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Abstract

T
HIS thesis deals with efficient receiver design for digital point-to-point commu-

nications. A single carrier block transmission scheme, including channel cod-

ing, shall serve as a basis. At the receiver neither knowledge of the channel

impulse response (CIR) nor the signal-to-noise ratio (SNR) is assumed. Accordingly,

those parameters have to be estimated for power-efficient data detection. In particular,

an iterative solution for joint parameter estimation and data detection based on the

turbo principle is investigated. As a result of an in-depth study of various decision-

directed SNR estimation techniques, a novel estimator using a priori probabilities of

data symbols is derived for Gaussian channels with binary modulation. The potential

of the algorithm is evaluated for the example of iterative decoding of concatenated

convolutional codes. In the case of multipath channels, the CIR has to be estimated,

too and equalization is additionally necessary. Iterative equalization and decoding

(turbo equalization) is chosen as a powerful technique for data detection with mod-

erate computational complexity. A decision-directed channel estimator based on the

least-mean-square (LMS) algorithm is suggested that adapts its step size according to

the quality of the data estimates and that does not require SNR knowledge. Numerical

results for a turbo equalization setup support that the proposed channel estimator per-

forms well for arbitrary signal constellations. Furthermore, the performance of turbo

equalization itself is addressed. An optimization algorithm for bit-to-symbol mappings

is presented that enhances power efficiency by means of iterative demapping. The al-

gorithm can be applied to any equalization technique if the equalizer’s output variance

is known or can be estimated. Finally, the use of estimation error statistics is investi-

gated. Its advantage for turbo equalization and the relationship to decision-directed

channel estimation is shown by an extrinsic information transfer (EXIT) analysis.
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1
Introduction

W
E all encounter events in our daily lives which cannot be accurately predicted.

This is often attributed to incomplete knowledge of factors with a direct or

indirect influence. Sometimes we may associate those events with proba-

bilities, indicating rather a degree of uncertainty than a relative frequency. A typical

example might be tomorrow’s weather forecast report that claims a rain probability of

10 percent. Statistics as the corresponding scientific discipline plays an essential role

in communications engineering. Assume that a single information bit is sent over a

communication channel to the destination. The receiver computes the likelihoods of

the received bit conditioned on the two hypotheses that the transmitted bit was either

a ‘1’ or a ‘0’. In the absence of any prior information, the receiver decides in favor of the

larger likelihood. However, the receiver may have to revise its decision if it is provided

with the side information that the a priori probability of a ‘1’ is 60 percent. Hence, in

this latter case the decision process (data detection) would become more reliable, i. e.,

uncertainty about the decision would be reduced. This is the principal mechanism be-

hind probabilistic signal processing that enabled a huge progress towards theoretical

limits in communications engineering over the past 15 years. Famous examples are

iterative decoding of turbo codes [13] and the rediscovery of low-density parity-check

(LDPC) codes from the early 1960s [101].

The main emphasis of this thesis is placed on analysis and design of iterative re-

ceivers for mobile communications, inspired from the work above. An iterative receiver

consists of separate modules that exchange parameter and data estimates in a coordi-

nated fashion. Typical parameters of concern are the channel impulse response and

the signal-to-noise ratio (SNR), which may assist the receiver with data detection. In

particular, the problem of parameter uncertainties is addressed that may degrade the

overall receiver performance. As modern telecommunication applications like wireless

mobile broadband access demand highest power and bandwidth efficiency, sophisti-

cated signal processing methods for parameter estimation and data detection have

become mandatory.

A single carrier digital point-to-point communication system shall serve as a basis

1



1 Introduction

throughout this thesis. The transmitted data is protected by an error correcting code.

Since the bandwidth of the transmit signal is assumed to be large compared to the

coherence bandwidth of the channel, the received data symbols are impaired by in-

tersymbol interference. Accordingly, the basic building blocks of the receiver address

channel and SNR estimation, equalization, and channel decoding. The first two blocks

establish the parameter estimation at the receiver, whereas the latter two are respon-

sible for data detection. The task of parameter estimation is often eased by sending

known symbols (training information). Due to practical and physical restrictions on

data throughput, energy, or time, the quality of those training based parameter esti-

mates can never be perfect and might not even be sufficient. Therefore, (not perfectly

known) data estimates can be incorporated to enhance the accuracy of parameter es-

timation.

The focus of this work is twofold and motivated by the following questions that arise

from above:

• How can we include imperfect (uncertain) data estimates into parameter esti-

mation, without risking a performance degradation?

• How can we improve data detection, given imperfect (uncertain) parameter es-

timates?

We address those questions in the context of realizable receiver structures for block

transmission schemes with low to moderate computational complexity. The results of

this work can be in part generalized to continuous transmission schemes and multiple

antenna systems.

The chapters are organized as follows. In Chapter 2, the fundamentals of a digital

point-to-point communication system are introduced. This includes a description of

the basic principle of iterative receivers and the corresponding building blocks for

parameter estimation and data detection.

Chapter 3 is devoted to SNR estimation with a main focus on Gaussian channels

and binary modulation. An overview of existing techniques and an in-depth study

of algorithms employing data estimates (decision-directed or iterative estimation) are

provided. An analytical asymptotic result of the performance degradation caused by

uncertain data estimates motivates a correction criterion for decision-directed estima-

tion. Since that criterion does not guarantee enhanced performance over the entire

SNR range of interest, a new estimation approach is proposed that exploits a priori

information of data symbols. The suggested algorithm offers a reduced bias for low-

to-medium SNR. In addition, a lower bound on the estimator’s variance is derived. The

correction criterion from above is further generalized to multipath channels.

The second part of parameter estimation, channel estimation, is addressed in Chap-

ter 4. Again, the major part of the chapter is devoted to decision-directed estimation.

The least-mean-square (LMS) algorithm and the adaptation of its step size in the case

of uncertain data estimates are investigated. A simple, yet satisfactorily performing

approach for the choice of the step size based on symbol variances is proposed. This

2



method can be applied to arbitrary signal constellations and does not require knowl-

edge of the SNR.

Chapter 5 deals with turbo equalization (iterative equalization and decoding), i. e.,

the data detection part of iterative receivers. Main attention is paid to soft interference

cancellation schemes with linear filtering. Three classical choices of the filters and their

relationship are highlighted, giving also some additional insight into the difference

between real-valued and complex-valued description of equalization schemes. Fur-

thermore, an algorithm is proposed that optimizes bit-to-symbol mappings for a turbo

equalization setup. This algorithm can be applied to arbitrary equalization methods

provided that the equalizer’s output variance is available. Finally, the problem of turbo

equalization with imperfect channel knowledge is addressed. We devise a method to

incorporate the estimation error statistics into the equalization algorithm. This allows

an enhanced performance compared to a related approach from the literature.

Numerical results regarding the performance of the complete iterative receiver, cov-

ering Gaussian and multipath channels, are provided in Chapter 6. These results fur-

ther confirm the suggestions and insights from the chapters above. In addition, a link

between decision-directed channel estimation and equalization with estimation error

statistics is established.

A summary of the main results in Chapter 7 concludes this work. Additional proofs

and the notation are included in the appendix.

Parts of this thesis have been published in [25–29,32].

3
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2
Fundamentals

T
HIS chapter is devoted to the fundamentals of a digital communication system

and serves as a basis for the upcoming, more in-depth parts. A model for a

point-to-point digital communication link in continuous-time and discrete-time

representation is described. The relationship between transmit and received signal is

expressed in a compact manner by means of matrix-vector notation. Before discussing

the corresponding receiver part, we illustrate the connection between bit error proba-

bility, mutual information, and soft output for Gaussian channels. This short excursion

provides the key ingredients for analyzing and designing components of iterative re-

ceivers. Finally, the basic structure of the receiver is outlined.

2.1 Model of a Digital Point-To-Point Communication System

Next, we introduce a continuous-time model for a wireless, digital point-to-point com-

munication link.

2.1.1 Continuous-Time Representation

Consider the block diagram in Fig. 2.1. It depicts the essential parts of a single carrier,

digital communication system in the lowpass domain and covers the generation of the

transmit signal from a binary source sequence to the continuous-time received signal.

The corresponding receiver will be discussed at the end of this chapter, after having

introduced the discrete-time representation of the system. Next, we briefly describe

the individual blocks of the transmission chain in Fig. 2.1.

A sequence of equiprobable information bits q[kq] ∈ {0, 1} is mapped onto symbols

x[kx], taken from a real-valued or complex-valued finite signal constellation

A = {a1, . . . , aM} of size M . The signal constellation A is normalized to average

5



2 Fundamentals

q[kq ]
COD

x[kx]

p[kp]

s[k]

kTs

e(t)
s(t)

hc(τ, t)

n(t)

+
y(t)

Fig. 2.1: Continuous-time model for a digital transmission with linear modulation schemes.

unit energy Ēx,

Ēx ,
1

M

M∑

j=1

|aj |2 = 1. (2.1)

The aforementioned mapping is represented by the block “COD” and comprises both

channel coding and bit-to-symbol mapping. It will be specified in detail later in this

chapter. Into the stream of data symbols x[kx], known symbols (pilot symbols) p[kp]
can be inserted to assist the receiver with parameter estimation and/or data detec-

tion. It is convenient to confine the pilot symbols to have unit energy. Furthermore,

it is sufficient for the considered framework to choose pilot symbols from the real-

valued set {−1, +1}. x[kx] or p[kp] form the transmit symbols s[k], which are Dirac

delta sampled to obtain a continuous-time signal. The transmit signal s(t) is given by

convolution with the basic waveform e(t),

s(t) =

∞∑

k=−∞
s[k]e(t − kTs), (2.2)

where Ts denotes the symbol period. For conceptual purposes, we assume that e(t) is

chosen to be an ideal Nyquist pulse with e(t) = 1/Ts · si(πt/Ts). Typical impediments

in mobile communications caused by the physical channel, such as multipath propa-

gation and fading, are modeled in Fig. 2.1 by a possibly time-varying channel impulse

response (CIR) hc(τ, t), where τ denotes the delay time and t the absolute time. Fur-

thermore, additive thermal noise due to the amplification of the signal in the receiver

is considered. The corresponding term n(t) represents the realization of a stationary,

circularly symmetric, complex-valued zero-mean white Gaussian noise process with

two-sided spectral power density N0/2. Thus, for unit bandwidth the noise power per

component (real and imaginary part) is σ2
n = N0/2. Finally, the received signal y(t)

can be calculated as

y(t) =
1

2

∞∫

∞

hc(τ, t)s(t − τ )dτ + n(t), (2.3)

6



2.1 Model of a Digital Point-To-Point Communication System

where the factor 1/2 accounts for the modeling of signals and systems in the equivalent

lowpass domain [78].

2.1.2 Channel Model

Before deriving the discrete-time representation of our system model and discussing

the channel model under consideration, it is useful to define an effective channel im-

pulse response h(τ, t), comprising both the influence of the basic waveform and the

physical channel [78]

h(τ, t) =
1

2

∞∫

∞

hc(ϑ, t)e(τ − ϑ)dϑ. (2.4)

For brevity, we omit the term “effective” and simply refer to (2.4) as CIR in the follow-

ing.

In the literature, a broad variety of channel models exists which depend on the

specific physical transmission conditions such as signal bandwidth, carrier frequency,

environment, and mobility scenario. For the sake of visualizing the most important

aspects covered in this thesis, we restrict ourselves to a practical and widely used

channel model. We start from the basic assumption that the transmit signal can prop-

agate to the receiver via multiple paths with possibly different delays, amplitudes, and

phases. The symbol period Ts shall be small enough so that the delayed signals can be

resolved. Hence, even if h(τ, t) is time-invariant, in general intersymbol interference

(ISI) arises. This means that in the frequency domain the signal bandwidth exceeds

the coherence bandwidth of the channel, resulting in a frequency-selective wideband

channel model. Typically, real radio channels appear in addition to be time-varying

and random, thus, requiring statistical measures like correlation functions. A detailed

description is beyond the scope of this thesis and we refer the interested reader to

standard textbooks and to the work of Bello [9]. We adopt the common assumption

of wide-sense stationary uncorrelated scattering (WSSUS) [92]. This implies that the

autocorrelation function of the CIR does not depend on the absolute time t and that

paths with different delays are uncorrelated. We consider quasi-static CIRs that can

be regarded as constant during the transmission of a block of NT symbols. We will

justify this specialization below. Thus, the coherence time of the channel is NT · Ts.

Then, further restricting the delays to be integer multiples of the symbol period, the

CIR h(τ, t) for the ith block simplifies to the following tapped delay-line model

h(τ, t) =
L−1∑

l=0

hl[i]δLP(τ − lTs), t ∈ [(i − 1)NT Ts, iNT Ts), i = 1, 2, . . . (2.5)

where L denotes the length of the CIR measured in symbol periods Ts and hl[i] is the

channel coefficient of the lth tap for the ith block. δLP(τ ) is defined as two times the

impulse response of an ideal low pass filter and thus 2/Ts · si(πt/Ts) [78]. We refer

7



2 Fundamentals

to this type of channel as multipath channel or ISI channel. Among all channel types

obeying (2.5), we pick the following two special cases:

• Deterministic time-invariant channel. The channel is fully correlated in time

and thus constant, having h(τ, t) ≡ h(τ ) =
∑L−1

l=0 hlδLP(τ − lTs). We refer to

Eh ,

L−1∑

l=0

|hl|2. (2.6)

as the channel gain.

• Rayleigh block-fading channel. The channel is fully correlated in time within

one block of length NT symbols, but changes independently and randomly from

block to block. The channel coefficients hl[i] are independent complex-valued

Gaussian random variables with hl[i] ∼ NC(0, 2σ2
hl

). This implies that

E{hl[i]h
∗
m[j]} = 2σ2

hl
δlmδij . The variances 2σ2

hl
define the power delay pro-

file of the channel. For a uniform power delay profile we choose 2σ2
hl

= 1/L, for

an exponential power delay profile we set 2σ2
hl

= exp (−l)/
∑L−1

k=0 exp (−k). We

further refer to

Ēh ,

L−1∑

l=0

2σ2
hl

= 1. (2.7)

as the average channel gain.

We group the channel coefficients into the vector h[i] , [h0[i], . . . , hL−1[i]]
T , where

the index i is omitted for time-invariant channels. A few remarks regarding the channel

model are appropriate. The time-invariant model is most suitable to compare different

concepts for ISI mitigation, since the impact of multipath propagation on the receiver

performance is not concealed by fading effects. Table 2.1 lists the CIRs of multipath

channels that are used as examples throughout this thesis. Channel (b) and (c) are

taken from the textbook of Proakis [97]. The complex-valued channel (d) is chosen so

that the tap gains of the second and third tap equal the gain of the first tap.

The second channel model, the Rayleigh block-fading channel, is useful to evaluate

the average performance of receive algorithms since all channel states from poor to

excellent are covered during the transmission. In addition, receivers that exploit sta-

tistical channel knowledge can be tested. Usually, the Rayleigh assumption applies to

a rich scattering environment of a mobile urban communication scenario, where mul-

tiple paths have relatively small delays and cannot be resolved in time. For conceptual

purposes, this model is adopted to the multipath case, where each channel tap un-

dergoes Rayleigh fading. We further remark that the block-fading assumption reduces

the simulation duration compared to a channel model that evolves in time according

to a specific Doppler spectrum. The Rayleigh block-fading channel has become very

popular in the context of multiple-antenna systems inspired by the pioneering work of

Marzetta and Hochwald [80].
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2.1 Model of a Digital Point-To-Point Communication System

name channel impulse response h

channel (a) 1√
2

[
1, 1
]T

channel (b) [0.407, 0.815, 0.407]T

channel (c) [0.227, 0.460, 0.688, 0.460, 0.227]T

channel (d) 1√
3

[
1, 1√

2
+ j√

2
, 1√

2
− j√

2

]T

Table 2.1: Deterministic time-invariant channel models. Channel (b) and (c) are taken from [97,
p. 631].

2.1.3 Discrete-Time Representation

Because of the specific channel model from above, the sampling theorem is fulfilled

when sampling all signals with rate 1/Ts, allowing a discrete-time representation of

the system model. Letting the transmission start at discrete time index k = 1 and block

index i = 1, we obtain the corresponding discrete-time representation of (2.3)

y[k] =

L−1∑

l=0

hl[i]s[k − l] + n[k], k = (i − 1)NT + 1, . . . , iNT , i = 1, 2, . . . , (2.8)

where we used the following definitions

y[k] , y(kTs) and n[k] , n(kTs). (2.9)

Pilot Pattern and Block Transmission

According to Fig. 2.1, pilot symbols are multiplexed into the stream of data symbols.

As already briefly mentioned, they assist the receiver in estimating crucial system pa-

rameters like the CIR h[i] and the signal-to-noise ratio (SNR). In addition, the data

stream can be split into smaller parts referred to as blocks, which allows to employ

block detection techniques. For conceptual and implementation purposes, it is conve-

nient if data blocks are not influenced by successive pilot symbols. This is specifically

relevant for the block-fading channel model. Therefore, an additional guard time after

each data block is introduced that will be motivated in the following.

Consider a fixed number of Ns data symbols that are split into NB data blocks,

where N (i) denotes the length of the ith data block. When applicable, we choose

equal block lengths N (i) = N = Ns/NB for all i.
Fig. 2.2 visualizes the frame structure and the pilot pattern. Each block of data

symbols is preceeded by a block of pilot symbols with (for the time being) variable

length P (i), where again i denotes the block index. All data blocks are followed by a

9
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P (1) N (1) P (2) N (2) P (NB) N (NB)

Fig. 2.2: Pilot pattern and frame structure. Guard time is indicated by the gray-shaded areas.

guard time of length TG ≥ L · Ts to ensure that the last L − 1 symbols of the received

data block (successors) are not affected by the next pilot block due to the delay spread

of the channel. As introduced before, L denotes the CIR length measured in integer

multiples of the symbol period Ts.

We assume two different pilot patterns:

• Pattern 1. The first pilot block has length P (1) = P , all other pilot block lengths

are chosen to be P (2) = P (3) = . . . = P (NB) = 0. The receiver assumes that any

estimate (channel or SNR estimate) based on the first pilot block is valid for the

whole data frame.

• Pattern 2. All pilot block lengths are chosen to be P (1) = P (2) = . . . = P (NB) =
P . We have to apply this pattern to the block-fading scenario. The receiver

assumes that any estimate based on a pilot block is valid for the corresponding

data block, only (even though if Pattern 2 is applied to a time-invariant scenario).

The complete frame contains Ns data symbols and
∑NB

i=1 P (i) pilot symbols. In the

block-fading case, the coherence time of the channel is assumed to be aligned with the

frame structure and given by NT Ts = (P + N)Ts + TG, thus, the ith pilot and ith
data block are affected by the same channel realization. In this case, the guard time

is useful for two reasons. First, the complete received ith data block can be processed

without requiring to subtract the influence of the received successive (i + 1)th pilot

block. Second, each block of pilot symbols experiences one channel realization instead

of two completely different ones. It is, however, worth noting that the impact of the

ith received pilot block on the ith received data block has to be taken into account.

We refer to the transmission scheme according to Fig. 2.2 as block transmission. A

more in-depth visualization of the effect of the channel delay spread on block trans-

mission schemes can be found in [43].

Owing to the presented frame structure, we formulate (2.8) by means of a compact

matrix-vector notation. Without loss of generality, let us consider the transmission of

the ith pilot and ith data block. By defining s , [s1, s2, . . . , sP+N ]T as the vector of

transmit symbols of the ith pilot and ith data block, we calculate the corresponding

received vector as

y = Hs + n (2.10)

where y , [y1, y2, . . . , yP+N+L−1]
T and n , [n1, n2, . . . , nP+N+L−1]

T are defined

accordingly. P is set to zero for Pattern 1 and block index i > 1. The jth components

10
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s
H

n

+
y

Fig. 2.3: Matrix-vector model for block transmission.

of the vectors s, y, and n are related to (2.8) by

sj , s[(i − 1)NT + j]

yj , y[(i − 1)NT + j] (2.11)

nj , n[(i − 1)NT + j],

where the noise samples nj are realizations of independent and identically distributed

(i. i. d.) random variables with nj ∼ NC(0, 2σ2
n). The channel matrix H is a Toeplitz

matrix of dimension (N +P +L− 1)× (N +P ), built from the entries of the CIR h[i],

H ,




h0 0 0 0 0 · · · 0
h1 h0 0 0 0 · · · 0
...

. . .
...

...
hL−1 · · · h0 0 · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . . 0

0 · · · 0 hL−1 · · · h0

...
. . .

. . .
...

0 · · · 0 · · · 0 hL−1




, (2.12)

with [H]m,j = hm−j for m − j ∈ {0, 1, . . . , L − 1} and zero elsewhere. For conve-

nience, the block index i has been dropped in the entries of (2.12) and will be omitted

in the following. Fig. 2.3 depicts the block diagram that corresponds to (2.10). We

remark that many communication systems are often described by the linear relation-

ship between transmit and received signal according to Fig. 2.3. Popular examples

range from multiple-input multiple-output (MIMO) systems to multi-carrier systems

and combinations thereof. The main difference between those systems usually lies in

the interpretation of the vector entries and the structure of the channel matrix H [77].

Therefore, many concepts in this thesis can be applied to other communication systems

in a straightforward manner.

11
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q
ENC

c′

Π
c

MAPPER
x

Fig. 2.4: Principle of bit-interleaved coded modulation.

Channel Coding and Mapping

Next, we specify channel coding and mapping for our communication system, i. e.,

the block “COD” from Fig. 2.1. For ease of presentation, we consider a fixed part out

of the sequence of information bits q[kq ] by introducing a vector of information bits

q , [q1, q2, . . . , qNq ]T (information word) of length Nq. We apply a standard encod-

ing and mapping technique known as bit-interleaved coded modulation (BICM) [18],

which has been originally proposed for Rayleigh channels. Fig. 2.4 depicts a block

diagram of BICM. The vector q is mapped by the block “ENC” to a code word c′ of

length Nc. “ENC” represents the encoder of a forward error correcting channel code,

which shall be in our case either a simple convolutional code, a parallel concatenated

convolutional code (turbo code, PCCC) [13], or a serially concatenated convolutional

code (SCCC) [11]. All constituent codes are terminated and specified by their gener-

ator polynomials in octal notation, where the most significant bit corresponds to the

present input to the shift register [14]. The total code rate is given by

rc =
Nq

Nc
. (2.13)

The code word c′ is permuted by a semi-random (S-random) interleaver Π [40] of

size Nc and spread S. The interleaver in BICM aims at reducing the correlations

among the received bits (after deinterleaving), which are caused by the memory or

time correlation of the channel and higher-order signal constellations. Finally, the

permuted code word c is split into groups of log2 M bits which are mapped by a

memoryless function (“MAPPER”) to symbols from the signal constellation A. Thus,

the output vector x of the mapping function contains Ns = Nc/ log2 M data symbols

and establishes the complete data part of one frame according to Fig. 2.2. The specific

mapping rule from bits to symbols is an additional degree of freedom for higher-order

signal constellations (M > 2) and will be addressed later in Chapter 5. Table 2.2

summarizes the signal constellations A of interest, covering phase shift keying (PSK),

amplitude modulation (AM), and quadrature amplitude modulation (QAM).

