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Zusammenfassung

Im Teil I wird das Konzept eines komplexen Systems präsentiert und gezeigt,
daß es sehr nützlich sein kann — trotz seiner sehr weit gefaßten Definition.
Es erlaubt uns gemeinsame Prinzipien und Phänomene in sehr unterschiedli-
chen Klassen von Systemen erst zu entdecken, dann zu charakterisieren und
quantifizieren, und letztlich zu erklären.
Die statistische Physik kann zum Beispiel erklären, warum Observablen von

komplexen Systemen — Systeme bestehend aus vielen untereinander wechsel-
wirkenden Komponenten — sich normalerweise zumindest teilweise unregel-
mäßig, kaum berechenbar und scheinbar stochastisch verhalten (Kapitel 1.1).
Auf der anderen Seite, gibt die Mori-Zwanzig Theorie Einblicke, warum die-
se scheinbar stochastischen Komponenten nicht vollständig zufällig, sondern
mehr oder weniger korreliert sind (Kapitel 4, A, und B.2.1).
Im Teil II werden verschiedene Methoden vorgestellt, mit denen Korrela-

tionen und Gedächtniseffekte in Zeitreihen robust charakterisiert und effizi-
ent quantifiziert werden können. Ein besonderer Schwerpunkt liegt auf den in
der Natur häufig auftretenden lang-reichweitigen Korrelationen in Form eines
Potenzgesetzes. Kurz wird auch darauf eingegangen, wie sich solche Gedächt-
niseffekte zur Vorhersage nutzen lassen. Über einfache Korrelationen hinaus
beschäftigt sich dieser Teil auch mit der Quantifizierung von nicht-linearen Ei-
genschaften von Zeitreihen, die eine gewisse Organisation der Fourierphasen
voraussetzen. Am Ende dieses Teils wird kurz darauf eingegangen, wie sich
Systeme mit Gedächtniseffekten optimal kontrollieren lassen.
Im Teil III werden nun einige wichtige Anwendungen der bisher vorgestellten

Konzepte und Methoden präsentiert. In den Kapiteln 6 und 7 geht es um die
Dynamik unseres Klimas. Wind und Temperatur Fluktuationen sind nämlich
keineswegs rein zufällig, sondern zeigen ausgeprägte Gedächtniseffekte (Kapi-
tel 6). Im Kapitel 7 wird gezeigt, wie man Veränderungen der Gedächtnisef-
fekte zur alternativen und komplementären Charakterisierung von Klimaver-
änderungen nutzen kann. Die Machbarkeit dieses Ansatzes wird an Hand von
hoch-frequenten Langzeit-Temperatur- und Windaufzeichnungen aus Europa
und den USA demonstriert. Dabei ergeben sich Hinweise, daß unser Klima

xiv



List of Tables

im Laufe des letzten Jahrhunderts wechselhafter und weniger vorhersagbar
geworden ist.
Kapitel 8 behandelt die Analyse der zeitlichen Entwicklung von Einzel-

molekülspektroskopiedaten des Lichtsammelsystems LH2 aus dem Bakterium,
Rhodospirillum molischianum. In verschiedenen Frequenzbereichen des Spek-
trums konnten mindestens zwei verschiedene Arten von dynamischem Verhal-
ten identifiziert werden. Es besteht Grund zu der Annahme, daß die schnellen
Veränderungen, von Fluktuationen im Gastsystem, Polyvinyl Alkohol (oder
auch Polyvinyl Acetat genannt) (PVA), verursacht werden, während die lang-
sameren zeitlichen Änderungen im Spektrum mit Konformationsänderungen
in der Nähe des optischen Zentrums zusammenhängen.
Kapitel 9 beschäftigt sich mit Gedächtniseffekten in der Volatilität und der

Richtungsänderung von verschiedenen großen Aktienindizes. Insbesondere die
Richtungsänderung zeigt zwar ein schwaches aber überraschend langreichwei-
tiges Gedächtnis von mehreren Tagen.
In den Kapiteln 10, 11, und 12 werden physiologische Fluktuationen unter-

sucht. Im Laufe einer Nacht schlafen wir in verschiedenen Schlafphasen und
erwachen kurz von Zeit zu Zeit ohne das wir uns dessen bewußt sind. Kapitel 10
untersucht die dynamischen Übergänge von einer Schlafphase in eine andere
und deckt überraschende Ähnlichkeiten mit (physikalischen) Systemen auf,
die selbstorganisierte Kritikalität zeigen: Die Dauer der kurzen Wachphasen
im Laufe einer Nacht (analog zu Lawinen in Bak-Tang-Wiesenfeld Sandhau-
fen) zeigen ein skalen-invariantes Verhalten eines Potenzgesetzes, während die
Dauer der Schlafphasen (analog zu den ruhigen Perioden zwischen zwei Lawi-
nen) ein exponentielles Verhalten (mit wohl einer definierten mittleren Dau-
er) zeigen. Der Vergleich von jungen und älteren Menschen, sowie Menschen
mit leichten altersbedingten kognitiven Einschränkungen, enthüllt substanti-
elle Unterschiede zwischen diesen Gruppen. Diese Ergebnisse sind zur Verbes-
serung von Diagnose und Prognose von Schlafstörungen von Bedeutung.
Altersbedingte Veränderungen der Herzschlagdynamik sind das Thema im

Kapitel 11. Auch wenn die Variabilität der Intervalle zwischen zwei aufeinan-
derfolgenden Herzschlägen mit zunehmendem Alter abnimmt, bleiben fraktale
und nichtlineare Eigenschaften der Herzschlagdynamik in gesunden Senioren
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verglichen mit jungen Menschen überraschend stabil. Die getrennte Analyse
von der Herzschlagdynamik, während verschiedener Schlafphasen (Kapitel 12),
zeigt einen signifikanten Einfluß der Schlafregulierung auf die Herzschlagdy-
namik. Dieser Einfluß in gesunden älteren Menschen bleibt fast unverändert
erhalten, verglichen mit jungen Erwachsenen.
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Summary

In part I, we present the concept of a complex system (Section 1) and show
that it is very useful despite the broad definition of the term. It allows us to
recognize, quantify, and explain common phenomena and principles in many,
often quite diverse, sets of systems.
Statistical physics can explain why the observables of a complex system — a

system with many coupled degrees of freedom — usually exhibit partly erratic
and not fully predictable1 dynamics (Section 1.1). On the other hand, Mori-
Zwanzig theory elucidates why this erratic component is usually not completely
random but more or less correlated (Section 4, A, and B.2.1).
In part II, we present a wide variety of methods to characterize and quantify

correlations and memory effects in time series, as well as nonlinear measures
related to the Fourier phase organization. We also show how those inherent
correlations can be used for forecasting and prediction. A brief outlook is given
to how systems with memory effects can be optimally controlled.
In part III, we explore several applications of the presented concepts and

methods. Chapters 6 and 7 investigate climate dynamics. Wind and tem-
perature fluctuations are not completely random but exhibit a high degree
of persistence. In chapter 7, we propose to use the change in persistence of
climate dynamics as a new complementary measure of climate change. To
demonstrate the feasibility of this approach, we analyze high-frequency long-
term temperature and wind speed records form Europe and the US. We find
indications that our climate has become less persistent, more erratic, and less
predictable over the last century.
In chapter 8, we analyze fluorescence spectra over time of a single light har-

vesting complex LH2 from the bacterium, Rhodospirillum molischianum. In
different frequency ranges of the spectra we could identify at least two dis-
tinctly different dynamics, which we suggest to be linked to the fast dynamics
of the host system polyvinyl alcohol (or polyvinyl acetate) (PVA), whereas
the slower part of the dynamics seems to be related to conformational changes

1 Predictable in the sense of high sensitivity to initial conditions as characterized by positive
real parts of the Lyapunov exponents (see Section 1.1) in the Lyapunov theory.
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around the optically active center. In chapter 9, we investigate memory effects
in the volatility and directionality of high-frequency price fluctuations of mayor
stock indices. Especially, the directionality shows weak but very long-range
memory effects at time scales of several days.
In the chapters 10, 11, and 12, physiological fluctuations are studied. First,

we analyze the dynamics of sleep stages itself and find very interesting paral-
lels to systems exhibiting self-organized criticality (SOC): Durations of arousals
(analog to the durations of avalanches in Bak-Tang-Wiesenfeld sand piles) dur-
ing sleep follow a power-law (scale-invariant), whereas the durations of sleep
segments (analog to the duration of the quiet periods between avalanches)
exhibit an exponential behavior (and have a well defined average length). Fur-
thermore, we compare young, elderly, and subjects with mild age-related cog-
nitive impairment and find substantial differences in the behavior of their sleep
and wake state durations. These findings can help to improve the diagnosis
and prognosis of sleep disorders.
Age related changes in heartbeat dynamics are explored in chapter 11. It

is known that heart rate variability of heartbeat intervals decreases with age.
Even though the variability decreases significantly with age, we show that the
fractal and nonlinear organization of heartbeat fluctuations remain surprisingly
stable in healthy elderly compared to young subjects. Taking a closer look
at heartbeat fluctuations during different sleep stages in young and elderly
(chapter 12) reveals that static and dynamic measures of heartbeat dynamics
show a pronounced stratification pattern across sleep stages but again remain
surprisingly stable with healthy aging.
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Chapter 1

Complex Systems

There is no precise definition of the term complex system but we will use
the following working definition:

A system with many coupled degrees of freedom.

Systems with a fairly small amount of degrees of freedom (e.g., harmonic oscil-
lators, chaotic oscillators) lend themselves for mathematical modelling whereas
statistical methods are used for systems with very many degrees of freedom
(e.g., box of gas molecules).
Many natural phenomena can be viewed as a response of a complex system.

A wide range of often interdisciplinary examples fit under this umbrella: earth
climate, traffic networks, urban areas, financial markets, ant colonies, granular
matter such as sand piles, brains (of mammals), the autonomic nervous system
which controls for example the heart, and many more.
Despite the diversity of these very different examples, one can find common

features.
Since the relationship between components in complex systems are often non-
linear, small perturbations can grow very large, this phenomenon is often called
butterfly effect. This can make prediction very difficult (see Section 1.1). On
the other hand, non-linear effects can also curb the growth of perturbations,
for example, in the onset of turbulence [1].
Because of non-linearity the classical superposition principle does not apply.

In contrast to linear systems, the sum of two solutions is not automatically
again a solution. In general, it is not enough to understand all the components
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Chapter 1 Complex Systems

of a complex system separately. This is one reason why complex systems,
made from very simple components, can exhibit surprisingly rich dynamics.
One often says, the system is more than the sum of its parts. Other people
talk about emergent phenomena, since one would not have expected certain
collective effects by just looking at a single (simple) component of the system.
There are a multitude of, often hierarchical, interactions between compo-

nents. Even though interactions are local the effects can be global throughout
the whole system. A classical example is the Ising-model [2] where lattice of
spins, taking the value 1 or −1, interact only with there nearest neighbors
but close to the critical point, the cluster size of spins with the same value
approaches the system size.
The interactions are often both amplifying and dampening feedback mech-

anisms. In general, feedback mechanisms lead to path dependency. The his-
torical evolution determines the future development. The dynamics is non-
Markovian - It is path dependent.
Most complex systems are open systems which means they exchange energy

and matter with their environment. This makes it sometimes very difficult
to determine where their boundaries are — ultimately they are set by the
observer.
Many complex systems usually organize themselves without a central planning-

or control unit. One often talks about self-organization or emergent phenom-
ena. At first glance, self-organization may seem to contradict the second law
of thermodynamics which states that the entropy in a isolated system will
increase or (at best) stay constant. But most complex systems are open sys-
tems, able to exchange energy and matter with their environment, and are
therefore able to transfer entropy to there environment. Furthermore, there
is the possibility that the order of microscopic variables decreases as the or-
der of macroscopic observables increases. A special case of self-organization
namely self-organized criticality (SOC) has been introduced using the exam-
ple of a sandpile model [3, 4]. Systems where SOC is observed are usually
out-of-equilibrium driven with a slow rate but globally in a stationary regime
and made of many interacting components which exhibit highly non-linear
response. Their event sizes are power-law distributed whereas the timing of
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the events are random which leads to an exponential distribution of the ‘quiet
periods’. They exhibit fractal geometrical properties (including long-range cor-
relations such as 1/f -noise). Many physical mechanisms have been discovered
which lead to SOC and even more leading to 1/f -noise, the mere observation
of 1/f -noise does not necessarily mean that a given system is self-organized
critical.

How to measure/define Complexity? In the beginning of the section, we
have stated that there is no formal definition for a complex system. In physics,
quantities are alway defined by providing a reproducible procedure of how to
measure it — So how do we measure complexity?
One modern concept to define complexity is based on algebraic complexity

theory [5]. The evolution of any (physical) system can be represented by data,
e.g., the position and momenta or the pressure fluctuations of gas molecules in
a box, the heart beat intervals of a person, etc. Of course, this representation
is not unique and also depends at which level one describes the system. On
the other hand, it makes sense that the complexity of a system depends on
the level of its description. Now, we can ask what computer program together
with which initial conditions (re)produces this output data. In practice, the
length of such a program will vary depending on what computer and program-
ming language is used, but, theoretically Alan Turing showed that a universal
computer can be constructed (at least as a thought experiment) [6]. The com-
plexity of a (physical) system is then defined by the minimum length of the
program and of the initial data, which reproduces the output of this system.
Although this definition is very elegant it has one major drawback. Using
Gödel’s famous incompleteness theorem [7] it can be shown that there exists
no universal method to construct/find such a program and the corresponding
initial data of minimal length. That does not mean that this definition is use-
less. It is a valuable theoretical framework: for certain examples such minimal
programs are known, for others one can prove upper and/or lower bounds of
complexity. In practice, however, we mostly rely on physical intuition and
experience to describe the output of complex systems.
When using physical intuition and experience to develop a (new) theory
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Chapter 1 Complex Systems

or description of a certain phenomena or system we should be guided by a
much older but related principle — The Occam’s razor1. Often expressed in
Latin: “entia non sunt multiplicanda praeter necessitatem” and translated to
“entities should not be multiplied beyond necessity”, it states that (all other
things considered equal) a simpler theory should be preferred over a more
complicated one.

1.1 Deterministic and Stochastic Dynamics

Physical systems2 are governed by physical laws. In Classical and also Quan-
tum Mechanics or electrodynamics we have deterministic evolution equations
for the position and momentum, the wave function, or the electromagnetic
field respectively. Deterministic means that they unambiguously map an ini-
tial state to a final state at a later time. Due to the invariance of the time
direction (t→ − t) it is possible to start from the final state and arrive at the
initial state without violating the evolution equations. This property is called
time-reversibility. In this light, every dynamics, strictly speaking, is determin-
istic. So how come most systems show some kind of erratic behavior, such as,
noise (if one only looks careful enough)?
Let us restrict ourselves to classical mechanics in order to avoid the descrip-

tion and complications of the measurement process in Quantum Mechanics.
Considering N mass points, their dynamics is given by the Hamilton equa-
tions

dqi
dt = ∂H

∂pi

dpi
dt = −∂H

∂qi
(1.1)

in a 6N -dimensional phase space Γ = (q,p). Given all positions and momenta
the complete solution of equations (1.1), in theory, allows their calculation at
any other time. Unfortunately, in practice two problems arise: (i) no general
method exists to find the complete solution of equations (1.1); (ii) there are
1 Occam’s (also spelled: Ockham’s) razor is a principle attributed to the 14th-century
English logician and Franciscan friar William of Ockham. See [8, 9] for more detailed
disquisition on this subject.

2 Physical systems in contrast to anything metaphysical (may something like this exist).
The author believes that living matter is, of course, also governed by physical laws.
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1.1 Deterministic and Stochastic Dynamics

limits to how precise the positions and momenta can be measured (even in
classical mechanics). Furthermore, very weak coupling with the environment
will continuously disturb the evolution of the system.
Let us put aside the problem of the general solution of the Hamilton equa-

tions (1.1). The second problem has to do with the question: Do neighboring
trajectories remain in close proximity or do they diverge?
The Lyapunov exponent

λα = lim
t→∞

lim
r→0

1
t

ln rα(t)
rα(0) (1.2)

quantitatively measures the tendency of two neighboring trajectories to di-
verge. Any state of a mechanical system is represented by a point in the
6N -dimensional phase space Γ. Let us imagine the initial state of the system
surrounded by an infinitesimally small sphere with an infinitesimal radius rα
along all principle axes in phase space around it (see Fig. 1.1). The real part of
the Lyapunov exponents determines whether two points in phase space remain
close together or diverge: If all real parts of the Lyapunov exponents are smaller
or equal than zero, λα ≤ 0 ∀α, small differences in the initial conditions do
not grow. In case of any real part of the Lyapunov exponents larger that zero
λα > 0 small difference in the initial conditions or small perturbations from
the environment grow larger and larger and therefore make prediction practi-
cally impossible. This phenomenon is also called deterministic chaos. Since
Lyapunov exponents only give a first order approximation of the exponential
growth of small perturbations, higher order effects can stabilize [1] the diver-
gence once those effects take over when perturbations have grown sufficiently
large. Nonetheless, at this point it is impossible to tell if the trajectories were
at some earlier point in time only separated by an infinitesimal distance.
In purely oscillatory systems, all real parts of the Lyapunov exponents are

equal to zero. Linear systems with very few degrees of freedom are usually also
“well-behaved”. In reversible mechanical systems exists a negative Lyapunov
exponent for every positive one. A very important consequence of this theorem
is that for large systems it is unlikely to find all Lyapunov exponents with real
part equal to zero <λα = 0 ∀α. We conclude that real systems consisting of
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r2 r′2

r′′1

r′′2

t′′t′t

r1
r′1

Figure 1.1: Evolution of the Lyapunov ellipse in a 2-dimensional phase space
with t < t′ < t′′ (schematic illustration).

many components are most likely to exhibit chaotic dynamical behavior.

1.2 Statistical Physics in Physiology —
Physiology as a Complex System

The central task of statistical physics is to understand macroscopic phenomena
that result from microscopic interactions among many individual components.
Many investigations undertaken in biology face a very similar problem. In
particular, physiologic systems under autonomic regulation, such as heart rate,
breathing, etc., are good candidates for a statistical physics approach, since (i)
physiologic systems often include many individual components, thus leading to
a large number of degrees of freedom, and (ii) physiologic systems usually are
driven by competing forces and feedback-loops, e.g., parasympathetic versus
sympathetic stimuli. Physiologic systems under autonomic regulation often
exhibit temporal structures which are similar, under certain conditions, to
those found in physical systems driven away from an equilibrium state. This
picture challenges the traditional principle of homeostasis [10] which postulates
that physiologic systems remain in a single equilibrium state in the absence
of perturbations, and when perturbed, they return back to this equilibrium
state. Many ideas of complex systems, scale-invariance and fractals have been
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1.2 Statistical Physics in Physiology

successfully applied to physiology [11].
A seminal paper in the field of heartbeat fluctuations [12] showed that the

different frequency ranges in the power spectrum of heartbeat fluctuations can
be associated with sympathetic and parasympathetic inputs of cardiovascular
control. Moreover, beat-to-beat interval fluctuations are not merely physio-
logic reflexes in response to external factors/stimuli, rather they persist during
rest, sleep, and controlled constant routine conditions. In particular, two-point
correlation analyzes of interbeat fluctuations reveal the presence of robust in-
terdependence between heartbeats, with long-range anticorrelations between
the values of consecutive interbeat intervals (i.e., a short interbeat interval is
more likely to be followed by a long interval). Remarkably, these anticorrela-
tions persist even when two interbeat intervals are separated by thousands of
heartbeats. These observations suggest a temporal organization, “hidden” in
the apparently noisy heartbeat fluctuations. Moreover, this “long-term mem-
ory” structure is characterized by a Fourier spectrum where the amplitudes of
different frequency components follow a 1/f power-law relationship, where f is
the frequency, in first approximation. Since a power-law relation in the Fourier
spectrum implies invariance of the dynamics under change of frequency scale,
a Fourier spectrum of a power-law 1/f -form suggests a process with under-
lying interactions in a wide range of different frequencies. Indeed, heart rate
fluctuations are invariant and statistically self-similar (“fractal”) over a wide
range of different observation scales.
Fractal 1/f noise is also encountered in a certain class of physical sys-

tems [13, 14], which for a given “critical” value of their parameters exhibit
complex self-organization among the individual components, leading to corre-
lated interactions over broad ranges of time and space scales. The behavior of
some physical systems is characterized by 1/f fluctuations, reflecting the com-
plexity of the underlying interactions. The presence of 1/f fractal structure in
heart rate fluctuations is of particular interest because of its robust appearance
across healthy subjects under different conditions. The scale-invariant fractal
structures are mostly independent of the subject’s behavior. These temporal
fractal patterns break down with certain pathologic perturbations such as con-
gestive heart failure and sleep apnea, suggesting that 1/f behavior in heart
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Chapter 1 Complex Systems

rate fluctuations represent important information about the underlying cardiac
control mechanism.
The 1/f Fourier power spectrum is not sufficient to completely describe

the level of complexity observed in heart rate fluctuations. Recent investiga-
tions [15, 16] show that cardiac dynamics exhibits a higher level of multiscale
complexity which goes beyond 1/f fractal organization. The complexity of the
heart rate fluctuations cannot be adequately described by a single scaling expo-
nent, as is the case of fractal 1/f noise. Rather a large set of scaling exponents
over a range of values are needed, suggesting a more complex “multifractal”
behavior. Nonlinear features in heart rate dynamics are not accounted for by
1/f noise, specifically, (i) the magnitude and the sign of the heart rate fluctu-
ations exhibit temporal structures different from those found in 1/f noise, and
(ii) there is a Fourier phase organization in heart rate fluctuations not present
in 1/f fractal signals.
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Methods
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Chapter 2

Correlations

2.1 Correlation Functions

Any dynamical system can be described by an N-dimensional state space
vector X. The question, which properties form the state space for a

particular system depends entirely on the modeler and is guided by the purpose
of the model. In case of a classical mechanical system, such as, a box of gas,
the state X might include all the positions and momenta of all particles in the
box X = (q1, . . . , qn; p1, . . . , pn) or just the position of one particular particle
in the box performing a random walk.
The evolution of a dynamical system can be described by the joint proba-

bility densities p(X, t;X ′, t′). The joint probability density denotes the prob-
ability of transition from state X at time t to state X ′ at point t′ (see also
figure 2.1). A system is stationary when the joint probability distributions are
invariant under any time shift ∆t

p(X, t; . . . ;X ′, t′) = p(X, t+ ∆t; . . . ;X ′, t′ + ∆t). (2.1)

Even though joint probabilities contain all information about the evolution of
a given system, they are hard to determine and inconvenient to work with.
We are therefore interested in measurable quantities derived from these joint
probabilities. One of the simplest quantities is the correlation function

〈h(t)g(t′)〉 =
∫
dXdX ′h(X)g(X ′)p(X, t;X ′, t′) (2.2)
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Chapter 2 Correlations

X ′, t′

X, t

Figure 2.1: Schematic illustration of the joint probability.

of two arbitrary functions, h and g, of the state vector X. 〈. . . 〉 denotes the
ensemble average. One can easily construct higher correlations:

〈g1(t1)...gn(tn)〉 =
∫
p(X(1), t1; ...;X(n), tn)

n∏
i

[
gi
(
X(i)

)
dX(i)

]
. (2.3)

A special case of correlation function is the so called autocorrelation function
〈g(t)g(t′)〉 where the same quantity is considered at two different points in
time.
Correlation functions constitute a rich class of measures. Identifying gi with

the components xα of the state vector X we arrive at the definition of gener-
alized moments when t1 = . . . = tn = t

〈xα1(t1), . . . , xαn(tn)〉 = m(n)
α1...αn(t) =

∫
p(X, t)

n∏
i=1

XαidX. (2.4)

Similarly, the generalized covariance functions

Cαβ(t, t′) = 〈xα(t)xβ(t′)〉 − 〈xα(t)〉 〈xβ(t′)〉 (2.5)

reduce to the second order cumulants

c
(2)
αβ = m

(2)
αβ −m(1)

α m
(1)
β (2.6)

when t = t′. When the system is in a stationary state Cαβ(t, t′) reduces to
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2.1 Correlation Functions

Cαβ(t− t′)

〈xα(t)xβ(t)〉 = 〈xα(0)xβ(t′ − t)〉 = Cαβ(t′ − t)

= 〈xα(t− t′)xβ(0)〉 = Cαβ(t− t′) = Cαβ(|t− t′|). (2.7)

For many systems the autocovariance function C(t − t′) of a stationary
process in a one-dimensional state space has an exponential form C(t− t′) ∼
exp {−τc(t− t′)}. The time constant is called correlation time. Independent of
the functional form of C(t) the correlation time can be defined as the integral

τc = C−1(0)
∞∫
0

C(t)dt. (2.8)

A finite correlation time indicates that the process is short-range correlated.
An important example is the Ornstein-Uhlenbeck process [18] which is often
used to model noise in real systems. In case τc diverges (τc →∞) there exists
no (sufficiently large) time scale where the correlations can be neglected, i.e.,
the Markov approximation is not meaningful. For example, this is the case for
long-range correlated processes with C(t) ∼ t−α where 0 < α < 1. In the case,
that C(t) is a non-decaying strictly periodic function the correlation time is
undefined. However, this almost never happens in complex systems which in
general exhibit some kind of dissipation.

2.1.1 Power Spectrum

The Fourier transform of the covariance functions Cαβ(t)

Sαβ(ω) =
+∞∫
−∞

Cαβ(t) exp{iωt}dt. (2.9)

are the so called spectral functions. Because of the symmetry property of the
correlation function Cαβ(t) = Cβα(−t), the Fourier transforms are self-adjoint;
Sαβ(ω) = S∗βα(ω).
Sometimes it is more convenient to work in the frequency domain compared
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to the time domain. For example, from equation (2.9) and equation (2.8) we
immediately see the important relation τc = S(0). Furthermore, there are very
fast and efficient algorithms to perform the Fourier transformation numerically.
Special care must be taken to ensure that the signals are stationary otherwise
one can easily detect spurious correlations. In the following sections, we present
methods more suitable for non-stationary time series. A special emphasis on
scale-invariant power-law correlations is made.

2.2 Scale-invariant Power-law Correlations

Many very different phenomenons in nature exhibit power-law correlations.
Those systems usually have certain scaling properties related to fractal and
nonlinear mechanisms, and can be described by homogeneous functions. The
physical meaning of a homogeneous function is that the value of the function
at a new scale is simply related to the value of the function at the original scale
by a constant factor — scale invariant systems are invariant under a transfor-
mation of the scale. As such, observables of these systems obey functional
equations of the form

f(λx) = λpf(x), (2.10)

which state that when the variable x is multiplied by a factor λ, then the
function is replaced by a multiple λp of itself. The solution of this functional
equation is obtained by setting λ = 1/x: f(x) = f(1)xp. We say that f(x) is
a power law with exponent p, and we see that systems that are scale invariant
necessarily obey power laws. The converse is also true: any function g(x)
obeying a power law of the form xp also obeys a homogeneous functional
equation g(λx) = λpg(x). For this reason, a test for scale invariance is to test
for power-law behavior.
The scale invariance concept generalizes to functions h(x, y) of more than

one variable:
h(λax, λby) = λh(x, y). (2.11)

If λ = (1/y)1/b, the h(x, y) = y1/bh(x/ya/b, 1), so that the original function
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2.3 Rescaled Range Analysis | R/S analysis | Hurst Exponent

h(x, y) of two independent variables x and y is really a function of a single
“rescaled variable” x/ya/b. On can demonstrate this property in real data by
plotting on the y-axis the “scaled” function h(x, y)/y1/b and on the x-axis the
scaled variable x/ya/b. If the original function h(x, y) is a scale invariant, then
all the data will “collapse” upon a single one-variable curve h(x/ya/b, 1). Such
“data collapse” is also an indicator of scale invariant behavior [13, 15].
Many systems in nature are scale-invariant, and the ubiquity of such systems

has been popularized under the general term “fractal.” Hence, the words scale-
invariance, scaling, power-law, and fractal can be used interchangeably. When
applied to deterministic geometrical objects, such as the Sierpinski gasket,
Cantor set, etc., scale-invariance is exact. However, when applied to stochastic
objects, such as a heartbeat, financial, or climate time series where multiple
extrinsic and intrinsic inputs of stochastic nature play important role; scale-
invariance holds in a statistical sense, and such a scale-invariant system is
strictly speaking not identical when examined on different scales, but rather
has identical statistical properties. The following sections describe techniques
to analyze (real-world) time series and to robustly quantify their (power-law)
correlations.

