps, the tissue adaption is expected to be of such a
small amount that the change in the mechanical stimulus is low as well. Hence, using
the strain solution of the previous time step would yield a reasonable initial condition for
the iterative solver, leading to a low number of steps required for the update.
The mechanotransduction hypothesis of Claes and Heigele [CH99] yields plausible
results when using it for numerical simulations. However, the phase space diagram
presented by them includes critical points which induce bifurcations of the solution. Thus,
one might think of using a different set of mechanical parameters for determining the
mechanical stimulus. As presented in the biological background, a few other hypotheses
exist which ascribe load conditions to different healing processes. Especially the hypothesis
of Prendergast and Lacroix [LP02] proposes a phase space description which does not
include such critical points.2 Nevertheless, this model works with fluid flows in porous
media which increases the computational effort to obtain the load conditions even further.
1
2

Such techniques might have to be specifically tailored to this case.
There are no triple points present in the hypothesis of Prendergast and Lacroix (see Section 2.3).

140 Chapter 5 • Conclusion and Outlook
When characterizing the overall aim of this research field, patient specific simulations
are not far-fetched. However, when taking patient specific simulations into account,
further experimental data is needed which serves as a benchmark for the model. Patient
specific simulations require not only a description of the mechanical stimulation but rather
a parametrization of more aspects, including biological as well as trauma specific factors.
By changing the focus on mice, one might get an easier access to a reasonable number of
experiments, which improve the statistical evaluation. However, the mechanotransduction
hypotheses were established in the context of sheep experiments. Whether they work for
the tissue formation in mice as well is not clear up to date.
In our opinion, the biggest potential of the model lies in the field of resorbable
implants. First steps present its ability to described resorption processes in combination
with surface properties of the implant material. Nevertheless, to gain more reliability in
this field, in vivo studies are required. Especially the influences of the surface properties
have to be explored in more detail. In summary, we have established a solid framework
for the simulation of resorbable implants which is now ready for enhancement in future
work.

Appendix

A.1

Additional Sensitivities for Claes and Heigele

In Section 2.3.3 on the tissue differentiation hypothesis of Claes and Heigele, we already
discussed the sensitivity of the regulatory thresholds on the finite element model input
parameters. There, only the results for the Young’s modulus and its impact on the model
outcomes was presented. Here, we will look onto the results corresponding to a variation
of the Poisson’s ratio as well as the variation of the loading amount. The load is assumed
to be roughly 500 N. This value rests upon a study of Duda et al. [Dud+97]. As we are
dealing with loads which are not completely caused by weight but by momentum forces
too, the uncertainty from sheep to sheep is probably relative high. Of course, sheep are
individuals and they deal differently with the fractured leg and the loading of it while
walking. Therefore, assuming an uncertainty of about ±10 % appears reasonable.

Figure A.1 shows the outcomes for this variation. The influence is not as big as for

the Young’s modulus, but clearly can affect the differentiation decision. For example,
in case of the shape change and the strain in x-direction for healing step number two,
the choice of the exact load can influence the tissue formation type from approximately
100 % tissue formation to nearly 50 % overstimulation along the evaluation path.
An even bigger influence can be observed for the variation of the Poisson’s ratio.
Figure A.2 presents the results for this variation. Here, the strain in loading direction
exhibits a strong dependency on the choice of this parameters. A parameter change from
ν = 0.3 to ν = 0.45 results in a multiplication by a factor of 2.6 for the stiffness behavior.
This factor is also reflected in the evaluated strain components in axial direction.
Both figures show that a determination of thresholds strongly depends on the precise
choice of the parameters. Thus, these outcomes support the discussion in Section 2.3.3
that the thresholds should be used as a reference rather than an exact value.

A
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Figure A.1: Parameter (force) sensitivity for the hypotheses of Claes and Heigele
[CH99] and Simon et al. [Sim+11].

