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Chapter 1

Introduction

1.1 Motivation

The aim of this thesis is to investigate, implement and apply different techniques of
statistical point pattern analysis. In the last years, several projects at the Institute of
Stochastics at Ulm University dealt with point pattern analysis coming from completely
different fields of research. The most important results which were obtained in these
projects are reported in the present thesis.

The first three projects are located in the field of economics. Spatial correlations of the
change of the relative purchasing power in Baden–Württemberg are analyzed first. In
the second project we detect positive spatial correlations of monthly stock returns in
the S&P 500 index. A part of this joint project with the Institute of Finance at Ulm
University also consists of the application and comparison of two different methods for
analyzing spatial correlations. The third application shows the validation of a stochastic
storm track model by considering spatial correlations in the generated wind field.

In the next two projects which are performed jointly with the Institute of Pathol-
ogy at Ulm University the distribution of cell structures is investigated. We compare
the spatial behavior of blood capillaries from tumorous tissue and tumor–free tissue.
Therefore, we analyze point patterns consisting of the capillary centers on sections of
3–dimensional fibre processes. Furthermore, we analyze the distribution of proliferating
cell nuclei in comparison to cells which do not proliferate in tumor tissue. The next
project is a cooperation with the Department of Anatomy and Neurobiology of Kyushu
University in Japan, where we investigate the spatial interaction of two neuronal cells
in the mouse hippocampus.

The third kind of projects is situated in ecology. They are performed jointly with the
Institute of Systematic Botany and Ecology at Ulm University, where we investigate
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8 1 Introduction

and model the root distribution of two tree species in pure stands and in mixed stands,
respectively.

Although at first sight these projects do not seem to have much in common, it became
more and more obvious that the mathematical models, tools and techniques involved
are quite similar. The data sets that are analyzed represent point patterns in all cases:

• The point pattern is given on a macroscopic scale, e.g. locations of firms in the
USA, on a mesoscopic scale, e.g. planar sections of tree roots, or on a microscopic
scale, e.g. locations of cell nuclei in cancer cells.

• The locations can be 2–dimensional, e.g. townships in Baden–Württemberg, 3–
dimensional, e.g. neuronal cells, or even spherical, e.g. geographical coordinates
of firm locations in the USA.

• The points can have marks, i.e. additionally information to each location, e.g.
tree roots in mixed stands, or can be unmarked, e.g. tree roots in pure stands. In
case of a marked point pattern, the mark space is not limited to a discrete space,
but the marks can also take values in IR, e.g. the change in the purchasing power
in Baden–Württemberg.

Further applications of statistical point pattern analysis in various scientific research
fields, in which the Institute of Stochastics at Ulm University is involved, can be found
in [12], [13], [24], [122] and [144].

In the following we distinguish between a point pattern and a point process, where
“point pattern” describes a realization of a point process model or observed real data
and “point process” means the mathematical model.

This thesis presents some of the results that were obtained in the above mentioned
research projects and thereby tries to convince the reader of the universality of the
applied techniques of stochastic geometry w.r.t. to their applicability in various fields
of scientific and industrial research. Basically this means that methods that are applied
in order to solve some specific problem for one scientific field can often be used to solve
a problem in a different field of application after a slight modification. To summarize
things, the purposes of this thesis are:

• to show that point processes are suitable and practical stochastic models for point
patterns,

• to illustrate the procedure of a descriptive statistical analysis of point patterns,

• to explain the fitting methods of specific point process models to point patterns,
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• to show that simulation–based tests are necessary to confirm the results, and

• to perform a statistical analysis for several examples from different fields, i.e. to
show that the applied methods are universal.

1.2 Software Aspects

The software developed in the course of this thesis is embedded in the GeoStoch library
which is a joint project between the Institute of Applied Information Processing and
the Institute of Stochastics at Ulm University ([95]). This JAVA–based software library
comprises methods from stochastic geometry, spatial statistics and image analysis. The
basic idea behind this software project is to offer a core of general methods that are use-
ful for different kinds of applications thereby ensuring a high degree of reusability. Ad-
ditionally, the library is constantly extended in the course of various research projects.
Further information about the GeoStoch library and some of the projects in which the
software is applied can be found on its internet domain http://www.geostoch.de.

In particular, efficient algorithms for the following statistical methods have been imple-
mented in the course of this thesis and included in the GeoStoch library:

• Estimation of point process characteristics such as intensity, bivariate pair corre-
lation function, bivariate K–function, J–function, mark correlation function and
(distance–dependent) Simpson indices. Most of the estimators are implemented
for an arbitrary 2–dimensional and a rectangular 3–dimensional sampling window.

• Fitting of point processes to replicated point patterns, where the fitting of Matern
cluster point processes uses the minimum contrast method and the fitting of
inhomogeneous (bivariate) saturation point processes applies the pseudolikelihood
method.

• Several tests on the null–hypothesis of complete spatial randomness (CSR), e.g.
Monte Carlo rank tests and the quadrat count method, as well as a Monte Carlo
rank test on the null–hypothesis of independent labelling.

This thesis therefore has strong interdisciplinary traits, i.e. it resulted from an interac-
tion of mathematics and computer science with economics, biomedicine and ecology.
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1.3 Outline

We start by introducing some basic concepts of random (marked) point processes. In
Chapter 2 foundations of this particular discipline of stochastic geometry are explained.
In Section 2.1 we define random point processes in IRd and discuss basic properties, e.g.
stationarity, isotropy and ergodicity. Palm distributions are introduced which become
important for the definition of point process characteristics. Moreover, several use-
ful point process models are explained which can be used to model point patterns, e.g.
Poisson point processes, Matern cluster point processes and Gibbs point processes. The
section ends by defining point process characteristics which are useful tools for statis-
tical point pattern analysis. Examples of such characteristics are the pair correlation
function, Ripley’s K–function and the nearest neighbor distance distribution function.
For some of the introduced point process models theoretical formulae for these charac-
teristics are provided. Section 2.2 is arranged similarly to Section 2.1, but introducing
a mark to each point. Thus, we have additionally information for each location, e.g. for
the location of a tree the tree species is known. We discuss basic properties and Palm
distributions for random marked point processes. Then, we introduce marked point
process models. Furthermore, in the marked case, the point process characteristics pro-
vide information about the distribution of the points taking the marks into account.
Some of them are an extension to the characteristics of unmarked point processes,
e.g. the bivariate pair correlation function, but there also exist characteristics which
mainly focus on the marks, i.e. the mark correlation function and the Simpson indices.
The mark correlation function deals with distance–dependent correlations between the
marks and the Simpson indices allow conclusions about the diversity. Furthermore,
those characteristics can be used to detect deviation from independent labelling.

The aim of Chapter 3 is to discuss tools for statistical point pattern analysis, which are
applied later in Chapters 4 to 6. We start by defining the estimators for the introduced
point process characteristics in Section 3.1. Some numerical examples round up the
discussion of estimators of such distance–dependent characteristics. In the second part
of this chapter (see Section 3.2), we describe methods to fit a specific point process
model to a given point pattern. Here we focus on two possibilities for fitting, i.e. the
minimum contrast method and the pseudolikelihood method. In Section 3.3 some effi-
cient algorithms for the simulation of point processes are introduced. The simulation of
Poisson point processes is used in several parts of this thesis, e.g. for simulation–based
tests on complete spatial randomness (CSR), and is often the basis for the simulation
of more complex stochastic models. We distinguish between the simulation of (homo-
geneous) Poisson point processes in a bounded and in an unbounded sampling window
and the simulation of inhomogeneous Poisson point processes. Furthermore, we discuss
two Metropolis–Hastings algorithms for the simulation of Gibbs point processes. In
the first algorithm the number of points is fixed, i.e. the updates can only be shifts.
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In the second algorithm the number of points is held variable by proposing births and
deaths as updates. In Section 3.4 we describe some useful simulation–based statistical
methods. First, we give a short introduction to bootstrapping. Then, we present model
verification tests as very useful tools, i.e. the null–hypothesis is over a hypothetical
point process model. The model which is mainly considered is the homogeneous Pois-
son point process, since as a first step in statistical point pattern analysis we test on
CSR to see whether there are any significant interactions between the points. Several
different tests on CSR are described. The performed power analysis clarifies the sensi-
tivity of these tests w.r.t. a deviation from CSR, i.e. the power of the different tests
is investigated for several alternative point process models. The last described test is
important for a marked point process and has the null–hypothesis of independent la-
belling. Moreover, it is important to compute so–called pointwise acceptance intervals
of the distance–dependent point process characteristics.

The next three chapters describe applications of the presented methods to data from
different fields of research. In Chapter 4 we analyze real data which have an economical
background. We investigate the spatial correlations in the change of the relative pur-
chasing power in Baden–Württemberg in Section 4.1. The data are given for three time
intervals (1987–1993, 1993–1998, 1998–2004) and for each township in Baden–Würt-
temberg. After describing and constructing the marked point patterns, we analyze the
point patterns for the whole of Baden–Württemberg by estimating the mark correlation
function and the Simpson indices, followed by a test on independent labelling. Further-
more, we detect differences in the spatial correlations between urban and rural regions.
In the second application in economics we consider spatial correlations of stock returns
in the S&P 500 index for the time period 2000–2004 (see Section 4.2). We compare two
different methods to analyze spatial correlations and apply them both to detect signifi-
cant positive spatial correlations in the raw stock returns and the residual stock returns,
respectively. Furthermore, we consider spatial correlations in small and in large cities.
The third application deals with tracks of tropical cyclones in the North Atlantic as
the basis for the calculation of reinsurance risks (see Section 4.3). First, the stochastic
model for the storm tracks proposed by [122] and [123] is introduced. Then, it is shown
how the mark correlation function can be used as a tool for model validation, where
the marks are connected to the generated wind field of the storms. Furthermore, for
the model evaluation three areas are considered close to the North Atlantic which are
frequently affected by tropical storms and are of interest to the reinsurance industry.

In Chapter 5 statistical point pattern analyses to data from biomedicine are performed,
more exactly the data comes from pathology and neurobiology. In the first application
(see Section 5.1) we consider point patterns representing centers of blood capillaries
in sections of 3–dimensional fibre processes. We compare the distribution of these 2–
dimensional points in prostatic cancer tissue to those of normal tissue. Therefore, we do
not only use descriptive statistical methods, i.e. estimate point process characteristics,
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but we also fit a model to the given data. In the second application from cancer research
we consider marked points, i.e. mammary carcinoma cell nuclei either proliferate or do
not. The main goal is to find out if the distribution of the nuclei in mitosis follows some
law or is purely random. Therefore, in Section 5.2 similar methods as in Section 4.1 are
applied. In Section 5.3 statistical descriptive methods for 3–dimensional point pattern
analysis are used to investigate the spatial arrangement of two types of neuronal cells,
microglia and astrocytes, in the mouse hippocampus. Disfunction of these two cells
leads to several diseases. Therefore, knowledge about their spatial distribution could
lead to a better understanding of their biological interactions.

Applications for point pattern analysis to ecological data are the topic of Chapter 6.
We analyze the distribution of tree roots of Fagus sylvatica and Picea abies not only in
pure stands, but also in mixed stands. In both cases we fit a model to the observed
point patterns. The outstanding problem thereby is the inhomogeneity w.r.t. to the
vertical axis, since roots are clustered right below the surface. In Section 6.1 we fit
a Matern cluster point process to the homogenized root data in pure stands, whereas
in Section 6.2 we use the pseudolikelihood method to find optimal parameters for a
generalized version of Geyer’s saturation point process. We do not only add marks and
an inhomogeneity component to the density function of this Gibbs point process, but
we also change the neighborhood definition w.r.t. the inhomogeneity. Thus, two ways
to deal with inhomogeneity are presented.

In Chapter 7 the results of this thesis are summarized and an outlook to further inter-
esting questions and problems is given.



Chapter 2

Basic Concepts of Random
(Marked) Point Processes

This chapter provides basic concepts of random (marked) point processes.

In Section 2.1 we introduce random point processes as a very common model of stochas-
tic geometry for points scattered randomly in IRd. We discuss some important properties
of random point processes, e.g. stationarity and isotropy, and Palm distributions which
are necessary to define so–called point process characteristics. They offer the possibility
not only to obtain qualitative knowledge about the spatial structure of point patterns,
but also to quantify them for specific point pair distances. In the end of Section 2.1,
we describe some models of random point processes which can be used to model an
observed point pattern. The most important model is the homogeneous Poisson point
process which corresponds to complete spatial randomness (CSR) and is often used as
a reference model.

In Section 2.2 we introduce random marked point processes, where each point contains a
mark, i.e. some further information. Analogously to Section 2.1 we shortly discuss some
important properties of random marked point processes and introduce some marked
point process models. The focus is put on tools of the structural analysis for which
we consider the cases that the mark space is discrete or the real line. In the first case
the point process characteristics for random marked point processes are an extension
to the characteristics of unmarked point processes, i.e. from univariate to bivariate.
Besides the bivariate L–function and the bivariate pair correlation function, we discuss
distance–dependent Simpson indices. These characteristics give information about the
spatial structure of points with marks of the first type to points with marks of a second
type. For the continuous mark space we consider the so–called mark correlation function
which allows conclusions about the spatial correlation of the marks, i.e. the marks of
neighboring points can be positively, negatively or not at all correlated.

13
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With respect to even more basic concepts from set theory, measure theory and proba-
bility calculus have a look at [10], [26], [54], [72] and [77].

2.1 Random Point Processes

In the following we introduce d–dimensional random point processes and their basic
concepts. More information on the topics discussed in this section can be found in the
existing literature. Random point processes are discussed in [30], [31], [65], [74], [80]
and [104], whereas a profound discussion of stochastic geometry including models for
more general settings can be found in [3], [16], [56], [71], [96], [130], [138] and [139].
Finally, we mention [85] which, without neglecting the work and contributions of many
mathematicians in former times, can be regarded as the starting point of stochastic
geometry as a mathematical discipline of its own right.

2.1.1 Definition

There are two possibilities to define random point processes, namely as a random count-
ing measure or as a sequence of random vectors.

Let N denote the set of all non–negative locally finite counting measures ϕ : B(IRd) →
{0, 1, ...}∪{∞}, where B(IRd) is the Borel σ–algebra on IRd and let N denote the small-
est σ–algebra of subsets of N, such that ϕ 7→ ϕ(B) is a (N , 2{0,1,...}∪{∞})–measurable
mapping for any bounded Borel set B ∈ B0(IR

d).

A random counting measure N : Ω → N is a random variable over a probability space
(Ω,F , P ) with values in the measurable space (N,N ), i.e. N is a stochastic process
{NB, B ∈ B(IRd)} over (Ω,F , P ), such that {NB(ω), B ∈ B(IRd)} is a locally finite
counting measure in N for all ω ∈ Ω.

Let S1, S2, ... : Ω → IRd ∪ {∞} be an arbitrary sequence of random vectors over a
probability space (Ω,F , P ), such that #{n : Sn ∈ B} < ∞ for all B ∈ B0(IR

d). Then,
S = {Sn} is called a random point process in IRd, where a (locally finite) random
counting measure {NB, B ∈ B(IRd)} is given by

NB = S(B) = #{n : Sn ∈ B} =
∑

n≥1

δSn
(B), (2.1)

where δx with x ∈ IRd is the Dirac measure.

In this thesis we concentrate on simple point processes, i.e. Si 6= Sj for i 6= j and hence,
point processes where at each location at most one point can be located. Then, the
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sequence {Sn} can be considered as a measurable indexing of the atoms S1, S2, ... of the
random counting measure {NB, B ∈ B(IRd)} considered in Eq. (2.1). In the following we
use the notations S, {Sn} and {NB, B ∈ B(IRd)} equivalently, since the random point
process S is uniquely determined by its random counting measure {NB, B ∈ B(IRd)}
and vice versa.

Note that a random point process can also be seen as a special kind of random closed
sets ([100]).

2.1.2 Basic Properties

In the following we discuss some basic properties of random point processes.

2.1.2.1 Distribution

The distribution PN : N → [0, 1] of {NB, B ∈ B(IRd)} is given by

PN(A) = P ({NB, B ∈ B(IRd)} ∈ A)

= P ({ω ∈ Ω : {NB(ω), B ∈ B(IRd)} ∈ A}) ∀A ∈ N .

Thus, we consider the canonical probability space (N,N , PN).

2.1.2.2 Stationarity and Isotropy

An assumption that is often made is that the random point process is stationary and
isotropic, i.e. invariant under translations and rotations.

For any B ∈ B(IRd) and x ∈ IRd let B+x = {y+x : y ∈ B} denote the translation of the
Borel set B by x. Furthermore, let ϑB denote the rotation ϑ of the Borel set B around
the origin. The random point process S and its counting measure {NB, B ∈ B(IRd)},
respectively, are called

1. stationary if

(NB1 , ..., NBn
)

D
= (NB1+x, ..., NBn+x)

for any n ≥ 1, B1, ..., Bn ∈ B(IRd) and x ∈ IRd or in other terms

{Sn} D
= {Sn − x},

and
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2. isotropic if

(NB1 , ..., NBn
)

D
= (NϑB1 , ..., NϑBn

)

for any n ≥ 1, B1, ..., Bn ∈ B(IRd) and rotation ϑ.

Note that stationarity is also called homogeneity.

2.1.2.3 Intensity Measure

A basic characteristic for any random point process {NB, B ∈ B(IRd)} is its intensity
measure µ : B(IRd) → [0,∞] that is defined by

µ(B) = IENB,

i.e. µ(B) is the expected number of points in B. In the following we only consider
random point processes with a locally finite intensity measure that is not equal to the
zero measure, i.e. µ(B) < ∞ for any bounded Borel set B ∈ B0(IR

d) and µ(IRd) > 0.

If the intensity measure is absolute continuous w.r.t. the d–dimensional Lebesgue mea-
sure, i.e. there exists a Borel measurable function λ : IRd → [0,∞), such that

µ(B) =

∫

B

λ(x)dx

for all B ∈ B(IRd), then λ(x) is called the intensity function of {NB, B ∈ B(IRd)}.
If {NB, B ∈ B(IRd)} is stationary we have that

µ(B) = IENB = IENB+x = µ(B + x)

for arbitrary x ∈ IRd, B ∈ B(IRd). Now, due to the fact that every translation–
invariant locally finite measure on (IRd,B(IRd)), i.e. every Borel measure which is finite
on compact sets, is a multiple of the Lebesgue measure, the intensity measure µ(B) can
be expressed as

µ(B) = λνd(B),

for any B ∈ B(IRd), where νd denotes the d–dimensional Lebesgue measure. The
constant λ is called the intensity of the point process {NB, B ∈ B(IRd)}. It can be
interpreted as the mean number of points of {NB, B ∈ B(IRd)} per unit volume, i.e.
λ = IEN[0,1]d. Due to the fact that µ is locally finite and not equal to the zero measure
we have that λ ∈ (0,∞).
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2.1.2.4 Ergodicity and Mixing

From the point of view of application ergodicity means that all the information about
the point process is contained in one sample, i.e. it makes no difference if we replace av-
erages over several realizations by spatial averages over one single realization in a larger
sampling window. For theoretical aspects ergodicity is necessary, e.g., for consistency
properties of statistical estimators.

For the definition of ergodicity and mixing we need the notion of an averaging sequence
{Wn}n≥1 of bounded Borel sets Wn ∈ B0(IR

d) with the properties that

• Wn is convex for all n ∈ N,

• Wn ⊆ Wn+1 for all n ∈ N, and

• r(Wn) := sup{r : B(x, r) ⊆ Wn, x ∈ IRd} n→∞→ ∞, where B(x, r) denotes the ball
around x with radius r.

A stationary random point process {NB, B ∈ B(IRd)} is called

• mixing if

PN((A + x) ∩ A′) − PN(A)PN(A′)
|x|→∞→ 0,

and

• ergodic if

1

νd(Wn)

∫

Wn

(PN((A + x) ∩ A′) − PN(A)PN(A′))dx
n→∞→ 0

for all A, A′ ∈ N and for each averaging sequence {Wn}.
Note that stationary measures span a simplex. If the measure is ergodic it lies in a corner
of this simplex. The following theorem gives another connection between stationarity,
ergodicity and mixing.

Theorem 2.1 If the point process S is stationary and mixing, then S is ergodic.

For ergodicity criterions and proofs we refer to [31] and [146].
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2.1.3 Palm Distributions for Random Point Processes

When regarding a stationary random point process {NB, B ∈ B(IRd)} it is often in-
teresting to consider only those atoms Sn of {NB, B ∈ B(IRd)} from whose view
{NB, B ∈ B(IRd)} has property A. Note that it is assumed that the property A is
a given measurable subset A ∈ N . In other words we consider the (stationary) random
counting measure {NB,A, B ∈ B(IRd)} given by

NB,A = #{n : Sn ∈ B, {NB′−Sn
, B′ ∈ B(IRd)} ∈ A}.

Note that this setup can be interpreted as regarding the point process from the location
Sn. The intensity of the stationary point process {NB,A, B ∈ B(IRd)} can be used to
introduce the notion of Palm distributions.

2.1.3.1 Definition

Let λ(A), A ∈ N denote the intensity of the stationary counting measure {NB,A, B ∈
B(IRd)}. Then, the set function P 0

N : N → [0, 1] with

P 0
N(A) =

λ(A)

λ

is a probability measure over N and P 0
N is called Palm distribution of {NB, B ∈ B(IRd)}.

A practical aspect of the Palm probabilities P 0
N(A) in the ergodic case is their repre-

sentation as the limit of relative frequencies, i.e.

P 0
N(A) = lim

n→∞

N[−n,n]d,A

N[−n,n]d
. (2.2)

This follows from the fact that {NB,A, B ∈ B(IRd)} is ergodic if {NB, B ∈ B(IRd)} is
ergodic.

From this point of view, the Palm probability P 0
N(A) can be interpreted as the proba-

bility that the point process S has property A seen from a randomly selected point Sn

of S = {Sn}. Hence, we say that P 0
N(A) is the probability that {NB, B ∈ B(IRd)} seen

from the typical point has property A.

2.1.3.2 Examples

Two examples of Palm probabilities P 0
N(A) are given by:
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Figure 2.1: Points with property A = {ϕ ∈ N : ϕ(B(o, r) \ {o}) 6= 0} are grey

• Let A = {ϕ ∈ N : ϕ(B(o, r) \ {o}) 6= 0} for r > 0, then {NB,A, B ∈ B(IRd)}
are the points of {NB, B ∈ B(IRd)} which have a distance less than r to their
nearest neighbor. Thus, P 0

N(A) can be interpreted as the probability that the
typical point has a distance less than r to its nearest neighbor. Fig. 2.1 shows an
illustration of this example.

• Let N
0 = {ϕ ∈ N : ϕ({0}) > 0} be the set of the counting measures of N which

have an atom at the origin. Then, P 0
N(N0) = 1.

2.1.3.3 Reduced Palm Distribution

Later it will be helpful to regard so–called reduced Palm distributions of stationary
point processes, i.e. the atom which lies with probability 1 at the origin w.r.t. P 0

N is
deleted (see Section 2.1.3.2).

Let B ∈ B0(IR
d) be a bounded Borel set with 0 < νd(B) < ∞. Then, the probability

measure P red
N : N → [0, 1] with

P red
N (A) =

1

λνd(B)

∫

N

∫

B

1IA(Tyϕ − δo)ϕ(dy)PN(dϕ),

is called reduced Palm distribution of {NB, B ∈ B(IRd)}, where Txϕ(B) = ϕ(B − x).
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2.1.4 Point Process Models

In the following we introduce some basic point process models in IRd. Let κd denote
the volume of the d–dimensional unit ball, i.e.

κd = νd(B(o, 1)) =
π

d
2

Γ(d
2

+ 1)
,

where Γ(z) =
∞∫
0

e−yyz−1dy for z > 0 denotes the Gamma function. For d = 2, 3 we have

κ2 = π and κ3 = 4
3
π.

2.1.4.1 Poisson Point Processes

The Poisson point process is a reference model for complete spatial randomness (CSR).
Moreover, it is a basis for the construction of more sophisticated geometric models, as
well as several important point process characteristics are given by analytical formulae.

Again, Poisson point processes can be defined using the approach via the counting
measures or the measurable indexing of their atoms.

The counting measure {NB, B ∈ B(IRd)} is called a Poisson counting measure with
intensity measure µ if

• NB1 , NB2 , ... are independent random variables for pairwise disjoint B1, B2, ... ∈
B0(IR

d), and

• NB ∼ Poi(µ(B)) for all B ∈ B0(IR
d).

The measurable indexing {Sn} of the atoms of {NB, B ∈ B(IRd)} is called (inhomoge-
neous) Poisson point process.

In case of a homogeneous Poisson point process S, i.e. the intensity measure µ is given
by µ(B) = λνd(B) for all B ∈ B0(IR

d), we have that S is also isotropic. Moreover, S is
even ergodic.

Note that the homogeneous Poisson point process has only one parameter, the intensity
λ. In Fig. 2.2 realizations of homogeneous Poisson point processes and a realization of
an inhomogeneous Poisson point process are shown.

A first property that characterizes Poisson point processes is the form of the so–called
void probability P (NB = 0), i.e. the probability that there are no points in a Borel set
B ∈ B(IRd). In case of a Poisson point process it is given by

P (NB = 0) = exp(−µ(B)). (2.3)
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a) λ = 0.01 b) λ = 0.1 c) λ(x1, x2) = 0.001x1

Figure 2.2: Realizations of Poisson point processes (d = 2)

In case of a homogeneous Poisson point process Eq. (2.3) simplifies to

P (NB = 0) = exp(−λνd(B)).

It is possible to derive a relationship between the distribution PN and the Palm distri-
butions P red

N and P 0
N . This relationship is given by Slivnyak’s theorem ([134]).

Theorem 2.2 (Slivnyak’s Theorem) Let {NB, B ∈ B(IRd)} be a homogeneous Poisson
point process. Then, it holds that

P red
N = PN ,

and equivalently,
P 0

N = PN ∗ δδo
, (2.4)

where PN ∗ δδo
denotes the distribution of {NB + δo(B), B ∈ B(IRd)} and δo(B) is the

degenerate point process that consists only of a deterministic point in o.

A proof of Slivnyak’s Theorem can be found in [130].

An application of Slivnyak’s Theorem is the determination of the nearest neighbor
distance distribution function D(r) in case of homogeneous Poisson point processes
(see Section 2.1.5.4).
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2.1.4.2 Matern Cluster Point Processes

Matern cluster point processes are ergodic point process models for attraction between
points.

A Matern cluster point process consists of a homogeneous Poisson point process Sp =
{Sn} with intensity λp of parent points and an appertained family of child point pro-
cesses {S1m}m∈{1,...,k1}, {S2m}m∈{1,...,k2}, ... which are (independent and identically dis-
tributed) homogeneous Poisson point processes with intensity λs in the ball with radius
R around the origin. Then, the point process S = {Sn + Snm}m∈{1,...,kn},n∈N is called a
Matern cluster point process.

The intensity λMC of the Matern cluster point process is given by

λMC = κdR
dλpλs.

Note that the Matern cluster point process has three parameters, the intensity λp of
the so–called primary or parent points, the intensity λs of the secondary or child points
and the radius R. A realization of a Matern cluster point process is shown in Fig. 2.3a.

Note that Matern cluster point processes are a special kind of Neyman–Scott point
processes ([138]).

2.1.4.3 Matern Hard Core Point Processes

Matern hard core point processes are point process models for repulsion between the
points, i.e. each point has a certain minimum distance to its nearest neighbor.

A Matern hard core point process is obtained in the following way from a homogeneous
Poisson point process S = {Sn} with intensity λ. First, the points of S are equipped
with independent and uniformly on (0, 1) distributed random labels {Ln}. Then, the
point Sn of S is deleted if min{|Sn − Sm| : m 6= n} ≤ rH and if Ln < min{Lm :
|Sn −Sm| ≤ rH , m 6= n }. Otherwise, Sn is retained. The point process consisting of all
retained points is a Matern hard core point process.

The intensity λHC of a Matern hard core point process is given by

λHC =
1 − exp(−κdr

d
Hλ)

κdrd
H

.

Note that the Matern hard core point process has two parameters, the intensity of the
Poisson point process λ and the hard core radius rH . A realization of a Matern hard
core point process is shown in Fig. 2.3b.
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a) Matern cluster point process with

λp = 0.002, λs = 0.05 and R = 10

b) Matern hard core point process with

λ = 0.01 and rH = 10

Figure 2.3: Realizations of a Matern cluster point process and a Matern hard core point
process (d = 2)

2.1.4.4 Finite Gibbs Point Processes

A finite Gibbs point process S in a bounded sampling window W ∈ B0(IR
d) with

0 < νd(W ) < ∞ is defined by a density f(s) w.r.t. the homogeneous Poisson point
process in W with intensity measure µ(B) = νd(B ∩ W ) for all B ∈ B(IRd), where
s = {s1, ..., sn} is a finite point configuration in W .

Let Q : N → [0, 1] be the distribution of a Poisson point process with intensity measure
µ : B(IRd) → [0,∞). Moreover, let f : N → [0,∞) be a function which satisfies the two
following properties:

• For arbitrary ϕ′ =
∑
n

δs′n
and ϕ′′ =

∑
n

δs′′n
∈ {ϕ =

∑
n

δsn
∈ N : ϕ(IRd) < ∞, si 6=

sj for i 6= j} with {s′n} ⊃ {s′′n} it holds that from f(ϕ′) > 0 it follows that
f(ϕ′′) > 0.

• The function f is a probability density w.r.t. the distribution Q of the Poisson
point process, i.e.

∫
N

f(ϕ)Q(dϕ) = 1.

Then, the set function P : N → [0, 1] with

P (A) =

∫

A

f(ϕ)Q(dϕ), ∀A ∈ N



24 2 Basic Concepts of Random (Marked) Point Processes

is a probability measure over (N,N ) and the point process which has this distribution
is called Gibbs point process.

Note that if the number of points of s = {s1, ..., sn} is n, the density f(s) can be written
in the following form

f(s) =
1

Z
exp(−U(s1, ..., sn)),

where Z > 0 is the normalizing constant ensuring that f(s) is a density. The function
U : W n → IR ∪ {∞} is called energy function.

The conditional intensity λ(s, u) at a point u ∈ W for u /∈ {s1, ..., sn} is defined by

λ(s, u) =
f(s ∪ {u})

f(s)

if f(s) > 0 and λ(s, u) = 0 otherwise. For u ∈ {s1, ..., sn} it is defined by

λ(s, u) =
f(s)

f(s \ {u}) .

Then, λ(s, u)du can be interpreted as the conditional probability that the Gibbs point
process S has a point at u given {s1, ..., sn} \ {u}. Furthermore, since we consider
bounded regions, the conditional intensity determines uniquely the density f(s) of the
point process S and vice versa ([103]).