Information Rate and Signal-To-Noise Ratio

We conclude this section by defining information rate, SNR, and energy per informa-

tion bit. Therefore, we consider the overhead due to transmission of pilot symbols and

12
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name signal constellation A

BPSK {−1, +1}

4 AM 1√
5

{
± 1,±3

}

QPSK 1√
2

{
± 1 ± j

}

8 PSK {exp(jπm/4) |m = 0, . . . , 7}

8 QAM 1√
3+

√
3

{
±1 ± j,±(1 +

√
3),±(1 +

√
3)j
}

16 QAM 1√
10

{
± 1 ± j,±3 ± j,±1 ± 3j,±3 ± 3j

}

Table 2.2: Overview of signal constellations. BPSK: binary phase shift keying, QPSK: quadrature
phase shift keying. The 8 QAM constellation is taken from [97, p. 277, Fig. 5.2-15 (d)],
see also Section 5.5.

channel coding, but neglect the rate loss due to the guard time TG. The useful data

rate rp taking into account the pilot symbols is given by

rp =

{
Ns

Ns+P
, Pattern 1

N
N+P

, Pattern 2
. (2.14)

Thus, with (2.13) and (2.14) the information rate rt in bit per channel use [bpc] (or

equivalently bit per symbol) yields

rt = rc · rp · log2 M. (2.15)

We further define the SNR γ at the receive side for a time-invariant channel, assuming

a channel matched filter and a signal bandwidth of 1/Ts, as

γ ,
Ps

Pn
=

ĒxEh

σ2
n,eff

=
Eh

σ2
n,eff

(2.16)

where we used (2.1) and (2.6). Ps and Pn denote signal and noise power, respectively.

The effective noise variance σ2
n,eff is given by

σ2
n,eff =

{
σ2

n = N0/2, real-valued signal constellationA
2σ2

n = N0, complex-valued signal constellationA . (2.17)

Note that only the noise power of the in-phase component is relevant for detection

when having real-valued signal constellations and perfect channel knowledge. The

13
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average SNR γ̄ for the block-fading channel is defined accordingly using (2.7)

γ̄ ,
P̄s

Pn
=

ĒxĒh

σ2
n,eff

=
1

σ2
n,eff

(2.18)

where P̄s denotes the average signal power. Consequently, the energy per information

bit at the receiver is given by

Eb =
ĒxEh

rt
=

Eh

rt
(2.19)

for the time-invariant case and the average energy per information bit for the block-

fading case by

Ēb =
ĒxĒh

rt
=

1

rt
. (2.20)

2.2 Bit Error Probability, Log-Likelihood Ratios, and Mutual

Information

The purpose of this section is to highlight some fundamental relationships between

bit error probability, log-likelihood ratios (LLRs), and mutual information that will

be exploited in subsequent chapters. For conceptual ease, we consider a special case

of the system model introduced before: a BPSK transmission over an additive white

Gaussian noise (AWGN) channel without any pilot symbols. A channel code of length

Nc = N may be present, resulting in an additional constraint denoted by C. In the

following, detection of the code bits instead of the information bits shall be discussed.

Let c denote the vector of code bits (which are identical to the information bits q for

the uncoded case), and x be the corresponding transmit symbol vector. We apply the

component-wise mapping rule xi = 1 − 2ci, i = 1, . . . , N . The ith component of the

received symbol vector y is simply

yi = xi + ni, (2.21)

considering an ideal channel with L = 1 and h0 = 1. Hence, the conditional den-

sity f(yi|ci = b) (likelihood function) with b ∈ {0, 1} is N (1 − 2b, σ2
n). The optimal

detection rule with respect to minimum bit error probability maximizes the a posteri-

ori probability (APP) of the code bit, yielding the well known maximum a posteriori

(MAP) rule

ĉi = arg max
b∈{0,1}

Prob(ci = b|y, C). (2.22)

In the absence of the constraint C and equal a priori probabilities, (2.22) simplifies to

the symbol-wise maximum likelihood (ML) rule

ĉi = arg max
b∈{0,1}

f(yi|ci = b). (2.23)
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Then, the bit error probability Pb = Prob(ĉi 6= ci) of the ML decision depends solely

on the SNR γ = 1/σ2
n [97]

Pb =
1

2
erfc

√
γ/2. (2.24)

Suppose now that one is not only interested in the decided bit ĉi itself but also in

the reliability of the decision. This kind of soft information is provided by the APPs.

In this context, probabilities are typically expressed via LLRs due to convenience and

numerical stability reasons. In the following, we use the terms “soft information”,

“reliability”, and “LLR” synonymously. The a posteriori LLR LAPP(ci) is defined as the

logarithm of the ratio of the two APPs

LAPP(ci) , ln
Prob(ci = 0|y, C)

Prob(ci = 1|y, C)
. (2.25)

With Bayes’ rule, LAPP(ci) can be split into three independent parts [14]

LAPP(ci) = Lc(ci) + La(ci) + Le(ci), (2.26)

where

Lc(ci) , ln
f(yi|ci = 0)

f(yi|ci = 1)
=

2

σ2
n

yi and La(ci) , ln
Prob(ci = 0)

Prob(ci = 1)
. (2.27)

Lc(ci) depends on the channel only and is often referred to as channel reliability.

La(ci) and Le(ci) denote a priori and extrinsic LLRs, respectively. The extrinsic infor-

mation of the code bit ci constitutes the information due to the constraint C and stems

accordingly from all other code bits except the ith one. A mathematical expression for

Le(ci) can be found in [14].

Next, we focus on the special case that no constraint C is present and all bits are

equally likely, i. e., Le(ci) = 0 and La(ci) = 0. Hence, the sign of LAPP(ci) corre-

sponds to the hard decision in (2.23), whereas the magnitude is a measure for the

reliability of the decision. Let fLLR(z|ci) denote the probability density function (PDF)

of Lc(ci) conditioned on ci. Then, it can be shown that fLLR(z|ci) is Gaussian dis-

tributed and exponential-symmetric, i. e.,

fLLR(z|ci = 0) = exp(z)fLLR(z|ci = 1) = exp(z)fLLR(−z|ci = 0). (2.28)

The property (2.28) holds for any APP based LLR in the case of a symmetric channel

and a linear channel code provided that the a priori LLR is zero [64]. Exponential-

symmetric Gaussian distributions offer the following remarkable property

m0 =
σ2

0

2
= −m1 and σ2

0 = σ2
1 , (2.29)

where m0, m1 and σ2
0 , σ2

1 denote mean and variance of fLLR(z|ci = 0) and

fLLR(z|ci = 1), respectively. We define σ2
a , σ2

0 , which is related to the noise variance

of the channel by

σ2
a =

4

σ2
n

. (2.30)
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Thus, the random variable Lc(ci) conditioned on the bit ci is completely specified by

the single parameter σa

Lc(ci)|ci = b ∼ N
(

(1 − 2b)
σ2

a

2
, σ2

a

)
(2.31)

Such a Gaussian model for the LLRs has been successfully applied to analyze the con-

vergence behavior of iterative decoding schemes [125, 127]. Thereby, σa in (2.31)

represented a certain amount of a priori information, hence its index a. We will ex-

plain this technique in detail in Chapter 5. A priori information can be rigorously

defined in the information theoretic sense by means of mutual information. Consider

for future reference the mutual information between the transmitted bit ci and the

corresponding LLR Lc(ci) given by [23]

I(ci; Lc(ci)) =
1

2

∑

b∈{0,1}

∞∫

−∞

fLLR(z|ci = b) log2

2fLLR(z|ci = b)

fLLR(z|ci = 1) + fLLR(z|ci = 0)
dz,

(2.32)

where fLLR(z|ci = b) is N
(
(1 − 2b)

σ2
a

2
, σ2

a

)
. (2.32) can be simplified to [127]

I(ci; L(ci)) = J(σa) , 1 −
∞∫

−∞

1√
2πσ2

a

exp


−

(
z − σ2

a

2

)2

2σ2
a


 log2 (1 + exp(−z)) dz.

(2.33)

The function J(σa) is monotonically increasing and takes values between J(σa = 0) =
0 and J(σa → ∞) = 1. Unfortunately, an analytic solution of the integral in (2.33)

is unknown, but a good numerical approximation of J(σa) and its inverse J−1(·) has

been devised in [128]. Fig. 2.5 (left) depicts the graph of J(σa). The function J(σa)
corresponds to the achievable information rate in bpc over an AWGN channel with

a binary input alphabet and continuous output alphabet. To conclude this section,

mutual information Ia = J(σa) (2.33) and bit error probability (2.24) (after a hard

decision on the LLRs) can be finally related via γ = 1/σ2
n = σ2

a/4 (2.30), yielding

Pb =
1

2
erfc

(
J−1(Ia)

2
√

2

)
. (2.34)

Fig. 2.5 (right) depicts the relationship (2.34).

2.3 Iterative Receiver

Next, we discuss the structure of the receiver in detail. We assume throughout this the-

sis a coherent transmission, where transmitter and receiver are perfectly synchronized

and a possible carrier frequency offset is always compensated in an ideal manner.
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Fig. 2.5: Left: Graph of mutual information Ia = J(σa). Right: Bit error probability Pb of the
AWGN channel as a function of the mutual information Ia.

Joint Estimation and Detection

Now let us specify the main receiver components. Recalling the block transmission

model (Fig. 2.3), we observe that the received symbols y are impaired by ISI when

more than one channel tap is present (L > 1). Therefore, equalization techniques

have to be applied at the receive side to mitigate the ISI and to avoid an otherwise

significant performance degradation. The equalizers under consideration are block

equalization algorithms and require an explicit estimate of the CIR h and the SNR γ,

which we a priori assume both to be unknown. Hence, taking further channel coding

into account, the complete receiver includes parameter estimation, equalization, and

decoding. An optimal receiver in the sense of minimum bit error rate (BER) has to

perform these tasks jointly.

In this context, it is useful to distinguish between estimation and detection, where

the latter term has to be understood as joint equalization and decoding. In contrast

to the case of perfect channel state information (CSI), BER optimal data detection

for an unknown channel requires processing of all hypothetical data sequences by,

e. g., a tree search [4, 21, 65]. Thus, this approach is usually not feasible, even for

small system parameters. Instead, we pursue a different solution where the estimation

and detection parts are realized as two separate components, which, however, can

exchange some kind of information that is to be specified in the following. To motivate

the corresponding receiver, let us first review the detection problem for perfect CSI and

perfect SNR knowledge.

Coded data transmission over a multipath channel can be interpreted as a serial con-

catenation of two codes, where the outer code is the channel code defined over a finite

field and the inner code is of rate 1 defined over the field of complex-valued numbers

and represented by the multipath channel. When having a convolutional code as chan-
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y
EQX

LE(c)
Π−1

LE(c′)
DEC

q̂

Fig. 2.6: Separate equalization and decoding.

nel code, joint equalization and decoding can be performed on a super-trellis including

both the convolutional code and the multipath channel. Then, for minimum BER, the

BCJR algorithm (named after Bahl, Cocke, Jelinek, and Raviv) could be employed to

obtain the APPs of the information bits [8]. However, this approach is in many cases

prohibitively complex, especially when an interleaver is present.

Conventional Detection: Separate Equalization and Decoding

Hence, usually equalization and decoding are separated, resulting in a receiver struc-

ture as depicted in Fig. 2.6. The vector y of received symbols is input to the equalizer

(“EQX”) which first calculates data symbol estimates x̃. Depending on the system pa-

rameters and the estimated remaining interference after equalization, a vector of bit

reliabilities (LLRs LE(c)) for the code bits is computed from the symbol estimates x̃.

The calculation of bit reliabilities from symbol estimates is also known as demapping.

The vector LE(c) is deinterleaved (Π−1) and fed into the channel decoder (“DEC”).

Finally, after a hard decision, an estimate q̂ of the information bits is obtained. Note

that for illustrative purposes the received block y in Fig. 2.6 represents a complete re-

ceived frame corresponding to one code word. Equalizer and decoder will be specified

in more detail below and in Chapter 5.

Joint Detection: Iterative Equalization and Decoding

From Fig. 2.6, we observe that the equalizer does not benefit from the error correction

capability of the channel decoder. Hence, separate equalization and decoding gener-

ally results in a loss in performance. With the presentation of turbo codes in 1993,

an efficient, near-optimal (in the ML sense) iterative decoding technique was found

for decoding of concatenated codes [13]. The key idea in turbo decoding is the intro-

duction of feedback from one constituent decoder to the other, aiming to improve the

decoding result by side information. It was soon discovered that this concept is more

general and hence can be applied to other concatenated systems as well. In [42], the

“turbo principle” has been adapted to the equalization problem. In this case, equalizer

and channel decoder play the role of constituent decoders for a serially concatenated

system like the present one.

Fig. 2.7 illustrates the corresponding principle of turbo equalization or iterative

equalization and decoding. In contrast to Fig. 2.6, a feedback branch from the decoder

to the equalizer is added in Fig. 2.7. Equalizer and decoder exchange in an iterative
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Fig. 2.7: Principle of turbo equalization.

fashion probabilities of the code bits in form of LLRs, until a maximum number of

iterations is attained or a suitable termination criterion is fulfilled. One iteration com-

prises one equalization and one decoding step. Sometimes block diagrams as Fig. 2.7

are also referred to as combined equalization and decoding or joint iterative equalization

and decoding schemes to emphasize that equalizer and decoder work together.

Next, the information flow from equalizer to decoder and vice versa is specified in

more detail. The equalizer has now two inputs, the received symbols y and LLRs LD(c)
from the channel decoder that are set to zero in the first iteration. The LLRs LD(c)
represent additional information coming from the channel code constraint and serve

as a priori information for the code bits and thus for the data symbols. The output of

the equalizer are either APP based LLRs of the code bits or approximations thereof,

depending on the multipath channel, the SNR, the signal constellation, the mapping,

and the a priori information in form of the LLRs LD(c). The a priori LLRs LD(c) are

subtracted from the equalizer output to obtain a vector LE(c) that is independent from

the a priori information. LE(c) is determined by an extrinsic part and the channel

reliability according to Section 2.2. Therefore, we refer to LE(c) as vector of extrinsic

and channel code bit reliabilities. LE(c) is fed into the decoder after deinterleaving.

The output of the decoder are APP based LLRs or approximations thereof, taking into

account the constraint from the channel code and the reliability of the “inner code” in

form of the vector LE(c). Again, the input is subtracted from the output to obtain the

extrinsic information with respect to the channel code. The interleaved extrinsic LLRs

LD(c) then become a priori information for the equalizer in the next iteration.

The two subtraction points ensure that the same information is not exploited multi-

ple times, which would make the decoding result appear more reliable than it actually

is. The interleaving and deinterleaving operations play an important role by keeping

the bit reliabilities as much uncorrelated as possible over the iterations. In the final

iteration, a hard decision is performed to obtain the decided information bits q̂.

Efficient equalization techniques will be discussed in detail in Chapter 5. The chan-
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Fig. 2.8: Receiver employing iterative estimation, equalization, and decoding.

nel decoder is chosen to be the APP decoder (BCJR algorithm [8]) in the case of con-

volutional codes; iterative decoding with two APP decoders is applied to concatenated

codes [11,13]. The latter case will be specified in Chapter 6.

Iterative Estimation, Equalization, and Decoding

Inspired by large improvements in performance over conventional receiver techniques,

the turbo principle has been applied to many estimation and detection problems in

communications such as multiuser detection, channel estimation, and synchronization

[4,58,86,100,136]. In light of that work, we integrate parameter estimation into the

turbo equalization scheme as an additional module. Therewith, we maintain a large

flexibility of different algorithms for equalization and parameter estimation according

to specific complexity and performance requirements.

Fig. 2.8 illustrates how a corresponding module for parameter estimation (“EST”)

can be embedded into the turbo equalization scheme. A vector of estimated channel

parameters θ̂, including for instance estimates of the SNR γ and the CIR h, is provided

to the equalizer. As we will motivate in Chapter 5, the equalizer additionally benefits

if θ̂ contains information about the estimation error statistics. The switch indicates that

estimation can be either performed once or iteratively by incorporating the extrinsic

information from the channel decoder. It is worth noting that the estimator fundamen-

tally differs in its functionality from the equalizer or decoder, as it does not provide soft

information of the code bits but merely parameter estimates that are mandatory for

equalization.

We refer to the receiver structure in Fig. 2.8 as iterative estimation, equalization,

and decoding or adaptive turbo equalization. This kind of receiver has been proposed

among others in [88,120,136]. The subsequent chapters will treat the components in

Fig. 2.8 in detail and aim to provide both insight in the design of the modules and to

present improved concepts. Specifically, Chapter 3 and 4 deal with SNR and channel
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channel code channel receiver components

PCCC AWGN SNR estimator, demapper, two APP decoders

SCCC AWGN SNR estimator, demapper, two APP decoders

conv. code ISI channel SNR and channel estimator, equalizer, APP decoder

Table 2.3: System configurations.

estimation, respectively. Turbo equalization is addressed in Chapter 5 and numerical

results regarding the performance of the complete receiver are provided in Chapter 6.

In the case of an AWGN channel, the receiver in Fig. 2.8 simplifies as the equalizer

reduces to a demapper and channel estimation is not required. We will treat this

specific scenario in subsequent chapters, too. For conceptual purposes, we restrict

ourselves to at most two channel decoders or one equalizer and one channel decoder

at the receive side. Table 2.3 depicts the resulting system configurations.

2.4 Chapter Summary

We have introduced a model for a coded digital point-to-point communication system,

comprising both the continuous-time and discrete-time representation. The consid-

ered physical channel causes intersymbol interference due to multipath propagation.

Hence, equalization is necessary at the receive side. After highlighting the relationship

between log-likelihood ratios, mutual information, and bit error probability, which will

be applied in the following chapters, a receiver concept based on turbo equalization

has been discussed. Since crucial channel parameters like the SNR and the channel

impulse response are assumed to be a priori unknown at the receive side, the receiver

includes iterative parameter estimation, equalization, and decoding.
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A
S already mentioned in the previous chapter, the receiver requires estimates of

the channel parameters, in particular estimates of the SNR and the CIR. In this

chapter, we focus on SNR estimation.

In principle, one can rely on received symbols only to estimate the SNR or may

take known transmit symbols. The first approach is often termed as non-data-aided

estimation or in-service estimation. It offers the advantage that no loss in data rate is

encountered due to training overhead. We refer to this type of estimation schemes as

blind estimation in the following, since no knowledge of transmit symbols is required.

The problem of accurate SNR estimation can be eased when known transmit sym-

bols (pilot symbols) are employed. The corresponding estimators are conventionally

termed as data-aided estimators. However, in order to avoid confusion with the notion

of “pilot” and “data” symbols, we refer to this second category as pilot-aided estimation

instead.

In iterative receivers, tentative decisions on the data symbols are available and thus

can be exploited for SNR estimation, too. In this case, we employ the term decision-

directed estimation. SNR estimation algorithms for the AWGN channel, covering both

blind and pilot-aided estimators, have been treated in the literature quite extensively,

see [93] and references therein. In contrast, only a few contributions can be found

dealing with decision-directed SNR estimation. This latter approach has been pro-

posed for turbo decoding with hard decisions in [99], and investigated for signal-to-

interference ratio estimation in [67]. Both soft or hard decision can be employed

and the data estimates are conventionally treated as additional virtual pilot symbols.

However, since the data estimates are usually not error-free, it is not a priori clear,

whether decision-directed estimators outperform their blind counterparts. Further-

more, to the best of the author’s knowledge, a comprehensive comparison of various

decision-directed SNR estimation techniques, which is in particular relevant for itera-

tive decoding schemes, seems to be missing. Therefore, the main part of this chapter

is devoted to the performance study of decision-directed SNR estimation.

This chapter is organized as follows. In Section 3.2, we introduce a simplification
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of the system model from the previous chapter and focus on the most important as-

pects of SNR estimation. For conceptual purposes, we assume an AWGN channel and

BPSK modulation. The most relevant algorithms for both pilot-aided and blind esti-

mation are summarized in Section 3.3 and 3.4, respectively. They serve as a basis for

decision-directed estimation, which is treated in Section 3.5. The effect of imperfect

data estimates on bias and mean-square error is investigated both analytically in the

asymptotic limit and via simulation. In addition, a modification to mitigate the influ-

ence of imperfect data decisions is examined. We furthermore suggest a novel SNR es-

timator using a priori information of data symbols in Section 3.5.3 and derive a lower

bound on the estimator’s variance for decision-directed estimation in Section 3.5.4.

Possible extensions of the SNR estimators to higher-order signal constellations and to

multipath channels are discussed in Section 3.6 and 3.7. Section 3.8 summarizes the

results of this chapter.

Parts of this chapter have been published in [25] and [26].

3.1 A Note on Estimation Theory

In principle, the design of an estimator depends on how the unknown quantity is mod-

eled and how much prior knowledge is available. Traditionally, estimation concepts

can be divided into two categories. In classical estimation theory, the parameter of in-

terest is assumed to be unknown but deterministic. A well-known representative is the

class of ML estimators. The second category, Bayesian estimation theory, is often ap-

plied when prior statistical knowledge about the unkown quantity is present. Typically,

first- and second-order statistics are exploited [38]. A popular example is minimum

mean-square error (MMSE) estimation. It is interesting to note that the Bayesian phi-

losophy can be also adopted to the first category of estimation problems by using the

concept of non-informative priors [12].

In this chapter and the next one, we will restrict ourselves to the classical estimation

concept. An exception is the linear MMSE channel estimator in Section 4.2.2.

3.2 System Model

We introduce a suitable, simplified system model, representing a specialization of the

transmission scheme from Section 2.1. For conceptual purposes, we restrict ourselves

to an AWGN channel and BPSK modulation at the moment. This allows an analytical

treatment in some cases. Possible extensions to general signal constellations and ISI

channels are discussed later in this chapter.

Consider an uncoded transmission of a single frame with P pilot symbols and Ns =
N data symbols (hence NB = 1). Fig. 3.1 illustrates the transmission of the ith sym-

bol. Without loss of generality, we choose all pilot symbols to be equal to +1. The data

symbols are assumed to be equally likely. We distinguish between pilot and data sym-

bols by their indices, the first P symbols are pilot symbols, the successive N symbols
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si
×

A ni

+
yi

Fig. 3.1: Transmission over an AWGN channel with unknown amplitude A.

are data symbols. Then, the received symbols obey

yi = Asi + ni, i = 1, 2, . . . , P + N, (3.1)

where A > 0 denotes an unknown but constant amplitude of the received symbols.

Hence, (3.1) is a generalization of the model (2.21) in Section 2.2. We remark that

we write A instead of h0 to remind that the channel coefficient is positive. Since here

no phase needs to be estimated for coherent transmission, we can solely focus on SNR

estimation. ni are realizations of i. i. d. Gaussian random variables with ni ∼ N (0, σ2
n).

For convenience, we omit the index n in the noise variance σ2
n throughout this chapter.

Recalling (2.16), we have Eh = A2 and thus the SNR reads

γ =
A2

σ2
. (3.2)

Often explicit estimates of both A and σ2 are required, as an estimate of the SNR alone

may be not sufficient. This is observed from the simple example of the channel LLR

calculation for the data symbols, yielding according to (2.27)

Lc(si) = 2
A

σ2
yi, (3.3)

where the bit argument ci was replaced with the corresponding binary transmit vari-

able si. The SNR estimators treated in the following deliver always estimates for both

A and σ2. Nonetheless, we measure their performance with respect to one parameter,

the SNR.

We denote an estimate of the SNR γ by γ̂ , Â2/σ̂2. Two indicators for the quality

of estimates are commonly applied, the bias β and the MSE µ. We define β and µ as

β , E{γ̂ − γ} and µ , E{(γ̂ − γ)2}. (3.4)

If β = 0, the estimator is unbiased and the MSE equals the variance of the estimator.

The relationship between MSE and variance var{γ̂} of any estimator can be shown to

be

µ = var{γ̂} + β2. (3.5)

Often it is useful to normalize β and µ with respect to the true SNR γ, yielding the

following definitions

β′
, E{(γ̂ − γ)/γ} and µ′

, E{(γ̂ − γ)2/γ2}. (3.6)
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Note that in many cases analytical expressions for β and µ are not available and one

has to refer to Monte Carlo simulation instead. The definitions in (3.4) and (3.6) may

further serve as an optimality criterion: In this sense, a cost function can be defined

that weights bias and MSE/variance depending on the type of application. Often,

the “best” estimator is referred to as the one that has minimum variance among all

unbiased estimators (minimum variance unbiased estimator, MVU estimator) [68].

