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Zusammenfassung der Doktorarbeit

”Theoretische Untersuchung der Ordnungs- und Komplex-

bildung in Lösungen von Polyelektrolyten”

Die von Nikolay N. Oskolkov verfasste Doktorarbeit ”Theoretische Untersuchung

der Ordnungs- und Komplexbildung in Lösungen der Polyelektrolyten” ist wie folgt

gegliedert: Einleitung, Literaturüberblick, drei Originalteile, Schlußfolgerung, Dank,

Liste der Verweise und drei Anhänge.

In der Einleitung werden das Interesse an der Untersuchung polyelektrolytis-

cher Systeme, die Besonderheit sowie die Signifikanz der vorliegenden Doktorarbeit

besprochen.

Der Literaturüberblick (Kapitel 1 der vorliegenden Doktorarbeit) ist in drei

Teile unterteilt. Der Erste Teil ist dem flüssig-kristallinen Ordnen von stabähnlichen

Polyelektrolyten in Lösungen gewidmet. Die grundlegenden theoretischen Ansätzen

in diesem Bereich, wie der Virial und der Korrelationfunktionsansatz, werden be-

trachtet und verglichen. Im zweiten Teil wird das Konzept der ”Medikamenten

Zustellung” erklärt, und der Mechanismus der elektrischen Ladungsüberkompen-

sation als eine der Möglichkeiten zur Entwicklung einen geeigneten Trägers für die

”Medikamenten Zustellung” wird detailliert besprochen. Die wesentlichen theoretis-

chen und experimentellen Arbeiten, die den Effekt der Ladunginversion behandeln,

werden in diesem Teil referiert. Gegenstand des dritten Teils ist die Komplexbil-

dung in Lösungen von entgegensetzt geladenen, linearen, flexiblen Polyelectrolyten.

In diesem Teil werden die Grenzfälle der ”schwachen-” und ”starken Segregation”

verglichen. Die Möglichkeit der Micro- und Macrophasentrennung in dem System

wird besprochen, und der Einfluß der Ladungsasymmetrie auf das Phasenverhalten

wird betont.
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Die nächsten drei Kapitel stellen die neuen Ergebnisse der Doktorarbeit vor, von

denen einige schon im Experiment bestätigt wurden.

Kapitel 2 (Erster Originalteil) ist der Untersuchung des Einflusses eines nieder-

molekularen Salzes auf die nematische Ordnung in Lösungen stabähnlicher Poly-

elektrolyten gewidmet. Die freie Energie der Korrelationen der elektrostatischen

Wechselwirkung wird im Rahmen der Debye-Hückel Approximation berechnet. Das

Phasendiagramm des Systems wird bestimmt. Es wurde gezeigt, dass der Salz-

zusatz die schwach geordnete nematische Phase, die bei kleinen Polymerkonzentra-

tionen stabil ist, zerstört. Andererseits erweitert das Salz das Gebiet der Phasen-

trennung zwischen der isotropen (oder schwach geordneten nematischen Phase) und

der hochgeordneten nematischen Phase bei hoher Konzentration des Polymers. Eine

Erklärung der Effekte wird vorschlagen.

Kapitel 3 (Zweiter Originalteil) beschäftigt sich mit theoretischen Untersuchun-

gen zur Ladunginversion (Überkompensation), die experimentell schon gut bekannt

ist. Dazu wurde eine Kombination von Mean-Feld-Theorie und Random-Phase-

Approximation für ein sphärische durchlässige Mikrogelteilchen benutzt, das von

entgegensetzt geladenen mehrarmigen Sternpolyelectrolyten in verdünnter Lösung

ladungsüberkompensiert wird. Es wurde gezeigt, dass die Überkompensation we-

gen des Gewinns an elektrostatischer Selbstenergie und elastischer freier Energie

der Sternmakromoleküle erfolgt, während Gegenionen den Effekt sowie begünstigen

als auch verhindern können. Es wird gezeigt, dass viele Parameters, wie Dichten

des Microgels und der Sterne, der Anteil der geladenen Kettenglieder usw., die

Ladungsüberkompensation kontrollieren.

Kapitel 4 (Dritter Originalteil) beschreibt durch eine Kombination von Mean-

Feld-Theorie und Random-Phase-Approximation die Komplexbildung in Lösungen

entgegensetzt geladener Polyelectrolyte mit asymmetrischem Gehalt an positiv- und
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negativgeladenen Ketten. Das Phasendiagramm des Systems wird berechnet. Es

wurde gezeigt, dass ”überschüssige” Polyionen, die mit kleinen neutralen Kom-

plexen (jeder Komplex besteht aus einem Polycation und einem Polyanion) bei

sehr kleinen Polymerkonzentrationen koexistieren, zunächst große sphärische Cluster

mit anschließender Bildung von zylindrischen und lamellaren Strukturen bei wach-

sender Polymerkonzentration aggregieren können. Alle gebildeten Cluster haben

eine gewisse von Null abweichende Gesamtladung wegen der Ladungasymmetrie der

Lösung. Der physikalischer Grund für die Stabilität der Clusters (Komplexe) wird

besprochen. Schließlich entsteht eine homogene Macrophase bei weiterer Zunahme

der Polymerkonzentration.

Die wichtigsten Ergebnisse der vorliegenden Doktorarbeit werden in den Schluß-

folgerung zusammengefasst. Einige schwierige mathematische Rechnungen werden

in den Anhängen ausgeführt.
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The abstract of the PhD thesis ”Theoretical Investigation of

Ordering and Complexation in Solutions of Polyelectrolytes”

The PhD thesis ”Theoretical Investigation of Ordering and Complexation in Solu-

tions of Polyelectrolytes” written by Nikolay N. Oskolkov contains the introduction,

the literature review, three original parts, the conclusions, the acknowledgments,

the list of references and three appendices.

In the Introduction the interest in the investigation of polyelectrolyte systems,

the peculiarity and the significance of the present thesis are discussed.

The Literature Review (Chapter 1 of the present thesis) is divided into three

parts. The first part is devoted to the liquid-crystalline ordering in solutions of rod-

like polyelectrolytes. The basic theoretical approaches in this area, such as virial

approach and correlation approach, are considered and compared. In the second

part the concept of ”drug delivery” is explained, and the overcharging mechanism

as one of possible ways to design a proper vehicle for needs of ”drug delivery” is

discussed in details. The main theoretical and experimental works dealing with the

effect of charge inversion are overviewed in this part. The subject of the third part is

the complexation in solutions of oppositely charged linear flexible polyelectrolytes.

In this part the comparison of ”weak-” and ”strong segregation” limits is performed.

The possibility of micro- and macrophase separation in such a system is discussed,

and the influence of charge asymmetry on the phase behavior is emphasized.

The next three chapters of the thesis present the original results, some of them

have been already confirmed experimentally.

Chapter 2 (the first original part) is dedicated to the influence of low-molecular-

weight salt on the nematic ordering in solutions of rod-like polyelectrolytes. The

correlation free energy of electrostatic interactions is calculated within the frame-

work of the Debye-Hückel approach. The phase diagram of the system is obtained.
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It has been shown that the addition of salt destroys the weakly ordered nematic

phase which is stable at small polymer concentrations. On the other hand, the salt

widens the region of the phase separation between the isotropic (or weakly ordered

nematic) and the highly ordered nematic phases at high polymer concentrations.

An explanation of these effects is proposed.

Chapter 3 (the second original part) deals with the theoretical study of exper-

imentally well known effect of charge inversion (overcharging). For this purpose a

combination of the mean-field theory and the random phase approximation was used

for a spherical penetrable microgel particle overcharged by oppositely charged mul-

tiarm star polyelectrolytes in dilute solution. The overcharging is shown to occur

due to the gain in the electrostatic self-energy and in the elastic free energy of the

star macromolecules, while counterions can either promote or suppress the effect. It

is shown that many parameters, such as the densities of the microgel and the stars,

the fraction of charged units, etc., control the overcharging.

Chapter 4 (the third original part) brings a combination of the mean-field the-

ory and the random phase approximation to describe complexation in solutions of

oppositely charged polyelectrolytes with the asymmetric content of positively and

negatively charged chains. The phase diagram of the system is calculated. It has

been showed that ”excess” polyions coexisting with small neutral complexes (each

complex consists of one polycation and one polyanion) at very small polymer concen-

trations can first aggregate into big spherical clusters with the following formation

of cylindrical and lamellar structures at the increase of polymer concentration. All

clusters formed have nonzero net charge due to the charge asymmetry of the so-

lution. The physical reason of stability of the clusters (complexes) is discussed.

Finally, the homogeneous macrophase arises upon the further growing of the poly-

mer concentration.

The main results of the thesis are summarized in the Conclusions. Some bulky
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mathematical calculations can be found in the Appendices.
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Introduction

This thesis is devoted to the theoretical investigation of ordering and complexa-

tion in solutions of polyelectrolytes. Polyelectrolytes are usually referred to polymers

containing charged monomeric units, surrounded by low-molecular-weight counteri-

ons, which appear as a result of dissociation of polymer monomeric units in liquid

medium.

The major interest to such systems is connected first of all with the fact that

charged macromolecules are soluble in water and therefore are widely used in en-

vironmentally friendly technologies. Besides that, the charged polymeric molecules

are stimuli responsive (temperature, pH, electric field etc.), and therefore can be

effectively used for the creation of functional and ”smart” systems. These unique

properties of polyelectrolytes allow to consider them as a very attractive material

for food and paper industry, cosmetics, coating surfaces, superabsorbers and waste-

water management.

Finally, a number of biological objects are polyelectrolytes, what provides an

additional attention to such systems and their active application, for instance, in

medicine and pharmacology. On the other hand, the presence of charges on the

polymeric chain complicates substantially the theoretical description of such sys-

tems because the long-range electrostatic forces are able to affect considerably the

macromolecular conformation and the phase behavior of polymeric solutions.

In the present work three types of polyelectrolyte systems are explored, which

represent a base for creation of novel functional systems, on the other hand some of

them are already today intensively applied in different technologies.

Theory of nematic ordering in solutions of rod-like polyelectrolytes given in the

second chapter of thesis is very actual nowadays because such natural objects as
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tobacco mosaic virus, segments of DNA and α - helical polypeptides are rigid (rod-

like) polyelectrolytes. On the other hand, many synthetical rigid polyelectrolytes are

widely distributed in different technologies, for instance they are used for the produc-

tion of liquid-crystalline displays. Most of previous theories of nematic ordering in

solutions of rigid polyelectrolytes were based on so called virial approximation, when

only pair-wise screening electrostatic interactions between chains were taken into ac-

count. In the present work a new approach to the question of ordering in solutions of

rod-like polyelectrolytes based on consideration of many-body Coulomb interactions

is proposed. Particular attention is paid to the influence of low-molecular-weight salt

on nematic ordering, because it can considerably affect the radius of electrostatic

forces and allow to elucidate their role in the ordering.

The interest to the processes of charge inversion by complexation between op-

positely charged polyelectrolytes is connected with the concept of ”drug delivery”

popular from the end of 80-th years of last century. The point of this concept is that

if we want to deliver a DNA gene from outside to the living cell, the charge of the

gene has to be screened or inverted, because the cell membrane possesses the po-

tential of the same sign as DNA, that prevents the penetration of the gene through

the membrane if it is not overcharged. Therefore a question of vehicle, which can

form a complex with the gene and overcharge it, arises. The study of overcharg-

ing processes was started about ten years ago, but despite many experimental and

theoretical works some fundamental questions concerning the mechanism of charge

inversion remain still open. The third chapter of the present thesis is devoted to the

investigation of charge inversion of ”soft”, penetrable macroions by complexation

with oppositely charged macromolecules.

The forth chapter is connected logically with the previous one because it deals

with calculation of the phase diagram of solution of oppositely charged linear flexible
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macromolecules with different (asymmetric) content of positively and negatively

charged chains. Such an exploration allows not only to predict the formation of

complexes of controlled form and charge, this is also the first step to the theoretical

description of such interesting and recently very popular objects as microcapsules.

Up to now most of existing theories deal only with the case of symmetrical solution.

In the present work the case of slight asymmetry is emphasized. The formation of

clusters of different topologies is shown for the first time.

This thesis comprises introduction, four chapters, conclusions, list of references

and appendix explaining some derivations of bulky mathematical expressions. The

thesis consists of 101 pages including pictures, table of contents and list of references.

This thesis is organized as follows. In the first chapter the literature review of

three explored problems is given. In the first part some studies devoted to rigid

polyelectrolytes are described. Two main methods considering the electrostatic in-

teractions in the second virial approximation and in the density functional approach

are analyzed. The comparison with experiment is conducted. In the second part,

the works on complexation of large penetrable and impenetrable macroions with op-

positely charged polyelectrolytes are illustrated. Particular attention is paid to the

works, describing the mechanism of charge ”smearing” throughout the big volume

of a complex. In the third part main works on phase separation in solutions and

mixtures of oppositely charged flexible polyelectrolytes are described. The works

dealing with the charge asymmetry and consequent formation of soluble clusters are

viewed more detailed.

The second, third and forth chapters contain original results. The second chapter

is devoted to the influence of low-molecular-weight salt on the nematic ordering in

solutions of rod-like polyelectrolytes.

In the third chapter the problem of charge inversion of the microgel particle by
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complexation with oppositely charged polymeric stars is considered.

The forth chapter is dedicated to the calculation of the phase diagram of asym-

metrical solution of oppositely charged linear flexible polyelectrolytes.

The main results of the thesis were published in three papers and reported on

thirteen international conferences.
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1 Literature Review

1.1 Liquid-crystalline ordering in solutions of rigid macromolecules

The first molecular theory of nematic ordering was proposed by L. Onsager in 1949

for a solution of long, cylindric, stiff rods of length L and diameter d (L À d).

In terms of polymer theory, such a system constitutes a model of a solution of

ultimately stiff-chain macromolecules whose flexibility is so negligible that it fails to

manifest itself over the length L.

Suppose that N rods are located in the volume V so that their concentration

st is c = N/V and the volume fraction of the rods in the solution Φ = πcLd2/4 .

Assume that the solution is athermal, that is, only repulsive forces act between the

rods (because of the mutual impermeability of the rods). The liquid-crystal ordering

then occurs, resulting from purely steric causes. Let us now introduce the function

of rod distribution over orientations f(u) ; cf(u)dΩu is the number of rods in a unit

volume oriented within the small solid angle dΩu, around the direction defined by

the unit vector u. In the isotropic state, f(u) = const = 1/4; in the nematic phase,

f(u) is a function with a maximum around the anisotropy axis. In the Onsager

approximation, the free energy of the solution of rods is written as a functional of

f(u) as

F = NT ln Φ+NT

∫
f(u) ln[4πf(u)]dΩu +NTc

∫∫
f(u1)f(u1)B(γ)dΩu1

dΩu2
(1.1)

Here, the first term represents the free energy of translational motion of the rods.

The second term describes the orientational entropy losses because of the nematic

ordering of macromolecules. The third term in Eq. 1.1 is the free energy of rod

interaction in the second-order virial approximation. In this last term, B(γ) is the

second virial coefficient of interaction of the rods whose long axes defined by unit

vectors u1, and u2 make an angle γ with each other. As long as we examine the
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case when the interaction of the rods is reduced to their mutual impermeability, the

value of B(γ) equals half the volume excluded by one rod for a motion of the other.

Calculation of this excluded volume yields

B(γ) = L2d| sin γ|

To find the equilibrium distribution function, the expression 1.1 must be minimized

with respect to f(u). Straightworward minimization leads to an integral equa-

tion that can only be solved numerically. Onsager used an approximate variational

method with the test function

f(u) =
α

4π sinh α
cosh(α cos Θ),

∫
f(u)dΩu = 1, (1.2)

where Θ is the angle the vector u makes with the direction of the anisotropy axis

and α is the variational parameter. The test function 1.2 is inserted into the

expression 1.1, which is then minimized with respect to α. The minima found

corresponds to the possible phases (isotropic and nematic). Transitions between

these phases can be studied by a conventional method, equating the pressures

π = −F/V + c∂(F/V )/∂c and chemical potentials µ = ∂(F/V )/∂c of the two

phases.

As a result of the conceptually trivial but mathematically awkward calculations,

the following conclusions are obtained.

1. The orientational ordering in a solution of long, stiff rods is a first-order phase

transition occurring at low concentrations of rods in the solution (Φ ∼ d/L ¿ l)

when the second-order virial approximation still holds.

2. For Φ < Φi, the solution is isotropic. For Φ > Φa, it is anisotropic, and for

Φi < Φ < Φa, the solution separates into the isotropic and anisotropic phases

and

Φi = 3.34d/L, Φa = 4.49d/L
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The method of Onsager was used later by Khokhlov and Semenov [2] in order

to take into account the possible (free-jointed and persistent) mechanisms of mac-

romolecular flexibility. For the free-jointed mechanism, when the chain consists of

connected independently rotating rods, the free energy of the solution takes the

form:

F ≈ NT

∫
f(n) ln(4πf(n))dΩn +

1

2
NTc

∫ ∫
f(n)f(n′)B(γ)dΩndΩn′ (1.3)

The difference of this expression from the Onsager’s free energy of separate rods

consists in the absence of the term corresponding to the translational entropy of

the rods. Conducting the calculations in accordance with the Onsager’s method de-

scribed above, Khokhlov and Semenov obtained the borders of the liquid-crystalline

transition close to Onsager’s ones:

ϑ(i) = 3.25
d

l
, ϑ(a) = 4.86

d

l
,

where ϑ =
πd2lc

4
.