Poisson point processes are embedded into the family of Gibbs point processes by
λ(s, u) = λ(u). Realizations of Gibbs point processes are shown in Fig. 2.4. Fur-
ther specific Gibbs point processes are introduced in the following, where the notation
s = {s1, ..., sn} is used.

Strauss Point Processes

For the Strauss point process ([141]) the density function fStrauss(s) is given by

fStrauss(s) =
1

Z
βnγ

nP
i=1

t(si,s)
,

where t(si, s) = #{j ∈ {1, ..., n}, j 6= i : |si − sj| < rG} is the number of other points
in W of s that have a distance from si less than rG. The parameter γ ∈ [0, 1] is called
interaction parameter. For the special cases γ = 1 we have a homogeneous Poisson
point process with intensity β and for γ = 0 we have a hard core point process.

The conditional intensity for u /∈ s is given by
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a) Strauss point process with

β = 0.5, γ = 0.7 and rG = 10

b) Geyer’s saturation point process with

β = 0.1, γ = 1.2, rG = 10 and t = 5

Figure 2.4: Realizations of Gibbs point processes (d = 2)

λStrauss(s, u) = βγt(u,s).

Note that the Strauss point process is described by three parameters, i.e. the interac-
tion parameter γ, the so–called activity β and the interaction radius rG > 0.

Strauss Hard Core Point Processes

The Strauss hard core point process is a generalization of the Strauss point process by
including a hard core distance r0 ≥ 0. Its density function fStraussH(s) is given by

fStraussH(s) =
1

Z
βnγ

nP
i=1

t(si,s)
n∏

i,j=1,i6=j

1I(r0,∞)(|si − sj|)

and thus, the conditional intensity for u /∈ s is given by

λStraussH(s, u) = βγt(u,s)
n∏

i=1,si 6=u

1I(r0,∞)(|si − u|).

Note that the Strauss hard core point process is determined by four parameters. i.e.
the interaction parameter γ, the activity β, the interaction radius rG > 0 and the hard
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core radius r0.

Geyer’s Saturation Point Processes

Geyer’s saturation point process ([47]) is a generalization of the Strauss point process
and its density function fGeyer(s) is given by

fGeyer(s) =
1

Z
βnγ

nP
i=1

min{t,t(si,s)}
,

where t ≥ 0 is the saturation threshold. For t = ∞ we obtain the Strauss point process.
Its conditional intensity for u /∈ s is given by

λGeyer(s, u) = βγ
min{t,t(u,s)}+

nP
k=1

min{t,t(si,s∪u)}−min{t,t(si,s)}
.

Note that Geyer’s saturation point process is determined by four parameters, i.e. the
interaction parameter γ, the activity β, the interaction radius rG and the saturation
threshold t.

2.1.4.5 Modulated Poisson Point Processes

Let {ΛB, B ∈ B(IRd)} be a locally finite random measure (with probability 1). The
random counting measure {NB, B ∈ B(IRd)} is called a Cox process ([28], [115]) with
the random intensity measure Λ if

P (

n⋂

i=1

{NBi
= ki}) = IE(

n∏

i=1

Λki

Bi

ki!
exp(−ΛBi

))

for arbitrary n ≥ 1, k1, ..., kn ≥ 0 and pairwise disjoint B1, ..., Bn ∈ B0(IR
d). A special

case of a Cox process is given if with probability 1 the realizations of {ΛB, B ∈ B(IRd)}
are absolute continuous w.r.t. the d–dimensional Lebesgue measure, i.e. there exists a
random field {λx, x ∈ IRd} whose realizations are Borel measurable and local integrable
non–negative functions, such that with probability 1 it holds that

ΛB =

∫

B

λxdx < ∞ ∀B ∈ B0(IR
d).

The random field {λx, x ∈ Rd} is then called intensity field of {NB, B ∈ B(IRd)}.
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Modulated Poisson point processes ([44]) are Cox processes for which the intensity field
is induced by a germ grain process. Let the random closed set Ξ be given by

Ξ =

∞⋃

n=1

B(Sn, rM),

where {Sn} is a homogeneous Poisson point process with intensity λ0 and rM denotes
the radius of the spherical grain ([99], [100]). The intensity field {λx, x ∈ R

d} of the
modulated Poisson point process is then given by

λx =

{
λ1 if x ∈ Ξ

λ2 if x /∈ Ξ,

where λ1, λ2 ∈ (0,∞).

Note that it is also possible to define modulated Poisson point processes in a more
general way using deterministic or random settings of the plane ([20]).

The following formula for the intensity λMPoi of the modulated Poisson point process
holds

λMPoi = λ1(1 − exp(−λ0κdr
d
M)) + λ2 exp(−λ0κdr

d
M).

A realization of a modulated Poisson point process is shown in Fig. 2.5.

2.1.5 Characteristics for Random Point Processes

Through point process characteristics we obtain knowledge about structural properties
of point processes. A first, basic characteristic is the intensity measure which we already
introduced in Section 2.1.2.3. The following point process characteristics offer the
possibility not only to obtain qualitative knowledge about the spatial structure of a
point process, but to quantify it for specific regions of point pair distances. Since they
consider point pairs they are called characteristics of second order.

In the following we assume that the point process S is stationary and isotropic.

2.1.5.1 Ripley’s K–function and (Besag’s) L–function

Ripley’s K–function is defined such that λK(r) refers to the expected number of points
in a ball with radius r around a randomly chosen point of the point process which
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Figure 2.5: A realization of the modulated Poisson point process with λ0 = 0.0005, λ1 =
0.05, λ2 = 0.005 and rM = 20

itself is not counted ([120]). Thus, Ripley’s K–function K : [0,∞) → [0,∞) is formally
defined by

K(r) =
µred(B(o, r))

λ
, ∀r ≥ 0

where

µred(B) =

∫

N

ϕ(B)P red
N (dϕ), ∀B ∈ B(IRd)

denotes the intensity measure of the reduced Palm distribution of S, which is assumed
to be locally finite.

Another more descriptive definition is given by

K(r) =

IE
∑

Si∈B

S(B(Si, r)) − 1

λ2νd(B)
, ∀r ≥ 0

for B ∈ B0(IR
d) with 0 < νd(B) < ∞.

For analytical purposes a scaled version of the K–function, the so–called (Besag’s)
L–function is often considered ([19]). It is given by

L(r) =

(
K(r)

κd

) 1
d

, ∀r ≥ 0.
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In case of CSR the L–function satisfies LPoi(r) = r, ∀r ≥ 0. Because of this a positive
slope of L(r)− r indicates clustering, a negative slope refers to repulsion of points with
point pair distance r. Analytical formulae of the K–function and L–function for the
Matern cluster point process and the Matern hard core point process are also known
([139]), e.g. for d = 2

KMC(r) = πr2 +
1

λp





2 + 1
π
[(8z2 − 4) arccos z − 2 arcsin z

+ 4z
√

(1 − z2)3 − 6z
√

1 − z2] if r ≤ 2R,

1 else,

(2.5)

where z = r
2R

.

2.1.5.2 Pair Correlation Function

In order to define the pair correlation function the second factorial moment measure
and the product density of second order have to be introduced first. Let B1, B2 ∈ B(IRd)
be two Borel sets, then the second factorial moment measure α2 of the point process S
is defined by

α2(B1 × B2) = IE




6=∑

Si,Sj∈S

1IB1(Si)1IB2(Sj)


 ,

where 6= indicates that the sum is taken over disjoint indices i 6= j.

In case that α2 is absolute continuous w.r.t. the 2d–dimensional Lebesgue measure, it
can be expressed by the usage of a density function ρ(2) : IR2d → [0,∞), such that

α2(B1 × B2) =

∫

B1×B2

ρ(2)(x1, x2)dx1dx2, ∀B1, B2 ∈ B0(IR
d).

The function ρ(2) is called product density of second order.

The descriptive interpretation of ρ(2)(x1, x2)dx1dx2 is that ρ(2)(x1, x2)dx1dx2 is the prob-
ability of having in each infinitesimal neighborhood dx1, dx2 of x1 and x2 with x1 6= x2

a point of the point process S. If S is stationary then ρ(2)(x1, x2) only depends on
x2 − x1. If S is additionally isotropic then it holds that

ρ(2)(x1, x2) = ρ(2)(r), r = |x2 − x1|.

In this case, i.e. S is stationary and isotropic, the pair correlation function g(r) is
defined by

g(r) =
ρ(2)(r)

λ2
, ∀r ≥ 0.
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Another definition of the pair correlation function uses Ripley’s K-function (see Section
2.1.5.1), i.e.

g(r) =
1

dκdrd−1

dK(r)

dr
, ∀r > 0.

The pair correlation function is also useful for analytical purposes since gPoi(r) = 1, ∀r ≥
0 in case of CSR. Moreover, values of g(r) above the line 1 indicate attraction and below
the line 1 refer to repulsion of points with point pair distance r. For the pair correlation
function gMC(r) of a 2–dimensional Matern cluster point process it holds that

gMC(r) = 1 +





1
λp

2r
π2R2

(
arccos( r

2R
) − r

2R

√
1 − r2

4R2

)
if r ≤ 2R,

0 else.
(2.6)

2.1.5.3 Global Degree of Order

Let gmax, gmin, rmax and rmin denote the first maximum, the next following minimum
and their corresponding distances for the pair correlation function, where rmin > rmax.
From this the characteristic

M =
gmax − gmin

rmin − rmax

can be defined, which is related to the global degree of order in the point process ([138]).
Large values indicate a high degree of order and may be expected, e.g., in the case of
point processes with an element of periodicity. The characteristic may be used as a tool
to summarize the course of the pair correlation function by a single quantity.

2.1.5.4 Nearest Neighbor Distance Distribution Function

The distribution function D : [0,∞) → [0, 1] with

D(r) = 1 − P 0
N (ϕ ∈ N : ϕ(B(o, r) \ {o}) = 0), ∀r ≥ 0

is called nearest neighbor distance distribution function of the point process S. Another
definition of D(r) is given by

D(r) =
1

λνd(B)
IE

∞∑

n=1

1I{Sn∈B, min
m6=n

{|Sm−Sn|≤r}}, ∀r ≥ 0

for B ∈ B(IRd) with 0 < νd(B) < ∞.
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If S is ergodic, then D(r) can be interpreted as the distribution function of the distance
from a randomly chosen point Sn of S to its nearest neighbor Sm, where m 6= n.

For a homogeneous Poisson point process S with intensity λ we can use Slivnyak’s
Thereom (see Eq. (2.4)) to obtain a theoretical formula for DPoi(r) as

DPoi(r) = 1 − P 0
N(ϕ ∈ N : ϕ(B(o, r) \ {o}) = 0)

= P red
N (ϕ ∈ N : ϕ(B(o, r)) > 0)

Eq. (2.4)
= PN(ϕ ∈ N : ϕ(B(o, r)) > 0)

Eq. (2.3)
= 1 − exp(−λκdr

d), ∀r ≥ 0.

2.1.5.5 Spherical Contact Distribution Function

The spherical contact distribution function Hs : [0,∞) → [0, 1] is defined by

Hs(r) = 1 − P (S(B(o, r)) = 0), ∀r ≥ 0,

where we assume that P (S(IRd) = 0) = 0.

If S is ergodic, Hs(r) can be interpreted as the distribution function of the distance
from a randomly chosen point of IRd to its nearest neighbor Sn of S.

For a homogeneous Poisson point process S with intensity λ we have that

Hs,Poi(r) = 1 − P (S(B(o, r)) = 0) = 1 − exp(−λκdr
d), ∀r ≥ 0.

Thus, it holds that

DPoi(r) = Hs,Poi(r) = 1 − exp(−λκdr
d), ∀r ≥ 0.

For analytical purposes we have that D(r) > Hs(r) indicates attraction and D(r) <
Hs(r) suggests repulsion between points with point pair distance r.

2.1.5.6 J–function

Another point process characteristic which is useful for structural analysis is the so
called J–function ([79]) which is defined by

J(r) =
1 − D(r)

1 − Hs(r)
, ∀r > 0, where Hs(r) < 1.

Since DPoi(r) = Hs,Poi(r), ∀r > 0 we have that JPoi(r) = 1 for all r > 0 in case of CSR.
Furthermore, J(r) > 1 is a sign for attraction and J(r) < 1 indicates repulsion between
points with point pair distance r.
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2.2 Random Marked Point Processes

In the following we introduce d–dimensional random marked point processes and their
basic concepts. Existing literature dealing with random marked point processes are,
e.g., [8], [65] and [138].

2.2.1 Definition

Random marked point processes in IRd can be seen as a generalization of random point
processes defined in Section 2.1.1. Each point is additionally equipped with a mark
taken from some mark space L. In other words, besides the sequence {Sn} which are
the locations of the points of a random point process we consider a sequence {Ln} of
random variables Ln : Ω → L over the same probability space (Ω,F , P ) which take
values in the measurable space (L,L).

As in the unmarked case, there are two equivalent definitions of a random marked point
process. The sequence {(Sn, Ln)} is called a random marked point process, where Ln

is called the mark of Sn. The random counting measure {NB×C} over the product–σ–
algebra B(IRd) ⊗L is given by

NB×C = #{n : Sn ∈ B, Ln ∈ C}, ∀B ∈ B(IRd), C ∈ L.

2.2.2 Basic Properties

In the following we introduce some basic properties of random marked point processes.

2.2.2.1 Independent Labelling

The marked point process {(Sn, Ln)} is called independently labelled if the sequence
{Ln} consists of independent and identically distributed random variables and if the
sequences {Ln} and {Sn} are independent.

Note the difference between scenarios where the marked point process either consists
of independent point processes or is independently labelled ([35], [65]). To illustrate
the difference Fig. 2.6 shows a realization of an independently labelled Matern cluster
point process and a point process which consists of two independent Matern cluster
point processes.
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a) The points are independently labelled

green with probability 0.5

b) Points with the same color belong to

the same component point process

Figure 2.6: Realizations of marked point processes

2.2.2.2 Distribution

Let NL denote the set of all counting measures ϕ : B(IRd) ⊗ L → {0, 1, ...} ∪ {∞},
such that ϕ(B × L) < ∞ for all B ∈ B0(IR

d). Furthermore, NL ⊂ P(NL) denotes
the smallest σ–algebra of subsets of NL, such that ϕ 7→ ϕ(B × C) is a (NL,B(IRd))–
measurable mapping for all B ∈ B0(IR

d) and C ∈ L. In the following we consider the
canonical probability space (NL,NL, PNL

), where the distribution PNL
: NL → [0, 1] of

{NB×C} is defined by

PNL
(A) = P ({NB×C} ∈ A) = P ({ω ∈ Ω : {NB×C}(ω) ∈ A}), ∀A ∈ NL.

2.2.2.3 Stationarity and Isotropy

Stationarity and isotropy of a random marked point process {(Sn, Ln)} are defined
w.r.t. the locations Sn, i.e. {(Sn, Ln)} and its counting measure {NB×C}, respectively,
are called

• stationary if

(NB1×C1 , ..., NBn×Cn
)

D
= (N(B1+x)×C1

, ..., N(Bn+x)×Cn
)

for any n ≥ 1, B1, ..., Bn ∈ B(IRd), C1, ..., Cn ∈ L and x ∈ IRd, and
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• isotropic if

(NB1×C1 , ..., NBn×Cn
)

D
= (NϑB1×C1 , ..., NϑBn×Cn

)

for any n ≥ 1, B1, ..., Bn ∈ B(IRd), C1, ..., Cn ∈ L and rotation ϑ of IRd around the
origin.

Note that with probability 1 stationary (marked) point processes either have infinite
or no points with a mark in C ∈ L. It is obvious that an independently labelled point
process is stationary if its underlying (unmarked) point process is stationary.

2.2.2.4 Intensity Measure

Similar to the unmarked case, we can introduce the notion of an intensity measure
µ : B(IRd) ⊗L → [0,∞] for {NB×C} with

µ(B × C) = IENB×C , ∀B ∈ B(IRd), C ∈ L.

We always assume that µ is locally finite w.r.t. the first component. Then, in the
stationary case, there exists a constant λC < ∞ for all C ∈ L, such that

µ(B × C) = λCνd(B), ∀B ∈ B(IRd).

It holds that
λC = IEN[0,1]d×C , (2.7)

i.e. λC is the intensity of points which have a mark in C. Thus, λC is called C–intensity
of {NB×C}.

2.2.2.5 Ergodicity and Mixing

Ergodicity and mixing of a random marked point process {(Sn, Ln)} and its counting
measure {NB×C} can be defined analogously to the unmarked case.

A stationary random marked point process {(Sn, Ln)} is called

• mixing if

PNL
((A + x) ∩ A′) − PNL

(A)PNL
(A′)

|x|→∞→ 0,

and
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• ergodic if

1

νd(Wn)

∫

Wn

(PNL
((A + x) ∩ A′) − PNL

(A)PNL
(A′))dx

n→∞→ 0

for all A, A′ ∈ NL and for each averaging sequence {Wn}.
It is obvious that an independently labelled point process is ergodic if its underlying
(unmarked) point process is ergodic.

2.2.3 Palm Distributions for Random Marked Point Processes

In this section we introduce Palm distributions of stationary random marked point
processes. The basic idea of Palm distributions is that we only consider points with a
mark in C from which point of view the counting measure has property A, where C ∈ L
and A ∈ NL.

2.2.3.1 Definition

Let C ∈ L be a subset of the mark space L with 0 < λC < ∞. Then, the set function
P C

NL
: NL → [0, 1] with

P C
NL

(A) =
1

λC

IE#{n : Sn ∈ [0, 1]d, Ln ∈ C,
∞∑

m=1

δ(Sm−Sn,Lm) ∈ A}, ∀A ∈ NL

is called Palm distribution of {(Sn, Ln)} w.r.t. the mark set C ∈ L.

Furthermore, it holds that

P C
NL

(A) =
1

λCνd(B)
IE#{n : Sn ∈ B, Ln ∈ C,

∞∑

m=1

δ(Sm−Sn,Lm) ∈ A},

where B ∈ B0(IR
d) with 0 < νd(B) < ∞ and A ∈ NL.

If the point process {(Sn, Ln)} is ergodic then it holds that

P C
NL

(A) = lim
n→∞

N[−n,n]d×C,A

N[−n,n]d×C,NL

,

where NB×C,A = #{n : Sn ∈ B, Ln ∈ C,
∞∑

m=1

δ(Sm−Sn,Lm) ∈ A} is the random counting

measure with property A.
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From this representation of P C
NL

(A) in the ergodic case as the quotient of two relative
frequencies, P C

NL
(A) can be interpreted as the probability that the stationary random

marked point process {(Sn, Ln)} has property A from the point of view of a randomly
chosen point Sm with mark Lm ∈ C. Thus, we say that P C

NL
(A) is the probability that

{(Sn, Ln)} seen from the typical point with mark in C has property A.

2.2.3.2 Two–Point Palm Distribution

Let αC1,C2

2 : B(IR2d) → [0,∞] be the second factorial moment measure of {(Sn, Ln)}
w.r.t. the mark sets C1, C2 ∈ L given by

αC1,C2

2 (B1 × B2) = IE

6=∑

n,m

1IB1×B2(Sn, Sm)1IC1×C2(Ln, Lm), ∀B1, B2 ∈ B(IRd).

We furthermore need the notion of a null sequence of nested decompositions of IRd in
pairwise disjoint and bounded Borel sets. Let {{Bkj, j ≥ 1}, k ≥ 1} be a family of
bounded Borel sets Bkj ∈ B0(IR

d) with the following properties:

• For arbitrary i, j, k ≥ 1 with i 6= j it holds that
∞⋃

j=1

Bkj = IRd and Bki ∩ Bkj = ∅.

• For each k ≥ 1 and for each bounded Borel set B ∈ B0(IR
d) it holds that Bkj∩B =

∅ only for finite many j ≥ 1.

• For arbitrary k, j ≥ 1 there exists a number i ≥ 1, such that Bk+1,j ⊂ Bki.

• It holds that lim
k→∞

sup
j≥1

sup
x,y∈Bkj

|x − y| = 0.

Let Bk(x) denote the component Bkj of the decomposition {Bkj, j ≥ 1} for which it

holds that x ∈ Bkj. Then, there exists for αC1,C2
2 –almost all vectors (x1, x2) ∈ IR2d a

probability measure P C1,C2
x1,x2

: NL → [0, 1] with

P C1,C2
x1,x2

(A) = lim
k→∞

PNL
(A|{ϕ ∈ NL : ϕ(Bk(x1)×C1) > 0, ϕ(Bk(x2)×C2) > 0}), ∀A ∈ NL.

A proof of this theorem can be found in [71].

The probability measure P C1,C2
x1,x2

is called two–point Palm distribution of {(Sn, Ln)} at

(x1, x2) ∈ IR2d w.r.t. the mark sets C1, C2 ∈ L and can be interpreted as the conditional
distribution of {(Sn, Ln)} under the condition that in infinitesimal small neighborhoods
of x1 and x2 with x1 6= x2 lies a point of {(Sn, Ln)} with a mark in C1 and C2,
respectively.
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2.2.3.3 Palm Mark Distribution

Let C ∈ L be a subset of the mark space L with 0 < λC < ∞ and LC = L ∩ C. Then,
the set function Po,C : LC → [0, 1] given by

Po,C(C ′) =
λC′

λC

, ∀C ′ ∈ LC

is called the (conditional) Palm mark distribution of {(Sn, Ln)} w.r.t. the mark set C.

In the ergodic case Po,C(C ′) can be interpreted as the (conditional) probability that the
typical point of {(Sn, Ln)} has a mark in C ′ under the condition that the mark of the
typical point is in C. In case of independent labelling we obtain

Po,C(C ′) =
P (Ln ∈ C ′)

P (Ln ∈ C)
.

In particular, Po : L → [0, 1] with Po(C) = Po,L is the unconditional mark distribution
of the typical point of {(Sn, Ln)}, i.e. Po denotes the mark distribution at an arbitrarily
chosen location o under the condition that {(Sn, Ln)} has a point in the infinitesimal
neighborhood of location o.

2.2.3.4 Two–Point Palm Mark distribution

Let
AC1,C2

x1,x2,k = {ϕ ∈ NL : ϕ(Bk(x1) × C1) > 0, ϕ(Bk(x2) × C2) > 0}

for all x1, x2 ∈ IRd and C1, C2 ∈ L. Then, there exists for αL,L
2 –almost all vectors

(x1, x2) ∈ IR2d a probability measure Px1,x2 : L ⊗ L → [0, 1] with

Px1,x2(C1 × C2) = lim
k→∞

PNL
(AC1,C2

x1,x2,k|AL,L
x1,x2,k), ∀C1, C2 ∈ L.

The probability measure Px1,x2 is called two–point Palm mark distribution of {(Sn, Ln)}
at (x1, x2) ∈ IR2d and can be interpreted as the probability that the mark of x1 lies in
C1 and the mark of x2 is in C2 under the condition that there are points of {(Sn, Ln)}
in the infinitesimal neighborhood of the locations x1 and x2.

In case of stationarity and isotropy it holds that Px1,x2 only depends on the distance
r = |x2 − x1| and for independent labelling it holds that

Px1,x2(C1 × C2) = P (L1 ∈ C1)P (L1 ∈ C2).
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2.2.4 Marked Point Process Models

In the following we introduce some basic marked point process models in IRd.

2.2.4.1 Poisson Shot–noise Processes

Let {Sn} and {Tn} denote two stationary 2–dimensional Poisson point processes. Fur-
thermore, {Rn} is a sequence of independent and identically distributed random vari-
ables with Ri ≥ 0 for i = 1, 2, .... These three processes are assumed to be independent.

A random field {Z(x), x ∈ IRd} having the form

Z(x) =
∑

n≥1

f(Tn − x, Rn) =
∑

n≥1

1I(x ∈ B(Tn, Rn))

is called a Poisson shot–noise process ([58]) with response function f : IRd × [0,∞) →
{0, 1} given by f(z, r) = 1I(|z| ≤ r). Note that {(Sn, Ln)} with Ln = Z(Sn) is a marked
point process, where the mark Ln of Sn is the number of balls with center Ti and radius
Ri which cover Sn, where i = 1, 2, ....

2.2.4.2 Labelling by Gaussian Random Fields

The process {Z(x), x ∈ IRd} is called a Gaussian random field ([1]) if Z(x1), ..., Z(xn)
is multivariate normally distributed for any n ≥ 1 and any locations x1, ..., xn ∈ IRd.

Another example of a marked point process model is then given by {(Sn, Ln)}, where
the locations Sn are a point process independent of {Z(x), x ∈ IRd} and the marks Ln

are the values of the Gaussian field at these locations, i.e. Ln = Z(Sn).

2.2.4.3 Labelling by Nearest Neighbor Distance

A third example of a marked point process model is given by {(Sn, Ln)}, where the
locations Sn are a point process and the marks Ln are the distances to the nearest
neighbors at these locations, i.e. Ln = min

m≥1,m6=n
|Sn − Sm|.

2.2.5 Characteristics for Random Marked Point Processes

As in the unmarked case point process characteristics are a useful tool to obtain know-
ledge about structural properties of marked point processes. A first, basic characteristic
is the intensity measure which we already introduced in Section 2.2.2.4.
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In the following we assume that the point process {(Sn, Ln)} is stationary and isotropic.
For the mark correlation function we consider the real line as the mark space, for the
point process characteristics introduced in Sections 2.2.5.1 to 2.2.5.4 the mark space is
assumed to be discrete and finite, i.e. L = {1, 2, ..., s}. In this case we write λi = λ{i}
for i ∈ L, where λi denotes the intensity of points with mark i. We further assume that
λi > 0 for each i ∈ L.

2.2.5.1 Bivariate K–function and L–function

For each pair i, j ∈ L the bivariate K–function of {(Sn, Ln)} is defined such that
λjKij(r) is the mean number of points with mark j located in a ball with radius r
around a randomly chosen point with mark i. Mathematically, we can define Kij(r) by

Kij(r) =
µij(B(o, r))

λj

, ∀r ≥ 0, (2.8)

where

µij(B) =

∫

N

ϕ(B)P ij
NL

(dϕ)

for B ∈ B(IRd) is the intensity measure of the reduced Palm distribution of {(Sn, Ln)}
and

P ij
NL

(A) =
E#{n : Sn ∈ [0, 1]d, Ln = i, ϕn,j ∈ A}

λi

, ∀A ∈ N

denotes the reduced Palm distribution of the points of {(Sn, Ln)} with type j w.r.t. type
i with ϕn,j =

∑
m≥1,m6=n,Lm=j

δSm−Sn
.

Another definition is given by

Kij(r) = IE
∑

n:Sn∈B,Ln=i

#{m : Sm ∈ B(Sn, r), Sm 6= Sn, Lm = j}
λiλjνd(B)

, ∀r ≥ 0,

for B ∈ B0(IR
d) with 0 < νd(B) < ∞.

Note that Kij(r) = Kji(r), ∀r ≥ 0, also if i 6= j. In case i = j it is easy to see that
Kii(r) is the univariate K–function for the point process {(Sn, Ln) : Sn ∈ B, Ln = i}.
In case of independent labelling it holds that

K11(r) = ... = Kss(r) = K(r), ∀r ≥ 0. (2.9)
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For arbitrary i, j ∈ L we consider the bivariate L–function Lij(r) given by

Lij(r) =

(
Kij(r)

κd

) 1
d

, ∀r ≥ 0. (2.10)

In case that the point processes {(Sn, Ln) : Sn ∈ B, Ln = i} and {(Sn, Ln) : Sn ∈
B, Ln = j} with i 6= j are independent it holds that

Lij(r) = r, ∀r ≥ 0,

i.e. the Lij–function has the same shape as the univariate L–function of a homogeneous
Poisson point process (see Section 2.1.5.1).

2.2.5.2 Bivariate Pair Correlation Function

In case that the second factorial moment measure αC1,C2
2 introduced in Section 2.2.3.2

is absolute continuous w.r.t. the 2d–dimensional Lebesgue measure, it can be expressed
by the usage of a density function ρ

(2)
ij : IR2d → [0,∞), such that

αij
2 (B1 × B2) =

∫

B1×B2

ρ
(2)
ij (x1, x2)dx1dx2, ∀B1, B2 ∈ B0(IR

d). (2.11)

The function ρ
(2)
ij is called product density of second order w.r.t. the mark pair (i, j).

If one takes two balls B1 and B2 with infinitesimal volumes dV1 and dV2 and midpoints
x1 and x2 with x1 6= x2, respectively, the probability for having in B1 at least one point
with mark i and for having in B2 at least one point with mark j is approximately equal
to ρ

(2)
ij (x1, x2)dV1dV2. In the stationary and isotropic case we replace ρ

(2)
ij (x1, x2) by

ρ
(2)
ij (r), where r = |x2 − x1|.

Using the product density of second order ρ
(2)
ij (r) the bivariate pair correlation function

gij(r) can be defined by

gij(r) =
ρ

(2)
ij (r)

λiλj

, ∀r ≥ 0. (2.12)

Note that gij(r) = gji(r),∀r ≥ 0, also if i 6= j and if i = j we obtain the univariate pair
correlation function gii(r) for the process {(Sn, Ln) : Sn ∈ B, Ln = i}. Furthermore, in
case of independent labelling it holds that

g11(r) = ... = gss(r) = g(r), ∀r ≥ 0.
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In case that the point processes {(Sn, Ln) : Sn ∈ B, Ln = i} and {(Sn, Ln) : Sn ∈
B, Ln = j} with i 6= j are independent it holds that

gij(r) = 1, ∀r ≥ 0,

i.e. the bivariate pair correlation function has the same shape as the univariate pair
correlation function of a homogeneous Poisson point process.

2.2.5.3 Bivariate Nearest Neighbor Distance Distribution Function

The bivariate nearest neighbor distance distribution function Dij(r) is the distribution
function of the distance from a randomly chosen point of {(Sn, Ln)} with mark i to
its nearest neighbor with mark j. Therefore, Dij(r) can be regarded as the probability
that a randomly chosen point with mark i has a distance less than or equal to r to its
nearest neighbor with mark j. Mathematically it is defined by

Dij(r) =
1

λiνd(B)
IE

∞∑

n=1

1ISn∈B,Ln=i, min
m6=n,Lm=j

{|Sm−Sn|≤r}, ∀r ≥ 0 (2.13)

for B ∈ B(IRd) with 0 < νd(B) < ∞.