2.3 Rescaled Range Analysis | R/S analysis |
Hurst Exponent

Rescaled Range Analysis [20, 21] was developed by the British hydrologist, H.
E. Hurst, who spent most of his life studying the Nile and problems related
to water storage. It can intuitively be understood considering an ideal storage
which has an influx ξ(t) and an average outflow 〈ξ〉τ (see Fig. 2.3). An ideal
storage never overflows and never gets empty. If we assume that the storage
has no sinks the average influx must equal the average out-flux averaged over
a sufficiently long period of time τ

〈ξ〉τ = 1
τ

τ∑
t=1

ξ(t). (2.12)

17



Chapter 2 Correlations

R

〈ξ〉τ

X(t)

Xmax

Xmin

ξ(t)

Figure 2.2: Schematic illustration of the Hurst reservoir. (After [21].)
Assuming no sinks in the reservoir the influx to the reservoir ξ(t) is on
average equal the average out-flux 〈ξ〉τ . When the volume in the reser-
voir X(t)fluctuates between Xmin and Xmaxthe range R is given by R =
Xmax −Xmin.

The accumulated difference between the influx ξ(t) and the mean out-flux 〈ξ〉τ
is the remaining volume in the reservoir

X(t, τ) =
t∑

u=1
[ξ(u)− 〈ξ〉τ ] . (2.13)

We define the range

R = max
t∈[1,τ ]

X(t, τ)− min
t∈[1,τ ]

X(t, τ). (2.14)

Since this range obviously depends on the variance of the influx ξ(t), we rescale
the range R by the variance of the influx

S =
√√√√1
τ

τ∑
t=1

[ξ(t)− 〈ξ〉τ ]
2. (2.15)
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2.4 Fluctuation Analysis (FA)

In case R/S observes the following scaling property

R/S = (τ/2)H (2.16)

the time series is said to have the Hurst exponent1 H.
The Hurst exponent H always lies between 0 and 1, where white noise ex-

hibits H = 0, brown noise or a random walk is characterized by H = 1
2 , and

H > 1
2 is an indication of long-range correlations.

2.4 Fluctuation Analysis (FA)

The underlying idea of this technique is to test how far a random walker
departs from its original position compared to the

√
t-law for normal diffusion.

Assuming that the original time series x(i), where i ∈ [1, N ] and N is the
length of the series, is stationary the profile y(k) is calculated

y(k) ≡
k∑
i=1

[x(i)− 〈x〉]. (2.17)

The profile y(k) is basically the distance a random walker got displaced on a
linear chain, corrected by the bias 〈x〉 of the original series, after k steps x(i).
The simplest measure of an average displacement is just subtracting the start

value from the end value of the profile and averaging them over all segments
in the data where n denotes the segment length.

Fν(n) =
[
y
(
ν n
)
− y

(
(ν − 1)n

)]
(2.18)

F 2(n) = 1
N − n

N−n∑
ν=1

F 2
ν (n) (2.19)

In case the fluctuation function F (n) =
√
F 2(n) observes scaling

F (n) ∼ nα (2.20)
1 Actually, H. E. Hurst denotes it K in his works. It is also called as index of dependence.
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the time series has the following fractal correlation function C(k)

C(k) ∼ kγ, where α = 1− γ

2 . (2.21)

2.5 Detrended Fluctuation Analysis (DFA)

Detrended Fluctuation Analysis involves more sophisticated trend correction
compared to FA and was first proposed in [22] to study long-range correla-
tions in deoxyribonucleic acid (DNA) sequences. It has been proven to be a
robust method even in the presence of polynomial trends [23]. We give a brief
description of the steps involved:

(i.) Starting from the original signal x(i), where i ∈ [1, N ] andN is the length
of the signal, we first calculate the profile function, y(k) ≡ ∑k

i=1[x(i) −
〈x〉], where 〈x〉 is the mean.

(ii.) We divide the profile y(k) into non-overlapping segments of equal length
n.

(iii.) In each segment of length n, we fit y(k) with a polynomial function of
order ` which represents the polynomial trend in that segment. The fit
function in each segment is concatenated and denoted by yn(k). The
algorithm is called DFA-` depending on the `-order polynomial fit.

(iv.) We calculate the root-mean-square (r.m.s.) fluctuation function, F (n),
from the detrended profile, s(k) ≡ y(k)− yn(k).

F (n) ≡

√√√√ 1
N

N∑
k=1

[y(k)− yn(k)]2. (2.22)

(v.) In case the root-mean-square fluctuation function, F (n), scales according
to

F (n) ∼ nα. (2.23)

the scaling exponent, α, characterizes the long-range power-law correla-
tion properties of the signal.
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Figure 2.3: Schematic illustration of the DFA-1 analysis. The signal x(t) is
a surrogate signal with the fractal correlation exponent α = 0.7. y(t) is the
profile of x(t). For this illustration a window length of n = 100 is used. In
each window the data was fitted using linear regression. The concatenated fit
function yn(t) is then used to detrend the signal.
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Chapter 2 Correlations

For uncorrelated signals (white noise) α = 0.5, if α < 0.5, the signal is
anti-correlated; if α > 0.5, the signal is positively correlated where accumu-
lated white noise (random walk) exhibits α = 1.5. Figure 2.3 illustrates the
first three steps of the DFA analysis procedure. For stationary scale-invariant
signals, F (n) is related to the Fourier power spectrum, S(f), and to the auto-
correlation function, C(τ), and the following relations hold,

S(f) ∼ f−β, where β = 2α− 1 (2.24)

and α is the DFA scaling exponent (Eq. 2.23) [24, 22]. If 0.5 < α < 1, the
correlation exponent γ describes the decay of the autocorrelation function [24]:

C(τ) ≡ 〈s(i)s(i+ τ)〉 ∼ τ−γ, where γ = 2− 2α. (2.25)

The strength and limitations of the DFA-method have been carefully stud-
ied in [23, 25, 26, 27, 28]. The DFA method has also been generalized to
multifractal detrended fluctuation analysis MDFA [29]. Often the scaling of
the root-mean-square fluctuation function, F (n), observes crossover(s)2 which
can arise due to a change in the correlations properties at different time scales
or as a consequence of underlying trends.

2.6 Detrended Fluctuation Analysis (DFA) of
Data with Gaps

Unfortunately, in the real world, the probability for a measurement to fail is
nonzero. Therefore, when analyzing real data especially long-term recordings,
such as weather records, EEG recordings, etc., some parts of the dataset are
most probably corrupted. Properly treated those corrupted segments will only
affect the maximum scale nmax one can calculate the DFA scaling exponent α
but not the value of the scaling exponent itself.
Starting from the original signal x(t) the profile y(t) ≡ ∑k

k=1[x(k) − 〈x〉] is

2 The scaling exponent is not the same for all timescales.
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Figure 2.4: Schematic illustration of the DFA-1 analysis when gaps (indicated
by shaded areas) are present in the time series. The signal x(t) is a surrogate
signal with the fractal correlation exponent α = 0.7. y(t) is the profile of x(t).
For this illustration a window length of n = 100 and n = 200 is used.
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Chapter 2 Correlations

computed setting value for x(k) in the corrupted segments to zero. Then the
profile is divided into boxes starting from the left3 (see Fig. 2.4). Segments
which are smaller than the scale n will be omitted. As the scale n increases
more and more periods between gaps might be smaller than n and cannot
be used to calculate F (n). The maximum scale nmax is reached when the
minimum number of boxes cannot be accommodated. A typical number for
the minimum number of boxes is 8.

2.7 DFA and Power Spectrum Analysis

There have been efforts to link DFA to the more conventional power spectrum
analysis4 in a general [31] and in a physiological context [32, 33]. These links
help to interpret the results obtained from the DFA analysis in the light of
results obtained from the more conventional power spectrum analysis. By
no means does it diminish the value and importance of the DFA method
and related techniques since the partial equivalence between DFA and spec-
tral techniques only holds for stationary signals. For non-stationary and for
anti-correlated signals DFA and related techniques often show superior perfor-
mance.
If the original time series x(i) subtracted by its mean value 〈x〉 has the power

spectral density Sx(ω) the summation of the this sequence, namely its profile
y(k), is given by

Sy(ω) =
∣∣∣H(eiω)

∣∣∣2 Sx(ω) =
 0 : ω = 0

Sx(ω)
2(1−cos(ω) ≈

Sx(ω)
ω2 for ω → 0 : ω 6= 0

. (2.26)

In the procedure of the DFA method the profile y(k) is divided into N

segments and each of them is detrended subtracting its polynomial trend yn(k)

3 In oder to avoid ignoring part of the signal at the right end of periods between gaps one
can repeat the calculation of the fluctuation function F (n) with the time-reversed series
and take the average of both fluctuation functions. This procedure is advisable but we
omit this step in this illustration.

4 A standard technique to estimate the spectral density minimizing spectral bias is the
Welch’s method [30].
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2.7 DFA and Power Spectrum Analysis

in the nth segment. The detrended segment y(k) − yn(k) has zero mean by
definition and is uncorrelated on time scales longer than the segment length
m. Since the polynomial fit was chosen to minimize the variance (by definition
of least-squares) the variance of the detrended signal, which is equivalent to
the area under the power spectral density, is minimal. The trend yn(k) can
be approximated by lowpass filtering the signal y(k) for frequencies below 1/n
see Fig. 2.5. The fluctuation function can therefore be approximated by

F 2
PS(n) =

∞∫
ω=1/n

Sx(ω)
2(1− cos(ω)) dω. (2.27)

For fractional Brownian motion (FBM) with a known power spectral density,

Sx(ω) = c

ωβ
, (2.28)

where c is an arbitrary constant, we obtain

F 2
PS(n) ≈

∞∫
ω=1/n

c

ω2ωβ
dω (2.29)

= −c
1 + β

ω−(1+β)
∣∣∣∣∣
∞

ω=1/n
(2.30)

= −c
1 + β

n1+β ∼ n2α (2.31)

which leads to the relation
α = 1 + β

2 (2.32)

and is in agreement with equation (2.24).
The relation of the detrended moving average (DMA) method [34, 35] to the

power spectral method can even more easily be seen. The detrended moving
average (DMA) method is closely related to the DFA method: instead of a
polynomial trend yn(i), a moving average of the profile y(i) is subtracted in
order to detrend the data. The frequency characteristics of a moving average
depends on the weighing function and is given by its squared Fourier transform.
Taking the moving average also tends to eliminate the low frequencies in the
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Chapter 2 Correlations

signal below 1/n which leads to a similar relation for F 2
PS(n) compared to 2.27.

A rigorous comparison between DMA and DFA can be found in [27].

20750 21000 21250 21500 21750 22000 22250
index

-1500

-1450

-1400

X

low pass filtered X
fractal (α=0.9) signal X

Figure 2.5: The signal x(i) is the profile of a surrogate signal with the fractal
correlation exponent α = 0.9. The profile was lowpass filtered setting all
coefficients corresponding to wavelength λ > 100 in the Fourier transform to
zero. The lowpass filtered signal strongly resembles trend subtracted using the
DFA method. Compare to Fig. 2.3.

2.8 Magnitude and Sign Decomposition

Any time series xi can be decomposed into its sign, sgn(xi), and magnitude
|xi| time series. In case of an all positive or all negative time series this pro-
cedure does not reveal any additional information. One way to meaningfully
preprocess the data in this case to subtract its mean, another way is to ana-
lyze its forward differences xi − xi−1. Numerically differentiating a time series
will theoretically result in a DFA scaling exponent reduced by 1. Note how-
ever, that the DFA method becomes less accurate and more sensitive to data
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2.8 Magnitude and Sign Decomposition

corruption, such as spikes, missing segments, etc., for strongly anti-correlated
(α < 0.5) time series as extensively discussed in [23]. This issue can be resolved
by integrating the decomposed parts of the differentiated time series again.
Previous studies have related positive long-range correlations in the mag-

nitude series with multifractal and nonlinear features present in the original
series [36, 37]. We define a time series to be linear if its magnitude scaling
properties are not modified by randomizing its Fourier phases [38, 39]. Fourier
phase randomization [38, 40, 39], a surrogate data test for nonlinearity, gen-
erates a linear series with different scaling properties for the magnitude series
when applied to a nonlinear series.
Nonlinearity of a time series is related to its multifractality5. The partition

function Zq(n) of a time series, xi, may be defined as [42],

Zq(n) = 〈|xi+n − xi|q〉, (2.33)

where 〈·〉 denotes the average over the index i. For fractal time series Zq(n)
obeys scaling laws

Zq(n) ∼ nτ(q). (2.34)

If the exponents τ(q) are linearly dependent on q the series xi is monofractal,
otherwise xi is multifractal. Monofractal series fall under the category of linear
series while multifractal series are classified as nonlinear series [19]. A possible
way to test for nonlinearity is to apply the surrogate-data-test [38, 39]. When
this test is applied to a multifractal series, it generates a linear series with
a linear dependence of τ(q) on q in contrast to the nonlinear dependence for
the original series. On the other hand, applying the surrogate-data-test to a
monofractal series does not affect its linear dependence of τ(q) on q.
In [36, 37] it has been shown that the long-range correlations in the mag-

nitude series indicate nonlinear behavior. Specifically, the results suggested
that the correlation exponent αmag of the magnitude series is a monotonically
increasing function of the multifractal spectrum width of the original series.
This conclusion has been obtained based upon several examples of artificial
5 Several other methods exist to quantify multifractality, i.e., wavelet-transform modulus-
maxima method [41] and multifractal detrended fluctuation analysis [29]
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multifractal series [36, 37].
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Chapter 3

Fractal Dimension

3.1 The Concept of Dimension

We have an intuitive concept of geometric dimension and we are most fa-
miliar with the three dimensions of Euclidean space [43] (D = 1, 2, 3).

Intuitively, the dimension of a set (for example, a subset of Euclidean space)
is the number of independent parameters needed to describe a point in the
set. Continuous non-self-intersecting curves have a topological dimension 1,
and smooth surfaces have dimension 2. Apart from the dimension of geomet-
ric objects dimension can also refer to the number of variables in a dynamic
system. In all these examples the dimension is a non-negative integer number.

3.2 Hausdorff-Besicovitch Dimension1

The basic idea to extend the topological dimension for a set X to a non-
negative real numbers is to count the number N(r) of ‘spheres’ with at most
radius r necessary to completely cover X. If the number N(r) scales like r−D

as r approaches zero r → 0 we say X has the dimension D. This concept
is closely related to box-counting dimension or Minkowski-Bouligand dimen-
sion [44] which is a generalization of counting the boxes required to cover, for
example, the cost of Ireland on graph paper. The definition of the Hausdorff-
Besicovitch dimension instead uses measure theory.
1 The Hausdorff-Besicovitch Dimension is sometimes also called capacity dimension.
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Chapter 3 Fractal Dimension

Mathematically the Hausdorff-Besicovitch dimension [45] is defined in the
following way: Let us consider a set X with a measure µ embedded in a
Euclidean d-dimensional space. The family of all countable coverings of X
formed by domains of diameters δi ≤ r shall be denoted M(r). Let us define
a measure

Hs(X) = lim
r→0

inf
M(r)

∑
i

δsi (3.1)

where the infimum is taken over the set of all the possible countable coverings
of X with the diameter δi ≤ r, M(r).
The Hausdorff-Besicovitch dimension D is then defined as the critical expo-

nent were the measure Hs(X) is zero for all s smaller than D and infinity for
all s larger than D

Hs(X) =
 0 : s > D

∞ : s < D.
(3.2)

It is worth emphasizing that the Hausdorff-Besicovitch dimension is a local
property, therefore, the dimension D may depend on the position. Expanding
this idea leads to the concept of multifractality.

3.3 Fractals

Mandelbrot [46] offers the following definition of a fractal: “A fractal is a set for
which the Hausdorff-Besicovitch dimension exceeds its topological dimension”.
This definition, although correct and precise, is too restrictive, since it excludes
many fractals that are useful in physics [19].
Four years later, an alternative definition is given by Mandelbrot in [47]: “A

fractal is a shape made of parts similar to the whole”. This definition uses the
concept of self-similarity. A set is called strictly self-similar if it can be broken
into arbitrary small pieces, each of which is a small replica of the entire set.
For perfect geometrical objects like the famous Cantor set or the Koch curve

this self-similarity holds in a strict sense. Stochastic objects like Brownian
motion statistical quantities, such as, the mean square displacement, are self-
similar.
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3.4 Fractal Dimension of a Time Series

3.4 Fractal Dimension of a 1-dimensional2 Time
Series

The fractal dimension D(k) was introduced as a nonlinear measure to quantify
the irregularity of a time series [48]. We estimate the fractal dimension of a
topological one-dimensional time series using an algorithm proposed in [49].
The fractal dimension is a measure usually independent from the DFA scaling
exponent since it also depends on the Fourier phases of the sequence [50] and
not merely on the power spectrum.
Starting from a discrete time series, x(i), with i ∈ [1, N ], a new sparse time

series xmk is constructed in the following way

xmk ; x (m) , x (m+ k) , . . . , x
(
m+

⌊
N −m
k

⌋
k
)
, (3.3)

with m ∈ [1, k] where m and k are integers and b c denotes the floor function.
Then a length measure for this sparse time series is defined as

Lm(k) = N − 1
h k2

(
h∑
i=1

∣∣∣xmik − xm(i−1)k

∣∣∣) , (3.4)

with h =
⌊
N−m
k

⌋
. For a time series x(i) with a fractal dimension D the

length Lm(k) averaged over m is a power-law function of the scale k: L(k) ≡
〈L(k)〉m ∼ k−D. In the general case D can depend on the scale k where the
local fractal dimension D(k) of the time series x(i) is defined as the negative
local derivative of logL(k) as a function of log k.
For fractional Brownian Motion (fBM) the analytic relationship between

the fractal dimension D and the power-spectrum exponent, β, is given by
D = 1

2 (5− β) [44] and from equation (2.24) follows

D = 3− α. (3.5)

Using equation 2.24 we find the following relationship between fractal dimen-

2 Here, 1-dimensional is meant in the sense of one variable.
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Figure 3.1: This result confirms the relationship, D = 3 − α (3.5), for a
random walk.

sion D and power-spectrum exponent β

D = 5− β
2 . (3.6)

This relation has been numerically demonstrated [50] to hold very well in a
range of D ∈ [1.2, 1.8] for fBM. For more complicated (non-stationary) pro-
cesses the methods mentioned above may perform slightly different.
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Chapter 4

Memory-Kernel Analysis (MKA)1

In principle a complex system with many degrees of freedom is characterized
by the Hamiltonian H of the system and its environment. The complete

dynamics of the total number of degrees of freedom {xi} is formally given by
the classical or quantum equations of motion

ẋi = {H, xi} = −L̂xi (4.1)

where L̂ = {H, ...} is the so called Liouvillian, defined on the basis of the Pois-
son or commutator brackets. The solution2 of these equations of motion gives
the time-evolution of all degrees of freedom. Frequently, one is not interested
in the knowledge of the total number of degrees of freedom, but only in the
information on the so-called ‘relevant’ ones.
The Mori-Zwanzig-Theory3 [52, 53, 54] provides a projection formalism to

obtain evolution equations of ‘relevant’ observables only. Let {G} be a set
of ‘relevant’ observables, Gα(t) (α = 1, ...,M). All observables, Gα(t), are
linearly independent, differentiable functions of the microscopic state Γ =
{q1, ...qN , p1, ..., pN}. Then, the time evolution of Gα(t) is given by the Mori-
Zwanzig-Equation (MZE) (4.2)

dGα(t)
dt =

∑
γ

Ωαγ Gγ(t)−
t∫

t0

dt′Kαγ(t− t′)Gγ(t′)
+ fα(t, t0). (4.2)

1 This chapter borrows from [51].
2 We remark that, unfortunately, no general method exists to find this solution.
3 See also Appendix A.
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The MZ equations have a term local in time, Ω, denoted as frequency term, a
term non-local in time K(t− t′), called the memory term and and the residual
force, F (t, t0). The latter term contains the dynamics of the irrelevant degrees
of freedom and may be interpreted as a quasi-stochastic driving term similar to
the Wiener process in an Ito or Stratonovich stochastic differential equation.
We remark, that the residual forces depend on both the current time t and
the initial time t0. This statement is a consequence of the hidden dependence
of fα(t, t0) on the irrelevant degrees of freedom which, on the other hand,
define especially the initial configuration of the underlying complex system.
The mathematical structure of (4.2) demonstrates that the evolution of the
relevant variables in the past effect the present state and is a typical feature of
all complex systems. Moreover the residual forces, fα(t, t0), and the memory
kernel, Kαγ(t− t′), are connected by the fluctuation dissipation theorem

∑
β

H−1
αβ 〈fβ(t0, t0)|fγ(t, t0)〉t0 = Kαγ(t). (4.3)

In this equation 〈fβ(t0, t0)|fγ(t, t0)〉t0 is the two-times correlation function and
H is the correlation coefficient Hαβ = 〈Gα(t0)|Gβ(t0)〉t0 . In the quantum
case the angular brackets stand for the Mori product [55] which reduces in
the classical case to the ensemble average which is equivalent with the time
average over t0 in case of stationarity. The relation (4.3) may be interpreted
as a generalized representation of the δ-correlated Wiener processes observed
in stochastic differential equations with classical white noise terms. Since the
memory kernel is connected to the correlation function of the residual forces it
also contains information on the degrees of freedom in the bath which cannot
be observed directly.
Equations (4.2) is an exact relation. In practice, one rarely knows the exact

functional structure of fα(t, t0). That is why it is often substituted by by a
stochastic process which obeys equation (4.3) and called noise term. In case
of only one ‘relevant’ observable the equations (4.2) reduce to

dG(t)
dt = ΩG(t)−

t∫
t0

dt′K(t− t′)G(t′) + f(t, t0). (4.4)
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4.1 Algorithm

In [51] we proposed an algorithm to calculate Ω and K(t) from one realization
of a time series. The calculation becomes the more accurate the longer the
available time series.

t

t

f(t)

t0

∫ t
t0
K(t− t′)x(t′) dt′

Ω

dt

〈f(t′)|f(t)〉 = HK(t− t′)

x

Figure 4.1: Schematic illustration of the Mori-Zwanig equation with one
‘relevant’ observable. At time t0 full information about the relevant observ-
able(s) is available. The present time evolution at time t is linearly coupled
to its historic evolution through the memory kernel K(t− t′). The noise term
f(t) influences the present evolution as well but is itself not independent from
the memory kernel K(t − t′). Both quantities are related by the fluctuations
dissipation theorem.

4.1 Algorithm

In this section, the aim is to develop a numerical algorithm which determines
the coefficients of the Mori-Zwanzig equation, given a time series, xt, of a
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Chapter 4 Memory-Kernel Analysis (MKA)

‘relevant’ observable under the assumption of stationarity. The time series is
assumed to be discrete in time. This is no limitation since measured time series
are always discrete and sometimes may approximate a continuous process.

By adding a constant to Gα(t) one can always make the ensemble average
over the noise term vanish

〈fα(t, t0)〉t0 = 0 (4.5)

The following identities apply

〈Gβ(t0)|fα(t, t0)〉t0 = 0 (4.6)

H−1
γβ 〈fβ(t0, t0)|fα(t, t0)〉t0 = Kγα(t) (4.7)

where Hγβ = ∑
β 〈Gγ(t0)|Gβ(t0)〉t0 . Equation (4.7) is one version of the Fluc-

tuation Dissipation Theorem (see [55]).

Because of the identity (4.6) it is possible to obtain a similar equation for
the autocorrelation function, cGαGβ(t) = 〈Gα(t)|Gβ(t0)〉

dcGαGβ(t)
dt =

∑
γ

Ωαγ cGγGβ(t)−
t∫

t0

dt′Kαγ(t− t′) cGγGβ(t′)
 . (4.8)

In case of only one ‘relevant’ observable, equation (4.8) becomes

dcGG(t)
dt = Ω cGG(t)−

t∫
t0

dt′K(t− t′) cGG(t′). (4.9)

The problem is now to determine the coefficients, Ω, K(t − t′), and f(t, t0)
from one finite time series.

Equation (4.9) serves as a convenient starting point since the noise term,
fα(t), was eliminated through averaging. Numerically the autocorrelation
function, cGG(t) can be estimated in the following way

cGG[t] = 1
N − t

N−t−1∑
i=0

(xi − 〈x〉) (xi+t − 〈x〉),
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where we used the assumption of stationarity4.

In order to numerically treat equation (4.9) we choose a corresponding time
ordered discrete version.

cGG[t]− cGG[t− 1] = −
t−1∑
i=0

K(t−i−1)cGG[i], (4.10)

where Ω is part of K0. Equation (4.10) can easily be solved for Kt.

Writing equation (4.10) explicitly

cGG[0] = c0GG
cGG[1]− cGG[0] = −K0 cGG[0]

cGG[2]− cGG[1] = −K0 cGG[1]−K1 cGG[0] (4.11)

cGG[3]− cGG[2] = −K0 cGG[2]−K1 cGG[1]−K2 cGG[0]

cGG[4]− cGG[3] = −K0 cGG[3]−K1 cGG[2]−K2 cGG[1]−K3 cGG[0]

. . .

one easily recognizes a linear system of equation already in triangular form.
The triangular form makes solving for Kt simple.

In order to separate the frequency matrix, Ω, from K0 and to check whether
the memory kernel, Kt, was determined consistently, we use the fluctuation
dissipation theorem.

The Mori-Zwanzig-Equation in a time ordered discrete form is given by

x[t]− x[t− 1] = −
t−1∑
i=t0

K(t−i−1)x[i] + ft0 [t− 1] (4.12)

Therefore, ft0 [t− t0] can be calculated from the known time series, x[t] in the
following way:

ft0 [t− t0] = x[t− t0 + 1]− x[t− t0] +
t−t0∑
i=t0

K(t−t0−i)x[i] (4.13)

4 Stationarity in the sense that ensemble average is equal to the time average.
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It is important to point out that t0 is the point in time where the value of the
‘relevant’ observable is known. Even though stationarity of the time series, xt,
ensures that one can substitute ensemble averaging by time averaging; we still
have a completely different noise term, ft0 [t− t0], for every t0.
The fluctuation dissipation theorem then reads:

∼
Kt=

1
〈x2〉 (0) 〈ft0 [t0]|ft0 [t− t0]〉t0 , (4.14)

where 〈x2〉 (0) is the variance of the time series and 〈. . . 〉t0 denotes that the
average is taken over t0.
Ideally Kt and

∼
Kt are equal except for the first element K0 and

∼
K0. The

frequency matrix, Ω, can be obtained from equation (4.15)

Ω = K0−
∼
K0 . (4.15)

4.1.1 Surrogate Time Series

In order to check our algorithm, we use an Ornstein-Uhlenbeck process defined
by equation (4.16).

dx(t)
dt = ΩOU x(t) +W (t) (4.16)

We generate 500000 data points with ΩOU = −0.1 and a standard Gaussian
distributed W (t). In terms of MZ equation the equation reads

dx(t)
dt = Ωx(t)−

t∫
0

K̃(t− t′)x(t′)dt′ +W (t) (4.17)

= −
t∫

0

K(t− t′)x(t′)dt′ +W (t)

Since the asymptotic variance is 〈x2〉 = − 1
2ΩOU we expect K0 = 0.1 and K̃0 =

1
〈x2〉 〈W

2〉 = 2 · ΩOU · 1 = 0.2. This is in perfect agreement with Fig. 4.2(b).
Figure 4.2(a) shows the exponential decay of the autocorrelation function. In
Fig. 4.2(b) the memory kernel Kt and K̃t are plotted. The frequency matrix
in equation (4.17) is correctly estimated, Ω = 0.10039 which leads to ΩOU =
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Figure 4.2: Autocorrelation function, 〈x|x〉, Memory kernel, Kt and K̃t, of
the Ornstein-Uhlenbeck process.

−0.09961.

4.2 Master Technique

Unfortunately, for long time lags the memory kernel often behaves erratically
which can mask possible underlying structures. Coarse-graining the time series
can trade time resolution for reduction of noise in the memory kernel. The
original time series x(t) is coarse grained by taking the arithmetic average of
adjacent non-overlapping windows of length, n. These new values x(2)(t) are
now the average of the original time series in this time window. The fact that
the averaging windows do not overlap is important in order to not introduce
artificial correlations. Next we calculate the memory kernel K(2)(t) from the
coarse-grained time series x(2)(t). This procedure can be repeated in order
to analyze the signal on increasingly coarse time scales allowing to estimate
long-term memory effects. A schematic illustration of the technique can be
found in Fig. 4.3.
In order to generate one master-plot from all memory kernels K(n)(t) one

needs to rescale the x-axis x→ xn and cut the beginning and the end of each
individual memory kernel. The idea is that the memory kernels derived from
the coarse grained time series accurately represent the dynamics of the system
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x(4)(t)

Time Series
x(t)

x(2)(t)

x(8)(t)

K(t)

K(2)(t)

K(4)(t)

K(8)(t)

Figure 4.3: Schematic illustration of the master procedure: Starting from the
original time series x(t) the memory kernel K(t) can be reconstructed using
the algorithm in Section 4.1. Unfortunately, for long time lags the memory
kernel often fluctuates erratically which can mask possible underlying struc-
tures. Coarse-graining the time series can trade time resolution for reduction
of noise in the memory kernel. The original time series x(t) is coarse grained by
taking the arithmetic average of adjacent non-overlapping windows of length,
n. These new values x(2)(t) are now the average of the original time series in
this time window. The fact that the averaging windows do not overlap is im-
portant in order to not introduce artificial correlations. Next we calculate the
memory kernel K(2)(t) from x(2)(t). This procedure can be repeated in order
to analyze the signal on increasingly coarse time scales allowing to estimate
long-term memory effects.