Thus, the connecting of the rods in long chains leads only to the slight broadening

of the phase separation region.

Considering the persistent mechanism of flexibility, when the flexibility is homo-

geneously distributed along the chain, authors showed that the second term in the

expression (1.3) has the same form as in Onsager’s theory. But the first term was

written in the Lifshitz approximation [3]:

S = N

∫
f(n) ln

ĝψ

ψ
dΩn, ĝψ ≡

∫
g(σnn′)ψ(n′)dΩn′

Here σnn′ is the angle between neighboring unit vectors n and n′, connected

with the absolutely rigid chain segments of the length a; g(σnn′) is the conditional

probability that some segment has an orientation n′ and the previous one has an
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orientation n. Supposing that the vectors n′ and n are close, the following expansion

is valid:

ĝψ ≈ ψ +
a

l
4n ψ

Going to the limit a → 0 and taking into account that f = ψ2, Khokhlov and

Semenov obtained the contribution from the orientational entropy into the total

free energy:

(∆F )orient = NT

∫
(∇nf)2

4f
dΩn

In such a way, the total free energy for persistent chains took the following form:

F = NT

∫
(∇nf)2

4f
dΩn +

1

2
NTc

∫ ∫
f(n)f(n′)2l2d sin γdΩndΩn′ (1.4)

Analyzing the results for concentrations of isotropic and nematic phases

ϑ(i) = 10.48
d

l
, ϑ(n) = 11.39

d

l

one can conclude that the liquid-crystalline transition for the system of persistent

chains occurs at considerably higher concentrations compared both with the free-

jointed chains and the system of Onsager.

Onsager was the first who emphasized the role of electrostatic interactions in the

nematic ordering and tried to take them into account in the second virial approxi-

mation. Thus, the virial approach to the problem of electrostatic contribution to

the nematic ordering in solutions of rodlike polyelectrolytes was established. In his

pioneer work [1] Onsager introduced the following potential of electrostatic interac-

tions:
ω

kT
= A(φ)e−kx, A(φ) =

A(π/2)

sin(φ)
,

where x and φ are the distance and the angle between the rods, respectively; k is

the constant of screening, A is a numerical constant. It can be easily seen that

the perpendicular orientation of two interacting rods is favorable for such kind of
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electrostatic potential. The consideration of electrostatic interactions in such a way

led to the increase of the effective diameter of the rods:

β1(φ) = 2l1l2deff sin φ = 2l1l2(d + δ) sin φ, δ = k−1(C + ln A),

where C is a numerical constant.

Afterwards Stroobants et al. [4] and Odijk [5] explored the behavior of charged

rigid macromolecules in details and paid substantial attention to the so called ”twist-

ing effect”, that can strongly influence on the nematic ordering. According to the

Onsager’s method they considered only the pair-wise electrostatic interactions:

∆F

NkT
=

µ◦

kT
− 1 + ln c +

∫
f(Ω) ln(4πf(Ω))dΩ+

cL2d

∫ ∫ {
1 +

1

kd
(ln A′ + C − ln(sin φ))

}
(sin φ)f(Ω)f(Ω′)dΩdΩ′,

(1.5)

where A′ = Ae−kd; µ◦ is the chemical potential of the solution. In this expression

the sum ln A′ + C relates to the effective increase of diameter of the rod, described

by Onsager, on the other hand the term − ln(sin φ) accounts for the twisting effect.

In the work [4] the authors showed that the consideration of the twisting effect is of

great important and can lead to the considerable increase of the border concentra-

tions of the nematic ordering transition.

The same virial approach but with the different electrostatic potential was used

in refs. [6, 7, 8]. It is well known that if macroions are immersed in a medium of low-

molecular-weight ions (counter- and salt ions), the screened electrostatic interactions

between the macroions take place, if the distance between them is larger than the

electrostatic screening length. The screening length depends on the state of the ions

(freely moving or condensed) and on their concentration. In the case of freely moving

ions (high dielectric constant or temperature) it is assumed that the macroions

interact with each other via the screened Debye-Hückel potential. As far as the
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second virial coefficient

B = 1/2

∫
d3r(1− exp(−U(r)/kBT ))

with the Debye-Hückel potential energy

U(r)/kBT = lBZ2 exp(−r/rD)/r

is convergent at large length scales, the electrostatic interaction between the macroions

can be treated as pair-wise interactions of similarly charged monopoles (mean-field

treatment). Therefore, the second virial approximation can be applicable if at least

two conditions are assumed: i) two macroions interact via the screened Debye-Hückel

potential, and ii) the screening radius (the Debye radius of low-molecular ions, rD)

is smaller than the distance between the macroions. In this case B is always posi-

tive which means that the electrostatic forces between the macroions are repulsive.

Therefore it is naturally to expect that the extension of the distance between the

charged groups of two interacting rods is accompanied by gain of the electrosta-

tic energy, and the perpendicular orientation of the rods is favorable. Thus, the

main prediction of the theories [6, 7, 8] is that the Coulomb repulsion between two

similarly charged rods favors perpendicular orientation between them, i.e., prevents

liquid-crystalline ordering.

An alternative approach is based on the treatment of the system of macroions

with low-molecular-weight ions as a Debye-Hückel plasma [9, 10, 11, 12, 13]. It is

well-known that the correlation electrostatic energy (per unit volume) of the ideal

gas of Z- and monovalent ions takes the form [14]:

FDH

kBT
= −2π1/2

3

[
lB

(
nZ2 + c

)]3/2
, (1.6)

where lB = e2/(εkBT ) is the Bjerrum length, and n and c are the concentrations

of Z- and monovalent ions, respectively. If the concentration of Z-ions is small,
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nZ2 ¿ c, FDH can be expanded into a series in powers of n:

FDH

kBT
= −2π1/2

3
[lBc]3/2 − lBZ2

2rD
n− π

2
l2BZ4rDn2 + . . . , (1.7)

where rD = 1/(4πlBc)1/2 is the Debye screening length of monovalent ions. In

Eq. (1.7) the first term corresponds to the correlation energy of monovalent ions. The

second term describes the attraction of each macroion to Z oppositely charged mono-

valent ions via an unscreened Coulomb potential at length scales smaller than the

Debye screening length. The third term in Eq. (1.7) corresponds to the pair-wise in-

teractions between the macroions. However in contrast to the mean-field treatment,

the second virial coefficient of the correlation interactions between the macroions is

negative, Bcorr = −πl2BZ4rD/2. It means that these interactions are attractive. The

correlated attraction has a transparent physics which can be explained on the mean-

field level. Two dipoles of the moments d1 and d2, |d1| = |d2| = d separated by a dis-

tance r have the electrostatic potential energy U(r,n) = [d1d2 − 3(d1n)(d2n)] /r3,

n = r/r. Weak electrostatic interactions (|U(r,n)| /kBT ¿ 1) in a disperse gas of

particles of radius r0 possessing dipole moment can be calculated in the second virial

approximation. The second virial coefficient is

Bdip =

∫
d3rdΩd1,d2

(1− exp (−U(r,n)/kBT )) /(8π) ≈
∫

d3rdΩd1,d2

(
U(r,n)/kBT − [U(r,n)/kBT ]2 /2 + . . .

)
/(8π),

where dΩd1,d2
means integration with respect to the relative orientation of the

dipoles [14]. Integration of the first term in the expansion gives zero and Bdip ≈
−2πd4/(9r3

0(kBT )2). Therefore, if we treat each macroion in the Debye-Hückel gas as

a virtual dipole (a monopole surrounded by a cloud of counterions) with a moment

d ∼ eZrD and a radius r0 ∼ rD, we obtain Bcorr = Bdip. Thus, the electrostatic

interactions of the small fraction of macroions in the Debye-Hückel gas are pair-wise

but with completely different second virial coefficient of even opposite sign compared
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to the one in the mean-field theory.

The mentioned simple example demonstrates that the consideration of the corre-

lation effects is very important for a proper description of polyelectrolyte systems.

The first attempt to consider the many-body correlations in the system of charge

rods was undertaken by Deutsch and Goldenfeld [9]. To account for the correlation

effects, they proposed to use the density functional approach. In their work the par-

tition function for the system of N charged rods interacting through the potential

U(r) was calculated.

Z ∝
∫ ∏

i

d 2ni d
3ri exp

(
− 1

2kT

∑
ij

∫ l/2

−l/2
ds ds′U[Rij(s, s

′)]

)

Here ni is the vector of preferential orientation of the rods (director); Rij is the

distance between i-th and j-th rods; ri is the coordinate vector of the i-th rod.

Calculating the partition function as a Gaussian integral with respect to the density

fluctuations, the authors obtained the following expression for the electrostatic free

energy:
F

kT
=

V

16π3

∫
d3k ln

(
1 +

4ρUk

kT

∫
d2nf(n)

sin2(knl/2)

(kn)2

)
, (1.8)

here k is the wave vector, ρ is the average polymer concentration, l is the length

of the rod. As a result the authors constructed phase diagrams for Debye-Hückel

potential and Coulomb potential. The main disadvantage of the theory of Deutsch

and Goldenfeld is the divergence of the (1.8) at k → ∞. It is connected with the

fact, that the electrostatic self-energies are included in this expression. To obtain the

correlation free energy of the solution of rodlike polyelectrolyte one has to subtract

them from the electrostatic free energy (1.8).

The next effort to account for the correlation effects was made only in 90-th

years of last century [10] and [11]. In the work [10] Chen and Koch constructed

and calculated the partition function of the system of charged rods surrounded by
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low-molecular-weight ions

ZN =

∫
exp

(
−UN

kT

)
dCN

where dCN = dx1 · · · dxNdp1 · · · dpN, and xi,pi are the coordinate and orientation

of i-th rod. The potential was written down as a sum of charge pairs interacting

through the screened Debye-Hückel potential:

UN =
1

2

N∑

i6=j

∫ L/2

−L/2
dsi

∫ L/2

−L/2
dsj

QiQj

εL2

exp(− | xi + sipi − xj − sjpj | /rD)

| xi + sipi − xj − sjpj | , (1.9)

where rD is the Debye-Hückel radius of screening, L and Q are the length and

charge of a rod, respectively. Thus, the authors considered the many-body screened

interactions. In accordance with the theory of Deutsch and Goldenfeld [9], the

correlation free energy was calculated by integration of the partition function with

respect to the density fluctuations:

∆Fcorr

V kT
= −4πnQ2

εkT

∫
dkJS (1.10)

J =

∫
dp2f(p2)[j 0(2πLkp2)]

2

S =
1/2

(2πk)2 + r−2
D

{
1− εkT [(2πk)2 + r−2

D ]

4πnQ2J
ln

(
1 +

4πnQ2J

εkT [(2πk)2 + r−2
D ]

)}
,

where j 0 is the Bessel function, n is the concentration of rods, k is the wave vector.

It is important to notice, that the obtained correlation free energy is always positive.

Moreover, Chen and Koch showed, that at certain conditions the result for correla-

tion free energy obtained within the frameworks of density functional approach can

be reduced to the result obtained by virial theory.

Analogous calculations were done by Carry and Muthukumar [11]. The only

difference from [10] was that they expended the potential (1.9) into the Legendre
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power series, i.e. the Mayer-Saupe approximation has been used. The obtained

correlation free energy was positive as well. It is worthwhile to notice that Carry

and Muthukumar generalized their investigation to the case of the low-molecular-

weight salt. They concluded that the addition of salt promotes the nematic ordering.

Generalizing all said above, one can conclude that Chen and Koch [10], and Carry

and Muthukumar [11] considered in fact the many-body correlations, but the electro-

static interactions in their works were limited by consideration of the Debye-Hückel

potential, i.e. screened Coulomb potential. On the contrary, the recent studies of

Potemkin et al. [12, 13] dedicated to the salt-free solutions of rodlike polyelectro-

lytes took into account the unscreened Coulomb interactions. They developed a

Debye-Hückel-like theory which predicted a quite different behavior of the solution

compared both with the mean-field theories and theories [10, 11]. Namely, it was

shown that the electrostatic interactions favor nematic ordering [12] and stabilize

the weakly ordered nematic phase already at very small polymer concentrations,

which are even smaller then the overlap concentration of the rods [13].

According with the theory of Debye-Hückel, Potemkin et al. considered small

fluctuations in the ”ideal gas” of rodlike macromolecules and counterions:

ψq = ρq − (2π)3ρδ(q) is the fluctuation of concentration of monomeric units,

ξq = cq − (2π)3δ(q)τρ is the fluctuation of concentration of counterions,

where τ is the fraction of charged groups on the rodlike macromolecule. The fluc-

tuations are written in the form of Fourier components with the wave vector q.

Contribution of the fluctuations into the free energy functional deriving in the

Gaussian approach δF (ψ, ξ) can be written down as follows:

δF (ψ, ξ)

kBT
=

1

2

∫
dq

(2π)3

[
ξqξ−q

τρ
+

ψqψ−q

mρtq
+

l

q2 |τψq − ξq|2
]

, (1.11)
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where tq is the structural function:

tq =

∫
dnf(u,n)

4 sin2 (qnL/2)

(qn)2L2 (1.12)

First two terms in (1.11) correspond to the energies of translational motion of coun-

terions and rodlike macromolecules respectively, m = L/a is the number of monomer

units on the rod, L is the length of the rod, a is the size of the monomeric unit. The

last term described the quadratic fluctuational contribution from the Coulomb inte-

ractions. Parameter l is proportional to the Bjerrum length, l = 4πlB = 4πe2/εkBT .

Contribution of the fluctuational charges to the total free energy ∆Fel can be

found by a usual way:

∆Fel = −kBT

(
ln

∫
DψDξ exp

{
−δF (ψ, ξ)

kBT

}
− ln

∫
DψDξ exp

{
− δF (ψ, ξ)

kBT

∣∣∣∣
l=0

})
,

where DψDξ =
∏
q

dψqdξq is the product of differentials. As a result Potemkin et

al. obtained the following expression:

∆Fel = kBT
V

2

∫
dq

(2π)3 ln

(
1 + τρl

1 + mτtq
q2

)
(1.13)

It is divergent at q −→ ∞ in the same way as in [10]. Hence the self-energies of

rodlike macromolecules and counterions have to be constructed from the expression.

Thus, the electrostatic correlation free energy of the fluctuating charged takes the

form:

∆Fcorr = kBT
V

2

∫
dq

(2π)3

[
ln

(
1 + τρl

1 + mτtq
q2

)
− τρl

1 + mτtq
q2

]
(1.14)

It can be easily seen that the correlation free energy is always negative in contrast

to the previous works dealing with the many-body correlations [9, 10, 11]. Using

the expression (1.14), Potemkin et al. considered two limiting states of the solution:

isotropic and completely ordered state. Comparing the electrostatic energies of these

two limiting cases, they found that the electrostatic free energy of the completely
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ordered state is lower than this one of the isotropic state. Therefore the Coulomb

many-body interactions stimulate the ordering of macromolecules.

The instability of the isotropic state towards the nematic ordering was also inves-

tigated in [12]. For this purpose the spinodal of the liquid-crystalline ordering has

been constructed. It can be done in the most general form independent from the

choice of the trial orientational distribution function by expansion of the function

f(u,n) into a Legendre power series.

f(u,n) ≈ 1

4π

(
1 +

5S

2
(3(un)2 − 1) + . . .

)
, (1.15)

where S is the order parameter, S << 1 for weakly ordered nematic phase. Then

the correlation free energy (1.14) of the weakly ordered state can be presented in

the following form:

Fwo = Fdis + δF,

where Fdis is the free energy of the isotropic phase and the correction δF , consisting

of electrostatic and orientational entropy distributions, in the limit of big number

of charged units takes form:

δF =
5ρ

2

(
1

m
− lτ 2

48πa

)
S2 (1.16)

Thus, if the fraction of charged groups exceeds a certain value

τ >

√
48πa

lm
,

the isotropic state of the solution becomes unstable even at very low polymer con-

centrations.

The binodal curves was constructed in the work [12] in a standard way equating

the pressures and chemical potentials of the corresponding phases (Figure 1). They

demonstrate the possibility of two first order phase transitions from the isotropic

phase into the weakly ordered and highly ordered nematic phases. The former
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Figure 1: Phase diagrams [12] (ω = 4πe2/(aεkBT ) = 1) of the solution of the rigid-rod polyelectrolyte in

variables: polymer volume fraction φ and the fraction of charged groups of the rods τ for different values of

the aspect ratio of the molecules: L/a = 50 (a), L/a = 100 (b), and L/a = 10 (c).

is stabilized by electrostatic interactions between rods, the latter is stabilized by

excluded volume interactions. The transition between mentioned nematic phases is

possible as well. Potemkin et al. showed for the high fractions of charged groups the

existence of the critical point where the Coulomb interactions become comparable

with the excluded volume interactions.