Note that Dij(r) = Dji(r), ∀r ≥ 0, also if i 6= j and if i = j we obtain the univariate
nearest neighbor distance distribution function Dii(r) for the process {(Sn, Ln) : Sn ∈
B, Ln = i}.
In case that the point processes {(Sn, Ln) : Sn ∈ B, Ln = i} and {(Sn, Ln) : Sn ∈
B, Ln = j} with i 6= j are independent it holds that the bivariate nearest neighbor
distance distribution function Dij(r) has the same shape as the univariate spherical
contact distribution function of {(Sn, Ln) : Sn ∈ B, Ln = j}.

2.2.5.4 Distance–dependent Simpson Indices

The Simpson index ∆ ([133]) of the marked point process {(Sn, Ln)} is given by

∆ = 1 −
s∑

i=1

λ2
i

λ2
,

where λ =
s∑

i=1

λi.
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In case of independent labelling it holds that

∆ =
s∑

i,j=1,i6=j

Px1,x2({i} × {j}).

Thus, we can interpret ∆ as probability that two randomly chosen points of {(Sn, Ln)}
have different marks.

A first distance–dependent generalization ([132]) of ∆ is given by ∆g(r) which is defined
by

∆g(r) = 1 −
s∑

i=1

λ2
i gii(r)

λ2g(r)
, ∀r > 0. (2.14)

Note that ∆g(r) can be interpreted as the conditional probability that two randomly
selected points of {(Sn, Ln)} belong to different types under the condition that the two
points have a distance of r.

Another natural extension of ∆ is given by ∆K(r) which is defined by

∆K(r) = 1 −
s∑

i=1

λ2
i Kii(r)

λ2K(r)
, ∀r > 0. (2.15)

The function ∆K(r) can be interpreted as the conditional probability that two randomly
selected points of {(Sn, Ln)} belong to different types under the condition that the
distance between the two points is smaller or equal r.

An important property of the distance–dependent generalizations ∆K(r) and ∆g(r) of
the Simpson index ∆ is that for independent labelling we have that

∆K(r) = ∆g(r) = ∆, ∀r > 0. (2.16)

For analytical purposes, we have that ∆g(r) > ∆ and ∆K(r) > ∆ indicate negative
correlation and ∆g(r) < ∆ and ∆K(r) < ∆ suggests positive correlation of points with
point pair distance r.

2.2.5.5 Mark Covariance Function and Mark Correlation Function

We now assume that L = IR. The covariance of the marks of two randomly chosen
points of {(Sn, Ln)} with distance r can be analyzed using the mark covariance function
θ : (0,∞) → IR ([126], [138]). It is defined by

θ(r) =

∫

IR×IR

l1l2Px1,x2(dl1 × dl2) −



∫

IR

lPo(dl)




2

, ∀r > 0, (2.17)
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under the assumptions that
∫

IR×IR

|l1l2|Px1,x2(dl1 × dl2) < ∞ and
∫
IR

l2Po(dl) < ∞, where

r = |x2 − x1|.
Suppose that

∫
IR

l2Po(dl)− (
∫
IR

lPo(dl))2 > 0. The mark correlation function κ : (0,∞) →
[−1, 1], a standardized version of θ : (0,∞) → IR is then given by

κ(r) =
θ(r)

∫
IR

l2Po(dl) −
(∫

IR

lPo(dl)

)2 , ∀r > 0. (2.18)

Note that it holds that −1 ≤ κ(r) ≤ 1, ∀r > 0.

In case of independent labelling we have that θ(r) = 0 and thus, κ(r) = 0, ∀r > 0.



Chapter 3

Statistics for Random (Marked)
Point Processes

In the following we discuss statistical tools for random (marked) point processes. In
Section 3.1 we start by discussing estimators for the point process characteristics in-
troduced in Chapter 2. Then, in Section 3.2 we describe two different ways to obtain
optimal parameter values for a given model, i.e. we explain so–called fitting meth-
ods. In Section 3.3 we introduce simulation algorithms for Poisson point processes and
Gibbs point processes. Finally, this chapter ends with a discussion of simulation–based
statistical techniques (see Section 3.4).

Literature dealing with statistics for random (marked) point processes is given by [8],
[35], [78], [103], [113], [119], [120], [136] and [138].

3.1 Estimators for Random (Marked) Point Process

Characteristics

In this section we give some statistics for characteristics of random (marked) point
processes. Since the point process characteristics of marked point processes introduced
in Section 2.2.5 are a generalization of the unmarked point process characteristics from
Section 2.1.5, we only consider estimators thereof. We also provide some numerical
examples, which show how the estimated point process characteristics look for single
realizations of different (marked) point process models.

In the following we assume that the marked point process {(Sn, Ln)} and its counting
measure {NB×C}, respectively, are observed in the sampling window W ∈ B0(IR

d) with

44
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0 < ν(W ) < ∞, and that {(Sn, Ln)} is a stationary and isotropic point process. For
Sections 3.1.1 to 3.1.5 we further assume that the mark space L = {1, 2, ..., s} is discrete
and finite. Again, we write λi = λ{i} for i ∈ L, where λi denotes the intensity of points
with mark i. We further assume that λi > 0 for i ∈ L. Note that in the following
estimators for the bivariate case are given, in particular we obtain an estimator for
the univariate case for i = j (and in case of the K–function and the pair correlation

function by additionally replacing λ̂iλ̂j by λ̂2
i defined below).

3.1.1 Intensity

A natural unbiased estimator λ̂C for the C–intensity λC defined in Eq. (2.7) is given by

λ̂C =
NW×C

νd(W )
. (3.1)

Note that for C = {i} we obtain an estimator for the intensity of the univariate point
process which only consists of points with mark i.

Based on the recommendation of [138], λ2
C is estimated by

λ̂2
C =

NW×C(NW×C − 1)

ν2
d(W )

. (3.2)

However, for the estimation of the nearest neighbor distance distribution function
Dij(r), a different estimator for λC is used, namely

λ̂C,H =
∑

Sn∈W

1IW⊖B(o,sC(Sn))(Sn)1IC(Ln)

νd(W ⊖ B(o, sC(Sn)))
, (3.3)

where sC(Sn) denotes the distance of Sn to its nearest neighbor in W with mark in C
and ⊖ denotes the Minkowski subtraction ([139]).

3.1.2 Bivariate K–function and L–function

As an estimator K̂ij(r) for the bivariate K–function Kij(r) defined in Eq. (2.8) we use

K̂ij(r) =
1

λ̂iλ̂j

6=∑

Sn,Sm∈W

1I(0,r)(|Sn − Sm|)1I{i}×{j}(Ln, Lm)

νd((W ⊕ Sn) ∩ (W ⊕ Sm))
, (3.4)
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where ⊕ denotes the Minkowski addition ([139]). Note that the denominator in Eq. (3.4)

is an edge correction term. Thus, an estimator L̂ij(r) for the L–function Lij(r) defined
in Eq. (2.10) is given by

L̂ij(r) =

(
K̂ij(r)

κd

) 1
d

. (3.5)

3.1.3 Bivariate Pair Correlation Function

An estimator ρ̂
(2)
ij (r) for the product density of second order ρ

(2)
ij (r) defined in Eq. (2.11)

is given by

ρ̂
(2)
ij (r) =

1

dκdrd−1

6=∑

Sn,Sm∈W

k(r − |Sn − Sm|)1I{i}×{j}(Ln, Lm)

νd((W ⊕ Sn) ∩ (W ⊕ Sm))
, (3.6)

where k : IR → [0,∞) is a kernel function. The Uniform kernel kU(x) and the Epanech-
nikov kernel kE(x) are recommended by [137] and [138], respectively. They are given
by

kU(x) =
1

2h
1I[−h,h](x), (3.7)

and

kE(x) =
3

4h
(1 − x2

h2
)1I[−h,h](x), (3.8)

where the parameter h is called the bandwidth and should be chosen as h = c(λiλj)
− 1

2d

with c ∈ [0.1, 0.2]. The larger the bandwidth the smoother the estimated curve.

Hence, we obtain an estimator ĝij(r) for the pair correlation function gij(r) defined in
Eq. (2.12) as

ĝij(r) =

̺̂(2)
ij (r)

λ̂iλ̂j

. (3.9)

3.1.4 Bivariate Nearest Neighbor Distance Distribution Func-
tion

For the estimation of the nearest neighbor distance distribution function Dij(r) defined
in Eq. (2.13) we use a Hanisch type estimator ([5], [55]) given by

D̂ij(r) =
1

λ̂i,H

∑

Sn∈W

1IW⊖B(o,sj(Sn)(Sn)1I{i}(Ln)1I(0,r]sj(Sn)

νd(W ⊖ B(o, sj(Sn)))
, (3.10)

where λ̂i,H is the estimator given in Eq. (3.3).
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3.1.5 Simpson Indices

Natural estimators ∆̂, ∆̂g, ∆̂K for the Simpson indices ∆, ∆g and ∆K , respectively,
which are defined in Section 2.2.5.4 are given by

∆̂ = 1 −
s∑

i=1

λ̂2
i

λ̂2
, (3.11)

∆̂g(r) = 1 −
s∑

i=1

λ̂2
i ĝii(r)

λ̂2ĝ(r)
(3.12)

and

∆̂K(r) = 1 −
s∑

i=1

λ̂2
i K̂ii(r)

λ̂2K̂(r)
. (3.13)

3.1.6 Mark Covariance Function and Mark Correlation Func-

tion

An estimator for the mark covariance function θ(r) defined in Eq. (2.17) is given by

θ̂(r) =

6=∑
Sn,Sm∈W

k(r−|Sn−Sm|)
νd((W⊕Sn)∩(W⊕Sm))

(Ln − l̂)(Lm − l̂)

6=∑
Sn,Sm∈W

k(r−|Sn−Sm|)
νd((W⊕Sn)∩(W⊕Sm))

, (3.14)

where l̂ = 1
#{n:Sn∈W}

∑
Sn∈W

Ln is an estimator for the expected mark. Thus, an estimator

for the mark correlation function κ(r) defined in Eq. (2.18) is given by

κ̂(r) =
θ̂(r)

ŝ2
l

, (3.15)

where ŝ2
l = 1

#{n:Sn∈W}−1

∑
Sn∈W

(Ln − l̂)2 is an estimator for the variance of the marks.

Note that estimated values of κ(r) can slightly exceed ±1 for small point pair distances
r because of the kernel estimation.
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Figure 3.1: Comparison of estimated and theoretical characteristics for the Poisson
point process with intensity λ = 0.1 (d = 2) and λ = 0.001 (d = 3), respectively

3.1.7 Numerical Examples

In this section we provide numerical examples for some of the given estimators. For this
purpose we simulate one realization of a (marked) point process in a sampling window
W = 100 × 100 (d = 2) and W = 100 × 100 × 100 (d = 3), respectively, estimate
the point process characteristics and compare the results visually with the theoretical
values.

Fig. 3.1 shows the estimated L̂(r)− r function and the estimated pair correlation func-
tion ĝ(r) for one single realization of a homogeneous Poisson point process for the 2–
and 3–dimensional case. Theoretically, it holds that LPoi(r) − r = 0 and gPoi(r) = 1,
∀r ≥ 0.

Fig. 3.2 shows the estimated L̂(r)− r function and the estimated pair correlation func-
tion ĝ(r) for one single realization of a Matern cluster point process with parameters
λp = 0.002, λs = 0.05 and R = 10 for the 2–dimensional case. Theoretical formulae for
KMC(r) and gMC(r) are given in Eqs. (2.5) and (2.6).

Fig. 3.3 shows the estimated Simpson indices ∆̂, ∆̂g(r) and ∆̂K(r) for one realization
of a homogeneous Poisson point process with intensity λ = 0.1, where the points are
independently labelled with two types of marks. Theoretically, it holds that ∆ =
∆g(r) = ∆K(r), ∀r > 0.
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3.2 Fitting Methods for Point Process Models

In this section we describe methods to fit a point process model to a given point pattern
observed in a sampling window W ∈ B0(IR

d). For a point process model for which some
point process characteristic is known by an analytical formula, the minimum contrast
method ([138]) discussed in Section 3.2.1 is useful. For fitting Gibbs point processes
we use the pseudolikelihood method ([6], [33], [49]) to obtain optimal parameter values
(see Section 3.2.2).

Note that the presented methods can easily be extended to marked point patterns.

3.2.1 Minimum Contrast Method

The minimum contrast method can be used for (unmarked) point patterns if an ana-
lytical formula for one of the point process characteristics of the model to be fitted is
known. Actually, this method could also be used if the characteristic can be obtained
by simulation, but note that such simulations unfortunately make the method time
consuming and inefficient. In the following the minimum contrast method is explained
using the theoretical Lξ–function of the model depending of a parameter vector ξ. For
example, in case of a Matern cluster point process we have that ξ = (λp, λs, R) and the

theoretical L–function is known (see Section 2.1.5.1). The estimator ξ̂ which minimizes
the integral

rmax∫

0

(L̂(r) − Lξ(r))
2dr

within a certain family of estimators is called a minimum contrast estimator for ξ.
The maximum point pair distance rmax has to be chosen reasonable, e.g. rmax =
1
2
min{wW , lW}, where wW and lW denote the width and length of W , respectively.

Instead of using the L–function the pair correlation function or the nearest neighbor
distance distribution function can also be used.

In applications we substitute the integral by a sum and use an appropriate optimization
method to determine an optimal parameter vector ξ̂. After having estimated ξ, a test
to validate the fitted model can be applied (see Section 3.4.2).

3.2.2 Pseudolikelihood Method

In case of finite Gibbs point processes as defined in Section 2.1.4.4 a pseudolikelihood
method can be applied for parameter fitting.
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The likelihood function of a Gibbs point process is given by

L(ξ; s1, ..., sn) = f(ξ; s),

where f(ξ; s) is the density function of the point process model (depending on the
parameter vector ξ) and s = (s1, ..., sn) ∈ W n is the observed point pattern. Thus, we

have to determine ξ̂ that maximizes

L(ξ; s1, ..., sn) =
1

Z(ξ)
exp(−U(ξ; s1, ...sn)). (3.16)

The difficulty here lies in the computation of the normalizing constant Z(ξ). Hence,
instead of maximizing Eq. (3.16), we maximize the so–called pseudolikelihood function

PL(ξ; s1, ..., sn) =
n∏

i=1

λ(s, si) exp(−
∫

W

λ(s, u)du)

and the logarithmic pseudolikelihood function

log PL(ξ; s1, ..., sn) =
n∑

i=1

λ(s, si) −
∫

W

λ(s, u)du,

respectively, where λ(s, u) is the conditional intensity introduced in Section 2.1.4.4.

This method works well if there are only local interactions between points. For point
processes where points with a large distance interact Monte Carlo simulation should be
applied to get an estimator ξ̂ for ξ. For further information we refer to [47].

3.2.2.1 Correction of Edge Effects

Under the assumption that we observe a realization s in a bounded sampling window
W ∈ B0(IR

d) of a point process S, edge effects occur in the computation of the con-
ditional intensity λ(s, u). In the following we introduce periodic boundary conditions
([119]) to correct edge effects. Further strategies of edge correction are discussed in [6],
[120] and [139].

If the sampling window W is rectangular we can apply periodic boundary conditions
by identifying opposite sides of W , so that a point that is located near the right edge
has neighbors near the left edge, i.e. W is wrapped onto a torus. This method typically
reduces bias, but increases variance.
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3.2.2.2 Replicated Point Patterns

Under the assumption that k realizations of the point process S are independently
sampled, i.e. we have so–called replicated point patterns, we can use a method proposed
by [84] to fit common parameter values to all replications. Therefore, we consider the
pooled logarithmic pseudolikelihood given by

log PL(ξ; s11, ..., snkk) =

k∑

i=1

log PLi(ξ; s1i, ..., snii),

where PLi(ξ; s1i, ..., snii), i = 1, ..., k is the pseudolikelihood of the ith replication. Max-

imization of log PL(ξ; s11, ..., snkk) w.r.t. ξ yields the common estimate ξ̂ of ξ.

The assumption that unknown parameters are identical for all replications can be re-
laxed. One way to do this is to condition on the number of points in each replicated
point pattern ([34]). Another approach based on generalized linear mixed models is
given in [15], where the use of models with random effects allows to relax the assump-
tion on a common interaction parameter.
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3.3 Simulation Algorithms for Random Point Pro-

cesses

In this section simulation algorithms for Poisson point processes and Gibbs point pro-
cesses are introduced ([46], [102]). For the Poisson point process we distinguish between
simulation methods in a fixed and bounded sampling window and in an unbounded sam-
pling window. In the latter case it is efficient to use the method of radial simulation.
Both methods are described in Section 3.3.1 and can be used for simulating inhomo-
geneous Poisson point processes if a thinning is performed afterwards. The simulation
of Gibbs point processes is based on Markov Chain Monte Carlo (MCMC) simulation.
We distinguish between the cases that the number of points is fixed or controlled by an
activity parameter.

3.3.1 Simulation of Poisson Point Processes

Several stochastic point process models are based on the Poisson point process, e.g.
Matern cluster point processes and Matern hard core point processes. As a basis to
generate realizations from those, a simulation algorithm for the Poisson point process
is necessary. Realizations of Poisson point processes can be seen in Fig. 2.2.

3.3.1.1 Simulation in a Fixed and Bounded Sampling Window

In this section we want to generate a realization of a homogeneous Poisson point process
S with intensity λ, 0 < λ < ∞, in a fixed and bounded sampling window W ∈ B0(IR

d).
We assume that W ⊂ W ′ = [a1, b1] × ... × [ad, bd]. Then, the definition of the Poisson
point process in Section 2.1.4.1 can directly be used for the simulation algorithm.

Algorithmus 3.1 Acceptance and rejection method

1. Generate a realization s(W ′) of a Poisson–distributed random variable S(W ′) with
IES(W ′) = λνd(W

′) representing the number of points of S in W ′.

2. For i = 1, ..., s(W ′) generate realizations s
(i)
1 , ..., s

(i)
d of independent and uniformly

distributed random variables S
(i)
j ∼ U [aj , bj ].

3. Accept the point s(i) = (s
(i)
1 , ..., s

(i)
d ) if s(i) ∈ W .

4. The accepted points constitute a realization of the homogeneous Poisson point
process with intensity λ in W .
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Figure 3.4: Radial simulation of a homogeneous Poisson point process

3.3.1.2 Radial Simulation

An alternative approach for the simulation of a 2–dimensional homogeneous Poisson
point process with intensity λ, 0 < λ < ∞, is given by radial simulation, where radial
means that the simulated points have increasing distance to the origin. For this method
we need the representation of a point x = (x1, x2) ∈ IR2 in polar coordinates x =
(r cos ζ, r sin ζ) with r ≥ 0 and ζ ∈ [0, 2π).

Algorithmus 3.2 Radial simulation

1. Generate a sequence of pseudorandom numbers u1, u2, ... by independent sampling
of a [0, 2π)–uniformly distributed random variable.

2. Generate a sequence of pseudorandom numbers t1, t2, ... by independent sampling
of an exponential distributed random variable T ∼ Exp(λ).

3. Calculate rn =

√
nP

i=1
ti

π
of the point sn = (rn, un) given in polar coordinates.

4. The sequence of points s1, s2, ... is a realization of the homogeneous Poisson point
process with intensity λ.

Fig. 3.4 illustrates the radial simulation of a homogeneous Poisson point process.
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Figure 3.5: Thinning with λ(x) =

{
0.025 if x is in the smaller upper right quadrat

0.05 else

3.3.1.3 Thinning

For the simulation of an inhomogeneous Poisson point process with a bounded intensity
function λ(x) in a bounded sampling window W ∈ B0(IR

d) a thinning can be applied.

Algorithmus 3.3 Thinning

1. Generate a realization {s1, ..., sn} of a homogeneous Poisson point process with
intensity λmax = sup

x∈W

λ(x) < ∞ in W .

2. Generate n realizations u1, ..., un of a [0, 1)–uniformly distributed random variable.

3. Delete the point sk if uk > λ(sk)
λmax

for k = 1, ..., n.

4. The remaining points constitute a realization of the inhomogeneous Poisson point
process with intensity function λ(x).

Fig. 3.5 shows a realization of an inhomogeneous Poisson point process obtained by
thinning.
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3.3.2 Simulation of Gibbs Point Processes

For Gibbs point processes, a direct sampling is not feasible because of the intractability
of the normalizing factor Z. A way to overcome this problem is to use a MCMC
algorithm ([14], [102], [121]). We simulate Gibbs point processes by means of the
Metropolis–Hastings algorithm ([103]), which allows to simulate a point process with
either random or fixed number of points. In the latter case updates are realized by
shifting single points, whereas in the former case updates are performed by deaths,
births and (optional) shifts.

In the following the point configuration in the bounded sampling window W ∈ B0(IR
d)

is denoted by s.

3.3.2.1 Fixed Number Case

The following algorithm is used to simulate a realization of a Gibbs point process with
a fixed number of points in the sampling window W ∈ B0(IR

d). The updates of the
point configurations are shifts (see Fig. 3.6).

Algorithmus 3.4 Fixed number case

1. Generate a starting point configuration s = {s1, ..., sn} in W with a fixed number
of points.

2. Update the point configuration s by shifts.

• Pick randomly a point si of s.

• Generate randomly a new point q in W .

• Calculate the conditional intensities λ(s, q) and λ(s, si).

• Generate a realization u of a (0, 1)–uniformly distributed random variable.

• If λ(s,q)
λ(s,q)+λ(s,si)

> u, add q to s and remove si from s.

3. Repeat step 2 at least 10000 times and take the resulting point configuration s as
final realization.
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Figure 3.6: Shift proposal

3.3.2.2 Birth–Death Case

In the birth–death case the number of points in the sampling window W ∈ B0(IR
d) is

determined by the activity parameter β of the Gibbs point process (see Section 2.1.4.4).
Fig. 3.7 illustrates the principle of the simulation of a Gibbs point process by birth and
death proposals.

In the following the probability for a birth proposal is denoted by p ∈ (0, 1).

Algorithmus 3.5 Birth–death case

1. Generate two realizations u1 and u2 of a (0, 1)–uniformly distributed random
variable.

2. Update the point configuration s by deaths and births.
If u1 ≤ p propose a birth:

• Generate randomly a new point q in W .

• Calculate the acceptance probability α(q) of the point q by

α(q) = min
{
λ(s, q)

1 − p

p

νd(W )

n + 1
, 1
}
.

• If u2 ≤ α(q), add q to s.

Else propose a death:

• Pick randomly a point si of s.
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a) Initial point configuration b) Birth proposal c) Death proposal

Figure 3.7: Death and birth proposal

• Calculate the acceptance probability α(si) of the point si by

α(si) = min
{
λ(s, si)

−1 p

1 − p

n

νd(W )
, 1
}
.

• If u2 ≤ α(si), remove si from s.

3. Repeat steps 1 and 2 altogether at least 10000 times and take the resulting point
configuration s as final realization.

Note that Algorithm 3.5 is often extended by shift proposals which are described in
Algorithm 3.4.

Both introduced algorithms are tools to construct a Markov chain (with values in N)
whose ergodic distribution coincides with the distribution of a Gibbs point process with
given density f : N → [0,∞) w.r.t. to the distribution Q of a Poisson point process.
Thus, using the presented algorithms for the simulation of Gibbs point processes it is
important to wait until the burn–in time of the Markov chain is over before taking
a sample, i.e. several iterations are necessary before we sample from the stationary
distribution. This is due to the fact that a Markov chain run for a long time approaches
its stationary distribution. There exist some theoretical results about the convergence
of a Markov chain ([46]), but they may be of little practical use ([47]). Therefore,
a so–called perfect simulation algorithm has been proposed ([46], [117]), where the
convergence of the Markov chain is monitored.
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3.4 Simulation–based Statistical Methods

First of all, we introduce a principal simulation–based statistical tool, the bootstrapping
(see Section 3.4.1). It is the basis for some of the methods described in Sections 3.4.2
and 3.4.3.

Usually any point pattern analysis starts with a test on CSR and in the marked case
with a test on independent labelling. Only if the null–hypothesis is rejected more
sophisticated models can be fit to the observed point pattern (see Section 3.2). Then,
it is necessary to test whether the fitted model is adequate for the observed point
pattern. This can also be done by looking at acceptance intervals. The statistical tests
are described in Section 3.4.2 and the computation of acceptance intervals is explained
in Section 3.4.3.

In the statistical tests applied in Chapters 4 to 6 the significance level α is put equal
to 0.05 or 0.1. Note that for α = 0.05 the test is more conservative w.r.t. the null–
hypothesis which means that a hypothetical model is less often rejected as for α = 0.1.

3.4.1 Bootstrapping

Bootstrapping consists basically in an independent random resampling of the sample
data with replacement and is largely free of statistical model assumptions ([39]). It
can be used to construct statistical tests and confidence intervals. The advantage of
bootstrapping over analytical methods is its great simplicity.

Usually bootstrapping replaces the theoretical distribution function FX of a random
variable X by the empirical distribution function F̂X : IR → [0, 1] given by

F̂X(x) =
#{i : 1 ≤ i ≤ n : xi ≤ x}

n
of the sample x1, ..., xn. For this purpose we generate k bootstrap samples Bi =
(x∗

1, ..., x
∗
n), i = 1, ..., k by drawing n times from the given sample x1, ..., xn with replace-

ment. This corresponds to drawing (with repetition) realizations from the empirical

distribution function F̂X(x). For each bootstrap sample the value of the statistic in
which we are interested in is then computed. The distribution of the statistic is then
approximated by the empirical distribution of the values from the k bootstrap samples.

3.4.2 Model Verification Tests

The null–hypothesis is that the observed point pattern is a realization of a hypothetical
point process model. The Monte Carlo rank test ([32], [138]) is performed in the fol-
lowing way. We assume that c(r) is some distance–dependent characteristic for which
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an analytical formula is known for the hypothetical point process model and which can
be easily estimated from the observed point pattern. Then, we consider the following
test statistic

Tc =

rmax∫

0

(ĉ(r) − cmodel(r))
2dr.

After choosing a significance level α, we generate k realizations of the point process
model (with hypothetical parameters) and compute the values t1c , ..., t

k
c of the test

statistic Tc from the simulated data. Furthermore, we compute the value t∗c of Tc

for the observed point pattern, i.e. the point pattern which is to be tested. These
values have to be arranged in ascending order and the rank of t∗c has to be deter-
mined. The null–hypothesis is rejected if the rank of t∗c lies in the rejection region
Rα = [k − α(k + 1) + 1, k + 1].

3.4.2.1 Tests on CSR

In the following we introduce tests on CSR, i.e. the null–hypothesis is that the observed
point pattern in W ∈ B0(IR

d) is a realization of a homogeneous Poisson point process
S with some intensity λ, 0 < λ < ∞.

Monte Carlo Rank Test

The above introduced Monte Carlo rank test can obviously be used to test on CSR. For
example, the following test statistics can be used, namely

TL =

rmax∫

0

(L̂(r) − LPoi(r))
2dr,

TG =

rmax∫

0

(ĝ(r) − gPoi(r))
2dr

and

TA =

rmax∫

0

(F̂ (r) − FΓ(d+1,λ)(r))
2dr,

where FΓ(d+1,λ) is the Gamma distribution function with parameters d + 1 and λ. The

estimated function F̂ (x) is the empirical distribution function of the area A of the union
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of two balls, respectively centered at the endpoints of the typical edge of the Voronoi
tessellation ([101]) generated by the point pattern, whose radii are given by the respec-
tive distances from the endpoints to one of the neighbors of the edge. The random
variable A is Gamma distributed under CSR ([11]), but the random variables from one
realization are not independent, and thus, a χ2–goodness–of–fit test cannot be applied.
Note the disadvantage of TA against the test statistics TL and TG which do not need a
specification of the intensity λ.

Discrepancy Indices

Another approach of testing the null–hypothesis of CSR is to test the uniformity of the
point pattern. For this we regard the L2–unanchored discrepancy UD2 as proposed in
[59] and given by

UD2 =
[13d

12d
− 2

S(W )

∑

Sn∈S

d∏

j=1

(1 +
Sj

n(1 − Sj
n)

2
)

+
1

S2(W )

∑

Sn,Sm∈S

d∏

j=1

(1 + min{Sj
n, Sj

m} − Sj
nSj

m)
] 1

2
,

where S = {Sn} = {(S1
n, ..., Sd

n)} is the d–dimensional point pattern. For the test
statistic UD2 we perform Monte Carlo rank tests, where we reject the null–hypothesis
if the rank of the value of UD2 of the observed point pattern lies in the rejection region
Rα = [1, α(k+1)

2
] ∪ [k − α(k+1)

2
+ 1, k + 1].

Quadrat Count Method

For the quadrat count method ([138]) the sampling window W ∈ B0(IR
d) is divided into k

equally sized subwindows. Then, the number υi, i = 1, ..., k of points in each subwindow
is counted. Under the assumption that the point pattern is a realization of a Poisson
point process, the υi are realizations of independent and identically distributed random
variables. The mean number of points per subwindow is λνd(W )

k
. Large deviations of υi

from this value or a strong regularity indicate a deviation from the null–hypothesis.

A formal test statistic is given by the dispersion index

I =
(k − 1)s2

υ

ῡ
,

where s2
υ is the standard deviation of the number of points in the subwindows and ῡ

is the mean number of points in the subwindows. The null–hypothesis is rejected if
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I < χ2
k−1, α

2
or I > χ2

k−1,1−α
2
, where α is the significance level and χ2

m,τ is the τ–quantile

of the χ2–distribution with m degrees of freedom.

Scan Statistics

Scan statistics are an appropriate tool to detect the occurrence of clusters ([48]), which
are significantly different from CSR. A smaller scan window of given shape is moved
over the larger sampling window W ∈ B0(IR

d). The maximal number of points in this
scan window, which is centered at different locations in W and being scaled by different
scaling factors, divided by the expectation under CSR is the considered test statistic.

3.4.2.2 Power Analysis of Tests on CSR

It is important to know how sensitive the different tests react to deviations from CSR,
i.e. to know the power of a test. The power of a statistical test is the probability
that the test rejects a false null–hypothesis, i.e. the power is the opposite of a type 2
error. As power increases, the chances of a type 2 error decrease, and vice versa. The
probability of a type 2 error is referred to as β. Therefore, the power is equal to 1− β.

In this section we analyze the power of the different tests on CSR introduced in Section
3.4.2.1 for several alternative point process models. For this we simulate realizations
from the point process models and test if the generated point pattern can be considered
as a realization of a Poisson point process. The models we consider are Matern cluster
point processes, modulated Poisson point processes and Geyer’s saturation point pro-
cesses, all introduced in Section 2.1.4. The reason for choosing these models is that
we obtain a homogeneous Poisson point process for a certain parameter constellation,
e.g. in case of the modulated Poisson point process we get a Poisson point process with
intensity λ for λ = λMPoi = λ1 = λ2.