A.1 • Additional Sensitivities for Claes and Heigele 143
Cortex

Healing step 1

Healing step 2

Healing step 3

Ossification
path

0.15

0.00

0.00

0.00

−0.15

−0.15

−0.15

−0.30

−0.30

−0.45

−0.45

10

10

10

5

5

5

0

0

0

0

0

0

−5

−5

−5

−10

−10

−10

−15

−15

−15

−0.30

εxx in %
εzz in %
ε̂ in %

Chondrogenesis
window

0

0

0

−0.85

−0.85

−0.85

−2

−2

−2

−3

−3

−3

−4

−4

−4

25

25

25

16

16

16

7

7

7

0

0 0.2 0.4 0.6 0.8 1
Relative position on
the oss. path in %
νSt = 0.30

0

0 0.2 0.4 0.6 0.8 1
Relative position on

0

Ossification
window

Parameters used by Claes and Heigele

0.15

Parameters used by Simon et al.

in MPa

0.15

−0.45

γ̂ in %

Shape change

Volume change

Strain component

Strain component

Hydrostatic pressure

Soft tissue

0 0.2 0.4 0.6 0.8 1
Relative position on

the oss. path in %

the oss. path in %

νSt = 0.40

νSt = 0.45

(Reference)

Figure A.2: Parameter (Poisson’s ratio) sensitivity for the hypotheses of Claes and
Heigele [CH99] and Simon et al. [Sim+11].
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A.2

Simulation of the Remodeling Process

In Chapter 2 we discussed the histology of fracture healing. Typically, the stages of
fracture healing can be ascribed to three different phases. The first one is the inflammatory
phase, where the fractured area becomes flooded with messenger molecules, already
inducing the healing process [Kol+10; SS05; CRI12]. The second phase is related to the
fracture repair on which the model in this work focuses. Afterwards, the third phase
remodeling begins which normally results in adaption of the callus to its former purpose.
This procedure is strongly connected to the continuous bone turnover and takes way
longer periods than the first and second phase [Fro63; Wol92]. During the main part of
the thesis at hand, this process was not taken into account. Since the timescales are
significantly different for repair and remodeling, the influence of remodeling processes on
fracture healing is neglected in the model.
However, adding this procedure is straightforward by determining a window for the
mechanical stimulus that is ascribed to a negative bone growth velocity. In this section
we present a case study of this process. In order to do so, we computed the mechanical
stimulus as it appears under healthy conditions where the cortical shell is not subject to
a fracture. This determines the thresholds between resorption and formation of bone. In
addition, we assume the full healing area is filled with the woven bone. This initial state
is typically observed after callus healing. Since we are not in the phase of fracture repair
anymore, we assume a bone formation speed which is equal to the bone resorption speed.1
Moreover, we do not have a precise value for the speed of the resorption. Therefore, we
introduce a time scale
t∗ := νres ·

1
· t,
mm

(A.1)

where νres denotes the unknown resorption velocity and t the real time. Thus, t∗ = 1
describes the point in time, where 1 mm of bone tissue is degraded from its surface.
Hence, the results remain scalable for different resorption rates.
Figure A.3 illustrates the simulation results for the remodeling process. Initially,
the complete surface is understimulated which induces a constant resorption over the
full surface. Between the times t∗ = 2 and t∗ = 4, the inner surface tends to even
degrade such that the area between the original cortex loose its bone tissue again (A in
Figure A.3). At the same time, the periosteal surface is still understimulated. Despite
this is reasonable by considering the mechanical stimulus only, this has to be verified
with in vivo studies.
1

Of course, this might not be accurate. Nevertheless, bone formation do not play a major role in this
description and only occur for a very short time range, where the precise formation speed do not falsify
the result.
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However, due to the ongoing resorption process peripherally, the stimulus on the
endosteal surface increases such that bone growth is activated, refilling the area of the
original cortical gap (B in Figure A.3). By the end of t∗ = 7 the bone tissue reaches its

original shape and does not experience a distinct process indicating stimulus.2 Thus, the
model works for the description of the remodeling process as well.
Nevertheless, the presented results just provide a proof of concept and further studies
have to be made for an advanced description of the remodeling procedure. Although
the timescales of the repair and remodeling phase are very different, bone maturation
might affect the remodeling process. During this long period of remodeling3 , the rapidly
produced woven bone gets adapted with respect to the experienced load. Hence, the
initially soft bone becomes much stiffer, which might vary the stimulus distribution along
the surface.