The tendency of the rodlike macromolecules to the ordering (antiparallel orienta-

tion) at very small polymer concentration (for weakly ordered nematic phase) was

explained in work [12] as a consequence of the ”competition” between i) intrinsic

cylindrical symmetry of electric field of single rodlike molecules and ii) spherical
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symmetry of electric fields of all rod molecules and counterions (except the field of

the selected molecule) in isotropic phase of the solution. Let us select one molecule

Figure 2: Schematic representation [12] of the force lines of the electric field in the isotropic state of the

solution of rodlike molecules. The red lines depict the electric field of the selected molecule. This field

has cylindrical symmetry. The superposition of the electric fields of all the rod molecules and counterions,

except the field of the selected molecule, is depicted by the black lines. It has spherical symmetry. E1 and

E2 are the intensities of the fields making the angle θ with respect to each other.

in the solution, Figure 2. The force lines of the electric field, obtained by superposi-

tion of the electric fields of all rods and counterions except for the selected molecule,

are drawn in black. This field has spherical symmetry because all rod molecules in

isotropic phase of the solution are oriented in an arbitrary way. Red lines depict the

cylindrical field of the selected molecule. It is well known [15], that the energy of

the electric field per unit of volume is proportional to the square of the total inten-

sity of the field, Uel ∼ (E1 + E2)
2. Therefore, this energy depends on the mutual
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orientation of the force lines, Uel ∼ E1
2 + E2

2 + 2E1E2 cos θ, and the minimum of

the energy can be attained at the antiparallel orientation of the lines (at θ = π).

Because charges of rigid rod molecule cannot change configuration, the orientation

of the molecules is the only way to minimize the free energy. Therefore, the funda-

mental conclusion was done in the work [12]: long-range electrostatic interactions

in very dilute solutions of rigid rods should induce a very weakly ordered nematic

phase. In other words, isotropic solutions of this type are intrinsically unstable with

respect to orientational ordering.

Qualitative confirmation of the theory of Potemkin et al. was done by Bockstaller

et al. [16]. They determined that in very diluted solution of rigid rods the dominat-

ing of attraction between molecules is possible. Bockstaller et al. investigated salt

free aqueous solution of amphiphilic (poly(p-phenylene)sulfonates)PPP-molecules.

These molecules are able to self-assemble into cylindrical rigid micelles. The re-

sults obtained by viscosimetry, light scattering, polarization microscopy and x-rays

scattering fix the appearing of complicated structures upon the increase of micelles

concentration. In the very diluted solution the only micelles exist, then they form

ellipsoidal clusters with the internal lyotropic liquid-crystalline ordering, then ne-

matic phase arises, and finally the triangular phase of cylindrical micelles becomes

favorable (see Figure 3).

Bockstaller et al. showed using the viscosimetry method that the behavior of the

relative viscosity in the aqueous solution of PPP27 deviates considerably from the

dependance which is expected for these systems when the repulsion between mole-

cules dominates. Furthermore, the static light scattering fixed that the second virial

coefficient can be negative in very diluted solution, what also proves the dominating

of attraction between the molecules at these conditions.

However Bockstaller et al. connected this attraction with the Van der Waals
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Figure 3: Chemical structure of the polyelectrolyte and schematic representation of the hierarchical struc-

ture formation of PPP27 in aqueous solution [16]. PPP27 first forms cylindrical micelles (A) in which the

hydrophobic side chains are oriented toward the interior. With increasing concentration, these micelles

associate to form ellipsoidal clusters with internal lyotropic order (B), a nematic phase (C), and end up in

a triangular lattice (D).
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mechanism. They supposed that the dipoles arisen on the rods due to Manning

condensation attract to each other because of thermal fluctuations. Nevertheless,

the theory [12, 13] seems also to be a very possible explanation of such a behavior.

As long as the influence of low-molecular-weight salt is the main goal of the theory

presented in the next chapter of this thesis, some experimental works dedicated to

the salt will be described below.

As early as in 1941 Bernal and Fankuchen [17] revealed that the solution of to-

bacco mosaic virus can separate in two layers. The bottom layer was anisotropic and

the top one was isotropic. This fact is in completely agreement with the Onsager’s

theory. Afterwards Oster [18] showed that the addition of low-molecular-weight salt

ions destroys the bottom layer. In other words, the addition of salt leads to the

full isotropy of the system. Oster performed an experiment on measuring of the

optical density of the solution. It turned out that the optical density grows upon

the increase of salt concentration. It proves that the system becomes more isotropic

at these conditions.

In the work [19] Wang and Bloomfield explored the solution of long (160 base

pairs) rigid DNA segments by small angle x-rays scattering. They found that the

maximum of scattering intensity shifts to the lower values of wave vector q and

diminishes upon the increase of salt concentration. Wang and Bloomfield explained

this fact by diminishing of the orientational ordering in the system. A the same time

Strzelecka and Rill [20] investigated the concentrated solution of short (∼ 500Å)

DNA segments at different concentrations of ions Na+ using the polarized light

microscopy. They found that the critical concentration, when the anisotropic phase

appears, is higher for the system with the higher content of salt. However this

difference was not substantially large that can be connected with the fact that

the concentrated solution was under consideration where the effect of electrostatic
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interactions is less pronounced than in the highly diluted one. Quantitatively very

similar results were obtained by sedimentation analysis [21]. The conclusion that

the low-molecular weight salt suppresses the nematic ordering was done.

The aim of the theory presented in the next chapter is to study the role of

low-molecular-weight salt ions on the nematic ordering in rodlike polyelectrolyte

solutions [18, 19, 20, 21], taking into account the correlation electrostatic energy

according with the method proposed in [12, 13]. The phase diagram of the solution

will be constructed.

1.2 Effect of charge inversion

The effect of overcharging of macroions by oppositely charged polyelectrolytes plays

a very important role in many biological processes [22] and practical applications [23,

24, 25]. One of the examples is the concept of ”gene delivery” [26, 27]. Since the

molecule of DNA carries the charge of the same sign as that of the membrane of

a living cell, it has to be overcharged via complexation with oppositely charged

macroion to penetrate through the membrane. As a vehicle for DNA such objects

as proteins, dendrimers, micelles, microgel particles, etc. can be used.

The formation of complexes DNA-cationic liposomes, when the nucleic acids are

completely encapsulated within the positively charged lipid bilayers, is another ex-

ample of the overcharging [28, 29, 30].

For instance, using fluorescence, gel electrophoresis, and metal-shadowing elec-

tron microscopy techniques Gershon et al. proposed the following model for cationic

liposome-DNA complexation [28]. At low ratios of liposomes-to-DNA, positive vesi-

cles are adsorbed to the nucleic acids to form aggregates that gradually surround

larger segments of the DNA. As the amount of liposomes is increased, the aggre-

gated liposomes along the DNA reach critical concentrations and charge densities
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Figure 4: DNA-poly-Lys-liposome complexes [28]. (A-C) Complexes prepared from constant amounts of

DNA and poly-Lys (3.5 pg/mL) and a gradually increasing amount of liposomes. Liposome-to-DNA ratios

(in terms of positive to negative charges) are (A) 0.2, (B) 0.4, and (C) 0.6. Scale bar represents 0.5 pm.

at which membrane fusion and cooperative DNA collapse processes are initiated.

Following an additional increase of the liposome concentration, the collapsed DNA

structures are efficiently and completely covered by the lipid bilayers (see Figure 4).

In the other work Rädler et al. have carried out a combined in situ optical mi-

croscopy and x-ray diffraction (XRD) study of cationic liposomes-DNA (CL-DNA)
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Figure 5: Schematic picture of the local arrangement in the interior of lipid-DNA complexes [29]. The

semiflexible DNA molecules are represented by rods on this molecular scale. The neutral lipids comprising

the membrane are expected to locally demix with the cationic lipids (red) more concentrated near the DNA.

complexes [29]. On semi-macroscopic length scales, the addition of linear or circu-

lar plasmid DNA to binary mixtures of CLs induces a topological transition from

liposomes into collapsed condensates in the form of optically birefringent liquid-

crystalline globules with sizes on the order of 1 mm. The solution structure of

the globules was revealed on the 1- to 100-nm length scale by high-resolution syn-

chrotron XRD studies. Unexpectedly, the complexes consist of a higher ordered

multilamellar structure with DNA sandwiched between cationic bilayers, Figure 5.

A very convenient method allowing to control the charge of the polyelectrolyte

complexes was used by Tsuboi et al. [31]. They measured the electrophoretic mo-

bility during the course of turbidimetric titration of protein pepsin with oppositely

charged strong polyelectrolytes, and found that the obtained aggregates are able to

change the direction of their movement in the electric field upon the increase of po-
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lyelectrolyte concentration. This reversal electrophoretic mobility of the complexes

can also be attributed to the charge inversion.

Figure 6: Fluorescence microscopy images of T4 (A), T4 − DAB − dendr − (NH2)32 (B) complex

([D32]/[DNA]=0.5), T4−DAB−dendr−(NH2)32 (C) complex ([D32]/[DNA]=1), and T4−DAB−dendr−
(NH2)32 (D) complex ([D32]/[DNA]=2) in 0.01 M NaCl solution [32].

The study of complexation of the DNA molecules with positively charged den-

drimers [32] demonstrated that the increase of the concentration of the dendrimers

results in the entire screening of negative charge of the DNA and that the complexes

become positively charged. The authors have been carried out the fluorescence mi-
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croscopy investigations to clarify the binding interactions between double-stranded

DNA and astramol poly(propylene imine) dendrimers (DAB − dendr − (NH2)x),

symbolized as [Dx], of five consecutive generations (G1-G5). First it was shown that

the dendrimers of all generations bind to the native DNA and form water-insoluble

interpolyelectrolyte complexes (IPECs) if the ratio Z = [Dx]/[DNA] is in the range

0.5 - 1. However, the behavior of G4 and G5 interacting with DNA differs entirely

from G1 and G2 at Z > 1. G4 and G5 dendrimers added to DNA in excess form pos-

itively charged water-soluble IPECs in contrast with G1 and G2. The solubility of

these complexes provided an opportunity to study by various techniques the state

of complexed DNA. In particular, it was shown that the native DNA complexed

with an excess of the dendrimers is compacted exhibiting a wound double-helical

structure (see Figure 6).

The binding of polyelectrolytes to small oppositely charged micelles was observed

in refs. [33, 34, 35]. The critical conditions for the micelle-polyelectrolytes complex

formation were found to be strongly depended on the ionic strength of the solution

that emphasized the electrostatic nature of this effect [33]. McQuigg et al. car-

ried out the potentiometric and fluorescence probe measurements of complexation

between cationic/nonionic micelles of dimethyldodecylamine oxide (DMDAO) and

the strong polyanion poly(2-acrylamido-2-methylpropanesulfonic acid) (PAMPS).

They managed to determine that the critical surface charge density, at which the

complexation occurs, depends on the square root of the ionic strength, σc ∼ I1/2.

Turbidity, dynamic light scattering, and electrophoretic mobility were used to

study the effects of added salt on coacervation in the system composed of the strong

cationic polymer poly- (diallyldimethylammonium chloride) (PDADMAC) and op-

positely charged mixed micelles of Triton X-100 (TX100) and sodium dodecyl sulfate

(SDS) [34]. The phase behavior in the range of ionic strengths from 0.05 to 0.60 M
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includes regimes of soluble complex formation, coacervation, and precipitation. The

behavior of the phase boundaries was found to strongly depend on ionic strength. At

higher and lower ionic strengths, soluble complexes were observed to be positively

or negatively charged, respectively.

Figure 7: Schematic picture demonstrating the mechanism of complexation when the linear polyelectrolytes

penetrate into a micelle [35].

A very interesting result obtained in ref. [35] comprises the penetrability of poly-

mer micelles for polyelectrolyte chains. Complex particles have been formed by

the electrostatic association of protonated polystyrene-b-poly(2-vinylpyridine) (PS-

b-PVPH+) micelles with sodium poly(styrenesulfonate) (PSS-Na+), all at pH 1.

Light scattering performed in [35] demonstrated that there was a large mass excess

of PSS- associated with each PS-b-PVPH+ micelle (the molecular weight increased

by factors of 5-6). Thus, this system was shown to be an example of charge and mass

overcompensation, but to a much greater extent than usual, because the linear PSS-

Na+ can penetrate the micelle corona and adopt a convoluted local conformation

with many loops or points of grafting attachment, Figure 7. The same conclusion

was made in ref. [36] for the case of dendrimers, which are permeated by flexible

polyanions. Therefore, the penetrability of porous macroions has to play a key role

in the theoretical analysis of the overcharging.

Up to now most of the theoretical models examined the case of polyelectrolytes
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interacting with oppositely charged hard, impenetrable spheres or cylinders [37, 38,

39, 40, 41, 42, 43]. The practical importance of such studies was primarily con-

nected with the understanding of the physical reasons of the DNA-histone comple-

xation [29]. As it was shown by Monte Carlo (MC) simulation [37, 38], the spherical

micelle is wrapped by the flexible polyelectrolyte chain in this case, Figure 8. This

effect strongly depends on the rigidity of the chain and the surface charge density of

the overcharging object. It is worthwhile to mention that the charge distribution is

substantially inhomogeneous in such a complex due to impossibility of interpenetra-

tion of both charged objects. In ref. [38] the authors demonstrated that the comple-

xation process leads to a multitude of structures ranging from collapsed complexes,

tadpoles, and dumbbells to tangent conformations. Polyelectrolyte adsorption is

promoted by increasing the attractive energy between the charged monomers and

the oppositely charged micelle either by increasing the surface charge density of the

micelle or decreasing the ionic concentration. The role of the relative micelle con-

centration was investigated, and it was shown that electrostatic repulsions between

the micelles promote the formation of a 1:1 complex when the ionic strength is high.

They also demonstrated that charge inversion has a maximum value at intermediate

ionic strength.

Gurovitch and Sens proposed to use an analogy with the quantum theory of the

atom to describe the adsorption of a weakly charged polyelectrolyte chain of size N

onto an oppositely charged colloidal particle of charge −Q [39]. They have written

down the free energy of the system per charge in the following form:

F =

∫
dr

{
kT

a2

6
| 5 ψ|2 + Φ(r)|ψ(r)|2

}
, (1.17)

where ψ determines the smoothed number density of (polyelectrolyte) charges at r,

fN |ψ(r)|2 = c(r), f is the charge fraction of the chain. The gradient term accounted

for the entropy of the chain, and the potential Φ(r) described the electrostatic energy
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Figure 8: Images of the micelle and the polyelectrolyte system [37] at different chain flexibility corresponding

to an average angle between consecutive segments for the polyelectrolyte chain of (a) 90◦, (b) 135◦, (c) 150◦,

(d) 165◦, and (e) 175◦.

due to all the charges of the system,

Φ(r) = kT lB

(
−Q/q

|r| +
fN

2

∫
d3r′

ψ2(r′)
|r− r′|

)

The functional minimization of the free energy Eq. (1.17), with the normalization

condition
∫

d3rψ(r) = 1, leads to a Schrödinger-like equation for ψ:

Hψ = ε0ψ (1.18)

H

kT
≡ a2

6
52 +lB

(
−Q/q

|r| +
fN

2

∫
d3r′

ψ2(r′)
|r− r′|

)
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The equation (1.18) was solved using a certain trial function which has been used

by Hartree in the case of more complex atoms as well:

ψ(r) =
z3/2

π1/2e
−zr, (1.19)

where z is the trial parameter. As a result the authors obtained the ground state

energy of the system:

E = −3

2
kT

(
lB
a

Q∗
)2

with Q∗ = Q− 5

16
fN (1.20)

This was the main result of the work [39]. It demonstrates that because of the con-

nectivity of the polyelectrolyte, a colloid of charge −Q may attract a polyelectrolyte

of total charge Nf larger (and opposite), and this up to charges fN = (16/5)Q.

In other words, the connectivity between the charges of the polymer leads to an

”overcharge” of the colloidal particle, which can adsorb a chain of total charge up

to 15/6 times its own charge.

The other attempt to describe the effect of charge inversion was undertaken by

Park et al. [40]. Their demonstration of spontaneous macro-ion overcharging was

based on the classical mean-field treatment of electrostatic interactions, namely

the Poisson-Boltzmann (PB) equation of macro-ions in aqueous monovalent salt

solutions. The authors used the charge renormalization technique and showed that

semi-flexible chain/rigid cylinder complex can be either under- or over-charged, the

elastic energy favoring under-charging and the electrostatic free energy favoring

over-charging of the complex.

At the same time, Mateescu et al. [41] considered the only electrostatic interac-

tion between a spherical macroion of charge Qq and an oppositely, highly charged

polyelectrolyte of charge −Nq (N, Q > 0). For N ≤ Q the polyelectrolyte fully

collapses on the macroion, while for N > Q only a partial collapse (up to neutral-

ization of the macroion) occurs. The authors showed, however, that for N > Q, the
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amount of collapsed polyelectrolyte can be bigger than that required to neutralize

the macroion, i.e. the macroion can be overcharged. Notice, that it was shown

only on the electrostatic level. The overcharging increases with the diameter of

the macroion (continuously or through multiple first-order transitions), until a total

collapse of the polyelectrolyte takes place.