40



4.3 Prediction/Forecasting

in an intermediate range. The further we look into the long-term memory the
less resolution we can achieve.

4.3 Prediction/Forecasting

The need or desire to predict the future often is a major motivation to quan-
titatively characterize and model a system. Being able to predict, even proba-
bilistically, a certain event or quantity in the future can be very useful and the
ability to do so can be associated with monetary and social rewards. In the
highly developed ancient cultures of South America, such as, Inca and Maya,
it is believed that the authority of the ruling class of priests was build, to a
large extend, on their ability to predict astronomical events important for their
society based on agriculture. Of course, today, correctly forecasting weather,
earthquakes, sales figures, or market prices might be more rewarding.
Here, we image an observable that can be well described with the Mori-

Zwanzig equation (4.2) presented in Section 4. Since the exact dynamics of
the noise term is usually not known5 the Mori-Zwanzig equation describes a
stochastic process and allows us to generate an arbitrary number of realiza-
tions. Due to the stochastic nature of the process we will almost surely be
“wrong” which means we wont predict the exact number. There are many
different strategies make a prediction, e.g., to maximize the probability to be
in a small interval around the real number or to minimize the mean square
error of our prediction or do we call out the expected value. In case of the MZ
equation the expected value is a very convenient choice since the average of
the noise term vanishes.
Taking the expected value of the equation (4.2) we obtain

d 〈Gα(t)〉
dt =

∑
γ

Ωαγ 〈Gγ(t)〉 −
t∫

t0

dt′Kαγ(t− t′) 〈Gγ(t′)〉


+ 〈fα(t, t0)〉︸ ︷︷ ︸
=0

. (4.18)

5 Usually the notion of all degrees of freedom of the system is required to have exact
information about the noise term fα(t, t0).
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This evolution equation can be used to predict the expected value of an ob-
servable by calculating the coefficients from its known evolution in the past.
The following figures show several examples.
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Figure 4.4: Measure of the forecast quality for the exponentially correlated
Orstein-Uhlenbeck process with different restoring forces Ω. The variance of
the forecast error, actual value X minus forecasted value F , (X − F ), is nor-
malized by the variance of the actual values. Interestingly the forecast quality
is very similar for Ω and 1−Ω. The realization of the Ornstein-Uhlenbeck pro-
cess contains 217 data points. 10000 points were used to estimate the memory
kernel K(τ) up to τ = 100.
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Figure 4.5: Measuring the forecast quality for colored noises with different
fractal correlation exponents α. The variance of the forecast error, actual value
X minus forecasted value F , (X − F ), is normalized by the variance of the
actual values. Note that the forecast performance for anti-correlated signals
α < 0.5 is comparable with the forecast quality of Gaussian noise (α = 0.5). In-
terestingly the forecast quality drops very steeply even for strongly positively-
correlated signals. Colored noise of length 217 data points was generated using
the Makse algorithm [56]. 10000 points were used to estimate the memory
kernel K(τ) up to τ = 1000.
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Figure 4.6: Measure of the forecast quality for detrended Prague temper-
ature fluctuations. The variance of the forecast error, actual value X minus
forecasted value F , (X − F ), is normalized by the variance of the actual val-
ues. The temperature record contains 252291 data points measured three times
daily between 01/01/1775 and 03/31/2005. 10000 points were used to estimate
the memory kernel K(τ) up to τ = 1000. Interestingly, the forecast quality
is highest for the daily minimum temperature, Tmin, lower for the daily av-
erage temperature Tavg, and lowest for the daily maximum temperature Tmax
for a forecast periods smaller than approximately 20 days. For longer forecast
periods the order is reversed.
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Figure 4.7: Measure of the forecast quality for the wind speed in Potsdam,
Germany. The variance of the forecast error, actual value X minus forecasted
value F , (X − F ), is normalized by the variance of the actual values. The
temperature records contain 700655 data points of hourly wind speed mea-
surements between year 1883 and 2000. 10000 points were used to estimate
the memory kernel K(τ) up to τ = 1000.
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Chapter 5

Control

Control theory deals with the behavior and the optimal regulation of
dynamical systems over time. The, so called, controller chooses the avail-

able inputs to the dynamical systems so that the outputs of the system ac-
complish a certain desired effect. Therefore, control theory plays an important
role in engineering and in economics. Traditionally, physics and other natural
sciences are primarily interested in the description of a system and in vali-
dating of their description by comparison with experiment. In the past, there
was little need to control the outcome of an experiment. With the advance of
micro- and nano-technology the situation changed. On this mesoscopic scale,
thermodynamic fluctuations cannot be ignored anymore — they play a notable
role and need to be controlled.
In general one can distinguish two types of control: the intrinsic control

and the external control. In case of the external control or open-loop control
the control protocol is determined beforehand and cannot react to changes in
the state of the system. In contrast, the intrinsic control or closed-loop control
receives feedback about the present state of the system which makes it possible
to respond to a changing environment. In case of closed-loop control, one talks
about complete information if the complete history and the present state and
the control protocol but not information about the environment in the future
is available. In turn, in case of incomplete or partial information the complete
history and the present state of only a certain ‘observable’ part of the system
is available to optimize the control/input.
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Ignored degrees of freedom in the description/model of a dynamical system
among them typically the coupling to the environment can give rise to seem-
ingly stochastic terms in the state equations. The deterministic control theory
ignores stochastic terms and only deals with deterministic state equations. In
the stochastic control theory irrelevant degrees of freedom are usually modeled
by Markovian noise.

5.1 Deterministic Control Theory

Let the state equation or equations of motion of the system be given by

ẋ(t) = f(x(t),u(t), t) (5.1)

x,u ∈ <n

f : <n ×<m ×< → <n ∈ C2

with the initial condition x(0) = x0. The performance functional1, the inte-
grated objective function F (x(t),u(t), t) plus the terminal costs S(x(T ), T ),

J [x,u, T ] =
T∫

0

F (x(t),u(t), t) dt+ S(x(T ), T ) (5.2)

F : <n ×<m ×< → < ∈ C1 and (5.3)

S : <n ×< → < (5.4)

is to be maximized.

The special case that the state equation is linear and the state x(t) and
the control u(t) only enter up to second order into the objective function is
called linear quadratic problem. Linear quadratic problems are very important
because even in nonlinear problems for small deviations from a stable state
the equations of motion can be linearized.
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5.2 Control Theory non-local in Time

A formal way to separate relevant observables from irrelevant observables and
to motivate seemingly stochastic fluctuations acting on the dynamical system
is the Mori-Zwanzig theory (see Section 4 and Appendix A)

In this section, let us assume the state equation is the Mori-Zwanzig equation
(4.2) which is a non-local equation in time where the control, u(t), couples
linearly with the relevant observables. Using Laplace Transform we can solve
the MZ equation formally.

zx(z)− x(0+) = Ωx(z)−K(z)x(z) + f(z) +Bu(z) (5.5)

x(z) =
(
z − Ω +K(z)

)−1

︸ ︷︷ ︸
H(z)

[
f(z) +Bu(z) + x(0+)

]
(5.6)

Therefore, the formal solution is given by

x∗(t) =
t∫

0

H(t− τ)
[
f(τ) +Bu∗(τ)

]
dτ +H(t)x(0+). (5.7)

We assume an action, S, using a linear quadratic performance measure

S =
T∫

0

1
2
[
x(t)Q(t)x(t) + u(t)R(t)u(t)

]
+x(T )Dx(T )δ(T−t)dt+Sconstr (5.8)

where the ‘equation of motion’ enters in form of a constrain

Sconstr = P (t)
x(t)−

t∫
0

H(t− τ)
[
f(τ) +Bu(τ)

]
dτ +H(t)x(0+)

 . (5.9)

The choice of the performance functional, in this case of the linear quadratic
type, is not determined by the system in contrast to the ‘equation of motion’ for
example. It should be chosen according to the control aim and often requires to
take into account economic and technical factors. Now, of course, the variation
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of P (t) gives us the equation of motion

δS

δP (t)
!= 0 ⇒ x∗(t) =

t∫
0

H(t−τ)
[
f(τ) +Bu∗(τ)

]
dτ+H(t)x(0+) (5.10)

The variation of the output vector x(t) leads to

δS

δx(t)
!= 0 ⇒ P ∗(t) = −Q(t)x∗(t) (5.11)

And the variation of control vector u(t)

δS

δu(t′)
!= 0 ⇒ R(t′)u∗(t′)−

T∫
0

P ∗(t)
t∫

0

H(t− τ)B δu(τ)
δu(t′)︸ ︷︷ ︸
δ(τ−t′)

dτdt != 0

⇒ u∗(t′) = R−1(t′)
T∫
t′

P ∗(t)H(t− t′)Bdt (5.12)

with exchanging t↔ t′

u∗(t) = R−1(t)
T∫
t

P ∗(t′)H(t′ − t)Bdt′ (5.13)

leads to u∗(t) as the optimal control.

Equations (5.10), (5.11) and (5.13) are a complete set of integral equations
which determine the optimal control u∗(t) and the optimal trajectory of the
system x∗(t) under optimal control for every possible realization of the residual
force term f(t). Starting with equation (5.13) using (5.11) and (5.7) we obtain
a linear integral equation of the Fredholm-type. It can be shown that there
always exists a solution for the optimal control of the form

u∗(t) =
T∫

0

Z(t, τ) f(τ)dτ. (5.14)

For a specific problem Z(t, τ) can in principle be found at least numerical.
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However, we do not know the values of the performance functional or in an
economic setting, we do know the optimal control but we do not know how
much it will cost even if we implement the optimal control. The other difficulty
is the fact that even though in theory the residual force term is deterministic,
we do only know its average value (equation (4.5)) and its first-order two-point
correlation functions (equations (4.6) and (4.7)).
To tackle both difficulties, we need to calculate the optimal performance

integral averaged over all realizations of the residual terms f(t). Because of
the linear quadratic structure of the performance functional this can easily be
done since only the average, and the first-order two-point correlation function
〈f(t)|f(t)〉 are required.

5.3 Observation

The idea of the Mori-Zwanzig formalism was to write down an equation for
relevant observables only. Irrelevant degrees of freedom are projected out. Due
to the chosen projection formalism the resulting equation becomes linear2. As
a result the equations become non-local in time (memory effects) and a residual
force term is introduced.
In principle, it is possible to write down the complete dynamics of a complex

system for all degrees of freedom if we assume that an Hamiltonian exists.
Applying the Mori-Zwanzig formalism this microscopic evolutions equation can
be made linear. Here, we aim at a linear equation for all degrees of freedom
— we do not project out part of the dynamics at this stage.
It is reasonable to assume that the control can affect all or a subset of

all degrees of freedom. Whereas only a few macroscopic observables can be
measured. In contrast to the definition in Section 4 and 5.2, Gα(t) are all
degrees of freedom of the microscopic state Γ = {q1, ...qN , p1, ..., pN}. For
example, an electric field acts on all charged particles in a chamber but only
a few degrees of freedom (e.x., the positions and momenta of a few larger
particles) can be measured.

2 In general, this requires an infinite number of new degrees of freedom.
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Therefore, a second projection has to be applied which brings us to the ‘ob-
servation level’, where the number of observable degrees of freedom is usually
much smaller than the total number of degrees of freedom.

Let us again start from the Laplace transform of the MZ-equation first with-
out the control, u(t).

zG(z)−G(0+) = ΩG(z)−K(z)G(z) + f(z) (5.15)

G(z) =
(
z − Ω +K(z)

)−1

︸ ︷︷ ︸
β(z)

(f(z) +G(0+)) (5.16)

Without loss of generality we assume that all relevant observables are the
first N entries in G. Let us introduce two projection operators3

C =
 1 0

0 0

 (5.17)

Here, 1 is the N ×N unity matrix where N is the number of relevant degrees
of freedom. C is a (N + M) × (N + M) square matrix. The complementary
projector is given by

C=
 0 0

0 1

 (5.18)

In this case 1 is a M ×M unity matrix where M is the number of irrelevant
degrees of freedom. These projections operators are idempotent

C2 = C,

C2 = C

, C + C= 1, and C C= C

C = 0. (5.19)

In order to obtain an equation for the observable degree of freedom only, we
formally multiply equation 5.15 with C from the left side and insert 1 = C+ C

3 In this case they are matrixes.
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in the right hand side of equation 5.15.

D(z) = C β(z)
(
C + C)︸ ︷︷ ︸

=1

(
f(z) +G(0+)

)
︸ ︷︷ ︸

γ(z)

(5.20)

We identify the following sub-matrixes in matrix β

β(z) =
 β

11
(z) β

12
(z)

β
21

(z) β
22

(z)

 , (5.21)

where the submatrix β
11

(z) is a N × N matrix, β
22

(z) is a M ×M matrix,
β

12
(z) is a M ×N matrix, and β

21
(z) is a N ×M matrix.

D1(z) = β
11

(z)γ1(z) + β
12

(z)γ2(z) (5.22)

D2(z) = 0 (5.23)

The evolution of the observable degrees of freedom D1(z) are described by
equation (5.22). We do not have any information about the unobservable
degrees of freedomD2(z) which is reflected by equation (5.23). The evolutions
equation (5.22) of the observable degrees of freedom can be transformed back
from Laplace variables to time variables and the formal solution reads

D∗(t) =
t∫

0

β
11

(t− τ)γ1(τ) dτ +
t∫

0

β
12

(t− τ)γ2(τ) dτ. (5.24)

Using equation (5.24) analog to equation (5.7) in Section 5.2 one can formulate
a linear quadratic control problem for observable degrees of freedom only. The
mathematical theory of linear quadratic problems is well known.
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Chapter 6

Climate Dynamics1

6.1 Memory of the Wind

In this section, we analyze wind data since the atmosphere is a macro-
scopic system with a high degree of complexity. Our observables are wind

strength, v, and wind direction, ψ, at Potsdam, Germany, starting from the
1st of January 1893 to the 30th of April 1999 for every hour of the day [58].
This data set was analyzed in [59] to find logarithmic corrections to the mean
square displacement, considering the wind vector to describe a two dimensional
random walk.
We abstain from any form of detrending since our aim is to analyze the

memory kernel of the original data. Let us analyze the memory kernel, Kt, of
the changes in wind strength, xt.

xt = vt − vt−1 (6.1)

In Fig. 6.1(a) the autocorrelation function of xt is shown. The figure 6.1(b)
shows the corresponding memory kernel, Kt and K̃t. It is important to point
out that even though Kt and K̃t have been calculated in two different ways
(see Section 4.1) they perfectly agree for t ∈ [1, . . . , 200]. So the relation (4.3)
holds.
Here, we used a stochastic integro-differential equation with memory of type

(4.2) to describe the dynamics of a relevant observable, namely wind strength
1 This chapter borrows from [51].
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changes. Assuming identity (4.6) we verified the relation (4.3) as necessary
consequence.
In Fig. 6.1(b) 12 h and in particular 24 h periods are clearly visible. Since

the memory kernel Kt contributes negatively to changes of xt certain changes
in wind strength make it more likely to expierience the same changes, 12 h and
particularly 24 h later. Similar periods are obtained by analyzing the wind
strength instead of the change in wind strength.
in Fig. 6.2 the cumulated memory kernel, Qt = ∑t

i=0Ki of the changes in
wind strength are plotted. After approximately 240 h or 10 days the cumu-
lated memory kernel saturates which means that after approximately 10 days
the wind strength changes show Markovian behavior. The saturation level
of approximately 2 h−1 can be interpreted as an effective viscous friction in
the system as in an Ornstein-Uhlenbeck Process. As a result of friction, wind
speeds on average do not get stronger over time as one would expect from a
diffusive process.
Next we investigate wind direction changes. If we assume that the wind

does not change more than π within 1 hour we can define the wind direction
changes according to equation (6.2).

α = ψt − ψt−1

φt =


α− 2π : α > π

α + 2π : α < −π
α : otherwise

(6.2)

in Fig. 6.4 the autocorrelation function, 〈φ|φ〉, and the memory kernel, Kt,
of the wind direction changes is plotted. In contrast to the memory kernel of
changes in wind strength, up to 96 h there is little periodic structure in the
memory kernel for wind direction changes. There is a slight overshooting into
the negative domain which then slowly creeps back to zero.
If we calculate the memory kernel, Kt, of the changes in wind direction for

larger time lags, t, the result is very noisy. Smoothing and filter techniques
do not produce convincing results. Thus, in order to investigate long term
memory we use the master technique which is a standard procedure used to
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match observables on different time scales [60].
We coarse grain the changes in wind direction, φt, by taking the arithmetic

average of adjacent non-overlapping windows of length, n. These new values,
φn∆t, are now the average wind direction change in this time window. The fact
that the averaging windows do not overlap is important in order to not intro-
duce artificial correlations. Next we calculate the memory kernel, K(n)

t , from
φn∆t for n ∈ {1, 2, 4, 8, 16, . . . , 2048}. Then plot the cumulated memory kernel,
Q

(n)
t = ∑t

i=0K
(n)
i , into one master plot (Fig. 6.4). For more clearly arranged

plots the beginning and end part of Q(n)
t n ∈ {2, 4, . . . , 2048} are omitted.

See Section 4.2 for a more detailed description of the master technique. The
mastered cumulated memory, Q(n)

t = ∑t
i=0K

(n)
i , of the wind direction changes

in Fig. 6.4; decays to a first minimum at approximately 1536 h. At approx-
imately 1 year, the negative value of Qmastered indicates a repulsive memory
effect. The oscillations can be explained through the seasonal dependence of
the dominating wind direction.
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(a) Autocorrelation function, 〈x|x〉, of changes in wind strength.

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

0 20 40 60 80 100 120 140 160 180 200

K

t

∼
Kt
Kt

−0.03
−0.01

0.01
0.03
0.05

10 20 30 40 50 60 70 80 90

K

t

∼
Kt
Kt

(b) Memory kernel Kt and K̃t. The diamond at t = 0 in the main plot is K0
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Figure 6.1: Autocorrelation function, 〈x|x〉, Memory kernel, Kt and K̃t, of
the wind strength changes. Both the autocorrelation function and the memory
kernel observe clearly visible 12 h and especially 24 h periods. Kt and K̃t

are calculated in two different ways (see Section 4.1) and perfectly agree for
t ∈ [1, . . . , n]. This confirms relation (4.3) (See text for details).
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Figure 6.2: Cumulated memory kernel, Qt, of the wind strength changes. The
horizontal line was fitted to Qt in the interval t ∈ [500, 1000] The elementary
time unit is 1 h.
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Figure 6.3: Autocorrelation function, 〈φ|φ〉, Memory kernel, Kt and K̃t, of
the wind direction changes. The elementary time unit is 1 h.
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Chapter 7

Dynamical Measures of Climate
Change1

In the context of climate change a main focus of research is to extract a stable
trend from the instrumental climate observations (Fig. 7.1). The fluctua-

tions around this trend were largely considered as useless noise and neglected.
We focus on these fluctuations of climate observables (i.e. temperature and
wind speed) in order to detect changes in the climate dynamics. Using high-
frequency data from three meteorological stations in Europe and the US, we
amicably find a systematic change towards a more erratic and less persistent
climate dynamics in the course of the last century. Besides quantifying climate
change, our findings could also provide an additional test for climate models.

7.1 Introduction

Over the past century the scientific evidence has grown that our climate is
changing [63]. A wide range of techniques have been employed to detect and
quantify the extent of global warming: temperature trend reconstruction based
on borehole temperature profiles [64], change in the ice coverage of glaciers [65],
change in the migration behavior of animals [66, 67], growth of trees [68, 69]
and other plants [70], and aggregation of long-term instrumental temperature
records [71, 72].
1 This chapter borrows from [61].
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Figure 7.1: Global Surface Air Temperature Anomaly in ℃ acquired from [62]
using only meteorological station data.

All these methods essentially measure some integrated effect of the earth sur-
face temperature over a certain time span. Here, we propose a different class of
markers for climate change based on the dynamics of climate observables such
as temperature, wind speed, humidity, etc. We use three different measures to
characterize the dynamics of these observables: (i) the memory kernel [51], (ii)
the detrended fluctuation analysis (DFA) scaling exponent [22], and the fractal
dimension (FD) [49]. If there is global warming not only the mean values of
observables, such as mean temperature, are expected to increase but also their
fluctuations are expected to become more erratic and less predictable. With
these measures we try to capture changes in climate dynamics.

This approach requires long-term, high-frequency climate data. We use
hourly wind speed data from Potsdam, Germany, temperature data measured
three time a day from Prague, Czech Republic, and hourly temperature records
from Mt. Washington, NH, USA. Although the number of stations is quite
limited, they cover two continents and very different micro-climatic conditions.
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7.2 Applications/Results

7.2.1 Data Analysis

Using the DFA analysis, approximate scaling has been observed in several long
term weather records [73, 74, 75, 76]. First [73] found indication of universal
correlation exponents for continental stations. Subsequent studies [74, 75]
found significant variation different stations and different climate parameters.
Even different correlation exponents for daily minimum and maximum tem-
peratures at the same station were reported [76].

The first dataset, we analyze, are hourly wind speed values from Potsdam,
Germany between 1883 and 2000. This dataset2 has been analyzed in [59]
to find logarithmic corrections to the mean square displacement of the two
dimensional random walk of the wind vector. The years 1918–1923 are missing
and the years 1971–1991 are unusable due to rounding to a lower precision. In
the following analysis these periods will appear as gaps.

Next, we analyze temperature records from the the Prague Klementinum,
Czech Republic and Mt. Washington (44°16, 71°18W, 1914m MSL), NH, USA.
Mt. Washington is famous for its extreme and volatile weather conditions. An
increase in the mean temperature as well as in the max-min mean (hourly)
temperature range has been reported in [77]. Since the strong periodic diur-
nal and seasonal trends in temperature data mask the subtle changes in the
fluctuations around this trend, we need to detrend our dataset. Therefore, we
determine the mean temperature, 〈Th〉, for every hour, h, of the year; say 1
January 1am by averaging over all years in the time series. We then call the
difference ∆Ti = Ti − 〈Th〉 detrended temperature. The temperature records
from the Prague Klementinum contains three measurements at 7am, 2pm, and
9pm each day T07, T14, and T21 starting form 01/01/1775 to 03/31/2005. T7,
T14, and T21 were detrended separately by removing their empirical seasonal
trend. Then the detrended values were concatenated chronologically.
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Figure 7.2: DFA scaling exponent, α, of the wind strength changes in Post-
dam, Germany. Two year segments of the hourly wind strength data are
analyzed using DFA-2. The scaling function, F (n), was fitted in the interval
n ∈ [6, 100]. The error bars indicate the error of the linear fit of logF (n)
versus log n.

7.2.1.1 Detrended Fluctuations Analysis (DFA)

We analyze the hourly wind strength changes in non-overlapping segments of
2 years using the DFA-2 method (` = 2). The root-mean-square fluctuation
function, logF (n) versus log n is fitted with a linear function in the interval
n ∈ [6, 100] in order to find the scaling exponent, α. In Fig. 7.2, the scaling
exponent exhibits a systematic decrease over the last century. Stronger anti-
correlations in the wind strength changes, as indicated by a α < 0.5 on time
scales of 6 h to about 4 days, show that the wind strength has become less
persistent.
We observe a similar trend for the detrended temperature changes from Mt.

2 Data obtained from Deutscher Wetter Dienst (DWD) (http://www.dwd.de).
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Figure 7.3: DFA-2 scaling exponent, α for the detrended hourly temperature
changes at Mt. Washington, USA. The hourly temperatures were detrended
by subtracting the empirical seasonal trend and then we computed forward
differences. Segments of 2 years were analyzed using DFA-2. The scaling func-
tion, F (n) was fitted in the interval n ∈ [6, 100]. The error bars indicate the
error of the linear fit.

Washington (Fig. 7.3) and the Prague Klementinum (Fig. 7.4). The DFA-2
scaling exponents, α, of detrended temperature changes 2-year segments in Fig.
7.3 are around 0.74. Detrended temperature changes are positively correlated
in contrast to the wind strength changes in Fig. 7.2 which were slightly anti-
correlated. Nonetheless we again observe a significant decline over the past
75 years. The detrended temperature changes at the Klementinum in Prague
are strongly anti-correlated with an average DFA-2 scaling exponent around
0.37. The scaling exponent in Fig. 7.4 characterizing the time series on scales
of 2 to approximately 23 days shows a significant decline over the last 200 years.
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Figure 7.4: DFA-2 scaling exponent, α, for the detrended temperatures
changes at the Prague Klementinum, Czech Republic. The scaling function,
F (n) was fitted in the interval n ∈ [6, 70].

7.2.1.2 Fractal Dimension

The fractal dimension analysis of the wind strength in Fig. 7.5 shows a sys-
tematic increase of the fractal dimension for time scales up to approximately
9 h. From a geometric perspective the wind strength time series has become
slightly rougher in the course of the last century. The fractal dimension of
the detrended temperature changes from Mt. Washington (Fig. 7.6) and the
Prague Klementinum (Fig. 7.7) also exhibits a stable increasing trend.
For fractional Brownian Motion (fBM) the analytic relationship between the

fractal dimensionD and the power-spectrum exponent, β, isD = 1
2 (5− β) [44];

from equation (2.24) followsD = 3−α. For more complicated (non-stationary)
processes the methods mentioned above may perform slightly different. For
the hourly temperature at Mt. Washington the cross-correlation coefficient
between DFA-2 scaling exponent, α, and the Fractal Dimension, D is cα|D =
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Figure 7.5: Fractal dimension, D, of the wind strength in Postdam, Ger-
many. Two year segments of the hourly wind strength data are analyzed. The
scaling function, L(k), was fitted in the interval k ∈ [0, 9] to obtain the fractal
dimension, D.

−0.95. Since the fractal dimension is derived from the hourly detrended tem-
perature but the DFA-2 scaling exponent is calculated from the hourly de-
trended temperature changes we roughly observe D ≈ 2− α when comparing
Fig. 7.2 with Fig. 7.5, Fig. 7.3 with Fig. 7.6 and Fig. 7.4 with Fig. 7.7.

7.2.1.3 Memory Kernel Analysis (MKA)

Next, we use the memory kernel analysis (MKA) to find the memory kernel,
Ki, for the wind strength changes in each non-overlapping 2-year segment. One
advantage of this method is that it does not assume a fractal temporal structure
in the data compared to DFA and FDA. In Fig. 7.8, the accumulated memory
kernel, Qτ =

τ∑
i=0

Ki, of the wind strength changes in Postdam is presented.
For a Markovian process Qτ would jump up from Q0 = 0 to a fixed value at
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Figure 7.6: Fractal Dimension, D, for the detrended hourly temperature at
Mt. Washington, USA. The hourly temperatures were detrended by subtract-
ing the empirical seasonal trend. Segments of 2 years were analyzed. The
scaling function, L(k) was fitted in the interval k ∈ [0, 20]. The error bars
indicate the error of the linear fit.

τ = 1. The slow increase of Qτ over a time-scale of approximately one day is
due to a positive memory kernel and therefore indicates anti-correlation. The
faster the Qτ reaches a stable plateau value the faster the system ’forgets’ its
history. This is also illustrated by decreasing contour lines in Fig. 7.9.

The cumulated memory kernel, Qt, of the detrended hourly temperature
changes at Mt. Washington calculated for non-overlapping windows of 2 years
is shown in Fig. 7.10. Figure 7.11 shows the cumulated memory kernel, Qt,
derived from the temperature record in Prague Klementinum.

In Fig. 7.12 and 7.13, the contour lines observe a decreasing tendency indi-
cated by the linear fitting lines with negative slope. This is another indication
that the temperature changes have become more Markovian.
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Figure 7.7: Fractal Dimension, D, for the detrended temperatures at the
Prague Klementinum, Czech Republic. The scaling function, L(k), was fitted
in the interval k ∈ [0, 16].

All three methods DFA, FDA, and MKA indicate that wind strength dy-
namics have become less persistent, more Markovian, more chaotic, and less
predictable over the last century. This observation is consistent with observa-
tions of more frequent extreme events like storms and heat days.