2

3

Using crisp threshold parameters, the homeostatic distribution experiences ongoing small tissue
adoptions which oscillate between resorption and formation. However, the principle shape does not
change after t∗ = 7.
We speak about years until completion.

147

148

List of Figures
2.1

Anatomical structure of a typical long bone. (Source: [Ope40], https:
//cnx.org/contents/FPtK1zmh@12.8:kwbeYj9S@8/Bone-Structure,

accessed April

24, 2018) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2

7

Cross-sectional of the diaphyseal tubular bone structure. (Source: [Ope40],
https://cnx.org/contents/FPtK1zmh@12.8:kwbeYj9S@8/Bone-Structure, accessed April

24, 2018) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.3

One possible classification scheme of tissue types related to the fracture
healing process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.4

8
9

Most important cells of the model contributing to the fracture healing
process. Tissue building cells differentiate from the mesenchymal stem cells,
whereas tissue resorbing cells derive from monocytes, a part of the immune
system. (Scheme after [Ame97]) . . . . . . . . . . . . . . . . . . . . . . . .

2.5

10

Illustration of bone cells that are assumed to be responsible for synthesizing,
resorbing and maintaining the structure of bone. (Source: [Ope40], https:
//cnx.org/contents/FPtK1zmh@12.8:kwbeYj9S@8/Bone-Structure,

accessed April

24, 2018) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

13

2.6

Scheme of the two ossification pathways. (after [Nie+18]) . . . . . . . . .

15

2.7

Three steps of secondary healing: (Step 1) As an immediate reaction due to
the trauma, blood invade the fracture area ends up as the haematoma. (Step
2) Fibroblasts start to increase the amount of collagen fibers in the avascular
blood clot and form a soft callus. Near to the fracture gap, chondrogenesis is
observed which provides first stabilization. In some distance to the fracture
site, intramembranous ossification occurs. This procedures results in a
widened load transferring area. (Step 3) Endochondral ossification leads to
a first peripheral bone bridging. Initially formed woven bone already starts
to calcify and become stiffer. (after [Nie13]) . . . . . . . . . . . . . . . . .

2.8

Two milestone pictures for the understanding of fracture healing and remodeling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.9

18
20

Mechanotransduction hypothesis for tissue differentiation during the fracture healing process after Prendergast and Lacroix. Indicators for mechanical loads in the porous materials are the shear stress and the interstitial
fluid flow. Beginning from understimulation, by increasing the stimuli the
processes of osteogenesis starts, switching to cartilage production and ends
at the formation of fibrous tissue. (after [LP02]) . . . . . . . . . . . . . .
149

23

Figures
2.10 Areas of the different tissue differentiation processes according to the
hypothesis used by the Ulm group. Note, the different scalars of the two
graphs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

26

2.11 Parameter sensitivity for the hypothesis of Claes and Heigele [CH99] and
Simon et al. [Sim+11]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

29

2.12 Scheme of the tissue handling in the model of Repp et al. Every volume
element of the discretized domain is assigned with a Young’s modulus
parameter. If the mechanical stimulus ms correspond to a predefined range,
the parameter increases. At the limit of 10 MPa the stimulus determines
if the tissue type changes to cartilage or bone tissue in that element according to a threshold M Sb . The green areas illustrate ranges of committed
maturation. If the Young’s modulus is inside the range for fibrous tissue
or cartilage tissue, the parameter increases independent of the mechanical
stimulus. (after [Rep+15]) . . . . . . . . . . . . . . . . . . . . . . . . . . .

36

2.13 Schematic explanation of the tissue composition in the healing model of
Simon et al. [Sim+11]. Each finite element exists of a composition of tissue
concentrations for soft tissue, cartilage and woven bone. In addition, a
further scalar represents the vascularity at this positions. . . . . . . . . .