In contrast to refs. [40, 41] operating by mean-field description an absolutely

different approach was proposed by Nguyen, Grosberg and Shklovskii [42, 43]. The

correlation effects are claimed to be the driving force of the charge inversion in

their works. They elegantly demonstrated the role of lateral correlations between

Z-valent counterions (Z-ions) for a primitive toy model. Imagine a hardcore sphere

with radius b and with negative charge Q screened by two spherical positive Z-ions

with radius a. One can see that if Coulomb repulsion between Z-ions is much larger

than kBT they are situated on opposite sides of the negative sphere (Figure 9). If

Ze < 2|Q| each Z-ion is bound, because the energy required to remove it to infinity,

|Q|Ze/(a + b) − Z2e2/2(a + b), is positive. Thus, the charge of the whole complex

Q + 2Ze can be positive and as large as 3|Q|. This example demonstrates the

possibility of an almost 300% charge inversion. (At small concentration of salt this

charge will be eventually screened at a large distance, but this screening does not

affect what happens at smaller distances.) It is obvious that this charge inversion

is a result of the correlation between Z-ions which avoid each other and reside on

opposite sides of the negative charge. On the other hand, a description of screening

of the central sphere in Poisson-Boltzmann (PB) approximation smears the positive

charge, as shown in Figure 9, and does not lead to charge inversion. Indeed, in this

case charge accumulates in the spherically symmetric screening atmosphere only

until the point of neutrality where the electric field reverses its sign and attraction

is replaced by repulsion.
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Figure 9: (a) A toy model of charge inversion. (b) PB approximation does not lead to charge inversion [42].

In the work [44], the charge inversion of a spherical permeable polyanion by

spherical polycations was analyzed within the framework of the simple model of

structureless macroions of the fixed volume. In other words, the authors used the

well-known mean-field approach for the interpenetrable systems described in recent

experiments [35, 36]. The point of such a consideration is that the charge distribu-

tion is homogeneous in contrast to refs. [40, 41].

Electrostatic interactions and the translational motion of counterions were taken

into account. It was shown that the inversion of the charge of a large polyanion by

smaller polycations, which are able to enter into the polyanion, is always driven by

Coulomb interactions: excess polycations possess smaller electrostatic self-energy

within the complex because of the ”smearing” of the charge of the polycations

throughout the whole volume of the complex. Counterions was shown to play a

dual role: they can both promote and suppress the overcharging.

The energetic mechanism of the overcharging proposed in ref. [44] can be illus-

trated by a simple example of the spherical charged droplet of the charge Q and

of the radius r which is able to enter into a neutral shell of the radius R, R > r,

Figure 10. If the interior of the shell is intrinsically neutral (”empty” shell), the

Coulomb energy of the droplet within the shell is the same as that of the droplet
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Figure 10: Distribution of the charge of the droplet within intrinsically neutral shell (a) and within the

shell having equal amount of oppositely charged units (b). The charge density is characterized by the color:

higher density (black) and lower density (grey). The electrostatic energy of the state (b), Eb = 3Q2/5R, is

lower than the energy of the state (a), Ea = 3Q2/5r, Eb < Ea.

in the infinite space, Ea = 3Q2/5r, Figure 10(a). However, if the electric neutrality

of the shell is provided by equal amount of oppositely charged units (full shell),

the spreading of the charge of the droplet throughout the volume of the shell is

energetically favorable because it reduces the electrostatic energy up to the value

Eb = 3Q2/5R, Figure 10(b). Since Eb is smaller than the Coulomb energy of the

unbound droplet, one can say that the electrostatic interactions promote the over-

charging.

In the third chapter the mean-field theory similar to [44] will be extended for
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the case of macroions capable of the swelling and collapse. The overcharging of

a microgel particle by oppositely charged multiarm star polyelectrolytes will be

considered. The polymeric degrees of freedom are shown to introduce a variety in

the behavior of the system and can become one of the tools to control the strength

of the overcharging. It will be shown that the overcharging is always driven by the

decrease of the self-energy of the macroions.

1.3 Complexation in solutions of oppositely charged polyelectrolytes

It is well known [55] that most homopolymer mixtures are incompatible and one

of possible ways to improve the miscibility is to add some charged groups on the

polymer chains [56]. If the polymers contain the charges of opposite signs, we

deal with the mixture of oppositely charged polyelectrolytes. As early as thirty

years ago it has been found experimentally [57] that the ternary system polyanions-

polycations-solvent starting from the very strong segregation at zero charge can

become more and more compatible on the increase of the charge and ultimately

evolve into the complexation state, when all oppositely charged polyelectrolytes are

paired, precipitates and form a neutral dense macrophase.

However the macrophase separation is not preferable regarding the practical ap-

plication. The water-soluble complexes which also can be formed in such a system

seem to be much more interesting and promising objects. They attract much at-

tention in connection with their importance for many biological processes [22] and

especially for the concept of gene delivery [26, 27], where the complexes can be

used as carriers for DNA. In such a way the question of the solubility of polymeric

complexes arises.

Water-soluble complexes are known to be formed by a number of synthetic and

natural oppositely charged polyelectrolytes [58, 59, 60, 61, 62, 63, 64]. The gen-
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eral principles of behavior of such complexes were described in ref. [58], where the

mechanisms of interpolyelectrolyte exchange and addition reactions were studied.

An unique peculiarity of such systems is that the opposite tendencies, such as inter-

molecular aggregation and solubility of the complexes, have a common electrostatic

origin. It is believed that the short-range attraction of charged units is mediated by

thermodynamic fluctuations of the charges (relatively weak electrostatic interactions

similarly with those of the Debye-Hückel plasma) or by strong multipole (dipole,

quadrupole, etc.) interactions of associated charged groups. On the other hand,

solubility of the complexes can be attributed to the existence of the long-range elec-

trostatic forces due to the local violation of electric neutrality of the system. That

is why such systems are very sensitive to variation of pH and salt concentration. For

example, the screening of the electrostatic forces via adding of the low-molecular-

weight salt induces destruction of the complexes [59].

The first comprehensive experimental studies of the non-stoichiometric solutions

of linear oppositely charged polyelectrolytes were carried out almost simultaneously

by Dautzenberg et al. [61] and Pogodina et al. [60]. Both investigations determined

the possibility of formation of the nonelectroneutral aggregates of nearly spherical

form.

In the first work [61], it was found by UV/VIS spectroscopy, potentiometry, vis-

cosimetry static and dynamic light scattering as well as electron microscopy that

the complex formation between polyanions and polycations, both of high molecular

weight and strong ionic groups, leads in diluted solutions of non-stoichiometric sys-

tems to highly-aggregated primary polyelectrolyte complex (PEC) particles. The

minor component was completely included in the complex formation under full re-

lease of the low molecular counterions. The major component is bound in a slight

excess, stabilizing the PEC particles up to the 1:1 mixing ration, where floccula-
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tion occurs. The polyelectrolyte complexes existed as highly polydisperse systems

of nearly spherical particles. The structure density, i.e. the degree of swelling,

depended strongly on the composition of the cationic component.

In ref. [60] the complex formation in the oppositely charged linear and flexi-

ble polyelectrolytes: quaternized poly(vinylpyridinium) (QPVP) and poly(sodium

styrenesulfonate) (NaPSS) was investigated by static and dynamic light scattering

(LS), flow birefringence (FB), and viscometry over a wide range of mixing ratios

0.003 < m < 0.9. NaPPS/QPVP systems in N-methylformamide + 0.01 M KBr

generated complexes with fractal geometries. With an excess of polycations or

polyanions (0.03 < m < 0.2 and 0.5 < m < 0.9, respectively) the complexes are

stable and have a roughly spherical shape with dimensions Rg ≈ Rh ≈ 1000 Å irre-

spective of the concentration of the polyions (Figure 11). The excess of free polyions

form a screening hydrophilic shell and stabilize the complexes. When only a small

excess of free polyions (+ or -) is present, these complexes tend to interact and grow

in size and number. The molar ratio m = 0.4 may be defined as a gel point for

the system (fluctuational gel network formation). At the gel point complexes have

average dimensions Rg ≈ Rh ≈ 3000 Å according to LS and R ≈ 1500 Å according

to FB data. Direct determination of shape asymmetry from FB data shows low

asphericity (axial ratio) p = 1.07 of generated clusters (Figure 11).

Up to now theoretical studies of oppositely charged linear polyelectrolytes were

mainly focused on the effect of precipitation, i.e. macroscopic phase separation

induced by the electrostatic attraction [49, 50, 65, 66, 67, 68, 69, 70, 71]. The

theoretical description of such a system was put forward first by Borue and Erukhi-

movich [49, 50] and developed later in some studies [66, 67, 68, 69], where the phase

behavior of the mixture of oppositely charged polyelectrolytes was qualitatively well

described in the so-called ”weak segregation approximation”, i.e. in the vicinity of
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Figure 11: Schematic picture of possible structures in asymmetrical solution of oppositely charged polyele-

ctrolytes [60].

the critical point.

For instance, Castelnovo and Joanny [68] described the transition from an in-

compatibility to a complexation state of a symmetric solution of oppositely charged

polyelectrolytes when the charge density along the polymer chains is increased. It

can be made from the analysis of various structure factors, that allows to separate

the two distinct phase separations and their location in the phase diagram. Since on

the level of correlation functions the RPA does not capture fluctuational attraction

that results in complexation, they included one-loop correction to RPA. In other

words, in order to include correlation effects, the structure factors must be calcu-

lated beyond the Random Phase Approximation (RPA). According to the symbols

proposed in [49, 50] they constructed the phase diagram in variables t = ξ−2

q2 (here

the parameter ξ−2 = 12χc
a2 is responsible for the short-range repulsion) and s = rD

−2

q2

(see Figure 12).

Kudlay and Olvera de la Cruz [69] considered competing influences of short-range

and electrostatic fluctuational attractions on complexation in highly dilute solution.

Previous works [67, 68] considered mixtures of different polyions with unfavorable

contact energy between the two types of polymers. The contribution from charge

fluctuations was computed within the random phase approximation (RPA), which
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Figure 12: t-s phase diagram [68]: if correlation effects are not taken into account, the polymers are either

incompatible or compatible (soluble), while whithin the one loop approximation they are also able to form

complexes at low χ. When the charge density f is increased, the other parameters being imposed, the

system follows the double arrow sketched on the phase diagram, from the incompatibility region, through

the compatibility region and finally through the complexation region.

took into account the connectivity of charges in the polyions. The impenetrability

of the ions was accounted for by using a modified Coulomb potential in the RPA.

The effect of salt on the stability of the precipitate was particulary investigated and

some interesting results were obtained. In good solvent conditions the precipitate

monotonically swelled and eventually dissolved upon addition of salt. However,

near the θ-solvent condition, but still in the good solvent, the precipitate could

be stable at any salt concentration. Moreover, the density of the precipitate after

initial decrease could increase with addition of salt. This effect was a result of

redistribution of salt between the precipitate and the supernatant, which is due to

an interplay of electrostatic and hardcore interactions.
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Unfortunately, the works [66, 67, 68, 69] were performed on the level of spinodal

calculation (i.e. only the condition for stability of a homogeneous phase was deter-

mined) and only for the case of symmetrical content of positive and negative charges.

Despite the fact that the possibility of microphase separation, already well known

for block copolymers [72], was emphasized, the precise morphology of the different

phases was not determined and a complete phase diagram was not obtained.

One of the attempts to determine the possible microdomain structures was made

in the work of Nyrkova and Khokhlov [73] by direct minimization of the free en-

ergy for the mixture of weakly charged polyelectrolyte with neutral polymer. The

microphase separation of lamellar type has been shown to take place in one of the

coexisting phases after the macroscopic phase separation occurs, Figure 13.

Stability of finite-size complexes was predicted for the case of macromolecules

that form a micellar (core-shell) structure [51, 53, 74, 75, 76, 77]. Here solubility

of the micelles is provided by hydrophilic blocks forming corona of the micelle. For

example, in dilute solution of polyelectrolyte/neutral diblock copolymers and op-

positely charged linear chains the core of the micelles is formed by polyelectrolyte

complexes between the oppositely charged polyions while the hydrophilic uncharged

blocks of the block copolymers comprise the micellar corona [75, 76]. Also, micelle

formation is predicted for solutions of asymmetric diblock polyampholytes (copoly-

mers having oppositely charged blocks) where complexed segments of the diblocks

form the core of the micelle and non-complexed tails of the longer blocks form the

corona [51, 53].

A theory of complexation of oppositely charged homopolymers differing in the

length predicts stability of the so-called tadpole complexes consisting of a neutral

part (head) and of a charged tail [78]. The authors studied a solution of long

polyanions (PA) with shorter polycations (PC) and focus on the role of Coulomb
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Figure 13: Phase diagram for a polyelectrolyte A/neutral polymer B mixture calculated in the weak segrega-

tion approximation [73],NA = NB = 1000, f = 0.01. The dashed line diagram is calculated in the mean-field

approximation; capital letters indicate the symmetry of the corresponding phases: H, homogeneous; L,

lamellar; C, cylindrical, S, spherical. The solid line diagram is calculated in the Brazovsky approximation

(with fluctuation corrections): the region of existence of the microdomain (lamellar) phase is shaded by

inclined lines, phase separation regions are shaded by disperse points, and the region of homogeneous phase

stability is left clear.

interaction. In the solution, each PA attracts many PCs to form a complex. When

the ratio of total charges of PA and PC in the solution, x, equals to 1, complexes

are neutral and they condense in a macroscopic drop. When x is far away from 1,

complexes are strongly charged. The Coulomb repulsion is large and free complexes

are stable. As x approaches to 1, PCs attached to PA disproportionate themselves

in two competing ways. One way is inter-complex disproportionation, in which PCs

make some complexes neutral and therefore condensed in a macroscopic drop while
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Figure 14: Typical phase diagram [78] of a solution of PA and PC. The horizontal axis x is the ratio of

total charges of PC and PA in the solution. The vertical axis b/rs is the ratio of the length of a monomer

size of the PA molecule to the Debye-Hückel screening radius rs

other complexes become even stronger charged and stay free. The other way is

intra-complex disproportionation, in which PCs make one end of a complex neutral

and condensed in a small droplet while the rest of the complex forms a strongly

charged tail. Thus each complex becomes a ”tadpole”. These two ways can also

combine together to give even lower free energy. The authors got a phase diagram of

PA-PC solution in a plane of x and inverse screening radius of the monovalent salt,

which includes phases or phase coexistence with both kinds of disproportionation

(Figure 14).

Recent computer simulations showed that in asymmetric solution of oppositely

charged homopolymers (all molecules have the same length and absolute value of

the charge density, while the numbers of positively and negatively charged chains

are different), nearly homogeneous spherical complexes can be formed [79, 80, 81].
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It was shown that the lower is the asymmetry, the higher is the size of the com-

Figure 15: Final configurations of (a) system 0, (b) system 5, (c) system 9, and (d) system 10. The

systems contain 10 polycations composed of 20 positively charged beads (gray spheres) and 0, 5, 9, and 10

polyanions, respectively, composed of 20 negatively charged beads (black spheres). Some beads have been

translated in accord with the periodic boundary conditions (one box length) to better illustrate the cluster

formation [80]. The simulation boxes have been rotated to give the clearest view in each case.
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plexes. It is expected that the structure of the polyelectrolyte solution depends on

the number of oppositely charged polyelectrolytes added. The final configurations

of simulations with Npos = 10 polycations and Nneg = 0, 5, 9 and 10 polyanions are

displayed in Figure 15. With only polycations, a homogeneous polyelectrolyte solu-

tion is observed (Figure 15a). The polyions are stretched by electrostatic intrachain

repulsion and are well separated by electrostatic interchain repulsion. As polyan-

ions are added, complexes containing at least one polycation and one polyanion are

formed. In the case of Nneg = 5, all polycations (as well as all polyanions) appear to

be complexed (Figure 15b). Five separate complexes are discernible, each complex

containing two polycations and one polyanion. With Nneg = 9, the snapshot shows

two complexes, one containing nine polycations and eight polyanions and another

made up of the remaining two polyions of opposite charge (Figure 15c). Finally,

with Nneg = 10, several (neutral) complexes are found (Figure 15d). Thus, the

polyelectrolyte solution appears to undergo large structural changes as oppositely

charged polyions are added and near or at charge equivalence complexes of different

compositions appears.

In the forth chapter a theory that predicts thermodynamic stability of spatially

homogeneous spherical, cylindrical and lamellar complexes in asymmetric solution

of oppositely charged homopolymers is proposed. Phase diagram including coexis-

tence regions is presented. The physical reasons of stability of the complexes are

discussed.