7.3 Conclusions

We proposed a new dynamic measures to quantify climate change in the frame-
work of complex systems. A consistent picture emerges from the investigation
of changes in climate dynamics at three meteorological stations based on three
different dynamical measures but further studies are still needed to confirm
our results on a larger number of meteorological stations. All three measures
at all three stations amicably show that our climate has become increasingly

73



Chapter 7 Dynamical Measures of Climate Change

1.1
1.2
1.3
1.4
1.5

1.45
1.35
1.25
1.15

1900 1920 1940 1960 1980 2000
Year

5

10

15

20
τ 1.1

1.2
1.3
1.4
1.5

1900 1920 1940 1960 1980 2000
Year

5

10

15

20
τ 1.1

1.2
1.3
1.4
1.5

1900 1920 1940 1960 1980 2000
Year

5

10

15

20
τ

Figure 7.8: Cumulated memory kernel, Qτ =
τ∑
i=0

Ki, of the wind strength
changes in Postdam, Germany. Notice that there are two major gaps in the
data: Years 1918-1923 are missing and the years 1971–1991 are unusable due
to different precision.

more erratic and unpredictable over the past century. The fractal dimension
tends to increase, whereas the DFA scaling exponent has a tendency to de-
crease indicating a loss of correlations, and the memory kernel became more
δ-function-like indicating a faster and ’hotter’ dynamics. These observations
are in agreement with other studies reporting increased number of extreme
events such as hurricanes, heat days, dry days, etc. For the urban stations
(Prague and Potsdam) urbanization and change of land use might have con-
tributed to the measured effect but this is not an issue for Mt. Washington.
The observed changes in the proposed dynamical measures may further be

used to validate and improve local and global climate models.
In recent years climate data has also been collected from other planets in

our solar system. Besides Jupiter and Saturn, which produce their own heat, it
would be extremely interesting to study their weather records from a dynamical
perspective. Comparing the evolution of the climate on other planets with the
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Figure 7.9: Selected contour lines from figure 7.8 fitted with straight lines.

evolution of the earth’s climate one might also be able to elucidate the role of
mankind in contrast changes in the activity of the sun.
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Chapter 8

Single-Molecule Spectroscopy1

We numerically derive the memory function2 from the time series of LH2
optical single-molecule fluorescence excitation spectra of Rhodospiril-

lum molischianum for the optical intensity. There is evidence that the time
dependence of the excited states is determined by at least three different non-
Markovian stochastic processes with decay constants for the Mori-Zwanzig
kernel on the order of 1 to 5 min−1. We suggest that this decay stems from
the conformational motion of the protein scaffold of LH2.

8.1 Introduction

The first optical single-molecule experiments were performed in the late 1980ies [80,
81] on pentacene molecules in p-terphenyl crystals at liquid-helium tempera-
tures. Thereafter, the method has also been applied to investigate biological
systems at ambient conditions. It allows to investigate spectroscopic proper-
ties as well as the time evolution of a particular single molecule fixated in a
condensed matrix. The method avoids ensemble averaging and thus avoids av-
eraging out specific properties associated with the time evolution of processes
specific for a molecule at a given site.
Our theoretical investigations in this paper are based on data of the B800

system of the LH2 light-harvesting complex from Rhodospirillum molischi-
anum presented and discussed in [82], see Fig. 8.1. In contrast to many other
1 This chapter borrows from [78, 79].
2 In terms of the Mori-Zwanzig equation.
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(a) 7700 experimental spectra. (b) Time average over all spectra
(upper curve), and spectra of three
consecutive single scans.

Figure 8.1: Experimental data (Figures courtesy of J. Köhler).

single-molecule experiments in biological systems, these data were obtained at
liquid-helium temperatures. The advantage of low temperature experiments
is that photobleaching of the pigment-protein complex is negligible. Instead
of single-molecule detection, the reduced bleaching allows for single-molecule
spectroscopy. The data in Fig. 8.1 [83] are obtained by scanning the excitation
laser at a rate of 50cm−1s−1 with a resolution of 0.5cm−1. The time necessary
for one scan is of the order of 1 minute.
The structure of the LH2 light-harvesting complex is well known from X-ray

structure investigations [84, 85]. The basic building block of the LH2 complex
is a protein heterodimer binding three BChl a (Bacteriochlorophyll a) pigments
and one carotenoid molecule. In the case of Rhodopseudomonas acidophila and
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Rhodobacter sphaeroides nine such building blocks are put together to a ring
forming the LH2 complex, in the case of Rhodospirillum molischianum the LH2
complex consists of eight building blocks. In the LH2 complexes the BChl a
molecules are arranged in two layers on top of each other. One layer contains
pairs of BChl a molecules (18 or 16) absorbing at 850 nm, the other layer
contains single BChl a molecules (9 or 8) absorbing at 800 nm. In recent years
the energy transport and the optical absorption line shape of the LH2 complex
has been investigated (see [86, 87, 88], and references therein). A microscopic
stochastic model for single-molecule spectroscopy was developed in [89, 90].
For a review see [91].

The purpose of this paper is different from the investigations mentioned in
the previous paragraph. We start from the experimental data given in [82, 83].
These fluorescence-excitation spectra of a single LH2 complex represent a
three-dimensional data set where the dimensions correspond to the time t,
the excitation energy ~ω, and the fluorescence intensity J(t, ω), i.e., we have a
time series of single molecule excitation spectra. Since the electron dynamics
of the observed molecule is sufficiently fast, we may assume that the processes
leading to the fluorescence and the processes describing the configurational re-
arrangements of the molecule can be separated. Thus, the time-dependence of
the fluorescence intensity J(t, ω) is assumed to stem from the time-dependence
of the configuration C of the whole pigment-protein complex and its environ-
ment

J(t, ω) = Jω [C(t)] = Jω [y1(t), y2(t), ..., yn(t), ...] (8.1)

where the configuration C = {y1(t), y2(t), ..., yn(t), ...} represents the set of all
degrees of freedom characterizing the dynamics of the investigated molecule.

The aim of the following sections is to perform a time series analysis of
the single molecule excitation spectra, i.e., to reconstruct from the given time
series of the frequency-dependent intensities J(t, ω), the corresponding evolu-
tion equations (Mori-Zwanzig equation), especially it memory kernel, in order
to obtain deeper insight into the characteristic properties of the molecular
dynamics of the protein complex. The paper is structured as follows: In the
subsequent section we give a brief summary of the concept of the Mori-Zwanzig
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equations. In Section 8.3 we estimate the memory kernels of these equations
from a given time series of experimental observations, and end finally with
some concluding remarks in Section 8.4.

8.2 Mori-Zwanzig-Theory

The complete dynamics of the total number of degrees of freedom {xi} is
formally given by the classical or quantum equations of motion

ẋi = {H, xi} = −L̂xi (8.2)

where H is the Hamiltonian of the system and its environment, and L̂ =
{H, ...} is the so called Liouvillian, defined on the basis of the Poisson or
commutator brackets. The solution of these equations of motion gives the
time-evolution of all degrees of freedom. Frequently, one is not interested
in the knowledge of the total number of degrees of freedom, but only in the
information on the so-called relevant ones. The Mori-Zwanzig formalism allows
to derive equations for the relevant variables only. In the investigations of
this paper we are interested in the analysis of the time dependence of the
fluorescence excitation spectra. Here we define as relevant variables the time
and frequency dependent fluorescence intensities Jω(t) observed for a set of
frequencies (called channels) {ω1, ω2, ...}

Jω(t) = 1
στ

ω+σ/2∫
ω−σ/2

dω′
t+τ/2∫
t−τ/2

dt′ Ṗ (ω′, t′)E (ω′, t′) (8.3)

with the time and frequency dependent electric field E (ω′, t′) = E0 (ω′) exp (iω′t′)
and the polarization P (ω′, t′). In particular, (8.3) considers both, a finite time
window of width τ for the Fourier transformation and a finite frequency win-
dow of width σ in order to perform a moving average of experimental data with
respect to the frequency. These quantities form the set of relevant variables.
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Their dynamics is described by the evolution equations in the sense of (8.2)

J̇ω = {H, Jω} = −L̂Jω (8.4)

Due to the Liouvillian L̂ these equations still contain the non-observed degrees
of freedom {yi} of the configuration C which are usually denoted as irrelevant
quantities. The Mori-Zwanzig Theory [52, 53, 54] provides a projection for-
malism eliminating the irrelevant quantities from the evolution equations. In
our case, the obtained Mori-Zwanzig equations describe the evolution of the
remaining relevant variables, Jω(t),

dJω(t)
dt = Ω(ω)Jω(t)−

t∫
t0

dt′K(ω, t− t′)Jω(t′) + Fω(t, t0). (8.5)

The equations (for all frequency channels) have a term local in time, Ω(ω),
denoted as frequency term, a term non-local in time K(ω, t − t′), called the
memory term and and the residual force, Fω(t, t0). The latter term contains
the dynamics of the irrelevant degrees of freedom and may be interpreted as
a quasi-stochastic driving term similar to the Wiener process in an Ito or
Stratonovich stochastic differential equation. We remark, that the residual
forces depend on both the current time t and the initial time t0. This state-
ment is a consequence of the hidden dependence of Fω(t, t0) on the irrelevant
degrees of freedom which, on the other hand, define especially the initial con-
figuration of the underlying complex system. The mathematical structure of
(8.5) demonstrates that the evolution of the relevant variables in the past effect
the present state and is a typical feature of all complex systems. Moreover the
residual forces, Fω(t, t0), and the memory kernel, K(ω, t − t′), are connected
by the fluctuation dissipation theorem

H−1
ω 〈Fω(0)|Fω(t)〉 = K(ω, t) (8.6)

In this equation 〈Fω(0)|Fω(t)〉 is the two-times correlation function and Hω

is the correlation coefficient Hω = 〈Jω|Jω〉. In the quantum case the angular
brackets stand for the Mori product [55] which reduces in the classical case to
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the ensemble average. The relation (8.6) may be interpreted as a generalized
representation of the δ-correlated Wiener processes observed in stochastic dif-
ferential equations with classical white noise terms. Since the memory kernel
is connected to the correlation function of the residual forces it also contains
information on the degrees of freedom in the bath which cannot be observed
directly.
Equations (8.5) is an exact relation. The reconstruction of Ω(ω) and K(ω, t)

requires only the time series for the intensity of a single frequency. As a
consequence, the memory K(ω, t) and the frequency Ω(ω) obtained on the
base of (8.5) allow no statement about the coupling between the intensities
Jω(t) for different frequencies ω and ω′. Such an information is only available
from the analysis of the Mori-Zwanzig matrix equation. We remark, that an
appropriate investigation of such a matrix equation would require much larger
data sets as are available in the present case, using the data presented in [83].
Obviously, the knowledge of the memory terms allows us to discuss the dy-

namics of the set of relevant variables quantitatively. There are two possible
ways to obtain the memory terms: First, we may compute Kω(t) on the basis
of an appropriate model or, second, we estimate the memory from experimen-
tal data. There exist only very few examples in which the memory kernel
has been calculated exacly for a microscopic model [92]. Generally this way
requires the consideration of several assumptions about the complex systems
and the application of partially uncontrollable mathematical approximation
methods. The alternative way requires sufficiently large time series obtained
from the detailed observation of the molecular system. This data can be used
to calculate the coefficients and functions of the Mori-Zwanzig equation by a
suitable numerical algorithm [51]. The calculation becomes the more accurate
the longer the time series.

8.3 Data Analysis

As mentioned, for the following data analysis we focus on the Mori-Zwanzig
equation (8.5) with only one relevant observable Jω(t).
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The frequency (wavenumber) spectrum from 12200cm−1 to 13000cm−1 was
resolved with 1552 channels. Because the counting rates in each channel are
very sparse we employed a moving average over a certain interval of frequency
channels. That means, the original intensities were replaced by the above
introduced moving averages over a small set of neighbored frequencies. In
our case, the interval σ considers 21 frequency channels. This way, we traded
frequency resolution for intensity. Here the time evolution of each preaveraged
intensity Jω(t) is considered independently and analyzed with the algorithm
based on (8.5) and described in [51].

Using this algorithm, the memory kernel K(ω, τ) for each wavenumber was
calculated within a time scale τ of 300 time units. Here, one time unit corre-
sponds to the total time which is necessary for a complete scan of one frequency
spectrum. The experimental situation requires that the time unit has a length
of approximately 1 minute. In Fig. 8.2 the memory kernel for each wavenum-
ber is presented over a time interval τ ≤ 20. A first consideration shows that
the memory kernels – independently from the frequency – have an apparent
relatively fast decay (τ ≤ 5) followed by weak fluctuations around zero, so
that K(ω, τ) ≈ 0 for τ > 5. The three main frequencies which seem to be
important for the further investigations are: f1 = 12266 cm−1, f2 = 12526
cm−1 and f3 = 12845 cm−1. These frequencies correspond to local maxima in
the time averaged intensity spectrum,

Jω = 1
T

T∫
0

Jω(t)dt (8.7)

(see the uppermost curve of Fig. 8.1b). Furthermore, we have marked the
dark frequency fnoise = 12381 cm−1 which is representative for all intensities
corresponding to the weak background signals. Fig. 8.2 (see also Fig. 8.4)
suggests that the decays of the memory kernels for the main frequencies f1

and f2 seem to be similar, while the decay at the third main frequency, f3,
shows some differences.

Fig. 8.3 shows the decay of the memory kernel for the background signal
at fnoise. Obviously, this function may be fitted nicely by a single exponential
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Figure 8.2: Memory kernels, K, determined for 1552 wavenumbers of the
interval between 12200cm−1 and 13000cm−1.

decay with a decay constant of b ≈ 1.5 min−1 . The only remarkable difference
between the fit and the memory kernel occurs for τ = 0. As shown in [51],
this difference at τ = 0 is simply the dynamical frequency Ω(ω) in (8.5).
The behaviour of the memory function for fnoise is representative for all the
other memory kernels at frequencies far from the three main frequencies f1, f2

and f3. We suppose that the background memory, Kback(ω, τ) = K(fnoise, τ),
contains the dynamics of the glass matrix (i.e. of the host system polyvinyl
alcohol (also called polyvinyl acetate and abbreviated PVA) and electronic
noise. From Fig. 8.4 it is obvious that the memories for the first two main
frequencies, f1 and f2 show a more or less similar dependence on the time
while the memory of the third main frequency, f3, is well distinguished from
this behaviour. Despite this difference the decay of the memory for the three
frequencies is also of the order of a few min−1. Fig. 8.4 shows also the large
fluctuations of the kernels due to the limited number of available experimental
data. We argue that the memory function should reflect the actual dynamics
of the close (protein) environment around the optically sensitive centers of the
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Figure 8.3: Memory kernel, K, for the dark frequency fnoise. The smooth
exponential decay suggests dominating fast processes.

light harvesting complex LH2.

8.4 Concluding Remarks

In summary, we showed that the analysis of the time series of single-molecule
spectroscopy allows to reconstruct the memory function of the Mori-Zwanzig
equation. This method represent a new approach to the evaluation of single
molecule investigations. Because the time series represents a non-averaged
data set for a single molecule, from its analysis information on the dynamics
of the environment of the molecule can be derived. In the fluorescence exci-
tation spectra presented here, we identified at least three different dynamics.
First of all, the intensities of two of the three main frequencies observe a sim-
ilar behavior so that we may conclude that they are coupled with the same
dynamical process, whereas the intensities of the third main frequency shows
qualitatively different dynamics. In the three situations the decay constant of
the memory kernel is of the order of one to a few min−1. This indicates that
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inset shows the data with enlarged K-axis

for the decay of the memory not fast vibrational motions, but slow changes
of the configurations of the protein scaffold are responsible. Additionally, we
could identify a process, fnoise, with the fastest decay of the memory kernel.
We believe that it stems from the dynamics of the host system, PVA, and the
noise of the experimental setup.
The large fluctuations in the results obtained show that for a more detailed

analysis considerably larger experimental time series data are necessary. The fi-
nite decay times of the kernels derived from the experimental data support two
generalizations of the well established stochastic exciton model of Haken-Strobl
and Reineker [93, 94]. In this model the stochastic processes are described by
independent, δ-correlated (Wiener) processes. The observed memory effects
justify the replacement of the δ-correlated processes by processes with finite
correlation function decay time (see e.g. [87]). Furthermore from the relation
between the time-behavior of the memory function for f1 and f2 a correlation
between the stochastic processes is suggested. Models for such processes have
been discussed in [88]. As challenge for future investigations we mention that
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in addition to the description of related experiments by the memory kernels
derived from the fluorescence excitation data, memory kernels derived from
experimental data can be used to determine the parameters of microscopic
models used to derive the Mori-Zwanzig equation.
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Chapter 9

Financial Markets1

9.1 Financial Time Series

In this section we analyze minute data from the DAX2. Let xt be the closing
prices of each one minute time interval. Periods in which no trading took

place are cut out. As a results overnight intervals or holidays for example are
also treated as a 1min bin. We found that the following results are robust to
the exclusion of overnight intervals or the exclusion of after-hour trading data.
Next, we define the common logarithmic price changes defined in equation
(9.1)

ξt = ln xt
xt−1

= ln xt − ln xt−1 (9.1)

The correlation time of logarithmic price changes, ξt, in liquid markets has
decreased over the last centuries [96] and is usually in the order of the time
resolution. Thus in terms of the efficient market hypothesis, existing corre-
lations would immediately be exploited by trades to earn money and would
therefore vanish. It is usually impossible to resolve a detailed structure in the
autocorrelation function, 〈ξ|ξ〉, of logarithmic price changes. Therefore, we
analyze the absolute value, V = |ξt|, as a measure of volatility and the sign,

1 This chapter borrows from [51].
2 Data obtained from:

http://www.fin-rus.com/analysis/export/_eng_/default.asp [95]
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sign(ξt), of the logarithmic price changes, ξt, separately.

ξt = |ξt| sign(ξt) (9.2)

We defined the sign(x) function in a completely symmetric way.

sign(x) =


1 : x > 0
0 : x = 0
−1 : x < 0

(9.3)
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Figure 9.1: DAX time series. Minute data form 13:59 16.02.2001 to 19:37
21.02.2005. The top panel shows the price xt and the bottom panel the loga-
rithmic price fluctuations ξt.

Using the algorithm described above we can find the memory kernel and
the frequency of the MZ equation; in this way describing the evolution of the
absolute logarithmic price changes, V . Figure 9.2 shows the autocorrelation
function and the memory kernel of the absolute logarithmic price changes on
the minute time scale. It is well known that the autocorrelation function of
the volatility is long-range correlated [97]. We see long-range correlations as

92



9.1 Financial Time Series

well but here we focus on the analysis of the memory kernel in the moderate
time regime.
In Fig. 9.2(b), we use the difference between K̃0 and K0 to determine the fre-

quency, Ω = 0.4967821. Besides for t = 0, Kt and K̃t cannot be distinguished.
The absolute square difference of Kt and K̃t, t ∈ 1, 2, .., 100, is 1.85 × 10−10.
This shows again that relation (4.3) holds our algorithm works consistently.
When the memory kernel, Kt, is very small for times larger than 20min,

erratic fluctuations make it is hard to decide if there is a significant difference
from zero. Hence, analyzing the cumulated memory kernel, Qt, is helpful
since systematic differences from zero accumulate. Furthermore, the cumulated
memory kernel can be interpreted as a viscous friction coefficient in the sense
of a Markov approximation of the MZ equation.
Figure 9.3 shows the cumulated memory kernel. Interestingly, the cumula-

tive memory kernel almost vanishes after approximately 30 min, meaning that
if we look at longer time scales, V , seems to diffuse freely.
In order to obtain the memory kernel for larger time lags we again use the

master technique discussed in the previous section. The master-plots (Fig. 9.4)
contain the cumulated memory kernels, Q(n)

t for n ∈ {1, 2, 4, 8, 16, . . . , 256}.
See Section 4.2 for a more detailed description of the master technique.
The master technique works very well for the volatility of a variety of dif-

ferent stock indices (Fig. 9.4). Generally, one observes that the cumulated
memory kernel decays to almost zero within half an hour. Oscillations then
start again on the daily timescale. Negative peaks indicating driving effects
occur for time lags of multiples of 1 trading day. The pattern between 1 and
2 tradingdays is very similar to the pattern between 2 and 3 tradingdays etc.
However daily patterns do differ from stock index to stock index. For very
large time lags the envelope of these oscillations becomes narrower. Hence the
system ’forgets’.
Let us now investigate the sign of the logarithmic price changes, sign(ξ).

Looking at the memory kernel of the sign(ξ) from the DAX in Fig. 9.5 one
clearly recognizes that the first 17 data points are above zero. The price dy-
namic seems to ’remember’ the sign of the price change for at least 17 min. For
larger time lags the impression that most of the points are below zero (repulsive
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memory) can more clearly be seen when Kt is accumulated (Fig. 9.6(a)).
To investigate longer lasting memory effects in the dynamics of the sign we

look at the accumulated memory kernel, Qt = ∑t
i=0Ki in Fig. 9.6. All accu-

mulated memory kernels decay nicely. In order to estimate a rough timescale
we fitted with an exponential decay. Surprisingly, we find that apart from the
short time behavior (approximately 17 min) discussed above memory effects of
2 to 7 days are present in the dynamics of the sign. To our knowledge, mem-
ory effects in the dynamics of the sign on such time scales have never been
reported.

9.2 Conclusions

In this paper, we presented an algorithm to empirically determine all compo-
nents of a Mori-Zwanzig Equation for one observable of a complex system from
one time series. For a complex system this is usually the only accessible real-
ization of the process. The generalization of the algorithm to the multivariate
case is always possible and will be presented in a subsequent paper.
The algorithm was applied to the financial data of major stock indices. In

both cases we analyzed directional variables and amplitudes. The directional
variable in the case of the wind data is direction change and in the case of the
financial data, the sign of the price fluctuation. The amplitude in the case of
the wind data is the change in wind strength. In the case of the financial data
it is the volatility.
For financial time series, the memory kernel of the volatility is pronounced

at short time scales (approximately 10 min). For intermediate time lags (up to
0.5 tradingdays) approximately zero. In contrast, we observe daily periods up
to 10 tradingdays characterizing the long term behavior of the memory. The
fact that the daily oscillations decay for longer time lags indicates that the
numerical truncating error and the finite length of the time series have not yet
taken over.
Another surprising result is that apart form the fast short-time decay of the

memory kernel of the signs, we find an additional long range decay in the order
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of several trading days.
As expected shuffling of the original datasets results in vanishing memory

effects. The results for the financial data were found to be robust to the
exclusion of overnight intervals and the exclusion of after-hour trading data.
In principle the presented algorithm can be applied to a wide range of time

series. We demonstrated that the analysis of the memory kernels is an alter-
native method apart from the standard analysis of correlation functions which
often leads to different insights into the dynamics of complex systems.
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Figure 9.2: Autocorrelation function, 〈V |V 〉, Memory kernel, Kt and K̃t, of
the DAX volatility. The elementary time unit is 1 min.
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(b) Mastered cumulated memory kernel, Kt,
of the MICEX
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(c) Mastered cumulated memory kernel, Kt,
of the FTSE
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of the NASDAQ

Figure 9.4: Masterplots of cumulated memory kernels of the absolute loga-
rithmic price changes, V , form different stock indices. Inserts show a close-up
of the oscillations. Vertical lines indicate 1 day, 2 days, 3 days, 4 days. Notice
that hours traded per day are different for each stock exchange. The mas-
ter technique is analog to the one used figure 6.4 (See text for details).The
elementary time unit is 1 min.
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Figure 9.6: Cumulated memory, Qt, of the sign(ξ) form different stock in-
dices. In order to estimate a typical time length where memory effects exsist
an exponential function was fitted. The elementary time unit is 1 min. Notice
that hours traded per day are different for each stock exchange.
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Chapter 10

Sleep-Stage Dynamics

10.1 Introduction and Motivation

There are different theories about why animals and humans need to sleep, but
none of them is quite satisfactory. Nonetheless, sleep is very important for
higher organisms and especially humans. There is growing evidence that sleep
aids immune function [98], memory consolidation [99], learning [100, 101], and
organ function. There is a strong evidence for correlation between sleep and
productivity [102]. Modern life styles with extended work hours, “always-on”
global communications, and frequent travels across time zones, make it in-
creasingly difficult for many people to maintain healthy regular sleep patterns.
Sleep is very important for overall health, safety, and productivity. Under-
standing sleep and treating sleep disorders is of importance for individual and
public health, and has a major economic impact on society through improving
the efficiency and productivity of the work force.
It has been found that the ability to sustain attention is related to the total

amount of sleep humans have had over several days [103]. If subjects sleep
at least 8 hours a night, their level of alertness remains stable throughout the
day. However, in case of sleep disorders or much less than 8 hours of sleep
for several days, a sleep deficit builds up, which impairs brain function. An
average of 4 hours of sleep a night for 4 or 5 consecutive days leads to the
same level of cognitive impairment as 24 hours of continuous wakefulness [104]
— equivalent to legal drunkenness with a blood alcohol level of about 0.1%.
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Within 10 days, the level of impairment is the same as one would have after 48
hours without sleep. This greatly lengthens reaction time, impedes judgement,
affects short- and long-term memory, diminishes ability to focus, and interferes
with problem solving and spatial orientation. Similar to a drunken person, a
person who is sleep deprived has no idea how functionally impaired he or she
actually is. For example, hospital interns who had been scheduled to work
for at least 24 consecutive hours have been found to show a 61% increase in
stabbing themselves with a needle or scalpel; their risk of crashing a motor
vehicle increased 168% [105].

10.1.1 Healthy Sleep Regulation

Major factors of healthy sleep regulation involve:
1. Homeostatic drive for sleep at night — determined largely by the number

of consecutive hours that we have been awake. Throughout the waking day,
human beings build up a stronger and stronger drive for sleep. When the
homeostatic pressure to sleep becomes high enough, a couple thousand neurons
in the brain’s “sleep switch” are activated and people fall asleep.
2. Circadian phase — the time of the inner clock time in the human body

that modulates a multitude of physiologic functions. This neurological timing
device called the “circadian pacemaker” works alongside but – paradoxically
– in opposition to the homeostatic drive for sleep. The circadian pacemaker
sends out its strongest drive for sleep just before we habitually wake up, and
its strongest drive for waking 1 – 3 hours before we usually go to bed, when
the homeostatic drive for sleep peaks. This has to do with the fact that, unlike
other animals, humans do not take frequent catnaps throughout the day. The
circadian pacemaker may help humans to stay awake throughout the day in one
long interval but at the same time allows for consolidated sleep at night [106].
Under healthy conditions, the rise in the sleep-facilitating hormone melatonin
will then quiet the circadian pacemaker, 1 – 2 hours before our habitual bed-
time, enabling the homeostatic sleep drive to take over and to allow falling
asleep. As homeostatic drive dissipates midway through the sleep episode, the
circadian drive for sleep increases towards morning, maintaining our ability to
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obtain a full night of sleep. Normally, these two mutually opposing processes
work together, facilitating alertness throughout the day and promoting a solid
night of sleep.
3. Sleep inertia — the grogginess most people experience when they first

wake up. The part of the human brain responsible for memory consolidation
does not function well for 5 to 20 min after wake-time, and does not reach
its peak efficiency for a couple of hours. There is a transitional period from
wake-time to the time the brain is fully functional.

10.1.2 Sleep in Elderly

Sleep in elderly is generally more fragmented compared to young subject [107].
Elderly subjects are more easily awakened by disturbances, such as noise from
the external environment. Moreover, the risk of suffering sleep disorders,
such as restless leg syndrome, insomnia, and sleep apnea, increases with age.
Chronic sleep restriction increases levels of appetite and stress hormones; it
also reduces the body’s ability to metabolize glucose and increases the pro-
duction of the hormone ghrelin, which makes people crave carbohydrates and
sugars [108]. This in turn increases the risk of obesity, which in turn raises
the risk of sleep apnea, creating a vicious cycle. The epidemic of obesity in
the U.S. and elsewhere may be related to chronic sleep loss. Further, sleep-
disordered breathing increases the risk of high blood pressure [109] and heart
disease. A possible reason could be the strain of starving the heart of oxygen
many times per hour throughout the night. With increasing age the circadian
window during which we maintain consolidated sleep, also narrows. For this
reason air travel across time zones and shift work becomes more difficult for
elderly people.

10.1.3 Sleep Research

Over the last hundred years sleep research has focused on epidemiological stud-
ies of how different factors affect sleep and how sleep influences other physi-
ologic and cognitive functions. Phenomenological studies at the system level,
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based on EEG and other polysomnographic recordings, have been extensively
used to identify sleep stages and to quantitatively assess sleep. These inves-
tigations have identified major factors of sleep regulation, such as the home-
ostatic sleep drive, sleep inertia, and circadian rhythms (see Section 10.1.1).
Phenomenological oscillatory models have been developed to account for the
diurnal and circadian sleep patterns at scales of hours and days. However, the
complex dynamics of sleep stage transitions and arousals during sleep which
occur at time scales of seconds to hours (micro-architecture) is not yet under-
stood. In fact, polysomnographic recordings exhibit time structures of sleep
stages and arousals which are more complex than the close to oscillatory be-
havior that is predicted by current models [110].