3.3 Pilot-Aided Estimation

Next, we discuss the most relevant approaches to obtain an SNR estimate by using pilot

symbols, i. e., the first P received symbols only are taken into account for estimation

(i = 1, . . . , P ).

3.3.1 Component-Wise Minimum Variance Unbiased Estimation

A simple estimate of A can be obtained by approximating the mean E{yi} = A with

the corresponding time average

ÂMVU =
1

P

P∑

i=1

yi. (3.7a)

Interestingly, (3.7a) is the MVU estimate of the signal amplitude A [95, Chapter IV.C].

Using (3.7a), the MVU estimate of the variance σ2 is given by [95, Chapter IV.C]

σ̂2
MVU =

1

P − 1

P∑

i=1

(yi − ÂMVU)2. (3.7b)

Thus, with (3.7a) and (3.7b), we have

γ̂CMVU =
Â2

MVU

σ̂2
MVU

. (3.7c)

It is important to note that although ÂMVU and σ̂2
MVU are unbiased, γ̂ is unfortunately

not an unbiased estimate of γ. Therefore, we refer to this estimator as the component-

wise MVU (CMVU) estimator and denote the estimate by γ̂CMVU.

3.3.2 Maximum Likelihood Estimation

“Finding the value of θ that makes the observations most likely is a legiti-

mate criterion on its own.” (H. V. Poor [95])
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As mentioned before, the ML criterion is often applied in estimation theory, especially

in the absence of any prior information of the parameters of interest. According to

Pauluzzi and Beaulieu [93], the ML approach for SNR estimation was proposed first

by Kerr [69] and later by Gagliardi & Thomas [53]. We briefly derive the ML estimator

in the following and highlight its relationship to the CMVU estimator.

Remembering (3.1), the likelihood function of the received symbols, given the un-

known parameters A and σ2, is Gaussian

f(y) =

P∏

i=1

fi(yi) (3.8a)

fi(yi) =
1√

2πσ2
exp

(
− (yi − A)2

2σ2

)
, (3.8b)

where y = [y1, y2, . . . , yP ]T . Taking the logarithm of (3.8a) yields the log-likelihood

function

ln f(y) = −P

2
ln
(
2πσ2)−

P∑

i=1

(yi − A)2

2σ2
. (3.9)

Since the logarithm is a monotonically increasing function, the position of the max-

imum of (3.8a) remains unaffected and thus the simpler representation in the log-

arithmic domain (3.9) can be considered instead. As a necessary condition for an

extremum, we have to set the partial derivatives of (3.9) with respect to A and σ2 to

zero, resulting in

P∑

i=1

yi − PA = 0 (3.10a)

P∑

i=1

(yi − A)2 − Pσ2 = 0. (3.10b)

Since the Gaussian function is a unimodal function, i. e., it has a single maximum,

(3.10) is also sufficient. The solution to (3.10) is straightforward and given by

ÂML =
1

P

P∑

i=1

yi (3.11a)

σ̂2
ML =

1

P

P∑

i=1

(yi − ÂML)2 =

(
1

P

P∑

i=1

y2
i

)
− Â2

ML. (3.11b)

Thus, the ML estimate is

γ̂ML =
Â2

ML

σ̂2
ML

. (3.11c)
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We observe that the ML estimator is closely related to the CMVU estimator. (3.11a)

is identical to (3.7a), and σ̂2
ML = (P − 1)/P · σ̂2

MVU. A specific property of the ML

estimator is exploited in (3.11): The ML estimate of the ratio of two parameters is

identical to the ratio of the corresponding ML estimates [53]. The expected value

E{γ̂ML} has been also determined in [53]

E{γ̂ML} =
P

P − 3

(
γ +

1

P

)
, (3.12)

as well as the variance of the ML estimator

var{γ̂ML} =
2P 2

(P − 3)2(P − 5)

(
γ2 + 2γ

(
1 − 2

P

)
+

1

P

(
1 − 2

P

))
. (3.13)

Therefore, we can formulate an unbiased estimator using (3.12), provided that P > 3

γ̂MVU =
Â2

ML(
1

P−3

P∑
i=1

y2
i

)
− P

P−3
Â2

ML

− 1

P
. (3.14)

It further can be proven using the concept of complete sufficient statistics and the Rao-

Blackwell-Lehmann-Sheffe theorem [68] that (3.14) is the MVU estimator [67].

3.3.3 Cramer-Rao Lower Bound

In order to rate various estimators, it is useful to include theoretical limits on the

performance. The accuracy of an estimator depends on the underlying PDF of the

observed samples and how the parameters of interest influence the PDF. In this sec-

tion, we introduce a well-known bound on the estimator’s variance, the Cramer-Rao

lower bound (CRLB) [68]. Specifically, it indicates the smallest variance possible of

any unbiased estimator and can be computed from the PDF of the observed samples.

An estimator that achieves this bound with equality is said to be efficient. However,

efficient estimators do not necessarily exist. We describe the CRLB as a special case

of a more general bound on the estimator’s variance, where a possible bias of the es-

timator is considered. We refer to that general bound according to [62] as biased CR

bound (BCRB). Unfortunately, the BCRB depends on the specific estimator of interest

and thus is quite inconvenient. Therefore, unless stated otherwise, we employ the

CRLB instead. Since most of the estimators considered here are biased for low SNR,

the CRLB can serve as an ultimate performance limit only for the SNR values where

the estimation algorithms produce unbiased estimates.

It is convenient to combine the two parameters of relevance, A and σ2, into one

vector θ , [A, σ2]T . Then, the SNR γ can be written as a function of θ, γ = g(θ).
Let further β(γ) denote the bias of the estimator of interest. Then, the BCRB depends
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solely on the involved density functions of the parameters of interest and the bias β(γ),
and is obtained as [62]

BCRB(γ) =

(
∂g(θ)

∂θ
+

∂β(g(θ))

∂θ

)T

F(θ)−1

(
∂g(θ)

∂θ
+

∂β(g(θ))

∂θ

)
, (3.15)

where

F(θ) =



−E

{
∂2 ln f(y)

∂A2

}
−E

{
∂2 ln f(y)

∂A∂σ2

}

−E

{
∂2 ln f(y)

∂σ2∂A

}
−E

{
∂2 ln f(y)

∂(σ2)2

}


 (3.16)

denotes the Fisher information matrix [68]. (3.15) is a lower bound on any estimator’s

variance with a bias β(γ). F(θ) contains the expected values of all second-order partial

derivatives of the log-likelihood function and is without the expectation operators and

the minus signs identical to the Hessian matrix of a scalar function. Therefore, it can

be interpreted as a measure for the curvature of the log-likelihood function. (3.15)

becomes small if the log-likelihood function has a large curvature which eases the

estimation task [68]. Using the chain rule of derivatives, we have

BCRB(γ) =

(
1 +

∂β(γ)

∂γ

)2
∂g(θ)

∂θ

T

F(θ)−1 ∂g(θ)

∂θ
. (3.17)

As we see from (3.17), a negative derivative of the bias with respect to the SNR can

reduce the bound on the variance. In the following, we apply (3.17) to unbiased

estimators and thus obtain the CRLB

CRLB(γ) =
∂g(θ)

∂θ

T

F(θ)−1 ∂g(θ)

∂θ
. (3.18)

f(y) is given in our case by (3.8a). The partial derivative in (3.18) yields

∂g(θ)

∂θ
=

[
2A

σ2
,−A2

σ4

]T

. (3.19)

The Fisher information matrix (3.16) for pilot-aided estimation has been derived in

[68], which we denote as FP (θ)

FP (θ) =




P
σ2 0

0 P
2σ4


 . (3.20)

Finally, we obtain the CRLB for pilot-aided estimation according to [68] as

CRLBP (γ) =
1

P

(
2γ2 + 4γ

)
. (3.21)

Normalizing the CRLB with respect to γ2 and letting γ → ∞ yields the high SNR limit

CRLB′
P,∞ =

2

P
. (3.22)
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Fig. 3.2: Pilot-aided estimation with P = 20 pilot symbols. Normalized MSE (left) and normal-
ized bias (right) vs. SNR.

3.3.4 Performance

Next, we assess the performance of the estimators discussed in this section by an ex-

ample. We choose P = 20 pilot symbols. Normalized MSE and normalized bias of the

CMVU estimator (3.7), the ML estimator (3.11), and the MVU estimator (3.14) are

depicted in Fig. 3.2. In addition, the CRLB (3.21) is included in the left figure. We

observe that the MVU estimator performs best, followed by the CMVU estimator and

the ML estimator. From Fig. 3.2 (right), we see that the MVU estimator is unbiased

as expected. However, the MVU estimator does not achieve the performance given by

the CRLB and thus it is not efficient. The high SNR limit of any unbiased estimator

CRLB′
P,∞ = 1/10 can be read from Fig. 3.2 (left).

One might wonder whether the MVU is asymptotically efficient, i. e., achieves the

CRLB for any SNR and P → ∞. This is formally answered by the following proposi-

tion.

Proposition 1. The CMVU estimator, ML estimator, and MVU estimator are asymptoti-

cally efficient.

Proof. First, we note that according to (3.7), (3.11), and (3.14), all estimators be-

come identical if P → ∞. Therefore, it is sufficient to consider the ML estima-

tor. Since the ML estimator is asymptotically unbiased and limP→∞ var{γ̂ML} =
limP→∞ CRLBP (γ) = 0 holds, see (3.13) and (3.22), the ML estimator is asymp-

totically efficient. �

Actually, (3.13) is not required to prove Proposition 1, since the asymptotic efficiency

is a fundamental property of ML estimators that satisfy some regularity conditions

[68]. We remark that the variances of the CMVU and MVU estimator are obtained
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by multiplying (3.13) with ((P − 1)/P )2 and ((P − 3)/P )2, respectively. The square

stems from the relation var{aγ̂} = a2var{γ̂} for any constant a. Therefore, the MVU

estimator has the smallest variance as expected. Normalizing var{γ̂MVU} to γ2 and

letting γ → ∞ yields

var{γ̂MVU}′∞ =
2

P − 5
(3.23)

that is closest to the high SNR limit (3.22) among all unbiased estimators.

3.4 Blind Estimation

In this section, we consider estimators that rely purely on those N received symbols

which correspond to the unknown data symbols. We assume that no pilot symbols

are available at the receiver. Thus with P = 0, the relevant time indices are i =
1, . . . , N . In contrast to (3.8b), the likelihood function of the received symbols, given

the unknown parameters A and σ2, is a mixed Gaussian PDF

f(y) =

N∏

i=1

fi(yi) (3.24a)

fi(yi) =
1√

2πσ2

(
1

2
exp

(
− (yi − A)2

2σ2

)
+

1

2
exp

(
− (yi + A)2

2σ2

))
, (3.24b)

where y = [y1, y2, . . . , yN ]T .

3.4.1 Estimation Using Second- and Fourth-Order Moments

An SNR estimator using higher-order moment statistics has been proposed by Matzner

and Englberger [81]. Consider the second and fourth-order moment of the received

symbols given by

M2 , E{y2
i } and M4 , E{y4

i }. (3.25)

M2 is easily evaluated as

M2 = A2 + σ2
(3.26)

and M4 is [97]

M4 = A4 + 6A2σ2 + E{n4
i }, (3.27)

where the statistical independence between data symbols si and noise samples ni has

been exploited. Since E{n4
i } = 3σ4 [97], we combine (3.26) and (3.27) to obtain the

following SNR estimate [81,93]

γ̂M2M4 =

1
2

√
6M̃2

2 − 2M̃4

M̃2 − 1
2

√
6M̃2

2 − 2M̃4

, (3.28)
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where we approximated M2 and M4 as

M2 ≈ M̃2 =
1

N

N∑

i=1

y2
i and M4 ≈ M̃4 =

1

N

N∑

i=1

y4
i . (3.29)

We refer to (3.28) as the M2M4 estimator.

3.4.2 Estimation Using the Absolute Moment

Based upon the first absolute moment of the received symbols

M1 , E{|yi|} ≈ A, (3.30)

we may obtain the following amplitude estimate

ÂAM =
1

N

N∑

i=1

|yi|. (3.31a)

Further, considering the relationship between amplitude and second moment (3.26),

we may estimate the variance σ2 as

σ̂2
AM =

(
1

N − 1

N∑

i=1

y2
i

)
− N

N − 1
Â2

AM, (3.31b)

where we scaled the variance estimate by the factor N/(N − 1) to reduce the bias

according to the CMVU estimator in Section 3.3.1. We refer to

γ̂AM =
Â2

AM

σ̂2
AM

(3.31c)

as the absolute moment (AM) estimator. According to [15], the AM estimator has

been introduced without the scaling factor N/(N − 1) by Gilchriest in 1966 [56]. The

structure of the AM estimator is very similar to the CMVU and the ML estimator from

Section 3.3.1 and 3.3.2. However, M1 becomes identical to A only in the asymptotic

case as γ → ∞. This can be verified by evaluating M1 as

M1 = 2

∞∫

0

yifi(yi)dyi = A

(
erf

√
γ

2
+

√
2

πγ
exp

(
−γ

2

))
, (3.32)

where we exploited the symmetry fi(−yi) = fi(yi) of (3.24b).

Thus, ÂAM is not an unbiased estimate of A in contrast to ÂMVU from (3.7a). Ac-

cordingly, we expect a poor performance of the AM estimator in the low SNR domain.
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3.4.3 Approximate Maximum Likelihood Estimation

In this section, we discuss the ML approach for blind estimation. Unfortunately, a

closed-form solution is not available up to date and does not seem to exist. Nonethe-

less, approximations to the true ML solution deserve our interest. Consider the mixed

Gaussian density of the received symbols in (3.24b). By rewriting it, we obtain

fi(yi) =
1√

2πσ2
exp

(
−y2

i + A2

2σ2

)
cosh

(
yiA

σ2

)
. (3.33)

Taking the logarithm of (3.24a) and using (3.33), we get the log-likelihood function

of the received symbols

ln f(y) = −N

2
ln
(
2πσ2) − NA2

2σ2
−

N∑

i=1

y2
i

2σ2
+

N∑

i=1

ln cosh

(
yiA

σ2

)
. (3.34)

We set the partial derivative
∂ ln f(y)

∂A
to zero and have

−NA +
N∑

i=1

yi tanh

(
yiA

σ2

)
= 0. (3.35a)

Similarly, the condition
∂ ln f(y)

∂σ2 = 0 yields

A2 − σ2 +
1

N

N∑

i=1

y2
i − 2A

N

N∑

i=1

yi tanh

(
yiA

σ2

)
= 0. (3.35b)

Thus, the ML solution has to satisfy the following equations

A =
1

N

N∑

i=1

yi tanh

(
yiA

σ2

)
(3.36a)

σ2 =

(
1

N

N∑

i=1

y2
i

)
− A2. (3.36b)

Owing to the implicit, non-linear form of (3.36a), an explicit solution seems impos-

sible. In the literature, several numerical approximations are suggested. Wiesel et

al. applied the Expectation Maximization (EM) algorithm [37] to iteratively approxi-

mate the ML solution [142]. Brännström and Rasmussen showed that the approach

by Wiesel et al. is identical to solving (3.36a)-(3.36b) iteratively [15]. Furthermore,

an iterative solution with faster convergence has been presented by Li et al. [76]. To

avoid iterations, we restrict ourselves to an approximate solution, suggested in [76]
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and also applied in [19]. We replace the “soft decision” tanh(·) in (3.36a) with the

“hard decision” sgn(·). This approach corresponds to a high SNR approximation, since

tanh

(
yiA

σ2

)
≈ 1 if yi > 0 and tanh

(
yiA

σ2

)
≈ −1 if yi < 0, (3.37)

provided that γ is sufficiently large. Hence, we obtain the approximate solution

ÂAML =
1

N

N∑

i=1

|yi| (3.38a)

σ̂2 =

(
1

N

N∑

i=1

y2
i

)
− Â2

AML. (3.38b)

Interestingly, this solution is identical to the AM estimator except for a larger bias of

σ̂2. To reduce the bias, we exploit that (3.38a)-(3.38b) tends toward the ML solution

for pilot-aided estimation at high SNR if si = 1 (Section 3.3.2). This can be verified

by observing that |yi| = |A + ni| ≈ A + ni, if A > 3σ. We apply the scaling factor

N/(N − 3) to (3.38b), which is motivated from the MVU estimator in Section 3.3.2,

and obtain

σ̂2
AML =

(
1

N − 3

N∑

i=1

y2
i

)
− N

N − 3
Â2

AML. (3.38c)

As in (3.14), we consider the offset 1
N

and refer to

γ̂AML =
Â2

AML

σ̂2
AML

− 1

N
(3.38d)

as the approximate ML (AML) estimator. We remark that the AML estimator has been

also considered in [142] and termed as “deterministic” ML estimator. In general, we

cannot expect that the AML estimate coincides with the true unknown ML solution for

two reasons. First, the PDF is a mixture of Gaussian densities, see (3.24b), and thus

setting the partial derivatives to zero is only a necessary but not a sufficient condition

to obtain the maximum. Second, tanh(·) has been replaced with sgn(·), which is only

a good approximation for large SNR values. Nonetheless, the approach presented

here is justified by the good performance results for medium to high SNR shown in

Section 3.4.5.

3.4.4 Cramer-Rao Lower Bound

The CRLB has been derived for blind estimation with BPSK or QPSK signal constella-

tions in [2]. Since we intend to extend the result later in this chapter, it is useful to

highlight the most important steps. We start from the log-likelihood function (3.34)

and first have to determine the three second-order partial derivatives ∂2 ln f(y)/∂A2,
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∂2 ln f(y)/(∂A∂σ2) = ∂2 ln f(y)/(∂σ2∂A), and ∂2 ln f(y)/∂(σ2)2, see (3.16). We

obtain for ∂2 ln f(y)/∂A2

∂2 ln f(y)

∂A2 = −N

σ2
+

N∑

i=1

y2
i

σ4 cosh2
(

Ayi

σ2

) . (3.39)

∂2 ln f(y)/∂A∂σ2 is given by

∂2 ln f(y)

∂A∂σ2
=

NA

σ4
−

N∑

i=1

Ay2
i

σ6 cosh2
(

Ayi

σ2

) −
N∑

i=1

yi

σ4
tanh

(
Ayi

σ2

)
. (3.40)

Finally, we have

∂2 ln f(y)

∂(σ2)2
=

N

2σ4
− NA2

σ6
− 1

σ6

N∑

i=1

y2
i +

N∑

i=1

A2y2
i

σ8 cosh2
(

Ayi

σ2

) +
N∑

i=1

2Ayi

σ6
tanh

(
Ayi

σ2

)
.

(3.41)

Note that due to the statistical independence of the received symbols, the N -fold in-

tegration, required for computation of the expected values, can be split up into N
separate integrals. Moreover, the N integral expressions are identical. Therefore,

using (3.33), −E
{
∂2 ln f(y)/∂A2

}
is given by

−E

{
∂2 ln f(y)

∂A2

}
= − N√

2πσ2

∞∫

−∞

(
− 1

σ2
+

z2

σ4 cosh2
(

Az
σ2

)
)

exp

(
−z2 + A2

2σ2

)

· cosh
(

Az

σ2

)
dz. (3.42)

(3.42) can be expressed as

−E

{
∂2 ln f(y)

∂A2

}
=

N

σ2
− N

σ2
h(γ), (3.43)

where we define h(γ) as

h(γ) ,
1√
2π

exp
(
−γ

2

) ∞∫

−∞

z2 exp
(
− z2

2

)

cosh(
√

γz)
dz. (3.44)

Note that a closed-form expression for h(γ) is not known and therefore one has to

restrict to numerical integration. The graph of h(γ) is shown in Fig. 3.3. Similarly, the

remaining expected values are evaluated, yielding the following Fisher information

matrix [2]

FN(θ) =




N
σ2 − Nh(γ)

σ2
NAh(γ)

σ4

NAh(γ)

σ4
N
2σ4 − NA2h(γ)

σ6


 . (3.45)
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Fig. 3.3: Graph of h(γ).

After all we obtain the CRLB for blind estimation with (3.19) [2,142]

CLRBN(γ) =
1

N
· 2γ2 (1 − h(γ)) + 4γ

1 − h(γ) (1 + 2γ)
. (3.46)

We normalize the CRLB with respect to γ2 and let γ → ∞, which yields the high SNR

limit

CRLB′
N,∞ =

2

N
(3.47)

that coincides with the corresponding value for pilot-aided estimation (P = N). Here,

we exploited that limγ→∞ γh(γ) = 0. The high SNR result (3.47) is intuitively justi-

fied, since, in the absence of noise, unknown data symbols can be perfectly recovered

at the receiver and hence, they can be treated as pilot symbols.

3.4.5 Performance

To compare with the results of pilot-aided estimation, we choose N = 20. Fig. 3.4

shows normalized MSE (left) and normalized bias (right) of the M2M4 (3.28), AM

(3.31), and AML estimator (3.38). In addition, the CRLB (3.46) is included in the

left part of the figure. We observe that the AML estimator shows best MSE perfor-

mance, followed by the AM estimator and the M2M4 estimator. As we expect from

the considerations in Section 3.4.3, the bias of the AML estimator approaches zero for

SNR values larger than about (3σ)2/σ2 ≈ 9.5 dB. In the low SNR domain, the bias

of the M2M4 estimator becomes smaller than that of the AM and AML estimator. In
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Fig. 3.4: Blind estimation with N = 20 data symbols. Normalized MSE (left) and normalized
bias (right) vs. SNR.

this case, the absolute moment represents an approximation for the amplitude that is

too coarse, compare to (3.32). Interestingly, the MSE curve of the AML estimator lies

partially below the CRLB for small SNR values. This is possible, since for these SNR

values the bias of the AML estimator is non-zero. We further recognize that in principle

for small SNR values the MSE and bias of all blind estimators are much larger than the

corresponding quantities of the pilot-aided estimation schemes according to Fig. 3.2.

The following statements regard the asymptotic behavior. First, the AM and AML

estimator become identical if N → ∞. Second, the AML estimator coincides with

the pilot-aided MVU estimator at high SNR. Therefore, we can conclude that the AM

and AML estimator are asymptotically efficient at high SNR. However, this is not the

case for small SNR values. This can be understood by observing that the amplitude

estimates ÂAM and ÂAML, see (3.38a), deviate according to (3.32) arbitrarily large

from the true amplitude A if γ → 0. Finally, the M2M4 estimator offers the following

property, despite its large distance to the CRLB in Fig. 3.4:

Proposition 2. The M2M4 estimator is asymptotically efficient.

The proof is not difficult but misses in the standard literature to the best of the

author’s knowledge and therefore has been included in Appendix A.1.

3.5 Decision-Directed Estimation

So far, we have summarized pilot-aided and blind approaches for SNR estimation in

an uncoded communication system. Usually, however, channel coding is an essen-

tial part in communications to achieve an adequate power efficiency. In our case, the

transmission scheme can be thought of as concatenated coding scheme. Therefore,
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Fig. 3.5: Model for SNR estimation in AWGN channels when a priori information of data symbols
is present.

the corresponding receivers that we have in mind consist of two or more components

which exchange soft information, i. e., probabilities, in an iterative manner. In the

following, we will investigate how the introduced estimators can be embedded in the

concept of those iterative receivers and show some new results. Specifically, we fo-

cus on the extrinsic output probabilities from a channel decoding module that can be

regarded as an additional, approximately independent source of information on the

data symbols. Although the true a priori probabilities are unknown due to the con-

straint from the channel code, the extrinsic probabilities can serve as a good estimate

for them. In order to develop a simple framework for the design of estimators that can

incorporate a priori information of data symbols, it is useful not to take into account

the complete iterative process. Hence, we confine ourselves to the influence of the de-

coder feedback to the estimator of a single iteration step by applying an appropriately

chosen model.