45



2 Effect of low-molecular-weight salt on the nematic order-

ing in solutions of rodlike polyelectrolytes

2.1 Model

Let us consider a solution of N charged rodlike macromolecules (chains) surrounded

by their counterions and low-molecular-weight salt ions in the volume V . Each chain

consists of m À 1 monomer units and has the length L, L = am, where a is the

linear size of a monomer unit. The degree of ionization of the chain (the fraction

of charged units) is τ , 0 ≤ τ ≤ 1; each charged unit has an elementary charge

e. The average concentrations of monomer units of the rods, monovalent counter-

and salt ions are ρ = mN/V , τρ and 2c, respectively (the average concentration of

positive (negative) ions of the salt is equal to c). Following the formalism of the

Debye-Hückel theory, let us consider an ”ideal gas” of macro-, counter- and salt ions

(four-component system), where the corresponding concentrations weakly fluctuate

around their average values, ρ(x) = ρ+ψ(x), ρc(x) = τρ+ ξ(x), c±(x) = c+ ν±(x);

ψ(x), ξ(x) and ν±(x) are the amplitudes of the density fluctuations with ρ À ψ(x),

τρ À ξ(x), c À ν±(x); x is the spatial coordinate. In the Gaussian approximation

the density fluctuations contribute to the free energy functional according to

δF (ψ, ξ, ν+, ν−)

kBT
=

1

2

∫
dq

(2π)3

[
|ξq|2
τρ

+

∣∣ν+
q

∣∣2
c

+

∣∣ν−q
∣∣2

c
+
|ψq|2
mρtq

+
l

q2

∣∣τψq − ξq + ν+
q − ν−q

∣∣2
]

, (2.1)

where we used Fourier transformed amplitudes; q is the wave vector and |ξq|2 ≡
ξqξ−q, etc. The first three terms in Eq. (2.1) come from the translational entropy of

counter- and salt ions. The fourth, anisotropic term corresponds to the structural

contribution of the rods (for the detailed derivation of this term see Ref. [44]); tq in

its denominator is the structural function
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tq =

∫
dnf(u,n)

4 sin2 (qnL/2)

(qn)2 L2
. (2.2)

Here f(u,n) is the orientational distribution function,
∫

dnf(u,n) = 1; u is the

unit vector of the preferred orientation of the rods (director) and n is the unit

vector directed along the axis of the chain. At large length scales, qL ¿ 1, the

structural function tends to unity, tq → 1, and the corresponding contribution to

the free energy functional 2.1 describes translational motion of the rods. At small

length scales, qL À 1, this contribution shows that the spatially inhomogeneous

distribution of overlapping rods is entropically unfavorable. For example, in the

isotropic phase, f(u,n) = 1/(4π), this term is proportional to qψqψ−q. The last

term in Eq. (2.1) is the Coulomb interaction contribution of all components of the

system. Here the parameter l is proportional to the Bjerrum length, l = 4πlB. This

term vanishes in the limit q → 0 because of macroscopic electric neutrality of the

system.

The contribution of the fluctuating charges to the total free energy of the spatially

homogeneous solution, FDH , can be found following a standard procedure:

FDH = − kBT

(
ln

∫
DψDξDν± exp

{
−δF (ψ, ξ, ν+, ν−)

kBT

}

− ln

∫
DψDξDν± exp

{
− δF (ψ, ξ, ν+, ν−)

kBT

∣∣∣∣
l=0

})

− F0, (2.3)

where DψDξDν± ≡ ∏
q

dψqdξqdν+
q dν−q is a product of differentials; F0 is the self-

energy of macro-, counter- and salt ions. The calculation of the Gaussian integrals

in Eq. (B.2) is done in the Appendix A. The result is:

FDH =
FDH

V kBT
=

1

2

∫
dq

(2π)3

[
ln

(
1 + τρl

1 + mτtq + 2c/(τρ)

q2

)

− τρl
1 + mτtq + 2c/(τρ)

q2

]
. (2.4)
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This expression is negative independent of polymer and salt concentration as well

as of the orientation of the chains. FDH decreases with the increase of polymer

concentration.

The total free energy of isotropic and nematic phases takes the following form

Fi,n =
ρ

m

∫
dnf(u,n) ln (4πf(u,n)) +

ρ2

2m2

∫
dn1dn2f(u,n1)f(u,n2)B(γ)+

+
ρ

m
ln

( ρ

m

)
+ c ln(c) + (τρ + c) ln(τρ + c)

+
1

2

∫
dq

(2π)3


ln


1 + τρl

1 + mτtq +
2c

τρ

q2


− τρl

1 + mτtq +
2c

τρ

q2




(2.5)

The first two terms in Eq. (2.5) come from the Onsager theory for neutral rods [1].

Here B = 2aL2 sin γ is the second virial coefficient of rods whose axes form an angle

γ. The next three terms are the contributions of translational motion of rods and

low-molecular-weight ions. Counterions and salt ions of the same sign are assumed

to be indistinguishable from each other.

2.2 Validity of the Debye-Hückel approach

The content of the Debye-Hückel theory is an assumption of small density fluctuati-

ons of charged units of the system, i.e., effects such as Manning condensation of low-

molecular-weight ions and fluctuation-driven aggregation of macroions are excluded

from the consideration. To ensure this restriction, we have to take into account

that the electrostatic interaction energies of various units should be smaller than

the corresponding entropic contributions. The salt-free regimes in semidilute and

dilute solutions were analyzed in refs. [12, 13]. Here we examine the regime of high

salt concentration, τ 2ρ ¿ al1/2c3/2 (at τ À a(lc)1/2) or τρ ¿ c (at τ ¿ a(lc)1/2),
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and of long rods, clL2 À 1, in the semidilute solution. For simplicity we consider

the isotropic phase of the solution, f(u,n) = 1/4π, and the conditions of applica-

bility of the Debye-Hückel theory for the isotropic phase will be valid also for the

nematic phase. In this regime the electrostatic free energy (2.4) can be expanded

into a powers series in ρ:

FDH =
1

2

∫
dq

(2π)3

[
ln

(
1 +

2cl

q2

)
− 2cl

q2

]
−

∫
dq

(2π)3

τρcl2
(
1 + mτt

(0)
q

)

q2 (q2 + 2cl)

− 1

4

∫
dq

(2π)3

(τ lρ)2
(
1 + mτt

(0)
q

)2

(q2 + 2cl)2 − . . . , t(0)
q =

1

qL

qL/2∫

−qL/2

dx
sin2 (x)

x2 (2.6)

Here the first term corresponds to the electrostatic interactions between the salt

ions. The second and third terms are the energy of interactions between counterions

(or salt ions of the same sign) and rods, and the energy of pair-wise interactions of

the rods, respectively. In the considered limit Eq. (2.6) can be calculated as:

FDH ≈





−(2cl)3/2

12π
− ρτ 2l

8πa
ln

(
2clL2)− πl1/2τ 4ρ2

32(2c)3/2a2 − . . . , τ À a(lc)1/2,

−(2cl)3/2

12π
− ρτl (2cl)1/2

4π
− l3/2τ 2ρ2

32π(2c)1/2 − . . . , τ ¿ a(lc)1/2,

(2.7)

The limits τ À a(lc)1/2 and τ ¿ a(lc)1/2 get transparent physical meanings, if we

introduce a characteristic distance between charged groups in the rod, ∆ = a/τ ,

and the Debye screening length rD = 1/(2cl)1/2. Then these limits take the form,

rD À ∆ and rD ¿ ∆, respectively. The expansion of FDH in the limit τ À a(lc)1/2,

Eq. (2.7), is obtained, if we use the condition 2clL2 À 1 in the second term of

Eq. (2.6) and take t
(0)
q ≈ π/(qL) at qL À 1 (semidilute solution) in the third term.

The first and the second terms of the expansion (2.7) have to be smaller than

the contributions of translational entropy of the salt ions, ∼ c, and of counterions,

∼ τρ, respectively (the logarithmic factors are omitted). In the dilute solution the

entropic contribution of rods, Fent, is proportional to ρ/m. It describes translational
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motion of the rods. To estimate the entropic contribution in the semidilute regime

we use scaling arguments. Taking into account that Fent cannot depend on m

in this regime, we assume Fent ∼ ρ(ρa3)β. This term should cross over to the

entropy of translational motion, ρ/m, at the overlap concentration ρ∗ ∼ 1/(a3m2),

i.e. β = 1/2. The physical meaning of Fent ∼ (ρa)3/2 is the entropic penalty

because of the density inhomogeneities: Fent ∼ aψ(x)∇ψ(x)/ρ ∼ aρ/ξ ∼ (ρa)3/2,

where the density fluctuations are strong, ψ(x) ∼ ρ, at length scales smaller than the

correlation radius ξ ∼ 1/(ρa)1/2. Therefore, the third term of the expansion (2.7)

has to be smaller than Fent ∼ (aρ)3/2. Collecting all the conditions, which must be

fulfilled simultaneously, we get the following criteria of applicability of the Debye-

Hückel theory:

a)∆ ¿ rD : a(cl)1/2 ¿ τ ¿ a/l, cl3 ¿ 1, lρτ 8 ¿ a7c3, ρτ 2 ¿ al1/2c3/2

b)∆ À rD : τ ¿ a(cl)1/2, cl3 ¿ 1, τρ ¿ c

(2.8)

2.3 Spinodal of the nematic ordering

To demonstrate the orientational action of the Coulomb interactions and the influ-

ence of the low-molecular-weight ions on the nematic ordering, let us calculate the

spinodal of the isotropic phase of the solution toward nematic ordering. It can be

performed by expanding the distribution function into a series of Legendre polyno-

mials

f(u,n) ≈ 1

4π

(
1 +

5S

2
(3(un)2 − 1) + . . .

)
,

S =

∫
dnf(u,n)

3(un)2 − 1

2
,

(2.9)

and equating to zero the coefficient λ in the square term of the expansion
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Fn = Fi + λS2 + . . . ,

λ =
5ρ

2m
− 5πρ2a3

32
− 1

4(2π)3

∫
du

∞∫

0

dqq2 (lρm)2τ 4 (δtq)
2

[
q2 + lρτ

(
1 + mτt

(0)
q +

2c

τρ

)]2

δtq =
15

2

(
3
(uq)2

q2 − 1

) [
1

(qL)2

(
1− sin qL

qL

)
− t

(0)
q

6

]

t(0)
q =

1

qL

qL/2∫

−qL/2

dx
sin2 (x)

x2

(2.10)

where S is the order parameter of the nematic phase. The first term in λ comes

from the first term of the total free energy, Eq. (2.5). It is positive and responsi-

ble for the entropic penalty of the chains because of their orientation. The next

two terms in λ describe the orientational effect of the excluded volume and of the

Coulomb interactions, respectively. Let us examine analytically the regime of high

salt concentration, τ 2ρ ¿ al1/2c3/2, clL2 À 1. In this regime the values of the wave

vector q ∼ (lc)1/2 give the main contribution to the third term of λ. Therefore, we

should consider the limit qL À 1 in δtq (semidilute regime) and neglect the terms

1 + mτt
(0)
q compared with 2c/(τρ) in the denominator. In this limit the solution of

the equation λ = 0 takes the form:

ρ =
16

πa3m

(2c)3/2

(2c)3/2 + τ 4l1/2/ (4a5)
. (2.11)

It is clearly seen that the increase of the salt concentration, c, requires an increase

of the polymer concentration, ρ, to form the nematic phase. In other words, the salt

addition reduces the orientational effect of the Coulomb forces due to the screening

of charges on the chains.

The value of ρ in the spinodal has to be subjected to the criteria of applicability of

the Debye-Hückel theory, Eq. (2.8). For the most interesting limit τ À c3/8a5/4/l1/8,

which belongs to the case (a) of Eq. (2.8), ρ ≈ 64a2(2c)3/2/(πmτ 4l1/2) and this value
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is valid at the conditions

c3/8a5/4/l1/8 ¿ τ ¿ a/l, (a/lm)1/2 ¿ τ ¿ m1/4c3/8a5/4/l1/8, cl3 ¿ 1, (2.12)

which are consistent in a very wide range of the values of τ .

 

Figure 16: Spinodals in variables: fraction of charged groups on the chain, τ , and polymer volume fraction

multiplied by the number of monomer units in the charged rod, φ ·m ≡ ρa3 ·m, for various values of the

salt concentration; φsalt ·m ≡ ca3 ·m=0 (solid), 1 (dashed), 10 (dotted).

The numerical solution of the equation λ = 0 for arbitrary values of c is plotted

in the variables τ and φm, φ = ρa3 in Figure 16. It is seen that the addition of

salt gradually shifts the spinodal towards higher values of the fraction of charged

groups and of the polymer concentration. These curves are in the range of the
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applicability of the Debye-Hückel theory except for the case τ ≈ 1 at small salt

fraction. In this regime orientation of the rods occurs at polymer concentration

smaller than the overlap concentration and is accompanied by the formation of a

Wigner crystal [13]. The expression obtained for the spinodal is only qualitatively

correct for this regime [13].

2.4 Phase diagram

The phase diagram of the solution is calculated with the total free energy given by

Eq. (2.5). On this way two simplifications are used. First, the trial function for the

orientational distribution function is chosen in the Onsager form:

f(u,n) =
α cosh(αun)

4π sinh(α)
, (2.13)

where α is the variation parameter, 0 ≤ α < ∞; α = 0 and α > 0 correspond to

the isotropic and nematic phases of the solution, respectively. Complete orientation

(parallel rods) is attained in the limit α → ∞ when f(u,n) → δ(u − n). Second,

our numerical calculations of FDH with the Onsager function for f(u,n) have shown

that it can be approximated by a simple interpolation form

FDH(α) = Ford + (Fdis −Ford) exp(−α4) (2.14)

with an accuracy of not less than 10%. Here Fdis and Ford are exact correlation free

energies calculated with f(u,n) = 1/(4π) and f(u,n) = δ(u − n), respectively. It

is this form for FDH that is used in the calculation of the phase diagram.

The chemical potentials and the osmotic pressure are calculated following a stan-

dard way:

µi,n =
∂Fi,n

∂ρ
, µsalt

i,n =
∂Fi,n

∂c
, πi,n = µi,nρ + µsalt

i,n c−Fi,n. (2.15)

The analysis of the total free energy of the nematic phase as a function of the

parameter α shows that the free energy may have two minima at finite values of
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α. It means that two nematic phases (I and II) differing in the value of the order

parameter can be stable. Phase equilibrium between various phases is found by

solving the following equations:

µi(ρ0, c0) = µn(ρ1, c1)

µsalt
i (ρ0, c0) = µsalt

n (ρ1, c1)

πi(ρ0, c0) = πn(ρ1, c1)

∂Fn

∂α1
= 0, isotropic – nematic I

µi(ρ0, c0) = µn(ρ2, c2)

µsalt
i (ρ0, c0) = µsalt

n (ρ2, c2)

πi(ρ0, c0) = πn(ρ2, c2) (2.16)

∂Fn

∂α2
= 0, isotropic – nematic II

µn(ρ1, c1) = µn(ρ2, c2)

µsalt
n (ρ1, c1) = µsalt

n (ρ2, c2)

πn(ρ1, c1) = πn(ρ2, c2)

∂Fn

∂α1
= 0

∂Fn

∂α2
= 0, nematic I – nematic II

Here the conditions of fixed numbers of salt ions and rods in the system have to be

taken into account. For example, in the case of coexisting nematic phases it can be

written as cV = c1V1 + c2V2 and ρV = ρ1V1 +ρ2V2, where V1 and V2 are the volumes

of the phases, V1+V2 = V . Combining these conditions we get the following relation

between c1, c2, ρ1 and ρ2:

c = c1
ρ2 − ρ

ρ2 − ρ1
+ c2

ρ− ρ1

ρ2 − ρ1
. (2.17)
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Figure 17: Phase diagram of the solution of charged rods at various values of the salt volume fraction:

φsalt ·m = 0 (solid), 1 (dashed), 3 (dotted).

The resulting phase diagram of the solution is presented in Figure 17. The

orientational effect of Coulomb interactions becomes detectable already in the range

of small polymer concentrations (salt-free regime) where the weakly ordered nematic

phase I is stabilized (solid curve). The width of the phase separation region between

the isotropic and the nematic phase is very small and cannot be represented at the

length scale of the diagram. In contrast, the width of the phase separation region

between the isotropic phase and the highly ordered nematic phase II is significant.

It narrows with the increase of τ from the maximum value at τ = 0 corresponding

to the neutral rod chains. In the salt-free solution (solid curves) this behavior is

caused by the increase of the number of counter ions with τ : the contribution of
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the translational motion of counterions, which is proportional to τ , dominates over

the Coulomb term ∼ τ 2. The phase separation is always accompanied by entropy

losses of those counter ions, which are localized in a denser phase to compensate its

macroscopic charge. Therefore, the larger is the number of counter ions, the smaller

is the concentration jump at the phase separation. The coexistence of two nematic

phases at certain intermediate values of the fraction of ionized groups is the result

of two stabilizing factors: weakly and highly ordered nematic phases are stabilized

by Coulomb and excluded volume interactions, respectively.

The effect of the low-molecular-weight salt is demonstrated by dashed and dotted

curves in Figure 2. We can distinguish two qualitatively different effects of the salt

on the phase behavior. The addition of salt prevents nematic ordering at small

polymer concentration because of the screening of electrostatic interactions between

macroions which are responsible for the stabilization of the weakly ordered phase.

On the other hand, the coexistence of the isotropic (weakly ordered nematic) and

highly ordered nematic phases occurs at smaller values of the polymer concentration

in the presence of the salt ions compared to the salt-free solution, see Figure 2.

This effect has an entropic reason. In the salt-free regime counterions hinder phase

separation: the maximum of the translational entropy of counterions is achieved in

the spatially-homogeneous state of the system, rather than in the phase separated

state where counterions have to be distributed inhomogeneously between the phases.

In other words, phase separation is impeded when the rods of the rare phase cannot

”draw” their counterions into the denser phase. In the presence of salt (delivering

additional ions of the same sign as that of the counterions), their entropy markedly

increases and the loss in entropy as a result of phase separation decreases: it is no

longer significant for the chains whose ions (host or guest) will be drawn inside the

denser phase.
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Figure 18: Order parameter of the nematic phase S as a function of the polymer volume fraction multiplied

by the number of monomer units in the rod, φ ·m, at various values of the salt volume fraction: φsalt ·m = 0

(solid), 1 (dashed), 3 (dotted). The fraction of charged groups in the chain is chosen to be τ = 0.2.