In the last decade, an increasing number of studies have focused on biochem-
ical pathways, gene expression, and cell-signaling circuitry between sleep- and
wake-promoting neurons, in order to gain a better understanding of the pro-
cesses involved in sleep regulation at the cellular (“microscopic”) level of the
processes involved in sleep regulation [111, 112, 113]. While this line of research
can identify biochemical and genetic links (e.g., orexin suppression) responsi-
ble for maintaining specific sleep stages, and can also provide models for sleep
disorders, it says little about the nature of the dynamics and the mechanisms
leading to arousals and sleep stage transitions. For example, orexins (hypotha-
lamic peptides) are known to help promote and maintain wakefulness, and are
essential regulators of REM sleep; pharmaceutical blockade of the orexin re-
ceptors induces narcolepsy syndromes. Still, these types of investigations at
the microscopic level do not help yet to understand the mechanisms behind
the complex temporal organization of sleep stage transitions and arousals that
occur at relatively short time scales from seconds to hours. Here, we investi-
gate the statistical distribution of sleep stage and wake durations throughout
the habitual night.
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10.2 Data and Methods

We analyze 28 polysomnographic recordings obtained from 14 young subjects
(average age 33.5 years; youngest 23; oldest 43; 7 males; 5 females) during two
consecutive nights of sleep in controlled laboratory conditions from the SIESTA
project [114]. Continuous EEG signals were recorded during the habitual sleep
periods of≈ 8 h. Sleep stages were annotated in 30 sec epocs following standard
procedures [115].
We compare the results of the young group from the SIESTA database with

healthy elderly subjects and demented subjects from the Sleep Heart Health
Study (SHHS) database. Full details of the SHHS study design and cohort are
provided in [116, 117]. Details about obtaining the ECG and polysomnographic
recordings are outlined in [118]. Sleep apnea episodes were annotates, and
heart rate data during apnea (obstructive and central) were excluded from
our analysis. From the SHHS database we selected a subset of 29 subjects
(8 males; 21 females) average age of at the first recording 75.9 years (youngest
72; oldest 84). The recordings were repeated 5 years later when the subjects
were again screened and categorized as healthy.
The demented group consists of 6 recordings from 5 subjects (3 male, 2 fe-

male). The average age at the time of recording was 81.7 years (youngest 77;
oldest 88).

10.3 Results

We calculate the cumulative distribution of durations, defined as

F (d) ≡
∞∑
t=d

p(t) , (10.1)

where p(t) is the discrete probability density function of durations t measured
in epocs (30 sec). For the wake state the F (d) follows a power-law distribution
(see Fig. 10.1),

F (d) ∼ dγ . (10.2)
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With advanced age and cognitive impairment, we observe pronounced de-
viations from this power-law behavior. For the elderly and even more so for
the demented group F (d) deviates from this power-law form. Short wake seg-
ments, between 1 and 5min, become less likely, whereas long wake segments,
longer than approximately 7 min become more likely.
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Figure 10.1: Cumulative probability distributions F (d) of wake durations
during 8 h of sleep opportunity for a young, elderly, and demented group.
Durations of wake segments are measured in units of 30 sec. For example F (d =
10) denotes the probability that a wake segment lasts 5min or longer. For the
young group, F (d) closely follows a power-law F (d) ∼ dγ with an exponent
γ ≈ 0.84. For the elderly and even more so for the demented group F (d)
deviates from this power-law form. Short wake segments, between 1 and 5min,
become less likely, whereas long wake segments, longer than approximately
7 min become more likely (indicated by the two arrows).

Combining all sleep stages to one state sleep, we find, in contrast to the
wake state, that the data for (d > 10 epocs = 5 min) exhibit an exponential
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behavior (see Fig. 10.2)

F (d) ∼ exp (d τ) = exp
(
d

T

)
. (10.3)

With advanced age and cognitive impairment the average duration of con-
secutive sleep becomes shorter. For the demented group, F (d) also deviates
substantially from the exponential form.
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Figure 10.2: Cumulative probability distributions F (d) of sleep durations
during 8 h of sleep opportunity for a young, elderly, and demented group.
Durations of segments are measured in units of 30 sec. Young people have an
average sleep segment duration of T ≈ 25 min, T ≈ 19 min for the elderly, and
the demented group exhibits an average wake segment duration of T ≈ 17 min.
The average sleep segment duration seems to anti-correlate with advanced age.

Even when we analyze sleep stages separately, we find an exponential behav-
ior in the cumulative distribution F (d) for each sleep stage. The cumulative
distribution F (d) for REM sleep (see Fig. 10.3) and for stage 4 sleep (see
Fig. 10.4) show the most pronounced differences between the groups.
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Young people have an average REM segment duration of ≈ 8 min, while the
demented group exhibits an average wake segment duration of ≈ 4 min. Com-
paring the log-linear plot (Fig.10.3 (left panel)) with the log-log plot clearly
shows that the behavior of F (d) cannot be described by a power-law (Fig. 10.3
(right panel)).
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Figure 10.3: Cumulative probability distributions F (d) of REM durations
during 8 h of sleep opportunity for a young, elderly, and demented group. Du-
rations of segments are measured in units of 30 sec. In contrast to the wake
segments (shown in Fig. 10.1), the REM sleep segments follow an exponen-
tial behavior F (d) ∼ exp(d τ). Young people have an average REM segment
duration of ≈ 8 min, while the demented group exhibits an average wake seg-
ment duration of ≈ 4 min. Comparing the log-linear plot (left panel) with the
log-log plot (right panel) clearly shows that the behavior of F (d) cannot be
described by a power-law.

For the young group, F (d) follows an exponential law F (d) ∼ exp(t τ) for
durations longer than 5min. In contrast, F (d) for the elderly group can be
better described by a power-law F (d) ∼ dγ. Stage 4 sleep durations become
very short and almost disappear in demented subjects — We only observed
few segments of 30 sec duration (Fig. 10.4 (left panel)) and no longer segments.

10.4 Discussion

Sleep regulation simultaneously generates sleep stages, the duration of which
follows an exponential process, as well as brief arousals during sleep with du-
rations distributed as a power-law. The simultaneous occurrence of these two
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Figure 10.4: Cumulative probability distributions F (d) of sleep stage 4 du-
rations during 8 h of sleep opportunity for a young, elderly, and demented
group. Durations of segments are measured in units of 30 sec. For the young
group, F (d) follows an exponential law F (d) ∼ exp(t τ) for durations longer
than 5min (left panel). In contrast, F (d) for the elderly group can be better
described by a power-law F (d) ∼ dγ (right panel). Stage 4 sleep almost disap-
pears in demented subjects — We only observed segments of 30 sec duration.

fundamentally different processes is a hallmark of (physical) systems which
exhibit self-organized criticality, (e.g., sand piles, seismic, and solar activity)
where quiet (“sleep”) periods are disrupted by relatively short active periods
(avalanches [119, 120], earthquakes [121], solar flares [122, 123]). While quiet
periods in these systems have exponential statistics with a well defined charac-
teristic time/size scale, the active periods follow a power-law and do not have
a characteristic scale (scale-invariant). The following section gives a short
introduction to the concept of Self-organized Criticality (SOC).

10.4.1 Self-organized Criticality (SOC)

The concept of Self-organized Criticality (SOC) was first introduced a decade
ago using a numerical model of a sand pile [3, 4]. As sand grains trickle on
a flat surface, a heap builds up and at a certain point, the trickle that falls
onto the topmost edge of this heap begins to trigger landslides (avalanches)
down the sloping edge. There is an angle of maximum stability, at which an
infinitesimal increase in the angle of the slope will trigger an avalanche. When
the avalanche has finished, the slope of the grains in the pile will have decreased
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to the angle of repose, at which point the sand pile is stable again. So, the
slope of a granular heap fed with grains from above remains at the angle of
repose.

In the past decade, it has become clear that this everyday structure is sur-
prisingly complex. The mass and profile of such piles are subject to continuous
fluctuations, as grains are added at the top and landslides remove grains from
their slopes. Studies of the way in which sand piles maintain their shape while
executing these fluctuations have led to a whole new field of research in non-
equilibrium science and pattern formation. There is also evidence that the
phenomena of SOC in real piles of granular material is not quite as robust as
initially assumed [120]. The pile builds up unevenly, so that its slope varies
from place to place, but nowhere can the slope exceed the angle of maximum
stability, the critical slope at which the avalanche takes place. If a single ad-
ditional particle tips the slope locally above this critical value, a landslide is
induced which again reduces the slope everywhere to a below-critical value.

There is something very peculiar about the sand pile and other systems
that displays this behavior: they are constantly seeking the least stable state.
Usually, systems seek the (most) stable state, they can reach. The sand pile,
however, is always returning to the state in which it is on the brink of an
avalanche (critical state).

This critical behavior is typical for granular matter which is susceptible
to fluctuations (avalanches) on all scales through the action of the smallest
perturbation — adding a single grain can lead to avalanches of all sizes and
durations. But instead of constantly seeking to escape the critical state, as it is
the case with other systems at the critical point, the sand pile seeks constantly
to return to it. This phenomenon is called self-organized criticality.

We have confirmed striking similarities in the spatial/temporal patterns be-
tween sleep stage transitions and physical systems that exhibit fractal and
self-organized criticality. Systems composed of many locally interacting “units”
exhibit emergent structures and behaviors which do not depend on the specific
local interactions and on the individual interacting units — be they grains of
sand, diffusing molecules, or neurons in the brain.
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10.5 Conclusion

Sleep regulation is governed by complex nonlinear interactions1 between net-
works of neurons located in many brain regions, including the hypothalamus
and brainstem. We speculate that because of constant influx of internal and
external stimuli, neurons may exhibit excitation patterns similar to avalanches
which are simultaneously and heterogeneously distributed throughout the neu-
ronal network, preserving an out-of-equilibrium critical state, which enables the
system to flexibly respond to stimuli and to facilitate rapid transitions — e.g.,
brief arousals from REM, light sleep, and even from deep sleep.
Several conceptual models have been proposed to account for the control

of sleep and wakefulness over time scales of hours and days. But in addition
to the regular circadian sleep-wake pattern, humans and animals often ex-
hibit brief awakenings from sleep (arousals), lasting from seconds to minutes,
which occur throughout the entire sleep period, and are traditionally viewed as
random disruptions of sleep caused by external stimuli. However, our findings
and findings of others [124, 125] show that these brief arousals exhibit complex
temporal organization and scale-invariant (fractal) behavior, characterized by
a power-law probability distribution for their durations, while sleep stage dura-
tions exhibit exponential behavior. Such complex scale-invariant organization
of the arousals makes it unlikely that they are merely a linear response to ran-
dom external stimuli. Rather, we propose that such a complex organization
of the arousals reflects fundamental aspects of sleep regulation, as we found
it was present across several mammalian species with very different sleep pat-
terns (i.e., humans, cats, rats, mice) [125]. Such coexistence resembles the
dynamical features of self-organized criticality (SOC), where "quiet" periods
following an exponential law are interrupted by recurring "avalanches" having
scale-invariant power-law characteristics for their size and duration; and where
activation of avalanches is a necessary component in the self-organization of
the system, needed to maintain its critical state. Therefore, we speculate that
arousal durations following a power-law are an integral and necessary feature

1 Neurons are essentially threshold switches and therefore exhibit a highly nonlinear behav-
ior.
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of healthy sleep regulation. The fact that we observe an increasing deviation
from this power-law behavior with advanced age and cognitive impairment (see
Fig. 10.1) supports this hypothesis.
The current conceptual framework for sleep regulation, which is based on

multiple interacting oscillators at and above ultradian time scales, cannot ac-
count for the scale-invariant (fractal) structure of brief arousals during sleep
across various mammalian species, and cannot explain the SOC-type com-
plexity of sleep dynamics that occurs at much shorter time scales than the
ultradian time scales.
Our results may facilitate a new framework based on the concept of self-

organized criticality (SOC) and on neuronal networks of many nonlinear units
interacting locally, but leading to emergent scale-invariant organization at the
system level. Novel markers of sleep dynamics derived from this new frame-
work will capture very different aspects of sleep regulation as compared to
traditional measures, and thus, have great potential to improve current diag-
nosis, prognosis and treatment of sleep disorders.
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Chapter 11

Age-related Changes in Heart
Rate Dynamics1

In this an in the next chapters, we analyze heart rate dynamics. The following
section very briefly explains the very basics about the electrocardiogram and
RR intervals.

11.1 The Electrocardiogram (ECG)

An electrocardiogram (ECG or EKG2) represents the electrical activity of the
heart over time (Fig. 11.1). Analysis of the various waves and normal vectors
of depolarization and repolarization yields important diagnostic information.
Physicists mainly concentrate on the statistical properties of heartbeat (RR)
intervals.

P wave During normal atrial depolarization, the mean electrical polarisation
vector points from the SA node towards the AV node, and spreads from the
right atrium to the left atrium. This results in the P wave on the ECG.

QRS complex After the P wave the short downward section connected to a
tall upward section. This part is called the QRS complex. It indicates that the
1 This chapter borrows from [126].
2 From the German word ‘Elektrokardiogramm’
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Figure 11.1: Electrocardiogram (ECG) of normal sinus rhythm. QRS com-
plex and RR intervals.

ventricles (the two lower chambers of the heart) are electrically stimulated to
pump out blood.

ST segment The contraction of the ventricles indicated by the QRS complex
is followed by a short flat segment is called the ST segment. The duration of
the ST segment is the amount of time from the end of the contraction of the
ventricles to the beginning of the T wave. The next upward curve is the T
wave. The T wave indicates the recovery period of the ventricles.
In the following chapters, we investigate statistical properties of the heart-

beat (RR) intervals (more specifically, the interval between two consecutive
R peaks). In the past, QRS complexes were annotated as normal, ventricu-
lar, superventricular, etc., by a trained expert. Today, numerous computer
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algorithms [127] have been developed to annotate beat and extract the RR
intervals.

Abstract

Background– Heartbeat fluctuations exhibit temporal structure with ro-
bust long-range correlations, fractal and nonlinear features, which have

been found to break down with pathologic conditions, reflecting changes in
the mechanism of neuroautonomic control. It has been hypothesized that
these features change and even break down also with advanced age, suggest-
ing fundamental alterations in cardiac control with aging. Here we test this
hypothesis.
Methods and Results– We analyze heartbeat interval recordings from two
independent databases: (a) 19 healthy young (avg. age 25.7 years) and 16
healthy elderly subjects (avg. age 73.8 years) during 2h under resting con-
ditions from the Fantasia database; and (b) 29 healthy elderly subjects (avg.
age 75.9 years) during ≈ 8h of sleep from the SHHS database, and the same
subjects recorded 5 years later. We quantify: (1) The average heart rate 〈RR〉;
(2) the standard deviation (SD) σRR and σ∆RR of the heartbeat intervals RR
and their increments ∆RR; (3) the long-range correlations in RR as measured
by the scaling exponent αRR using the Detrended Fluctuation Analysis; (4)
fractal linear and nonlinear properties as represented by the scaling exponents
αsign and αmag for the time series of the sign and magnitude of ∆RR; (5) the
nonlinear fractal dimension D(k) of RR using the Fractal Dimension Analysis.
We find: (1) No significant difference in 〈RR〉 (P > 0.05); (2) a significant dif-
ference in σRR and σ∆RR for the Fantasia groups (P < 10−4) but no significant
change with age between the elderly SHHS groups (P < 0.5); (3) no significant
change in the fractal measures αRR, αsign (P > 0.14), αmag (P > 0.12), and
D(k) with age.
Conclusions– Our findings do not support the hypothesis that fractal linear
and nonlinear characteristics of heartbeat dynamics break down with advanced
age in healthy subjects. While our results indeed show a reduced SD of heart-
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beat fluctuations with advanced age, the inherent temporal fractal and nonlin-
ear organization of these fluctuations remains stable. This indicates that the
coupled cascade of nonlinear feedback loops, which are believed to underlie
cardiac neuroautonomic regulation, remains intact with advanced age.

11.2 Introduction

The outputs of physiologic systems under neural regulation exhibit (a) high
degree of variability, (b) spacial and temporal fractal organization which re-
mains invariant at different scales of observation, as well as (c) complex nonlin-
ear properties [128, 11, 129]. These inherent features of physiologic dynamics
change significantly with different physiologic states such as wake and sleep,
exercise and rest, circadian rhythms, as well as with pathologic conditions.
As different physiological states and pathologic perturbations correspond to
changes or even breakdown in the mechanism of the underlying neural regu-
lation, alterations in certain dynamical properties of physiologic signals have
been found to be reliable markers of changes in physiologic control.
Aging is traditionally associated with the process of decline of physiologic

function and reduction of physiologic complexity [130, 131]. One major hy-
pothesis is that physiologic aging results from a gradual change in the un-
derlying mechanisms of physiologic control — a regulatory network of neural
and metabolic pathways interacting through coupled cascades of nonlinear
feedback loops on a range of time and length scales — leading to changes of
physiologic dynamics. Under this hypothesis even ostensibly healthy elderly
subjects would exhibit: (i) Loss of sensitivity and decreased responsiveness to
external and internal stimuli, leading to reduced physiologic variability [131];
(ii) Breakdown of certain feedback loops acting at different time scales in the
regulatory mechanism of various physiologic systems. This breakdown would
lead to loss of physiologic complexity as reflected in certain scale-invariant and
nonlinear temporal characteristics of physiologic dynamics [130, 132]. This
hypothesis of a breakdown of physiologic complexity with healthy aging has
recently been challenged [133]. Further, earlier studies have linked various
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pathologic states with breakdown of the scale-invariant fractal organization in
physiologic dynamics, which is likely to result from disintegration of coupled
feedback loops in the regulatory mechanism [134, 135, 136, 137, 138, 139].
Thus, based on this hypothesis, mechanistically, physiologic processes under
healthy aging would be categorized in the same class as pathologic dynamics
where fractal organization and nonlinear complexity is lost.
A second hypothesis is that while aging may lead to reduced variability,

certain temporal fractal, scale-invariant and nonlinear structures embedded in
physiologic dynamics may remain unchanged. These two alternative hypothe-
ses represent different notions about which aspects of the physiologic control
mechanisms are expected to change in the process of aging in contrast to the
changes accompanying certain pathologic conditions.
To test these two hypotheses we analyze cardiac dynamics — a typical exam-

ple of an output of an integrated physiologic system under autonomic neural
regulation. Previous studies have shown that heart rate variability decreases
with certain pathologic conditions [140, 128, 129], as well as with advanced
age [141, 142]. Studies based on approaches from statistical physics and nonlin-
ear dynamics revealed that heartbeat fluctuations in healthy subjects possess a
self-similar fractal structure characterized by long-range power-law correlations
over a range of time scales [143, 134, 136]. The scaling exponent associated
with these power-law correlations was shown to change significantly with rest
and exercise [144, 145, 146], posture [147, 148, 149], sleep and wake state [150],
across sleep stages [151, 152, 153, 154, 155] and circadian phases [156, 157, 158],
and to be a reliable marker of cardiac vulnerability under pathologic condi-
tions [159, 160, 161, 162, 163]. Further, studies have found that turbulence-
like multifractal and nonlinear features in heartbeat dynamics are reduced and
even lost with disease [16, 139, 164]. Several studies have also reported reduced
heart rate variability [165] (as also shown in Fig. 11.2), apparent loss of fractal
organization, as well as breakdown of scale-invariant correlations and certain
nonlinear properties with advanced age [132, 166, 167, 168, 169], suggesting
that healthy aging is associated with changes in the neuroautonomic mecha-
nism of cardiac regulation related to disintegration of coupled feedback loops
across a range of time scales, similar to the changes observed for pathologic
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condition such as congestive heart failure.

Here, we investigate how cardiac dynamics change with advanced age by ana-
lyzing subjects recorded during rest and sleep from two independent databases.
In agreement with previous studies [142, 166, 167, 170] we observe certain de-
gree of reduction in heart rate variability when comparing young to elderly
subjects. In contrast to previous studies [132, 166, 167], however, we do not
find a significant difference in the scaling exponent characterizing the fractal
scale-invariant temporal organization of heartbeat fluctuations between young
and elderly subjects. We further investigate the scaling properties of the mag-
nitude and the sign of interbeat fluctuations — which have been shown to
carry additional independent information about the nonlinear and linear prop-
erties of a time series [36, 37, 152]. We find that these measures also remain
unchanged when comparing young and healthy elderly subjects. Finally, we
estimate the fractal dimension of the interbeat interval time series — an in-
dependent nonlinear measure — and again contrary to previous reports [168],
we do not find significant differences between young and elderly subjects. Fur-
thermore, comparing longitudinal data from a group of elderly subjects who
were also recorded five year later, we find that the heart rate variability is not
further reduced and that the scaling exponents of the heartbeat intervals, as
well as the nonlinear features as measured by the magnitude exponent and the
fractal dimension, remain stable.

These findings indicate that in the process of aging the alterations in the
underlying mechanisms of cardiac autonomic regulation are not likely to in-
volve breakdown of coupling between feedback loops at different time scales
or dominance of a particular feedback loop at a given time scale, as often ob-
served with pathologic perturbations [171, 15, 161, 172, 173, 174]. Rather, our
findings suggest a reduced reflexiveness of the neuroautonomic regulation with
aging, while the nonlinear feedback interactions across time scales between
elements of the cardiac regulatory system remain unchanged.
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11.3 Data

We analyze heartbeat interval recordings from two independent databases.

Fantasia Database: The Fantasia database [175] contains 20 young and 20
elderly subjects. We carefully selected 19 healthy young subjects (9 male;
10 female) with an average age of 25.7 years (youngest 21; oldest 34) and 16
healthy elderly subjects (6 male; 10 female) with an average age 73.8 years
(youngest 68; oldest 85). All subjects were recorded while watching the movie
Fantasia (Disney, 1940) in a relaxed supine or semi-recumbent posture. These
conditions were chosen to avoid the effect which differences in the level of
physical activity between young and elderly subjects during daily routine might
have on cardiac dynamics (Fig. 11.2). The continuous ECG and respiration
signals were digitized at 250Hz. Each heartbeat was annotated using the
ARISTOTLE arrhythmia detector [127], and each beat annotation was verified
by visual inspection. Only intervals between two normal beats were considered.
One young and four elderly subjects (shown in Fig. 11.13) were excluded from
our analysis due to artefacts in the data.

Sleep Heart Health Study (SHHS) Database: The Sleep Heart Health Study
(SHHS) is a prospective cohort study designed to investigate the relationship
between sleep disordered breathing and cardiovascular disease. Subjects were
recorded during their habitual sleep periods of≈ 8 h, and continuous ECG were
recorded with 250Hz (Fig. 11.3). Full details of the study design and cohort are
provided in [116, 117]. Details about obtaining the ECG and polysomnographic
recordings are outlined in [118]. Sleep apnea episodes were annotated, and
heart rate data during apnea (obstructive and central) were excluded from our
analysis (Fig. 11.3). We selected a subset of 29 subjects (8 males; 21 females)
average age at the time of the first recording 75.9 years (youngest 72; oldest
84). The recordings were repeated 5 years later when the subjects were again
screened and categorized as healthy.
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Figure 11.2: Consecutive heartbeat RR intervals from a representative (a)
young healthy and (b) elderly healthy subject from the Fantasia database.
Under the same resting conditions elderly subjects exhibit significantly reduced
heart rate variability.

11.4 Methods

11.4.1 Detrended Fluctuation Analysis (DFA)

We use the DFA method [22], which has been developed to quantify fractal
correlations embedded in nonstationary signals, to estimate dynamic scale-
invariant characteristics in heartbeat fluctuations. Compared with traditional
correlation analyzes such as autocorrelation, power-spectrum analysis, and
Hurst analysis, the advantage of the DFA method is that it can accurately
quantify the correlation property of signals masked by polynomial trends, and
is described in detail in [23, 176, 25, 27, 26].
The DFA method quantifies the detrended fluctuations F (n) of a signal at

different time scales n. A power-law functional form F (n) ∼ nα indicates
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Figure 11.3: A representative subject from the SHHS database. (a) Consec-
utive heartbeat RR intervals and (b) apnea scoring.

the presence of self-similar organization in the fluctuations. The parameter α,
called the scaling exponent, quantifies the correlation properties of the heart-
beat signal: if α = 0.5, there is no correlation and the signal is white noise;
if α = 1.5, the signal is a random walk (Brownian motion); if 0.5 < α < 1.5,
there are positive correlations, where large heartbeat intervals are more likely
to be followed by large intervals (and vice versa for small heartbeat intervals).

One advantage of the DFA method is that it can quantify signals with α > 1,
which cannot be done using the traditional autocorrelation and R/S analy-
ses [19]. In contrast to the conventional methods, the DFA method avoids
spurious detection of apparent long-range correlations that are an artefact of
nonstationary [177]. Thus, the DFA method is able to detect subtle temporal
structures in highly heterogeneous physiologic time series.

An inherent limitation of the DFA analysis is the maximum time scale nmax

for which the fluctuation function F (n) can be reliably calculated. To ensure
sufficient statistics at large scales it was shown that nmax should be chosen
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nmax ≤ N/6, whereN is the length of the signal [23, 28, 27]. For time scales n <
nmax there is no bias in estimating the scaling exponent α. Thus, recordings
longer than 1 hour (N ≈ 3600 beats) are sufficient to reliably quantify α up
to time scales n = 600 beats, and differences in the length of the recordings
between the Fantasia database (2 hours) and SHHS database (8 hours) do
not effect the estimate of α. Recent studies have tested the performance of
the DFA method, when applied to correlated signals with patches of missing
data, random spikes, superposed trends related to different activity levels and
patches with different standard deviation and local correlations, as often found
in heartbeat data [23, 25].
Both the Fantasia database and the NIH Sleep Heart Health Study database

have used 250 Hz sampling rate for the ECG recordings. A precision of 0.004
sec (250 Hz) is more than sufficient for our analysis, since the DFA method
as well as the MSA and FDA analyses we employ (see below) are robust in
that respect. Using a lower sampling rate (i.e., lower precision in the estimate
of the RR-intervals) acts effectively as added random noise with an amplitude
proportional to the sampling interval — in our case the amplitude of this
“sampling noise” is more than two orders of magnitude smaller than the RR
interval. It has been shown that adding noise with such a small amplitude to
a fractal correlated signal does not effect the correlation scaling and fractal
properties [25].

11.4.2 Magnitude and Sign Analyzes (MSA)

Since the DFA method quantifies linear fractal characteristics related to two-
point correlations, we have selected the MSA method to probe for long-term
non-linear properties in the data. Specifically, it has been shown that sig-
nals with identical temporal organization, quantified by the DFA-scaling ex-
ponent α, can exhibit very different non-linear properties captured by the MSA
method [36].
The MSA method [178, 37] consists of the following steps: (i) given RRi

series we obtain the increment series, ∆RRi = RRi+1 − RRi; (ii) we de-
compose the increment series into a magnitude series |∆RR| and a sign se-
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ries sign(∆RR); (iii) to avoid artificial trends we subtract the average from
the magnitude series; (iv) because of limitations in the accuracy of the DFA
method for estimating the scaling exponents of anti-correlated signals (α <

0.5), we integrate the magnitude series [23]; (v) we perform a scaling analysis
using DFA; (vi) to obtain the scaling exponents for the magnitude series we
measure the slope of F (n)/n on a log-log plot, where F (n) is the fluctuation
function and n is the time scale of analysis.
This approach is sensitive to nonlinear features in signals [179]. We find

that positive correlations in the magnitude series (αmag > 0.5) are a reliable
marker of long-term nonlinear properties. Thus, we employ the MSA as a com-
plementary method to the DFA, because it can distinguish physiologic signals
with identical long-range correlations, as quantified by the DFA method, but
with different nonlinear properties and different temporal organization for the
sign(∆RR) series.

11.5 Results

11.5.1 Variability in heartbeat intervals and their increments

We first test the possibility that advanced age in ostensibly healthy subjects
would lead to an increase in the average heart rate and to a significant reduction
in heart rate variability — a behavior previously observed in subjects with
congestive heart failure where under suppressed vagal tone increased heart
rate is associated with reduced heart rate variability [140, 137]. We find that
both young and elderly healthy subjects in the Fantasia database exhibit very
similar group average interbeat intervals: 〈RR〉±σ = 0.9± 0.14 for the young
group and 〈RR〉±σ = 1.06±0.17 for the elderly group, where σ is the standard
deviation (Fig. 11.4). This is in agreement with previous studies [166, 167, 170].
A Student’s t-test shows no significant difference between the two groups with
a p−value = 0.11. A very similar average heartbeat interval we observe for the
healthy elderly subjects in the SHHS database with 〈RR〉 ± σ = 0.92± 0.075,
indicating no significant difference (p−value = 0.07) compared to the group
of young Fantasia subjects (Fig. 11.4). Further, comparing the group average
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heartbeat interval of the elderly subjects from the SHHS database with the
same subjects recorded 5 years later, we find again no significant difference:
〈RR〉 ± σ = 0.9± 0.1 at the first recording and 〈RR〉 ± σ = 0.92± 0.08 after
5 years (Fig. 11.4). Thus, we do not observe a significant change in the average
heart rate with advanced age.