Owing to the Gaussian nature of our channel model and the accuracy of the conver-

gence analysis of turbo decoders reported in [46, 127], the extrinsic output LLRs of a

decoder are fairly well represented by independent Gaussian distributions. Therefore,

we assume that independent Gaussian random variables with mean and variance ac-

cording to (2.31) are a valid model for the extrinsic output of a channel decoder. This

motivates the extension of our system model from (3.1) to the one depicted in Fig. 3.5.

The upper branch in Fig. 3.5 illustrates the communication channel of interest, the

AWGN channel, whereas the lower branch visualizes the model for a priori information

of the data symbols. The switch indicates that a priori information is useful only during

the data phase of the transmission, i. e., for the symbol indices i = P + 1, . . . , P + N ,

but not for the pilot symbols (i = 1, . . . , P ) as they are already perfectly known to

the receiver. The estimator may exploit both the received symbols from the upper and
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lower branch. We adopt the convention from [6], where general models for extrin-

sic information are discussed, and refer to the lower branch as the extrinsic channel.

This reminds us that although the extrinsic information is treated as if it was a priori

information, its origin is from a different source. In the following, we will not dis-

tinguish between the two types of probability and consider the extrinsic probabilities

as true a priori probabilities. The advantage of the model in Fig. 3.5 is its simplicity

compared to taking into account the complete highly non-linear dynamic behavior of

iterative decoders. Yet, it allows the derivation of new estimators that are suitable to

be embedded in iterative receivers. The output LLRs of the extrinsic channel are given

by

L(si) =
σ2

a

2
si + ηi, i = P + 1, . . . , P + N, (3.48)

where ηi are realizations of i. i. d. Gaussian random variables with ηi ∼ N (0, σ2
a).

Thus, L(si) satisfies property (2.29) of exponential-symmetric Gaussian distributions.

Note that we dropped for convenience the index a in L(si), indicating an a priori

LLR, and that we replaced the bit argument ci with the corresponding binary transmit

variable si. The noise samples ni of the communication channel and the noise sam-

ples ηi of the extrinsic channel are assumed to be statistically independent. For later

reference, we introduce

pi , Prob(si = +1) (3.49)

as the a priori probabilities associated with L(si) by L(si) = ln(pi/(1 − pi)). It is

further useful to assign a separate SNR γa to the extrinsic channel, which can be

independently chosen from the SNR γ of the communication channel (in contrast to

Section 2.2), and is given by

γa =
σ2

a

4
(3.50)

γa serves as a measure for the quality of the a priori information available at the

receiver. Besides SNR, we may also take mutual information for the same purpose,

which is given by I(si; L(si)) = J(σa), see (2.33). Next, we introduce two simple

models for the a priori SNR γa that will be used for further investigations in this

section:

• Model 1 – Fixed a priori SNR:

The a priori SNR γa is kept constant and independent from the SNR γ of the com-

munication channel. γa is governed by a given amount of a priori information

Ia via σa = J−1(Ia).

• Model 2 – Varying a priori SNR:

The a priori SNR γa depends on the SNR γ of the communication channel. γa

is determined by the linear relationship γa = κγ, where κ denotes the ratio

between the two SNR values.
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We remark that even the more realistic Model 2 cannot reflect the actual behavior of

the extrinsic information due to the non-linearity of the channel decoder. Nonetheless,

the simplicity of both models is appealing and allows a first evaluation of performance

of various estimators without requiring to run the complete iterative receiver. It is

further important to point out that both the derivations of decision-directed estimators

and the CRLB in the next sections are independent of how the a priori information is

chosen, since the LLRs L(si) are assumed to be given as input to the estimator and

the CRLB, respectively. Suitable models for a priori information are only needed to

evaluate performance in Section 3.5.5.

In the following, we discuss two estimators that incorporate symbol decisions based

on the extrinsic information and are easily obtained as minor modifications of known

estimators. For the time being, the pilot symbols shall not be exploited.

3.5.1 Hard and Soft Decision-Directed Estimation

Before deriving the estimators, we introduce the quantities

ŝi = decBPSK(L(si)) and s̆i = E{si|L(si)} = tanh(L(si)/2) (3.51)

as hard and soft symbol estimates of si. We use the terms symbol estimates and data es-

timates synonymously. The function decBPSK(z) delivers +1 if z ≥ 0 and −1 otherwise.

Note that s̆i is identical to the expected value of si based on the a priori probability

pi (3.49). We refer to the corresponding estimators as hard decision-directed (HDD)

and soft decision-directed (SDD), respectively. We distinguish those estimators from the

approach that will be discussed in Section 3.5.3, where instead of hard or soft sym-

bol decisions the a priori probabilities are incorporated into the estimation algorithm.

The AML estimator from Section 3.4.3 can be easily modified to incorporate symbol

decisions. This has been considered in [93], where the demodulated channel output

symbols have been used. Here, we suggest to take the extrinsic information instead,

yielding the SDD-AML estimator

ÂSDD−AML =
1

N

P+N∑

i=P+1

yis̆i (3.52a)

σ̂2 =

(
1

N − 3

P+N∑

i=P+1

y2
i

)
− N

N − 3
Â2

SDD−AML (3.52b)

γ̂SDD−AML =
Â2

SDD−AML

σ̂2
− 1

N
. (3.52c)

The corresponding version with hard symbol estimates (HDD-AML) is analogously

obtained by replacing s̆i with ŝi in (3.52a). A further estimator can be derived using

the CMVU estimator from Section 3.3.1. We refer to the corresponding estimator

as sample variance (SV) estimator rather than CMVU, since the pilot symbols from
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Section 3.3.1 are replaced with data symbol estimates. Such an estimator has been

applied to turbo equalization with hard symbol estimates in [123] and soft symbol

estimates in [25]. In contrast to the literature and motivated by the asymptotic results

(high SNR) from Sections 3.3.4 and 3.4.5, we propose to employ the factor N − 3
instead of N − 1, having

Â =
1

N

P+N∑

i=P+1

|yi| (3.53a)

σ̂2
SDD−SV =

1

N − 3

P+N∑

i=P+1

(yi − Âs̆i)
2

(3.53b)

γ̂SDD−SV =
Â2

σ̂2
SDD−SV

− 1

N
. (3.53c)

The offset 1/N in (3.53) is again motivated by the asymptotic performance of the AML

estimator to obtain an unbiased estimator at high SNR. We refer to (3.53) as the SDD-

SV estimator. Like above, s̆i can be replaced with ŝi to obtain the version using hard

data estimates (HDD-SV). Instead of (3.53a) one could also employ (3.52a) for the

SDD-SV estimator. However, numerical results of the SDD-SV estimator showed that

the proposed version (3.53a) with absolute values outperforms the decision-directed

amplitude estimate (3.52a). Such a behavior can be caused by erroneous decoder feed-

back. Therefore, we will have a closer look on the impact of imperfect data estimates

on SNR estimation in the following.

3.5.2 Correction of Initial Estimate and Criterion for Re-Estimation

It is intuitively clear that the accuracy of any SNR estimator, which employs imperfect

data estimates, is limited by the quality of the data estimates. We underline this by

an asymptotic result picking one of the two estimators from above as a representative.

Consider the SV estimator from (3.53) with soft data estimates (SDD-SV) and for

the specific case that the amplitude estimate Â is perfect, i. e., Â = A. Then, SNR

estimation reduces to noise variance estimation. We further define data estimates

s̆i as imperfect when the following condition for mutual information I(si; s̆i) holds:

I(si; s̆i) < 1. In an analogous way this could be defined for hard symbol estimates as

well. Then, we have the following asymptotic result:

Proposition 3. The sample variance estimator with imperfect soft data estimates accord-

ing to Model 1 performs asymptotically (N → ∞, γ → ∞) poor, i. e., the asymptotic

normalized MSE µ′
∞ and the asymptotic normalized bias β′

∞ are given by µ′
∞ = 1 and

β′
∞ = −1, respectively.

Proof. In the limit as N → ∞, we can replace the time average (3.53b) with the
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corresponding ensemble average, yielding

σ̂2 = E{(yi − As̆i)
2} = A2(1 + E{s̆2

i } − 2E{sis̆i}) + σ2. (3.54)

According to the definition of s̆i in (3.51) and our model for LLRs in (3.48), it can be

shown that E{sis̆i} = E{s̆2
i }, see also [117]. Defining δ , 1 − E{s̆2

i } we finally have

σ̂2 = A2δ + σ2. (3.55)

Note that δ is independent from γ and since I(si; s̆i) < 1, we have δ > 0. Inserting

(3.55) in the definitions of the normalized bias and the normalized MSE yields

β′ =
E{γ̂}

γ
− 1 =

1

δγ + 1
− 1

µ′ =
E{γ̂2}

γ2
− 2

E{γ̂}
γ

+ 1 =
1

(δγ + 1)2
− 2

δγ + 1
+ 1. (3.56)

Taking the limits β′
∞ = limγ→∞ β′ and µ′

∞ = limγ→∞ µ concludes the proof. �

We remark that similarly Proposition 3 can be proven for hard symbol estimates.

Proposition 3 states that even for an infinite number of data estimates available to

form the SNR estimate, this estimate becomes arbitrarily poor for γ → ∞ if the quality

of the data estimates does not improve with the SNR of the communication channel.

Of course, in an iterative receiver we expect that the output LLRs from the decoder

improve with increasing SNR. Nonetheless, Proposition 3 may serve as a motivating

reason that it is worth investigating potential performance degradation due to imper-

fect data estimates. Numerical results in Section 3.5.5 will support Proposition 3. Next,

we discuss possibilities to improve decision-directed SNR estimation as a consequence

of Proposition 3.

From (3.55), we see that the SV estimator tends to overestimate the noise power

and thus underestimates the SNR when soft data estimates are employed. This is also

the case for hard data estimates. A correction of the initial SNR estimate based on this

observation has been suggested in [123] for hard symbol estimates, involving heuris-

tically chosen parameters. An adaptive method for the case of soft symbol estimates

has been proposed in [25] and will be investigated in the following. For the sake of a

simple analysis, we focus on soft estimation, only. Further, we omit the index indicat-

ing the type of estimator in the following. (3.55) suggests the correction of the initial

noise power estimate σ̂2 by subtracting the term Â2δ, since now we assume, like in

the previous section, that a perfect estimate of A is not available. Clearly, one has to

be careful with such a post-processing operation for two reasons. First, both A and

δ are not perfectly known and second, (3.55) holds in the asymptotic case of a large

number of symbols N , only. An estimate of δ can be obtained from the time average v̄
of the symbol variances

v̄ =
1

N

P+N∑

i=P+1

vi with vi , var{si|L(si)} = 1 − s̆2
i . (3.57)
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Thus, we may formulate the following criterion for correction of the initial SNR esti-

mate γ̂0 = Â2/σ̂2
0 − 1/N of the SDD-SV estimator, yielding

σ̂2 =

{
σ̂2

0 − Â2v̄, σ̂2
0 > ζÂ2v̄

σ̂2
0 , otherwise

(3.58a)

γ̂ =
Â2

σ̂2
− 1

N
, (3.58b)

where ζ > 1 denotes an appropriately chosen constant. The criterion (3.58) was

suggested in [25]. (3.58) offers the advantage of being adaptive by taking into account

the quality of the data estimates of a specific block of symbols via v̄. However, typically,

we can expect that the constant ζ depends on several system parameters requiring a

manual optimization. Thus, in some cases this criterion might be inconvenient to use.

Therefore, we may apply a modified version of (3.58) involving an estimate γ̂a of the

a priori SNR. This approach is based on the idea that we carry out the subtraction in

(3.58) only for these cases, where the a priori SNR appears to be more reliable than the

SNR of the communication channel. Specifically, we propose the following criterion:

σ̂2 =

{
σ̂2

0 − Â2v̄, γ̂0 < γ̂a

σ̂2
0 , otherwise

(3.59a)

γ̂ =
Â2

σ̂2
− 1

N
. (3.59b)

An efficient way to estimate the a priori SNR can be found by exploiting (3.50)

γ̂a =
1

2N

P+N∑

i=P+1

|L(si)|. (3.60)

Variance and bias of the estimate in (3.60) are small compared to the SNR estimate of

the communication channel, as long as the LLRs are approximately independent and

obey the exponential-symmetry condition. Thus, the philosophy behind the criterion

in (3.59) is to consider the impact of noisy data estimates only when the corresponding

estimation noise is likely to be distinguishable from thermal noise, i. e., when it has a

smaller power.

The reasoning above leads naturally to the question whether the data estimates

should be used for SNR estimation at all. From an intuitive point of view – as long

as the model in Fig. 3.5 and the corresponding assumptions are valid – a “good esti-

mator” should benefit on the average from the extrinsic LLRs, independent from their

quality, i. e., γa. We remark that this is not a contradiction to Proposition 3 where a

specific type of estimator was considered. The approaches presented above may suffer

from a performance degradation since they ignore or cannot completely compensate

for erroneous decisions. In the case of hard decisions only errors influence the per-

formance, whereas in the case of soft decisions even for a correct decision the symbol
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amplitude is usually reduced and thus different from the ideal value of 1. To mitigate

the risk of performance degradation due to wrong or soft decisions one can apply the

condition γ̂0 < γ̂a of (3.59) to decide whether to use a priori information or not. In

this case γ̂0 would stem from a pilot-aided estimator, blind estimator, or a previous it-

eration. Unfortunately, numerical results reveal that this re-estimation criterion is too

conservative in many cases and thus, it is not further considered. Better results can be

obtained by a manually chosen threshold, which however is inconvenient for the same

reason as (3.58).

As we have seen from above, the main source of potential performance degradation

for decision-directed SNR estimators are the decisions itself. Thus, in the next section

we present an approach that completely avoids any decisions on the LLRs and instead

directly operates on the a priori probabilities.

3.5.3 Approximate Maximum Likelihood Estimation with Priors

Up to now, we did not employ both the pilot and the data symbols for SNR estimation.

Sampath & Jeske investigated in [103], using a quite general concept, how pilot-

aided and blind estimators should be combined to minimize the MSE. In this section,

we consider the approach of jointly using pilot and data symbols (sometimes termed

as semi-blind estimation) proposed by Chen & Beaulieu in [19], which fits best into

our framework. We extend their idea by taking into account the a priori information

(priors) of the data symbols that is available via the extrinsic channel. However, in

contrast to the decision-directed estimators discussed above we avoid hard or soft

decisions on the data symbols. Nonetheless, the technique to be presented in this

section can still be interpreted as decision-directed, but is put on a mathematically

more rigorous basis. As we will see later with numerical examples, the advantage

of our approach is twofold. First, bias and MSE are largely reduced in the low SNR

domain compared to the case when the priors of the data symbols are ignored. Second,

our estimator is robust in the sense that degradation effects due to imperfect a priori

information are mitigated, making post-processing of initial estimates or criteria for

re-estimation to a large extent obsolete.

Like in [19] and Section 3.4.3, the maximum likelihood criterion serves as a basis

from which we derive an approximate solution. Thus, at first we have to obtain the

PDF of the received symbols. Regarding the pilot part, the PDF is given by (3.8b). The

PDF of the data symbols is now different from (3.24b), since we include the priors of

the data symbols, yielding

fi(yi) = pifi(yi|si = +1) + (1 − pi)fi(yi|si = −1), i = P + 1, . . . , P + N. (3.61)

After a few manipulations, we have

fi(yi) =
1√

2πσ2
exp

(
−y2

i + A2

2σ2

)
·
(

2pi sinh

(
yiA

σ2

)
+ exp

(
−yiA

σ2

))
. (3.62)
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Next, we compute the log-likelihood function of the received symbols with (3.8b) and

(3.62). It is convenient to replace σ2 with A2/γ, yielding

ln f(y) =
P + N

2
ln
( γ

2πA2

)
− P + N

2
γ +

γ

A

P∑

i=1

yi − γ

2A2

P+N∑

i=1

y2
i

+

P+N∑

i=P+1

ln
(
2pi sinh

( yiγ

A

)
+ exp

(
−yiγ

A

))
, (3.63)

where y = [y1, y2, . . . , yP+N ]T . The necessary condition for the ML solution re-

quires to set the partial derivatives with respect to A and γ to zero. The condition

∂ ln f(y)/∂A = 0 results in

−(P +N)A2+γ

P+N∑

i=1

y2
i −Aγ

P∑

i=1

yi−Aγ

P+N∑

i=P+1

yi tanh
( yiγ

A
+ L(si)/2

)
= 0 (3.64a)

and ∂ ln f(y)/∂γ = 0 yields

(P +N)A2(γ −1)+γ

P+N∑

i=1

y2
i −2Aγ

P∑

i=1

yi −2Aγ

P+N∑

i=P+1

yi tanh
( yiγ

A
+ L(si)/2

)
= 0,

(3.64b)

where we exploited the relationship

2pi cosh (z) − exp(−z)

2pi sinh (z) + exp(−z)
= tanh

(
z +

1

2
ln

pi

1 − pi

)
(3.65)

and the definition of the LLRs L(si) = ln(pi/(1 − pi)). As before in Section 3.4.3, an

explicit solution to (3.64a) and (3.64b) is not available. Therefore, again we have to

restrict ourselves to a similar approximative solution. Here, we employ

tanh
( yiγ

A
+ L(si)/2

)
≈ sgn

( yiγ

A
+ L(si)/2

)
= sgn

(
yi +

A

γ
L(si)/2

)
. (3.66)

The factor A/γ inside the argument of the sgn(·) function is of course unknown, but

scales only the a priori information. Therefore, a coarse approximation is sufficient.

For this purpose, we remember that (3.60) represents a reasonably well estimate of

the a priori SNR γa. Although, here an estimate of γ is required, satisfactory results

can be achieved when using γ̂a instead. Further, the amplitude can be estimated via

the pilot symbols,

ÂP ,
1

P

P∑

i=1

yi. (3.67)

Thus, we have A/γ ≈ ÂP /γ̂a without requiring too much computational effort. Of

course, in a true iterative scheme we should employ the corresponding estimates from
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the previous iteration, which are not available in the framework considered here. At

high SNR, our estimator coincides with the pilot-aided ML solution, motivating, like

before, the use of the scaling factor (P + N − 3)/(P + N) and the offset correction

1/(P + N). Thus, the approximate solution to (3.64a)-(3.64b) is finally given by

γ̂AML+priors =
Â2

AML+priors(
1

P+N−3

P+N∑
i=1

y2
i

)
− P+N

P+N−3
Â2

AML+priors

− 1

P + N
(3.68a)

and

ÂAML+priors =
1

P + N

(
P∑

i=1

yi +
P+N∑

i=P+1

yi sgn

(
yi +

ÂP

γ̂a
L(si)/2

))
(3.68b)

We remark that the approximate ML solution from [19] is a special case of (3.68) and

obtained by setting L(si) to zero, except for the offset correction and a different scaling

factor. Since a mixture of Gaussian densities, see (3.62), and several approximations

are involved in the derivation of this estimator, (3.68) usually deviates from the true

ML solution (also compare to Section 3.4.3). We refer to the (3.68) as the approximate

ML estimator with a priori information and abbreviate it as AML+priors.

3.5.4 Cramer-Rao Lower Bound

Next, we compute the CRLB for SNR estimators using a priori information of data

symbols. The result presented in this section is obtained by extending the work of

Alagha [2].

We start from the general form of the CRLB given in (3.18), but now with a different

underlying log-likelihood function (3.63). Exploiting the statistical independence of

the received symbols, the Fisher information matrix F(θ) can be written as a sum

F(θ) = FP (θ) +

P+N∑

i=P+1

Fi(θ), (3.69)

where FP (θ) represents the Fisher information matrix corresponding to the PDF of the

P received pilot symbols, see (3.20). Fi(θ) belongs to the PDF of the individual re-

ceived data symbol and depends on the a priori probability pi (i = P + 1, . . . , P + N).

Next, we calculate the three different second-order partial derivatives of the Fisher

information matrix, which are extensions of the corresponding expressions in Sec-

tion 3.4.4. We define y = [yP+1, . . . , yP+N ]T as vector of received data symbols to
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get

∂2 ln f(y)

∂A2
= − N

σ2
+

P+N∑

i=P+1

y2
i

σ4 cosh2
(

Ayi

σ2 + L(si)/2
) (3.70)

∂2 ln f(y)

∂A∂σ2
=

NA

σ4
−

P+N∑

i=P+1

Ay2
i

σ6 cosh2
(

Ayi

σ2 + L(si)/2
)

−
P+N∑

i=P+1

yi

σ4
tanh

(
Ayi

σ2
+ L(si)/2

)
(3.71)

and

∂2 ln f(y)

∂(σ2)2
=

N

2σ4
− NA2

σ6
− 1

σ6

P+N∑

i=P+1

y2
i +

P+N∑

i=P+1

A2y2
i

σ8 cosh2
(

Ayi

σ2 + L(si)/2
)

+

P+N∑

i=P+1

2Ayi

σ6
tanh

(
Ayi

σ2
+ L(si)/2

)
. (3.72)

Comparing (3.70)-(3.72) with the expressions (3.39)-(3.41) in Section 3.4.4, we ob-

serve that the term L(si)/2 inside the arguments of the tanh(·) and cosh2(·) functions

is the only difference. Unfortunately, the dependence of the expected values on indi-

vidual symbols via the LLR L(si) prevents us from obtaining an identical Fisher infor-

mation matrix for each received data symbol. It is therefore convenient to generalize

the definition of h(γ) in (3.44) to

hi(γ) ,

√
2pi(1 − pi)

π
exp

(
−γ

2

) ∞∫

−∞

z2 exp
(
− z2

2

)

cosh(
√

γ z + L(si)/2)
dz. (3.73)

Then, after some intermediate steps, we may express the Fisher information matrix by

the same structure as in [2], involving now hi(γ)

Fi(θ) =




1
σ2 − hi(γ)

σ2
Ahi(γ)

σ4

Ahi(γ)

σ4
1
σ4

(
1
2 − A2hi(γ)

σ2

)


 . (3.74)

With (3.74), we finally compute the CRLB for SNR estimation with a priori information

of data symbols as

CLRBP,N,a(γ) = γ

2γ

(
P+N∑

i=P+1

hi(γ)

)
− 2(P + N)γ − 4(P + N)

(2(P + N)γ + P + N)

(
P+N∑

i=P+1

hi(γ)

)
− (P 2 + N2) − 2PN

(3.75)
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The following special cases can be observed from (3.75). If we set the a priori proba-

bilities to pi = 0.5, we obtain the CRLB for jointly using pilot and data symbols to esti-

mate the SNR, but disregard a priori information. Further, if we set the number of pilot

symbols P to zero, (3.75) corresponds to the result given in [2,142] and Section 3.4.4.

On the other hand, if we set the number of data symbols N to zero, we obtain the CRLB

for purely pilot-aided estimation according to [68] and Section 3.3.3. Caused by the

dependence of (3.75) on the LLRs via hi(γ), the evaluation of the CRLB requires simu-

lative averaging over several frames of data symbols. We normalize (3.75) with respect

to the SNR and let γ → ∞ to obtain the following high SNR limit that we could expect

intuitively from the corresponding limit in Section 3.4

CRLB′
P,N,∞ =

2

P + N
. (3.76)

Note that (3.76) is independent from the a priori information of the data symbols.