The order parameter S = 1 − 3(α cosh(α)/ sinh(α) − 1)/α2 as a function of

the polymer volume fraction φ at different values of the salt volume fraction is

plotted in Figure 18. The horizontal lines correspond to the order parameters of the

coexisting nematic phases. The effect of the salt on the value of S is significant for

the nematic phase I: the increase of φsalt decreases the order parameter. In contrast,

the order parameter of the nematic phase II is practically not changed with φsalt.

This effect is connected with the dominance of the excluded volume interactions

over the electrostatic interactions at high polymer concentrations. Therefore, the
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screening by the salt ions does not play a role.

Our theoretical predictions are qualitatively consistent with experimental data

obtained for various polyelectrolyte systems. Orienting action of electrostatic inte-

ractions was detected in aqueous solutions of tobacco mosaic virus (TMV) [18] and

of rodlike micelles which are formed by aggregation of synthetic polyelectrolytes

poly(p-phenylene)sulfonates (PPPs) [16]. In the case of non-aggregated TMV par-

ticles (length, L = 300 nm; diameter, a = 18 nm), the onset of phase separation of

the isotropic, salt-free solution occurs at virus concentration φi ≈ 2.3% [18]. Taking

the overlap concentration φ∗ = 3a2/(2L2) · 100% ≈ 0.54% and the value of φi for

neutral rods, φOns
i = 3.34a/L ·100% ≈ 20% [1] as checkpoints, we can conclude that

the nematic phase of TMV solution is formed at concentration, which corresponds

to the semidilute regime but is considerably smaller than that of the neutral rods.

Addition of low-molecular-weight salt (NaCl) destroys the nematic phase which can

be restored by the increase of TMV concentration [18]. Such behavior is consistent

with our predictions for nematic phase I which is stabilized by electrostatic interac-

tions (see Figure 2). In the case of PPPs micelles, which are cylinders of the length

L = 500 nm and diameter a = 3.4 nm, the nematic phase of the salt-free solution

appears at ρi = 1.1 g/L [16] whereas ρ∗ = 0.037 g/L and ρOns
i = 12 g/L. Therefore,

we also can attribute the nematic ordering of PPPs micelles to the electrostatic

interactions because the steric repulsion of the rods can not cause orientation at

ρ < ρOns
i .
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3 Spontaneous charge inversion of a microgel particle by

complexation with oppositely charged polyelectrolytes

3.1 Model

Let us consider a large negatively charged spherical microgel particle (polyanion)

comprising m À 1 flexible subchains, each of N À 1 segments. Each subchain

contains a small fraction of charged units, f = 1/σ ¿ 1. It is assumed that all

charged units are completely dissociated, i.e. the system comprises Z = mN/σ

mobile, positively charged counterions. Let us consider the overcharging of the

2r
0

2r 2R

2R
0

Figure 19: Schematic representation of two states of the system: a neutral PA-PCs complex coexisting with

the unbound excess polycations (left), and swollen overcharged complex (right).

microgel particle by oppositely charged k-arm star macromolecules (polycations) in

dilute solution. For the sake of simplicity we will analyze an especial case of the arms

having the same length and the fraction of charged units as those of the subchains.

The total electric neutrality of the polycations is provided by mobile negatively

charged counterions (z = kN/σ À 1 counterions per star molecule). Every charged
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unit of the system is monovalent of the charge e and its size, a, coincides with the

size of the neutral segments. We assume that the solvent is a Θ-solvent and we treat

it as a dielectric continuum of dielectric constant ε.

To demonstrate the overcharging of the polyanion (PA) by the polycations (PCs),

we compare the free energies of two states of the system: neutral PA-PCs complex

coexisting with unbound excess PCs (state I) and overcharged PA-PCs complex

where all excess PCs are localized within the complex (state II), Figure 19.

3.1.1 State I

Let us assume that only PCs are responsible for neutralization of the microgel par-

ticle (PA): p = Z/z PCs enter into the PA releasing all “own” and PA’s counterions

into the outer solution. Such substitution is entropically favorable if z À 1. Denote

by n the number of excess PCs. They are immersed in a “gas” of nz + Z negatively

charged and Z positively charged counterions. The total free energy of the system

can be written as a sum of two terms:

FI = F
(1)
I + F

(2)
I . (3.1)

The first term, F
(1)
I , corresponds to the free energy of the excess PCs and coun-

terions. Assuming the spherical shape of the multiarm star macromolecules in the

dilute solution and using the two-zone Oosawa model [45, 46, 47], F
(1)
I takes the

following form:

F
(1)
I

nkBT
=

3

10

lBt(θ)

r

[
z(1− β) +

Z

n
(γ − β)

]2

+

(
z +

Z

n

) (
β ln

βc−

θ

+ (1− β) ln
(1− β)c−

1− θ

)
+

Z

n

(
γ ln

γc+

θ
+ (1− γ) ln

(1− γ)c+

1− θ

)

+
3

2
k

r2

a2N
+ kNCφ2

s,

t(θ) =
2− 3θ1/3 + θ

(1− θ)2 , θ =

(
r

r0

)3

, φs =
3kNv

4πr3 . (3.2)
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In this model, the total volume of the system (a sphere of the radius R0) can be imag-

ined as a set of densely packed, neutral spheres (cells) of the radius r0, R3
0 ≈ nr3

0,

Figure 19. Each cell is divided into two zones. The first zone of the radius r is

occupied by the PC. The second zone of the volume 4π(r3
0 − r3)/3 is free of the PC.

Counterions are distributed inhomogeneously between the zones because of inho-

mogeneous distribution of the charge of the PC within the cell. This distribution

is approximated by a steplike function: the fractions β and γ of negatively and

positively charged counterions occupy the first zone so that the number of the cor-

responding counterions within the PC is equal to β(z+Z/n) and γZ/n, respectively.

The resultant volume charge density of the PC is assumed to be constant and equal

to ρ1 = e(z(1 − β) + Z(γ − β)/n)/(4πr3/3). The second zone is charged with the

density ρ2 = −e(z(1−β)+Z(γ−β)/n)/(4π(r3
0−r3)/3) due to electrical neutrality of

the cell. Calculation of the Coulomb energy of the concentric spheres with constant

charge densities can be done in a standard way [14, 44]:

FC

kBT
=

∫
d3x

lB (∇w(x))2

8π
, ∆w(x) = −4πρ(x)

q
, ρ(x) =





ρ1, 0 < x < r

ρ2, r < x < r0

(3.3)

resulted in the first term of Eq. (3.2). Here lB is the Bjerrum length, lB = e2/εkBT .

The next two terms of Eq. (3.2) are the contributions of the translational motion

of negatively and positively charged counterions, respectively. c− and c+ are the cor-

responding average volume fractions of the counterions, c− = (z + Z/n)v/(4πr3
0/3),

c+ = Zv/(4πr3
0n/3). The excluded volume of the counterion, v, coincides with the

excluded volume of the monomer unit, v ≈ a3. Owing to the condition z À 1, the

energy of the translational motion of the PCs can be neglected in comparison with

the energy of the counterions.

The fourth term of Eq. (3.2) is the elastic free energy taken in the Flory form [48].

Here we assume homogeneous stretching of the star arms if the value of k is not so
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high.

The last term of Eq. (3.2) is the third virial contribution with the dimensionless

coefficient C ≈ 1; φs is the volume fraction of monomer units within the star mole-

cule. The equilibrium value of F
(1)
I is found by minimization with respect to the

parameters β, γ and r.

The second contribution to the free energy (3.1) comes from the free energy of

the neutral PA-PCs complex. We assume that neutralization of the complex in the

dilute solution is achieved only by PCs. Therefore, the average polymer volume

fraction of the microgel, ϕ, coincides with that of the stars localized inside the

complex.

The formation of the neutral polyelectrolyte complexes can not be described at

the mean-field level: the Coulomb term is equal to zero at this level. One has to

include at least fluctuations around the electroneutral state to describe the comple-

xation. The simplest way to do it is the RPA formalism [49, 50, 51]. The RPA free

energy of the complex is written

F
(2)
I

nkBT
=

mN

nϕ

(
C(2ϕ)3 +

√
2v

12π

(
24ϕl

vσ2a2

)3/4
)

. (3.4)

The first term of Eq. (3.4) describes hard core repulsive interactions of monomer

units in the Θ-solvent. The second term is the RPA correction to the mean-field

free energy. It is responsible for the fluctuation-induced attraction of charged units.

Calculation of this term is done in the Appendix B. Notice that the translational

entropy of PCs is neglected in Eq. (3.4). The equilibrium value of the free energy

F
(2)
I is found by minimization with respect to the fraction ϕ:

F
(2)
I

nkBT
=

9

4π

(
8πC

9

)1/9
mN

n

(
l

aσ2

)2/3

, ϕ =
1

8

(
64

3π4C4

)1/9 (
l

aσ2

)1/3

. (3.5)

The value of ϕ coincides with that of diblock polyampholyte complexes calculated

within the framework of the scaling approach [53]. On the other hand, in contrast to
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the scaling theory [53] the energy of the complex F
(2)
I is positive. This difference is

connected with the sign of the term of the fluctuation-induced attraction, Eq. (B.4).

This term is always positive.

3.1.2 State II

Let us consider the overcharged complex where all n excess PCs are trapped within

the PA. The key assumption of our model is that the whole excess charge of the

complex is smeared-out throughout the volume of the complex. It becomes possible

because of the collective effect: excess and neutralizing PCs tend to be rearranged

within the complex in such a way as to remove charge (spatial) inhomogeneities of

the complex. These inhomogeneities could be originated by the excess PCs in the

case if the neutralizing PCs would be immobile. Such rearrangement is favorable:

homogenization of the PCs within the complex minimizes the energy of electrostatic

interactions.

The total free energy of the overcharged complex is derived in a similar way as

Eqs. (3.2) and (3.4):

FII

nkBT
=

3

10

lBt (Θ)

nR
[nz (1−B) + Z (Γ−B)]2 +

(
z +

Z

n

)(
B ln

Bc−

Θ

+ (1−B) ln
(1−B)c−

1−Θ

)
+

Z

n

(
Γ ln

Γc+

Θ
+ (1− Γ) ln

(1− Γ)c+

1−Θ

)

+
4πR3

3nv

(
C (ϕs + ϕm)3 +

√
2v

12π

(
12(ϕs + ϕm)l

vσ2a2

)3/4
)

,

Θ =

(
R

R0

)3

, ϕs =
3Nk(p + n)v

4πR3 , ϕm =
3Nmv

4πR3 . (3.6)

Here the first term is the mean-field electrostatic energy of the excess charge of

the complex. The next two terms describe the translational entropy of counteri-

ons inhomogeneously distributed between the complex and the outer solution. The

overcharged complex collapses if the excess charge is not so high. The last term of
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Eq. (3.6) is responsible for the collapse. It comprises the third virial contribution

∼ C, which is necessary to ensure the stability of the complex, and the RPA free

energy providing the fluctuation-induced attraction. The latter is derived in the Ap-

pendix B, Eq. (B.10). Notice that fluctuations of the excess charges also contribute

to the attraction of charged units in the complex.

The equilibrium fractions of the counterions within the complex, B, Γ, and the

radius of the complex, R, are found by minimization of Eq. (3.6).

3.2 Results and Discussion

The difference of the free energies of the two states, δ = (FII − FI)/(nkBT ), as

a function of the number of excess PCs, n, for various values of the parameters

m, N and σ is presented in Figure 20. These curves are obtained by numerical

minimization of Eqs. (3.1) and (3.6). It is seen that stability of the overcharged

complexes (negative values of δ) is possible if the number of the excess PCs is smaller

some certain value n∗, δ(n∗) = 0. This value increases with m for all cases depicted in

Figure 20 (a1-a3). However, the strength of the overcharging, α = n∗k/m (the ratio

of the excess charge, n∗z, to the bare charge of the microgel, Z), weakly depends

on m (at least for the parameters analyzed), α ≈ 0.22 − 0.24 (a1,a3), 0.27 − 0.3

(a2). Simultaneous decrease of the bare charge of the PA and PCs via shortening

of the subchains and the arms, N , Figure 20 (a1,a2), or via decrease of the fraction

of charged units, f = 1/σ, Figure 20 (a1,a3), leads to the increase of n∗.

In order to demonstrate the driving force for the overcharging, let us plot the

dependence of the relative mean-field electrostatic energy (δC), the energy of the

translational motion of counterions (δci), the elastic free energy of the star arms

(δel), the energy of excluded volume interactions (δexcl) and the RPA electrostatic

energy (δRPA) on n in the range of the values of n where the overcharged complex is
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Figure 20: The difference of the free energies, δ = (FII−FI)/(nkBT ), as a function of the number of excess

polycations, n, for various sets of the parameters of the system (a1-a3). Relative mean-field electrostatic

energy (δC), the energy of the translational motion of counterions (δci), the elastic free energy (δel), the

energy of excluded volume interactions (δexcl) and the RPA electrostatic energy (δRPA) vs n in the range

of the values of n where the overcharged complex is stable, δ = δC + δci + δel + δexcl + δRPA < 0. We use

R0 = 150lB, k = 5, m = 100 (solid), m = 200 (dashed), m = 300 (dotted).

stable, δ = δC + δci + δel + δexcl + δRPA < 0, Figure 20 (b1-b3). It is seen that δC and

δel are always negative, i.e. the mean-field electrostatic interactions and the elastic

free energy of the star arms stabilize the overcharged complex. The physical reason
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for this kind of stabilization is the gain in the self-energy of the trapped PCs: the

charge of the complex is distributed homogeneously throughout the volume reducing

the charge density of the excess PCs compared to that in the solution. As a result,

the swelling of the excess PCs within the complex reduces too. The excluded volume

interactions of monomer units also play a stabilizing role, δexcl < 0: In spite of the

rise of the number of monomer units within the overcharged complex, the mean-field

electrostatic repulsion of charged units reduces the concentration of the overcharged

complex in comparison with that of the neutral complex.

If the number of the excess PCs in the system is not so high, counterions stabilize

the overcharged complex (δci < 0 in Figure 20 (b1-b3)). This effect is connected with

the gain in the translational entropy due to the partial release of those counterions

which are trapped within the excess PCs in the unbound state. On the other hand,

if the number of the excess PCs is high enough, the entropic mechanism does not

work anymore, δci > 0, Figure 20 (b1-b3): the high number of the excess PCs within

the complex (high charge of the complex) is able to keep more counterions (per one

PC) than it would be in the unbound state.

The overcharging is very sensitive to the number of the star arms, k, Figure 21:

n∗ increases with k and the strength of the overcharging α = n∗k/m can become

high enough, α ≈ 0.64 at k = 9. Such behavior is determined by the increase of

the self-energy of the unbound excess PCs with k. Therefore, larger number of the

excess PCs is able to come into the complex.

Under dilution of the system (the increase of R0) the stabilizing role of the

counterions diminishes, Figure 22, and disappears in the limit of infinite dilution

(R0 →∞). In this case a very simple quantitative criterion for the charge inversion
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Figure 21: The difference of the free energies, δ = (FII−FI)/(nkBT ), as a function of the number of excess

polycations, n, for various values of the number of the arms k: k = 5 (solid), k = 7 (dashed), k = 9 (dotted).

We use R0 = 150lB, N = 100, m = 100, σ = 20.

can be obtained if we set β, γ,B, Γ, θ, Θ = 0 in Eqs. (3.1), (3.6):

FI

nkBT
≈ 9N

( u

σ2

)2/3
(

51/3k5/3

10
+

(
C

72π2

)1/9
m

n

)
+T0, r ≈ aN

(
uk

5σ2

)1/3

ÀaN 1/2,

FII

nkBT
=

3lBn

5R

(
Nk

σ

)2

+
9

16π2

CN 3s3

nR6 +
4√
3n

(
NsRu

σ2

)3/4

+T0, s = 2m + kn, (3.7)

where u = lB/a, T0 = (z + Z/n) ln c− + (Z/n) ln c+ and equilibrium values of FI

and FII are found by minimization with respect to the radius of the PC, r, and

of the overcharged complex, R. The equation δ(n∗) = 0 has a solution only under

condition m À kn (the case k À 1 is excluded from the analysis). In this limit the

first term of FII is small and we can use a perturbation theory to minimize with
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Figure 22: The difference of the free energies, δ = (FII−FI)/(nkBT ), as a function of the number of excess

polycations, n, for various values of the concentration of PAs (∼ 1/R3
0): (a) R0 = 150lB, (b) R0 = 300lB.

We use N = 100, σ = 20, m = 100 (solid), m = 200 (dashed), m = 300 (dotted).

respect to R:

FII

nkBT
≈ 9Ns

2n

( u

σ2

)2/3
((

C

72π2

)1/9

+
2

15

(
8π2

9
√

3C

)4/27 (
Nu2/3n3k3

s2σ4/3

)2/3)
+ T0,

R ≈
(

27C

8
√

3π2

)4/27

a

(
Nsσ2/3

u1/3

)1/3

, (3.8)
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and n∗ has the value

n∗k ≈ 15

2

(
27C

8
√

3π2

)4/27
((

k

5

)2/3

−
(

C

72π2

)1/9
)(

2m

N 2

)1/3 (
σ2

u

)4/9

. (3.9)

In this regime n∗ can be high enough, n∗ ∼ m1/3, but the strength of the overcharging

becomes small, α = n∗k/m ∼ σ8/9/(mN)2/3 ¿ 1. Similarly to the system with the

macroions of fixed size [44], the condition (3.9) can be rewritten in terms of the radii

of the unbound PCs, Eq. (3.7), and of the overcharged complex, Eq. (3.8):

n∗ =
R

µr
, µ =

2

3

1

1−
(

56C

72π2k6

)1/9 . (3.10)

Therefore, the number of the excess PCs is proportional to the radius of the complex.