In the following we consider the planar case, i.e. d = 2, and keep the intensity of
the point process models constant as λ = 0.01. Furthermore, the power of the test is
determined using 1000 realizations of each point process model in the sampling window
W = 200 × 200. The supporting points are ri = 0.5, 1, 1.5, ..., 100 in case of the test
using the L–function and the pair correlation function and ri = 7.5, 15, 22.5., ..., 1500
in case of the test using the distribution of the area. For the quadrat count method W
is divided into 5×5 equally sized rectangles. In all cases the significance level is chosen
as α = 0.05.

Furthermore, we choose the following parameters:

• For the Matern cluster point process we choose R = 10 and λs = λ
λpR2π

and

λp ∈ [0.001, 1].
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• For the modulated Poisson point process we choose rM = 20, λ0 = 0.0005, λ2 =
λ−λ1(1−exp(−λ0r2

M
π))

exp(−λ0r2
M

π)
and λ1 ∈ [0.001, 0.01].

• For Geyer’s saturation point process we choose rG = 10, t = 10 and γ ∈ [1, 1.2].

Fig. 3.8 shows the results of the power analysis for the three different models. As
expected for the parameter constellation which corresponds to the homogeneous Poisson
point process we obtain a power which is approximately the significance level. Then,
by increasing the deviation from CSR the power increases. These simulation studies
also show that the quadrat count method and the Monte Carlo rank test using the pair
correlation function or area have the largest power w.r.t. these point process models.

3.4.2.3 Test on Independent Labelling

The null–hypothesis being investigated in the following is that the points Si of the
marked point process {(Sn, Ln)} are independently labelled. In such a case Eq. (2.9)
for the bivariate Kii–functions holds and can be used in order to construct a simulation–
based test for independent labelling. Note that in the following L = {1, 2, 3}, but the
same test can be performed for any arbitrary number of different marks with only small
modifications.

For a sequence of distances {r1, ..., rw} we regard the test statistic

T =
w∑

l=1

ω̂12(rl)(K̂11(rl) − K̂22(rl))
2 + ω̂13(rl)(K̂11(rl) − K̂33(rl))

2

+ω̂23(rl)(K̂22(rl) − K̂33(rl))
2,

where ω̂ij(rl) = (V̂ ar(K̂ii(rl) − K̂jj(rl)))
−1 for l = 1, ..., w, i = 1, 2, 3 and i < j ≤ 3.

For the computation of the test statistic k simulations of independent labelling of the
marks are necessary, i.e. the observed realization of the marks is assigned k times
completely randomly (with repetition) to the given realization of locations of the point
process {Sn}. For each set of newly assigned marks the Kii–functions (i = 1, 2, 3)
are estimated at distances {r1, ..., rw}. For each distance rl, l = 1, ..., w the variance

ω̂ij
−1(rl) of the difference K̂ii(rl)− K̂jj(rl) is estimated from the k simulations. Having

determined the weights ω̂ij(rl) for l = 1, ..., w, i = 1, 2, 3 and i < j ≤ 3, the values
t∗, t1, ..., tk of the test statistic T corresponding to the observed realization and the
k simulations, respectively, can be computed. These values t∗, t1, ..., tk have to be
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arranged in ascending order and the null–hypothesis is rejected if the rank of t∗ lies in
the rejection region Rα = [k − α(k + 1) + 1, k + 1].

Note that there is also the possibility to permute the marks ([35]), i.e. to assign the
marks without repetition, instead of choosing them independently. This procedure is
therefore conditional on the observed number of points for each type.

The use of the pair correlation function gii(r) and the L–function Lii(r) introduced in
Section 2.2.5 to construct a test on independent labelling is straightforward.

3.4.3 Computation of Acceptance Intervals

Acceptance intervals (or, better to say, non–rejection intervals) are a simulation–based
tool for model validation w.r.t. point process characteristics.

3.4.3.1 Acceptance Intervals for Model Verification

For the construction of pointwise acceptance intervals for a distance–dependent char-
acteristic of a given point process model, we need k realizations of this point process
model. For each realization we estimate the characteristic at distances ri, i = 1, ..., w.
Then, we arrange the k values for each ri in ascending order. The values at ranks
x

kα
2

+ 1y and xk(1 − α
2
)y constitute the lower and upper bounds of the acceptance

interval at distance ri, respectively, where xxy describes the Gauss bracket of x, i.e.
xxy = max

k≤x,k∈Z

k. If the estimated characteristic of the observed point pattern, i.e. of

the point pattern to be analyzed, runs inside this envelope, the model seems to be
appropriate.

3.4.3.2 Acceptance Intervals for Independent Labelling

For the construction of pointwise acceptance intervals of the marked point process
characteristics for independent labelling, a resampling technique w.r.t. the sampling
window W ∈ B0(IR

d) is applied ([39], [91]). The observed values of the marks are
assigned completely randomly (with repetition) to the given realization of locations of
the point process. For this set of locations with newly assigned marks the point process
characteristic is estimated at distances ri, i = 1, ..., w. The resulting values for each
ri from k simulations have to be arranged in ascending order. Then, the values at
ranks x

kα
2

+1y and xk(1− α
2
)y constitute the lower and upper bounds of the acceptance

interval at distance ri, respectively. If the estimated characteristic of the observed point
pattern runs inside this envelope, the point pattern seems to be independently labelled.

Note again that the marks here can also be permuted as remarked in Section 3.4.2.3.



Chapter 4

Applications to Economical Data

In this chapter we apply the tools developed in Chapters 2 and 3 for the statistical
analysis of marked point patterns to three examples of economical data.

The main focus of the first application to economical data is on the detection and the
temporal development of spatial correlations w.r.t. the change in the relative purchasing
power for townships in Baden–Württemberg. In this study we apply three different
methods from spatial statistics: the mark correlation function, (distance–dependent)
Simpson indices as well as simulation–based tests on the null–hypothesis of independent
labelling (see Section 4.1).

In the second application we apply two different methods of analyzing spatial corre-
lations. The first method is the mark correlation function, the second method uses
regression analysis. With both methods we detect significant positive spatial correla-
tions of stock returns in the S&P 500 index (see Section 4.2).

The third application shows how we can use the mark correlation function to validate a
stochastic model. This example is situated in the field of insurance mathematics, more
precisely of risk assessment of tropical storms (see Section 4.3).

4.1 Spatial Correlations of the Change of the Rela-

tive Purchasing Power in Baden–Württemberg

The so–called purchasing power in a township is one of the key characteristics consid-
ered by businesses in determining site selection. It is defined here as the sum of the
wages, profits and income from assets and transfers minus the direct taxes, the social
security contributions, transfers, expenditures for habitation and net savings. Thus,

66
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purchasing power can be considered as a measure for the free net income that is not
dedicated to inevitable expenditures like the rent ([131]). Often, in order to facilitate
comparisons, the relative purchasing power, given as the total purchasing power divided
by the number of inhabitants, is considered instead of the total purchasing power. Note
that purchasing power in this context does not refer to the purchasing power of the
money which is formally equal to the reciprocal of the level of prices but as the sum of
funds that are available for free consumption.

Purchasing power plays a significant role not only in site selection but also in sales
planning, pricing policy or market research. Furthermore, purchasing power’s usefulness
is not restricted to businessmen but also applies to people who are involved in regional
planning and research. Politicians may find it useful as well. All these groups use
purchasing power as an indicator of a location’s quality and a region’s wealth. Note
that in general purchasing power does not indicate how much money a single person is
able to spend but it provides inference about the purchasing potential of a community.

Based on the reasons mentioned above, the Statistical Office of Baden–Württemberg
(Germany) is recording the total as well as the relative purchasing power of 1111 town-
ships in Baden–Württemberg, where data are available for four different years (1987,
1993, 1998, 2004) with approximately the same time span between adjacent measure-
ments. This study investigates the behavior of the relative purchasing power over time.
Points of interest in this context are the change of the relative purchasing power over
time and the spatial correlations associated with this change. For example, if a township
has a distinct increase in the relative purchasing power for a specific time interval, is it
more likely that a nearby township also has a distinct increase or is it more probable
that the relative purchasing power has a distinct decline? A second interesting topic
is whether the effects of spatial correlations between different townships are becoming
stronger or weaker over time. For example, if the spatial correlations vanish then, after
some years, the relative purchasing power in a township itself might become more or
less completely random, uninfluenced by the relative purchasing power in other nearby
townships. So, in summary, this study addresses two questions related to the relative
purchasing power in Baden–Württemberg. First, is there a significant spatial correla-
tion for the change of the purchasing power w.r.t. different time intervals (see Fig. 4.1)?
Second, if the existence of such a spatial correlation is assumed, has it become stronger
or weaker over the years? Moreover, one overriding situation is that these correlations
might differ between urban and rural regions. To address this, we separately analyze
two regions of Baden–Württemberg, the Stuttgart region (population 2.7 million) and
the Bodensee–Oberschwaben region (population 1.8 million). We choose these two re-
gions because Stuttgart represents a typical urban area in Baden-–Württemberg and
Bodensee–Oberschwaben represents a typical rural area. Furthermore, we expect stable
results, since the number of observations and the population size of these two regions
are sufficient.
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(a) 1987–1993 (b) 1993–1998 (c) 1998–2004

Figure 4.1: Changes of the relative purchasing power of townships in Baden–Würt-
temberg for different time intervals (decrease=empty circle, increase=full circle, size of
circle=magnitude of change)

4.1.1 Data Description and Preprocessing

The data set investigated is provided by the Statistical Office of Baden–Württemberg.
It consists of a set of townships (i.e. the midpoints) in Baden–Württemberg together
with the relative purchasing power, i.e. the total purchasing power divided by the
number of inhabitants for the years 1987, 1993, 1998 and 2004. In total there are 1111
townships in the observed region.

The data are preprocessed such that the mean relative purchasing power is constant
for the four different years. Then, we compute differences between two adjacent years
of measurement. Note that preprocessing the data ensures that the mean difference for
adjacent years of measurement in relative purchasing power is equal to zero. For later
investigations we consider two different types of characteristics for each location. First,
we address the differences in the relative purchasing power during the time intervals
1987–1993, 1993–1998 and 1998–2004 leading to a continuous mark space for the point
pattern. Apart from this we classify the differences in the relative purchasing power
into three different categories: townships whose relative purchasing power increased in
the time interval, townships whose relative purchasing power decreased and townships
whose relative purchasing power stayed almost constant. As a criterion for the cate-
gorization we consider 1/4 times the standard deviation σ of the difference in relative
purchasing power for the regarded time interval. Because the mean change in relative
purchasing power is scaled to 0, a township that has a change in relative purchasing
power of less than −σ/4 is considered to have a distinct decrease, whereas if the change
in the relative purchasing power is more than σ/4 it has a distinct increase in the
relative purchasing power.
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In summary, we obtain two different types of marked point patterns, where the locations
of the points are fixed in each case. For the first type, the actual differences in relative
purchasing power, the mark space is continuous, while the second type represents a
discretization into three different possible marks, increase, decrease or almost constant.
Fig. 4.2 shows the point pattern together with the border of the sampling window.

To analyze the Bodensee–Oberschwaben and Stuttgart regions we preprocess the data
analogously to the data of Baden–Württemberg. Since in this case we consider only
the mark correlation function, there is no need for a categorization of the marks.

Figure 4.2: Analyzed point pattern (lower region=Bodensee–Oberschwaben, upper re-
gion=Stuttgart)

In the following we assume that the observed point patterns are realizations of stationary
and isotropic point processes.

4.1.2 Analysis of Spatial Correlations in Baden–Württemberg

In this section we estimate the mark correlation function (using an Epanechnikov kernel
with c = 0.15) and the Simpson indices to analyze the spatial correlations in the change
of the relative purchasing power in Baden–Württemberg.



70 4 Applications to Economical Data

4.1.2.1 Mark Correlation Function

Fig. 4.3 displays the estimated mark correlation function κ̂(r) for the difference in the
relative purchasing power in the time intervals 1987–1993, 1993–1998 and 1998–2004,
where we use the estimator given in Eq. (3.15) with the Epanechnikov kernel and
c = 0.15. Recall that the differences are scaled such that the mean difference is equal
to 0. A first observation is that the values for κ̂(r) are above 0 for all r < 50 and for
all regarded time intervals, suggesting a positive correlation in the difference in relative
purchasing power between townships separated by a distance r. Also, w.r.t. different
time intervals, the values of κ(r) are decreasing over time. This can be understood as
a weakening of the positive correlations as years pass. In order to investigate these two
effects in more detail, we estimate the Simpson indices.
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Figure 4.3: Estimated mark correlation function κ̂(r) for different time intervals (1987–
1993, 1993–1998, 1998–2004)

4.1.2.2 Distance–independent Simpson Index

Tab. 4.1 gives a summary of results for the number of points and the estimated distance–
independent Simpson index ∆̂ (introduced in Eq. 3.11) w.r.t. the three time intervals
1987–1993, 1993–1998 and 1998–2004. A first conclusion that one can draw is that,
although the number of points are slightly varying between the different time intervals,
the Simpson index is not able to detect any changes in the correlation structure. Its
value is almost stable for all three different cases. Hence, as a next step, we regard
distance–dependent Simpson indices.
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1987–1993 1993–1998 1998–2004
Number of points – decrease 440 328 428

– increase 324 476 318
– almost constant 347 307 365

Estimated Simpson index ∆̂ 0.6611 0.6535 0.6623

Table 4.1: Number of points and estimated distance–independent Simpson index ∆̂ for
different time intervals

4.1.2.3 Distance–dependent Simpson Indices

In order to investigate the change of the correlation structure in more detail, the
two distance–dependent Simpson indices ∆K(r) and ∆g(r) are estimated (see Sections
2.2.5.4 and 3.1.5). The corresponding graphs are displayed in Fig. 4.4. Recall that

the estimated distance–independent Simpson index ∆̂ was almost identical for all three
time intervals. If we look at the indices ∆K(r) and ∆g(r) for specific distance values of

r we observe that almost everywhere ∆̂K(r) < ∆̂ and ∆̂g(r) < ∆̂ which can be inter-
preted as a sign of a positive correlation between the different types. We also note that
the two distance–dependent Simpson indices seem to approximate the Simpson index
∆̂ more rapidly w.r.t. r for later time intervals. This is a first indication that in the
course of the years this positive spatial correlation, although still existing, has become
much weaker.
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Figure 4.4: Estimated distance–dependent Simpson indices and ∆̂ for different time
intervals (1987–1993, 1993–1998, 1998–2004)

4.1.2.4 Test on Independent Labelling

In order to investigate the weakening of the spatial correlation for later time intervals
in more detail, we perform a test on independent labelling (see Section 3.4.2.3). Recall
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Figure 4.5: Estimated K̂ii–functions for different time intervals (K̂11, K̂22, K̂33)

that under the null–hypothesis of independent labelling we have that K11(r) = K22(r) =

K33(r). Fig. 4.5 shows the three estimated K̂ii–functions for the different time intervals.

These graphs already indicate that for the later time intervals the three different K̂ii–
functions seem to be more similar. The simulation–based tests for independent labelling
confirm this, since for the first time interval (1987–1993) the null–hypothesis of inde-
pendent labelling is clearly rejected (rank 1000 in a total size of 1000 each), whereas
for the time intervals 1993–1998 and 1998–2004 the same null–hypothesis cannot be
rejected for α = 0.05 (ranks 932 and 597).

4.1.3 Regional Analysis of Spatial Correlations

The effects which have been detected so far in Baden–Württemberg, namely a positive
correlation in the change of the relative purchasing power between neighboring town-
ships and the weakening of such a correlation over time, may differ for rural and urban
regions. In order to investigate the spatial correlation for a representative in each case,
the mark correlation function κ(r) is estimated for the Bodensee–Oberschwaben and
Stuttgart region, respectively. The corresponding graphs are displayed in Fig. 4.6.

Furthermore, we calculated pointwise 90% acceptance intervals for the mark correlation
functions (see Section 3.4.3.2). From Fig. 4.7 it can be seen that the spatial correlation
is significant only for the Bodensee–Oberschwaben region in the time period 1987–
1993. This finding corresponds well to the behavior of the spatial correlation in Baden–
Württemberg. For the Stuttgart region we can see that there are no significant spatial
correlations between neighboring townships and thus, no significant development of the
relative purchasing power in urban regions. We can conclude that the spatial correlation
of the change in the relative purchasing power in Baden–Württemberg derives from the
spatial correlation in rural regions.
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Figure 4.6: Estimated mark correlation functions κ̂(r) for different time intervals (1987–
1993, 1993–1998, 1998–2004) and regions

4.1.4 Summary and Discussion of the Results

The main focus of this study is on the detection and the temporal development of
spatial correlations w.r.t. the change of the relative purchasing power for townships in
Baden–Württemberg. The main findings can be summarized as follows:

• There is a positive correlation for small point pair distances w.r.t. the change
of the relative purchasing power. It is also evident that this positive correlation
weakens over time. These results are obtained by using three different methods
from spatial statistics:

1. The values of the mark correlation function κ(r) are above 0 and decreasing
towards 0 for later time intervals and constant point pair distance.

2. The values for the distance–dependent Simpson indices ∆K(r) and ∆g(r) are
running below the value of the distance–independent Simpson index ∆. Fur-
thermore, the distance between ∆̂ and ∆̂K(r) and ∆̂ and ∆̂g(r), respectively,
decreases for later time intervals.

3. The null–hypothesis of independent labelling is only rejected for the first
time interval.

• The effects which appear in whole Baden–Württemberg derive from the effects in
rural regions. The same qualitative effects which can be stated for the change of
the relative purchasing power in Baden–Württemberg as a whole can be observed
regarding only rural townships.

The observation of positive spatial correlations in Baden–Württemberg might not be
too surprising. Reasons for this effect might be, first of all, that often inhabitants of
a township are working in a neighboring township and vice versa, thereby positively
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correlating the change of the relative purchasing power for these towns. Another fact
that could cause a positive correlation for neighboring townships is that often companies
working in a similar sector are located relatively close to each other. For example, a
metal processing plant may be close to an automobile manufacturer. Hence, a boom
(or a crisis) in such a sector causes a boom (or crisis) for a whole region, not only for a
specific township. A similar argument might hold w.r.t. the vertical process chain, e.g.
suppliers and processors in the automobile industry.

A behavior that is more interesting and surprising is that the effect of positive correla-
tion for the change of the relative purchasing power has become much weaker in later
years and that in the meantime this positive correlation is almost non–existent in the
sense that tests for independent labelling are not rejected. The weakening in the posi-
tive correlations of the relative purchasing power might be explained by the increased
mobility of the population, which creates more diversity in the type and the location of
work for a township’s population. Also, w.r.t. companies of a similar sector, mainly of
the tertiary sector, in later years there is more and more diversification, meaning that
they are more uniformly spread over the state and not as concentrated as in earlier
years.

Furthermore, by analyzing the spatial correlations of the relative purchasing power in
urban and rural regions of Baden–Württemberg, it turns out that the effects for the
spatial correlations which appear in rural regions mainly contribute to the effects for
the spatial correlations in whole Baden–Württemberg. The same qualitative effects,
which can be stated for the change of the relative purchasing power in Baden–Würt-
temberg as a whole, can be observed regarding only rural townships, where lowering of
spatial correlations in whole Baden–Württemberg is caused by the lack of such spatial
correlations in urban regions. A reason for the absence of spatial correlations between
neighboring townships in urban regions might be that the increase of mobility and di-
versification mentioned above has taken place earlier for urban regions than for rural
regions.

A consequence of the results presented in this study might be that if the spatial corre-
lations in the change of the relative purchasing power are becoming weaker, the relative
purchasing power itself will become more and more random, in the sense that spatial
correlations are also weakening for the relative purchasing power itself. This loss of
spatial correlation could mean that there will be a large variability w.r.t. relative pur-
chasing power for neighboring townships in a region. In conclusion this means that
businesses as well as politicians must consider very detailed information w.r.t. their
decisions on a specific township or region, e.g. regarding the choice of a new location or
the distribution of subsidies. For a detailed economical interpretation of these results
see [36].



76 4 Applications to Economical Data

4.2 Spatial Correlations of S&P 500 Stock Returns

Several studies have documented that investment decisions are affected by geographical
location within a country. Both institutional investors ([27]) as well as retail investors
([66]) allocate a disproportionately large fraction of their portfolios to firms that are
close to their offices or homes. Possible reasons for such investment patterns are infor-
mational advantages and behavioral preferences for familiarity. Provided that investor
sentiment or information arrival is locally correlated, geographical distance could affect
return correlations across stocks. This conjecture is tested by [9] and [116] who conclude
that the correlation of stock returns increases with decreasing distance.

However, there is some debate on the appropriate methodology for measuring the effect
of distance on correlation. For example, [9] questions the approach of [116]. One con-
tribution of our study is therefore methodological, i.e. we compare the results obtained
by two different methods: We use an approach from spatial statistics, the mark corre-
lation function, and complement it with a modified version of the regression analysis
suggested by [9]. For the stocks contained in the Standard and Poor’s 500 index (S&P
500) that we examine, both approaches lead to similar results: correlation increases
with decreasing distance. Contrary to previous studies, however, we obtain that differ-
ences in distance do not matter much once the firms’ headquarters are more than 40
miles apart.

4.2.1 Data Description and Preprocessing

Our analysis is based on firms contained in the S&P 500. Monthly stock returns are
obtained from the Center for Research in Security Prices (CRSP). Address information
(state, city and five digit zip–code) for the location of headquarters along with the Stan-
dard Industrial Classification (SIC) code are from the annual COMPUSTAT database.
Information on population numbers for each location is taken from http://www.city-
data.com (2008) which derive from the census 2000 carried out by the U.S. Census
Bureau.

We restrict our sample to firms with headquarters located in the USA, which reduces
the number of firms to 465 from a total of 500 firms on the S&P 500, for which we
consider monthly stock returns for the years 2000–2004.

For each pair of firms, we compute the distance between headquarter locations based
on the geographical coordinates of the five digit zip–code. Applying the correction for
the curvature of the earth, the distance d(i, j) between two firms i and j is given by

d(i, j) = ̺ arccos(cos(lati) cos(latj) cos(longi − longj) + sin(lati) sin(latj)),
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Figure 4.8: Map cutout of headquarter locations with small (−) and big (+) cities

where ̺ is the earth circumference (̺ = 3959.871 miles) and (lati, longi) are the geo-
graphical coordinates, i.e. the latitude and longitude in radian, of firm i ([147]). Geo-
graphical coordinates for US zip–codes can be obtained from http://www.census.gov
(2008).

A map cutout of the firm locations for three federal states can be found in Fig. 4.8. A
summary of the sample w.r.t. federal states is presented in Tab. 4.2. For each federal
state the number of firms, the number of firms in large cities (population > 100000)
and the average distance between all firms is tabulated.

For the analysis of pairwise comovements of stock returns, we consider (a) raw stock
returns and (b) residual stock returns from a factor analysis. Residual stock returns
are analyzed in order to control for the possibility that geographical clustering of firms
with similar characteristics leads to higher correlations of nearby firms. The analysis
of raw stock returns is in particular interesting from the perspective of undiversified
investors with a tilt towards local stocks. Since those investors are undiversified w.r.t.
distance as well as w.r.t. industry and other factors, their portfolio risk will be affected
by correlation effects of distance as such but also by geographical clustering of similar
firms. Neglecting the latter in the assessment of diversification losses would lead to an
underestimation of such losses.

Residual stock returns are obtained from a linear regression with the excess return
R − RF as dependent variable, where R is the monthly stock return and RF denotes
the risk–free return. The set of independent variables includes the following five factors,
where we use the data provided by Kenneth French at

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data library.html (2008).

• In [41] it is shown that common variation in stock returns can be explained to
a large part by three factors: market excess return RM − RF , the return of
small minus big stocks (SMB) and the return of high book–to–market minus low
book–to–market stocks (HML) .
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State Firms Large d State Firms Large d
cities cities

Alabama 5 4 230.8 Minnesota 14 9 41.9
Arizona 4 4 4.7 Missouri 8 6 111.2
Arkansas 5 2 127.0 Nebraska 2 2 12.5
California 68 43 196.8 Nevada 2 2 333.7
Colorado 7 4 11.4 New Hampshire 1 0 -
Connecticut 13 6 243.0 New Jersey 17 1 22.5
Delaware 3 0 0.0 New York 58 45 106.5
District of Columbia 2 2 3.9 North Carolina 13 10 58.8
Florida 11 8 135.3 Ohio 25 21 111.4
Georgia 13 12 34.4. Oklahoma 3 3 65.4
Idaho 2 2 8.4 Oregon 2 0 15.7
Illinois 32 14 40.8 Pennsylvania 20 15 143.8
Indiana 6 3 82.3 Rhode Island 4 1 18.9
Iowa 2 1 32.7 Tennessee 10 7 192.1
Kentucky 5 4 55.9 Texas 41 37 135.7
Louisiana 2 1 216.5 Utah 1 1 -
Maryland 8 2 25.6 Virginia 10 4 59.6
Massachusetts 18 4 14.0 Washington 9 6 10.2
Michigan 11 4 76.7 Wisconsin 8 5 15.4

Table 4.2: Number of headquarters of firms, number of headquarters of firms in large
cities and average distance d [miles] between firms for each federal state
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• Following [25] we add a momentum factor (MOM).

• The correlation between returns of firms operating in the same industry is 2.5
times larger than that of two average firms in different industries ([9]). In order to
control for industrial clustering, we include the difference between mean industry
return and market return RI − RM as an additional factor. We consider the 48
industry classes defined in [42] which are based on the four digit SIC code. The
corresponding monthly mean industry returns RI are not based on our sample
of 465 firms but are taken from Kenneth French’s data library, who computes
the mean by industry classes over all stocks traded on the AMEX, NYSE and
NASDAQ.

Residuals are obtained by first running a five–factor regression of the form

Rj,t−RFt = aj+bj(RMt−RFt)+sjSMBt+hjHMLt+mjMOMt+cj(RIj,t−RMt)+εj,t

separately for each firm j in the sample. Here, RIj,t denotes the mean industry return
at time t for industry class of firm j. The corresponding estimated residuals are then
given by

ε̂j,t = (Rj,t−RFt)−âj−b̂j(RMt−RFt)−ŝjSMBt−ĥjHMLt−m̂jMOMt−ĉj(RIj,t−RMt) ,
(4.1)

where (âj , b̂j, ŝj , ĥj, m̂j , ĉj) denotes the least squares estimator of (aj, bj , sj, hj, mj , cj).

4.2.2 Methodology

We introduce two approaches for the analysis of spatial correlations, namely a linear
regression model and the mark correlation function. The main difference between these
two approaches relates to the order in which the data is analyzed. Our data consists
of a number of measurement locations (the 465 locations of firms’ headquarters) and a
number of measurement times (60 months in our sample). This data is decomposed in
two different ways: in the regression approach, we first average over time by computing
the time series correlation for each pair (i, j) of the 465 headquarter locations individ-
ually, then we average over space by analyzing the drivers of these correlations. On the
other hand, computing the mark correlation function, we get a functional correlation
estimate for each month which is then averaged over time.

4.2.2.1 Regression Analysis

The effect of distances between headquarter locations on the correlation of stock returns
is first analyzed by means of an ordinary least squares (OLS) regression. Pairwise
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correlation is regressed on a set of dummy variables that capture the distance between
two headquarter locations. For this purpose we define distance classes and set the
respective dummy to one if the distance between two firms belongs to a certain distance
class, i.e. for some m < m′ we put

Dm,m′

i,j =

{
1 if m miles ≤ distance between firms i and j < m′ miles,

0 else.
(4.2)

The empirical correlation CORRi,j of firms i and j is computed based on 60 monthly
observations by

CORRi,j =

∑60
t=1(Ri,t − R̄i)(Rj,t − R̄j)√∑60

t=1(Ri,t − R̄i)2
∑60

t=1(Rj,t − R̄j)2

, (4.3)

where Ri,t denotes the return of firm i at time t and R̄i is the mean return of firm i.
When we analyze correlations based on residual stock returns we replace Ri,t and R̄i in
equation (4.3) by the respective values for residual returns obtained from (4.1).

The general regression model for empirical correlations has the form

CORRi,j = α + β⊤Di,j + ui,j, (4.4)

where u denotes the error term, D is a vector of dummy distance variables considered,
β⊤ is the transposed vector of respective coefficients, and α denotes the regression
constant.

By construction the observations in our sample are not independent. Each firm con-
tributes to multiple observations because we consider pairwise correlations. Conse-
quently, the OLS standard errors are biased downwards which leads to inflated t–
statistics. Following [9] we address this problem by estimating the standard errors
through a bootstrap simulation. More precisely, we generate 1000 bootstrap samples
by randomly drawing 465 firms with replacement from the set of all firms and con-
structing all possible pairwise combinations (pairwise combinations for the same firm
are omitted). We then run an OLS regression for each bootstrap sample to get the
bootstrap coefficient estimates for α and β. Finally, the standard errors are set to the
standard deviations of the respective 1000 bootstrap coefficient estimates. Note that
in our data analysis (see Section 4.2.3) the means of the bootstrap coefficient estimates
are similar to the values obtained from an OLS regression for the original sample.

In a first approach to the problem in question, we consider various distance classes
for the specification of the regression model given in Eq. (4.4). More precisely, for 15
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distance classes each capturing a distance of 100 miles, the resulting specification of the
general regression model given in Eq. (4.4) is given by

CORRi,j = α +

15∑

k=1

βkD
100(k−1),100k
i,j + ui,j, (4.5)

with the reference class capturing all distances larger than 1500 miles. We refer to
this specification as Model 0. However, our data analysis shows (see Section 4.2.3.1
below) that distance effects are relatively small or not significant if firm headquarters
are located further apart than 100 miles. As a consequence we focus on distances less
than 100 miles and analyze whether a more detailed statement can be made on the
structure of spatial correlations within this range.

For this purpose, we define five distance classes D20(k−1),20k, k = 1, ..., 5, each represent-
ing a distance of 20 miles. The specification of the general regression model in Eq. (4.4)
is then given by

CORRi,j = α +

5∑

k=1

βkD
20(k−1),20k
i,j + ui,j. (4.6)

We refer to the above specification as Model 1.

4.2.2.2 Mark Correlation Function

Besides the regression approach explained in Section 4.2.2.1 we use the mark correlation
function κ(r) (see Section 2.2.5.5) in order to analyze the spatial correlations of stock
returns. Therefore, we consider the locations of firm headquarters as points Si on the
(spherical) surface of the earth and their raw stock returns and residual stock returns,
respectively, as marks Ri of these points. The sequence (S1, R1), (S2, R2), ... of all firm
locations together with their stock returns is considered as a marked point process
on the sphere S̺ ⊂ R

3, where S̺ has its midpoint at the origin and circumference
̺ = 3959.871 miles.