38

2.14 Scheme for the fuzzy logic controlled tissue differentiation. Step 1: The
input variables are translated into linguisitic markers like low, medium, high.
Here, the local bone concentration would be of 60% medium. Step 2: The
evaluation step consists of linguistic rules of the if-then type and results in
linguistic results like positive, zero or negative of bone concentration. Step 3:
Here, the linguistic results are translated into usable values by projecting
the centroid of the filled area onto the horizontal axis. . . . . . . . . . . .

40

2.15 Illustration of the defuzzyfication process and its flaw for a single defuzzyfication function related to the change of bone concentration ∆cb . Left: No
change in bone concentration if the rule is completely unfulfilled. Middle: If
the rule is satisfied by just a small ε > 0, the outcome for ∆cb immediately
jumps to a high value. Right: In case of complete fulfillment of the rule,
the change of ∆cb related to the case in the middle is small. . . . . . . . .

42

2.16 Results of the established Ulm healing model [Sim+11] compared to the
experimental outcomes of Claes et al. [Cla+97]. While the grey curves
represent single sheeps out of the groups, the error bars indicate the variation between the single curves. The red curve displays the predicted
interfragmentary movement (IFM) of the numerical simulation. . . . . . .
150

43

Figures
3.1

Scheme of the interface capturing idea. Tissue growth is described via
moving interfaces. The velocity function V depends on different aspects,
including mechanical stimuli as well as the tissue which is replaced. . . . .

47

3.2

Schematic description of the level-set (LS) formulation for moving boundaries.

51

3.3

Principle LS formulation translated into the bone growth context. . . . . .

53

3.4

Reinitialization for three different initial conditions. . . . . . . . . . . . .

55

3.5

Illustration of the conservative character of the finite volume (FV) method.
Two neighboring elements Ωhk and Ωhk+1 share the interface Γhk,k+1 . While

integrating along the interface, the normals n point on opposite directions.

3.6

58

One-dimensional temporal evolution of the volume-of-fluid (VOF) function
α for an initial condition α0 and a constant velocity v using the upwind
scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.7

60

Illustration of the donor-acceptor scheme in one dimension with four FVs.
Flux is only allowed on interfaces between donor (D) and acceptor (A) cells.

60

3.8

Scheme of the velocity problem with respect to expected healing patterns.

62

3.9

Illustration of the matched mesh for the finite element (FE) discretization
(red) and the FV discretization (blue). Each element consists of four nodes
xFE on the corners assigned to the FE mesh and one node xFV in the center
which is related to the FV mesh. . . . . . . . . . . . . . . . . . . . . . . .

73

3.10 Toy model of a simple piece of bone to illustrate the mechanical stimuli
evaluation and their translation into surface velocities. Two load cases are
presented (red arrows), once in axial direction and the other with an angle
that does not fit to the orientation to the piece of bone. In the second
case, the top boundary has the constraint of equal displacements in vertical
direction which forbid tilting of the surface. The stimuli ε̂ and γ̂ are plotted
in a phase diagram where the gray zone denotes the resorption stimulation.

77

3.11 Illustration of a fuzzy transition zone on the example of a one-dimensional
stimulation. The potential p denotes a multiplier to the maximum velocity
according to resorption and formation. There is a transition zone at the
decreasing resorption potential, an increasing formation potential as well
as a separation zone ξ. This zone corresponds to the homeostatic state for
the evaluated position. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

79

3.12 Tissue formation for the toy model. The phase diagram presents the
mechanical stimuli for the right surface. While the gray box illustrates the
resorption window, the rest is related to bone formation. The stimuli on the
left surface appear similar (see Figure 3.10). After a first stabilization by
bone thickening, the piece of bone adapts its orientation with an interaction
of formation and resorption due to the shifted load case. . . . . . . . . . .
151

84

Figures
3.13 Evaluation of the error indicators for the toy model. The colors indicate
the connection of both plots. . . . . . . . . . . . . . . . . . . . . . . . . .

86

3.14 Result of the singular value decomposition of the solutions space according
to 1300 snapshots. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

89

3.15 Study of the slow mechanical response assumption on the toy model. The
results for different mechanical update intervals are measured against a
reference solution where the update was executed on every time step.