To test whether there is a reduction in heart rate variability with aging, we
next estimate for each subject the standard deviation of the heartbeat intervals
σRR (often denoted as SDNN) and the standard deviation of the increments
in the consecutive heartbeat intervals σ∆RR (often denoted as RMSSD) (Ta-
ble 11.1). For the young and elderly subjects in the Fantasia database we
find a statistically significant difference with (i) a higher value for the group
average 〈σRR〉, and (ii) larger inter-subject variability for the young group:
〈σRR〉±σ = 0.089±0.034 for the young compared to 〈σRR〉±σ = 0.051±0.017
for the elderly subjects (p−value = 3.3 · 10−04) (Fig. 11.4). Similarly, we ob-
serve a significantly higher value for the group average 〈σ∆RR〉 for the young
subjects in the Fantasia database (〈σ∆RR〉±σ = 0.061±0.031) compared to the
elderly subjects (〈σ∆RR〉±σ = 0.027±0.012) (p−value = 9.9·10−5), again with
a larger inter-subject variability for the young group (Fig. 11.4). We note that
the sampling rate of 250Hz does not effect the significance of the difference in
σ∆RR between the young and elderly groups, as this difference is approximately
0.034 sec, i.e., one magnitude larger than the sampling precission of 0.004 sec.

For the group of healthy elderly subjects from the SHHS database we find a
higher value of 〈σRR〉 ± σ = 0.077± 0.027 compared to the elderly group from
the Fantasia database — a difference which could be attributed to the fact
that the SHHS subjects were recorded during sleep where transitions between
sleep stages are associated with trends and larger fluctuations in the interbeat
interval time series [152, 153], while the elderly Fantasia subjects were recorded
during rest. In contrast, for 〈σ∆RR〉 we do not observe a significant difference
between the elderly groups from the Fantasia and SHHS database (p−value =
0.74) (Fig. 11.4). However, we find a significant difference between young and
elderly subjects, indicating a clear reduction in the heart rate variability with
aging.
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Figure 11.4: (Top left): Average RR interval 〈RR〉 for the young and elderly
group in the Fantasia database [175]. (Top right): 〈RR〉 for the group of elderly
subjects in the SHHS database [116] and the same group recorded 5 years later.
(Bottom left): RR interval standard deviation σRR and standard deviation
σ∆RR of the interbeat increments ∆RR for the young and elderly group in
the Fantasia database. (Bottom right): σRR and σ∆RR for the subjects in the
SHHS database.
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11.5.2 Fractal Correlations

We next test whether the temporal organization in the heartbeat fluctuations
changes in ostensibly healthy elderly compared to young subjects. Earlier
studies have shown that heartbeat fluctuations exhibit self-similar power-law
correlations over a broad range of time scales ranging from seconds to many
hours [143, 134], and that the scaling exponents associated with these power-
law correlations change significantly with sleep and wake state [150] and with
pathologic conditions [136, 159], reflecting changes in the underlying mech-
anism of cardiac regulation. Specifically, heartbeat fluctuations of healthy
subjects during daily activity exhibit 1/f -like power spectrum [143, 134, 136]
with a scaling exponent α ≈ 1 (see Section 11.4). During sleep this behavior
changes to exponent α ≈ 0.8 at time scales above 60 beats, indicating stronger
anti-correlations in the interbeat increments ∆RR during sleep compared to
wake state [150] (Fig. 11.5(a)). In contrast, for pathologic conditions such as
congestive heart failure earlier studies have reported a value for the exponent
α closer to 1.5 — typical for random walk behavior (Brownian motion) and
associated with loss of cardiac control [159].

Applying the DFA method we obtain a very similar scaling behavior for a
representative healthy young and a healthy elderly subject from the Fantasia
database, both characterized by a scaling exponent α2 ≈ 0.8 at intermediate
and large time scales (Fig. 11.5(b) and 11.5(c)). At small time scales for both
representative subjects we observe a crossover to a higher exponent of α1 ≈ 1.1
(Fig. 11.5(b) and 11.5(c)). While there is certain inter-subject variability in
the scaling functions F (n), this crossover behavior remains robust with a group
average scaling exponent α1 ≈ 1.1 at small scales and α2 ≈ 0.75 at large scales
for the young subjects, and respectively α1 ≈ 1.2 and α2 ≈ 0.8 for the elderly
subjects (Fig. 11.6). Our analysis indicates no significant difference in the
scaling behavior between healthy young and healthy elderly subjects under
the resting conditions in the Fantasia study protocol (Table 11.2). We note
that our findings for the young and elderly Fantasia subjects (Fig. 11.5(b)
and 11.5(c)) are very similar to the scaling behavior in heartbeat fluctuations
previously reported for healthy subjects during sleep [150], which exhibit a
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crossover from α1 ≈ 1.2 at small time scales to α2 ≈ 0.8 at intermediate and
large time scales (Fig. 11.5(a)). This similarity in the scaling properties of
heartbeat dynamics of healthy subjects during sleep (Fig. 11.5(a)) and the
Fantasia database subjects (Fig. 11.5(b) and 11.5(c)) may be attributed to
the fact that under the Fantasia study protocol subjects are resting in a semi-
recumbent/supine posture, watching a relaxing movie — physiologic conditions
which more closely resemble sleep than daytime activity.
To confirm the validity of these findings, we further investigate the scale-

invariant correlation properties of cardiac dynamics for healthy elderly subjects
from the SHHS database, where heart rate data were recorded during sleep
— a protocol which differs from the Fantasia study (see Section 11.3). In
Fig. 11.7 we show the DFA scaling curves for a representative SHHS subject
with a crossover in the scaling behavior from α1 ≈ 1.1 at small time scales
to α2 ≈ 0.9 above 60 beats. This scaling behavior is very similar to the one
we find for both young and elderly subjects from the Fantasia database (Fig.
11.5). Further, comparing the scaling behavior of the elderly subjects from the
SHHS database to the same subjects recorded five years later, we do not find
a significant difference in the correlation scaling exponents α1 and α2 (Table
11.3). The results shown in Figs. 11.5, 11.7 and 11.6 indicate that the fractal
correlation properties of healthy heartbeat dynamics remain stable and do not
significantly change with advanced age.

11.5.3 Magnitude and sign scaling analysis (MSA)

Recent studies have demonstrated that scale-invariant processes with identi-
cal long-range power-law correlations may be characterized by very different
dynamics for the magnitude and sign of their fluctuations [36, 152], and that
the information contained in the temporal organization of the magnitude and
the sign time series is independent from the correlation properties of the orig-
inal time series [37]. Specifically, for cardiac dynamics of healthy subjects it
was shown [36] that heartbeat intervals during routine daily activity exhibit
correlation properties at intermediate and large time scales characterized by
scaling exponent α2 ≈ 1, while at the same time scales the magnitude se-
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Figure 11.5: Fluctuation function F (n) vs. time scale n (in heart beat num-
ber) obtained using DFA-2 for (a) 6 h-long record of RR heartbeat intervals
during wake and sleep from a representative healthy subject (MIT-BIH Normal
Sinus Rhythm Database [175]), as well as 2 h-long records of a representative
(b) healthy young subject and (c) healthy elderly subject from the Fantasia
database. A very similar scaling behavior is observed for the representative
(b) young and (c) elderly subjects, which closely resemble the scaling behav-
ior of the healthy subjects during sleep shown in (a) (MIT-BIH Normal Sinus
Rhythm Database [175]), indicating no change in the scale-invariant temporal
correlations of heartbeat intervals with advanced age under healthy resting
conditions. Scaling curves for all individuals are shown Fig. 11.6.
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ries of the increments in consecutive heartbeat intervals is characterized by
αmag

2 ≈ 0.8. Further, while correlations reflect the linear properties of heart-
beat dynamics, the temporal structure of the magnitude of interbeat incre-
ments has been shown to relate to the nonlinear properties encoded in the
Fourier phases [36, 37, 179]. For certain pathologic conditions such as con-
gestive heart failure previous studies have reported loss of nonlinearity [180]
associated with a breakdown of the multifractal spectrum [16], and reduced
scaling exponent αmag for the magnitude series [37].
For the magnitude time series of the interbeat increments we obtain αmag

1 ≈
0.53 at small time scales and αmag

2 ≈ 0.68 at intermediate and large time
scales for a representative young subject (Fig. 11.8(a)), and very similar results
with αmag

1 ≈ 0.53 and αmag
2 ≈ 0.72 for a representative elderly subject from

the Fantasia database (Fig. 11.8(b)). The DFA scaling functions F (n) for
all young and elderly subjects, shown in Fig. 11.9 consistent behavior among
the subjects in each group with a smooth crossover from a group average
magnitude exponent αmag

1 ≈ 0.53 at small and intermediate time scales to
αmag

2 ≈ 0.64 at large scales for the young group, and a similar crossover from
a group average exponent αmag

1 ≈ 0.6 at small and intermediate time scales to
αmag

2 ≈ 0.7 at large scales for the elderly group. These findings do not support
the hypotheses that the nonlinear properties, as measured by the magnitude
scaling exponent and encoded in the Fourier phases, are lost with advanced
age in healthy subjects under resting conditions.
To confirm these findings, we next calculate the magnitude scaling exponent

of the interbeat increments for the elderly subjects from the SHHS database.
Again we observe a crossover from αmag

1 ≈ 0.52 at small scales to αmag
2 ≈ 0.7 at

large time scales shown in Fig. 11.8(c) for a representative elderly subject — a
behavior very similar to the one observed for both young and elderly Fantasia
subjects shown in Fig. 11.8(a–b). Our analysis does not show a statistically
significant difference in the group average magnitude scaling exponents αmag

1

(with p-value=0.71) and αmag
2 (with p-value=0.57) between the elderly SHHS

subjects and the elderly Fantasia subjects. Moreover, we find no significant
difference in αmag

1 (with p-value=0.24) and αmag
2 (with p-value=0.16) between

the elderly SHHS subjects and the young Fantasia subjects. We note that our
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results for the magnitude exponents for the young and elderly subjects from
both databases are in agreement with previous studies reporting nonlinear
magnitude correlations in healthy heartbeat dynamics [36], and more specif-
ically with the magnitude exponent values found in healthy subjects during
sleep [152, 181].
For the sign of the interbeat increments time series we again find no signifi-

cant difference in the scaling behavior between the young and elderly subjects
in the Fantasia database with practically identical exponents of αsgn

1 ≈ 0.2
at short time scales and αsgn

2 ≈ 0.4 at intermediate and large time scales
(Fig. 11.10(a–b)). A consistently similar behavior we observe for all subjects
in the young and elderly group in the Fantasia database (Fig. 11.11), where
the scaling function F (n) exhibits a crossover from strongly anti-correlated
behavior at short time scales to weaker anti-correlations at larger scales, re-
spectively characterized by group average sign exponents αsgn

1 ≈ 0.24 for the
young and αsgn

1 ≈ 0.3 for the elderly subjects at small scales, and αsgn
2 ≈ 0.47

for the young and αsgn
2 ≈ 0.43 for the elderly subjects at large scales. These re-

sults indicate no significant difference in the temporal organization of the sign
series between the young and the elderly subjects in the Fantasia database
(Table 11.2).
Repeating our sign scaling analysis for the SHHS database we observe a

crossover from strongly anti-correlated behavior with an exponent αsgn
1 ≈ 0.2

at small time scales to weaker anti-correlations with αsgn
2 ≈ 0.4 at intermediate

and large time scales, as shown in Fig. 11.10(c–d). This crossover behavior is
very similar to the one we find for both young and elderly Fantasia subjects
(Fig. 11.10(a–b) and Fig. 11.11). Moreover, we do not find a significant differ-
ence in the scaling of the sign series for the elderly SHHS subjects and the same
subjects five years later (Fig. 11.10(c–d) and Table 11.3). As the dynamics
of the sign of the interbeat increments is directly related to competing stimuli
of the sympathetic and parasympathetic branches of the autonomic nervous
system, our findings of similar scaling for the sign series for both young and
elderly healthy subjects indicate that fundamental features of the cardiac con-
trol mechanism remain unchanged with advanced age. We also note that our
results for the sign scaling exponent values for the young and elderly subjects
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Figure 11.8: Fluctuation function F (n) vs. time scale n (in beat number)
obtained for the magnitude of the interbeat interval increments |∆RR| using
DFA-2 for a representative (a) healthy young and (b) healthy elderly sub-
ject from the Fantasia database, and for a representative (c) healthy elderly
subject from the SHHS database and (d) the same subject recorded 5 years
later. All subjects exhibit a very similar scaling behavior characterized by
an exponent αmag

2 ≈ 0.7 at intermediate and large time scales, very different
than αmag = 0.5 characteristic for linear processes with no correlations in the
Fourier phases [36, 37], which indicates that the long-term nonlinear properties
of heartbeat dynamics do not break down with advanced age under healthy
resting conditions. This is in contrast to the hypothesis linking the process
of healthy aging with a gradual loss of nonlinearity. Scaling curves for all
individuals from the Fantasia database are shown in Fig. 11.9.
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obtained for the magnitude of the interbeat interval increments |∆RR| us-
ing DFA-2 for (a–b) 19 healthy young subjects and (c–d) 16 healthy elderly
subjects in the Fantasia database. Despite certain inter-subject variability,
there is a common scaling behavior characterized by a group average exponent
α2 ≈ 0.7 at large scales for all groups as represented by the solid lines, indicat-
ing presence of long-term nonlinear properties encoded in the Fourier phases
of the heartbeat time series similar to those shown in Fig. 11.8. Curves are
vertically shifted for clarity. Vertical dashed lines indicate the range of fit.

134



11.5 Results

10
-1F(

n)
/n

10
1

10
2

10
3

n

10
-1F(

n)
/n

α
1
=0.2

α
2
=0.4

α
1
=0.2

α
2
=0.4

Elderly subject sign(∆RR)

Young subject sign(∆RR)

slope=0.5

slope=0.5

Fantasia database

(a)

Fantasia database

(b)

10
-1F(

n)
/n

10
1

10
2

10
3

n

10
-1F(

n)
/n

α
1
=0.28

α
2
=0.40

α
1
=0.21

α
2
=0.38

Same Elderly Subject  sign(∆RR)

Elderly subject  sign(∆RR)

slope=0.5

slope=0.5

SHHS database (c)

SHHS database (d)

5 years later
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obtained for the sign of the interbeat interval increments sign(∆RR) using
DFA-2 for a representative (a) healthy young and (b) healthy elderly subject
in the Fantasia database, and for (c) representative healthy elderly subject
from the SHHS database and (d) the same elderly SHHS subject recorded
5 years later. All subjects exhibit a very similar scaling behavior for the sign
with a crossover from strong anti-correlations with αsgn

1 ≈ 0.2 at small time
scales to weaker anti-correlations with αsgn

2 ≈ 0.4 at large scales, indicating
a similar fractal organization of sympathetic and parasympathetic control in
both young and elderly subjects under healthy resting conditions. Scaling
curves for all individuals in the Fantasia database are shown in Fig. 11.11.
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Figure 11.11: Scaling curves F (n) versus time scale n (in beat numbers) ob-
tained for the sign time series of the interbeat interval increments sign(∆RR)
using DFA-2 for (a–b) 19 healthy young subjects and (c–d) 16 healthy el-
derly subjects in the Fantasia database. All subjects exhibit a crossover from
strongly (at small scales) to weakly (at large scales) anti-correlated behavior
with no significant statistical difference between the young and elderly groups
(Table 11.2). Scaling curves are vertically shifted for clarity. Vertical dashed
lines indicate the range of fit.
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from both databases are in agreement with the values reported in previous
studies for healthy subjects during rest [144] and sleep [152].

11.5.4 Fractal Dimension Analysis

Finally, we employ the FDA method (see Section 11.4) to estimate the fractal
dimension D(k) of a time series [48, 19, 49]. It has been demonstrated that the
fractal dimension is a measure which represents the nonlinear properties in the
output of a dynamical system, so that two signals with identical scale-invariant
correlations may be quantified by different fractal dimension depending on the
degree of nonlinearity encoded in the Fourier phases [50, 179]. Our analysis
shows no significant difference in the group average of the nonlinear fractal
dimension measure D(k) between the young and the elderly subjects in the
Fantasia database for the whole range of time scales except for a very short
time interval of 6 to 8 heartbeats (Fig. 11.12(a)) — time scales typical for sleep
apnea (see Fig. 11.13). At smaller and larger time scales the average fractal
dimension D(k) converges for both groups (Fig. 11.12(a)). Furthermore, we
do not observe a statistically significant difference between the elderly sub-
jects from the SHHS database and the same subjects recorded five years later
(Fig. 11.5.4). These findings do not support the hypothesis that nonlinearity
is reduced in healthy elderly subjects.

Table 11.1: Average values and standard deviation of SDNN 〈RR〉, RMSSD
σRR for subjects from the Fantasia database and the SHHS database.

Fantasia Database SHHS Database

Measure Young Elderly p-value Elderly Elderly + 5y p-value

〈RR〉 0.9 ± 0.14 1.06± 0.17 0.11 0.92± 0.08 0.92± 0.1 0.92
σRR 0.089± 0.034 0.051± 0.017 3.3 · 10−4 0.077± 0.027 0.081± 0.024 0.50
σ∆RR 0.061± 0.031 0.027± 0.012 9.9 · 10−5 0.028± 0.015 0.028± 0.013 0.74
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Figure 11.12: Group average nonlinear fractal dimension D(k) versus time
scale log2 k, where k is measured in beat numbers. (a) For young and elderly
healthy Fantasia subjects; (b) healthy elderly SHHS subjects and the same
subjects 5 years later. There is no significant difference in the group averages
indicated by the overlapping standard deviations except for the interval of
scales k ∈ [3, 6] marked in (a) by the symbol (∗) (p−value = 1.94× 10−4 and
6× 10−3 correspondingly). Note the very similar profile of D(k) for all groups
indicating no apparent loss of nonlinearity with aging, in agreement with our
findings for the long-term nonlinear properties represented by the magnitude
exponent αmag

2 shown in Fig. 11.8.
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Table 11.2: DFA-2 Scaling exponents of subjects from the Fantasia database.
F (n) was fitted in the interval n ∈ [6, 16] for α1 and n ∈

[
60, N6

]
for α2. A

two-tailed Student-t test was performed to obtain the p-values

α1 α2 αmag
1 αmag

2 αsgn
1 αsgn

2

Young 1.09± 0.24 0.76± 0.08 1.53± 0.1 0.64± 0.11 0.24± 0.15 0.47± 0.09
Elderly 1.22± 0.29 0.78± 0.12 0.56± 0.08 0.68± 0.11 0.3 ± 0.2 0.44± 0.08
p-value 0.16 0.47 0.36 0.45 0.28 0.37

Table 11.3: DFA-2 Scaling exponents of subjects from SHHS database (29
subjects for the P recording and 30 subjects for the T recordings). F (n) was
fitted in the interval n ∈ [6, 16] for α1 and n ∈ [60, 600] for α2. A two-tailed
Student-t test was performed to obtain the p-values.

α1 α2 αmag
1 αmag

2 αsgn
1 αsgn

2

Elderly 1.12± 0.27 0.88± 0.12 1.57± 0.13 1.70± 0.12 1.23± 0.19 1.38± 0.07
Elderly + 5 y 1.09± 0.28 0.97± 0.12 1.60± 0.13 1.72± 0.13 1.21± 0.19 1.39± 0.07
p-value 0.78 0.01 0.49 0.58 0.74 0.77

11.6 Interpretation and Modeling

Our findings indicate that scale-invariant correlation and nonlinear properties
do not significantly change in healthy elderly subjects compared to young
subjects. This is in contrast to some earlier studies, based on the same Fantasia
database (or on a subset of it), which have reported loss of fractal organization
in heartbeat fluctuations — a behavior resembling Brownian motion (random
walk process) with α = 1.5 at small scales and white noise with α = 0.5
over large scales [166, 167], as well as a significant loss of nonlinearity [168]
with healthy aging. A possible reason for these different findings may be the
presence of artefacts in the data such as segments of corrupted recordings
or certain periodic patterns (Fig. 11.13). These periodic patterns strongly
resemble episodes of sleep apnea, as shown in Fig. 11.14 (Top panel) . Indeed,
sleep apnea may be present in the elderly subjects from the Fantasia database,
since they have not been specifically screened for sleep apnea. Further, ECG
recordings were taken when subjects were watching a calming movie for 2 hours
in a semi-recumbent or supine posture during which subjects may have fallen
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asleep for periods of time, when apnea episodes are likely to occur.
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Figure 11.13: Recordings of heartbeat intervals from one young and four
elderly subjects in the Fantasia database excluded from our analysis. The first
four recordings contain many segments with well pronounced periodic patterns,
the period and amplitude of which are typical for sleep apnea (see Fig. 11.14).
The last recording contains segments of corrupted data. These artefacts
strongly influence scaling, fractal and nonlinear measures (see Figs. 11.15 and
11.16), and can lead to spurious differences between young and elderly subjects.

The periodic patterns we observe in wide segments of the interbeat interval
recordings shown in Fig. 11.13 and Fig. 11.14(a) have a period of approximately
30 to 60 seconds, typical for apnea episodes (Fig. 11.14(b)) [15, 174, 182].
Similar apnea-like patterns are also present in the breathing records of some
Fantasia subjects (Figs. 11.13 and 11.14(a)). These periodic patterns have
a very strong effect on the scaling analysis, as shown in earlier studies [23],
leading to a pronounced crossover at the time scale corresponding to the period
of the patterns. This crossover separates a regime of apparent Brownian-
motion-type behavior with α ≈ 1.5 at smaller scales from a second regime
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of apparent white noise behavior α ≈ 0.5 at larger scales (Figs. 11.15(f) and
11.16) — a behavior which in earlier studies [166, 167] has spuriously been
attributed to changes in the cardiac neuroautonomic control due to aging.
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Figure 11.14: Segments of interbeat RR interval time series for (a) an el-
derly subject from the Fantasia database excluded from this study (shown in
Fig. 11.13, top panel), and (b) a subject diagnosed with sleep apnea from the
apnea-ECG database [175]. Both subjects show very similar and pronounced
periodic patterns with a period of about 50 beats, matching the periodic pat-
terns in the breathing record (top panel (a)). These patterns strongly affect
the scaling analysis as demonstrated in Figs. 11.15 and 11.16.

To model the effect which periodic patterns of sleep apnea have on the
scaling properties of heartbeat intervals, we first generate a fractal correlated
signal Xη using the Makse et. al. algorithm [56]. To account for the statis-
tical properties observed in heartbeat intervals, we rescale the signal to have
the mean value 〈Xη(i)〉 = 1, standard deviation σXη = 0.05, and correlation
scaling exponent αXη = 0.8 (Fig. 11.15(a)), which match the group mean
〈RR〉, standard deviation 〈σRR〉 (Table 11.1), and scaling exponent value 〈α2〉
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of the elderly subjects in the Fantasia database (Figs. 11.4 (left) and 11.6 (c,
d)). To model the periodic influence of sleep apnea on the heartbeat inter-
vals, we generate a sinusoidal signal, Xs(i) = A sin (2πi/T ), with a period
T = 50 (similar to the average period of 50 heartbeats in apnea pattern) and
amplitude A = 0.1 (as observed in apnea pattern) (Fig. 11.15(b)), and we
superpose the sinusoidal signal Xs with the fractal correlated signal Xη(i) to
obtain Xηs(i) = Xη(i) + Xs(i) (Fig. 11.15(c)). We note that Xηs(i) strongly
resembles the data shown in Fig. 11.13 and Fig. 11.14.
Applying the DFA analysis to the fractal signal Xη we obtain the scaling

function Fη(n) with a slope of 0.8 across all scales — in agreement with the
scaling exponent α = 0.8 we have found for healthy subjects (Fig. 11.15(d)).
For the sinusoidal signal Xs the scaling function Fs(n) exhibits a crossover
at scale n× ≈ T , corresponding to the period of Xs. For scales n× < T ,
the fluctuation function Fs(n) exhibits an apparent scaling, Fs(n) ∼ A

T
nαs ,

with an exponent αs = 2. For scales n× > T , due to the periodic property
of the sinusoidal signal Xs, the fluctuation function Fs(n) is constant and
independent of the scale n, i.e., Fs(n) ∼ AT nαs , where αs = 0. Thus, changing
the amplitude A leads to a vertical shift in Fs(n) (Fig. 11.15(e)) [23].
Applying the DFA analysis to our model signal Xηs, we observe that Fηs(n)

exhibits a very pronounced kink (not present in Fη(n)) with a crossover at
n× ≈ T due to the sinusoidal trend (Fig. 11.15(f)). The behavior of Fηs(n)
around the kink is very similar to Fs(n) around n× ≈ T . At small scales
n× < T and at large scales n× > T the fluctuation function Fηs(n) converges
to the scaling behavior expected for Fη(n). Testing our model for signals Xη

with different values for α, we find that the position of the crossover n× for
Fηs(n) does not depend on α. Thus, this type of crossover behavior in the
scaling for different subjects depends only on the period T of the periodic
patterns embedded in the heartbeat signals.
We find that our model in Fig. 11.15(f) reproduces well the crossover behav-

ior in F (n) observed for the sleep apnea subject (Apnea-ECG Database [175])
shown in Fig. 11.14(b). Indeed, a very similar kink in F (n) is observed at
scale n ≈ 50 beats for this apnea subject, as shown in Fig. 11.16. Moreover,
we find that this behavior is also closely followed (as shown in Fig. 11.16)
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Figure 11.15: Modeling crossover behavior in the scaling of heartbeat dy-
namics associated with periodic patterns. (a) Artificially generated fractal
signal Xη with long-range power-law correlations, average value and standard
deviation as observed in healthy heartbeat data. (b) A sinusoidal signal Xs

with period and amplitude matching the period T and amplitude A of typical
sleep apnea patterns embedded in interbeat interval time series as shown in
Fig. 11.14. (c) Superposition of the signals Xη in (a) and Xs in (b). Note
the apparent similarity between the signal Xηs and the time series shown in
Fig. 11.14. (d) Fluctuation function Fη(n) obtained using DFA-1 for the signal
Xη in (a). (e) Fluctuation function Fs(n) obtained using DFA-1 for the signal
Xs in (b). The position of the crossover n× corresponds to the period T in Xs.
Changing A leads to a vertical shift of Fs(n). (f) Fluctuation function Fηs(n)
obtained using DFA-1 for the signal Xηs in (c). Note the appearance of a kink
with a crossover at n× ≈ T as observed in (e).
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by the Fantasia subject in Fig. 11.14(a). Adding the same sinusoidal trend
to a real heartbeat signal from a healthy subject (MIT-BIH Normal Sinus
Rhythm Database [175]) also leads to a very similar kink in F (n) (Fig. 11.16)
as observed for the excluded Fantasia subject and the apnea subject shown in
Fig. 11.14.
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Figure 11.16: Scaling functions F (n) vs. time scale n obtained for the
interbeat intervals using DFA-2 for a healthy subject taken from (MIT-BIH
Normal Sinus Rhythm Database [175]) (◦), a subject we excluded from this
study [175] (shown in Fig. 11.14(a)), a subject with diagnosed sleep apnea (�)
(shown in Fig. 11.14(b)), and a healthy subject with a superposed sinusoidal
signal (∇). A period of T = 50 beats and an amplitude of A = 0.1 sec were
chosen for the sinusoidal signal to model the effect of periodic patterns due to
sleep apnea on the scaling function F (n). This effect leads to a change in the
scaling exponent to α ≈ 1.5 (left of the crossover at T ) and to α ≈ 0.5 (right of
the crossover), which may be the reason why earlier studies have reported loss
of fractal organization in heartbeat fluctuations with healthy aging [166, 167].

As we demonstrate in Fig. 11.16, the excluded Fantasia subject shown in
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Fig. 11.14(a) exhibits a scaling curve very similar to the curve obtained from
a recording during sleep from a subject diagnosed with sleep apnea (Apnea-
ECG Database [175]). Further, our model reproduces well the crossover in
the scaling behavior of F (n) and demonstrates that this crossover is due to
the superposition of healthy heart rate dynamics and a sinusoidal trend with
approximately the same period and amplitude as the periodic apnea patterns
shown in Fig. 11.14. Our model reproduces also the scaling curve F (n) ob-
tained for the elderly Fantasia subject excluded from this study and shown in
Fig. 11.14(a), suggesting that artifacts may have been the reason why earlier
studies [166, 167, 168] have reported scaling differences in heartbeat dynamics
between young and elderly subjects.
Our modeling results confirm that the presence of pronounced crossovers for

some of the elderly subjects in the Fantasia database are due to periodic pat-
terns embedded in the heart rate which strongly resemble sleep apnea episodes,
and thus, cannot be attributed to changes in the underlying mechanism of
cardiac neuroautonomic regulation associated with healthy aging. Since ap-
nea is more prominent in elderly subjects, our modeling results (Figs. 11.15
and 11.16) explain why earlier studies using the same Fantasia database have
reported higher values for the scaling exponent α1 at small scales n and lower
values for α2 at large scales n for the elderly subjects compared to the group of
young subjects [166, 168], claiming changes in cardiac regulation with healthy
aging.