More precisely, since the headquarters of S&P 500 firms considered in the present study
are located within the USA, we can consider the sequence (S1, R1), (S2, R2), ... as the
restriction of a (more comprehensive) marked point process on Sρ, which is restricted
to the territory of the USA. The latter point process on the whole sphere Sρ is assumed
to be isotropic, which means that its distribution is invariant w.r.t. arbitrary rotations
of the (spherical) coordinate system.

Note that we do not use the estimator κ̂(r) for κ(r) as introduced in Eq. (3.15), but
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the following (slightly modified) version κ̃(r) of κ̂(r), which is given by

κ̃(r) =

∑

Si,Sj∈W,i6=j

k(r − |Si − Sj |)(Ri − l̂)(Rj − l̂)

∑

Si,Sj∈W,i6=j

k(r − |Si − Sj|)

/
ŝ2

l ,

where |Si−Sj | is the spherical distance of Si and Sj and W denotes the sampling window

(in our case, the territory of the USA). Furthermore, l̂ and ŝ2
l are estimators for the

mean and variance of the marks, respectively (see Section 3.1.6). Note that an edge
correction of the estimator κ̃(r) is not straightforward for the spherical case. However,
it can be omitted in this study, since we consider only short–range correlations.

We also remark that for the definition and estimation of the mark correlation function
it is convenient to consider so–called simple point patterns only, i.e. there is at most one
mark Ri at any location Si, which means that Ri = Rj if Si = Sj . Thus, we aggregate
the (raw or residual) returns of firms with the same zip code to one (raw or residual)
return, where we use the mean (raw or residual) return of the affected firms as joint
mark. This leaves us with 356 locations, i.e. 356 points Si in the point pattern.

4.2.2.3 Confidence Intervals

Besides computing estimates for the model characteristics β and κ(r) introduced in
Sections 4.2.2.1 and 4.2.2.2, respectively, we determine confidence intervals for these
characteristics.

We first consider the regression model introduced in Section 4.2.2.1 and construct
approximative 95% confidence intervals for the components β1, . . . , βℓ of the vector
β⊤ = (β1, . . . , βℓ) of regression coefficients, which are based on the OLS estimator

β̂⊤ = (β̂1, · · · , β̂ℓ) for β and on the bootstrap estimates β̂(i)⊤ = (β̂
(i)
1 , . . . , β̂

(i)
ℓ ), where

ℓ denotes the number of distance classes considered in the respective regression model;
i = 1, . . . , 1000. For each k = 1, . . . , ℓ, we compute the mean value βk and the respective
standard error SE(βk), where

βk =
(
β̂

(1)
k + . . . + β̂

(1000)
k

)
/1000 and SE(βk) =

√√√√ 1

999

1000∑

n=1

(
β̂

(n)
k − βk

)2
. (4.7)

Then, assuming that the quotient (β̂k−βk)/SE(βk) is drawn from a distribution which is
close to the standard normal distribution, an approximative 95% confidence interval for
the kth component βk of β is given by

(
β̂k−z0.975SE(βk), β̂k +z0.975SE(βk)

)
, where z0.975
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is the 0.975 quantile of the standard normal distribution. Note that the use of formula
(4.7) for the standard error SE(βk) is justified by the application of bootstrapping.

In order to construct pointwise 95% confidence intervals for the values κ(r) of the mark
correlation function we can proceed in a similar way. For any r ∈ (0, rmax] and for each
of the 60 months we compute the estimates κ̃(1)(r), ..., κ̃(60)(r). Then, we compute the
mean value κ(r) and the standard error SE(κ(r)), where

κ(r) =
(
κ̃(1)(r) + . . . + κ̃(60)(r))

/
60 and SE(κ(r)) =

√√√√ 1

59

60∑

n=1

(
κ̃(n)(r) − κ(r))2 .

(4.8)
Assuming again that the quotient

√
60(κ(r)−κ(r))/SE(κ(r)) is drawn from the standard

normal distribution, a 95% confidence interval for κ(r) is given by

(
κ(r) − 1√

60
z0.975SE(κ(r)), κ(r) +

1√
60

z0.975SE(κ(r))
)
.

The formula for the standard error SE(κ(r)) considered in Eq. (4.8) is based on the
assumption that the values κ̃(1)(r), . . . , κ̃(60)(r) are independently sampled. This inde-
pendence property can be tested by standard statistical procedures for time series, e.g.
Fisher’s g–test ([23]).

Note that it is also possible to compute confidence intervals for the mark correlation
function based on bootstrap estimates of κ(r), where a method suggested in [92] can be
used. Here, to obtain bootstrap confidence intervals for κ(r), we create 1000 bootstrap
samples B1, · · · , B1000 with 60 items from the original sample {κ̃(1)(r), · · · , κ̃(60)(r)}
for each r separately. The sampling is independent and with replacement. For all
1000 bootstrap samples their corresponding mean values κ̄i(r) = 1

60

∑60
j=1 κ̃

(j)
i (r), i =

1, ..., 1000 are computed, where κ̃
(j)
i (r) denotes the jth item in Bi. The 95% confidence

interval for κ(r) is then given by (κ̄∗
26(r), κ̄

∗
975(r)), where the sequence κ̄∗

1(r), · · · , κ̄∗
1000(r)

is the values κ̄1(r), ..., κ̄1000(r) sorted by size.

4.2.3 Estimated Spatial Correlations of Stock Returns

In this section we present the results of our spatial correlation analysis of stock returns
which we obtained by means of the regression approach introduced in Section 4.2.2.1
as well as the results of our analysis using the mark correlation function (with an
Epanechnikov kernel and bandwidth h = 20 miles) explained in Section 4.2.2.2.
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D0,100 0.016 D800,900 0.002
(2.745) (0.313)

D100,200 0.006 D900,1000 0.001
(1.084) (0.114)

D200,300 0.009 D1000,1100 0.005
(1.795) (0.986)

D300,400 0.008 D1100,1200 0.001
(1.776) (0.18)

D400,500 0.007 D1200,1300 -0.003
(1.302) (-0.41)

D500,600 0.004 D1300,1400 0.001
(0.944) (0.192)

D600,700 0.004 D1400,1500 0.007
(0.893) (1.158)

D700,800 0.003 Const 0.004
(0.751) (1.631)

Adjusted R2 0.0012

Table 4.3: Regression results for residual stock returns (t–statistics in parentheses;
adjusted R2 is averaged from 1000 bootstrap simulations)

4.2.3.1 Analysis of Residual Stock Returns

In the following we analyze residual stock returns.

First Choice of Distance Classes

We first consider Model 0 given in Eq. (4.5). Coefficient estimates α̂, β̂1, ..., β̂15 for the
empirical correlation of residual stock returns being the dependent variable are pre-
sented in Tab. 4.3. We see a significant increase in correlation w.r.t. the reference class
only for distances less than 100 miles.

Detailed Analysis of Short–range Correlations

Altogether, the results presented in Tab. 4.3 suggest that correlations of residual stock
returns are significantly higher if firm headquarters are located not further apart than
100 miles. Beyond that, distance effects are relatively small or not significant. For this
purpose we consider Model 1 given in Eq. (4.6).

Fig. 4.9 shows the estimated spatial correlations for residual stock returns, where this
figure presents results from the mark correlation function and from the regression anal-
ysis, respectively. For the latter estimated coefficients for distance dummies included in
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Figure 4.9: Estimated spatial correlations for residual stock returns for S&P 500 firms
using regression analysis and the mark correlation function (dashed lines are pointwise
95% confidence intervals)

Model 1 are graphed. Note that the illustration of results from the regression analysis
derives from a linear interpolation of the estimated coefficients of five distance classes,
whereas the mark correlation function provides “quasi–continuous” values. Both ap-
proaches used for the analysis of spatial correlations indicate similar results: The corre-
lations of residual stock returns are clearly recognizable for distances less than 40 miles.
Yet, the correlation declines with distance and for firms further apart than 40 miles,
we find no significant correlation of stock returns. A closer comparison of the results of
the two methods shows that the principle form of the curves is identical. Moreover, the
magnitude of the spatial correlations is similar. However, using the mark correlation
function the detected significance of spatial correlations appears more clearly. This is
due to the fact that the confidence intervals in Fig. 4.9(b), which have been computed
for the mark correlation function, are shorter than those computed in Fig. 4.9(a). We
also compute bootstrap confidence intervals for the mark correlation function using
the method mentioned at the end of Section 4.2.2.3, where we obtain results which
are practically identical to those shown in Fig. 4.9(b). Note that Fisher’s g–test has
been applied in order to test whether the estimates κ̃(1)(r), · · · , κ̃(60)(r) of the mark
correlation function considered in Figure 4.9(b) are independently sampled, where the
null–hypothesis of independence is not rejected.

Correlation Analysis for Different City Sizes

We consider the size (i.e. population number) of headquarter cities as a potential factor
to influence the relation of distance and stock return comovements. Previous findings
concerning the city size are controversial. In [116] it is reported that correlation of stock
returns is higher in larger cities, whereas [9] draws the opposite conclusion from the
observation that the difference in the populations of headquarter cities does not explain
correlations. Note that the approach chosen by [9] does not distinguish between pairs
of small cities and large cities. Consider two large and two small firms, both pairs
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Figure 4.10: Estimated spatial correlations for residual stock returns for S&P 500 firms
in large and small cities, respectively, using regression analysis and the mark correlation
function (dashed lines are pointwise 95% confidence intervals)

equally sized. Consequently, the difference in populations for the large and for the
small pair is zero and does not control for the difference between the pairs. We therefore
choose to control for differences in population numbers by separating the sample w.r.t.
population. Specifically, we classify cities as large if the population number exceeds
100000 and as small otherwise.

Regression results as well as results from the analysis using the mark correlation function
are presented in Fig. 4.10 for each subsample. As for the regression results we present
coefficient estimates for Model 1. When controlling for size of headquarter cities, we find
that the results reported in Fig. 4.9 are mainly driven by large cities (see Figs. 4.10(a)
and 4.10(b)). If firms are located in small cities, we find no significant correlation of
residual stock returns (see Figs. 4.10(c) and 4.10(d)). Furthermore, using the mark
correlation function we inexplicably detect slight, but significant negative correlations
for firms located about 50 – 80 miles apart (see Fig. 4.10(b)).

4.2.3.2 Analysis of Raw Stock Returns

For a comparison of the results obtained for residual stock returns with those for raw
stock returns we also perform a short–range correlation analysis for raw stock returns
of all S&P 500 firms with headquarters located in the USA. Thus, for the regression
approach we use Model 1.
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Figure 4.11: Estimated spatial correlations for raw stock returns for S&P 500 firms
using regression analysis and the mark correlation function (dashed lines are pointwise
95% confidence intervals)

From Fig. 4.11 it can be seen that we detect significant spatial correlations up to a
distance of 40 miles for the regression model as well as for the mark correlation function.
A comparison of these results with those obtained from the analysis of residual stock
returns shows that the distance up to which we detect significant spatial correlations
is similar, but the magnitude has changed. The geographical comovement of residual
stock returns is less strong than in the case of the raw stock returns. A possible
explanation is that some (but not all) of the geographical effects are already captured
by the five–factor regression analysis discussed in Section 4.2.1.

4.2.4 Summary and Discussion of the Results

We have examined returns of stocks contained in the S&P 500 and find that the cor-
relation is larger for nearby firms. This result, however, holds only for firms that are
less than 40 miles apart. Once the distance is larger than 40 miles, it matters little or
nothing how large it is. The findings should help detect the drivers of distance effects.
Based on our results, it seems likely that it is local rather than regional effects which
are at work.

The findings differ from the ones reported by [9] and [116]. This shows that the choice
of a research methodology is crucial for examining the effects of distance on cross–
correlation, e.g. [9] criticizes the methodology used in [116] and obtains different results
for large firms. We further modify the regression approach by [9] and get results which
are broadly consistent but differ in some aspects: The irrelevance of distance beyond
40 miles and the role of the city sizes. We also suggest an alternative approach from
spatial statistics. The results are similar to the ones from our modified regression
approach, strengthening confidence in the robustness of results. An advantage of the
mark correlation function is that it leads to shorter confidence intervals in contrast to
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those obtained from the regression analysis. Moreover, the mark correlation function
is a “quasi–continuous” function, i.e. for each distance r of a dense grid of distances
we obtain an estimate of the spatial correlation κ(r). Thus, considering the mark
correlation function there is no need to aggregate the data into distance classes. On
the other hand, an advantage of the regression approach is the higher flexibility of
the model, e.g. it is straightforward to account for firms being located in different
federal states which is done in [38]. For a more detailed economical interpretation of
these results and a simulation study which shows that distance can significantly affect
portfolio risk see [38].
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4.3 Reinsurance Risks – Tropical Cyclones in the

North Atlantic

Tropical cyclones cause by far the highest losses for the insurance industry. A stochastic
model for the tracks of tropical cyclones that provides large amounts of simulated data
for the assessment of hazards is introduced in [122] and [123]. In the following we
investigate whether this synthetic data exhibits the same basic properties, i.e. whether
the stochastic model is an appropriate model for the data. For the model validation we
consider spatial correlations of wind speed characteristics in the North Atlantic.

4.3.1 Stochastic Model for the Storm Tracks

This section introduces the stochastic model for the storm tracks as proposed in [122]
and [123]. We give a short overview of this model, which consists of the following parts:

• The points of genesis of the storms are modelled as an inhomogeneous Poisson
point process.

• The direction, the translational speed and the wind speed of the storms are mod-
elled as Markov chains dependent on the current location.

• The termination probability of the storms depends on the actual location and the
actual wind speed.

4.3.1.1 Data Description

The data are taken from the HURDAT best track data provided by the National
Oceanographic and Atmospheric Administration of the USA (NOAA). The records
between 1900–2005 are used which provide the position and maximum wind speed of
each storm, recorded at six–hour intervals. By this, a storm track can be represented
as a polygonal trajectory, connecting several points of measurement. Altogether, 979
storms in the North Atlantic have been observed.

As a first step the storm tracks are split into different classes according to their starting
points, end points and the affected regions. For details on the classification see [123].
Furthermore, we consider two subsets of the overall data set:

• The first subset contains all cyclone tracks whose points of genesis were measured
during one of the years 1926–1970 (427 storms) and 1995–2005 (165 storms).
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These years represent periods with particularly high tropical cyclone activity,
which appears to be closely related to a high sea surface temperature ([62], [83]).
Throughout this study, this subset is thus referred to as the “warm phase data”.

• The second subset contains all cyclone tracks whose points of genesis were mea-
sured during one of the years 1903–1925 (141 storms) and 1971–1994 (222 storms).
These years represent periods with lower tropical cyclone activity, which appears
to be closely related to lower sea surface temperatures. Throughout this study,
this subset thus is referred to as the “cold phase data”.

The 24 storms from 1900–1902 have not been classified. Note that not all of these storms
had landfall, i.e. some storms do not contribute any information to the measurement
points.

4.3.1.2 Simulation Algorithm

For the calibration of the model, the data described in Section 4.3.1.1 is used. The
following steps are performed for each class separately (see Fig. 4.12).

1. Generate a realization of the inhomogeneous Poisson point process with estimated
intensity function.

2. Choose a point from the realization which does not have a corresponding cyclone
track. If there are no points left, terminate the algorithm.

3. Generate a realization of the direction, the translational speed and the wind
speed according to the estimated distributions and current location. Determine
the storm’s new location.

4. Perform a Bernoulli experiment according to the current location and wind speed.
If the result is ’success’, terminate the storm track and go to step 5. Otherwise
go to step 3.

5. Validate the simulated storm. If it matches the class for which this algorithm is
being performed, accept the storm and go to step 2. Otherwise, go to step 3.

Fig. 4.13 shows a comparison between the original data and a sample of simulated
storms for one of the considered storm classes.
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a) Generation of a starting point b) Generation of an initial track

c) Generation of an additional track d) Termination

Figure 4.12: Simulation algorithm of the stochastic storm track model

a) Original storms b) Simulated storms

Figure 4.13: Original storm tracks and a realization of the stochastic model
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4.3.1.3 Wind fields

The information incorporated into the model for the storm tracks is limited to polygonal
trajectories so far, but for each real or simulated storm a 2–dimensional wind field can
be calculated using a modified Rankine vortex ([61], [123]). This model thus allows
statements about the situation outside the points of measurements and the segments
connecting them. It is given by

v(r) =





vmax · r
rmax

if 0 ≤ r < rmax,

vmax ·
(

r
rmax

)−s

else,

where the wind speed v(r) at a distance r from the center is given as a function of r,
of the radius rmax at which the maximum wind speed is attained and of the maximum
wind speed vmax. The exponent s ∈ [0, 1] determines the shape of the wind profile and
has to be found empirically ([123]).

With this method, wind speeds caused by a storm at locations of interest are computed.
The estimation of the distribution and the frequency of storms affecting these locations
are the basis of the hazard assessment. The reinsurance risks are then a function of
hazard, exposure and vulnerability.

4.3.2 Mark Correlation Function as a Tool for Model Valida-
tion

The stochastic model proposed by [122] and [123], and briefly described in Section 4.3.1
has been evaluated by a number of statistical tools, e.g. comparing the distributions of
the wind speeds and counting storms at specific locations ([123]). Now, our aim is to
validate the model by means of the spatial correlation structure in the wind field.

4.3.2.1 Creation of Marked Point Patterns

For the model verification we consider three areas close to the North Atlantic which are
frequently affected by tropical storms and are of interest to the reinsurance industry.
These are the state of Florida (without the pan handle), New Orleans in Louisiana, and
Houston/Galveston in Texas. The locations of the points are displayed in Fig. 4.14.
Each measurement point over land corresponds to a specific (unknown) population size.
Over sea, i.e. over the North Atlantic, we have a equidistant grid of measurement points.
Note that we convert the corresponding latitude and longitude of the measurement
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points into Euclidean coordinates by the Lambert Conformal Conic projection ([135])
to correct the curvature of the earth.

The following is done for the original storms and the simulated ones. Furthermore, we
distinguish between all storms and storms occurring in a cold phase and warm phase,
respectively.

For each measurement point we obtain a distribution of wind speeds (see Section
4.3.1.3). From this distribution we take the 10%, 20%, ..., 90%, 95%, 99% and 100%
quantile as a mark. The 100% quantile refers to the maximum wind speed. The high
quantiles are of special interest, since storms with high wind speed cause the largest
damages.

In the following we assume that the observed point patterns are realizations of isotropic
and stationary point processes.

4.3.2.2 Estimated Mark Correlation Functions

In this section for each of the marked point patterns constructed in Section 4.3.2.1, the
mark correlation functions are estimated for the real data and for 100 simulations of
the stochastic storm track model using the Epanechnikov kernel with c = 0.15 (see Sec-
tion 3.1.6). From the simulations we compute pointwise 95% acceptance intervals and
perform a Monte Carlo rank test (see Sections 3.4.3.1 and 3.4.2). The null–hypothesis
being tested is about the stochastic storm track model, i.e. if the wind field obtained
from the original data is represented well by the wind field generated by the stochastic
model.

Besides considering all the data, we perform our analysis for the warm phase data and
cold phase data separately.

For simplification, we only display the results of the 50% and 99% quantiles. Fig. 4.15
shows the estimated mark correlation functions of the real (all data, warm phase data
and cold phase data) and simulated data for the three areas of interest. Since in most
cases, these functions run inside the pointwise 95% acceptance intervals the model seems
to be appropriate.

The estimated mark correlation functions of the 50% quantile of wind speed during the
cold and warm phases in Florida are presented very well in the simulated data, while
the estimated mark correlation functions of the 99% quantile hit the boundary of the
envelopes. For Houston/Galveston this effect is visible vice versa. For New Orleans, the
spatial correlations w.r.t. the 50% quantile seem to be a bit too weak in the stochastic
storm track model, but still the estimated mark correlation function of all data runs
inside the envelopes.
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a) Florida

b) Houston/Galveston c) New Orleans

Figure 4.14: Measurement points of the wind speed
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Figure 4.15: Estimated mark correlation functions for different quantiles and for differ-
ent areas (warm phase, cold phase, all)

From Fig. 4.15 it also becomes obvious that the correlation of wind speed quantiles
differ in warm and cold phases.

These observations are also documented in the results of the Monte Carlo rank test
(Tab. 4.4). The null–hypothesis formulated at the beginning of this section is only
rejected in a few cases, i.e. the stochastic storm track model satisfactorily represents
the data.

4.3.3 Summary and Discussion of the Results

The main focus of this study is on the validation of the stochastic model for storm tracks
([122], [123]) by means of the spatial correlation structure w.r.t. wind fields obtained
from real and simulated data. The main findings can be summarized as follows:
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Quantile Florida Houston/Galveston New Orleans
All Cold Warm All Cold Warm All Cold Warm

10% 94 75 83 24 31 19 23 89 66
20% 96 85 66 76 58 9 5 82 82
30% 91 73 73 18 63 1 65 12 89
40% 70 56 66 56 54 19 92 26 97
50% 41 29 14 51 38 76 93 34 99
60% 1 12 25 53 19 63 31 60 100
70% 22 67 35 20 35 56 92 48 97
80% 49 63 1 99 55 90 40 40 89
90% 7 68 4 94 92 95 17 21 75
95% 59 65 45 71 12 99 43 23 45
99% 90 85 89 28 21 93 28 44 27
100% 97 93 93 6 25 7 28 53 49

Table 4.4: Monte Carlo rank tests for stochastic storm track model (rejected cases are
in bold; α = 0.05)

• Three areas (Florida, Houston/Galveston, New Orleans) have been picked out for
the model verification using the mark correlation function. The stochastic model
seems to be appropriate, i.e. the historically observed spatial structure of wind
speeds is satisfactorily represented by the model. Nevertheless, there is still room
for improvement.

• It seems that the spatial structure of the wind speeds for the cold phase, the
warm phase and all data differs slightly. However, the estimated mark correlation
functions run inside the pointwise envelopes except for two exceptions (see curve
for the cold phase in Fig. 4.15b and curve for the warm phase in Fig. 4.15e).

This study showed that the mark correlation function can be used as a tool for model
validation. If the stochastic storm track model is extended, e.g. climatological trends
or cycles, such as warm and cold phases, are included, the presented method still can be
applied. Furthermore, it can then compare the goodness–of–fit of two or more versions
of the model w.r.t. to spatial correlations in the generated wind field. Obviously
this method can be used with slight modifications to validate stochastic models from
different fields of research as well.



Chapter 5

Applications to Biomedical Data

In this chapter we consider three applications of spatial point process statistics to
(marked) point patterns from biomedical data.

The first two projects are situated in cancer research. In the first application we deal
with two different medical scenarios: We consider point patterns of centers of blood
capillaries in prostatic cancer tissue and compare them to those of normal tissue. The
capillaries are 3–dimensional structures, but we obtain 2–dimensional point patterns by
considering planar sections. In a first approach we use the pair correlation function to
compare cancer and normal tissue, whereas afterwards we provide a comparison based
on model fitting.

The second application deals with mammary carcinoma cell nuclei. The aim is to clarify
whether cell division occurs purely at random or whether the spatial distribution of
proliferation is more complex.

The third project is a statistical analysis of 3–dimensional bivariate point patterns. The
point patterns consist of two types of cells in the mouse hippocampus, namely microglia
and astrocytes. The interaction of those cells is of special medical interest.

5.1 Spatial Distribution of Capillaries

Blood vessels have two basic functions, namely the blood transport between the heart
and the tissues and the exchange of blood constituents between tissue and blood, e.g.
oxygen and carbon dioxide. While all blood vessels such as arteries, arterioles, capillar-
ies, venoles and veins are involved in the blood transport, the exchange of constituents
between blood and tissues is largely restricted to the smallest, hairlike peripheral ves-
sels of the body: the blood capillaries. They are blood vessels whose wall consists only

97
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of endothelial cells and a basement membrane ([86]). In the capillaries, the diffusion
distance for the transported molecules is minimal. The density of capillarization is an
important factor for the oxygen supply of a tissue, i.e. the denser the capillary net-
work, the shorter is the mean diffusion distance for oxygen. Hence, organs with very
high oxygen consumption such as the heart muscle possess an extraordinarily dense
capillary network ([86]).

In the process of the development of a neoplasm, the growing tumor tissue needs to be
supplied with new capillaries, after it has reached a certain critical size. The growth
of new vessels in general is denoted as angiogenesis. Capillary angiogenesis in tumors
is a topic of central importance in tumor biology. In the exploration of mechanisms of
angiogenesis, the basic structural background remains the capillary network itself, which
can be visualized by microscopy. At least in the light microscope, tumor capillaries
look largely identical to normal capillaries. Hence, a qualitative, descriptive approach
does not provide enough information when comparing the capillary supply of different
tumors, or when comparing the capillarization of untreated tumors and tumors treated
by drugs or radiation. To obtain objective findings in such investigations, it is obligatory
to quantify the capillarization. For this purpose methods of quantitative stereology
are relevant ([86], [89], [90]). These methods are rooted in the mathematical domain
of stochastic geometry, where capillaries may be considered as an example of a 3–
dimensional fibre process.

5.1.1 3–dimensional Fibre Processes

Fibre processes are random geometrical models for fibrous structures. They are used
in applications in biology, medicine and material science ([75], [88], [139]). Fibres
may be intuitively defined as thread–like structures, i.e. filamentous or thin tubular
structures whose length greatly exceeds their width. After cutting, such fibres appear
on a microscopic section as dots, e.g. small ellipses when the true fibres are circular or
elliptical cylinders.

In the case of isotropic and stationary capillary networks, three simple first order pa-
rameters can be estimated by using information from sections of arbitrary location and
orientation, i.e. the volume of capillaries, the surface area of capillaries and the length
of capillaries LA, all per unit volume ([89], [90]). The latter refers to the intensity of the
3–dimensional fibre process and can be estimated as twice the number of capillary pro-
files on a planar section per unit area. These first order parameters tell nothing about
the geometrical architecture of the blood vessels, i.e. their spatial arrangement relative
to each other. To describe arrangements of random sets in space, a well–established
approach consists in methods of second order stereology. Such techniques have hith-
erto been used mostly for random sets with positive volume fraction ([29], [87]). In
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principle, however, they may also be used for the second order characterization of sur-
face processes and fibre processes in the 3–dimensional space ([88], [139]). In [75] it is
shown how second order stereological inference on isotropic spatial fibre processes may
be performed on the basis of observations on 2–dimensional sections. The ordinary
planar pair correlation function g(r) of the sectional profiles of the fibres can be used to
estimate the reduced pair correlation function g3(r) of the 3–dimensional fibre process.

Here the emphasis is put on the estimation of the reduced pair correlation function.
However, in an experimental or clinical research project with more data, it is desired to
provide confidence intervals of the function for groups of cases, and to test for significant
differences between groups. We also make such an attempt at statistical inference. For
this purpose, one of the most elementary questions is addressed: How does the capillary
architecture of normal tissue deviate from the capillary architecture of cancerous tissue
from the same organ? This question has been studied for one of the most frequent
malignant tumors of man, i.e. prostate cancer ([89], [90]). Motivated by a previous
study ([91]), two approaches are used in comparison: Classical statistical inference
methods relying on the assumptions of normality and homoscedasticity of the data, as
well as bootstrap methods as a non–parametric approach.

5.1.2 Acquisition of Visual Fields

For the practical investigations, twelve routine cases of prostatic cancer in which rad-
ical prostatectomies have been performed are chosen. These have been examined
histopathologically at the Institute of Pathology of Ulm University. As a control group
with normal tissue, the tumor–free regions of twelve radical prostatectomy specimens
with prostatic cancer are used (Fig. 5.1). Paraffin sections are stained using an antibody
versus CD34, a routine immunohistochemical marker for endothelial cells which is often
used for the estimation of the microvessel density in tumors ([57], [145]). The sections
are viewed under a Zeiss Axiophot light microscope, connected to a JVC 3–CCD camera
attached to a PC. About 10 to 15 visual fields per case are acquired and stored using the
software Diskus 4.50 FireWire under Windows 2000. The technically best two images
of these series are selected according to quality criteria, i.e. best staining quality of
the capillaries, well preserved morphology of tissue, absence of artifacts. This approach
provides two rectangular visual fields per case with 1240 × 1000 pixels, in which 61 to
341 capillary profiles can be found per field (Fig. 5.2). At the final magnification, one
pixel corresponds to 1.5 µm, hence, fields with edge lengths 1860 µm× 1500 µm are
evaluated. The color images are stored as TIFF files and analyzed interactively using
standard imaging software under Windows NT (Adobe Photoshop, Imagetool). The
centers of the capillary profiles are detected interactively (Fig. 5.1). The coordinates of
these points are stored as ASCII data sets.
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a) Tumor–free prostatic tissue b) Prostatic cancer tissue

Figure 5.1: Prostatic tissue after detection of the centers of capillary profiles

The observed point pattern are assumed to be realizations of stationary and isotropic
point processes.

5.1.3 Descriptive Comparison of Normal Prostatic Tissue and
Prostate Cancer Tissue

In the following we estimate the reduced pair correlation function g3(r) (defined below)
and compute pointwise confidence intervals for g3(r) to compare the structure of the
point patterns obtained from normal prostatic tissue and prostate cancer tissue.

5.1.3.1 Second Order Characteristics of Spatial Fibre Processes

The K–function K̃3(r) of the 3–dimensional fibre process is the mean length of the
fibres in a ball with radius r, centered at a typical point of the fibre process, divided
by LA. The corresponding pair correlation function g̃3(r) can be defined as

g̃3(r) =
1

4πr2

dK̃3(r)

dr
, (5.1)

where we assume that the derivative dK̃3(r)
dr

exists.

In analogy, the reduced K–function K3(r) may be defined as the expected length of the
other fibres in a ball of radius r centered at a typical point of the fibre process, divided
by LA.
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Figure 5.2: Selected visual fields

Then, having in mind Eq. (5.1) and by replacing K̃3(r) with K3(r), the reduced pair
correlation function g3(r) can be defined as

g3(r) =
1

4πr2

dK3(r)

dr
.

In [75] estimators for g3(r) of the form

ĝ3(r) = ĝ(r)

are suggested, where g(r) denotes the pair correlation function of the point process
obtained from the planar section of the fibre process, i.e. we use the estimator given in
Eq. (3.9) to estimate the reduced pair correlation function g3(r).