. .

90

3.16 Convergence study of the grid refinement method for the mechanical stimuli.
Elements that correspond to a distinct layer of the surface are using the
finer grid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.1

91

Representative histological section of the fracture healing area in sheep
metatarsus related to the experiment of Claes et al. The facing cortical ends
are slightly tilted and also shifted to their counterpart. (source: in-house
data from [Cla+95]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.2

95

Idealized geometry of the 2D model of the sheep experiment and its 3D
extension. a) Initial tissue distribution of the axially symmetric healing
domain where also plane symmetry is utilized. b) The size of the domain is
20 × 20 mm2 and the mechanical load acts on the top boundary in axial
direction. In addition, a non-linear fixation is attached which consists of

a soft spring ksoft acting for a predefined free IFM. In case the clearance
device reached its maximal deformation usoft , only the stiff spring kstiff can
produce further deformations. (after [Pie+18]) . . . . . . . . . . . . . . .

96

4.3

Illustration of the healing domain ΩH and its boundaries. . . . . . . . . .

97

4.4

Illustration of the non-linear IFM dependency with respect to the applied
load. As long as the applied load on the fixation does not exceed a pre-stress
setting Fpre of the soft spring ksoft , the stiff part kstiff is active. For higher
loads, a configurable free movement window ufree determines the stiffness of
the fixation. If the displacement extends the free movement of the clearance
device, the stiff spring is activated again. (b) presents the dependency
(1)

(2)

(3)

taking also the callus system into account. The curves for ksys , ksys and ksys

correspond to different stiffnesses provided by the tissue distribution, with
(1)

(2)

(3)

ksys < ksys < ksys . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
152

100

Figures
4.5

The tissue differentiation scheme following the study of Simon et al. [Sim+11].
The ossification window is symmetric with respect to the dilatational strain.
Compressive as well as tensile loads are equal in sense of stimulation of
bone formation as long as their values do not exceed an upper threshold. In
contrast, chondrogenesis appears only if the stimulus is highly compressive.
In addition, an understimulation window where no tissue formation occurs.
Revascularization is possible for the same conditions required for bone formation, the understimulation window and a stimuli area which corresponds
to higher tensile loads. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.6

103

Initial mechanical stimulus presented in a phase space diagram with respect
to the cases of a stable fixation and a flexible fixation. The colored boxes
indicate the stimulus corresponding to the differantiation processes of
osteogenesis (gray) and chondrogenesis (blue). The inset contains the tissue
distribution for the stable case, whereas the flexible case differs only slightly
by a bigger gap size (not shown). . . . . . . . . . . . . . . . . . . . . . . .

4.7

105

Comparison of the IFM predicted by the new model (red) with the Ulm
model (blue) of Simon et al. [Sim+11] and the experimental data of Claes
et al. [Cla+95] (gray). For the experimental data, only sheep with a full
dataset are shown. Furthermore, critical experiments such as the curve of
the flexible case which presents only a small initial IFM do not participate
in the computation of the error bars. (after [Pie+18]) . . . . . . . . . . .