3.5.5 Performance

Let us first compare the difference in estimation performance depending on whether

a priori information is exploited or not. We choose the parameters as in [19], and use

P = 8 pilot symbols and N = 28 data symbols. The SNR of the a priori information

γa is assumed to be equal to γ according to Model 2.

Approximate ML Estimation with Priors

Fig. 3.6 depicts the normalized MSE/bias of the AML estimator with and without

a priori information (3.68), respectively. We observe a large bias reduction in the

low SNR domain up to about 8 dB, when a priori information is incorporated. Both

estimators are unbiased if the SNR is larger than about 10 dB. A significant perfor-

mance improvement of the MSE is visible in the low SNR domain up to about 5 dB. At

high SNR, the estimators coincide, which is obvious from (3.68b), since in this case

yi sgn(yi + (ÂP /γ̂a)Li/2) becomes |yi|. In addition, the BCRB for using jointly pilot

and data symbols with priors is included (BCRB+priors). The BCRB can be computed

from the CRLB (3.75) if the bias β(γ) of the estimator is available, see (3.17)-(3.18).

Since the calculation of β(γ) seems to be analytically intractable, β(γ) and ∂β(γ)/∂γ
have been evaluated numerically. The performance of the AML estimator with priors

is close to the BCRB. We remark that the negligibly worse MSE performance of the

proposed estimator in the region of 6 − 9 dB becomes more prominent if γa < γ, but

even then the estimator still outperforms the approach without priors in the low SNR

domain. The MSE performance essentially remains the same if γa > γ.

Comparison of Decision-Directed Estimators

Next, we present numerical results of a comparison of the bias and MSE of the SDD-

AML (3.52), SDD-SV (3.53), and AML+priors (3.68) estimator. In almost all cases,
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Fig. 3.6: Impact of a priori information when using jointly P = 8 pilot and N = 28 data symbols.
Varying a priori SNR according to Model 2 with γa = γ.

hard decision performed worse than soft decision and is therefore not further con-

sidered. The number of data symbols is chosen to N = 100 and no pilot symbols

are employed to enable a fair comparison between the AML+priors estimator and the

decision-directed estimators. Hence, the auxiliary estimate Âp of the AML+priors es-

timator in (3.68b) is formed by the corresponding blind amplitude estimate according

to (3.38a).

Fig. 3.7 depicts MSE and bias for a fixed amount of a priori information Ia = 0.9,

yielding a constant a priori SNR γa ≈ 5.7 dB (Model 1). This corresponds to a bit error

probability of 2.6 · 10−2 on the extrinsic channel (2.34).

We observe that the SDD-AML and SDD-SV estimator show a poor performance at

high SNR. MSE and bias tend for those estimators to 1 and −1, respectively, which

was theoretically justified for the SDD-SV estimator with known amplitude by Propo-

sition 3. In this region, the SDD-AML estimator is outperformed by the SDD-SV estima-

tor. On the other hand, MSE and magnitude of the bias of the AML+priors estimator

do not increase at high SNR, but are close to the corresponding reference curves of the

blind AML estimator. Here, symbol decisions have been avoided and thus no strong

degradation effect due to imperfect data estimates is visible. Below 3 dB, all decision-

directed estimators show a smaller MSE than the blind AML reference curve. Inter-

estingly, the AML+priors estimator offers the largest SNR range where it is unbiased,

starting from about 5 dB. The combination of the SV estimator with the correction cri-

terion (3.59) reduces the bias between 3 and 7 dB (SDD-SV corr.), but merely shifts

the minimum of the MSE to larger SNR values. The SDD-AML estimator does not yield

a good performance in the range of interest above 0 dB, but is superior for negative

SNR values.

We continue the discussion of numerical results for the more realistic, second model
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Fig. 3.7: Decision-directed estimation with N = 100 data symbols. Normalized MSE (left) and
normalized bias (right) vs. SNR. Fixed a priori SNR according to Model 1 with Ia = 0.9.
Legend of right figure is valid for both figures.
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Fig. 3.8: Decision-directed estimation with N = 100 data symbols. Normalized MSE (left) and
normalized bias (right) vs. SNR. Varying a priori SNR according to Model 2 with γa = γ.

of a priori information, Model 2. Fig. 3.8 depicts MSE and bias for the estimators from

above. The crucial observation in contrast to Fig. 3.7 is an identical performance of

all estimators above 10 dB. Since the data estimates improve with the SNR, no drastic

degradation effect at high SNR can occur. Below 2 dB, the SDD-SV estimator has the

smallest MSE in a certain SNR range before it raises again. This behavior is caused by

the joint influence of overestimating the channel amplitude and underestimating the

symbol amplitude at small SNR values (3.53). The correction criterion mitigates this
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name reference type remarks

MVU (3.14) pilot-aided asymptotically efficient

M2M4 (3.28) blind asymptotically efficient

AML (3.38) blind identical to the MVU at high SNR

AML+priors (3.68) decision-directed
identical to the MVU at high SNR
robust against poor a priori SNR

Table 3.1: Overview of SNR estimators.

effect and achieves a reduced MSE and bias in the medium SNR range. Unfortunately,

the SDD-AML estimator suffers from a large MSE and bias in the region of interest.

The AML+priors estimator is, like above, favorable in the SNR range above 2 dB. All

estimators are affected from a rapid increase of MSE and bias in the low SNR domain,

similarly like the corresponding blind estimation schemes. We conclude this section

with a summary of the most promising estimators of this chapter in Table 3.1.

3.6 Higher-Order Signal Constellations

We continue our considerations by briefly discussing possible extensions of the pre-

sented SNR estimation techniques to more general signal constellations.

3.6.1 PSK Signal Constellations

Consider the system model for the AWGN channel from (3.1), where the data symbols

are taken from an M -ary PSK signal constellation A with M > 2. The noise samples

ni are now assumed to be complex-valued with ni ∼ NC(0, 2σ2).

Due to the constant magnitude of PSK constellations, we may apply some of the

estimation schemes from previous sections to PSK signaling as well. In the case of pilot-

aided estimation, the phase of a particular symbol can be corrected by multiplication

of the received symbol with the conjugate complex of the pilot symbol. Thus, the

pilot-aided schemes from Section 3.3 can be adopted, taking possibly into account a

different scaling factor due to an increased number of degrees of freedom, see [93].

Interestingly, the blind estimators from Section 3.4 turn out to be less suitable for PSK

constellations except for the M2M4 estimator, where a version for complex symbols

has been devised in [93].

Before we discuss decision-directed estimation, we introduce the necessary exten-

sion of soft symbol estimates from BPSK to arbitrary signal constellations. The soft
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estimates s̆i are obtained as expected values, given the statistically independent out-

put LLRs of the decoder [113]

s̆i =
M∑

j=1

ajProb(si = aj |L(ci)) (3.77a)

vi =

M∑

j=1

|aj − s̆i|2 Prob(si = aj |L(ci)) (3.77b)

Prob(si = aj |L(ci)) =

log2 M∏

ν=1

exp
(
L(ci,ν)(1 − bj,ν)

)

1 + exp (L(ci,ν))
. (3.77c)

bj,ν denotes the value of the νth bit for the symbol aj ∈ A. The vector L(ci) =
[L(ci,1), . . . , L(ci,log2 M )]T comprises the log2 M extrinsic LLRs corresponding to the

data symbol si. Note that the symbol variance vi contains the total variance of real

and imaginary part.

Decision-directed estimation can be accomplished in a straightforward manner with

the SV estimator from Section 3.5.1, yielding

Â =
1

N

P+N∑

i=P+1

|yi| (3.78a)

2σ̂2
SDD−SV,c =

1

N − 1

P+N∑

i=P+1

|yi − Âs̆i|2 (3.78b)

γ̂SDD−SV,c =
Â2

2σ̂2
SDD−SV,c

. (3.78c)

Note that we skipped the scaling factor N − 3 and the offset correction in (3.78),

since the asymptotic results of the pilot-aided ML estimator might not be valid for the

general PSK case. Therefore, the SV estimator in its original form is applied.

We finally remark that the extension of the approximate ML estimator with a priori

information to higher-order signal constellations requires more complicated expres-

sions of the involved densities (see (3.61)) and thus seems to be very intricate.

3.6.2 Multi-Amplitude Signal Constellations

The SNR estimation task becomes more involved for multi-amplitude constellations.

This is attributed to different energy levels of the transmit symbols, making amplitude

and noise variance estimation more difficult. In addition, iterative decoding schemes

become more sensitive to SNR estimation errors for higher-order modulation [122].

An SNR estimation algorithm for QAM signals and AWGN channels has been suggested

in [149], where the absolute and the second moment were used in conjunction with
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a polynomial approximation. An envelope based estimator for Ricean fading channels

and arbitrary signal constellations has been proposed in [54]. It includes the complex-

valued version of the M2M4 estimator from Section 3.4.1 as a special case. From the

16 QAM results in both papers, it can be seen that first the number of samples should

be significantly larger than in our previous numerical examples and second that the

performance tends to degrade at high SNR. We therefore conclude that blind SNR

estimation with multi-amplitude signaling should be considered only when a large

number of samples can be employed and the number of pilot symbols is too small.

Interestingly, decision-directed estimation with the SV estimator according to (3.78)

can still outperform blind approaches like the M2M4 estimator, provided that the a

priori SNR is sufficiently large.

3.7 Multipath Channels

Next, we review SNR estimation for multipath channels. From the SNR definition in

(2.16), we observe that the channel gain Eh is involved. Suppose that an estimate

ĥ = [ĥ0, . . . , ĥL−1]
T of the CIR is available, then SNR estimation reduces to noise

variance estimation, since the channel gain estimate Êh ,
∑L−1

l=0 |ĥl|2 replaces the

the squared amplitude estimate Â2 in AWGN channels. Apparently, SNR and channel

estimation cannot be completely separated. However, treating both estimation tasks as

a joint parameter estimation problem differs from our concept and is therefore beyond

the scope of this thesis. We refer the interested reader to [39], where joint methods

for estimating mean and covariance parameters of MIMO channels are discussed.

Recalling (2.8), the received symbols of one pilot and data block can be represented

by

yi =

L−1∑

l=0

hlsi−l + ni, i = 1, . . . , P + N. (3.79)

In contrast to (3.1), the received symbols are additionally disturbed by ISI. In the case

of perfect CSI at the receiver, we can completely eliminate the ISI during the pilot

phase, i. e., for the symbol indices i = 1, . . . , P . For imperfect CSI and/or the data

phase, the received symbols are affected by residual ISI after interference mitigation.

In order to estimate the noise power, we compute the hypothetical noise sequence

(assumed to be complex) as

n̂i = yi −
L−1∑

l=0

ĥls̆i−l, (3.80)

where s̆j = sj for j = 1, . . . , P and otherwise based on (3.77) for j = P+1, . . . , P+N .

Hence, a noise power estimate can be formed by the sample variance estimator

2σ̂2
SV =

1

P + N − 1

P+N∑

i=1

|n̂i|2 , (3.81)
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which yields the SNR estimate

γ̂SV =
Êh

2σ̂2
SV

. (3.82)

Since the calculation of the hypothetical noise sequence requires in any case estimates

of the transmit symbols according to (3.80), pilot-aided or decision-directed SNR es-

timation techniques are more relevant than their blind counterparts. Except for soft

instead of hard symbol estimates, (3.81) corresponds to the variance estimator used

in [123].

We remark that for time-varying channels the quality of the SNR estimate in (3.81)

depends strongly on the correlation properties of the channel. Since we focus on the

time-invariant and block-fading case only, this problem is not relevant in our context.

We refer to [143] for a detailed discussion of SNR estimation in fading channels.

We conclude this section with the adoption of the correction criterion (3.59) to the

multipath case. Consider the ith symbol n̂i of the hypothetical noise sequence. We

assume that a reasonably well channel estimate is available (ĥ ≈ h) and that noise

and soft data estimates are statistical independent. Then, we have

E{|n̂i|2} ≈ E





∣∣∣∣∣

L−1∑

l=0

ĥl(si−l − s̆i−l) + ni

∣∣∣∣∣

2


 = 2σ2

n + E





∣∣∣∣∣

L−1∑

l=0

ĥl(si−l − s̆i−l)

∣∣∣∣∣

2


 .

(3.83)

If furthermore the data estimates themselves are fairly uncorrelated, we obtain (ĥl

assumed to be deterministic)

E{|n̂i|2} ≈ 2σ2
n +

L−1∑

l=0

|ĥl|2vi−l, (3.84)

where vi denotes the corresponding symbol variance (3.77b), which is set to zero for

pilot symbols. Finally, after replacing all symbol variances with the average variance

v̄ = 1/(P + N) ·∑P+N
i=1 vi of the P + N symbols (pilot and data symbols), we arrive

at

E{|n̂i|2} ≈ 2σ2
n + v̄Êh. (3.85)

Accordingly, we have the following correction criterion

2σ̂2 =

{
2σ̂2

SV − v̄Êh, γ̂SV < γ̂a

2σ̂2
SV, otherwise

(3.86a)

γ̂ =
Êh

2σ̂2
, (3.86b)

where 2σ̂2
SV stems from (3.81), γ̂SV from (3.82), and γ̂a from (3.60).
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3.8 Chapter Summary

We have discussed pilot-aided, blind, and decision-directed SNR estimation. Main fo-

cus has been laid on the AWGN channel and BPSK modulation. The Cramer-Rao bound

as a lower bound on the variance of unbiased estimators has served as a reference for

the estimator performance.

Among the pilot-aided schemes, the bias-corrected ML estimator offers the best per-

formance as it is identical to the MVU estimator, see Table 3.1. The corresponding

blind counterpart at high SNR is the approximate ML estimator. If a sufficiently large

number of data symbols is employed, the M2M4 estimator is preferable in the low SNR

domain, as it is an asymptotically efficient estimator according to Proposition 2.

For possible performance enhancement in iterative decoding schemes, we have stud-

ied decision-directed approaches. Therefore, a system model comprising the com-

munication channel of interest and an additional source of information, the extrinsic

channel, has been applied. Among several conventional decision-directed approaches,

the soft decision-directed sample variance estimator performs best. As a consequence

of the poor asymptotic performance of soft decision-directed estimators with fixed a

priori information (Proposition 3), the uncertainty of data estimates may be taken into

account for SNR estimation. This idea allows to improve the performance of the soft

decision-directed sample variance estimator in a certain SNR region.

To avoid soft decisions at all, an approximate ML estimator that operates directly

on the a priori probabilities of the data symbols has been proposed. This approach

results in a significant reduction of the bias in the low SNR domain compared to the

case of neglecting the a priori information. In addition, the CRLB for SNR estimators

that exploit a priori information of data symbols has been derived as a performance

reference. According to MSE and bias, the approximate ML estimator with priors is

the most promising candidate of the decision-directed schemes. A general statement,

whether decision-directed or blind approaches are more suitable, is unfortunately not

possible, as the performance depends on the SNR region and the system parameters.

The extension of the estimation schemes to higher-order signal constellations and

multipath channels has been briefly discussed. Thereby, channel and SNR estimation

has been treated as separate estimation problems. Hence, SNR estimation reduces to

noise variance estimation if a channel estimate is available. In these cases, the sample

variance estimator can be applied to both pilot-aided and decision-directed estimation.

The computational complexity of all estimators in this chapter is of similar order,

but significantly lower than the complexity of equalization or channel decoding and

thus less relevant.
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4
Channel Estimation

I
N this chapter, we discuss channel estimation techniques as a further prerequisite

for coherent data reception. Therefore, our system model of an AWGN channel

from Chapter 3 naturally extends to the case of multipath propagation. Like in the

previous chapter, we can distinguish in a straightforward manner between pilot-aided,

blind, and decision-directed estimation schemes. In this context, pilot-aided estimation

algorithms are also referred to as feedforward estimation [50] in contrast to methods

relying on decision feedback. Owing to the rich literature on channel estimation in

general, we focus our discussion on those techniques that are most relevant for the

framework considered in this thesis. Therefore, we omit blind approaches that are

traditionally based on higher-order statistics like second- and fourth-order cumulants

and refer instead for instance to [66] and the references therein.

After briefly introducing pilot-aided estimation schemes, the core of this chapter

will be devoted to decision-directed channel estimation. Specifically, we review the

least-mean square (LMS) estimation algorithm and its performance for imperfect data

estimates.

This chapter is organized as follows. After the introduction of the system model

in Section 4.1, we summarize the most relevant approaches for pilot-aided channel

estimation in Section 4.2. Decision-directed estimation is discussed in Section 4.3,

where the main focus lies on the LMS algorithm with soft data estimates. We suggest

an adaptive method for the choice of the step size that is based on the variance of

the data estimates and compare this concept to techniques known from the literature.

Finally, we conclude this chapter in Section 4.4.

4.1 System Model

As in Chapter 3, we restrict the system model from Chapter 2 to the most relevant

part. We assume a single transmission of one pilot and one data block over a (possi-

bly complex-valued) multipath channel with CIR h. To exclude averaging effects, we

focus on the time-invariant scenario. Unless otherwise stated, the SNR γ = Eh/(2σ2
n)
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Fig. 4.1: Model for channel estimation when a priori information of data symbols is present.

is assumed to be known at the receiver, providing exact knowledge of the noise power

2σ2
n (2.17) and the channel gain Eh (2.6). Note that we apply the SNR definition

of complex-valued signal constellations, since the parameters to be estimated can be

complex-valued. The P pilot symbols are from the set {−1, +1} according to Chap-

ter 2, but the data symbols can be taken from an arbitrary signal constellation. Fig. 4.1

depicts the system model in analogy to Fig. 3.5. The extension of Fig. 3.5 to higher-

order signal constellations, as shown here, is straightforward, requiring for the ex-

trinsic channel the substitution of the symbol si by the corresponding log2 M bits cj ,

together with the mapping rule {0, 1} → {+1,−1}. As in Section 3.5, we assume that

ηj are realizations of i. i. d. random variables with ηj ∼ N (0, σ2
a) and that ηj and ni

are statistically independent. We remark that the model for decision-directed channel

estimation according to Fig. 4.1 has been investigated in [70,88,136].

For convenience, we repeat (3.79) for the received symbols and obtain

yi =

L−1∑

l=0

hlsi−l + ni, i = 1, . . . , P + N, (4.1)

where ni are realizations of i. i. d. Gaussian random variables with ni ∼ NC(0, 2σ2
n).

Like in Section 3.7, we denote the estimate of the CIR by ĥ , [ĥ0, . . . , ĥL−1]
T .

4.2 Pilot-Aided Estimation

In this section, we introduce the most important pilot-aided estimation schemes for

our underlying framework. In the following, all pilot-aided estimators operate on that

part of the received vector that is undisturbed by data symbols. For the specific cases

of ML and linear MMSE estimation we further impose the restriction that the received

pilot symbols have to incorporate the full memory of the channel. Hence, in these
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cases the relevant vector of received pilot symbols is defined as

yp , [yL, yL+1, . . . , yP ]T . (4.2)

Although disregarding the first L − 1 received pilot symbols y1, . . . , yL−1 results in

an energy loss, it offers the advantage of avoiding the transient at the beginning of

a block, see (2.12). This allows uncorrelated tap estimation errors as will become

obvious in the following.

4.2.1 Maximum Likelihood Estimation

For convenience, we write (4.1) in matrix-vector notation and replace the channel

matrix with the corresponding pilot matrix, yielding

yp = Sph + np, (4.3)

where Sp denotes the (P − L + 1) × L pilot matrix

Sp ,




sL sL−1 · · · s1

...
...

...

sP sP−1 · · · sP−L+1


 (4.4)

and np , [nL, nL+1, . . . , nP ]T .

(4.3) is a linear Gaussian model where the conditional density f(yp|h) is distributed

as NC(Sph,Φn). The noise covariance matrix Φn is defined as

Φn , cov(np,np) = 2σ2
nIP−L+1. (4.5)

Hence, the ML channel estimate is readily obtained as [68]

ĥML = (S†
pΦ

−1
n Sp)

−1
S
†
pΦ

−1
n yp = (S†

pSp)
−1

S
†
pyp. (4.6)

Note that the right hand side of the second equality is identical to the least-squares

(LS) channel estimate [24]. We assume that the sequence of pilot symbols exhibits the

following autocorrelation property

S
†
pSp = EpIL with Ep = P − L + 1, (4.7)

simplifying (4.6) to

ĥML =
1

Ep
S
†
pyp. (4.8)

According to [24], real-valued pilot sequences with property (4.7) always exist for any

CIR length L, but the required sequence length grows exponentially with the number

of channel taps.
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For future reference, we introduce the estimation error

∆h , h − ĥ (4.9)

and the corresponding estimation error covariance matrix

Φ∆h , cov(∆h, ∆h). (4.10)

In the case of ML estimation, ∆h is NC(0,Φ∆h) distributed, where Φ∆h is given

by [68]

Φ∆h = (S†
pΦ

−1
n Sp)

−1 = 2σ2
e,MLIL with 2σ2

e,ML =
2σ2

n

Ep
. (4.11)

Hence, the tap estimation errors are uncorrelated and have equal variances 2σ2
e,ML.

The ML channel estimator is further known to be identical to the MVU estimator and to

be efficient [68]. In addition, it is not difficult to verify that h and ∆h are uncorrelated

(when h is random) and that Êh = Eh + L · 2σ2
e,ML (for the definition of Êh, see

Section 3.7). The ML estimator offers the advantage that neither SNR knowledge nor

information about the statistics of the channel is required, provided that the noise

statistics is white.

4.2.2 Linear Minimum Mean-Square Error Estimation

In contrast to the previous section, here, the quantity to be estimated is treated as a

random parameter. The linear MMSE (LMMSE) estimator aims at minimizing the MSE

E{||ĥ − h||2} under the constraint of a linear estimator. Thereby, knowledge of mean

E{h} and covariance matrix Φh , cov(h,h) need to be provided to the estimator. The

main diagonal of Φh equals the power delay profile of the channel when E{h} = 0.

Owing to the Gaussian nature of the system equation (4.3), the Bayesian Gauss-

Markov theorem can be applied, yielding for E{h} = 0 [68]

ĥLMMSE = (Φ−1
h

+ S
†
pΦ

−1
n Sp)

−1
S
†
pΦ

−1
n yp. (4.12)

(4.12) is also known as Wiener filter solution [106]. Exploiting (4.5) and (4.7), and

further assuming a normalized uniform power delay profile with uncorrelated taps,

Φh = 1/L · IL, (4.12) simplifies to

ĥLMMSE =
1

2σ2
nL + Ep

S
†
pyp. (4.13)

Here, the estimation error is NC(0,Φ∆h) distributed and the corresponding estimation

error covariance matrix is obtained as [68]

Φ∆h = (Φ−1
h

+S
†
pΦ

−1
n Sp)

−1 = 2σ2
e,LMMSEIL with 2σ2

e,LMMSE =
2σ2

n

2σ2
nL + Ep

. (4.14)
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The tap estimation errors are uncorrelated and have equal variances 2σ2
e,LMMSE, sim-

ilar to the ML estimator. However, (4.13) delivers only an unbiased estimate in the

statistical sense if E{h} = 0. In contrast to the ML estimator, ĥ and ∆h are uncorre-

lated and Eh = Êh+L·2σ2
e,LMMSE [68]. The LMMSE estimator has a smaller MSE than

the ML estimator, but requires knowledge of the power delay profile and the SNR.

4.2.3 Least-Mean-Square Algorithm

Finally, we briefly introduce the LMS algorithm that is widely applied to estimation

problems. We refer to [60] for a detailed derivation. The LMS algorithm is a recursive

approach that conducts the following calculation

ĥi = ĥi−1 + αs
∗
i (yi − ĥ

T
i−1si), i = 1, . . . , P, (4.15)

and it can be implemented as a filter. α denotes the step size and ĥi−1 the channel

estimate from the previous iteration. The vector of pilot symbols si of length L is

defined as si , [si, si−1, . . . , si−L+1]
T . The remaining part of si is filled up with zeros

if necessary (for i = 1, . . . , L − 1). The initial estimate ĥ0 can be set to the expected

value of h, e. g. , ĥ0 = 0 for the block-fading channel. In the following, we always

start the iteration with ĥ0 = 0.