5.1.3.2 Confidence Intervals

An estimate ĝ(i)(r) of the reduced pair correlation function at a given distance r in
the ith case of n = 12 cases is obtained as the arithmetic mean of the values of the
two estimated reduced pair correlation functions resulting from two point patterns per
case. To estimate a parametric 95% confidence interval for g3(r), the following statistic
standard procedure is used. Let us denote the mean of ĝ(i)(r) for fixed r by

g(r) =
1

n

n∑

i=1

ĝ(i)(r).
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If the assumption of a Gaussian distribution of the data is fulfilled, estimates of the
bounds of a 95% confidence interval for g3(r) are given by (g(r)± 1√

n
tn−1,0.975SE(g(r))),

where SE(g(r)) denotes the standard error of ĝ(1)(r), ..., ĝ(n)(r) and tn−1,0.975 is the
0.975–quantile of the t–distribution with n − 1 degrees of freedom.

To obtain a bootstrap confidence interval (see Section 3.4.1) for g3(r), we create 1000
bootstrap samples B1, ..., B1000 with n items from the original sample {ĝ(1)(r), ..., ĝ(n)(r)}.
The sampling is independent and with replacement. For all 1000 bootstrap samples
their corresponding mean values

Di =
1

n

n∑

j=1

ĝ(i,j)(r)

are computed, where ĝ(i,j)(r) denotes the jth item in Bi. The 1000 values D1, ..., D1000

are sorted in ascending order. The lower and upper bounds of a 95% confidence interval
of g3(r) are estimated by the 26th and the 975th value in this sequence ([91]).

5.1.3.3 Significance Tests

As a parametric test on a significant difference between the mean values of the reduced
pair correlation function from two groups G1 and G2 with nG1 = 12 and nG2 = 12 cases,
the classical two–sample t–test (Student’s t–test) is used.

The bootstrap test statistic D for the two samples is computed as the difference of the
sample means gG1

(r) and gG2
(r), i.e.

D = gG1
(r) − gG2

(r).

For the generation of bootstrap samples, the two samples are united to a common
sample of size nG1 + nG2 . From this sample, we create 999 pairs of bootstrap samples

Si = (S
(i)
G1

, S
(i)
G2

) with nG1 and nG2 items and mean values gG1
(r) and gG2

(r). The
sampling is independent and with replacement. For all 999 bootstrap sample pairs, the
difference D between the group mean values gG1

(r) − gG2
(r) is computed. Finally, the

values of D of the bootstrap samples and of the original sample are ordered in ascending
order. If the rank of D of the original sample in this sequence lies in [1, 25]∪ [976, 1000],
the result is considered to be significant at a level of 5% ([91]).

5.1.3.4 Results

First of all, it is found that the mean intensity of the capillary fibre process LA is
increased in the prostatic cancer group by 47% as compared to tumor–free tissue (see
Tab. 5.1).
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For further statistical evaluations, estimates of the mean reduced pair correlation func-
tions per group are obtained and 95% confidence intervals are computed by classical
and bootstrap methods. Selected results are shown in Tabs. 5.2 and 5.3. Pointwise
confidence intervals based on bootstrapping computed with 1000 samples lay globally
in the same order of magnitude as classically computed confidence intervals. However,
the bootstrap intervals are slightly wider than the classically estimated confidence in-
tervals in general. For small values of r, which leads to very small values of g3(r) in
both groups, application of the parametric standard formula for computation of interval
bounds leads to negative lower bounds. In contrast, bootstrapping provides positive
lower bounds also in these domains.

To test for statistical differences between the mean estimated reduced pair correlation
functions at fixed values of r, multiple t–tests and bootstrap tests are performed. The
results are shown in Tab. 5.4 and Fig. 5.3. Significant differences between the group
mean values of the pair correlation function g3(r) are found according to the bootstrap
method for the ranges of r = 10−32 pixels and r = 64−69 pixels. In both domains, the
values of g(r) are significantly reduced in the carcinoma group. The outcomes of the
bootstrap tests are slightly more conservative than the outcomes of multiple t–tests,
which yields significant differences in the ranges r = 9 − 40 pixels and r = 60 − 77
pixels.

The characteristics rmax, gmax, rmin and gmin are estimated for all individual reduced
pair correlation functions. From these values the global degree of order M is computed.
The results are shown in Tab. 5.1. For the sake of simplicity only the results for the
t–test are presented, since bootstrap tests lead to the same conclusions. However, there
is a highly significant decrease of ĝmax in the cancer group. This finding leads to a
significant decline of the characteristic M . There are no significant differences between
group means w.r.t. rmax, rmin and gmin.

5.1.4 Modelling the Geometry of the Capillaries

We go now beyond this explorative approach discussed in Section 5.1.3 and perform
a parametric modelling of the capillary point patterns by Gibbs point processes (see
Section 2.1.4.4). This approach is chosen for two reasons:

1. It is intended to obtain a better insight into the nature of the geometrical changes
that occur in the capillaries of the tumor tissue as compared to the normal tis-
sue. The estimated model parameters have intuitive meanings, which make an
understanding of the findings easier.

2. An explorative second order statistic, such as the pair correlation function, re-
duces the complexity of the original sets of point patterns, but still remains a
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Normal group Cancer group t p–value
mean SD mean SD

# capillaries 127 38 188 60 2.98 p < 0.01

L̂A [mm/mm3] 91.44 27.36 135.36 43.20 2.98 p < 0.01
r̂max [pixel] 26.77 6.18 30.75 12.32 1.41 p > 0.05
ĝmax 1.41 0.29 1.10 0.24 3.83 p < 0.001
r̂min [pixel] 40.68 8.53 40.12 16.22 0.15 p > 0.05
ĝmin 1.02 0.20 0.94 0.21 1.38 p > 0.05

M̂ 0.0279 0.0154 0.0139 0.0116 2.31 p < 0.05

Table 5.1: Comparison of mean estimated summary characteristics by t–tests
(SD=standard deviation)

r g(r) SD Parametric bounds Bootstrap bounds
3 0.0069 0.0239 −0.0083 0.0221 0 0.0207
4 0.0115 0.0397 −0.0138 0.0367 0 0.0458
5 0.0270 0.0609 −0.0117 0.0657 0 0.0904
6 0.0574 0.0950 −0.0030 0.1178 0.0118 0.1235
7 0.1127 0.1458 0.0201 0.2053 0.0441 0.2054
8 0.1815 0.1887 0.0616 0.3014 0.0900 0.3021
9 0.2655 0.2071 0.1340 0.3971 0.1594 0.3853
10 0.3599 0.2152 0.2232 0.4967 0.2101 0.5264
20 1.1770 0.1909 1.0557 1.2984 1.0025 1.3090
30 1.2738 0.2008 1.1463 1.4014 1.1542 1.4181
40 1.2106 0.1383 1.1227 1.2984 1.1177 1.3175
50 1.1616 0.1548 1.0633 1.2599 1.0491 1.2706
60 1.2049 0.1360 1.1185 1.2913 1.1072 1.3242
70 1.2099 0.1431 1.1190 1.3009 1.1029 1.3203
80 1.1846 0.1483 1.0904 1.2789 1.0832 1.3358
90 1.1633 0.1508 1.0674 1.2591 1.0456 1.2603
100 1.1377 0.1538 1.0400 1.2354 1.0264 1.2430
200 1.1093 0.0885 1.0531 1.1656 1.0526 1.1697
300 1.1002 0.0945 1.0402 1.1602 1.0373 1.1632
400 1.0117 0.1098 0.9419 1.0814 0.9284 1.1054
500 1.0256 0.0856 0.9712 1.0800 0.9568 1.1005

Table 5.2: Parametric and bootstrap 95% confidence intervals of the mean estimated
reduced pair correlation function for the normal group (SD=standard deviation)
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r g(r) SD Parametric bounds Bootstrap bounds
3 0.0039 0.0093 −0.0020 0.0098 0 0.0111
4 0.0109 0.0259 −0.0055 0.0273 0 0.0344
5 0.0192 0.0383 −0.0052 0.0435 0 0.0570
6 0.0262 0.0489 −0.0048 0.0573 0 0.0648
7 0.0416 0.0673 −0.0011 0.0843 0.0043 0.0948
8 0.0636 0.0800 0.0128 0.1145 0.0130 0.1268
9 0.1053 0.0978 0.0431 0.1674 0.0438 0.1818
10 0.1656 0.1273 0.0847 0.2464 0.0864 0.2754
20 0.7493 0.3034 0.5565 0.9420 0.5542 1.0396
30 0.9551 0.2238 0.8129 1.0973 0.7903 1.1639
40 1.0704 0.1934 0.9475 1.1932 0.9327 1.2236
50 1.1092 0.1380 1.0215 1.1968 1.0101 1.2068
60 1.1058 0.0761 1.0574 1.1542 1.0533 1.1767
70 1.0793 0.1024 1.0142 1.1444 1.0039 1.1571
80 1.1055 0.1089 1.0363 1.1747 1.0202 1.1718
90 1.1354 0.1074 1.0672 1.2037 1.0606 1.2265
100 1.1027 0.0945 1.0427 1.1628 1.0340 1.1715
200 1.0606 0.0783 1.0109 1.1104 1.0112 1.1148
300 1.0251 0.0632 0.9850 1.0653 0.9804 1.0666
400 1.0732 0.0622 1.0336 1.1127 1.0323 1.1141
500 1.0123 0.0522 0.9791 1.0454 0.9781 1.0504

Table 5.3: Parametric and bootstrap 95% confidence intervals of the mean estimated
reduced pair correlation function for the cancer group (SD=standard deviation)
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r g(r) of g(r) of D t p–value Rank
normal group cancer group of t of D

5 0.0270 0.0192 0.0078 0.38 0.7096 637
10 0.3599 0.1656 0.1944 2.69 0.0133 979∗

15 0.8100 0.5019 0.3081 3.31 0.0032 979∗

20 1.1770 0.7493 0.4278 4.13 0.0004 993∗

25 1.3117 0.8715 0.4402 4.73 0.0001 998∗

30 1.2738 0.9551 0.3187 3.67 0.0013 987∗

35 1.2254 1.0206 0.2047 2.46 0.0223 951
40 1.2106 1.0704 0.1402 2.04 0.0532 957
45 1.1617 1.0978 0.0640 1.05 0.3047 828
50 1.1616 1.1092 0.0524 0.88 0.3906 764
55 1.1764 1.1237 0.0527 0.96 0.3473 758
60 1.2049 1.1058 0.0991 2.20 0.0384 958
65 1.2313 1.0943 0.1369 3.22 0.0039 991∗

70 1.2099 1.0793 0.1306 2.57 0.0174 970
75 1.2149 1.0897 0.1252 2.41 0.0250 968
80 1.1846 1.1055 0.0792 1.49 0.1504 863
85 1.1689 1.1251 0.0437 0.77 0.4519 735
90 1.1633 1.1354 0.0278 0.52 0.6078 653
95 1.1682 1.1076 0.0606 1.06 0.3000 801
100 1.1377 1.1027 0.0350 0.67 0.5092 682
200 1.1093 1.0606 0.0487 1.43 0.1672 851
300 1.1002 1.0251 0.0750 2.29 0.0321 954
400 1.0117 1.0732 -0.0610 -1.69 0.1055 105
500 1.0256 1.0123 0.0133 0.46 0.6493 646

Table 5.4: Parametric and bootstrap comparison of the mean estimated reduced pair
correlation functions (∗=significant for α = 0.05%)
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Figure 5.3: Mean estimated reduced pair correlation functions of the normal group and
of the cancer group

rather high dimensional subject. Parametric modelling leads to a much stronger
condensation of the information to a few model parameters. In the case of a sta-
tionary Strauss hard core point process, every point pattern may be characterized
by only four quantities: The intensity and three further model parameters. Thus,
the second purpose of parametric modelling is a drastic dimensional reduction
of the information, while still preserving as much as possible of the information
given in the data.

5.1.4.1 Model Fitting

For the model fitting the software package spatstat ([7], [8]) for R 2.2.0 ([118]) is used.

For the stationary Strauss hard core point process (see Section 2.1.4.4), given a fixed
number of points, three model parameters have to be estimated: The hard core dis-
tance r0, the interaction radius rG and the interaction parameter γ ([6], [142]). The
parameters r0 and rG are denoted as irregular, i.e. they must be estimated in separate
work steps, whereas the regular parameter γ is found during the fitting procedure itself.

The hard core distance r0 is estimated for each visual field as the minimum value of
the point pair distances ([92]). The interaction radius rG is estimated according to
the profile pseudolikelihood method ([7], [8]). This procedure is used to find the value
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of rG between 20 pixels and 100 pixels in steps of 1 pixel with the pseudolikelihood
method (see Section 3.2.2) for a given point pattern. For the quadrature scheme, a
30 × 30 point grid plus 4 corner points is applied, and edge correction is performed
by translation ([112]). The value of rG is then used together with that of r0 for the
subsequent model fitting, which ultimately yields an estimate of γ.

5.1.4.2 Model Validation

The aim of this part is a validation of our model choice on the basis of simulations.
The null–hypothesis is that the original point pattern is compatible with a realization
of the stationary Strauss hard core point process with the estimated parameters as de-
scribed in Section 5.1.4.1. After estimating the model parameters as described above,
999 simulations are generated per point pattern (see Section 3.3.2.1). From each sim-
ulated point pattern, the pair correlation function is computed using an Epanechnikov
kernel with c = 0.1. For each distance r, this yields altogether 1000 values of the pair
correlation function, including the value from the true sample. The data analysis is
then performed in a global and in a local approach ([92], [125]).

For the global approach, the areas between the estimated pair correlation functions (of
the simulations and the original point pattern) and the mean estimated pair correlation
function of the simulations are computed. Then, these 1000 areas are sorted by size,
and the rank which is occupied by the area corresponding to the original point pattern
is determined. If the rank of this area is larger than 950, the null–hypothesis is rejected
at a level of 5%. In order to find out in more detail where the deviations occur in terms
of the interaction distances, the 1000 values of the pair correlation function are sorted
by size for each distance r, and it is determined which rank is occupied by the value of
the original point pattern. A significant deviation is noted for those values of r where
the value of the reduced pair correlation function of the original point pattern occupies
a rank between 1–25 or 976–1000.

5.1.4.3 Results

The mean values of the estimated model parameters of the two case groups are shown
in Tab. 5.5. The mean estimated interaction parameter γ̂ shows a highly significant
difference between the normal and the carcinoma group. In the normal group it amounts
to 1.792, whereas in the carcinoma group it is 0.968. There are no significant differences
w.r.t. the hard core distance r0 and the interaction radius rG.

For the model validation using the global approach, it is found that for 34/48 point
patterns the null–hypothesis is not rejected, i.e. the point patterns show no significant
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Normal group Cancer group t p–value
mean SD mean SD

r̂0 [pixel] 17.33 4.51 15.33 4.02 1.62 p > 0.05
r̂G [pixel] 67.75 30.55 50.54 18.39 1.32 p > 0.05
γ̂ 1.792 0.982 0.968 0.288 2.79 p < 0.02

Table 5.5: Comparison of mean estimated parameters for the Strauss hard core point
process by t–tests (SD=standard deviation)

deviation from the Strauss hard core model in terms of the pair correlation function.
However, in 5/24 point patterns from tumor–free tissue and in 9/24 point patterns from
tumor tissue, the area between the mean estimated reduced pair correlation function
of the original point pattern and the mean estimated pair correlation function of the
simulations exceeds 95% of the corresponding areas of the simulations. Hence, these
14 point patterns cannot be considered realizations of an appropriately parameterized
Strauss hard core point process. In the local approach three types of outcomes can be
discerned for the 48 point patterns:

• All values of the reduced pair correlation function of the original point pattern
fall within the 95% central region of the simulations.

• One contiguous series of values of the reduced pair correlation function falls out-
side of it.

• Multiple contiguous series of values of the reduced pair correlation function fall
outside of it.

From our point of view the Strauss hard core point process yields not an absolutely
perfect fit, but may be considered as a realistic approximation for practical purposes,
which seems often to be superimposed by unknown other processes.

5.1.5 Summary and Discussion of the Results

The aim of this study is the characterization of the capillarization of normal prostatic
tissue and prostatic carcinoma tissue. Therefore, we consider planar sections of the
3–dimensional fibre processes constituted by the capillaries. The main findings can be
summarized as follows:

• The mean estimated length of capillaries per unit tissue volume is significantly
higher in prostate cancer tissue than in normal prostatic tissue.
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• There are significant differences between the two groups occurring in the mean
estimated reduced pair correlation function for two domains of distances r.

• The mean values of the first maximum of the reduced pair correlation function
and of the global degree of order are significantly reduced in the carcinoma group.

• In prostate cancer tissue, a highly significant decrease of the mean estimated
interaction parameter of the Strauss hard core point process can be found as
compared to normal prostatic tissue.

Hence, prostate cancer tissue is more densely supplied with capillaries than normal
tissue, and the 3–dimensional arrangement of the vessels differs w.r.t. interaction at
various distance ranges.

The increased intensity in tumor tissue is not really surprising. It is known from many
studies on vascularization of tumor tissues and may be ascribed to an increased angio-
genesis, i.e. formation of new vessels in the tumor, because the more rapidly prolifer-
ating tumor needs more blood supply and produces diverse angiogenic substances.

In histological applications the hard core distance is often needed, because we are not
confronted with ideal points, rather with dots of positive size. These dots, e.g. separate
nuclei, cells, blood vessels, do not overlap from biological reason. Since the size of
the capillaries are adapted to the size of red blood cells which does not vary between
tumor–free and tumor tissue, it is not surprising that the hard core distance r0 of the
Strauss hard core point process remains unchanged in the tumor specimen.

The most striking biomedical finding is a drastic decrease of the mean value of the
interaction parameter γ from larger than 1 in the normal group to smaller than 1 in
the carcinoma group. These changes are concordant with the changes in the mean
estimated reduced pair correlation function. A biomedical explanation for the loss of
attraction between points lying at distances between r̂0 and r̂G is that the capillaries are
often located near the surface of the glands, where the stroma normally cannot enter.
This means a certain preponderance for distances between capillary profiles related to
the diameter of the profiles of the normal glands. This normal glandular structure is
largely lost in the tumor tissue. For a more detailed biomedical interpretation of these
results see [92] and [93].
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5.2 Labelling of Mammary Carcinoma Cell Nuclei

In tumor biology, the proliferative behavior of the neoplastic cells in malignant tumors
is of central interest. High proliferative activity of the tumor cells is often associated
with rapid tumor progression and poor prognosis. A major target of tumor therapies,
such as antineoplastic agents and irradiation, is a significant decrease or total stop of
tumor cell proliferation. Hence, it is of fundamental scientific importance to understand
the principles which are governing tumor cell proliferation. This process can be studied
on the subcellular level using methods of molecular biology and biochemistry. Another
basic approach is the morphological (microscopical) study of cell division. Here one
wants to find out how large is the fraction of dividing cells, and in which manner the
proliferative activity is spatially distributed within the tissue. For example, it would be
plausible to assume that proliferation starts from clusters (nests) of actively proliferating
cells, whereas other regions scarcely divide. In some cases, e.g. in the lymph follicles of
the lymph nodes, this clustering is so obvious that it can be discerned by microscopical
inspection without sophisticated statistical analyses.

Mammary carcinoma (breast cancer) is the most frequent malignant tumor in women.
It is the aim of this study to find out whether the null–hypothesis of independent
labelling applies to the proliferating subset of the tumor cells in the most frequent type
of mammary carcinoma, i.e. invasive ductal mammary cancer. Usually the fraction of
MIB–1 labelled nuclei is rather low in such tumors (5–10%) and by visual inspection
alone one cannot safely determine whether they occur randomly in the tissue or in
groups (see Fig. 5.4). Hence, further progress necessitates the use of methods of spatial
statistics here.

5.2.1 Acquisition of Visual Fields

In diagnostic histopathology, it is a routine application to use immunohistochemical
stains to study the marked pattern of the tumor cell nuclei. Using such methods, it
is possible to classify observed tumor cell nucleus profiles on histological sections in
a binary manner into two categories, i.e. stained vs. unstained nuclei (dividing vs.
non–dividing, proliferating vs. non–proliferating, positively vs. negatively labelled).
In the domain of tumor biology, a popular immunohistochemical marker is the MIB–1
stain ([45]). In this method, a monoclonal antibody versus the antigen Ki–67 is used,
which is specifically expressed in the nuclei of proliferating cells, whereas the nuclei of
non–dividing cells are negative.

Twenty cases of invasive mammary ductal carcinomas are studied light microscopically
using paraffin sections. The best section of each case containing tumor tissue is selected
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for the MIB–1 stain according to technical quality criteria. Two rectangular visual fields
of the size 1240 × 1000 pixels per case are recorded and directly stored in computer
memory after image acquisition with a CCD camera. This size amounts to 440 µm ×
354 µm at the level of the tissue. The planar coordinates of the centers of tumor cell
nucleus profiles are recorded (384–1387 points per field, of which 3–27% are positively
labelled) together with the marks (see Fig. 5.4c).

First the point patterns of the negatively and positively labelled points are considered
separately, omitting the aspect of interaction between them beforehand. Thereafter,
computations are performed in which the negatively and positively labelled points are
considered simultaneously for each field.

The observed point patterns are assumed to be realizations of stationary and isotropic
point processes.

5.2.2 Distribution of Proliferating and Non–proliferating Cells

In the following we perform a battery of investigations to analyze the distribution of
proliferating and non–proliferating cells.

Note that the points are not the nuclei, but traces of the nuclei on sections. It would be
naive to surmise that the estimators ĝ(r) and K̂(r) computed from planar sections are
unbiased estimators of the 3–dimensional versions of the functions g(r) and K(r) of the
true nuclei. However, we have that the 3–dimensional functions can be approximated by
its 2–dimensional equivalents if we deal with sections of spherical particles with constant
diameters, or spherical particles with limited size variation ([139]). This shape model
is not too unrealistic for mammary carcinoma cell nuclei, which mostly look nearly
circular on sections (see Fig. 5.4a). Also in our case giant nucleus profiles, strongly
exceeding the size of the average population in terms of their diameter, did not emerge
(see Fig. 5.4a). Such nuclei are well–known to pathologists from other tumor types,
but in our cases (ductal adenocarcinomas of the mammary gland), they play no role.
These qualitative observations indicate that our analysis on planar sections is probably
valid also for the true nuclei in a first approximation. The true labelled pattern would
be the marked 3D point pattern of the proliferating and non–proliferating nuclei in
the 3D tissue. Such patterns are, however, difficult to visualize directly, which would
require special 3D microscopic methods. For the time being one has to live in routine
applications with planar sections.

5.2.2.1 Explorative Point Pattern Analysis

We estimate the pair correlation functions for the positively labelled and the negatively
labelled points separately using the Epanechnikov kernel with c = 0.1 (see Section
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(a) Dividing and non–dividing nuclei (b) Detected dividing and non–dividing nuclei

(c) A selected visual field

Figure 5.4: Stained histological section of a case of invasive ductal mammary carcinoma
and a selected visual field
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Figure 5.5: Mean estimated pair correlation functions ĝ(r) of positively and negatively
labelled points

3.1.3).

For practically all 40 patterns, it is visually obvious that the estimated pair correlation
functions of the dividing and the non–dividing nuclei are different. Usually the esti-
mated pair correlation function of the dividing points rises steeper and attains a higher
first maximum than the estimated pair correlation function of the non–dividing points
of the same point pattern. This difference is significant for the mean estimated pair
correlation functions per class (see Fig. 5.5). Statistical comparison using the Wilcoxon
matched pairs signed rank test ([21]) discloses significant differences between the mean
values of g(r) for r = 5 and r = 15 to r = 40 pixels (see Tab. 5.6). As these tests are
performed for 22 selected values of r, the significance level is adjusted by applying the
Bonferroni correction ([97]), i.e. the result is considered significant at the level of 0.05
when the p–value is less than 0.05/22 = 0.0027. Note distinctively higher mean values
of g(r) for the labelled nuclei at small distances r. For larger values of r, significant
differences cannot be found any more. Moreover, highly significant differences are found
between the negatively and positively labelled nuclei in terms of various non–parametric
characteristics, i.e. gmax, rmin and gmax − gmin (see Tab. 5.7). No significant differences
are found w.r.t. gmin, rmax and M . The intensity of the positively labelled points is
much lower than the intensity of the negatively labelled points (see Tab. 5.8).

5.2.2.2 Parametric Modelling

We fit a Strauss hard core model to the negatively and positively labelled points sep-
arately (see Section 2.1.4.4). The hard core distance r0 is estimated for each visual
field as the minimum value of the observed point pair distances, which is a maximum
likelihood estimator. For simulations of the hard core Strauss point process, the largest
integer number below this value is used as model parameter for r0. The interaction
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r Non–dividing Dividing p–value
5 0.00000 0.29258 p < 0.001
10 0.00127 0.70074 p > 0.05
15 0.24768 1.33178 p < 0.001
20 1.13593 1.94351 p < 0.001
25 1.46384 2.33754 p < 0.001
30 1.35353 2.29150 p < 0.001
35 1.22940 2.00732 p < 0.001
40 1.17549 1.77813 p < 0.001
45 1.16746 1.61141 p > 0.05
50 1.15192 1.50813 p > 0.05
55 1.13997 1.42883 p > 0.05
60 1.13603 1.35491 p > 0.05
65 1.12911 1.30302 p > 0.05
70 1.11672 1.28056 p > 0.05
75 1.10675 1.27387 p > 0.05
80 1.09886 1.28003 p > 0.05
85 1.10246 1.26078 p > 0.05
90 1.10575 1.22666 p > 0.05
95 1.08833 1.17965 p > 0.05
100 1.10102 1.13606 p > 0.05
150 1.05846 1.13965 p > 0.05
200 1.04896 1.07587 p > 0.05

Table 5.6: Comparison of mean estimated pair correlation functions ĝ(r)

Non–dividing Dividing p–value
mean SD mean SD

# nuclei 741 217 89 47 p < 0.001

λ̂ 0.0005957 0.000175 0.00007177 0.0000379 p < 0.001
r̂max [pixel] 25.70 3.55 27.13 5.66 p > 0.05
ĝmax 1.582 0.295 2.559 0.655 p < 0.001
r̂min [pixel] 40.46 6.53 53.18 12.69 p < 0.001
ĝmin 1.113 0.162 1.244 0.377 p > 0.05
M 0.035 0.017 0.051 0.030 p > 0.05
ĝmax − ĝmin 0.469 0.191 1.134 0.699 p < 0.001

Table 5.7: Comparison of mean estimated summary characteristics by non–parametric
Wilcoxon matched pairs signed rank test (SD=standard deviation)
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Non–dividing Dividing
mean SD mean SD

r̂0 [pixel] 14.75 1.18 18.25 1.81 p < 0.001
r̂G [pixel] 39.12 18.94 44.52 14.28 p > 0.05
γ̂ 0.874 0.334 3.164 2.010 p < 0.001

Table 5.8: Comparison of mean estimated parameters for the Strauss hard core point
process by non–parametric Wilcoxon matched pairs signed rank test (SD=standard
deviation)

radius rG is estimated according to the profile pseudolikelihood method ([7], [8]). This
procedure is used to find the value of rG between 20 and 100 pixels in steps of 1 pixel
with the pseudolikelihood method for a given point pattern. Edge correction is per-
formed by translation ([112]). The value of rG is then used together with that of r0

for the subsequent model fitting, which ultimately yields an estimate of γ (see Section
3.2.2).

The mean estimated model parameters of the two groups are shown in Tab. 5.8. The
interaction parameter γ̂ of the Strauss hard core point process is strongly increased
for the positively labelled points as compared to the negatively labelled points. This
difference is accompanied by a significantly larger hard core distance r̂0 for the positively
labelled points. In contrast, there is no significant difference w.r.t. the interaction
distance r̂G between the two groups.

Note that to check whether this model is realistic for our point patterns, 99 simulations
are performed for each point pattern using the estimated model parameters (λ̂, γ̂, r̂0, r̂G).
The goodness–of–fit is judged graphically from the plots of the K–function estimated
from the original point pattern and the envelopes of the K–functions obtained from the
simulations. A perfect fit is found for 47/80 point patterns. It must be admitted that
not all point patterns are entirely explained by the model, but the Strauss hard core
point process may be considered as a realistic approximation for practical purposes.

5.2.2.3 Simpson Indices

For further analysis, we estimate the (distance–dependent) Simpson indices ∆, ∆K(r)
and ∆g(r) (using the Epanechnikov kernel with c = 0.15) and compute 90% acceptance
intervals for independent labelling based on 1000 simulations (see Sections 3.1.5 and
3.4.3.2).

In our data, we find on average 9% of the tumor cell nucleus positively labelled and
91% negatively labelled, leading to ∆̂ = 1 − 0.912 − 0.092 = 0.1939.
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Figure 5.6: Mean estimated Simpson indices ∆̂K(r), ∆̂g(r) and ∆̂ with pointwise 90%
acceptance intervals

The two mean estimated distance–dependent Simpson indices are shown in Fig. 5.6.
Both show a concordant behavior. The curves lie distinctly below the horizontal line at
∆̂, which corresponds to independent labelling. Hence, for small distances r the point
pattern shows less diversity than one would expect for independent labelling. This
difference is significant, as the mean curves lie outside a 90% acceptance interval, in
which ∆̂K(r) and ∆̂g(r) should lie in the case of independent labelling. Note that the

difference from ∆̂ for both indices is significant, but only for small point pair distances
in case of ∆g(r).

5.2.2.4 Monte Carlo Rank Tests

We perform a Monte Carlo rank test on independent labelling for all individual point
patterns. A slightly modified test statistic than described in Section 3.4.2.3 is used,
namely

TK =

rmax∫

0

| K̂11(r) − K̂22(r) | dr.

Note that here we only use two different marks and do not use any weights. We estimate
the point process characteristics from 999 simulations from r = 0 to rmax = 50 pixels
in steps of 1 pixel. The significance level is chosen as α = 0.05, i.e. the null–hypothesis
of independent labelling is rejected if the rank of the TK of the original point pattern
is in [951, 1000].

For the majority of the individual point patterns (26/40) the hypothesis of independent
labelling is rejected.
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5.2.3 Summary and Discussion of the Results

The main aim of this study is the statistical analysis of immunohistochemical labelled
mammary carcinoms, where the positively labelled points refer to dividing cell nuclei
and the negatively labelled points to non–dividing cell nuclei. The main findings can
be summarized as follows:

• Significant differences between the mean estimated pair correlation functions of
the positively and negatively labelled nuclei are found.

• The mean estimated interaction parameter of the stationary Strauss hard core
model is significantly higher for the positively labelled nuclei than for the nega-
tively labelled nuclei.

• The estimates of the two distance–dependent Simpson indices show a tendency of
the points towards a positive spatial correlation.

• In the Monte Carlo rank tests, the null–hypothesis of independent labelling is
rejected for the majority of the visual fields.