11.7 Discussion

Our investigations demonstrate the presence of robust correlation, fractal and
nonlinear properties in cardiac dynamics of healthy elderly subjects which
remain surprisingly stable when compared to healthy young subjects. Specifi-
cally, we find that key dynamical characteristics such as the correlation scaling
exponent of heartbeat fluctuations, the scaling exponent of the magnitude and
sign of interbeat increments, and the nonlinear fractal dimension measure do
not significantly change with advanced age. Because the scaling exponents α
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and the fractal dimension measure D quantify a robust scale-invariant fractal
and nonlinear structure in heartbeat fluctuations [159, 15, 150, 16], and have
been shown to reflect underlying mechanisms of cardiac control [138, 139, 183,
184], our findings indicate that important aspects of heartbeat regulation do
not break down with healthy aging. Moreover, we observe no significant change
in these scaling and nonlinear measures when comparing healthy elderly sub-
jects with the same subjects recorded five years later.
These findings do not support the hypothesis that healthy aging may be asso-

ciated with such a change in the mechanism of cardiac neuroautonomic control
that would lead to a loss of all aspects of physiologic complexity. In contrast,
we find that fundamental scale-invariant and nonlinear properties of heart-
beat dynamics remain unchanged. Further, our findings do not support the
hypothesis of a gradual change of cardiac dynamics under healthy conditions
with advanced age, as key properties of these dynamics, including heart rate
variability (Fig. 11.4), remain stable in healthy elderly subjects with advancing
age. Indeed, in agreement with previous studies [142, 166, 167, 170], we find
a significant reduction in heart rate variability as measured by σRR (SDNN)
and σ∆RR (RMSSD) (although not in the average heart rate) in healthy el-
derly subjects compared to healthy young subjects (Fig. 11.4). The observed
reduction in heart rate variability is also in agreement with decrease of the
commonly used Approximate Entropy (ApEn) measure with aging, as reported
earlier [170], and often interpreted as loss of complexity. However, comparing
elderly subjects with the same subjects years later we do not find a further
reduction in interbeat variability. Moreover, we do not observe a loss in the
scale-invariant fractal and nonlinear features in healthy elderly compared to
healthy young subjects, indicating that the process of aging, even in elderly
healthy subjects, may not result in a gradual change of the mechanism of
control. Our findings support the hypothesis that (i) only certain aspects of
cardiac regulation, those related to decrease in responsiveness to external and
internal stimuli, which lead to reduced heartbeat variability, may change with
advanced age, and that (ii) other fundamental features of the neuroautonomic
cardiac control, related to the organization of the network of nonlinear feed-
back loops at different time scales which lead to scale-invariant fractal cascades
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in heartbeat fluctuations across a range of scales [138, 164, 139], may remain
stable and unchanged with healthy aging.
This new emerging picture of healthy aging is fundamentally different from

the changes in neural regulation of cardiac dynamics under pathologic con-
ditions [161, 172, 185, 186], and also differs from previous studies reporting
breakdown of the scale-invariant and nonlinear features of heartbeat dynam-
ics in elderly [132, 166, 169, 168]. Indeed, suppression of parasympathetic
tone and dominance of sympathetic inputs, typical for subjects with conges-
tive heart failure, lead to changes in cardiac dynamics associated with higher
heart rate [187, 137], lower heart rate variability [140], relative loss of the
scale-invariant long-range correlations in the heartbeat fluctuations with scal-
ing exponent α between 1.25 and 1.4 (closer to α = 1.5 corresponding to
Brownian motion, i.e., random walk) [159], reduced responsiveness [188], as
well as breakdown of nonlinearity and multifractality [180, 16, 139, 183]. In
contrast to such pathologic perturbations, healthy aging appears to be accom-
panied only by a reduction in heart rate variability as measured by σRR and
σ∆RR, while the heart rate, the scaling and nonlinear properties remain on
average unchanged. This important dissociation between heart rate variabil-
ity on one side and the scale-invariant and nonlinear temporal organization
of heartbeat fluctuations on the other side may be specific for the process
of aging, and suggests that the alterations in the cardiac control mechanism
with advanced age differ conceptually from the mechanistic changes in the au-
tonomic regulation associated with pathologic conditions. More specifically,
the reduced heart rate variability with advanced age suggests a reduced re-
sponsiveness of cardiac control to external and internal stimuli, and thus a
reduced strength of feedback interactions. However, the cascade of nonlinear
feedback loops [138, 164, 139] controlling the dynamics across different time
scales may remain intact in healthy elderly subjects without breaking down
at a particular scale or across a range of scales, as the scale-invariant fractal
and nonlinear properties appear to remain stable with advanced age. This is
not the case with pathologic conditions such as congestive heart failure, where
the self-organization of neural feedback interactions indeed breaks down across
time scales, shifting the dynamics closer to a process which is more random
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(loss of long-range power-law correlations) and is closer to a linear process (loss
of nonlinearity and multifractality).
The value of the correlation exponent α2 ≈ 0.8 we observe at intermediate

and large time scales for both young and elderly Fantasia subjects (Figs. 11.5
and 11.7) is consistent with earlier reports of a very similar value of α2 ≈ 0.85
for healthy subjects during sleep, compared to α ≈ 1 for the same subjects
during wake and daily activity [150]. This is also in agreement with studies of
heartbeat dynamics of healthy subjects during rest and exercise, with α ≈ 0.8
for rest and α ≈ 1.1 during exercise [144, 145, 146]. Indeed, the Fantasia
subjects were recorded under conditions of rest (see Section 11.3) [175]. Our
findings of α ≈ 0.8 consistently for both healthy young and healthy elderly
subjects from the Fantasia database are further supported by our analysis of
data from the longitudinal SHHS study, where the same elderly subjects were
recorded during sleep several year later. These observations of α < 1 are not
due to artefacts in the heartbeat time series related to sleep apnea, as full
polysomnographic data were recorded for the SHHS subjects indicating the
apnea episodes, and we have excluded the apnea segments in the data from
our analysis. Moreover, our results (see Section 12.3.2) indicate no significant
differences between young and elderly subjects even when we account for REM
and NREM sleep stages. Since there is no statistically significant difference
in the value of the scaling exponent α between the young and elderly subjects
from both databases, the α-value lower than 1 is not likely to be related to
a mechanistic breakdown of cardiac control with advanced age as previously
suggested [166, 167]. Rather, this decrease in α is most likely to be related to
the normal regime of cardiac regulation during rest and sleep when parasym-
pathetic tone dominates during NREM sleep stages, leading to stronger anti-
correlations with α ≈ 0.8 in the heartbeat fluctuations [138, 150, 151, 144, 181].
While our results show no significant difference in the scaling and nonlinear
properties of heartbeat dynamics between healthy young and healthy elderly
subjects during rest and sleep, we note that under conditions of high levels
of physical activity and stress, which are associated with a different regime of
the neuroautonomic control, these properties may differ between young and
elderly subjects.
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In summary, the observations reported here do not support the hypothesis
of a continuous gradual loss of the scaling and nonlinear properties of cardiac
dynamics with advanced age under healthy conditions, as we do not find a sta-
tistically significant change in these properties between the young and elderly
subjects from the Fantasia and the SHHS databases, as well as for the elderly
subjects from the SHHS database and the same subjects recorded five years
later. While cardiac dynamics in healthy elderly subjects is characterized by
markedly reduced variability compared to healthy young subjects, the stability
we observe in key fractal and nonlinear characteristics with advanced age does
not support the mechanistic view of a breakdown of specific feedback loops
at given time scales in the neuroautonomic regulation (which would lead to
appearance of dominant time scales in the dynamics), or of a breakdown of
the feedback interactions in cardiac control across multiple time scales (which
would lead to random-like behavior in the dynamics). Indeed, both dominant
time scales and close-to-random behavior in cardiac dynamics, have been ob-
served under various pathologic conditions. In contrast, cardiac dynamics un-
der healthy aging appears not to belong to this class of processes. Instead, our
results indicate that the inherent structure and temporal organization in the
cascades of nonlinear feedback loops underlying the cardiac neuroautonomic
regulation remains intact in healthy elderly subjects, thus preserving the frac-
tal and nonlinear features in heartbeat dynamics across all time scales. The
coupling strength of these neuronal feedback interactions, however, is likely to
diminish with advanced age, leading to the observed reduction in heart rate
variability and dampened responsiveness in elderly compared to young healthy
subjects.

Acknowledgments

This work was supported by NIH Grant No. 2 RO1 HL071972 and the Volk-
swagen Foundation. We thank George B. Moody for discussions and help with
the ARISTOTLE ECG-annotator.
The findings in this report were based on publicly available data made avail-

able through the Sleep Heart Health Study (SHHS). However, the analyses and

149



Chapter 11 Age-related Changes in Heart Rate Dynamics

interpretation were not reviewed by members of the SHHS and do not reflect
their approval for the accuracy of its contents or appropriateness of analyses
or interpretation.

150



Chapter 12

Heart Rate Dynamics during
Different Sleep Stages in Young
and Elderly1

12.1 Introduction

Physiological systems under spatially and temporally integrated neural
regulation, such as the cardiac system, display continuous and seemingly

erratic fluctuations [11, 129]. However, these ‘noisy’ fluctuations in the inter-
vals between consecutive heartbeats exhibit a self-similar temporal organiza-
tion across a broad range of time scales, which is characterized by long-range
power-law correlations [143, 134, 136] and nonlinear properties [190, 191, 180],
indicating a complex fractal and multifractal structure [16, 139]. These fractal
and nonlinear scaling features of cardiac dynamics change under sympathetic
and parasympathetic blockade [183], and break down with pathologic condi-
tions [159, 161]. The scaling exponent associated with these power-law corre-
lations has been shown to be a sensitive marker for predicting mortality [186].
Moreover, the fractal and nonlinear organization of heartbeat fluctuations
varies for different physiologic states, such as exercise and rest [144, 145, 146],
wake and sleep [150, 151, 152], and with the circadian rhythm [157, 158]. These
findings indicate that the scale-invariant temporal organization of heartbeat
1 This chapter borrows from [189].
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fluctuations reflects the underlying mechanism of cardiac neuroautonomic reg-
ulation which changes with different physiologic states and pathologic condi-
tions.
Recent studies have reported reduced heart rate variability and alterations

of the fractal and nonlinear properties of heartbeat fluctuations with healthy
aging [132, 165], and these changes in cardiac dynamics have been associ-
ated with higher cardiac risk in elderly [157]. Sleep dynamics have also been
found to change with advanced age — e.g., elderly subjects typically have
more fragmented sleep with frequent arousals and reduced duration of deep
sleep [107]. Sympathetic nerve activity and spectral analysis of heart rate
variability across sleep stages show dominant parasympathetic control dur-
ing non-REM sleep, and activation of the sympathetic nervous system during
REM and wake [192, 193]. The intricate mechanism of interaction between
sleep regulation and cardiac control and whether this interaction declines with
age, however, remains not well understood.
To test how sleep dynamics affect the temporal fractal and nonlinear organi-

zation of heartbeat fluctuations across time scales, we compare heartbeat dy-
namics of healthy young and healthy elderly subjects for different sleep stages.
One possible hypothesis is that there will be a well-pronounced stratification
pattern in the values of static (e.g., SDNN, RMSSD) and dynamic (scaling and
nonlinear) measures of heartbeat dynamics across sleep stages, and that this
stratification will be present in both healthy young and healthy elderly sub-
jects. An alternative hypothesis is that while there are significant differences
in cardiac control with sleep stage transitions for young subjects, the dynamic
(scaling and nonlinear) features of heartbeat fluctuations in healthy elderly
subjects will remain unchanged across sleep stages due to age-related loss of
cardiac variability and decline in neuroautonomic responsiveness to changes in
sleep regulation. Testing these hypotheses will address the question how sleep
regulation influences cardiac dynamics, and whether this influence changes
with healthy aging, as sleep disorders have been associated with increased
cardiovascular risk [142, 109, 194]. Probing for changes in the complex tem-
poral organization of heartbeat fluctuations during different sleep stages can
help elucidate the mechanisms through which alterations of sleep regulation in
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elderly may contribute to cardiac risk.

In order to characterize heartbeat fluctuations during different sleep stages,
as well as the effect of healthy aging on cardiac regulation, we employ static
measures, such as the standard deviation σRR (also denoted as SDNN) of the
consecutive RR interbeat intervals and the standard deviation σ∆RR of the
interbeat increments ∆RR (also denoted as RMSSD). Further, we analyze
dynamic measures, such as the scaling exponent α which quantifies the long-
term fractal correlations in the RR time series, as well as the scaling exponents
αmag and αsign which quantify the long-term nonlinear and linear properties of
∆RR respectively.

12.2 Data and Methods

12.2.1 Subjects

We analyze 26 polysomnographic recordings obtained from 13 young subjects
(average age 33.3 years; 14 males 12 females) during two consecutive nights
of sleep in controlled laboratory conditions from the SIESTA project [114].
Continuous EEG and ECG signals were recorded during the habitual sleep
periods of≈ 8 h. Sleep stages were annotated in 30 sec epocs following standard
procedures [115].

We compare the results of the young group from the SIESTA database with
healthy elderly subjects from the Sleep Heart Health Study (SHHS) database.
Full details of the SHHS study design and cohort are provided in [116, 117]. De-
tails about obtaining the ECG and polysomnographic recordings are outlined
in [118]. Sleep apnea episodes were annotates, and heart rate data during ap-
nea (obstructive and central) were excluded from our analysis. From the SHHS
database we selected a subset of 24 subjects (6 males; 18 females) average age
of 78.4 years (youngest 72; oldest 89).
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12.2.2 Detrended Fluctuation Analysis (DFA)

The DFA method [22] has been developed to quantify dynamic character-
istics of physiologic fluctuations embedded in nonstationary physiologic sig-
nals. Compared with traditional correlation analyzes, such as autocorrelation,
power-spectrum and Hurst analysis, the advantage of the DFA method is that
it can accurately quantify the correlation property of signals masked by poly-
nomial trends, and is described in detail in [23, 176, 25, 27, 26]. The DFA
method quantifies the detrended fluctuation function F (n) of a signal at dif-
ferent time scales n. A power-law functional form F (n) ∼ nα indicates the
presence of self-similar fractal organization in the fluctuations. The parameter
α, called scaling exponent, quantifies the correlation properties of the heart-
beat signal: if α = 0.5, there are no correlations (white noise); if α = 1.5 the
signal is a random walk (Brownian motion); if 0.5 < α < 1.5 there are positive
correlations, where large heartbeat intervals are more likely to be followed by
large intervals (and vice versa for small heartbeat intervals); if α < 0.5 the sig-
nal is anti-correlated where large heartbeat intervals are likely to be followed
by small intervals (with stronger anti-correlations when α is closer to 0).
One advantage of the DFA method is that it can quantify signals with α > 1,

which cannot be done using the traditional autocorrelation and R/S analy-
ses [19], as well as signals with strong anti-correlations [23]. In contrast to the
conventional methods, the DFA method avoids spurious detection of apparent
long-range correlations that are an artefact of nonstationary [177]. Thus, the
DFA method is able to detect subtle temporal structures in highly heteroge-
neous physiologic time series.
An inherent limitation of the DFA analysis is the maximum time scale nmax

for which the fluctuation function F (n) can be reliably calculated. To ensure
sufficient statistics at large scales it was shown that nmax should be chosen
nmax ≤ N/6, where N is the length of the signal [23, 27, 28].

12.2.3 Magnitude and Sign Analyzes (MSA)

Since the DFA method quantifies linear fractal characteristics related to two-
point correlation, we employ the MSA method to probe for long-term nonlin-
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ear properties in the data. Specifically, it has been shown that signals with
identical self-similar temporal organization, quantified by the DFA scaling ex-
ponent α, can exhibit very different nonlinear properties captured by the MSA
method [36].
The MSA method [178, 36, 37] consists of the following steps: (i) given

a RRi series we obtain the increment series, ∆RRi = RRi+1 − RRi; (ii) we
decompose the increment series into a magnitude series |∆RR| and a sign series
sign(∆RR); (iii) because of limitations in the accuracy of the DFA method
for estimating the scaling exponents of anti-correlated signals (α < 0.5), we
integrate the magnitude and sign series; (iv) we perform the DFA scaling
analysis; (v) to obtain the scaling exponents for the magnitude and sign series,
we measure the slope of F (n)/n on a log-log plot, where F (n) is the fluctuation
function and n is the time scale.
This approach is sensitive to nonlinear features in signals [179]. We find

that positive correlations in the magnitude series (αmag > 0.5) are a reliable
marker of long-term nonlinear properties [37]. Thus, the MSA is a complemen-
tary method to the DFA, because it can distinguish physiologic signals with
identical long-range fractal correlations, as quantified by the DFA method,
but different nonlinear properties and different temporal organization for the
sign(∆RR) series.

12.2.4 Data processing

From the annotated ECG recordings only the intervals RR between consecu-
tive normal beats are considered. Intervals containing non-normal beats are
disregarded. The RR time series are then segmented corresponding to sleep
stages. Within each data segment, corresponding to a given sleep stage, out-
liers due to missed beat detection in the ECG (which would give rise to er-
roneously large intervals) are marked as gaps and taken out. Heartbeat RR
intervals are identified as outliers when outside the interval [0.5 sec; 1.55 sec]
or when an interbeat increment ∆RR > 0.35 sec. This results in removing on
average 1.2% and no more than 5% of the data points for each record. Seg-
ments of RR intervals were concatenated when separated by gaps smaller than
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G = 70, 35, and 10 heartbeats for the analysis of the time series of RR, ∆RR,
and sign(∆RR) respectively. Segments separated by gaps larger than G were
analyzed separately without concatenation.
We note that cutting out gaps in positively correlated fractal signals, such

as the RR time series, does not effect the DFA and MSA scaling behavior at
intermediate and large time scales [25]. For large values of G in general more
segments of data are concatenated, which allows to explore larger time scales
n in the DFA and MSA scaling analyses. We choose different values of G for
the RR, ∆RR, and sign(∆RR) time series as we estimate α, αmag, and αsign

at large (n ∈ [50, 250]), intermediate (n ∈ [10, 150]), and short (n ∈ [7, 13])
time scales respectively (where n is in beat numbers). For larger values of
G larger time scales n in the DFA and MSA scaling analyses are affected by
the concatenation of adjacent data segments. The values for G are chosen
conservatively small — our tests show that choosing larger values of G does
not affect the scaling results for the fitting ranges mentioned above.
Because sleep stages were annotated in epocs of 30 sec such coarse-graining

leads to inaccuracy in determining the actual positions of sleep stage transi-
tions. To assure that this inaccuracy does not affect our analysis, we disregard
40 heartbeats on each side of every sleep stage transition in the polysomno-
graphic recordings. To avoid masking effects of sleep apnea, which strongly
affect cardiac dynamics [154], we disregard sections of heart rate data corre-
sponding to central and obstructive apnea episodes, including additional 60
heartbeats before the beginning and after the end of each apnea episode to
eliminate transient apnea effects.
Data segments separated by gaps due to sleep stage or apnea events transi-

tions are never concatenated, and are always analyzed separately. For example,
segments of heartbeat data during separate REM sleep stages throughout the
night are treated separately in our analysis. Thus, when calculating the stan-
dard deviation σRR and σ∆RR for these separate segments (each of which may
have a different mean value) we subtract the global average for all segments
(Fig. 12.1 and Table 12.1). We note that subtracting the average in each
segment separately leads to qualitatively the same results with the same rel-
ative difference in σRR and σ∆RR between young and elderly and to the same
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Figure 12.1: Static measures of heart rate variability across sleep stages for
young and elderly. (a) Group average standard deviation of the interbeat RR
intervals σRR (SDNN) exhibits a statistically significant stratification across
sleep stages for both young and elderly (For young: p-value = 2.4 × 10−8

between wake and deep sleep, and p-value = 2.4 × 10−3 between REM and
deep sleep). (b) Group average standard deviation σ∆RR (RMSSD) of the
interbeat increments ∆RR does not show a statistically significant dependence
of sleep stages for both young and elderly. Average values across all stages are
indicated by dashed lines for each group. For elderly both σRR and σ∆RR
exhibit a statistically significant (see Table 12.1) vertical shift of ∆ ≈ 0.02 sec
across all sleep stages. Error bars represent the standard error.

stratification patterns across sleep stages as shown in Fig. 12.1.
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12.3 Results

12.3.1 Variability in Heartbeat Intervals and their
Increments

To test whether heart rate variability changes according to sleep stage tran-
sitions, and whether this variability is reduced in healthy elderly subjects for
certain sleep stages, we first estimate for each subject and for each sleep stage
the standard deviation of the RR interbeat intervals σRR (SDNN) and the
standard deviation of the increments in the consecutive interbeat intervals
σ∆RR (RMSSD). For the group of healthy young subjects we find that the
group average σRR is highest for wake with

〈
σW

RR

〉
± σ = 0.11 ± 0.03, lower

for REM and light sleep with
〈
σREM

RR

〉
≈
〈
σL

RR

〉
≈ 0.08 ± 0.03, and lowest

for deep sleep with
〈
σD

RR

〉
± σ = 0.06 ± 0.03 (Fig. 12.1a). A Student’s t-

test shows a significant difference between
〈
σW

RR

〉
and

〈
σD

RR

〉
for the young

group, with a p-value = 2.4× 10−8. A statistically significant difference, with
a p-value = 2.4× 10−3, we find also when comparing

〈
σREM

RR

〉
and

〈
σL

RR

〉
with〈

σD
RR

〉
. These results clearly indicate that heart rate variability changes signif-

icantly with transitions from one sleep stage to another in response to changes
in sleep regulation during different sleep stages. As the reflexive-responsiveness
of cardiac dynamics in healthy young subjects is intact, the observed stratifi-
cation pattern in the values of σRR — highest for wake, lower for REM and
light sleep, and lowest for deep sleep — can only be attributed to the influence
of different modes of sleep regulation during different sleep stages.
Compared to the young subjects, for the group of healthy elderly subjects

we observe a very similar stratification of the values of σRR for the different
sleep stages. Specifically, we find that for the elderly subjects

〈
σW

RR

〉
± σ =

0.08 ± 0.03 is significantly different from
〈
σREM

RR

〉
± σ = 0.06 ± 0.02 with

p-value = 2×10−3 — very similar to the statistical significance with p-value =
6×10−3 of the difference between

〈
σW

RR

〉
and

〈
σREM

RR

〉
for the young group (see

Fig. 12.1a). Further, we find that for the elderly subjects
〈
σL

RR

〉
≈ 0.06±0.02 is

statistically different from
〈
σD

RR

〉
≈ 0.04±0.02 with p-value = 6.4×10−5. These

observations demonstrate that the variability in cardiac dynamics in elderly
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subjects exhibits a remarkably similar stratification pattern across sleep stages
as the one observed for young subjects (Fig. 12.1a).
We note that the elderly group average values for σRR are significantly lower

(with a shift of ∆ ≈ 0.02 sec) for all sleep stages compared to the young group.
This shift in σRR, which we observe consistently for all sleep stages, indi-
cates significantly reduced heart rate variability in elderly subjects. However,
the response of cardiac dynamics to sleep stage transitions in healthy elderly
subjects remains the same as in young subjects, as evident from the similar
stratification patterns in σRR for both groups.
We next consider σ∆RR, another standard static measure which quantifies

the variability in consecutive beat-to-beat increments. In contrast to σRR, we
do not find a stratification in the values of σ∆RR for different sleep stages in
both young and elderly subjects (Fig. 12.1b). However, we again observe a
significant reduction in the values of σ∆RR with a shift of ∆ ≈ 0.02 sec for
elderly subjects compared to the young group, consistent with earlier reports
of lower heart rate variability in elderly [165].

12.3.2 Fractal Temporal Correlations

We next test whether the temporal organization of heartbeat fluctuations re-
sponds to sleep stage transitions, and whether it changes with advanced age.
Previous studies have shown that heartbeat fluctuations exhibit self-similar
fractal organization characterized by power-law correlations over a broad range
of time scales from seconds to many hours [143, 134, 136]. The scaling exponent
α quantifying these power-law correlations has been found to change signifi-
cantly with transitions from sleep to wake state [150] and with the circadian
rhythm [157, 158], indicating a complete reorganization of the fractal temporal
structure in cardiac dynamics across all scales.
To probe how the scale-invariant organization in the interbeat intervals RR

changes across sleep stages for both young and elderly subjects we apply the
DFA scaling analysis. We find a very pronounced difference in the scaling be-
havior of the fluctuation function F (n) for the different sleep stages (Fig. 12.2)
with significantly different values for the DFA scaling exponent α (Fig. 12.3a).
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Figure 12.2: Log-log plots of the group average fluctuation functions F (n)
versus time scale n (measured in beats) for group of young subjects using
DFA-2 analysis of the heartbeat intervals RR during different sleep stages.
Scaling curves F (n) for all sleep stages indicate presence of long-range power-
law correlations characterized by scaling exponent α over a broad range of
time scales. The exponent varies from α ≈ 1 for wake (indicating strong
correlations) to α ≈ 0.6 for deep sleep (week correlations) suggesting different
fractal temporal organization in heartbeat fluctuations during different sleep
stages. Error bars represent the standard error. The scaling curves F (n) are
vertically offset for clarity. As the durations of different stages vary among
subjects and thus the maximum time scale nmax of the DFA analysis may be
different for different subjects, only F (n) data points averaged over at least 14
recordings are presented for each stage.
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Specifically, we find a clear stratification in the group average scaling exponent
α, with highest value for the wake state, followed by a lower value for REM
sleep and even lower values for light and deep sleep (Fig. 12.3a and Table 12.1).
For both young and elderly subjects we find a statistically significant difference
between the group average exponent αW for wake and αD for deep sleep with
p-value = 2× 10−7 and p-value = 10−17 respectively (see Table 12.1). We also
find a statistically significant difference between αREM for REM sleep and αL

for light sleep with p-value = 9× 10−4 and p-value = 6.5× 10−12 respectively
for the young and elderly groups.
Our findings indicate (i) a significant change in the fractal temporal organi-

zation of heartbeat fluctuations in response to transitions across sleep stages,
in agreement with [151], and surprisingly (ii) that fractal correlations within
each sleep stage remain robust and do not significantly change with healthy
aging.

12.3.3 Magnitude and Sign Correlation

Scale-invariant fractal processes with identical long-range power-law correla-
tion may exhibit very different dynamics for the magnitude and sign of their
fluctuations [36]. It has been found that the information contained in the tem-
poral organization of the magnitude and the sign time series is independent and
complementary to the correlation properties of the original time series [178, 37].
For cardiac dynamics of healthy subjects during routine daily activity it was
shown that heartbeat intervals exhibit power-law correlations at intermediate
and large time scales characterized by a scaling exponent α ≈ 1 [159], while
at the same time scales the magnitude series of the increments ∆RR in the
consecutive heartbeat intervals is characterized by αmag ≈ 0.75 [36]. Further,
while the correlations in RR reflect the linear properties of cardiac dynam-
ics, the temporal structure in the magnitude of heartbeat increments ∆RR
relates to the nonlinear properties encoded in the Fourier phases [179, 37]. For
certain pathologic conditions, such as congestive heart failure, which are asso-
ciated with loss of nonlinearity in cardiac dynamics [190, 180, 139], previous
studies have reported breakdown of the nonlinear multifractal spectrum [16]

161



Chapter 12 Heart Rate Dynamics during Different Sleep Stages

W REM L D

0

0.2

0.4

0.6

0.8

1
Sc

al
in

g 
E

xp
on

en
t α

young
elderly

W REM L D W REM L D

RR |∆RR|

sign(∆RR)

(a) (b) (c)

Figure 12.3: Scale-invariant dynamic measures of heart rate variability across
sleep stages for young and elderly. (a) Group average scaling exponent α for
the time series of heartbeat intervals RR exhibits a pronounced and statisti-
cally significant stratification across sleep stages for both young and elderly.
High degree of fractal correlations is observed during wake an REM with α ≈ 1
and much weaker correlations during light and deep sleep with α ≈ 0.6. Un-
correlated (white noise) behavior with α = 0.5 is indicated by a dashed line.
(b) Group average scaling exponent αmag for the time series of |∆RR|. Both
young and elderly exhibit long-term nonlinear behavior with αmag > 0.5 and
with a very similar stratification pattern across all stages: higher αmag values
and higher degree of nonlinearity during wake and REM; lower αmag values
and closer to linear behavior during light and deep sleep. (c) Group average
scaling exponent αsign for the time series of sign(∆RR). A statistically sig-
nificant stratification pattern with decreasing values of αsign across all stages
is observed for the young group. Elderly subjects exhibit a different pattern
with significantly lower values of αsign during wake and REM (see Table 12.1).
Data are obtained after fitting the DFA scaling curves F (n) for each individual
recording in the range of time scales: n ∈ [50, 250] beats for α; n ∈ [10, 150]
for αmag; and n ∈ [7, 13] for αsign. Error bars represent the standard error.
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and reduced scaling exponent αmag [36] related to loss of Fourier phase corre-
lations.
To probe how the long-term nonlinear properties of heartbeat fluctuations

change across sleep stages, we investigate the correlations in the magnitude
of the interbeat interval increments ∆RR. For both groups of young and
elderly subjects we find that for all sleep stages, the scaling exponent αmag

is significantly higher than 0.5, indicating nonlinear dynamics during sleep
(Fig. 12.3b). We also find that both young and elderly subjects exhibit a
clear stratification in the group average values of αmag across all sleep stages
(although not so pronounced as in α). In particular, we find highest values for
αmag during wake, followed by lower values during REM and light sleep, and
lowest αmag values during deep sleep (Fig. 12.3b and Table 12.1), in agreement
with [152].
Our results indicate a nonlinear behavior, consistent for both young and

elderly subjects, where cardiac dynamics exhibit higher degree of nonlinearity
during wake and REM sleep, and closer to linear behavior during light and
deep sleep (Fig. 12.3b). Furthermore, for the elderly subjects we find a slight
but not statistically significant shift to lower αmag values for all sleep stages
compared to the young group.
For the sign of the interbeat increment ∆RR time series in young subjects

we again find a clear and significant stratification in the values of the scaling
exponent αsign (Fig. 12.3c and Table 12.1). In particular, we find highest
αsign values during wake, followed by REM and light sleep, and lowest αsign

values during deep sleep — a stratification pattern very similar to the one
we observe for σRR, α and αmag. This indicates stronger anti-correlations
in the sign(∆RR) time series during light and deep sleep, and weaker anti-
correlations during REM and wake. This stratification pattern is in contrast
to the behavior we find for the elderly subjects, where there is no significant
difference between wake, REM, and light sleep (Fig. 12.3c). The values of αsign

during light and deep sleep are almost the same for both young and elderly.
In addition, we observe a significant difference between young and elderly
subjects during wake (with a p-value = 1.6 × 10−4) and during REM (with
a p-value = 1.6 × 10−5), with elderly subjects characterized by lower values
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for the exponent αsign (Fig. 12.3c). These results suggests that the difference
between young and elderly subjects is most pronounced in the sign(∆RR) time
series during wake and REM with stronger anti-correlations for elderly.