The parameter α governs the convergence of the algorithm. Unfortunately, stability

of the algorithm cannot be guaranteed. A necessary condition for stability is the con-

straint 0 < α < 2/λmax, where λmax denotes the largest eigenvalue of the correlation

matrix of the filter input vector si [60]. We will have a close look at the choice of α in

the context of decision-directed channel estimation in Section 4.3.

In the following, we restrict α to 0 ≤ α ≤ 1, which is motivated by the estima-

tion error analysis in [70], where the estimation error covariance matrix after the last

iteration (i = P ) is approximated as

Φ∆h ≈ 2σ2
e,LMS(p)IL with 2σ2

e,LMS(p) =
Eh

L
(1 − α)2P + 2σ2

nα
1 − (1 − α)2P

2 − α
.

(4.16)

For conceptual purposes, the estimation error is assumed to be Gaussian distributed

with NC(0,Φ∆h). We remark that this assumption is an approximation, since the exact

distribution is not accessible due to the iterative, non-linear nature of the algorithm.

The bias of the LMS estimator depends on the convergence behavior and thus a gen-

eral statement becomes difficult. However, if the LMS algorithm approaches a steady

state with an excess MSE that is in the order of a fraction of the MSE of the Wiener filter

(4.14) (small misadjustment) [60], the bias can be expected to be reasonably small.

In comparison to the ML and LMMSE estimator from above, the LMS algorithm is

adaptive and can be employed for estimating time-varying CIRs. We remark that a

variety of adaptive channel estimation algorithms exists, among them the recursive-

least-squares (RLS) algorithm and the Kalman filter approach being the most popular

ones [60]. Usually, the two latter approaches are computationally more demanding
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and do not necessarily provide better performance when applied to decision-directed

estimation [88]. Hence, we restrict ourselves to the LMS algorithm as a representative

for adaptive schemes. The computational complexity of the LMS algorithm is linear in

P and L, whereas it is O(P 2) for the ML and LMMSE estimator.

4.2.4 Cramer-Rao Lower Bound

For the sake of completeness, we briefly include the CRLB for pilot-aided channel

estimation, valid for any unbiased estimator. In contrast to SNR estimation, where the

bound referred to a single parameter, here it is not a scalar but an L×L matrix with the

meaning of a covariance matrix. We remark that the bound refers to a deterministic

channel model.

Exploiting again the Gaussian model (4.3), the CRLB is obtained as [35]

CRLBp = (S†
pΦ

−1
n Sp)

−1 (4.17)

and hence depends only on the pilot sequence and the noise power. Using (4.5) and

(4.7), (4.17) reduces to

CRLBp =
2σ2

n

Ep
IL. (4.18)

As expected, (4.18) is identical to the estimation error covariance matrix of the ML

estimator (4.11).

4.2.5 Performance

Next, we show an example for the performance of the pilot-aided estimation schemes.

Since multiple parameters are estimated, we will not evaluate estimator biases but

restrict ourselves to the average MSE measure defined as

µ̄ ,
1

L
E{||ĥ − h||2}. (4.19)

In the case of the LMS algorithm, ĥ always stems from the last iteration. We choose the

three-tap channel (b) from Table 2.1 and set the number of pilot symbols to P = 18,

exhibiting a perfect autocorrelation in the sense of (4.7).

Fig. 4.2 depicts µ̄ as a function of the SNR for the ML estimator, LMMSE estimator,

and LMS estimator with α = 0.1 and α = 0.2. Note that in the case of the ML estimator

µ̄ is identical to 2σ2
e,ML (4.11). The LMMSE estimator offers a slightly smaller average

MSE than the ML estimator in the low SNR domain, but the two estimators become

identical at high SNR as expected from (4.11) and (4.14). In contrast to these two

estimators, the LMS estimator performance depends on the parameter α and usually

exhibits an irreducible MSE at high SNR. From (4.16), the asymptotic average MSE

limγ→∞ µ̄ can be estimated as lim2σ2
n→0 2σ2

e,LMS(p) = Eh/L · (1 − α)2P ≈ 7.5 · 10−3

for α = 0.1 and 1.1 · 10−4 for α = 0.2. The theoretical approximation 2σ2
e,LMS(p) of
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Fig. 4.2: Pilot-aided estimation with P = 18 pilot symbols.

the estimation error variance is included in Fig. 4.2 and is less accurate in the region

of the MSE floor. The deviation is mainly caused by using a constant training sequence

instead of a randomly changing one, by averaging over all channel taps in (4.16) and

by neglecting possible tap crosscorrelation terms.

4.3 Decision-Directed Estimation

In contrast to SNR estimation, the use of feedback information for channel estimation

has been suggested by many authors. Among the rich variety of different approaches,

we focus on the special case, according to Figs. 2.8 and 4.1, where the estimation

and detection part of the receiver are realized as two separate entities. For the sake of

completeness, we refer the interested reader to prominent examples of joint estimation

and detection in [4,7,34,55] that are opposed to the present concept. The aforemen-

tioned examples are trellis or tree-based algorithms and hence become computation-

ally demanding for higher-order signal constellations and/or long delay spreads of the

channel. Finally, we remark that an iterative APP based channel estimation scheme

has been proposed for mobile OFDM (orthogonal frequency division multiplexing)

in [105].

Throughout this chapter, we employ the extrinsic LLRs from the channel decoder

to obtain soft data estimates according to (3.77) for general signal constellations and

(3.51) (right-hand-side) for the BPSK case. We will not consider hard decisions on the

data symbols. Although a general statement whether hard or soft decision-directed

channel estimation should be applied is difficult, we justify this restriction by the good
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performance results reported in [88, 90, 104, 131]. Next, we briefly characterize two

types of decision-directed estimators, the LS approach and the LMS algorithm. We

then aim at improving the performance of the LMS algorithm. Note that all algorithms

considered here employ both the pilot symbols and the data symbol estimates.

4.3.1 Least-Squares Estimation

One of the first approaches using soft decision feedback for channel estimation was

proposed by Sandell et al. [104]. In their work, the estimator is derived according to

the LS principle. Next, we present this idea with a slight but important modification.

The vector notation in (4.3) can be easily extended to include the received data

symbols as well, having

y = Sh + n, (4.20)

where S denotes the (P + N − L + 1) × L matrix of pilot and data symbols

S ,




sL sL−1 · · · s1

...
...

...

sP+N sP+N−1 · · · sP+N−L+1


 . (4.21)

Accordingly, the received vector is denoted by y , [yL, yL+1, . . . , yP+N ]T and the

noise vector by n , [nL, nL+1, . . . , nP+N ]T , respectively. Hence, by approximating

the unknown data symbols with their corresponding soft estimates, the soft decision-

directed (SDD) LS solution is given by

ĥSDD−LS = (S̆†
S̆)−1

S̆
†
y, (4.22)

where

S̆ ,




s̆L s̆L−1 · · · s̆1

...
...

...

s̆P+N s̆P+N−1 · · · s̆P+N−L+1


 . (4.23)

The symbol s̆i in (4.23) is equal to si for the pilot symbols (i = 1, . . . , P ) and otherwise

computed according to (3.77), using the corresponding log2 M LLRs L(ci) (i = P +
1, . . . , P + N).

In contrast to [104], the main diagonal elements of the matrix S̆†S̆ are not replaced

with their expected values, which would result in the constant main diagonal entries

(P + N − L + 1)Ēx = P + N − L + 1. Consider as an example the case of BPSK

data symbols. When soft estimates are employed, the amplitude of an estimate s̆i

is smaller than 1 except for large LLRs, hence the energy of the symbol estimate is

usually smaller than Ēx = 1. This should be reflected by the main diagonal values

of S̆†S̆ to avoid an unbalanced treatment of cross-product terms (off-diagonal values)

and estimated symbol energies. Simulation results, which are not included here, show
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that indeed the estimate according to (4.22) provides a smaller MSE than the original

proposal in [104]. The computational complexity of the SDD-LS estimate is about

O(L3(P + N)2).
This complexity can be reduced to O((P +N)2) by the coarse approximation S̆†S̆ ≈

(P + N − L + 1)IL. It yields the solution [104]

ĥSDD−ALS =
1

P + N − L + 1
S̆
†
y. (4.24)

We refer to (4.24) as approximate LS estimate.

In the low SNR domain, the LS approach will produce biased estimates but can be

expected to deliver asymptotically unbiased estimates when the quality of the data

estimates improves. We refer the interested reader to Wo et al. [145] for a more de-

tailed discussion in the case of MIMO channels. Expressions for the estimation error

covariance matrices of (4.22) and (4.24) are not readily available, but a coarse ap-

proximation could be obtained with (4.11).

4.3.2 Least-Mean-Square Algorithm

In [70, 88, 131], the LMS algorithm has been analyzed in the context of soft iterative

channel estimation. Typically, several simplifying assumptions such as a small step

size α and that input vector si and received symbol yi are jointly Gaussian have to be

made [60]. In the following, we will not carry out such an analysis but merely build

on the most important results from literature with the aim of a further performance

improvement.

We replace the vector si of pilot symbols with the corresponding vector of data

estimates s̆i , [s̆i, s̆i−1, . . . , s̆i−L+1]
T to extend (4.15) over the data phase, with i =

1, . . . , P + N .

In the following, we discuss the influence of the parameter α on the estimator per-

formance in detail. The choice of α represents a trade-off between stability and conver-

gence speed and depends on all crucial system parameters. As shown by the work of

Otnes, Tüchler, and Kuhn [70,88,90], for a given set of system parameters usually an

optimum value of α can be found that delivers the smallest MSE. In particular, the LMS

algorithm is quite sensitive to the choice of α and different values should be chosen

during the pilot phase (i = 1, . . . , P ) and the data phase (i = P + 1, . . . , P + N).

Like above for pilot-aided estimation, we employ the approximation of the covari-

ance matrix of the estimation error as proposed in [70], yielding after the last iteration

(i = P + N)

Φ∆h ≈ 2σ2
e,LMS(d)IL

2σ2
e,LMS(d) = 2σ2

e,LMS(p)(1 − αĒd)
2N + α

(
Eh(1 − Ēd) + 2σ2

n

) 1 − (1 − αĒd)
2N

2 − αĒd

,

(4.25)
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where 2σ2
e,LMS(p) denotes the error variance after the pilot phase (4.16), N the number

of data symbols, and Ēd the average energy of the data estimates given by

Ēd ,
1

N

P+N∑

i=P+1

|s̆i|2, 0 ≤ Ēd ≤ 1. (4.26)

(4.25) has been derived under the assumption of a PSK signal constellation [70]. How-

ever, we will apply this error variance approximation in the case of AM/QAM signaling

as well, at the price of a smaller accuracy. Note that in the latter case, one has to

restrict Ēd to values smaller than or equal to 1. Ēd can be interpreted as a measure

for the reliability of the data estimates, values close to zero indicate a poor quality,

whereas values close to 1 stand for the opposite. As before, we assume that the chan-

nel estimate is unbiased and that the estimation error is distributed as NC(0,Φ∆h).
An alternative procedure to estimate the error variances 2σ2

e,LMS(p) and 2σ2
e,LMS(d) has

been devised in [88].

We recognize from (4.25) that the error variance depends on the SNR, on the error

variance after the pilot phase, on the number of data symbols, and on the quality of

the data estimates. Next, we consider three different methods to choose the step size

α in order to achieve a small error variance and hence a small MSE.

Theoretical Optimization of the Step Size

Based on (4.16) and (4.25), we may compute the optimal value of α, given all other

parameters. Owing to the same recursions for both pilot-aided and decision-directed

estimation, we express both error variances by a single function g(z)

g(z) = d1z
r + d2(1 − z)

1 − zr

1 + z
, (4.27)

where the coefficients d1, d2, the power r and the variable z are

d1 ,
Eh

L
, d2 , 2σ2

n, r , 2P, z , 1 − α (pilot phase) (4.28)

or

d1 , 2σ2
e,LMS(p), d2 ,

Eh(1 − Ēd) + 2σ2
n

Ēd

, r , 2N, z , 1 − αĒd (data phase),

(4.29)

respectively. From the above definitions and the constraint 0 ≤ α ≤ 1, it follows that

0 ≤ z ≤ 1.

Next, we briefly discuss the behavior of the error variance for some simple cases,

before optimizing α. All parameters are assumed to be fixed except for the step size α.

Letting z → 0 and z → 1, respectively, we obtain

g(z = 0) = d2 and g(z = 1) = d1. (4.30)
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Fig. 4.3: Theoretical error variance 2σ2
e,LMS as a function of α.

Hence, the pilot-aided error variance 2σ2
e,LMS(p) becomes

2σ2
e,LMS(p) =

{
Eh/L, α = 0

2σ2
n, α = 1

. (4.31)

For decision-directed estimation, the case z → 0 becomes less meaningful as it would

require α → 1/Ēd which is possible only for Ēd = 1. Accordingly, we have

2σ2
e,LMS(d) =

{
2σ2

e,LMS(p), α = 0

2σ2
n, α = 1 and Ēd = 1

. (4.32)

In the pathological case of Ēd = 0, i. e., no a priori information of the data symbols

is available, 2σ2
e,LMS(d) becomes 2σ2

e,LMS(p), independent from the choice of α (see

(4.25)).

We conclude from the poor values of the limit cases (4.31)-(4.32) that the optimum

α can be expected to lie in the interior of the interval [0, 1]. The possible optimization

of α based on (4.16) and (4.25) has been mentioned in [70]. Next we give an example

for this optimization.

Instead of finding directly the optimal value αopt, one can minimize g(z) and then

compute αopt from zopt, for both pilot-aided or decision-directed estimation. Unfortu-

nately, an analytical minimization of g(z) seems to be impossible, however, numerical

methods can be employed. A typical example for 2σ2
e,LMS(p) and 2σ2

e,LMS(d) as a func-

tion of α is depicted in Fig. 4.3, showing for each case a single minimum. We assumed

the following parameters: SNR γ = 2 dB (Eh = 1, 2σ2
n ≈ 0.631), L = 3 channel taps,

P = 18 pilot symbols, N = 30 data symbols (BPSK), and Ēd ≈ 0.920 (corresponding
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method αopt 2σ2
e,LMS

pilot 0.095 0.040

data 0.031 0.016

Table 4.1: Optimal values of α and corresponding minimum theoretical error variances for the
example shown in Fig. 4.3.

to a bit-wise mutual information of Ia = 0.9). The minima are obtained by a golden

section search [96] and marked with circles.

The optimal values for α and the corresponding error variances for this example

are listed in Table 4.1. We remark that a similar behavior of the error variances can

be observed for different parameters, indicating always a global minimum. As we

see from Fig. 4.3, the performance does not necessarily improve if we use decision-

directed estimation, but it depends on the choice of α. Typically, αopt is smaller for

decision-directed estimation than for pilot-aided estimation. Hence, as mentioned

above, α should take different values depending on the type of estimation. Note

that the minimum value of 2σ2
e,LMS(p) is taken, according to Table 4.1, to evaluate

2σ2
e,LMS(d) (4.25).

In the following, we refer to LMS estimation with this kind of parameter choice as

optimized. We remark that the computational complexity of the optimization is not

negligible but usually much smaller than the expense for equalization and decoding.

A drawback of the optimized LMS algorithm is its requirement of the SNR knowledge.

We further observed as reported by [5] that the approximations (4.16) and (4.25) for

the error variance are not accurate enough for long CIRs (e. g. , L = 10 taps). Hence,

in this case the optimized LMS approach cannot be applied.

Adaptive Choice of the Step Size Using the Error Signal

The problem of a good choice of the step size α has drawn some attention in the

literature and we refer to [72,118] and references therein for more information about

this topic. Many of these solutions strongly depend on the type of estimation problem

and are not always applicable. An appealingly simple method has been proposed by

Haweel [59], which we include in the following for comparison.

Thereby, the step size is adaptively increased or decreased depending on the error

signal ei , yi − ĥT
i−1s̆i (4.15), where i = 1, . . . , P + N denotes the iteration index as

before. Specifically, the step size αi+1 at iteration i + 1 is computed by

αi+1 = d1αi + d2sgn
∗(ei), (4.33)

where d1 denotes an exponential forgetting factor and d2 a small constant. α1 repre-

sents the initial value. Since ei can be complex-valued, we define a function sgn∗(z)
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instead of the originally proposed conventional sgn(·) function. sgn∗(·) delivers the

sign of the real or imaginary part of z, depending on whose magnitude is larger. In

addition, the range of αi is checked to fall within 0 ≤ α ≤ 1. We set d1 = 0.99 and

d2 = 10−6 as specified in [59]. We refer to this second approach as simple adaptive.

Since these values have been found heuristically and are not adapted to the specific

scenario of soft iterative channel estimation, we expect a larger MSE than with the

optimized LMS algorithm. However, as the step size overall decreases according to

the choice of d1 and is influenced by the error signal, the performance may become

better than with a fixed step size α as it will be shown via numerical examples in

Section 4.3.4. Note that SNR knowledge for this type of step size adaptation is not

required.

Adaptive Choice of the Step Size Using Symbol Variances

Finally, we suggest a novel method for the choice of the step size that is based on the

reliability of the involved symbol estimates. The results from Fig. 4.3 indicate that

the step size should be smaller when using data estimates instead of pilot symbols.

Based on this observation, we directly relate the step size to the reliability of the data

estimates. Let α0 denote an initial step size appropriately chosen for the pilot phase

(covering the first P iterations). The reliability of the involved vector of symbol esti-

mates s̆i at iteration i can be measured by the mean symbol variance

v̄i =
1

L

L−1∑

j=0

vi−j , (4.34)

where the symbol variance vi is defined by (3.77b). In the case of PSK signal constel-

lations, vi reduces to 1− |s̆i|2 and thus 0 ≤ vi ≤ 1 holds. Note that vi is set to zero for

pilot symbols.

Since the average variance in (4.34) may significantly fluctuate, especially for short

CIR lengths, we replace v̄i with 0 during the pilot phase (i = 1, . . . , P ) and with the

average variance v̄ of all N data symbols during the data phase (i = P +1, . . . , P +N),

given by

v̄ =
1

N

P+N∑

j=P+1

vj . (4.35)

With increasing quality of the data estimates (v̄ → 0), the step size should approach

α0 for pilot symbols. On the other hand the update of the LMS algorithm should tend

to zero if v̄ → 1. Hence, we suggest the following choice of the step size α

α = ωα0, (4.36)

where ω denotes a scaling factor that obeys the following heuristically chosen relation-

ship

ω = 1 − v̄r. (4.37)
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Fig. 4.4: Scaling factor ω as a function of the mean symbol variance v̄.

The power r governs the decay of ω. Note that 0 ≤ ω ≤ 1. Satisfactory results were

obtained by enforcing a large decay for small values of v̄, suggesting a power r smaller

than 1. Fig. 4.4 depicts the graph of (4.37) for r = 1/7. In order to avoid a zero

value of the step size α, we restrict v̄ to be smaller or equal than 0.999. We refer

to the choice of α according to (4.37) as variance based. Like the simple adaptive

LMS algorithm from above, the variance based approach offers the advantage that no

knowledge of the SNR is required. Due to averaging over symbol variances and scaling,

this approach is more complex than the simple adaptive method, but less complex than

the optimized method. Note that in many cases the symbol variances themselves have

to be computed anyway as crucial side information to the equalizer.

4.3.3 Cramer-Rao Lower Bound

The computation of the CRLB for blind and decision-directed channel estimation is

quite involved, especially if the signal constellation is taken into account. As for

decision-directed SNR estimation, numerical integration and simulative averaging is

required. We therefore will not repeat the results from the literature but refer instead

to the work of Scherb et al. for semi-blind channel estimation [107] and to Wautelet

et al. [141] for the decision-directed case.

4.3.4 Performance

In this section, we present examples for the performance of the decision-directed chan-

nel estimation schemes from above. Thereby, we assume the following system param-
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Fig. 4.5: Comparison of LS and LMS decision-directed estimation. Fixed a priori SNR according
to Model 1 with Ia = 0.9 (left) and varying a priori SNR according to Model 2 with
γa = γ (right).

eters unless otherwise stated:

• P = 18 pilot and N = 30 data symbols

• BPSK modulation and channel (b) from Table 2.1

• Soft decision based on a priori information

• Model 1 and 2 for a priori information according to Section 3.5

Fig. 4.5 depicts the average MSE of the LS estimator, the approximate LS estimator,

and the LMS algorithm with a constant step size of α = 0.1, for both fixed a priori (left)

and varying a priori information (right). In addition, the theoretical error variance of

the LMS algorithm according to (4.25) is included in the figure. We observe that the

approximate LS estimator performs well in the low SNR domain, but is affected by a

degradation in performance at high SNR, since then the error of approximating the

inverse of S̆†S̆ by a diagonal matrix dominates the noise power. The best performance

is offered by the LS estimator, and the LMS algorithm shows a smaller average MSE

than the approximate LS estimator at high SNR. Moreover, the LMS algorithm does

not suffer from a visible error floor in the scenario with varying a priori information in

contrast to the approximate LS algorithm. The theoretical error variance matches the

average MSE of the LMS algorithm for both scenarios very well. Due to the degradation

of the approximate LS algorithm, we will not consider this approach further, but focus

on the LMS algorithm with adaptive step size instead.
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Fig. 4.6: Comparison of LMS algorithms. Fixed a priori SNR according to Model 1 with Ia = 0.9
(left) and varying a priori SNR according to Model 2 with γa = γ (right).

Adaptation of the Step Size

Next, we give examples for the performance of the LMS algorithm for the following

four cases:

• Fixed step size for both pilot and data symbols with α = 0.1 (“fixed”).

• Separately optimized step size for pilot and data symbols using (4.16) and (4.25)

(“optimized”). α is optimized for each data block of N symbols.

• Simple adaptive step size according to [59] (“adaptive”).

• Novel method of step size adaptation based on symbol variances (“variance”).

The power r in (4.37) is chosen to be r = 1/7.

Fig. 4.6 shows the average MSE performance for the four different methods. The LS

curve serves as a reference. The optimized step size offers the best performance among

the LMS approaches, followed by the variance based method, the simple adaptive tech-

nique, and finally the fixed step size. In the scenario with varying a priori information,

the variance based technique becomes at high SNR identical to the fixed step size

method since then the average variance v̄ approaches zero, resulting in α → α0. How-

ever, the high SNR domain is less relevant for our applications. In the low to medium

SNR range, the variance based method performs quite close to the optimized tech-

nique. In addition, both the variance based and optimized LMS algorithm perform

close to the LS estimator for fixed a priori information. In the scenario with varying

a priori information and small SNR values, a similar statement for the variance based

and optimized LMS approach can be made. Hence, these two methods are attractive

alternatives to LS estimation.
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Fig. 4.7: Evolution of MSE over the sequence length. SNR γ = 10 dB. Fixed a priori SNR accord-
ing to Model 1 with Ia = 0.9 (left) and Ia = 0.4 (right).

Evolution of MSE over Sequence Length

Next, we illustrate the convergence behavior of the adaptive LMS algorithms from

above. Fig. 4.7 depicts the average MSE as a function of the iteration index from

i = 1, . . . , P +N = 48. We choose a fixed SNR of 10 dB and fixed a priori information.