4.8
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Convergence analysis with respect to an increasing number of time steps
for the stable and the flexible fixation. While the stable case shows a linear
decay, the flexible case oscillates significantly, however, still decrease linearly
on average. The indicators corresponding to the discretizations N6 , N7 and
N8 are not related to big variations of the IFM progression. (after [Pie+18])
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Illustration of the critical moment of the flexible fixation where the solutions
start to vary for different time discretizations. The mechanical stimulus
on the colored part of the surface is close to a triple point (red), where
three different processes are possible, namely chondrogenesis, ossification
or stagnation due to overstimluation. . . . . . . . . . . . . . . . . . . . . .
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4.10 Study of the temporal error indicator of (3.84) to obtain further insight on
the bifurcation behavior. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.11 Solution of the temporal behavior for the tissue sub-domains in the case
of stable fixation. The pure tissue distribution is presented on the right
whereas the vascularization process is indicated on the left. Fast bridging
with cartilage is observed, followed by slower bone formation. First bone
bridging occurs on the peripheral side of the cortex after 4 weeks. . . . . .
153
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Figures
4.12 Solution of the temporal behavior for the tissue sub-domains in the case of
a flexible fixation. Initially, only intramembranous ossification occurs at
some distance to the gap. This increases the load transferring area of the
gap and leads to more compressible states which are favorable for cartilage
formation. First bridging with cartilage appears after 5 weeks of healing
and the bone fragments merge after 7 weeks. . . . . . . . . . . . . . . . .
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4.13 Comparison of the bone distribution for the interface capturing model with
both, the experimental data presented by Claes and Heigele [CH99] as wells
as the numerical results of the Ulm Healing model of Simon et al. [Sim+11].
The numerical figures correspond to the tissue distribution of week 4. The
shape of the woven bone callus is similar on all three figures. . . . . . . .
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4.14 Comparison of the relative tissue composition in the callus area with respect
to time. The relative amount of woven bone (green), cartilage (blue) and
(vascularized) soft tissue (red) is given for the interface capturing technique
(a) and the experimental outcomes in mice (b), according to Figure 5d in
[CRI12]. (after [Pie+18]) . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.15 Sensitivity analysis of key model parameters. The variation of about ±10 %
is applied on the reference value which is 0.22 mm
d for the bone velocity

(a), 500 N for the applied load (b), 7 % for the shape change threshold for
ossification (c) and 0.85 % for the volume change threshold for ossification

close to chondrogenesis (d). . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.16 Illustration of the axially symmetric geometry used for the case study of a
biodegradable implant. The total radial dimension of the implant is 19 mm
while the height is 10 mm. The top and boundary plates are 1 mm thick and
are connected via a central pillar of 2 mm diameter and a outside surface of
1 mm width. Inside the case, lamellae of a 1 mm thickness are alternately
fixed on the top and bottom plate. The distance in between the lamellae is
1 mm as well. The lamellea ends at a distance of 1 mm to the counter plate.
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4.17 The tissue differentiation scheme following the modification of Simon et al.
[Sim+11]. The gray window denotes the mechanical stimulus preferred for
bone formation. In case of higher dilatational strains, chondrogenesis is
activated, whereas for understimulation tissue formation is disabled. . . .

126

4.18 Illustration of the results where implant degradation is disabled. While
bone formation initially is active, once the newly formed bone bridges with
the implant lamellae the mechanical stimulus is not high enough to induce
further ossification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Figures
4.19 Phase space representation for the mechanical stimulus along the upper
surface in case of non-existent lamellae (a) and present lamellae (b). While
the lamellae induce a bone formation stimulus on the opposite surface, the
stimulus in case of non-existent lamellae is to low for tissue formation. The
insets of the geometry presents the surfaces where the stimulus is measured
exemplary for both cases. . . . . . . . . . . . . . . . . . . . . . . . . . . .

128

4.20 Illustration for the fast implant degradation which is a tenth of the bone
formation velocity. Initially, ossification is induced until a connection
between the lamellae ends and the new formed bone occurs. The ossifcation
speed is then adjusted to the degradation velocity due to the interplay of
understimulation and decay of the load-bearing capacity of the implant.
Once the stiffness of the implant is low enough, further ossification is
induced. Around t∗ = 5 the connection of the implant between the upper
and lower bone tissue is lost, except for the central connection. This leads to
a significant increase of compressive strains which activates chondrogenesis.
At t∗ = 6, where no implant is present anymore, we obtain the homeostatic
distribution as a bony non-union where no further tissue formation is active
due to overstimulation, which is even valid for chondrogenesis. . . . . . .