Using the results for the regime of infinite dilution, let us discuss the following

aspect of the model. Derivation of the free energy of the unbound PCs in the state

I, Eq. (3.2), was done on the mean-field level neglecting the RPA term. Indeed, in

contrast to the neutral or overcharged complex, the fluctuation-induced electrostatic

energy of the swollen arms is much more smaller than the electrostatic mean-field

energy of the PC. To demonstrate this, let us address to the scaling concept. It is

known that the mean-field description of the weakly charged chain swollen in the

Θ-solvent coincides with the scaling description where the chain is considered as a

sequence of electrostatic blobs, each of the size ξel ≈ aσ2/3/u1/3 and of the number

of the segments gel ≈ σ4/3/u2/3 (ξel ≈ ag
1/2
el ) [54, 55]. The end-to-end distance of

the chain scales as r‖ ≈ Nξel/gel ≈ aNu1/3/σ2/3 and the electrostatic energy is

proportional to the number of the blobs, Fchain/kBT ≈ N/gel ≈ Nu2/3/σ4/3 À 1.

These results coincide with those of Eq. (3.7) (the first term of FI and the value of r

at k ∼ 1). To estimate the fluctuation-induced electrostatic energy, one has to take

into account lateral fluctuations of the chain of the blobs [56]. In the Θ-solvent, the

characteristic length scale of the fluctuations is r⊥ ≈ (N/gel)
1/2ξel ≈ aN 1/2. Let us

69



introduce the second kind of blobs of the size r⊥ so that the chain can be viewed as

a straight-line row of the blobs whose number is r‖/r⊥ À 1. Within such blob the

electrostatic blobs do not fluctuate (they are absolutely correlated, i.e one can say

about “persistence length” of the chain of the electrostatic blobs) and fluctuation-

induced interactions are dominant at the length scales larger than r⊥. Thus, the

fluctuation-induced electrostatic energy can be estimated as Ffluc/kBT ≈ r‖/r⊥ ≈
(Nu2/3/σ4/3)1/2, i.e. Ffluc ¿ Fchain.

Examination of the system is confined by a demonstration of the stability of the

overcharged complexes and by the description of the mechanisms responsible for the

overcharging. Phase behavior of the solution of the microgel particles and multiarm

stars, which can embrace coexistence of the states I and II or precipitation of the

neutral complexes, will be described in a forthcoming publication.
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4 Complexation in asymmetric solutions of oppositely charged

polyelectrolytes: Phase diagram

4.1 Model

Let us consider a solution of N linear flexible macromolecules consisting of N+

polycations (PCs) and N− polyanions (PAs), N+ + N− = N . We will examine a

weakly asymmetric solution, N+ > N−, when an asymmetry parameter A is small

enough:

A = (N+ −N−) /N ¿ 1

For the sake of simplicity we assume that each macromolecule comprises m segments,

each of the size a, and has a small fraction of charged groups f = 1/σ ¿ 1. Each

charged group carries an elementary charge e. Also we assume that only N+ −N−

“excess” PCs have counterions to provide a macroscopic electric neutrality of the

system while counterions coming from N− PAs and N− PCs are “washed away”.

The solvent is considered to be a Θ-solvent for neutral segments of both kinds of

macromolecules.

In very dilute solution (but above the complexation concentration threshold),

one can imagine stability of two states of the solution: (i) all “neutralizing” PCs

aggregate with PAs and form neutral PC-PA globules that freely float in the solu-

tion together with the excess PCs, and (ii) all neutral globules precipitate forming

macrophase. Keeping in mind that attraction between the globules is induced by

the short-range electrostatic interactions, we can expect that stability of the single

globules is possible if the fraction of charged groups is not so high.

The total free energy (per unit volume) of the mixture of the globules and excess

PCs has a form:

FPCs+glob =
φA

m
FPC +

φ(1− A)

2m
Fglob, (4.1)
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where FPC and Fglob are the free energies of the polycation and the globule, respec-

tively; φ ¿ 1 is the average polymer volume fraction in the solution. For derivation

of FPC we use the so-called two zone Oosawa model [45, 46, 47]:

FPC

kBT
=

3

10

lBt(θ)

r

(m

σ
(1− β)

)2
+

mβ

σ
ln

(
ψβ

σ

)
+

m(1− β)

σ
ln

(
ψ

σ

φA(1− β)

ψ − φA

)

+
3

2

r2

ma2 + Cψ3 + ln

(
φA

m

)
, (4.2)

t(θ) =
2− 3θ1/3 + θ

(1− θ)2 , θ =

(
r

r0

)3

=
φA

ψ
.

In this model, the total volume of the system V is imagined as a set of N+ − N−

densely packed, neutral spheres (cells) of the radius r0, V ≈ (N+ −N−) 4πr3
0/3.

Each cell is divided into two zones. The first zone that is approximated by a sphere

of the radius r, is occupied by the PC. The second zone of the volume 4π(r3
0− r3)/3

is free of the PC. Counterions are distributed inhomogeneously between the zones

because of inhomogeneous distribution of the charge of the PC within the cell. This

distribution is approximated by a steplike function: the fraction β of the counterions

occupies the first zone so that the number of the counterions within the PC is equal

to βm/σ. The resultant volume charge density of the PC is assumed to be constant

and equal to ρin = em(1 − β)/(σ4πr3/3). The second zone is charged with the

density ρout = −em(1 − β)/(σ4π(r3
0 − r3)/3) due to electric neutrality of the cell.

Calculation of the Coulomb energy of the concentric spheres with constant charge

densities can be done in a standard way [47] resulted in the first term of Eq. (4.2).

Here lB is the Bjerrum length, lB = e2/εkBT , and ε is the dielectric constant of the

solvent. The next two terms of Eq. (4.2) are the contributions of the translational

motion of counterions; ψ = mv/(4πr3/3) is the polymer volume fraction inside the

PC, and v ≈ a3 is the excluded volume of the counterion that coincides with the

excluded volume of the monomer unit. The fourth term of Eq. (4.2) is the elastic free

energy of the chain taken in the Flory form, and the next term takes into account
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triple interactions of monomer units in Θ-solvent, C ∼ 1 is the dimensionless third

virial coefficient. Finally, the last term of Eq. (4.2) corresponds to the translational

entropy of the PCs. The equilibrium value of FPC is found by minimization with

respect to the parameters β and r (or ψ).

It has to be noted that the spherical approximation for the first zone (for the

conformation of the PC) is reasonable for relatively wide range of values of f =

1/σ. Indeed, if the fraction of the charged groups is very small, the electrostatic

repulsion between the charges (or the osmotic pressure of counterions inside the

chain) weakly disturb the isotropic Gaussian conformation of the chain, i.e the

volume of the chain can be approximated by a sphere. If f is relatively high,

the chain attains an elongated conformation that can be viewed as sequence of the

electrostatic blobs [54] (counterions-free regime). Then the free energy of the chain is

proportional to the number of blobs and scales as FPC/kBT ≈ m(lB/a)2/3/σ4/3. The

same value of the free energy of the PC, FPC/kBT ≈ 0.9 · 51/3m(lB/a)2/3/σ4/3, can

be found from Eq. (4.2) by minimization with respect to r, if we neglect localization

of the counterions inside the PC (β = 0) and the energy of the excluded volume

interactions, and if we set θ = 0 (φA ¿ ψ). Thus, relying on the correct result in

counterions-free approximation, we can believe that the spherical approximation is

the more accurate under inclusion of counterion localization (β 6= 0).

The total free energy of the neutral globule formed by PC and PA takes the form:

Fglob

kBT
=

2m

ψ

[
Cψ3 +

√
2

12π

(
48ψπlB

σ2a

)3/4
]

+ γ4πR2 + ln
φ(1− A)

2m
+ 2 ln

ψ

m
− ln 2, ψ =

2mv

4πR3/3
. (4.3)

The first two terms ∼ m are the volume contributions to the free energy of the glob-

ule. Notice that formation of the globule can not be described within the mean-field

approximation: the Coulomb term is equal to zero at this level. One has to include
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at least fluctuations around the electroneutral state to describe the complexation.

The simplest way to do it is the RPA formalism [44, 49, 50, 51]. The RPA free energy

is given in the square brackets of Eq. (4.3). The first term describes hard core repul-

sive interactions of monomer units in the Θ-solvent. The second term is the RPA

correction to the mean-field free energy. It is responsible for the fluctuation-induced

attraction of charged units. Calculation of this term is done in the Appendix B.

The third term ∼ m2/3 is the surface energy of the globule, γ is the surface

tension coefficient (divided by kBT ). Finally, the first and the next two logarithmic

terms are the entropic contributions of translational motion of the globules and

chains within the globule, respectively. An equilibrium value of Fglob is derived by

minimization of Eq. (4.3) with respect to ψ. In the case of high enough fraction of

the charged groups, f À (a/lB)1/2m−3/4, the volume free energy is dominant and

Fglob can be calculated using a perturbation theory.

Calculation of the surface tension coefficient γ is done in the Appendix C:

γ ≈ 0.11
u2/3

σ4/3a2 , u =
lB
a

(4.4)

Notice that this result coincides with the result of the scaling theory [53]. Thus,

Eqs. (4.1)-(4.4) completely describe the free energy of the mixture of the excess PCs

and the globules.

The free energy of the excess PCs coexisting with precipitated globules (a dense

macrophase), FPCs+prec, is also done by Eq. (4.1) where Fglob does not comprise the

surface tension energy and the entropic terms are reduced to the single one, equal

to 2 ln(ψ/m).

There is a question, whether the excess polycations can form a complex with

the neutral globules? It turns out that weakly charged finite-size globules can be

stable. This, at first sight the unusual phenomenon, can be explained on a follow-

ing example. Let us assume that we have two spherical droplets differing in the
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size: the smaller one of the radius r carries a charge q, and the bigger one of the

radius R, R À r, is neutral. The electrostatic energy of the droplets is ≈ q2/r.

Let us also assume that the droplets can merge with each other forming a single

droplet whose charge is distributed over the whole volume. Then the electrostatic

energy of this droplet is ≈ q2/R < q2/r, i.e. the merging is energetically favorable.

Therefore, if we deal with one excess PC and many neutral globules, their comple-

xation to a charged globule can also energetically be favorable [44]. Furthermore,

the stretching of the excess PC decreases after complexation due to the screening of

the electrostatic interactions [44], i.e. elasticity of the PC also stabilizes the charged

globule. Therefore, we can expect that homogeneous solution of charged, optimum-

size globules can be stable. By analogy with the microdomains known for associating

polyelectrolytes [47], we consider the formation of spherical, cylindrical and lamellar

complexes. The derivation of the free energy of weakly charged complexes can also

be done within the two-zone Oosawa model:

Fd =
φ

ψ

[
d
γa3

R
+

2πu

5

(
ψA(1− β)

σ

)2
R2

a2 td(θ) +
ψA

σ
β ln

(
ψA

σ
β

)

+
ψA

σ
(1− β) ln

(
ψA

σ

φ(1− β)

ψ − φ

)

+
3

2

ψ1/3

m4/3 + Cψ3 +

√
2

12π

(
48ψπlB

σ2a

)3/4

+
ψ

m
ln

(
ψ

m

)
+

1

Vd
ln

(
φ

ψVd

)]

d = 1 (lamellae), 2 (cylinders), 3 (spheres), (4.5)

where

t1(θ) =
5

3θ
, t2(θ) =

5

4
· θ − 1− ln θ

(1− θ)2 , t3(θ) =
2− 3θ1/3 + θ

(1− θ)2 , θ =
φ

ψ
< 1

V1 = 2RS/a3, V2 = πR2L/a3, V3 =
4π

3
R3/a3, S, L →∞

The first term in square brackets of Eq. (4.5) is the surface energy of the complex.

The second term is the mean-field electrostatic energy calculated under assumption

that all excess charge is homogeneously “smeared” throughout the volume of the
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complex; β is the fraction of counterions inside the complex. Taking into account

that the fraction of the excess PCs is small, A ¿ 1, and that all neutralizing PCs are

mobile, such assumption is quite reasonable. The next two terms are the entropic

contributions of translational motion of counterions. The fifth and the sixth terms

correspond to the elastic free energy of the chains and to the excluded volume energy

in Θ−solvent, respectively. The seventh term of Eq. (4.5) is the RPA correction to

the Coulomb free energy responsible for the short-range attraction of charged units

(derivation of this term for the case of charged complex is done in ref. [44]). The last

two terms of Eq. (4.5) correspond to the translational entropy of the chains within

the clusters and of the clusters as whole objects, respectively. The last contribution

is non-zero only for the case of spherical clusters. An equilibrium value of the free

energy Fd is derived by minimization with respect to the polymer volume fraction

of the cluster, ψ, fraction of the counterions within the cluster, β, and the radius

(semithickness) of the cluster, R.

Finally, if the polymer concentration is high enough, coalescence of the charged

globules into macroscopic complex has to occur. The free energy of this state is

derived from Eq. (4.5) by setting β = 1:

Fmacro =
φA

σ
ln

(
φA

σ

)
+

3

2

φ1/3

m4/3 + Cφ3 +

√
2

12π

(
48φπlB

σ2a

)3/4

+
φ

m
ln

(
φ

m

)
. (4.6)

4.2 Results and Discussion

A simplified σ − φ phase diagram of the solution that does not take into account

coexistence of different phases, can be constructed by comparison of the free energies,

FPCs+glob, FPCs+prec, Fmacro, and Fd, d = 1, 2, 3, Figure 23.

As we expected, the excess PCs do not aggregate with the neutral globules at

low values of polymer volume fraction: they are mixed with the globules (small

values of the fraction of the charged groups f = 1/σ) or coexist with the precipitant
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Figure 23: A simplified σ − φ phase diagram obtained by equating of the free energies at fixed values of

the parameters m = 104, A = 0.01, and u = 1.

(high values of f). However, charged spherical, cylindrical and lamellar complexes

(globules) are stable at intermediate values of φ and σ. The predicted sequence

of the transitions: spheres, cylinders and lamellae with the increase of φ is mainly

determined by the dependence of the Coulomb energy on φ (on the distance between

the clusters). We can see in Eq. (4.5) that the Coulomb energy of the spheres has

the lowest value at small values of θ = φ/ψ (t3 → const), t2 has a weak logarithmic

dependence, t2 ∼ − ln θ, and t1 has a strong dependence on θ, t1 ∼ 1/θ. In other

words, t3 ¿ t2 ¿ t1 at θ ¿ 1, i.e. the spherical globules have the lowest Coulomb

energy. On the other hand, the opposite inequalities are held for the surface tension
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energy (first term of Eq. (4.5): this energy is lowest for the lamellar complexes.

Therefore, at small values of φ only spherical globules can be stable because of the

lower Coulomb energy. The increase of φ decreases Coulomb energy of the cylindrical

and lamellar structures and due to the surface energy these structures are stabilized.

Figure 24: σ − φ phase diagram of the solution of oppositely charged polyelectrolytes. A = 0.01, m = 104,

u = 1.

A real phase diagram obtained by equating of the chemical potentials and the

osmotic pressures of various phases is plotted in Figure 24 at high enough values

of the parameter σ. The shaded area corresponds to the coexistence of various

phases. We can see that location of the stability regions of the charged globules

(spheres, cylinders and lamellae) correspond to the simplified diagram, Figure 23.
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All these structures can coexist with each other. The width of the coexistence region

of the homogeneous mixture of PCs with the neutral globules and of the macrophase

narrows with the increase of σ, Figure 24. This effect is related to the weakening of

the electrostatic attraction between the chains.

Figure 25: The diameter (thickness) of the charged complexes, 2R, and the distance between the complexes,

D = 2R(ψ/φ)1/d, d = 1 (lamellae), 2 (cylinders), 3 (spheres) versus φ. A = 0.01, m = 104, u = 1, σ = 30.

Figure 25 represents dependencies of the diameter (thickness) of the complexes,

2R, and the characteristic distance between the complexes, D = 2R(ψ/φ)1/d, d = 1
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(lamellae), 2 (cylinders), 3 (spheres) on the average polymer volume fraction. Both

these parameters are increasing functions of φ. The horizontal lines in Figure 25

correspond to the coexistence regions. A peculiarity of the phase transitions induced

by the increase of φ is that each “new” phase has thinner complexes coexisting with

the thicker ones of the “old” phase.

Figure 26: σ − φ phase diagram of the solution of oppositely charged polyelectrolytes. A = 0.03, m = 104,

u = 1.

Phase behavior of the solution is very sensitive to variation of the asymmetry

parameter A. For example, a triple increase of the parameter suppresses stability

of the spherical and cylindrical complexes and narrows the stability region of the

lamellar structure, Figure 26. Disappearance of the charged globules at small values
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of polymer concentration is related to the high increase of the electrostatic self-

energy of the globules because counterions release is favorable entropically. That is

why coexistence of the excess PCs with the neutral complexes is more favorable in

this regime. Notice that we confine ourselves by the analysis of weakly asymmetric

solutions, A ¿ 1, and examination of coexistence of the excess PCs with charged

globules at A ≤ 1 is outside the scope of the model.