Table 12.1: Static and scale-invariant dynamic characteristics of heartbeat
fluctuations for all sleep stages in young and elderly. Subjects for which the
DFA maximum scale nmax < 220, 110, and 12 were not included in the calcu-
lation of the group average α, αmag, and αsign respectively. (nmax ≡ N

6 , where
N is the signal length).

static dynamic
σRR σ∆RR α αmag αsign

W
Young .11±.03 .05±.02 .97±.14 .65±.08 .29±.22
Elderly .08±.03 .02±.01 1.03±.13 .60±.18 .09±.17
p-value 1×10−4 1×10−9 .075 0.20 1.6×10−4

REM
Young .08±.03 .04±.02 .89±.13 .69±.06 .27±.16
Eelderly .06±.02 .02±.01 1.02±.18 .62±.09 .06±.18
p-value 8.9×10−4 2.8×10−4 .015 .003 1.6×10−5

L
Young .08±.03 .05±.03 .74±.17 .61±.06 .09±.18
Elderly .06±.02 .03±.01 .63±.15 .59±.08 .09±.16
p-value 2×10−4 7.4×10−5 .011 0.22 0.97
D
Young .06±.03 .05±.02 .61±.21 .58±.11 -.04±.19
Elderly .04±.02 .03±.02 .57±.17 .55±.12 -.03±.16
p-value .002 8.1×10−5 .465 0.36 0.77

12.4 Discussion

Our results show that key static and dynamic measures of heart rate variability
exhibit a pronounced and statistically significant stratification patterns across
sleep stages. We find a remarkably similar stratification pattern for both
static and dynamic measures, with consistently higher values during wake,
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lower values during REM and light sleep, and lowest during deep sleep. This
stratification of static and dynamic measures is surprisingly robust, as we
observe very similar patterns for both young and elderly subjects, despite
significantly reduced heart rate variability with age (Table 12.1) [142, 165].
These results indicate that the influence of sleep regulation on the autonomic
cardiac activity does not break down with progressive healthy aging.

12.4.1 Static measures

We find that the standard deviation σRR of the heartbeat intervals, a static
measure of cardiac dynamics, decreases significantly when comparing wake,
REM, light, and deep sleep (Fig. 12.1). This indicates a strong responsiveness
of cardiac dynamics to changes in sleep regulation across different sleep stages.
The coupling between sleep and cardiac control appears to be robust, as we
find the same stratification pattern in σRR for both healthy young and elderly
subjects (Fig. 12.1). While the stratification patterns in σRR are the same for
the young and the elderly groups, there is a significant vertical shift of size
∆ ≈ 0.02 sec to lower values of σRR in elderly subjects, consistently across all
sleep stages (Fig. 12.1a). These findings are in agreement with earlier reports
of reduced heart rate variability with healthy aging. We note, that for both
young and elderly groups the difference in the group average standard deviation
between wake and deep sleep

〈
σW

RR

〉
−
〈
σD

RR

〉
≈ 0.04 sec is approximately twice

larger than the vertical shift ∆ we find between young and elderly. These
results indicate that the effect of sleep regulation on heart rate variability, as
measured by 〈σRR〉, is stronger than the effect of aging (average age difference
of 4522 years between the young and elderly groups).
The pronounced stratification pattern we find in σRR across sleep stages

relates to reduction in sympathetic tone during light and deep sleep compared
to wake and REM [192, 193]. As the sympathetic activity is represented by
the low-frequency range in the heart rate power spectrum [193, 195], bursts of
sympathetic tone lead to increased non-stationarity of the interbeat interval
time series characterized by higher values of σRR during wake and REM. With
gradual decrease of sympathetic tone during light and deep sleep the degree
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of non-stationarity also decreases, and therefore, σRR is reduced. This is also
observed for the group of healthy elderly subjects, however, with lower values
of σRR for all sleep stages due to reduced parasympathetic tone in elderly.

In contrast to σRR, for the standard deviation σ∆RR of the increments in the
consecutive heartbeat intervals ∆RR, another static measure, we do not find a
significant change across sleep stages for both young and elderly subjects. This
measure is insensitive to non-stationarity in the interbeat time series as it filters
out low-frequency trends associated with sympathetic activity. Thus, σ∆RR

does not capture the different degree of non-stationarity related to changes
in the level of sympathetic activity during different sleep stages. However,
σ∆RR reflects the high-frequency variability in the interbeat time series related
to parasympathetic activity. For the elderly subjects we find a significant
reduction of ∆ ≈ 0.025 sec in the values of σ∆RR for all sleep stages, indicating
a reduction in parasympathetic tone with aging (Fig. 12.1b and Table 12.1).

As σ∆RR represents high-frequency parasympathetic inputs and filters out
low-frequency sympathetic inputs, the fact that we do not observe a signifi-
cant reduction in σ∆RR between REM and deep sleep suggests that parasym-
pathetic tone does not significantly change. This in turn suggests that the
statistically significant drop we find in σRR between REM and deep sleep in
both healthy young and elderly subjects is due to a significant reduction of
sympathetic activity. On the other hand, a similar drop of ∆ ≈ 0.02 sec be-
tween σRR for the young and σRR for the elderly subjects during REM must
be caused by suppression of parasympathetic tone in elderly, as we also find
a similar drop of ∆ ≈ 0.02 sec in σ∆RR which is a measure sensitive only to
parasympathetic tone. Thus, while both σRR and σ∆RR are static measures,
they reflect fundamentally different aspects of cardiac control: while σRR cap-
tures both sympathetic and parasympathetic activity and thus changes across
sleep stages as well as with advanced age, the complementary measure σ∆RR

is only sensitive to changes in the parasympathetic activity and thus changes
only with age.
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12.4.2 Dynamic measures

Our results demonstrate that dynamic measures, such as α, αmag and αsign,
which probe the temporal fractal and nonlinear organization in heartbeat
fluctuations, also change with transitions across sleep stages. Moreover, this
change is very similar for both young and elderly subjects indicating a robust
influence of sleep regulation on the temporal fractal correlations of heartbeat
fluctuations. Specifically, we find significantly stronger correlations during
wake and REM compared to light and deep sleep (Fig. 12.3a).
The scaling exponent α is determined over a range of long and interme-

diate time scales corresponding to low and intermediate frequencies in the
power spectrum (Fig. 12.3). Thus, α mainly quantifies the contribution of
the sympathetic component of neuroautonomic control to the fractal temporal
organization of heartbeat fluctuations — i.e., higher values of α during wake
and REM reflect significantly higher sympathetic activity compared to lower
values of α during light and deep sleep. The observation that two indepen-
dent measures — the static measure σRR and the dynamic measure α which
quantify different aspects of cardiac dynamics — change consistently across
sleep stages and exhibit very similar stratification patterns for both young and
elderly subjects confirm our hypothesis of strong coupling between sleep and
cardiac regulation.
We note that, compared to the young group, elderly subjects are character-

ized by higher values of the scaling exponent α during wake and REM, and
slightly lower values for light and deep sleep. In contrast to σRR and σ∆RR

we do not find a significant shift to lower values for the scaling exponent α in
elderly. The higher values of α for elderly subjects during wake and REM in-
dicate higher degree of correlations in heartbeat fluctuations, and reflect lower
parasympathetic tone in elderly compared to young subjects.
A similar, however, less pronounced stratification pattern we observe also for

the scaling exponent αmag, which quantifies the long-term nonlinear properties
of heartbeat dynamics encoded in the Fourier phases [179, 37]. This finding
indicates higher degree of nonlinearity in cardiac dynamics during wake and
REM, and closer to linear behavior during light and deep sleep. We find this
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tendency to hold for both young and elderly subjects (Fig. 12.3b). We note
that while there is a slightly lower degree of nonlinearity in elderly (lower
αmag values) for all sleep stages, the difference in αmag between wake/REM
and light/deep sleep is larger compared to the difference between the young
and elderly groups. This indicates that the influence of sleep regulation on
the nonlinearity, as measured by αmag, is stronger than the effect of aging in
healthy subjects.
Finally, for the scaling exponent αsign which quantifies the short-term cor-

relations in the directionality of heart beat increments, we again find a pro-
nounced stratification pattern with statistically significant differences between
the values αsign for different sleep stages. As for σRR, α and αmag, the values of
αsign for young subjects are highest during wake, lower during REM and light
sleep, and lowest during deep sleep (Fig. 12.3c). In contrast to α and αmag,
the values of αsign during wake and REM sleep are very different (much lower
values) for elderly subjects (Table 12.1).
In summary, our results show that key static and dynamic measures of car-

diac control change significantly in response to sleep stage transitions and
exhibit a pronounced stratification pattern across sleep stages. For both static
and dynamics measures this stratification pattern are characterized by high-
est values during wake, decreasing values for REM light and deep sleep. Our
results indicate that not only the heart rate variability but also the fractal
and nonlinear organization of heartbeat fluctuations follow the same stratifi-
cation pattern suggesting a fundamentally different cardiac dynamics during
different sleep stages. This stratification pattern appears remarkably robust
as we observe it both in young and elderly subjects. Moreover, for all sleep
stages the elderly subjects exhibit very similar values for the linear and non-
linear scaling measures of cardiac dynamics compared to the young subjects,
indicating that the fractal temporal organization of cardiac dynamics does not
break down with healthy aging. Further, our observations suggest that under
healthy conditions the coupling between the mechanism of sleep regulation
and the neuroautonomic cardiac control does not break down with progressive
aging, despite significant reduction in heart rate variability and alterations of
sleep architecture in elderly. Finally, we find that the differences between the
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values of key static and dynamic measures of the heart rate variability for dif-
ferent sleep stages exceed the differences between young and elderly subjects,
suggesting that the effect of sleep regulation on cardiac dynamics is signifi-
cantly stronger compared to the effect of healthy aging.
This work was supported by NIH Grant No. 2 RO1 HL071972 and the

Volkswagen Foundation.
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Chapter 13

Conclusion

We present the concept of a complex system (Part I, Section 1) and showed
that it is very useful despite the broad definition of the term. It allows us to
recognize, quantify, and explain common phenomena and principles in many
often quite diverse sets of systems.
Statistical physics can explain why observables of complex systems — A

system with many coupled degrees of freedom — usually exhibit partly erratic
and not fully predictable1 dynamics (Section 1.1). On the other hand, Mori-
Zwanzig theory elucidates why this erratic component is usually not completely
random but more or less correlated (Section 4, A, and B.2.1).
In part II, we present a wide variety of methods to characterize and quantify

correlations and memory effects in time series, as well as nonlinear measures
related to the Fourier phase organization. We also show how those inherent
correlations can be used for prediction and forecasting. A brief outlook is given
to how systems with memory effects can be optimally controlled.
In part III, we explore several applications of the presented concepts and

methods. Chapters 6 and 7 investigate climate dynamics. Wind and tem-
perature fluctuations are not completely random but exhibit a high degree
of persistence. In chapter 7, we propose to use the change in persistence of
climate dynamics as a new complementary measure of climate change. To
demonstrate the feasibility of this approach, we analyze high-frequency long-
term temperature and wind speed records form Europe and the US. We find
1 Predictable in the sense of high sensitivity to initial conditions as characterized by positive
real parts of the Lyapunov exponents (see Section 1.1) in the Lyapunov theory.
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indications that our climate has become less persistent, more erratic, and less
predictable over the last century.
In chapter 8, we analyze fluorescence spectra over time of a single light har-

vesting complex LH2 from the bacterium, Rhodospirillum molischianum. In
different frequency ranges of the spectra we could identify at least two dis-
tinctly different dynamics, which we suggest to be linked to the fast dynamics
of the host system polyvinyl alcohol (or polyvinyl acetate) (PVA), whereas
the slower part of the dynamics seems to be related to conformational changes
around the optically active center. In chapter 9, we investigate memory effects
in the volatility and directionality of high-frequency price fluctuations of major
stock indices. Especially, the directionality shows weak but very long-range
memory effects at time scales of several days.
In the chapters 10, 11, and 12, physiological fluctuations are studied. First,

we analyze the dynamics of sleep stages itself and find very interesting paral-
lels to systems exhibiting self-organized criticality (SOC): Durations of arousals
(analog to the durations of avalanches in Bak-Tang-Wiesenfeld sand piles) dur-
ing sleep follow a power-law (scale-invariant), whereas the durations of sleep
segments (analog to the duration of the quiet periods between avalanches)
exhibit an exponential behavior (and have a well defined average length). Fur-
thermore, we compare young, elderly, and subjects with mild age-related cog-
nitive impairment and find substantial differences in the behavior of their sleep
and wake state durations. These findings can help to improve the diagnosis
and prognosis of sleep disorders.
Age related changes in heartbeat dynamics are explored in chapter 11. It

is known that heart rate variability of heartbeat intervals decreases with age.
Even though the variability decreases significantly with age, we show that
the fractal and nonlinear organization of heartbeat fluctuations remain sur-
prisingly stable in healthy elderly compared to young. Taking a closer look
at heartbeat fluctuations during different sleep stages in young and elderly
(chapter 12) reveals that static and dynamic measures of heartbeat dynamics
show a pronounced stratification pattern across sleep stages but again remain
surprisingly stable with healthy aging.
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Appendix A

Mori-Zwanzig Theory

Mori-Zwanzig-Theory provides a projection formalism to obtain an equa-
tion of ’relevant’ degrees of freedom only.

Let G be a set of ’relevant’ observables, Gα(t) (α = 1, ...,M). Then the time
evolution of Gα(t) is given by

dGα

dt = iL̂G0
α, (A.1)

where the Liouvillian L̂

Gα(t) = exp{iL̂(t− t0)}G0
α, (A.2)

and the G0
α = Gα(Γ0) are fixed by the microscopic initial state Γ0 = Γ (t0).

We introduce the following projection operators

P̂ =
∑
αβ

G0
αHαβ(G0

β, ....) (A.3)

Q̂ = 1− P̂ (A.4)

Insert the identity operator P̂ + Q̂ after the propagator exp{iL̂(t− t0)}. We
obtain

dGα(t)
dt = exp{iL̂(t− t0)}

(
P̂ + Q̂

)
L̂G0

α

= exp{iL̂(t− t0)}P̂ L̂G0
α + exp{iL̂(t− t0)}Q̂L̂G0

α. (A.5)
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The first term can be written as

exp{iL̂(t− t0)}P̂ L̂G0
α =

∑
βγ

Ωαγ Gγ(t), (A.6)

where we have introduced the M ×M frequency matrix Ωαγ,

Ωαγ =
∑
β

Hγβ(G0
β, P̂ L̂G

0
α), (A.7)

where theHαβ = 1
(G0

α,G
0
β
) . The second term in equation (A.5) can be rearranged

by using the so called Dyson Identity

eiL̂(t−t0) = eiQ̂L̂(t−t0) + i

t∫
t0

dt′eiL̂(t−t′)P̂ L̂eiQ̂L̂(t′−t0) (A.8)

we arrive at

eiL̂(t−t0)Q̂iL̂G0
α = eiQ̂L̂(t−t0)Q̂iL̂G0

α

+
t∫

t0

dt′eiL̂(t−t′)P̂ iL̂eiQ̂L̂(t′−t0)Q̂iL̂G0
α. (A.9)

The first term can be rewritten to

fα(t) = eiQ̂L̂(t−t0)Q̂iL̂G0
α = Q̂eiQ̂L̂(t−t0)Q̂iL̂G0

α. (A.10)

This quantity, fα(t), is referred to as the fluctuating force or the residual force.
The presence of the complementary projection operator Q̂ has the important
consequence that (

G0
β, fα(t)

)
= 0 . (A.11)

From a geometrical point of view, the fluctuating forces fα(t) are orthogonal to
all initial relevant quantities G0

β at all times. The first term on the right-hand
side of (A.9) can be transformed into a more convenient form. We write

eiL̂(t′−t0)P̂ iL̂eQ̂iL̂(t−t′)Q̂iL̂G0
α
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= eiL̂(t′−t0)
∑
γβ

G0
γHγβ(G0

β, iL̂Q̂eQ̂iL̂(t−t′)Q̂iL̂G0
α)

=
∑
βγ

Gγ(t′)Hγβ(G0
β, iL̂Q̂eQ̂iL̂(t−t′)Q̂iL̂G0

α). (A.12)

As a result, the equation of motion (A.5) can be written as

dGα(t)
dt =

∑
γ

ΩαγGγ(t) +
t∫

t0

dt′Kαγ(t− t′)Gγ(t′)
+ fα(t), (A.13)

where we have introduced the quantity

Kαγ(t− t′) =
∑
β

Hγβ(G0
β, iL̂Q̂eQ̂iL̂(t−t′)Q̂iL̂G0

α)

=
∑
β

Hγβ(G0
β, iL̂fα(t− t′)), (A.14)

which is referred to as the memory matrix. It should be pointed out that
both the frequency matrix and the memory matrix still depend on the initial
time t0. Equation (A.13) is called the generalized Langevin Equation or the
Mori-Zwanzig Equation. No approximation has been taken into account in the
previous derivation.

A special situation occurs in the case of stationarity. Then, we obtain

Kαγ(t− t′) = −
∑
β

Hγβ(fβ (t′) , fα(t)), (A.15)

where we have used the relation (G0
β, iL̂fα(t − t′)) = − (fβ (t′) , fα(t)), which

can be checked straightforwardly. For the sake of simplicity, we set t0 = 0.
Then, due to the stationarity, we obtain

(fβ(t′), fα(t)) = (fβ(0), fα(t− t′)) = (Q̂iL̂G0
β, fα(t− t′)). (A.16)

It is easily demonstrated that

(Q̂iL̂G0
β, fα(t− t′)) = (iL̂G0

β, Q̂fα(t− t′)) = (iL̂Gβ(0), fα(t− t′)) (A.17)
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and therefore (fβ(t′), fα(t)) = (iL̂Gβ (t′) , fα(t)). Thus, we get the desired
relation

(fβ(t′), fα(t)) = d

dt′ (Gβ (t′) , fα(t)) = d

dt′ (Gβ (0) , fα(t− t′))

=− d

dt(Gβ (0) , fα(t− t′)) = − d

dt(Gβ (t′) , fα(t))

=− (Gβ (t′) , iL̂fα(t)) = −(G0
β, iL̂fα(t− t′)), (A.18)

where several times we have applied the stationarity condition and the formal
equation of motion, which is valid, of course, for all dynamic quantities of the
system.
From (A.13), it is straightforward to obtain the corresponding equation for

the correlation functions Gα(t)Gβ(t0). Exploiting the orthogonality of the
residual forces and the relevant quantities (A.11), we obtain

d
dtGα(t)Gβ(t0) =

∑
γ

ΩαγGγ(t)Gβ(t0)

+
∑
γ

t∫
t0

dt′Kαγ(t− t′)Gγ(t′)Gβ(t0). (A.19)
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Mori-Zwanzig Equation and
ARCH-/GARCH Processes

AutoRegressive Conditional Heteroskedasticity Models (ARCH) and General-
ized AutoRegressive Conditional Heteroskedasticity Models (GARCH).

B.1 ARCH/GARCH

ARCH(N1,0)/GARCH(N1,N2) processes have a stochastic volatility defined by
equation (B.1).

σ2
t = β(0) +

N1∑
t′=1

βt′ξ
2
t−t′ +

N2∑
t′=1

βt′σ
2
t−t′ (B.1)

The actual process, ξt, is now given by

∆ξt = σt∆W (B.2)

where ∆W usually are Gaussian increments.

B.2 Mori-Zwanzig Theory

The Mori-Zwanzig equation reads (t0 < t)

dGα(t)
dt =

∑
γ

ΩαγGγ(t)−
t∫

t0

dt′Kαγ(t− t′)Gγ(t′)
+ fα(t, t0). (B.3)
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and the following identities apply

〈Gβ(t0)|fα(t, t0)〉t0 = 0 (B.4)

H−1
γβ 〈fβ(t0, t0)|fα(t, t0)〉t0 = Kβα(t) (B.5)

Defining the correlation matrix

gαβ(t) = 〈Gα(t0) Gβ(t)〉t0 (B.6)

we can write down its evolution equation

dgαβ(t)
dt =

∑
γ

Ωαγgγβ(t)−
t∫

t0

dt′Kαγ(t− t′)gγβ(t′)
+ 〈Gα(t0) Gβ(t)〉︸ ︷︷ ︸

→0

(B.7)

B.2.1 Fluctuaiton-Dissipation Theorem revisited

Using the projector formalism the fluctuation-dissipation theorem, see equa-
tion (A.15), comes about almost miraculously. However one cannot see the
origin.

In this section, the fluctuation-dissipation theorem is derived from the MZ
equation

dv(t)
dt = Ωv(t)−

t∫
t0

K(t− t′)v(t′t)dt′ + f(t) (B.8)

and the following assumptions:

〈f(t)〉 = 0 (B.9)

〈v(0)|f(t)〉 = 0. (B.10)

Now, let us multiply equation (B.8) with v(0) from the left.

d 〈v(0)|v(t)〉
dt = Ω 〈v(0)|v(t)〉−

t∫
t0

K(t−t′) 〈v(0)|v(t′t)〉 dt′+〈v(0)|f(t)〉︸ ︷︷ ︸
→0

(B.11)
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After a Laplace transform equation (B.11) reads

s 〈v(0)|v(s)〉 −
〈
v(0)|v(0+)

〉
= K(s) 〈v(0)|v(s)〉 (B.12)

Solving for 〈v(0)|v(s)〉 gives

〈v(0)|v(s)〉 = 〈v(0)|v(0+)〉
s+K(s) (B.13)

From equation (B.8) it is obvious to see that

f(0) = d
dtv(0) (B.14)

Therefore we have

〈f(0)|f(t)〉 =
〈

d
dtv(0)| ddtv(t)

〉
+

t∫
t0

K(t− t′)
〈

d
dt′v(0)|v(t′)

〉
dt′ (B.15)

The Laplace transform

〈f(0)|f(s)〉 =− s2 〈v(0)|v(s)〉 − d
dt 〈v(0)|v(t)〉

∣∣∣∣∣
t=0︸ ︷︷ ︸

→0

+

K(s)
[
s 〈v(0)|v(s)〉 −

〈
v(0)|v(0+)

〉]
(B.16)

=− [s+K(s)]
[
s 〈v(0)|v(s)〉 −

〈
v(0)|v(0+)

〉]
(B.17)

Starting from the MZ equation the fluctuation dissipation theorem (B.17) can
be derived under the assumption than the noise term is zero on average (B.9)
and that it is orthogonal to the observable (B.10).

B.3 ARCH/GARCH - Mori-Zwanzig Equation

Autoregressive Conditional Heteroscedasticity (ARCH) processes were first
introduced by Robert F. Engle in [196]. In 2003 he was awarded the

Nobel Price in Economics together with Clive W. J. Granger. Later Tim
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Bollerslev generalized them to Generalized Autoregressive Conditional Het-
eroscedasticity (GARCH) processes in [197]. A short introduction can be found
in [198].

If ARCH/GARCH processes are often used to simulate returns of financial
(stock) returns it involves the returns, ξt, the squared returns, ξt, and the local
volatility, σ2

t .

Let us now use these quantities as observables in the Mori-Zwanzig theory.

G0(t)
G1(t)
G2(t)

 =


ξ(t)
ξ2(t)
σ2(t)

 (B.18)

Now, the following elements of the correlation matix, gαβ(t), vanish because
the involved quantities are independent.

g01(t) = 0 g10(t) = 0 (B.19)

g02(t) = 0 g20(t) = 0 (B.20)

⇒

Ω01(t) = 0 Ω10(t) = 0 (B.21)

Ω02(t) = 0 Ω20(t) = 0 (B.22)

K01(t) = 0 K10(t) = 0 (B.23)

K02(t) = 0 K20(t) = 0 (B.24)
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because for example

0 != dg01(t)
dt =

2∑
γ=0

Ω0γ gγ1(t)︸ ︷︷ ︸
Ω00 g10︸ ︷︷ ︸
→0

+Ω01 g11+Ω02 g12

−
2∑

γ=0

t∫
t0

dt′K0γ(t− t′) gγ1(t′) (B.25)

Because of the Fluctuation Dissipation Theorem (B.5) and equation (B.23)

0 = Φ01 = Φ10 = Φ02 = Φ20 (B.26)

with
Φαβ = 〈fβ(t0, t0)|fα(t, t0)〉t0 (B.27)

Now, the components of the Mori-Zwanzig equation read

dG0(t)
dt = dξ

dt = Ω00ξ(t)−
t∫

t0

dt′K00(t− t′)ξ(t′) + f0(t, t0) (B.28)

dG1(t)
dt = dξ2

dt = Ω11ξ
2(t) + Ω12σ

2(t)−
t∫

t0

dt′K11(t− t′)ξ2(t′)−
t∫

t0

dt′K12(t− t′)σ2(t′)+

f1(t, t0) (B.29)

dG2(t)
dt = dσ2

dt = Ω21ξ
2(t) + Ω22σ

2(t)−
t∫

t0

dt′K21(t− t′)ξ2(t′)−
t∫

t0

dt′K22(t− t′)σ2(t′)+

f2(t, t0) (B.30)
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In order for equation (B.28) to be compliant with equation (B.2)

Φ00(t) = 〈f0(t0, t0)|f0(t, t0)〉t0 ∼ δ(t− t0) (B.31)

which corresponds to Markovian noise. Ω00 and K00(t) can be zero or cancel
each other but how does σ(t) couple with f0(t)?
- This a matter of definition!
Equation (B.28) should become something like

dξ(t) = σ(t)dW (B.32)

Comparing equation (B.2) and (B.30) leads to

f2(t)
!≈ 0 (B.33)

which conflicts with the fact that for ex. Φ22(t) 6= 0
This conflict can be explained by the fact the GARCH model is discrete.

Therefore, we have to investigate
∫ t+ε
t f2(t) dt ∼ 1√

ε
→ 0 for a fast fluctuating

f2(t).
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Appendix C

Fractional Calculus and Memory
Kernel of Power-law Form

Fractional calculus [199] provides a compact representation of a special class
of memory kernels, namely those of power-law form. It is impossible to assign
a decay time to this class of memory kernels which makes the Markov approx-
imation impossible even on a coarse grained time axis. The fact that they
involve only one parameter a — the fractional order of derivation — makes
them attractive for theoretical investigations.
Let us define the inverse n-th order derivative d̂−n as the n-th order integral

of a given function f(t):

d̂−nf(t) =
t∫

0

dξ1
ξ1∫
0

dξ2
ξ2∫
0

dξ3 . . .
ξn−1∫
0

dξnf(ξn)

= 1
(n− 1)!

t∫
0

dξ (t− ξ)n−1 f(ξ) (C.1)

which generalizes for non-integer numbers for n to the Riemann-Liouville frac-
tional integral

d̂−af(t) = 1
Γ(a)

t∫
0

dξ (t− ξ)a−1 f(ξ). (C.2)

Γ(a) denotes the Gamma function and d̂a is called fractional differential op-
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erator. We note that indeed d̂ad̂−af(t) = f(t) and more generally the group
property d̂nd̂−mf(t) = d̂n−mf(t) hold. Interestingly, the distinction between
derivatives and integrals disappears in the fractional calculus. One can easily
see that the fractional derivative d̂a as defined in (C.1) can be used to represent
a memory kernel of the power-law form K(t) ∼ ta−1.
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