129

4.21 Illustration of the slow implant degradation which is 20 times slower than
the bone formation speed. We again obtain initial bone formation until
the connection of bone and lamellae is established. Due to the slow decay
of load-bearing capacity of the implant, bone can adapt and follow the
lamellae surface. At t∗ = 9 a first bony bridge is obtained between the
third and fourth lamella creating a load-bearing capacity of the bone tissue
on its own. After t∗ = 12 nearly the complete domain is ossified including
only small pieces of the implant material anymore. This corresponds to a
successful fusion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Figures
4.22 Results for the slow degradation rate of the implant in combination with
osteoconductivity. Once the connection of bone and the implant lamellae
is established, no further ossification is stimulated, except for the implant
surfaces where osteoconductivity induce further bone growth. At about
t∗ = 6 the complete implant surface is covered with ossified tissue. The
consequence is an ongoing understimulation of the remaining area between
the lamellae. The subsequent resorption process substitutes implant material with bone tissue. Just when the implant pillars disappear between
t∗ = 9 and t∗ = 12, the bony connections between the top and bottom
cortical plates experience a small thickening effect. Up to t∗ = 15, only
small additional junctions are built between the bone supports while the
presented tissue distribution at t∗ = 15 describes the homeostatic situation
as a successful fusion with vertical bone structures. . . . . . . . . . . . . .
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4.23 Illustration of the fast degradation process in combination with osteoinductivity. Initially, ossification is stimulated on the complete domain. Even
for t∗ = 0.3 we observe ossified tissue covering the full implant surface.
At t∗ = 0.5, small areas of cartilage are found between the ends of the
lamellae coated with bone and the opposite surface (indicated by the red
circle). After the bone tissue connects at t∗ = 0.8 the mechanical stimulus for further ossification vanishes. This condition holds for the rest of
the resorption period resulting in a homeostatic distribution presented for
t∗ = 10, describing a successful, structured bone fusion. . . . . . . . . . .
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A.1 Parameter (force) sensitivity for the hypotheses of Claes and Heigele [CH99]
and Simon et al. [Sim+11]. . . . . . . . . . . . . . . . . . . . . . . . . . .
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A.2 Parameter (Poisson’s ratio) sensitivity for the hypotheses of Claes and
Heigele [CH99] and Simon et al. [Sim+11]. . . . . . . . . . . . . . . . . .
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A.3 Illustration of the tissue adaption during the remodeling process. While the
window (gray) of the stimulus phase space is ascribed to bone resorption,
the outside area induces bone formation. The colored surfaces connect the
surface positions to the corresponding position in the stimulus space. . . .

156

145

List of Tables
2.1

Material parameters for the Young’s modulus E and the Poisson’s ratio ν
used by Simon et al. in [Sim+11].

4.1

. . . . . . . . . . . . . . . . . . . . . .

38

Material parameters of the different tissue types. For the sake of comparability, the values are chosen in accordance with [Sim+11], except for cartilage.
Here, we assume the Young’s modulus to be softer. The parameters for
muscle and bone marrow are adopted from [Nie13]. . . . . . . . . . . . . .

4.2

101

Tissue-growth velocities for the different processes. While the ossification
velocity is adopted from [Sim+11], the others are used to calibrate the model.

102

4.3

Thresholds for tissue differentiation following [Sim+11] and [Nie13]. . . .

102

4.4

Material parameters of the tissue types which are present in this case study.
We use the same parameters as given for the experiment on sheep in 4.1
and complete the ensemble with the material parameters of magnesium. .

157

124

List of Abbreviations and Acronyms
dof

degree of freedom

FE

finite element

FV

finite volume

VOF

volume-of-fluid

LS

level-set

IFM

interfragmentary movement

CLSVOF

coupled level-set and volume-of-fluid

OpenFOAM

Open Source Field Operation and Manipulation

Bibliography
[Aga+16]

S. Agarwal, J. Curtin, B. Duffy, and S. Jaiswal. “Biodegradable Magnesium
Alloys for Orthopaedic Applications: A Review on Corrosion, Biocompatibility and Surface Modifications”. In: Materials Science and Engineering:
C 68 (2016), pp. 948–963. doi: 10.1016/j.msec.2016.06.020.

[AH00]

C. Ament and E. Hofer. “A Fuzzy Logic Model of Fracture Healing”. In:
Journal of Biomechanics 33.8 (2000), pp. 961–968. doi: 10 . 1016 / s0021 9290(00)00049-x.

[Alb+13]
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