All other parameters are kept as before. The sequence of pilot symbols ends at itera-

tion index i = 18, hence i = 19 is the first index where partially data estimates are

employed for channel estimation. Consider first the case of poor a priori information

(Ia = 0.4). This corresponds to an a priori SNR of γa ≈ −1.2 dB or a bit error prob-

ability of 0.19 on the extrinsic channel (2.34). The MSE of the LMS algorithms with

fixed and simple adaptive step size starts to rise at i = 19. This is caused by imperfect

data estimates. However, the proposed variance based technique and the optimized

method take the uncertainty of the data estimates into account and consequently, the

MSE improves over the data symbols (i = 19, . . . , 48). If the quality of the data esti-

mates is high (Ia = 0.9), all LMS algorithms offer an improved performance. However,

the gain is largest for the variance based and optimized technique. Hence, these latter

two methods can be successfully applied even for low a priori information due to their

increased robustness. Based on this observation, a criterion whether the data symbols

should be used for channel estimation or not seems to be obsolete, in contrast to a

fixed step size, see also [70,136].

Impact of Signal Constellation and Channel

So far, we employed BPSK modulation. No significant difference in the performance

of the estimators has been observed for 8 PSK and 16 QAM (both with Gray mapping),

although the expressions required for the optimized step size are less accurate for QAM
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signaling. Hence, the corresponding figures are omitted.

In addition, the influence of the CIR has been investigated. As an example for a

5-tap CIR, channel (c) from Table 2.1 has been taken, with P = 20 pilot symbols and

N = 30 data symbols (BPSK). All remaining system parameters have been kept as

before. As in the case of higher-order signal constellations, the general behavior of

the MSE performance of all LMS algorithms has not changed significantly compared

to channel (b). A similar performance has been also obtained for the Rayleigh block-

fading channel with three channel taps and uniform power delay profile. Therefore,

again, the figures with the simulation results are omitted.

We finally remark that the theoretical error variances for the LMS algorithm (4.25)

with fixed or optimized step size were not included into the figures in this section,

but found to be quite close to the measured average MSE in all cases with a moderate

number of channel taps (L ≤ 5).

4.4 Chapter Summary

Among the pilot-aided channel estimation schemes, the linear MMSE, the ML and LMS

approach has been briefly described. The latter two approaches offer the advantage

that no knowledge of the power delay profile and the SNR is required. Moreover,

the LMS algorithm has been chosen as a low complexity representative of adaptive

estimation schemes.

The core of this chapter has been devoted to decision-directed channel estimation.

Therefore, the system model from Chapter 3 has been extended appropriately. Two

general approaches have been considered, LS and LMS estimation. LS estimation

based on soft symbol estimates can be interpreted as an approximate extension of

pilot-aided ML estimation. Similarly, soft symbol estimates can be utilized by the LMS

algorithm. The latter approach offers a significantly lower complexity, however, the

step size of the algorithm remains to be optimized as an important parameter.

Therefore, three methods to adapt the step size to the system conditions have been

investigated: a simple adaptation technique from the literature, an optimization using

theoretical error variance expressions, and a new technique based on symbol vari-

ances. The proposed method performs in many cases close to the optimized step size

technique, but offers the advantage of a smaller computational complexity. In ad-

dition, it does not require knowledge of the SNR, in contrast to the optimized LMS

algorithm. Furthermore, it can be applied to any CIR length which is not possible for

the latter method. Hence, the variance based technique seems to be most favorable

both applicability and complexity-wise, also because its degraded performance at high

SNR is typically less relevant. We remark that the extension of variance based LMS es-

timation to other system models like MIMO channels is possible in principle, requiring,

however, most likely a different scaling function than the one from Fig. 4.4.
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Turbo Equalization

T
HE previous two chapters dealt with the estimation of important system param-

eters, the SNR and the CIR, respectively. In this chapter, we discuss the core

of a turbo receiver that requires knowledge of the aforementioned parameters.

In the presence of multipath propagation, the key component of the receiver is the

equalizer, capable to process soft input and to deliver soft output.

The optimal approach in the sense of computing the exact APPs of the code bits has

been employed in the original turbo equalization scheme [42]. Since this technique

is trellis based, its computational complexity is mainly determined by the number of

states. Hence, for large signal constellations and/or a large number of channel taps,

the APP equalizer becomes computationally intractable. In the literature, a variety of

suboptimal equalization concepts is available, offering usually a much lower compu-

tational complexity while preserving the performance of the APP approach to a large

extent. Soft interference cancellation combined with linear filtering represents an im-

portant class among those suboptimal equalization algorithms. A major advantage

of them is a relatively small growth of computational complexity with the size of the

signal constellation, compared to trellis-based approaches or sphere decoding algo-

rithms [138]. Therefore, we restrict ourselves to equalization concepts based on soft

interference cancellation.

Although computationally more demanding, the use of higher-order signal constel-

lations has become relevant over the past years to achieve a larger spectral efficiency.

Non-binary signal constellations offer an additional degree of freedom by the mapping

rule from bits to symbols. Ten Brink et al. introduced iterative demapping and decod-

ing to improve the power efficiency of multilevel modulation schemes [130]. In their

work, it has been shown that traditional Gray mapping can be outperformed by other

mapping types when a priori information of the code bits is available. We will apply

this technique in this chapter to enhance the performance of turbo equalization.

Typically, equalization algorithms are derived by the assumption of having perfect

knowledge of the relevant channel parameters. In light of the previous two chapters,

we have to expect a performance degradation whenever uncertain parameter estimates
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are employed. Therefore, based upon a suitable error model, we propose an equalizer

that incorporates channel estimation error statistics and compare it to an approach

from literature.

This chapter is organized as follows. We discuss turbo equalization based on soft

interference cancellation in Section 5.1. Thereby, we will distinguish between three

commonly used types of filters, the channel-matched filter, the MMSE filter, and the

MVU filter. Specific attention is devoted to the special case of real-valued signal con-

stellations, where we provide a slight modification of the known MVU filter. This

modification serves as a basis to provide new insight into the relationship of complex-

valued and real-valued description of equalization schemes. After briefly summarizing

other known approaches for turbo equalization, a standard design tool for iterative

decoding schemes, the extrinsic information transfer (EXIT) chart, is introduced in

Section 5.4. Based on the EXIT chart, we devise a novel algorithm for the design of

bit-to-symbol mappings for multipath channels in Section 5.5, with the aim to improve

the power efficiency. The case of imperfect channel knowledge is addressed in Sec-

tion 5.6, where a modification of the equalizer is suggested so that estimation error

statistics is considered. Finally, Section 5.7 summarizes the main results of this chapter.

Parts of this chapter have been published in [27–29,32].

5.1 Soft Interference Cancellation Combined with Linear Filtering

In the following, we assume perfect channel and SNR knowledge, thus requiring no

training in the transmission.

The concept of the iterative receiver has been presented in Chapter 2. Next, we

discuss turbo equalization based on soft interference cancellation (SIC) as one of the

most popular equalization concepts in the literature. The basic idea of this approach

is the subtraction of the estimated interference from the received signal. Since the

estimate of the interference cannot be expected to be perfect, the resulting signal is

not free of interference. Therefore, the residual interference after cancellation is sup-

pressed by a successive linear filter. The term “linear” refers to the filter operation

which is linear with respect to its complex-valued input signal; the equalizer itself is

non-linear, though. Later we discuss a modification for real-valued signal constella-

tions, where the filter operation is no longer linear with respect to complex-valued

signals, but remains linear with respect to real-valued signals.

Let us focus on equalization of a single block comprising N data symbols. Fig. 5.1

depicts the principle of soft interference cancellation combined with a linear filter for

the ith signal component. The relevant inputs are the received vector y, the estimated

interference ξi, the a priori information of the code bits LD(ci), and the vector of

channel parameters θ that contains the CIR and the noise power, i. e., θ , [hT , 2σ2
n]T .

The output of the equalizer are LLRs LE(ci), where the subtraction point assures that

only the newly gleaned information is provided to the channel decoder according to

the discussion in Chapter 2.
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ỹi
f
†
i

θ

v

x̃i
LLR +

−

LE(ci)

LD(ci)

mi 2σ2
w,i

Fig. 5.1: Soft interference cancellation combined with a linear filter: Estimation of the ith signal
component and output LLR calculation.

It is useful to split the received signal into two parts: a desired part and a part

comprising the interference and the noise. Consider equalization of the ith symbol

of a data block x of length N (since no training is employed, we address the data

symbols by x rather than by s in contrast to previous chapters) with corresponding

received vector y of length N + L − 1. The received vector y can be written as, see

(2.10),

y = Hx + n = Hixi + H\ix\i + n, (5.1)

where we adopted the notation used in [16]: (·)\i applied to a matrix (vector) delivers

the matrix (vector) without its ith column (element). Hi denotes the ith column of

H.

The term H\ix\i represents the interference in the system, whereas Hixi denotes

the contribution of the symbol of interest. For interference cancellation, the soft out-

put of the channel decoder (the LLRs LD(c)) is required. In a first step, a vector of soft

estimates x̆ , [x̆1, . . . , x̆N ]T is derived from LD(c), by simply calculating the mean

of the data symbols via their code bit probabilities according to (3.77), where s̆i and

L(ci) are replaced with x̆i and LD(ci), respectively. For later reference, we intro-

duce the vector v , [v1, . . . , vN ]T as the corresponding symbol variances according to

(3.77b). Thus, the estimated interference affecting the ith symbol is given by

ξi = H\ix̆\i, (5.2)

where the unknown data symbols have been replaced with their soft estimates. After

cancellation of the estimated interference, the resulting signal is fed into a linear filter

with N + L − 1 coefficients f
†
i , yielding the symbol estimate x̃i

x̃i = f
†
i ỹi = f

†
i (y − ξi) = f

†
i (Hixi + H\i(x\i − x̆\i) + n). (5.3)

Note that we adopt the term “filter” although signal processing with finite block lengths

is considered.

The PDF of x̃i is usually not directly accessible due to the cancellation of the signal

ξi, but commonly approximated by a circularly symmetric, complex-valued Gaussian
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distribution with mean mixi and variance 2σ2
w,i. Note that this approximation im-

plies proper residual interference, which is a simplification and in general not satisfied

for interference cancellation schemes [43]. We will come back to this issue in Sec-

tion 5.2. Hence, the quantities mi and 2σ2
w,i of the output PDF can be computed by

approximating the PDF of the residual interfering symbols x\i − x̆\i by a circularly

symmetric, complex-valued Gaussian distribution with zero mean and covariance ma-

trix Diag(v\i). Further assuming statistical independence between noise and residual

interference, we have

mi = f
†
i Hi (5.4)

2σ2
w,i = f

†
i

(
H\iDiag

(
v\i

)
H

†
\i + Φn

)
fi, (5.5)

where Φn , 2σ2
nIN+L−1 denotes the noise covariance matrix. Accordingly, the output

LLR of the νth code bit of the ith symbol is obtained as (see, e. g. , [43])

LE(ci,ν) = ln

∑

aj∈A(0)
ν

f(x̃i|xi = miaj) Prob(xi = aj |LD(ci))

∑

aj∈A(1)
ν

f(x̃i|xi = miaj) Prob(xi = aj |LD(ci))
− LD(ci,ν), (5.6)

where f(x̃i|xi = miaj) is NC(miaj , 2σ2
w,i). The set A(b)

ν contains all symbols from

the signal constellation A for which the νth bit is b ∈ {0, 1}. The log2 M bits ci,ν

(ν = 1, . . . , log2 M) form the bit vector ci belonging to the ith symbol. The probability

Prob(xi = aj |LD(ci)) is evaluated according to (3.77c).

Note that the a priori information of the νth bit, LD(ci,ν), is not used for equaliza-

tion, but included for LLR calculation (demapping) in the term Prob(xi = aj |LD(ci))
and hence has to be subtracted in (5.6) according to the turbo principle. This subtrac-

tion becomes obsolete if all symbols are assumed to be equiprobable in (5.6), having

LE,na(ci,ν) = ln

∑

aj∈A(0)
ν

f(x̃i|xi = miaj)

∑

aj∈A(1)
ν

f(x̃i|xi = miaj)
. (5.7)

The difference in the evaluation between (5.6) and (5.7), i. e., whether a priori infor-

mation is exploited for demapping, can be neglected for Gray mapping but becomes

significant for other types of mappings [130]. The index “na” in (5.7) stands for “no a

priori” information. This issue will become important in Section 5.5.

Next, we specify three classical approaches for the choice of the filter coefficients f
†
i

and briefly discuss their similarities and differences.
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5.1.1 Channel-Matched Filter

A low complexity SIC is obtained by applying a normalized channel-matched filter

(MF), yielding the choice

f
†
MF,i =

H
†
i

H
†
iHi

. (5.8)

The normalization ensures that x̃i is an unbiased estimate of xi, i. e., we have mi ≡ 1,

see (5.5). (5.8) aims at maximizing the SNR for the case of white noise but does not

take into account the residual interference. The calculation of the filter coefficients is

independent from the turbo iteration and thus has to be performed only once.

The partially equalized output vector x̃ can be written in a compact manner

x̃MF = (Diag(R))−1
(
H

†
y − (R − Diag(R)) x̆

)
, (5.9)

where R , H†H denotes the equivalent channel matrix on symbol basis after channel-

matched filtering [77]. The output variance (5.5) can be calculated letting 2σ2
w,i =

[W]i,i and

W = (Diag(R))−2 Diag
(
RDiag(v)R + 2σ2

nR
)
− Diag(v), (5.10)

where Φn = 2σ2
nIN+L−1 has been used. We refer to (5.9) as MF-SIC. The computa-

tional complexity is mainly determined by matrix-vector multiplications and thus of

O(N2) per block (in the general case if the band structure of the channel matrix is not

exploited).

This approach has been originally suggested by Glavieux et al. for turbo equaliza-

tion in [57] (except for a different output variance calculation) and for turbo multiuser

detection by Alexander et al. in [3]. In the uncoded case, the MF-SIC has also been

motivated by the theory of recurrent neural networks (RNNs) in [124]. Thereby various

methods for the computation of soft estimates have been proposed [47,83,114,124].

The application of RNNs to turbo equalization has been suggested by Sgraja et al.

in [113]. The main difference to (5.9) is the usage of a posteriori soft estimates (in-

volving partially equalized symbols) in [113], resulting in a better performance [139].

However, an exact convergence analysis with standard tools is not possible for RNNs

due to the dependence on previous iterations [30,43,139]. Since we require a conver-

gence analysis for the design of symbol mappings in Section 5.5, we restrict ourselves

to the MF-SIC. (5.9) can be interpreted as a special case of an RNN with parallel update

rule of the neurons and usage of extrinsic information only [30].

5.1.2 Minimum Mean-Square Error Filter

The performance of the SIC can be significantly improved by addressing the residual

interference in the filter design. A widely applied criterion is the minimization of

the MSE between transmit symbol and the symbol at the filter output, E{|xi − x̃i|2}.
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This solution has been suggested by Wang and Poor for turbo multiuser detection

in [140] and has been described by Tüchler et al. for turbo equalization in [134].

A hybrid approach, where either the MMSE filter or the MF is activated, has been

also proposed in [134]. A combination of the linear MMSE detector with parallel

interference cancellation has been investigated in the context of multiuser detection

in [71], where the MMSE filter criterion is only applied in the initial iteration.

Using either differential calculus or the results from estimation theory in [106], the

filter coefficients according to the MMSE criterion are obtained as

f
†
MMSE,i = H

†
i

(
Φn + HDiag(v)H† + (Ēx − vi)HiH

†
i

)−1

. (5.11)

Here, the calculation of the filter coefficients depends on the turbo iteration via the

symbol variances v. Note that, after filtering, x̃i is not an unbiased estimate of xi (xi

assumed to be deterministic), since mi = f
†
MMSE,iHi 6= 1.

As before, the partially equalized output vector x̃ can be written in matrix-vector

notation

x̃MMSE = F
†
MMSE (y −Hx̆) + Diag

(
F

†
MMSEH

)
x̆ (5.12a)

F
†
MMSE = D

−1
MMSEH

†
M

−1
(5.12b)

M , Φn + HDiag(v)H†
(5.12c)

DMMSE , IN + (IN − Diag(v))Diag
(
H

†
M

−1
H
)

, (5.12d)

where Ēx = 1 has been used. The output variance 2σ2
w,i = [W]i,i is given by

W = Diag
(
F

†
MMSEH

)(
IN − Diag

(
H

†
FMMSE

))
. (5.13)

We refer to (5.12) as MMSE-SIC. The calculation of the MMSE filter coefficients in-

volves the inversion of an (N + L − 1) × (N + L − 1) matrix (5.12b) and thus, it is

computationally more demanding (complexity O(N3)) than the MF-SIC.

5.1.3 Minimum Variance Unbiased Filter

We complete the description of the classical filters with the MVU criterion that is re-

lated to the MMSE approach. It has been proposed by Bury for block equalization

in [16, 17] and by Lampe and Huber for multiuser detection in [73]. The extension

to turbo equalization has also been outlined in [16], to which we refer the interested

reader for a detailed derivation.

The filter coefficients can be found as the solution of a constrained optimization

problem. Among all linear filters that deliver an unbiased estimate, the one with the

smallest variance is chosen, resulting in the criterion

f
†
MVU,i = arg min

fi

(
E{|x̃i|2} − |E{x̃i}|2

)
s.t. f

†
i Hi = 1. (5.14)
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5.2 Special Case of Real-Valued Signal Constellations

The condition f
†
i Hi = 1 ensures that x̃i is an unbiased estimate of xi, yielding mi ≡ 1.

With the method of Lagrange multipliers, the solution to (5.14) is obtained as

f
†
MVU,i =

H
†
i

(
Φn + HDiag(v)H†)−1

H
†
i (Φn + HDiag(v)H†)−1

Hi

. (5.15)

The symbol estimates of the whole block can be efficiently expressed in matrix-vector

notation, similar to (5.12)

x̃MVU = F
†
MVU (y −Hx̆) + x̆ (5.16a)

F
†
MVU = D

−1
MVUH

†
M

−1
(5.16b)

DMVU , Diag
(
H

†
M

−1
H
)

, (5.16c)

where the matrix M is defined by (5.12c). The output variance 2σ2
w,i = [W]i,i is

computed from

W = D
−1
MVU − Diag(v). (5.17)

We refer to (5.16) as MVU-SIC. The computational complexity of the MVU-SIC is com-

parable to the MMSE-SIC, since again the matrix M has to be inverted. Indeed, as the

matrix expressions (5.12) and (5.16) suggest, both approaches are closely related, as

stated in the following.

Proposition 4. The output x̃MVU of the MVU-SIC can be obtained by a component-wise

scaling of the output x̃MMSE of the MMSE-SIC. Moreover, if the bias term of the MMSE-SIC

is considered in the output LLR calculation, the MVU-SIC and MMSE-SIC yield identical

results.

The proof is straightforward and for completeness included in Appendix A.2. Since

both the MVU-SIC and MMSE-SIC are comparable, we focus on the MVU-SIC as a

powerful and the MF-SIC as a low complexity alternative. If the noise is white and

the residual interference is neglected, i. e., the variance vector v is set to zero, the

MVU-SIC becomes identical to the MF-SIC.

5.2 Special Case of Real-Valued Signal Constellations

Until now, all detection schemes were described by complex-valued arithmetics. This

is sufficient for all cases where the source of disturbance, here, interference and noise,

can be modeled by proper [85] random processes and the transmit signals are proper,

too [43]. However, when dealing with residual interference and/or applying signal

constellations with non-uniform energy distribution with respect to real and imaginary

part, real-valued arithmetics should be chosen to obtain the full information about the

involved random processes [16,43]. The advantage of the real-valued description over

the complex-valued form becomes most prominent in the case of real-valued (or only
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5 Turbo Equalization

imaginary) signal constellations. Hence, we keep the complex-valued description of

the algorithms in the case of complex-valued signal constellations, but use a modifica-

tion in the case of real-valued signal constellations.

We motivate that modification by an example. Consider the output signal of a

channel-matched filter for BPSK transmission. The received signal is given by y =
Hx + n. Real and imaginary part of the output signal x̃ = H†y are obtained as

Re{x̃} =
(
Re{H}T Re{H} + Im{H}T Im{H}

)
x + Re{H}T Re{n} + Im{H}T Im{n}

(5.18a)

Im{x̃} = Re{H}T Im{n} − Im{H}T Re{n}. (5.18b)

Since the data symbols x are real-valued, only (5.18a) contains information about x,

but (5.18b) becomes meaningless for data detection. With the definition nMF , H†n
and R being defined as in Section 5.1.1, (5.18a) can be expressed as

Re{x̃} = Re{R}x + Re{nMF}, (5.19)

where the covariance matrix of the colored real-valued Gaussian noise term Re{nMF}
is given by σ2

nRe{R}. Hence, after a channel-matched filter, only the real part of the

equivalent channel matrix R and half the total noise power 2σ2
n determine the detec-

tion of the transmit symbols. A subsequent detection stage should take this consider-

ation into account. This has been described for linear detection schemes and RNNs

by Engelhart et al. in [48] and it has been further investigated for decision feedback

equalization in [108]. Since the real part operation is not a linear operation in C, the

somewhat unlucky term widely linear has been coined [94].

MF-SIC for Real-Valued Signal Constellations

Accordingly, the MF-SIC takes the following form for real-valued signal constellations

x̃MF = (Diag(R))−1
(
Re{H†

y} − (Re{R} − Diag(R)) x̆
)

Wr = (Diag(R))−2 Diag
(
Re{R}Diag(vr)Re{R} + σ2

nRe{R}
)
− Diag(vr).

(5.20)

The output variance of the real part and the ith component is given by σ2
w,i = [Wr]i,i.

The vector vr contains the real part symbol variances. Note that the main diagonal of

R is always real-valued, since R is Hermitian. The main difference of (5.20) compared

to (5.9) and (5.10) is the term σ2
nRe{R} instead of 2σ2

nR.

MVU-SIC for Real-Valued Signal Constellations

The real part expressions from above cannot be directly applied to the MVU-SIC, since

(5.16) does not contain channel-matched filter expressions. However, with the matrix
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inversion lemma [61], we have

B
†(A + BVB

†)−1 =
(
I −B

†
A

−1
B(V−1 + B

†
A

−1
B)−1)

B
†
A

−1. (5.21)

Hence, the MVU-SIC can be rewritten for real-valued signal constellations, and we may

exploit channel-matched filter expressions of the form H†Φ−1
nr

H (i. e., we simply take

the real part of them)

x̃MVU = Re
{
F

†
r(y − Hx̆)

}
+ x̆ (5.22a)

F
†
r = (Diag(MrRr))

−1
MrH

†
Φ

−1
nr

(5.22b)

Rr , Re
{
H

†
Φ

−1
nr

H
}

(5.22c)

Mr , IN − Rr

(
(Diag(vr))

−1 + Rr

)−1
(5.22d)

Wr =
(
Diag(MrRr)

)−1 − Diag(vr), (5.22e)

where Φnr , Φn/2 = σ2
nIN+L−1. The output variance of the real part and the ith

component is given by σ2
w,i = [Wr]i,i.

In the following, we show that (5.22) can be also obtained by deriving the MVU-SIC

from an equivalent real-valued notation, where only the real part component of the

filter output is required to be unbiased. Let us first start with the equivalent real-valued

representation of the MVU-SIC.

Equivalent Real-Valued Notation

We define the equivalent real-valued representation of a complex-valued vector u =
[u1, . . . , uN ]T by a length 2N vector u

u , [Re{u1}, Im{u1}, . . . , Re{uk}, Im{uN}]T . (5.23)

Similarly, a complex K × N matrix U is represented by [43]

U , Re{U} ⊗
(

1 0

0 1

)
+ Im{U} ⊗

(
0 −1

1 0

)
. (5.24)

U has dimension 2K × 2N . In the following, underlined quantities represent the

equivalent real-valued form of an originally complex-valued vector/matrix.