Figure 27: The thickness of the lamellar complexes, 2R, and the distance between the complexes, D =

2R(ψ/φ), versus φ. A = 0.03, m = 104, u = 1, σ = 30.

The increase of A makes the lamellae thinner and decreases the distance between

them, Figure 27. For example, 2R/a ≈ 3500 and D/a ≈ 5000 at A = 0.01, φ =
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0.0375 while 2R/a ≈ 500 and D/a ≈ 700 at A = 0.03, φ = 0.0375.

Our calculations are consistent with recent computer simulations [79, 80, 81]

where stability of charged spherical complexes was shown. It has been demonstrated

that large complexes are formed when excess of one kind of polyion decreases.

Our predictions are also in qualitative agreement with experimental results [60,

63]. The complex formation in the oppositely charged linear and flexible polye-

lectrolytes: quaternized poly(vinylpyridinium) (QPVP) and poly(sodium styrene-

sulfonate) (NaPSS) was investigated by static and dynamic light scattering, flow

birefringence, and viscometry over a wide range of mixing ratios 0.003 ≤ m ≤ 0.9

(the ratio of the number of charges on PAs to the total number of charges on

PAs and PCs) [60]. The observed clusters were stable and had average dimensions

Rg ≈ Rh ≈ 100 nm at low and high mixing ratios. As the mixing ratio approached

m ≈ 0.4, which corresponds to the gel point, the number and the dimensions of

clusters grew to R ≈ 150 − 300 nm. According to the flow birefringence data, the

axial ratio of the clusters at the gel point m ≈ 0.4 was 1.07, which corresponds to

the spherical shape.

Kinetics of complex formation of nonviral DNA with poly-L-lysine was studied

in ref. [63] by time-resolved multiangle laser light scattering, which yields the time

evolution of the supramolecular complex mass and geometric size. Primary com-

plexes whose geometric size is smaller than individual DNA molecules in solution

were formed very rapidly upon mixing DNA and poly-L-lysine. Over time, these

primary complexes aggregated into larger structures whose ultimate size was de-

termined primarily by the relative concentrations of DNA and poly-L-lysine. The

maximum complex size occurred at a DNA/poly-L-lysine charge ratio near unity.
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Conclusions

The main results obtained in this PhD-thesis can be formulated as follows:

• A theory of nematic ordering in solutions of rod-like polyelectrolyte chains in

the presence of low-molecular-weight salt is developed. The system is treated

similarly to the Debye-Hückel plasma. We have shown that the many-body

Coulomb interactions favor nematic ordering. The addition of salt prevents

the formation of the weakly ordered nematic phase at small values of polymer

concentration and widens the coexistence region of the isotropic (or weakly

ordered) and the highly ordered nematic phases at high values of polymer con-

centration.

• We have studied the overcharging of the weakly charged penetrable microgel

particle (PA) by oppositely charged multiarm star polyelectrolytes (PCs) in

dilute solution. For this purpose we have developed a simple theory which

combines both the mean-field approximation and the random phase approxi-

mation (RPA) to take into account fluctuation-induced attraction of charged

units in the complex. The main physical reason for the overcharging was shown

to be the gain in the self-energy of the excess PCs because of localization of

them within the neutral complex. The self-energy of the PC comprises two

dominant contributions: (i) the electrostatic self-energy and (ii) the energy of

the stretching of the arms due to unscreened repulsion of the charged units. The

electrostatic self-energy “release” in the complex occurs because of the collec-

tive effect: neutralizing and excess PCs are rearranged within the complex in

such a way as to homogenize the total charge of the complex. As a result, the

excess charge of the complex becomes “smeared-out” throughout larger volume

than it is in the unbound PCs, i.e. the electrostatic self-energy reduces. The
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screening of the electrostatic repulsion between the charged units of the excess

PCs within the complex leads to the shrinkage of the star arms. This explains

the gain in the elastic free energy.

The counterions have been found to play a dual role. If the number of the excess

PCs is small, the counterions, which are trapped within the PCs, promote the

overcharging due to the release of the part of them after localization of the PCs

within the complex. If the number of the excess PCs is larger, the complex

gets higher charge and is able to retain more counterions in comparison with

the unbound PCs. The fluctuation-induced interactions of the charged units

prohibit the overcharging because they are aimed to reduce the size of the

complex.

We have shown that the overcharging is sensitive to the concentration of the

polyanions and to the number of the arms of the polycations. Dilution of the

solution diminishes the overcharging. In order to get higher inverse charge of

the complex one has to increase the number of the arms of the PCs.

• We proposed a theory of complexation in asymmetric solution of oppositely

charged linear polyelectrolytes. Flexible polycations and polyanions of equal

length and fraction of charged groups were examined. We predicted stability of

spatially homogeneous (over)charged complexes (globules) that are spherical,

cylindrical or lamellar. Phase diagram of the solution is constructed.
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Appendices

A Correlation free energy of rodlike polyelectrolyte

One of the possible ways to calculate the Gaussian integrals in Eq. (B.2) is the

replacement of the continuous integration over the wave vector q, Eq. (2.1), by

a discrete summation over the wave numbers k, q = 2π{kx/Lx, ky/Ly, kz/Lz},
kx, ky, kz = 0,±1,±2, . . ., where Lx,y,z are the linear dimensions of the system,

LxLyLz = V

δF (ψ, ξ, ν+, ν−)

kBT
=

1

2V

∑

k

[
|ξk|2
τρ

+

∣∣ν+
k

∣∣2
c

+

∣∣ν−k
∣∣2

c
+
|ψk|2
mρtk

+

+
l

q2
k

∣∣τψk − ξk + ν+
k − ν−k

∣∣2
]

, (A.1)

q2
k ≡ (2π)2

(
k2

x

L2
x

+
k2

y

L2
y

+
k2

z

L2
z

)
.

Then the expressions in the logarithms of Eq. (B.2) are infinite products of integrals

over variables ψk, ξk, ν+
k and ν−k . Diagonalization of the square form, Eq. (A.1), can

be done via the following variable substitution

ξk = ξ̄k +
(
τψk + ν+

k − ν−k
) τρl

τρl + q2
k
, (A.2)

ν+
k = ν̄+

k −
(
τψk − ν−k

) cl

(τρ + c)l + q2
k
,

ν−k = ν̄−k + τψk
cl

(τρ + 2c)l + q2
k
,

δF (ψ, ξ̄, ν̄+, ν̄−)

kBT
=

1

2V

∑

k

[∣∣ξ̄k
∣∣2

(
1

τρ
+

l

q2
k

)
+

∣∣ν̄+
k

∣∣2
(

1

c
+

l

τρl + q2
k

)

+
∣∣ν̄−k

∣∣2
(

1

c
+

l

(τρ + c)l + q2
k

)
+ |ψk|2

(
1

mρtk
+

τ 2l

(τρ + 2c)l + q2
k

)]
.

Using the well-known result for the Gaussian integral
∞∫

−∞
dx exp(−βx2) =

√
π

β
, (A.3)
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and integrating the exponents over ξ̄k, ν̄+
k , ν̄−k and ψk, we obtain

∆Fel

kBT
= −ln

∏

k

√√√√√√√

1

τρ
· 1

c2 ·
1

mρtk(
1

τρ
+

l

q2
k

)(
1

c
+

l

τρl+q2
k

)(
1

c
+

l

(τρ+c)l+q2
k

)(
1

mρtk
+

τ 2l

(τρ+2c)l+q2
k

)

=
1

2

∑

k

ln

(
1 + τρl

1 + 2c/(τρ) + mτtk
q2
k

)

=
V

2

∫
dq

(2π)3 ln

(
1 + τρl

1 + 2c/(τρ) + mτtq
q2

)
, (A.4)

where we have returned from summation to integration.

B Correlation free energies of neutral and overcharged com-

plexes

Neutral complex

Let us consider a neutral PA-PCs complex which is free of counterions. It is assumed

that the subchains and the star arms of the complex have Gaussian statistics. Denote

by ψm(x) = ρm(x)− ϕ/v and ψs(x) = ρs(x)− ϕ/v the small density fluctuations of

monomer units of the microgel and the stars, respectively, |ψm(x)| ¿ ϕ/v, |ψs(x)| ¿
ϕ/v. In the main approximation they contribute to the free energy functional as

δFn(ψm, ψs)

kBT
=

1

2

∫
dq

(2π)3

[
l

q2

∣∣∣∣
ψs(q)

σ
− ψm(q)

σ

∣∣∣∣
2

+ v
a2q2

12ϕ

(
|ψs(q)|2 + |ψm(q)|2

)]
, (B.1)

where we used Fourier transformed amplitudes ψ; q is the wave vector and |ψm(q)|2 ≡
ψm(q)ψm(−q). The first term of Eq. (B.1) corresponds to the electrostatic interac-

tions. The parameter l is proportional to the Bjerrum length, l = 4πlB. This term

vanishes in the limit q → 0 because of the macroscopic electric neutrality of the

96



complex. The second term of Eq. (B.1) is the structural contribution. The effect

of cross-links of the microgel and the stars on the density fluctuations is negligible

in comparison with that of the subchains and the arms. Therefore, we use the ap-

proximation for the mixture of linear chains (the translational motion of the PCs is

neglected)[56].

The electrostatic free energy of the weakly fluctuating charges can be found fol-

lowing a standard procedure:

Fn

kBT
= − ln

∫
DψmDψs exp

{
−δFn(ψm, ψs)

kBT

}

+ ln

∫
DψmDψs exp

{
− δFn(ψm, ψs)

kBT

∣∣∣∣
l=0

}
, (B.2)

where DψmDψs ≡
∏

q dψm(q)dψs(q) is a product of differentials. The details of

calculation of similar Gaussian integrals can be found in ref. [52]. In the case of the

functional (B.1), Eq. (B.2) takes the form:

Fn =
Fn

kBTV
=

1

2

∫
dq

(2π)3 ln

(
1 +

24lϕ

va2q4σ2

)
, (B.3)

where V is the volume of the complex. Eq. (B.3) comprises both the energy of

fluctuation-induced interactions between the charges and the self-energy of the

chains. In contrast to the systems with low-molecular-weight ions [49, 50], the

integral in Eq. (B.3) is convergent at q →∞:

Fn =

√
2

12π

(
24ϕl

vσ2a2

)3/4

. (B.4)

To extract the contribution of intercharge interactions, let us calculate the osmotic

pressure:

πn = ϕ
∂Fn

∂ϕ
−Fn = −

√
2

48π

(
24ϕl

vσ2a2

)3/4

. (B.5)

It is negative and decreases with the increase of ϕ, i.e. the fluctuation-induced

electrostatic interactions are attractive.
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Overcharged complex

The overcharged complex can contain some certain fraction of counterions to com-

pensate (partially) the excess charge. Denote by ψm(x) = ρm(x) − ϕm/v, ψs(x) =

ρs(x)−ϕs/v and ξ(x) = ρc(x)−ϕc/v the small density fluctuations of the microgel,

stars and counterions, respectively. The contribution of Coulomb interactions to the

free energy functional of the overcharged complex can be written as follows

FC

kBT
=

1

2

∫
dq

(2π)3

l

q2

∣∣∣∣
ρs(q)

σ
− ρm(q)

σ
− ρc(q)

∣∣∣∣
2

=
1

2

∫
dq(2π)3l

δ(q)δ(q)

q2

(
ϕs

vσ
− ϕm

vσ
− ϕc

v

)2

+

∫
dql

δ(q)

q2

(
ϕs

vσ
− ϕm

vσ
− ϕc

v

)(
ψs(q)

σ
− ψm(q)

σ
− ξ(q)

)

+
1

2

∫
dq

(2π)3

l

q2

∣∣∣∣
ψs(q)

σ
− ψm(q)

σ
− ξ(q)

∣∣∣∣
2

. (B.6)

The first term in the right-hand side of Eq. (B.6) corresponds to the electrosta-

tic energy of the excess charge homogeneously distributed throughout the volume

of the complex. The second term of Eq. (B.6) is equal to zero because ψm(q =

0) =
∫

dx(ρm(x) − ϕm/v) ≡ 0, etc. The last term comes from the thermodynamic

fluctuations of the charged units. Introducing electrostatic potential w(x), which

is subjected to the Poison equation, ∆w(x) = −4π(ϕs/(σv) − ϕm/(σv) − ϕc/v) ,

Eq. (B.6) can be rewritten in the conventional form

FC

kBT
≈

∫
d3x

lB (∇w(x))2

8π
+

1

2

∫
dq

(2π)3

l

q2

∣∣∣∣
ψs(q)

σ
− ψm(q)

σ

∣∣∣∣
2

, (B.7)

where integration over the spatial coordinates x covers the volume of the complex

and ϕs/(σv) − ϕm/(σv) − ϕc/v = [nz(1 − B) + Z(Γ − B)]/(4πR3/3). We neglect

the contribution of the density fluctuations of counterions in Eq. (B.7). To argue

in favor of this, let us address to macroscopically neutral solution of the mixture

of oppositely charged polyelectrolytes with low-molecular-weight ions [49, 50]. For
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this system in the salt-free regime the contribution of counterions is negligible if the

condition

lϕ2
c ¿ af 2(ϕs + ϕm) (B.8)

is held [49, 50]. The macroscopic electric neutrality provides the dependence ϕc =

f(ϕs+ϕm) leading to lB(ϕs+ϕm)/a ¿ 1. This inequality is always valid for the case

of weakly charged polyelectrolytes. The concentration of the counterions inside the

finite-size overcharged complex is smaller than that in the neutral system [49, 50].

Therefore, in the case of the overcharged complex the condition (B.8) has to be held

a fortiori.

Taking into account that the average concentrations of monomer units of the

microgel and the stars are different, ϕs 6= ϕm, the contribution of the density fluc-

tuations to the free energy functional takes the form

δFo(ψm, ψs)

kBT
=

1

2

∫
dq

(2π)3

[
l

q2

∣∣∣∣
ψs(q)

σ
− ψm(q)

σ

∣∣∣∣
2

+ v
a2q2

12ϕs

∣∣ψs(q)
∣∣2 + v

a2q2

12ϕm
|ψm(q)|2

]
. (B.9)

The fluctuation-induced electrostatic energy of the overcharged complex is found by

Eq. (B.2) with the functional (B.9):

Fo =

√
2

12π

(
12 (ϕs + ϕm) l

vσ2a2

)3/4

. (B.10)

C Calculation of surface tension coefficient

Calculation of the surface tension coefficient of the complex can be done via mini-

mization of one-dimensional functional:

γ =

+∞∫

−∞

dx

v

[
a2

24

(ψ′(x))2

ψ(x)
+ Cψ(x)3 +

√
2

12π

(
48πψ(x)lB

σ2a

)3/4

+ µψ(x)

]
, (C.1)
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over the polymer volume fraction, ψ(x), that dependents on the normal coordinate

x in vicinity of the surface. It is assumed that ψ(x) monotonously changes from 0

in pure solvent (at x = −∞) to some constant value ψ0 inside the complex far from

the surface (at x = +∞). Therefore, obvious boundary conditions imposed on ψ(x)

are ψ(−∞) = 0, ψ(+∞) = ψ0, and all derivatives (first, second, etc.) of ψ(x) over

x at x = ±∞ are equal to zero, ψ′(±∞) = ψ′′(±∞) = ... = 0. The first term of

Eq. (C.1) is the conventional gradient term[3] that describes entropic losses of the

chains because of inhomogeneous density near the surface. The next two terms are

the coordinate-dependent contributions to the volume free energy of the globule,

and the last term is introduced to take into account normalization of ψ(x); µ is the

Lagrange multiplier.

Minimization of the functional (C.1) can be done in a standard way using sub-

stitution ψ(x) = y(x)2:

−a2

3
y′′ + 6Cy5 +

√
2

12π

(
48πlB
σ2a

)3/4
3

2
y1/2 + 2µy = 0, (C.2)

where the boundary conditions are

y(−∞) = 0, y(+∞) = y0 =
√

ψ0

y′(±∞) = y′′(±∞) = ... = 0. (C.3)

Eq. (C.2) can be integrated after multiplying by y′:

−a2

6
(y′)2

+ Cy6 +

√
2

12π

(
48πlB
σ2a

)3/4

y3/2 + µy2 = 0, (C.4)

where the constant of integration is set equal to zero due to the boundary conditions

at x = −∞. Applying the boundary conditions at x = +∞ to Eqs. (C.2) and (C.4),

we get:

y0 =

( √
2

96πC

(
48πlB
σ2a

)3/4
)2/9

, µ = −9Cy4
0. (C.5)
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Using Eq. (C.4), one can present the surface tension coefficient as follows:

γ =

+∞∫

−∞

dx

v
· a

2 (y′)2

3
=

a2

3v

y0∫

0

dyy′ =
a
√

6

3v

y0∫

0

dy

√
Cy6 +

√
2

12π

(
48πlB
σ2a

)3/4

y3/2 + µy2

=
a
√

6Cy4
0

3v

1∫

0

dt
√

t6 + 8t3/2 − 9t2 ≈ 0.11
u2/3

σ4/3a2 (C.6)

where u = lB/a and C = 1.
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