All four lines of investigation lead to the concordant conclusion, that the labelling of
mammary carcinoma nuclei by MIB–1 does not simply result from an independent
labelling of the nuclei. A battery of methods is used for our study, which gives more
reliability than a test based on a single criterium. The data suggest that the second
order properties of the positively labelled nuclei are significantly different from those of
the negatively labelled nuclei. This finding is not compatible with independent labelling.
Specifically, the positively labelled nuclei show a higher degree of clustering for small
values of r than the negatively labelled points. This can be concluded from the larger
values of gmax and gmax−gmin for the positively labelled points. From the point of view of
parametric modelling, the stronger clustering tendency of the positively labelled points
is corroborated by a highly significant increase of the interaction parameter γ of the
Strauss hard core model.

The mean estimated distance–dependent Simpson indices ∆̂K(r) and ∆̂g(r) show in
which manner the labelling of our points differs from independent labelling. Both indices
are lowered as compared to ∆̂, which means that for small distances r the marked
point pattern shows less diversity than one would expect for independent labelling.
This statement indicates that both negatively and positively labelled points aggregate
more strongly together with points of their own kind, than one would expect under
independent labelling. Biologically, it thus favors the hypothesis that in mammary
carcinomas, cell division occurs in clusters of proliferative activity. Actively proliferating
zones seem to alternate with relatively silent zones. This behavior is known from many
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tumor–free tissues, such as the lymph node, where proliferation is practically restricted
to the lymph follicles. It is also seen in epithelial tissues such as the gut mucosa or the
skin, where the proliferation is largely concentrated in the basal layers.

On the whole, the results of the Monte Carlo rank test also support the conclusion
that labelling of proliferating tumor cell nuclei is not random. For the majority of
the individual point patterns, the null–hypothesis of independent labelling is rejected.
One may however wonder, why the null–hypothesis is not rejected for a higher number
of point patterns, or even all point patterns. First, it can be seen from the results
on the distance–dependent Simpson indices that the deviation of the labelling from
pure randomness is statistically significant, but the difference is only small. In this
constellation, the power of statistical tests on individual patterns will be relatively
low. We conclude that the labelling of the points is presumably structured in all point
patterns, but our Monte Carlo rank test detects this structure not in all point patterns.
Probably it fails for those point patterns, where the deviation from random labelling is
the lowest. Moreover, it is typical for biological data that variation between individuals
is large and this makes it difficult to find differences between groups. For a more detailed
biomedical interpretation of these results see [94].
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5.3 Spatial Arrangement of Microglia and Astro-

cytes in the Mouse Hippocampus

Microglia represent a distinct type of resident immune cells in the central nervous
system, which are known to play an essential role in protection of local tissue ([2]).
Over the past few decades, a considerable number of studies have been made to show
their morphological and functional changes from the resting to the activated state ([53]).
Microglia are highly activated even at the resting state and continuously survey the local
environment ([109]).

Astrocytes, another type of resident glial cells, also play various important roles, in-
cluding uptake of neurotransmitters, maintenance of ion homeostasis and modulation
of neuronal functions ([64]).

Activated microglia and astrocytes closely associate to some pathological conditions
as Alzheimer’s disease ([18]), Creutzfeldt–Jakob disease ([40]) and Parkinson’s disease
([143]). Especially, astrocytes are believed to communicate with microglia via diffusible
and non–diffusible factors ([98]). Although the detailed mechanism underlying their
communication has not been fully elucidated, the idea of functional interaction allows
for the assumption that some kind of spatial relationship between astrocytes and mi-
croglia exists.

We therefore examine the point patterns of microglia and astrocytes and their interre-
lationship by spatial point pattern analysis. Note that we assume in the following that
the point patterns are realizations of stationary and isotropic point processes.

5.3.1 Point Pattern Acquisition

Tissue preparation and immunohistochemistry are described in detail in [70].

Nine sections from five adult mice are randomly selected for the 3–dimensional point
pattern analysis. They are immunofluorescently processed for Iba1 and S100b, where
Iba1 is a marker for microglia and S100b for astrocytes. Acquisition of 3–dimensional
images is then carried out by a confocal laser scanning microscope in accordance with
the optical disector principle. Stacks of 20−30 serial optical sections (0.5×0.5×1.7µm3

voxel size) are obtained from the CA1 region of the dorsal hippocampus. The x–, y–,
and z–coordinates are determined by using the image analysis software package ImageJ
1.35.

Note that to prevent the bias caused by shrinkage of preparations because of the his-
tological procedure, the coordinates of microglia and astrocytes are 3–dimensionally
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corrected by the shrinkage factors ([69]) in advance, i.e. the contraction in x– and
y–axis is corrected with a square root of the areal shrinkage factor (0.93), and that in
z–axis is corrected with an average of the thickness shrinkage factor (0.70).

The point patterns of Iba1+ microglia and S100b+ astrocytes contained in a 50 µm thick
section are schematically represented in Fig. 5.7 as 2–dimensional projections. The
point pattern of Iba1+ microglia appears rather homogeneous, but S100b+ astrocytes
are more concentrated in the stratum lacunosum–moleculare than in the other layers.
Thus, in the following we analyze besides the whole CA1 region these two smaller
regions, namely stratum lacunosum–moleculare (slm) and the remaining layers (so–r).

5.3.2 Spatial Interaction of Astrocytes and Microglia

In the following estimators introduced in Section 3.1 and methods described in Sections
3.4.2.1 and 3.4.3.1 are used to analyze the spatial interaction of astrocytes and microglia.

5.3.2.1 Whole CA1 Region

We estimate the L–function, the pair correlation function (using the Uniform kernel with
c = 0.15) and the nearest neighbor distance distribution function for the point patterns
in the whole CA1 region (estimators of these characteristics are given in Eqs. (3.5),
(3.9) and (3.10)). Furthermore, pointwise 90% acceptance intervals for CSR are also
calculated and Monte Carlo rank tests on CSR using these point process characteris-
tics are performed (see Sections 3.4.2.1 and 3.4.3.1). Note that in the bivariate case,
we simulate two independent Poisson point processes (with estimated intensities) to
check, whether the point patterns of microglia and astrocytes are realizations of two
independent point processes. Fig. 5.8 displays the results of the point pattern analysis
for Iba1+ microglia, S100b+ astrocytes and their interrelationship in the whole CA1
region. The results of the Monte Carlo rank tests are presented in Tab. 5.9.

Mean values of the L(r) − r function of Iba1+ microglia have negative values between
0 and 50 µm, which are significantly outside the acceptance intervals. The mean esti-
mated pair correlation function ĝ(r) of Iba1+ microglia is also smaller than 1 for point
pair distances between 0 and 40 µm. The Monte Carlo rank test on CSR of Iba1+

microglia shows that statistically significant differences occur using the L–function and
the pair correlation function, respectively. These findings indicate that Iba1+ microglia
show a repulsive behavior for such point pair distances.

Mean values of L(r) − r of S100b+ astrocytes show a mostly positive slope apart from
the hard core effect because of the limited spatial resolution of imaging. The values of
g(r) of S100b+ astrocytes are below 1 for point pair distances between 0 and 18 µm.
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Figure 5.7: 2–dimensional projections of S100b+ astrocytes and Iba1+ microglia (the
border between slm and so–r is indicated by a grey line)
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Figure 5.8: Mean estimated point process characteristics of S100b+ astrocytes and
Iba1+ microglia in the whole CA1 region (thin lines are pointwise 90% acceptance
intervals for CSR)



124 5 Applications to Biomedical Data

whole slm so–r
S100b+ astrocytes

L(r) 100 100 100
g(r) 92 79 85

Iba1+ microglia
L(r) 100 100 100
g(r) 100 95 96

Both
Lij(r) 71 59 99
gij(r) – 36 93

Dij(r) 57 – –

Table 5.9: Monte Carlo rank tests on CSR (99 simulations; rejected cases are in bold;
– not tested due to technical limitations)

The Monte Carlo rank test using the L–function shows that statistically significant
differences from CSR occur. These results indicate a repulsive behavior of S100b+

astrocytes.

Finally, mean values of Lij(r) − r calculated from the interaction between microglia
and astrocytes are rather similar to independent behavior. The mean estimated near-
est neighbor distance distribution function D̂ij(r) is almost within the envelopes of
independent behavior. Neither Lij(r) nor Dij(r) show any significant difference from
independent behavior in the Monte Carlo rank test. Thus, the point patterns of Iba1+

microglia and S100b+ astrocytes in the whole CA1 region are considered to be realiza-
tions of two independent processes. In spite of the earlier findings, there is a potential
that the present results might be adversely affected by uneven laminar distributions of
microglia and astrocytes.

5.3.2.2 Stratum lacunosum–moleculare and Remaining Layers

Especially, the mean estimated intensity of S100b+ astrocytes is extensively higher in
the stratum lacunosum–moleculare (slm) than in the other layers (Tab. 5.10). We
therefore divided the dorsal CA1 region into two compartments, i.e. the slm and the
remaining layers (strata oriens, pyramidale, and radiatum, so–r) and estimated the L–
function and the pair correlation function separately. Fig. 5.9 shows the mean estimated
point process characteristics and the pointwise 90% acceptance intervals for CSR in the
slm and in the so–r. Tab. 5.9 displays the results of the Monte Carlo rank tests on CSR
for those two subregions.
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slm so–r
S100b+ astrocytes 0.00002138 0.00001286
Iba1+ microglia 0.00000616 0.00000607

Table 5.10: Mean estimated intensities of S100b+ astrocytes and Iba1+ microglia

Mean values of L(r) − r and g(r) of Iba1+ microglia show considerably repulsing be-
havior both in the slm and in the so–r. The region of repulsiveness obtained from ĝ(r)
is 32–38 µm in the slm and 38–42 µm in the so–r. The Monte Carlo rank test on
CSR confirms the statistically significant differences both in the slm and in the so–r.
Mean values of L(r)− r and g(r) revealed the slightly repulsive distribution of S100b+

astrocytes. Mean values of g(r) indicate that the region of repulsiveness is about 10–14
µm in the slm and 20–24 µm in the so–r. The Monte Carlo rank test on CSR shows
that the differences are statistically significant. Finally, mean values of Lij(r) − r for
interactions between Iba1+ microglia and S100b+ astrocytes exhibit significant devia-
tion from independent behavior in the so–r, but not in the slm. Monte Carlo rank tests
using the pair correlation function show a slight deviation (not statistically significant)
from independent behavior in the so–r, but not in the slm. These findings indicate that
Iba1+ microglia and S100b+ astrocytes are attracted in the so–r,whereas they seem to
derive from two independent processes in the slm.

5.3.3 Summary and Discussion of the Results

This study provides a rigorous quantitative description on the spatial arrangement of
resting microglia and astrocytes in the mouse hippocampus. The main findings can be
summarized as follows:

• The mean estimated intensities of Iba1+ microglia are similar in the slm and in
the so–r. By contrast the mean estimated intensity of S100b+ astrocytes is higher
in the slm.

• The point pattern analysis demonstrates that Iba1+ microglia and S100b+ astro-
cytes, respectively, are repulsively distributed in the whole CA1 region.

• The localizations of Iba1+ microglia and S100b+ astrocytes are supposed to be
independent w.r.t. each other in the slm, but attracted in the so–r.

Because microglia continuously assess local microenvironment (even at the resting
state), the repulsive arrangement of resting microglia is well suited for accomplish-
ing such a housekeeping task efficiently and specifically. The region of repulsiveness
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is about 42 µm which indicates that microglia are not touching each other with their
processes, since the area occupied by Iba1+ processes (calculated from the numerical
densities assuming constant microglial size) has radius 32.2 µm. Considering that mi-
croglial processes survey the extracellular space in a seemingly random fashion and not
always screen whole area of its territory ([109]), such processes at a certain instant
might be reasonable.

The region of repulsiveness for astrocytes is about 24 µm which is smaller than the
radius of the area occupied by intracellular labelling (27.3 µm, [111]). These findings
indicate the existence of overlapping areas of astrocytes territories and support the idea
concerning interdigitation between repulsively allocated neighboring astrocytes.

Earlier studies have reported the interaction of microglia and astrocytes through various
factors, but the detailed mechanisms have not yet been established. In the present study,
we have encountered the close apposition between these two types of glial cells via
somata and processes. Although further analysis will be required, the present findings
provide a key to understand the interrelationship between astrocytes and microglia.
For a more detailed biomedical interpretation of these results see [70].



Chapter 6

Applications to Ecological Data

In this chapter statistical analyses of (marked) point patterns are discussed, where both
deal with data from ecology. In the first application we model root data in pure stands
of European beech (Fagus sylvatica L.) and Norwegian spruce (Picea abies (L.) Karst.)
by inhomogeneous Matern cluster point processes. In the second application we fit an
inhomogeneous bivariate point process to root data in mixed stands of Fagus sylvatica
and Picea abies.

Note that a completely different approach to model interaction is discussed in [107],
where fuzzy measures are used to describe interaction in root dispersal models which
are based on point process theory.

6.1 Modelling Tree Roots in Pure Stands of Fagus

sylvatica and Picea abies

In the first example from ecology we consider coarse roots of Norway spruce (Picea
abies (L.) Karst.) and European beech (Fagus sylvatica L.) in pure stands.

The vertical root distribution can be described as a 1–dimensional depth function with
the greatest root density in the top soil layers for most forests. With the exception of
the vertical distribution, early studies assumed that the rooting zone was completely
and almost homogeneously exploited by roots ([76]). Recent studies in natural ecosys-
tems have found, however, that fine roots are concentrated in distinct soil patches ([63]).
Several experiments with small plants ([82]) have shown that plants respond by prolif-
eration of fine roots into zones of nutrient enrichment and water availability, thereby
producing a patchy root distribution. As the resources in natural soils are most abun-
dant in the top soil, fine root abundance still follows the vertical distribution function,

128
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but on the horizontal scale, the heterogeneity of root abundance can be expected to
follow the unevenly distributed soil resources.

In a clonal eucalyptus plantation, [22] has found large spatial heterogeneity and clusters
of fine roots, which have occurred independently of the distance to the planting row. The
study has also confirmed that more knowledge is required about the root distribution of
intermediate root classes between 2 and 20 mm diameter, because recent studies have
shown water and nutrient uptake by these roots as well ([81]).

The methodological task of our analysis is to quantify the degree of root aggregation in
neighboring mature stands of P. abies and F. sylvatica. In [106] it is demonstrated that
root clustering is a means of effectively exploiting soil resources and nutrients phos-
phorus and potassium, respectively. Investigations of 2–dimensional root distribution
on trench soil profiles by point process modelling can hereby provide information that
will allow us to further understand below ground processes in mature tree stands. The
null–hypothesis tested is that under comparable soil properties no differences exist be-
tween the clustering of roots in adjacent stands of P. abies and F. sylvatica and thus,
both species exploit the soil resources with the same intensity.

6.1.1 Acquisition of Profile Walls

For details of site description, pit excavation, root mapping and already obtained results
see [127]. Investigations are based upon this article and thus, only a short summary of
the most important facts is given.

Data collection takes place near Wilhelmsburg, Austria (48◦05’51”N, 15◦39’48”E) in
adjoining pure stands of F. sylvatica and planted P. abies. One experimental plot of
about 0.5 ha is selected within each stand. The sites are similar in aspect (NNE),
inclination (10%) and altitude (480 m). The characteristics of the spruce and beech
stands, e.g. age (55 and 65 years), dominant tree height (27 and 28 m) and stand density
(57.3 and 46.6 trees/ha) are also similar. The soils which have only thin organic layer
(about 4 cm) can be classified as stagnic cambisols developed from Flysch sediments.
Annual rainfall in Wilhelmsburg averages 843 mm with a mean summer precipitation
from May to September of 433 mm. The mean annual temperature is 8.4◦ C, and the
mean summer temperature is 15.7◦ C.

In every stand ten 2 m × 1 m oil pits are excavated, leading to 20 vertical profile
walls of F. sylvatica and to 16 vertical profile walls of P. abies that are analyzed in the
following. Note that in the case of P. abies only 16 of the 20 profile walls can be used
due to failures in data collection.

In most cases 13 − 19 trees are within a radius of 10 m around the pit center. The
minimum distance from the pit center to the nearest tree ranges from 0.5 m to 2.8
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a) P. abies – original b) F. sylvatica – original

c) P. abies – transformed d) F. sylvatica – transformed

Figure 6.1: Point patterns from pure stands of P. abies and F. sylvatica

m. On each wall all coarse roots were identified and divided into living and dead. All
living small roots (2− 5 mm) are marked with pins and digitally photographed. These
pictures are evaluated and a coordinate plane is drawn over each profile wall W , so
that every root corresponds to a point sn in the plane. Thus, for each profile wall W ,
a point pattern of root locations is determined. After the root mapping the images of
the profile walls W with area ν2(W ) = 200 × 100 cm2 can be regarded as realizations
of planar point processes observed within the sampling window W (Fig. 6.1).

6.1.2 Vertical Homogenization of Root Data

It is known ([127]) that the vertical root distributions of P. abies and F. sylvatica
in mono stands can be approximated by an exponential and a Gamma distribution,
respectively. Thus, the data has to be homogenized w.r.t. the vertical axis. Such a
homogenization is based on the fact that each random variable Y with a continuous
distribution function FY can be transformed to a uniformly distributed random variable
U on the interval [0, 1] by

U = FY (Y ).

Hence, the raw data is preprocessed as follows. The original depths, the total depth of
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the sampling window and the obtained transformation depths are denoted by horig, htot

and htrans, respectively. The transformed depths htrans are obtained by

htrans =
F ∗(horig)

F ∗(htot)
htot,

where F ∗(x) symbolizes the suitable distribution function. For P. abies we can provide
the following analytical formula

htrans =
1 − exp(−ηhorig)

1 − exp(−ηhtot)
htot,

where η−1 represents the mean value of the exponential distribution. In case of F.
sylvatica computations have to be done numerically.

Note that initially only preprocessed data is considered (Fig. 6.1). Later on, the results
obtained for homogenized data are reinterpreted for the original root data, where an
inverse model transformation is used.

6.1.2.1 Estimated Point Process Characteristics

To analyze the given samples of homogenized point patterns, we use point process
characteristics. In particular, we focus on the pair correlation function and the L–
function.

Isotropy is tested by determining the empirical directional distribution of the angles of
point pairs to the axes and testing them for uniform distribution. The null–hypothesis
could not be rejected (α = 0.05) and hence, isotropy is assumed. To test on CSR the
quadrat count method described in Section 3.4.2.1 using a 4 × 4 grid is applied. The
null–hypothesis is rejected (α = 0.05).

The mean estimated functions L̂(r) − r and the mean estimated pair correlation func-
tions ĝ(r) (using an Epanechnikov kernel with c = 0.15) for P. abies and F. sylvatica are
displayed in Fig. 6.2, where estimators for these characteristics are given in Eqs. (3.5)
and (3.9). Both provide strong indication for root clustering and this effect seems to be
stronger for P. abies than for F. sylvatica. Thus, appropriate models which are fitted
to the data are Matern cluster point processes.
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a) ĝ(r) b) L̂(r) − r

Figure 6.2: Mean estimated pair correlation functions and L–functions for P. abies and
F. sylvatica

6.1.3 Modelling by Inhomogeneous Matern Cluster Point Pro-

cesses

Because of the vertical inhomogeneity of the root distribution the model fitted to the
data also has to be inhomogeneous. Therefore, we fit Matern cluster point processes
(see Section 2.1.4.2) to the homogeneous data and retransform them afterwards.

The inverse transformation is given by

horig = (F ∗)−1

(
F ∗(htot)

htot

htrans

)
, (6.1)

where (F ∗)−1(y) represents the (generalized) inverse function of F ∗(x). Again, for P.
abies we can provide the following analytical formula

horig =
1

η
log

(
1 − htrans

1 − exp(−ηhtot)

htot

)
.

Thereby it is possible to define a retransformed model, where the primary process is
given by an inhomogeneous Poisson point process with intensity function

λp(x, y) = λp(y) = λp

f ∗(y)

F ∗(htot)
htot,

where f ∗(x) is the density function of the distribution function F ∗(x). In this model the
cluster regions are no longer circles, but the images of these circles under the mapping
given in Eq. (6.1). They can be written as
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λ̂MC λ̂p R̂ [cm] λ̂s

P. abies 0.00403 0.00690 4.9 0.00774
F. sylvatica 0.00262 0.00603 7.4 0.00253

Table 6.1: Estimated parameters for the Matern cluster point process of P. abies and
F. sylvatica

{
(x, y) : (x − xp)

2 + [F ∗(y) − F ∗(yp)]
2

(
htot

F ∗(htot)

)2

≤ R2

}
,

where the corresponding primary point is denoted by (xp, yp). Since the mean total
number of points in the given window as well as the mean total number of points in
a cluster stay the same compared with the homogeneous model, the intensity function
for the inhomogeneous Matern cluster point process is given by

λMC(x, y) = λMC(y) = λMC

f ∗(y)

F ∗(htot)
htot,

where λMC is the intensity of the homogeneous model.

6.1.3.1 Model Fitting

For the model fitting we use the minimum contrast method (see Section 3.2.1) employing
the pair correlation function (see Section 6.1.2.1) to obtain optimal parameter values.

After the estimation of λMC for the roots of both species, the minimum contrast method
yields estimates for λp and R. Tab. 6.1 shows the estimated parameters for the Matern
cluster point processes for P. abies and F. sylvatica, respectively.

6.1.3.2 Model Validation

The fitted models are validated by Monte Carlo rank tests (see Section 3.4.2). Further-
more, pointwise 90% acceptance intervals are computed for the fitted Matern cluster
point processes (see Section 3.4.3.1). Since the mean estimated pair correlation func-
tions of spruce and beech lie inside these envelopes (Fig. 6.3), the Matern cluster point
processes fit well to the data. For the L–function similar results are obtained and
omitted here.

Realizations of the fitted models are displayed in Figs. 6.4 and 6.5.
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Figure 6.3: Mean estimated pair correlation functions ĝ(r) and pointwise 90% envelopes
for the fitted Matern cluster point process
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Figure 6.4: Realizations of the (inhomogeneous) Matern cluster point process for P.
abies
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a) Daughter points b) Cluster regions

c) Retransformation of daughter points d) Retransformation of cluster regions

Figure 6.5: Realizations of the (inhomogeneous) Matern cluster point process for F.
sylvatica

6.1.4 Summary and Discussion of the Results

The main findings can be summarized as follows:

• The estimated parameters of the inhomogeneous Matern cluster point process for
F. sylvatica are λ̂MC = 0.00262, R̂ = 7.4, λ̂p = 0.00603 and λ̂s = 0.00253.

• The estimated parameters of the inhomogeneous Matern cluster point process for
P. abies are λ̂MC = 0.00403, R̂ = 4.9, λ̂p = 0.00690 and λ̂s = 0.00774.

• This means that the roots of P. abies show a stronger clustering in a smaller
region of attraction than the roots of F. sylvatica.

As roots react to nutrient–enriched soil patches by enhanced growth and greater biomass
in the cluster areas ([105]), this attraction of roots could also be a direct response to
local occurrence of soil resources. Results in [129] indicate that the root system of
spruce requires more roots to achieve a similar degree of space acquisition and thus,
beech exploits patchily distributed soil resources with lower number of roots. Further-
more, stronger root clustering of spruce can be seen as an indication of more extensive
interspecific competition than in the case of beech.
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The small roots investigated in this study are described w.r.t. water and nutrient
uptake ([81]) and they mediate to the most active fine roots. Thus, clusters of small
roots reflect the presence of nutrient patches or zones of better water availability ([114]).
As the number of small roots and their clustering are independent of the distance to and
diameter of the surrounding trees ([129]), we suggest that root clusters are an inherent
property of below ground space acquisition.

Thus, we can state that after compensating for vertical root abundances, the spatial
distribution of roots for both species is still not completely random. We have quan-
tified the degree of clustering as well as the size of the clusters by model fitting and
parameter estimation for Matern cluster point processes with transformed data. For a
more detailed ecological interpretation of these results see [43].
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6.2 Modelling Tree Roots in Mixed Stands of Fagus

sylvatica and Picea abies

In the second example from ecology we consider coarse roots of Norway spruce (Picea
abies (L.) Karst.) and European beech (Fagus sylvatica L.) in mixed stands. The
root data are characterized as vertically inhomogeneous, clustered and small sampled
patterns. Each of these properties is a subject of intensive research in recent time
(see Section 6.1). Obviously, a much more difficult task is given when these properties
appear simultaneously for the point patterns under investigation.

Previous works on the root distribution in pure stands report that the vertical root
distribution can be described as a 1–dimensional depth function ([114], [124]) with the
greatest root density in the top soil layers for most forests ([67]). Yet, it turns out
that a vertical homogenization cannot eliminate clustering properties of root patterns.
Therefore, some models for clustering should be applied to the data. For root patterns
in pure stands inhomogeneous Matern cluster point processes have been fitted (see
Section 6.1) using a vertical homogenization based on the depth root density.

However, this approach cannot be used for root data in mixed stands, since the vertical
root distributions of different species may be different ([127]) and thus, the homoge-
nization step cannot be applied. Moreover, the Matern cluster point process considered
in Section 6.1 does not allow to model interaction between roots of different species.
Thus, a different approach has to be taken to model root data in mixed stands. Our
approach to model interaction of roots in mixed stands is to use inhomogeneous marked
Gibbs point processes which are able to represent both long–range inhomogeneity in
vertical direction as well as short–range variability of the intensity (clustering). The
novelty of this approach is the introduction and combination of several ingredients of
an inhomogeneous marked Gibbs point process model. Let us describe them briefly:

• Inhomogeneity
There exist several approaches to include inhomogeneity in Gibbs models. One of
them is to allow a parameter controlling the intensity to depend on location ([6],
[110], [140]). This seems natural when the range of interaction does not vary from
one location to another, being motion–invariant. Another approach suggested in
[68] and [108] uses a transformation of Gibbs point processes. Here, all interaction
functions, including one–point interactions, are subject to local dependency that
implies some anisotropy effect which may be undesirable in applications. A pos-
sible way to overcome this drawback is local scaling ([52]), where two–points and
higher order interaction functions depend on location. We present a different ap-
proach to accommodate inhomogeneity to Gibbs models. We allow the one–point
interaction function controlling the intensity to vary in space as in the first class
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of models cited above, while the influence zones, a neighborhood relation, of roots
are allowed to depend on the vertical variation of root density. We believe that
the suggested way to model inhomogeneity is natural for the present application
to root data, since the size of interaction distance increases with depth, while the
rest of long–range inhomogeneity can be explained by a parameter responsible for
changing the intensity of the point process.

• Clustering
Among Gibbs models, most often used in applications a class of pairwise interac-
tion point processes is considered ([33]). This type of point processes is suitable for
modelling regularity but not clustering ([4], [51], [102]). Various ways to overcome
this difficulty are proposed in literature, e.g. area–interaction point processes ([4])
and continuous random cluster Markov point processes ([102]). However, it is not
clear how to generalize them to the multivariate case. Another class of Gibbs
models capable to produce a variety of clustered patterns is proposed in [51].
These point processes are an extension of Geyer’s saturation model ([47]) and
can be generalized to the marked or multivariate case. We choose the bivariate
saturation point process model on the basis of the parsimonious principle. Here,
only one parameter is needed to describe one type of interaction. Additional pa-
rameters which potentially control clustering can be chosen ad hoc, e.g. by some
trial experiments.

• Parameter estimation
The estimation of parameters is problematic for Gibbs models. Because a direct
maximization of the likelihood is unfeasible, Monte Carlo approximation of the
likelihood can be an appropriate solution ([47], [103]). A computationally easier
alternative approach is the pseudolikelihood method ([6], [49]) which is taken here
because it does not require heavy computations for the maximization. Although
we do not use simulation for the estimation of parameters, a simulation algorithm
based on Markov Chain Monte Carlo (MCMC) methodology is presented in this
work because it is used for checking the goodness–of–fit of the estimated model.

• Replicated patterns
Typically, methods of spatial statistics operate with data when only one single
point pattern is available. Less attention has been paid to replicated data, i.e.
several profile walls. An extension of the estimation method to replicated data is
straightforward if we allow the parameters to vary across replicates and assume
common values for interactions ([34], [84]).

Besides presenting a new approach to deal with the above mentioned challenges, our aim
of the point process modelling of root data is to quantify the degree of root aggregation
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in mixed stands of P. abies and F. sylvatica. Thus, we are going to model intraspecific
and interspecific interactions between roots of different species. The study of root
patterns provides information which allows to better understand subsurface processes
in tree stands and how roots exploit soil resources and nutrients. A further advantage
of the stochastic modelling of roots is that it can be used for the improved estimation
of root biomass by a root–wall intersection counting ([50]).

6.2.1 Acquisition of Profile Walls

For details of site description, pit excavation, root mapping and previous results, see
[127], [128] and [129]. Investigations in the present section are based upon these articles
and thus, only a short summary of the most important facts regarding the root data is
given here.

Data collection takes place near Wilhelmsburg, Austria (48◦05’51” N, 15◦39’48” E) in
mixed stands of P. abies and F. sylvatica located between pure stands of both species.
One experimental plot of about 0.5 ha is selected within each stand. The area is
situated in an altitude of 480 m, an aspect of NNE and an inclination of 10%. The tree
population is 55 years old, the dominant tree height is 28 m and the stand densities
of P. abies and F. sylvatica (16.1 and 26.1 m2/ha) are similar to each other. The
soils with only thin organic layer (about 4 cm) can be classified as stagnic cambisols
developed from Flysch sediments. Annual rainfall in Wilhelmsburg averages 843 mm
with a mean summer precipitation from May to September being 433 mm. The mean
annual temperature is 8.4◦C, and the mean summer temperature is 15.7◦C.

In these stands 20 rectangular soil pits with a size of 2 m (width) × 1 m (height)
are excavated, leading to 7 vertical profile walls that are analyzed in the following.
The other profile walls cannot be used due to extreme unequal numbers of roots of F.
sylvatica and P. abies. On each wall all coarse roots are identified and divided into
living and dead. All living small roots (2–5 mm) are marked with pins and digitally
photographed. These pictures are evaluated and a coordinate plane is drawn over each
profile wall, so that every root corresponds to a (marked) point in the plane. Thus,
for each profile wall W , a marked point pattern of root locations is determined. After
the root mapping, the images of the profile walls W with area ν2(W ) = 200 cm × 100
cm are regarded as realizations of a planar bivariate point process observed within the
sampling window W (Fig. 6.6).

It is shown in [127] that the vertical root distributions of P. abies and F. sylvatica in
these mixed stands can be approximated by an exponential and a Gamma distribution,
respectively. The fitted parameters of these distributions are η̂ = 0.0839 for P. abies
and α̂ = 2.382, β̂ = 10.81 for F. sylvatica.
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Figure 6.6: Original bivariate point patterns from mixed stands of P. abies and F.
sylvatica
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6.2.2 Generalised Saturation Point Process

Since our root data is clustered ([129]), the simplest interaction model, the Strauss
point process (see Section 2.1.4.4), is not applicable ([102]). We believe that using in-
stead Geyer’s saturation point process (see Section 2.1.4.4) would be a good choice on
a parsimonious basis. Note that a more general interaction model is the class of inter-
acting neighbor point processes introduced in [51]. In the present section we generalize
Geyer’s model to the bivariate case and include inhomogeneity in the model.

Recall that a bivariate point process can be considered as a marked point process
S = {(Sn, Ln)}, where marks Ln attached to every point of the point process are
binary variables Ln ∈ {1, 2} and therefore, the process S consists of two components
S(1) = {(Sk, 1)} and S(2) = {(Sj, 2)}. Note that in the following, we write s(i) instead of
(s, i) for a point s of type i where necessary for easier reading of some formulae below.
In our case we specify that mark 1 refers to P. abies and mark 2 to F. sylvatica. It
is characteristic for marked Gibbs point processes that they are defined by a density
function f w.r.t. the distribution of the homogeneous independently marked Poisson
reference process with intensity 1 on W ([49], [103]).

6.2.2.1 Bivariate Inhomogeneous Saturation Point Process

Let us foremost recall the saturation point process introduced by [47] to replace the
Strauss point process for clustered data. Let us preliminary ignore the marks, then the
original definition of the process is given in Section 2.1.4.4. Note that in the original
model, two points are said to be neighbors if they are closer to each other than some
fixed distance. Furthermore, γ < 1 indicates repulsion, γ > 1 clustering, and γ = 1 the
Poisson case.

However, we have two types of roots and some inhomogeneity in the point patterns and
therefore, we define a bivariate inhomogeneous version of the above saturation point
process. A marked point process S in W ⊂ B0(IR

2) with mark space {1, 2} is called a
bivariate inhomogeneous saturation point process if its density f (w.r.t. the bivariate
unit rate Poisson reference process with independent marks) has the form

f(s) =
1

Z

2∏

i=1


bni

i

∏

s∈s
(i)

b′i(s)γ
min{ti,Ni,s(i)

(s)}
i


 ∏

s∈s
(1)

γ
min{t12,N

1,s(2)
(s)}

12

∏

s∈s
(2)

γ
min{t21,N

2,s(1)
(s)}

21 ,

(6.2)

where s = {s(1), s(2)} with s(i) = {s(i)
1 , . . . , s

(i)
ni } and the symbols a, bi, b

′
i(s), ni, γi, ti, γij, tij

as well as Ni,s(j)(s) are explained as follows:

• Z > 0 is a normalizing constant,
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• bi controls the intensity of S(i),

• b′i(s) is the depth density function at location s of S(i),

• ni denotes the number of type i points of s, i.e. the number of points of s(i) in W ,

• γi is the interaction parameter between points of type i, i.e. we have γi < 1 for
the regular case and γi > 1 for the clustered case, and γi = 1 for the Poisson case,

• ti is the saturation threshold of S(i) (upper bound on the number of neighbors of
type i counted for a given point of type i),

• Ni,s(j)(s) denotes the number of points of s(j) in the neighborhood of point s which
have type i (for the definition of the neighborhood see below),

• γij is the interaction parameter for the points of type i affected by neighbor points
of type j, i 6= j, and

• tij is a saturation threshold (upper bound on the number of neighbors of type j
counted for a given point of type i, i 6= j).

Note that the density f of a homogeneous version of the bivariate saturation process
has the same form as in Eq. (6.2) but without the terms b′i(s), i = 1, 2.

6.2.2.2 Modelling Inhomogeneity

We define that two points s ∈ s(i) and q ∈ s(j) are neighbors if their influence regions
overlap. For the definition of the influence region, we use the following approach: We
take circles with interaction radius ri (i = 1, 2) and transform them vertically according
to the exponential and Gamma distribution, which results in elliptical influence regions
(Fig. 6.7). More precisely, the influence region Ii(s) of a point s = (w, h), where w is
the horizontal and h is the vertical coordinate, respectively, of type i is given by

Ii(s) = {(u, v) : (u − w)2 + hW [Fi(v) − Fi(h)]2 ≤ r2
i },

where hW = 100 cm denotes the height of the sampling window, Fi is the depth distri-
bution function for type i. That is

F1(h) = 1 − e−ηh

and

F2(h) =

h∫

0

1

Γ(α)βα
xα−1e

−x
β dx,
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where the parameters η, α and β are given in Section 6.2.1. The reason for choosing
such influence regions is that the expected number of neighbor points would then be
equal in each depth.

Making a homogenization by a transformation of the influence zones we do not take out
all inhomogeneity occurring in the data. Further variability in space can be controlled
by allowing the intensity parameters of our model to depend on location.

Recall that in our model additional parameters b′i(s) controlling the intensities of points
are used to model the inhomogeneity w.r.t. the vertical axis. These functions are
assumed to have of the following forms:

b′1(w, h) = η′e−η′h

and

b′2(w, h) =
hα′−1e

− h

β′

Γ(α′)β ′α′

for P. abies and F. sylvatica, respectively, s = (w, h) ∈ W , where η′, α′, β ′ > 0 are some
parameters.

There are different possibilities to choose the parametric form of the b′i(s) functions,
i.e. different functions may be used for different root systems. Note that P. abies
has a sinker root system and F. sylvatica possesses a heart root system. We choose the
exponential and Gamma distributions, respectively, since the same shape differences are
still present in the inhomogeneity functions b′i(s) after the homogenization of influence
zones.

It is necessary to stress that if there is no interaction between points, i.e. all γ are equal
to 1, the estimated parametric functions b′i(s) in the model coincide with the intensity
functions normalized by the overall intensities. In contrast, the interactions between
the roots (or points in the data) affect the estimated inhomogeneity parameters and
thus, estimates of η′, α′ and β ′ can differ from the values of the parameters η, α and β
of the depth distributions which are used in the modelling of the influence zones.

To show this effect we made several simulation experiments with an unmarked version
of the inhomogeneous saturation model introduced in Eq. (6.2). The results thereof are
visualized in Fig. 6.8. For simplicity we considered only the exponential distribution
with η′ = 5 in a sampling window W = 1×1 with circular influence regions (r1 = 0.02)
and a saturation threshold t1 = 4. It is obvious that if the interaction parameter
changes, then the intensity of points changes as well (Fig. 6.8). A similar observation
is made in [140] for inhomogeneous hard core point processes.
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Figure 6.7: Influence regions for P. abies and F. sylvatica
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a) γ1 = 0.6 and b1 = 500 b) γ1 = 1.4 and b1 = 70

Figure 6.8: Realizations of (unmarked) inhomogeneous Gibbs point processes

6.2.2.3 Conditional Intensity

The conditional intensities for the (unmarked) Geyer point process are given in Sec-
tion 2.1.4.4. For the bivariate inhomogeneous saturation point process, the conditional
intensities are given by

λi(s, u) =
f(s ∪ {u(i)})

f(s)

= bib
′
i(s)γ

min{ti,Ni,s(i)
(u)}+

P
s∈s

(i) δi,u(s)

i γ
min{tij ,N

i,s(j)
(u)}

ij γ
P

s∈s
(j) δji,u(s)

ji ,

if u 6∈ s(i), where s = {s(1), s(2)},

s ∪ {u(i)} =

{
{s(1) ∪ {u}, s(2)} if i = 1,

{s(1), s(2) ∪ {u}} if i = 2,

δi,u(s) =

{
1 if Ni,s(i)(s) < Ni,s(i)∪{u}(s) ≤ ti,

0 otherwise,

and

δji,u(s) =

{
1 if Nj,s(i)(s) < Nj,s(i)∪{u}(s) ≤ tji,

0 otherwise.
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In case of u ∈ s(i) the formulae for λi(s, u), δi,u(s) and δji,u(s) are modified as

λi(s, u) =
f(s)

f(s \ {u(i)})
= bib

′
i(u)γ

min{ti,N
i,s(i)\{u}

(u)}+
P

s∈s
(i)\{u}

δi,u(s)

i γ
min{tij ,N

i,s(j)
(u)}

ij γ
P

s∈s
(j) δji,u(s)

ji ,

δi,u(s) =

{
1 if Ni,s(i)\{u}(s) < Ni,s(i)(s) ≤ ti,

0 otherwise,

and

δji,u(s) =

{
1 if Nj,s(i)\{u}(s) < Nj,s(i)(s) ≤ tji,

0 otherwise.

6.2.3 Model Fitting using the Pseudolikelihood Method

For the estimation of model parameters it is assumed that the density f(s; ξ) is known
up to some parameter vector ξ = (ξ1, ..., ξp). To estimate ξ, we have chosen to use the
pseudolikelihood method (see Section 3.2.2). Only the conditional intensities λi(s, s; ξ)
which do not depend on the unknown normalizing constant are needed in order to
write down (and maximize) the pseudolikelihood function and therefore, the method is
computationally convenient. Also, it is known how to estimate the overall parameters
from replicated point patterns by this method.

6.2.3.1 Pseudolikelihood Method

The pseudolikelihood function of a marked point process with two marks is given by
([49])

PL(ξ; s) =
∏

s∈s
(1)

λ1(s, s) exp(−
∫

W

λ1(s, u)du)
∏

s∈s
(2)

λ2(s, s) exp(−
∫

W

λ2(s, u)du),

where the conditional intensities λi(s, s) = λi(s, s; ξ) depend on the unknown parameter
vector ξ.

Substituting the conditional intensities for the bivariate inhomogeneous saturation point
process and taking the logarithm, we obtain the log–pseudolikelihood function which is
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used for the estimation of model parameters:

log PL(ξ; s) = n1 log b1 +
∑

s∈s
(1)

log b′1(s) + n2 log b2 +
∑

s∈s
(2)

log b′2(s)
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where the two sums
∑k

j=1 λ1(s, z
(1)
j )w

(1)
j and

∑k
j=1 λ2(s, z

(2)
j )w

(2)
j are approximations

of the integrals
∫

W
λ1(s, u)du and

∫
W

λ2(s, u)du, respectively. The dummy points

z
(i)
1 , ..., z

(i)
k , k = 252, i = 1, 2, together with the data points s(i) ∈ S induce a Voronoi

tessellation of W and w
(i)
j is the weight of the dummy point z

(i)
j , i.e. the area of the

Voronoi cell with nucleus z
(i)
j . Latter approximation of the integrals has been proposed

by [17] for far fewer dummy points which saves CPU time and provides the same re-
sults as quadrature rules. Here, the dummy points lie on a equidistant grid and the
y–coordinate is transformed according to the density function defining the influence
regions, since most of the points are located in the upper part of the sampling win-
dow. The estimates for the parameters b1, b2, γ1, γ2, γ12, γ21, η, α and β are obtained by
maximizing this log–pseudolikelihood function w.r.t. them.

6.2.3.2 Replicated Point Patterns

Unlike point patterns which are typically analyzed by methods of spatial statistics,
the root data are seldom sufficiently large. A way to get more data is to sample
independently several patterns and combine so–called replicated point patterns in one
data set. For the application of the pseudolikelihood method to replicated point patterns
see Section 3.2.2.2.
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6.2.3.3 Correction of Edge Effects

Because of the small numbers of roots, we choose to use periodic boundary conditions
(see Section 3.2.2.1) for edge correction. In our case this means that the sampling
window W is wrapped onto a cylinder by identifying the opposite sides of W which
are parallel to the y–axis, so that points at these two opposite edges of the sampling
window may be considered neighbors. There are no roots above or below the sampling
window, and therefore, no edge correction parallel to the x–axis is needed.

6.2.3.4 A Priori Chosen Parameters

The parameters which have to be specified a priori for the estimation procedure are
obtained from further data analyses as well as from biological reasoning:

• For the radius of the influence regions we homogenize the data w.r.t. the vertical
axis (see Section 6.1.2) and estimate the univariate pair correlation functions
for both tree species (see Section 3.1.3). Note that the homogenization is done

separately for P. abies and F. sylvatica with η̂, α̂ and β̂ from Section 6.2.1. From
Fig. 6.9 it can be seen that the interaction radii seem to be around 20 cm and
10 cm, and thus, we choose r1 = 10 cm and r2 = 5 cm as influence ranges for P.
abies and F. sylvatica, respectively.

• The saturation thresholds are set to t1 = t2 = t12 = t21 = 4, since we believe that
more than 4 neighbors seem to have no larger influence than just 4 neighbors.

6.2.4 Simulation Algorithm

A simulation algorithm is needed for model validation. We simulate the bivariate satu-
ration point process by means of the Metropolis–Hastings algorithm (see Section 3.3.2).
We use an algorithm where the updates can only be births or deaths of points. We
choose the probability for a birth proposal as p = 0.5. The starting point configuration
is the empty set. The algorithm can be described as follows:

Algorithmus 6.1 Birth–death case

1. Generate three realizations u1, u2 and u3 of a Uniform(0,1)–distributed random
variable.
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Figure 6.9: Pointwise 90% envelopes of CSR for the mean estimated univariate pair
correlation functions of P. abies (left) and F. sylvatica (right)

2. Decide which mark is considered.
If u1 ≤ 0.5, i = 1
Else i = 2

3. Update the point configuration s by a birth or a death.
If u2 ≤ p, a birth is proposed:

• Generate a new point q(i) in W with mark i.

• Calculate the acceptance probability α(q) of the point q(i) by

αi(q) = min
{

λi(s, q)
1 − p

p

ν2(W )

ni + 1
, 1
}
.

• If u3 ≤ αi(q), add q(i) to s.

Else a death is proposed:

• Pick a point s(i) of s(i) at random.

• Calculate the acceptance probability βi(s) of the point s(i) by

βi(s) = min
{
λ−1

i (s, s)
p

1 − p

ni

ν2(W )
, 1
}
.

• If u3 ≤ βi(s), remove s(i) from s.

4. Repeat steps 1 to 3 altogether at least 10000 times and take the resulting point
configuration s as a final realization.
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6.2.5 Modelling by Inhomogeneous Bivariate Saturation Point

Process

In this section we present the results of the statistical analysis and the modelling of the
point patterns.

6.2.5.1 Second Order Statistics

Fig. 6.9 shows the mean estimated (univariate) pair correlation function of the homog-
enized data which has already been used to obtain values for the interaction radii. The
pointwise 90% envelopes for CSR are calculated by simulating the homogeneous Pois-
son point process 7 times in W (using 7 different estimated intensities) and compute
the mean of the estimated univariate pair correlation functions for this simulation run.
From 200 simulation runs we compute pointwise envelopes. Since the mean estimated
functions of the homogenized data are above the corresponding envelopes both species
seem to have clustered root patterns. Thus, this is an indication that the parameters
γ1 and γ2 which are estimated below are significantly greater than 1. Note, however,
that the estimates of γ1 and γ2 are influenced by the other model parameters.

6.2.5.2 Estimated Parameters

For the maximization of the pseudolikelihood existing software ([118]) for non–linear
optimization is used.

In a first approach we fit the bivariate inhomogeneous saturation point process without
any further assumptions to the replicated data. We then detect that the interspecific
interaction parameters γ12 and γ21 are not significantly different from 1. Thus, we
assume in a second approach that γ12 = γ21 = 1, i.e. there is no interaction between
the two species which reduces the number of parameters to be fitted to seven.

The estimated values of the parameters b1, b2, γ1, γ2, η
′, α′ and β ′ for each individual

point pattern are unstable, since there are too few points in each sampling window.
But using the method described in Section 3.2.2.2 for replicated spatial point patterns
we obtain the following estimates:

• The parameters for the depth distributions of the roots of P. abies and F. sylvatica
are estimated as η̂′ = 0.0982, α̂′ = 2.1167 and β̂ ′ = 12.040, respectively.

• The parameters b1, b2 which control the intensities are estimated as b̂1 = 0.0476
and b̂2 = 0.1102 for P. abies and F. sylvatica, respectively.
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Figure 6.10: Realizations of the bivariate inhomogeneous saturation point process (F.
sylvatica, P. abies)

• The interaction parameters γ1 and γ2 are estimated as γ̂1 = 1.3371 and γ̂2 =
1.3260 for P. abies and F. sylvatica, respectively.

Note that changing the interaction radii and the saturation thresholds alters slightly the
obtained values of the parameters, but the qualitative interpretation stays the same.

6.2.5.3 Model Validation

Fig. 6.10 shows two realizations of the bivariate inhomogeneous saturation point process
obtained by the Metropolis–Hastings algorithm described in Section 6.2.4 using the
parameters mentioned in Sections 6.2.3.4 and 6.2.5.2.

For model validation we compute pointwise envelopes for the mean estimated univariate
L–functions of the homogenized data (see Sections 3.1.2 and 3.4.3.1). The homogeniza-
tion is done as in the case of the pair correlation function w.r.t. the vertical axis with
the estimated parameters η̂, α̂ and β̂ from Section 6.2.1 separately for P. abies and F.
sylvatica.

First, we obtain mean estimates of L11(r) and L22(r) as an average of those for each
single homogenized point pattern. Then, we simulate the bivariate inhomogeneous
saturation point process 7 times in W (because of 7 sampling windows) using the
algorithm described in Section 6.2.4, homogenize the simulated point patterns and
compute the means of the estimated univariate L–functions for this simulation run.
From 200 simulation runs we compute pointwise envelopes. If the mean estimated
functions of the homogenized real data are inside the corresponding envelopes the model
can be considered as appropriate. Fig. 6.11 shows the envelopes for the mean estimated
univariate L–functions of P. abies and F. sylvatica, respectively.

Note that it is not possible to use the L12–functions, since the vertical depth densities for
P. abies and F. sylvatica differ and thus, the homogenization approach is not applicable.
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Figure 6.11: Mean estimated univariate L̂ii(r)−r functions and pointwise 95% envelopes
for the fitted bivariate inhomogeneous saturation point process

7 replications 14 replications Data

b̂1 0.0438 ± 0.0085 0.0436 ± 0.0055 0.0476

b̂2 0.1018 ± 0.0109 0.1051 ± 0.0077 0.1102
γ̂1 1.3087 ± 0.1019 1.3160 ± 0.0527 1.3371
γ̂2 1.3493 ± 0.0722 1.3448 ± 0.0477 1.3260

η̂′ 0.1008 ± 0.0065 0.1024 ± 0.0049 0.0982

α̂′ 2.2437 ± 0.2971 2.1623 ± 0.2311 2.1167

β̂ ′ 11.694 ± 1.8339 11.919 ± 1.2883 12.040

Table 6.2: Mean values and standard deviations of the parameter estimates based on
50 simulations together with the values estimated from the data

In order to investigate the accuracy of the estimates we simulate 50 realizations of our
fitted model with 7 and 14 replications, respectively, and fit the model to the simulated
replicated data. The mean and standard deviations of the estimated parameters are
presented in Tab. 6.2. It can be seen that doubling of the number of replications, i.e. a
doubling of the acquisition of profile walls, improves the results only slightly.

6.2.6 Summary and Discussion of the Results

A new approach of modelling and analyzing inhomogeneous replicated marked point
patterns is presented. We fit a bivariate inhomogeneous saturation point process to
the roots of P. abies and F. sylvatica in mixed stands. The novelty of this approach is
the inclusion of the specific inhomogeneity which does not only appear in the density
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function of the bivariate inhomogeneous saturation point process, but is also reflected
in the definition of the neighborhood, i.e. the influence region of the roots. Another
challenge is the fitting of replicated point patterns, where we use the pseudolikelihood
method. Note that the presented approach can easily be extended to more than two
types of roots.

For model validation we only consider a univariate point process characteristic of the
homogenized point patterns. We compute envelopes for the mean estimated univariate
L–functions (Fig. 6.11). The chosen model seems to be a good fit, but for short distances

the mean estimated L̂ii(r) − r function of P. abies and for larger distance the mean

estimated L̂ii(r) − r function of F. sylvatica, respectively, runs outside the envelopes.
Nevertheless, altogether for both tree species, this simple model seems to be appropriate.

The estimated interaction parameters γ̂1 and γ̂2 seem to be quite similar, i.e. in mixed
stands the roots of P. abies are clustered as strongly as the roots of F. sylvatica, but in
a larger region. A further reduction of the model could be obtained by the assumption
γ1 = γ2, which from a biological point of view is not reasonable. Anyhow, we already
assumed that γ12 = γ21 = 1, i.e. there is no interspecific interaction between roots of P.
abies and roots of F. sylvatica. Note however, the non–symmetric nature of the model
principally allowing γ12 6= γ21.

The spatial distributions of roots of P. abies and F. sylvatica, respectively, in pure
stands have been modelled by inhomogeneous Matern cluster point processes (see Sec-
tion 6.1). In pure stands the roots of P. abies show stronger clustering in a smaller
region of attraction than the roots of F. sylvatica. A comparison to the spatial struc-
ture of the roots in pure stands shows that the stronger clustering of roots of P. abies
compared to roots of F. sylvatica in pure stands is not present in mixed stands, the
region of attraction seems to be similar for both tree species. However, note that the
size of the region of attraction is a variable which has to be fixed before estimating
the other parameters of the model. We choose to use the mean estimated univariate
pair correlation functions to determine the intraspecific interaction distances. A more
profound discussion of the structural differences between the root distributions in pure
and mixed stands, respectively, could be done if the univariate inhomogeneous satura-
tion point process would also be fitted to the root profile walls in pure stands, which is
subject to future work.

Reasons for the clustering of tree roots are discussed in [60] and [73] as roots react to
nutrient–enriched soil patches by enhanced growth and greater biomass in the cluster
areas. Root clustering can be seen as an indication of extensive intraspecific competi-
tion. The small roots investigated in this study are described w.r.t. water and nutrient
uptake ([81]) and they mediate to the most active fine roots. Thus, clusters of small
roots reflect the presence of nutrient patches or zones of better water availability ([60],
[114]).
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In [129] it is shown that the number of small roots and their clustering are independent
of the distance to and the diameter of the surrounding trees. Root clustering is seen as
a rule in natural soils for optimized exploitation of aggregated resources ([73]) but the
interaction between roots of different species within such clusters is so far unknown.
The present study suggests that there is no statistically significant interaction within
the common clusters of roots of P. abies and F. sylvatica. The new mathematical
approach introduced in this study offers a possibility to deal with such intraspecific and
interspecific interactions. For a more detailed ecological interpretation of these results
see [36].



Chapter 7

Conclusions and Outlook

This thesis has shown that techniques and tools from stochastic geometry can be ap-
plied to data from different research fields, like economics, biomedicine and ecology. It
has also become clear that the tools for statistical descriptive analysis and model fitting
of point patterns with slight modifications are applicable to different scales, dimensions
and marks. In particular, efficient algorithms for the estimation of point process char-
acteristics have been implemented, as well as the fitting procedures for various types of
point processes.

In the application to economical data a descriptive statistical analysis of 2–dimensional
marked point patterns has been performed. We estimated the mark correlation function
and the Simpson indices to describe the spatial correlations of the change of the relative
purchasing power in Baden–Württemberg for three time intervals. The significance of
these positive correlations for small point pair distances and its vanishing for later time
intervals was also pointed out by a test on independent labelling. In the second project
we detected significant positive spatial correlations of monthly stock returns in the S&P
500 index. Moreover, a part of this project consisted of the comparison of two different
methods for analyzing spatial correlations. The third project showed the validation
of a stochastic storm track model by considering spatial correlations in the generated
wind field. The tropical cyclones in the North Atlantic provide large risks for reinsur-
ance companies. With an appropriate stochastic simulation model the hazards can be
assessed more reliably. This application showed that the mark correlation function is
also a useful tool for model validation.

In the first application to biomedical data we analyzed centers of blood capillaries
from prostatic cancer tissue and from tumor–free tissue. The comparison was done
by a descriptive analysis and by fitting Gibbs point processes to the data. This study
provided valuable information for the automatized classification of potential cancer
tissue. In the second application, a marked point pattern consisting of non–proliferating
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and proliferating cell nuclei in mammary carcinoma tissue was analyzed with similar
tools used for the first economical project. This illustrates the usability of the techniques
and tools in different research fields and for different scales. The analyzed point pattern
of two neuronal cell types showed the extension of the descriptive methods for the 3–
dimensional marked case.

In the applications to ecological data we fitted point process models to inhomogeneous
2–dimensional point patterns. For the tree roots in pure stands the Matern cluster
model was chosen after we homogenized the data w.r.t. the vertical axis. For the tree
roots in mixed stands we generalized an existing point process model, Geyer’s saturation
point process, by adding marks and inhomogeneity and modifying the definition of
the neighborhood. This generalized Gibbs point process was then fitted to the 2–
dimensional marked point patterns.

The current state of spatial point process theory and directions for future research is
summarized and discussed, e.g., in [65] and [104]. A challenging problem for the future
will be the extension of the pseudolikelihood method to (replicated) 3–dimensional data.
With the progress in the techniques to obtain point patterns, e.g. electron microscopy,
more 3–dimensional data will be available soon. An even more sophisticated problem
are 4–dimensional data, i.e. spatio–temporal point processes and their analysis. Such
data can be given by movies or sequences of stacks. The point of interest is then
focused on tracking problems, i.e. on the spatial behavior and the motion pattern
of the observed objects. Regarding inhomogeneity of point processes further research
is also necessary. The development of inhomogeneous point process models and the
handling of inhomogeneous point patterns are just at the beginning.

Finally, we would like to mention as it has been stated several times that the tech-
niques described in this thesis are not restricted to data from the fields of economics,
biomedicine and ecology, but can also be applied to various other fields where point pat-
terns occur, e.g. structural analysis of spatial data from telecommunication networks,
material sciences and insurance industry.
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Zusammenfassung

Ziel dieser Arbeit ist die Untersuchung, Implementierung und Anwendung von unter-
schiedlichen Techniken der statistischen Punktmusteranalyse. Am Institut für Stochastik
an der Universität Ulm haben wir während der letzten Jahre an zahlreichen Projekten
gearbeitet, in denen die statistische Analyse von Punktmustern zentraler Bestandteil
war und die aus verschiedenen Forschungsbereichen stammten. Die wichtigsten Ergeb-
nisse aus diesen Projekten werden in der nun vorgelegten Arbeit präsentiert.

Die ersten drei vorgestellten Projekte sind im wirtschaftswissenschaftlichen Bereich an-
gesiedelt. Zuerst analysieren wir räumliche Korrelationen in der Änderung der relativen
Kaufkraft, wohingegen im zweiten Projekt räumliche Korrelationen in den Monatsren-
diten von Firmen im S&P 500 Index detektiert werden. Zusätzlich vergleichen wir
in diesem mit dem Institut für Finanzwirtschaft an der Universität Ulm gemeinsam
bearbeiteten Projekt zwei verschiedene Methoden zur Analyse von räumlichen Korrela-
tionen. Im dritten Projekt wird ein stochastisches Modell zur Simulation von Zugbah-
nen von Wirbelstürmen anhand der räumlichen Korrelationen im erzeugten Windfeld
validiert.

In den nächsten beiden Projekten, die gemeinsam mit dem Institut für Pathologie an
der Universität Ulm bearbeitet werden, wird die Verteilung von Zellstrukturen un-
tersucht. Ziel war ein Vergleich der räumlichen Anordnung von Blutkapillaren aus
gesundem und Krebsgewebe. Dazu werden Punktmuster analysiert, die aus den Ka-
pillarzentren von Schnitten 3–dimensionaler Faserprozesse bestehen. Des Weiteren wird
die Verteilung von sich teilenden Zellen im Vergleich zu ruhenden Zellen im Krebs-
gewebe untersucht. Das nächste Projekt ist eine Kooperation mit dem Department für
Anatomie und Neurobiologie der Kyushu Universität in Japan, in welchem die Ana-
lyse der Interaktionen zwischen zwei neuronalen Zellen im Hippokampus der Maus im
Mittelpunkt der Untersuchungen steht.

Bei der dritten Art von Projekten stammen die Daten aus der Ökologie. Sie werden
gemeinsam mit dem Institut für Systematische Botanik und Ökologie an der Univer-
sität Ulm durchgeführt, wobei die Wurzelverteilung zweier Baumarten in Rein– bzw.
Mischbeständen modelliert wird.

181



182 Zusammenfassung

Obwohl diese Projekte auf den ersten Blick nicht viel gemeinsam haben, wurde es
mit der Zeit immer klarer, dass die verwendeten mathematischen Modelle, Werkzeuge
und Techniken ähnlich sind. Die untersuchten Daten repräsentieren in allen Fällen
Punktmuster:

• Das Punktmuster ist in einem makro–, meso– oder mikroskopischen Maßstab
gegeben. Jeweils Beispiele hierfür sind die Lokationen von Unternehmen in den
USA, planare Schnitte von Baumwurzeln und Lokationen von Zellkernen in Krebs-
zellen.

• Die Lokationen können 2–dimensional, z.B. Gemeinden in Baden–Württemberg,
3–dimensional, z.B. neuronale Zellen, oder sphärisch, z.B. geographische Koordi-
naten von Firmensitzen in den USA, sein.

• Die Punkte können Marken haben, d.h. eine zusätzliche Information besitzen, z.B.
Baumwurzeln in Mischbeständen, oder können unmarkiert sein, z.B. Baumwurzeln
in Reinbeständen. Im Fall von markierten Punktmustern ist der Markenraum
dabei nicht auf einen diskreten Raum beschränkt, vielmehr können die Marken
auch kontinuierliche Werte in IR annehmen, z.B. die Änderung der Kaufkraft in
Baden–Württemberg.

Diese Dissertation beschreibt einige Ergebnisse der oben genannten Forschungsprojekte
und versucht dabei den Leser von der Universalität der verwendeten Techniken aus
der stochastischen Geometrie hinsichtlich ihrer Anwendbarkeit in zahlreichen Bereichen
der wissenschaftlichen und industriellen Forschung zu überzeugen. Im Wesentlichen
bedeutet dies, dass Methoden, die dazu verwendet werden, Fragestellungen in einem
wissenschaftlichen Bereich zu beantworten, oft nach kleinen Änderungen in einem an-
deren Anwendungsfeld genützt werden können, um dort Probleme zu lösen.

Diese Arbeit trägt somit stark ausgeprägte interdisziplinäre Züge, d.h. sie ist das Ergeb-
nis eines Zusammenspiels von Mathematik und Informatik mit Wirtschaft, Biomedizin
und Ökologie.
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angegebenen Hilfsmitteln angefertigt habe. Alle Stellen, die anderen Werken entnom-
men sind, wurden durch Angaben der Quellen kenntlich gemacht.

Ulm, den 23. September 2008