We assume that the channel matrix H and the filter input ỹi are given according to

Section 5.1. Their corresponding real-valued counterparts are H and ỹ
i
. The noise

covariance matrix is accordingly given by Φ
n

= σ2
nI2(N+L−1). Furthermore, we as-

sume that the error variances of the soft estimates are evaluated separately for real

(viR) and imaginary part (viI), yielding a 2N × 1 vector v = [v1R, v1I, . . . , vNR, vNI]
T .

The imaginary part variances and the covariances between real and imaginary parts

are zero, since real-valued signal constellations are considered.
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5 Turbo Equalization

The symbol estimate for the ith component is given in correspondence to (5.3) by

x̃i = f
T
i ỹ

i
, (5.25)

where x̃i has dimension 2 × 1 and the filter coefficients fT
i have dimension 2 × 2N .

The condition for an unbiased estimate with minimum variance can be stated as [16]

f
T
MVU,i = arg min

fi

(
E{x̃T

i x̃i} − E{x̃i}T E{x̃i}
)

s.t. f
T
i Hi =

(
1 0

0 1

)
, (5.26)

where Hi contains the (2i − 1)th and (2i)th column of H. Note that (5.26) requires

that both real and imaginary part of the data estimate x̃i are unbiased. The solution

can again be found with the method of Lagrange multipliers, yielding

f
T
i =

(
H

T
i M

−1
Hi

)−1

H
T
i M

−1, (5.27)

where M is given by

M , HDiag(v)HT + Φ
n
. (5.28)

The residual (output) 2 × 2 covariance matrix of the ith data estimate x̃i after soft

interference cancellation is obtained as

W i =
(
H

T
i M

−1
Hi

)−1

− Diag(vi) ,

(
σ2

w,iR σw,iRI

σw,iRI σ2
w,iI

)
, (5.29)

where Diag(vi) =

(
viR 0

0 0

)
. σ2

w,iR, σ2
w,iI, and σw,iRI denote the variance of the

real part, of the imaginary part, and the covariance between real and imaginary part,

respectively.

MVU-SIC with Relaxed Constraint

If we consider only real-valued symbol alphabets, the constraint in (5.26) can be re-

laxed so that only the real part component of x̃i is required to be unbiased. Accord-

ingly, only the variance of the real part of the unbiased estimate should be minimized.

In this case, we would expect a decrease of the output variance σ2
w,iR in the real part

at the price of a possible bias in the imaginary part, which is meaningless in the case

of real-valued symbol alphabets. Thus, (5.25) simplifies to

x̃iR = f
T
iRỹ

i
(5.30)

where x̃iR is related to the first component of x̃i, i. e., the real part of x̃i. The vector of

filter coefficients fT
iR corresponds to the first row of fT

i . Accordingly, the MVU condition

(5.26) reduces to

f
T
MVU,iR = arg min

fiR

(
E{x̃2

iR} − E{x̃iR}2) s.t. f
T
iRHiR = 1. (5.31)
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HiR denotes the first column of Hi. Finally, the coefficients fT
iR are computed as

f
T
iR =

HT
iRM−1

HT
iRM−1HiR

(5.32)

and the real part output variance is given by

σ̃2
w,iR =

1

HT
iRM−1HiR

− viR. (5.33)

The following proposition states that (5.33) is preferable compared to (5.29) with

respect to minimum real part output variance.

Proposition 5. For the real part output variances σ2
w,iR and σ̃2

w,iR of (5.29) and (5.33),

respectively, the following relation holds: σ̃2
w,iR ≤ σ2

w,iR.

Proof. Let Hi = [HiR HiI] and HT
i M−1Hi =

(
dR dRI

dRI dI

)
. We exclude the trivial

degenerate case of Hi = 0. Thus, we always have HiR 6= HiI, HiR 6= 0, and HiI 6= 0,

confer to (5.24). Then, the real part output variances are

σ2
w,iR =

dI

dRdI − d2
RI

− viR and σ̃2
w,iR = 1/dR − viR. (5.34)

Since M−1 is always positive definite because of Φ
n

being positive definite, M−1 can

be Cholesky decomposed so that M−1 = CT C. Defining eiR , CHiR and eiI ,

CHiI, we obtain

dR = e
T
iReiR, dI = e

T
iIeiI, dRI = e

T
iReiI.

Clearly, dR > 0, dI > 0, and, using the Schwarz inequality, dRdI − d2
RI > 0, since eiR

and eiI are linearly independent. This completes the proof. �

We remark that σ̃2
w,iR = σ2

w,iR holds only if dRI = HT
iRM−1HiI = 0, i. e., if either

the real or the imaginary part of the ith column of the channel matrix H is zero (the

output variances cannot be computed if both parts are zero). Typically, the difference

between the two variances is relatively small and thus has very little effect on the

BER performance of the detection scheme. We conclude this part by finally stating the

interesting equivalence between the MVU-SIC with relaxed constraint and the version

using real part expressions.

Proposition 6. The MVU-SIC with relaxed constraint (5.32)-(5.33) can be expressed in

a compact matrix-vector notation according to (5.22).

The proof is included in Appendix A.3.
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5 Turbo Equalization

5.3 Other Approaches to Turbo Equalization

For the sake of completeness, we summarize further relevant approaches to turbo

equalization.

The three SIC schemes from the previous section (MF-SIC, MMSE-SIC, and MVU-

SIC) have a simultaneous (parallel) processing of the symbols within a block in com-

mon. A modification of these schemes with symbol-wise processing is possible, where

successive symbols can benefit from tentative decisions on previous symbols. This

processing is commonly referred to as successive interference cancellation. The compu-

tational complexity can often be kept in a similar order as in the case of parallel pro-

cessing by using a subtle implementation, see [16]. A successive interference cancel-

lation scheme based on Cholesky decomposition (Soft Cholesky Block Decision Feed-

back Equalizer, SCE) of the equivalent channel matrix R has been proposed in [45].

Thereby, this decomposition is only required once per block, resulting in a lower com-

plexity than the MMSE-SIC or MVU-SIC. However, to be most effective, tentative deci-

sions in successive interference cancellation should be based on a posteriori probabili-

ties as in [45], unfortunately making an exact convergence analysis impossible.

Other equalization methods approximate the optimal detection rule in a suitable

way so that significant savings in computational complexity can be achieved while

sacrificing little performance. One of those approaches is based on the BER optimal

APP equalizer, where the number of states of the underlying trellis is reduced [44,84].

An alternative technique aims at an efficient approximation of the APPs by means of

Monte Carlo sampling [41] and modeling state transitions with Markov chains [31,

49].

A further method known as sphere decoding has recently gained large attention,

especially in the context of equalization for MIMO systems, and is based on lattice

theory [138]. Thereby, the ML rule is efficiently implemented by means of bounded

distance decoding. The application of sphere decoding as part of a turbo detection

scheme has been proposed in [63]. A major drawback of sphere decoding schemes

is their increase in complexity with the size of the signal constellation. A numerical

comparison of sphere decoding with SIC schemes like the RNN and the SCE for MIMO-

OFDM systems has been presented in [79], revealing a complexity advantage of SIC

schemes at comparable performance. We finally remark that significant improvements

can be achieved with a suitable preprocessing for poorly conditioned channel matri-

ces. We refer the interested reader to [148], where the combination of linear detection

schemes and successive interference cancellation with lattice reduction as preprocess-

ing step has been investigated.

5.4 Convergence Analysis Using the EXIT Chart

The performance of a turbo equalization scheme depends on a variety of system pa-

rameters like the channel, the SNR, the equalizer, the channel code, and the number
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of iterations applied. Accordingly, the free parameters should be chosen so that certain

performance or complexity requirements can be met. Typically, three SNR regions can

be distinguished in an iterative decoding scheme: the low SNR region, where no per-

formance improvement over the iterations is possible; the “waterfall” region, where the

BER can be significantly reduced over the iterations; and finally the high SNR region

(“error shoulder” region) requiring a few iterations only and exhibiting a relatively flat

decay of the BER. Hence, the SNR threshold (convergence threshold), where iterative

decoding is successful, and the number of iterations required are typical questions of

concern.

A practical approach to describe the dynamic behavior of iterative decoding schemes

is the characterization of the input-output behavior of its components by the evolu-

tion of a single parameter. In [3, 98] the convergence of a turbo multiuser detection

scheme has been successfully analyzed by means of variance transfer curves. Simi-

larly, in [46] the SNR at the input and output of the constituent decoders has been

applied to determine the convergence thresholds of a turbo decoder. In this thesis,

we follow the approach of ten Brink and take the mutual information measure for

convergence analysis. Thereby, the components of a turbo scheme are separately char-

acterized by extrinsic information transfer (EXIT) curves, which are finally included in

one chart, the EXIT chart, to predict the convergence behavior of the complete turbo

scheme [125, 127]. Among different measures like the variance and the SNR, mutual

information was shown to be the most robust and accurate one [137].

Next, we describe the EXIT chart technique in detail. Consider a turbo equalization

scheme according to Fig. 2.7. Equalizer and decoder are separated by a deinterleaver

and an interleaver. We make the following ideal assumptions:

1) The interleaving/deinterleaving operation is perfect in the sense that the input

LLRs to the equalizer and to the decoder are statistically independent regardless

of the number of iterations applied.

2) The PDF of the input LLR of a single code bit to the equalizer/decoder can be de-

scribed by an exponential-symmetric Gaussian PDF, i. e., the PDF satisfies (2.31).

Assumption 1 is fairly well justified for large block lengths and at least for the first

few iterations. The second assumption is motivated by ten Brink’s observation that

the extrinsic output LLRs of the decoder, which become input to the equalizer, are

well approximated by a Gaussian PDF [126]. Next, the input-output behavior of both

components in the turbo equalization scheme is determined separately, starting with

the decoder.

5.4.1 EXIT Function of the Decoder

Let LE(c) denote the input LLRs to the decoder. To ease the analysis, LE(c) is arti-

ficially generated based on the Gaussian model (2.31) with the same variance σ2
a for
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LE(c)

ID
in

DEC
LD(c)

ID
out

Fig. 5.2: Characterization of the channel decoder by means of average mutual information.

each LLR. Hence, we have for the ith code bit similar to (3.48)

LE(ci) =
σ2

a

2
(1 − 2ci) + ηi, (5.35)

where ηi are realizations of i. i. d. zero-mean Gaussian random variables with variance

σ2
a. The quality of the input LLRs is quantified by the average mutual information

between the Nc code bits c and their LLRs LE(c), given by (2.33)

ID
in ,

1

Nc
I(c; LE(c)) = I(ci; LE(ci)) = J(σa). (5.36)

Here, the average mutual information is identical to the mutual information with re-

spect to a specific bit owing to the statistical independence of the input LLRs. The

extrinsic output LLRs LD(c) of the decoder are not exactly Gaussian. Therefore, the

two conditional PDFs of the extrinsic output LLRs, fD(z|ci = 0) and fD(z|ci = 1), are

approximated by histogram measurements. Thereby, for conceptual ease, any statisti-

cal dependence among the output LLRs is neglected and each of the conditional PDFs

is assumed to be identical for all LLRs. Thus, the ensemble averages for each code bit

are replaced with the corresponding averages over the block of code bits. Based upon

(2.32) and the corresponding histograms, the average mutual information ID
out at the

decoder output can be numerically determined. ID
out is defined as

ID
out ,

1

Nc
I(c; LD(c)) ≈ I(ci; LD(ci)). (5.37)

Fig. 5.2 depicts a block diagram of the decoder with input/output LLRs and their corre-

sponding average mutual information. Owing to the one-to-one relationship between

σ2
a and ID

in , artificial input LLRs according to (5.35) can be easily generated for each

value of ID
in . Thus, the corresponding average output mutual information can be de-

termined as a function of the average input mutual information, resulting in a decoder

transfer curve ID
out = TD(ID

in ). We refer to TD(·) as the EXIT curve or EXIT function of

the decoder.

Examples of EXIT functions of rate 1/2 non-systematic convolutional codes with

different memory are shown in Fig. 5.3. The generator polynomials of the codes em-

ployed are [133, 171]8 (memory 6), [5, 7]8 (memory 2), and [3, 2]8 (memory 1). Note

that in Fig. 5.3 the axes are flipped, depicting the decoder output on the abscissa and
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Fig. 5.3: Inverse EXIT function of the decoder for various rate 1/2 convolutional codes.

hence the inverse EXIT function T−1
D (·). We observe that stronger codes (larger mem-

ory) possess a steeper slope at low and high output mutual information.

The inverse transfer function T−1
D (·) of an APP based channel decoder offers the

remarkable property that the area under its curve corresponds to the code rate

rc ≈
1∫

0

T−1
D (z) dz, (5.38)

which has been proven to be exact for the special case of input LLRs generated as

outputs of a binary erasure channel [6]. In the following, we assume that (5.38) is a

good approximation for the AWGN channel (5.35), too.

5.4.2 EXIT Function of the Equalizer

The procedure from Section 5.4.1 to determine the EXIT function can be applied to the

equalizer in a similar manner according to Fig. 5.4. Here, the input LLRs are denoted

by LD(c) and the corresponding channel and extrinsic output LLRs are LE(c). In

contrast to the decoder, the equalizer output depends on the channel output y and

channel parameters θ. The input LLRs to the equalizer are generated via the model

(5.35) and quantified by the average mutual information

IE
in ,

1

Nc
I(c; LD(c)) = I(ci; LD(ci)) = J(σa). (5.39)
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Fig. 5.4: Characterization of the equalizer by means of average mutual information.
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Fig. 5.5: EXIT function of the MF-SIC and the MVU-SIC for channel (c) and BPSK, Eb/N0 = 5 dB
(code rate 1/2).

Similarly, the average mutual information at the equalizer output is defined as

IE
out ,

1

Nc
I(c; LE(c)) ≈ I(ci; LE(ci)) (5.40)

and determined via the histogram method as described above. Although in many cases

the PDFs of the output LLRs LE(c) deviate from a Gaussian shape, the corresponding

mutual information changes little. We refer to IE
out = TE(IE

in) as the EXIT curve or

EXIT function of the equalizer.

Fig. 5.5 illustrates EXIT functions of the MF-SIC and MVU-SIC. As an example, con-

sider channel (c) that leads to severe ISI, BPSK modulation, and a block length of

N = 40. The Eb/N0 is set to 5 dB with respect to a rate 1/2 channel code. The av-

erage output mutual information is lowest in the case of the MF-SIC when no a priori

information is available, i. e., TE(IE
in = 0), since no equalization takes place. With

increasing a priori information, ISI can be reduced, resulting in larger average output

mutual information. The transfer curve of the more powerful MVU-SIC lies above the
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Fig. 5.6: EXIT chart of the MVU-SIC for channel (c) and BPSK, Eb/N0 = 5 dB (code rate 1/2).

curve of the MF-SIC. For perfect a priori information, i. e., IE
in = 1, perfect interference

cancellation is possible. Hence, both transfer curves meet at the same point that in-

dicates the average output mutual information of the corresponding AWGN channel.

The Eb/N0 serves as parameter to the curves, for larger values the curves are moved

upwards.

Since the output of the decoder becomes input to the equalizer and vice versa, both

transfer functions can be included into one chart. Fig. 5.6 depicts the EXIT chart, in-

cluding the equalizer transfer function of the MVU-SIC from Fig. 5.5 and the decoder

transfer function of the [5, 7]8 convolutional code from Fig. 5.3. The flow of aver-

age mutual information in the turbo equalization scheme can be constructed from the

two transfer curves as a staircase like path, starting with the points (0, 0),
(
0, IE

out(0)
)
,(

ID
out

(
IE
out(0)

)
, IE

out(0)
)
, etc. This path is termed trajectory of the iterative equaliza-

tion/decoding scheme. The simulated trajectory of the turbo equalization scheme with

an interleaver size of Nc = 20000 (S = 30) is included in Fig. 5.6 and fits the two trans-

fer curves well. The condition for convergence is obvious from the chart: the equalizer

curve has to lie above the decoder curve so that a corridor for the trajectory between

the two curves is open. An intersection point between both transfer curves indicates

that no further improvement by iterations beyond this point is possible. Hence, this

point should be at the very right as in Fig. 5.6. In addition, the required number of

iterations can be determined from the chart by counting the number of steps. The

EXIT chart is an asymptotic analysis tool in the sense of infinitely large blocks.

Interestingly, the area under the transfer function TAPP,E(·) of an APP based equal-

izer can be related to the achievable average mutual information depending on the

signal constellation. Since the equalizers employed in our context are suboptimal, the
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area becomes smaller, compare with Fig. 5.5, and thus we have the following inequal-

ity [6]

log2 M ·
1∫

0

TAPP,E(z) dz ≈ 1

N
I(x;y) > log2 M ·

1∫

0

TE(z) dz, (5.41)

where 1/N · I(x;y) denotes the average mutual information for a block length of N
and equally likely input symbols drawn from the finite set A. We refer to CIUD ,

limN→∞ 1/N · I(x;y) as the achievable information rate over the channel in the case of

independent and uniformly distributed input symbols, see also Section 2.2. As before,

the approximation in (5.41) is exact for input LLRs obtained from the output of a

binary erasure channel [6]. Hence, the condition for convergence in the EXIT chart

reads
1∫

0

TE(z) dz >

1∫

0

T−1
D (z) dz, (5.42)

which implies that rc < CIUD/ log2 M for successful decoding in accordance with the

channel coding theorem [6]. Hence, the design of good system parameters for the

turbo scheme can be interpreted as a curve fitting problem in the EXIT chart [6, 132,

133]. We will exploit this property in the following section.

5.5 Design of Symbol Mappings for Multipath Channels

It has been shown in [129,130] that a large performance gain with non-Gray mappings

in AWGN channels can be obtained with iterative demapping (IDEM) and decoding. In

the absence of a priori information, conventional Gray mapping performs best. How-

ever, when additional knowledge from a channel decoder is available, non-Gray map-

pings are more suitable, as neighboring symbols in the signal constellation may differ

in more than only one bit, allowing to better exploit the a priori information.

IDEM can also be used to improve the BER performance in the case of multipath

channels, where an equalizer is required. This technique has been applied by Langlais

and Hélard to decision feedback equalization with 16 QAM modulation [75]. They

characterized randomly chosen mappings by means of mutual information to obtain a

suitable mapping. The impact of IDEM on turbo equalization performance for known

mappings has been addressed in [36]. An algorithm for mapping optimization in the

case of AWGN channels has been suggested by the author et al. in [32], which will

be generalized in this section to the case of ISI channels with arbitrary equalizer. A

related approach for the Rayleigh and AWGN channel based on the binary switching

algorithm has been proposed by Schreckenbach et al. in [109]. We further remark that

IDEM has been applied in [110] in the context of space-time block codes.

In the following, we give examples for EXIT functions depending on the symbol

mapping and briefly describe the calculation of characteristic points in the EXIT chart.
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symbol −3/
√

5 −1/
√

5 1/
√

5 3/
√

5

Gray 00 10 11 01

natural 00 01 10 11

anti Gray 00 11 10 01

Table 5.1: Mappings for 4 AM.
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Fig. 5.7: EXIT functions of 4 AM symbol mappings at Eb/N0 = 3 dB (code rate 1/2). Left: AWGN
channel. Right: channel (a), equalization with MF-SIC+IDEM.

Then, based on those characteristic points, we introduce an algorithm to find opti-

mized mappings.

5.5.1 EXIT Functions Depending on the Symbol Mapping

Consider the case of 4 AM modulation. There are in total M ! = 24 different mappings

from which only three are distinct with respect to mutual information due to the sym-

metry of the signal constellation. Table 5.1 depicts these three mappings named Gray,

natural, and anti Gray in accordance to [126]. Fig. 5.7 shows their corresponding

EXIT functions for the AWGN channel and channel (a) at Eb/N0 = 3 dB (referring to a

code rate rc = 1/2) and a block length of N = 40. In the case of the AWGN channel,

equalization reduces to a simple demapping operation. The MF-SIC is applied to equal-

ize channel (a). The output LLRs are evaluated with (5.6) instead of (5.7) so that a

priori information is exploited for the demapping operation. To distinguish improved

turbo equalization schemes with iterative demapping from conventional schemes that

solely employ (5.7) for output LLR calculation, we add the term IDEM to the equalizer.
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5 Turbo Equalization

Let I0 , IE
out(I

E
in = 0) and I1 , IE

out(I
E
in = 1) be defined as starting and ending

point of the transfer curves, respectively. We observe from Fig. 5.7 (left) that Gray

mapping is not suitable for iterative demapping since the corresponding transfer curve

has almost zero slope, and hence no visible demapping gain can be achieved. Natural

and anti Gray mapping instead allow a larger value of I1 at the prize of a lowered

transfer curve for small input average mutual information. Note that the area under all

demapper transfer curves is constant according to (5.41). If in addition ISI is present,

I0 becomes even smaller as visualized in Fig. 5.7 (right). I1 remains unchanged, since

the ISI is completely eliminated for perfect a priori information. Hence, good symbol

mappings are a trade-off between large I1 to achieve good asymptotic performance

and sufficiently large I0 to trigger convergence of the iterative decoding scheme. This

becomes even more challenging for the ISI case as recognized in [75] and visualized

in Fig. 5.7.

Although the transfer functions of the equalizer in Fig. 5.7 (right) are not straight

lines, we characterize the complete transfer curve by their most significant points I0

and I1. In the following, a time-invariant channel is assumed. Then, I1 depends only

on the mapping and the SNR, whereas I0 depends in addition on the channel and the

equalizer. I0 and I1 can be calculated for the AWGN channel by the corresponding

discrete bit-wise conditional mutual information [126]. Hence, I0 requires averaging

over all cases that no other bit is known, having [126]

I0 =

∫

C

1

log2 M

log2 M∑

i=1

1

2

∑

bi∈{0,1}
f(z|ci = bi) log2

f(z|ci = bi)

f(z)
dz, (5.43)

where the integration is over the entire complex plane using the following densities

f(z|ci = bi) =
2

M

∑

aj∈A(bi)
i

1

2πσ2
n

exp

(
−|z − aj |2

2σ2
n

)
(5.44)

f(z) =
1

2
(f(z|ci = 0) + f(z|ci = 1)) .

A(bi)
i has been defined in Section 5.1. Similarly, I1 coincides with the average of all

cases that all other bits are known, yielding [126]

I1 =

∫

C

1

log2 M

log2 M∑

i=1

1

M

∑

b\i∈B\i

∑

bi∈{0,1}
f(z|x = map(bi)) log2

f(z|x = map(bi))

f(z|c\i = b\i)
dz,

(5.45)
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I0 (AWGN) I0 (ISI) I1

Gray 0.55 0.28 0.56

natural 0.46 0.27 0.64

anti Gray 0.32 0.11 0.78

Table 5.2: Calculation of I0 and I1 for the AWGN and ISI channel (a) at Eb/N0 = 3 dB.

where

f(z|x = map(bi)) = f(z|x = aj) =
1

2πσ2
n

exp

(
−|z − aj |2

2σ2
n

)
(5.46)

f(z|c\i = b\i) =
1

2

∑

bi∈{0,1}
f(z|x = map(bi)).

B\i denotes the set of all M/2 bit vector realizations b\i excluding the ith bit. The

complete bit vector realization bi is composed of the ith bit bi and the remaining bit

positions b\i, before being mapped onto the corresponding symbol aj = map(bi).
The complex-valued Gaussian densities in (5.43) and (5.45) are replaced with the

corresponding real-valued densities if real-valued signal constellations are used.

In order to approximatively calculate I0 for the ISI channel, we apply (5.43) but

replace in (5.44) the noise variance 2σ2
n with the average output variance 2σ2

w of the

equalizer when no a priori information is available. Thereby, the average variance is

computed with respect to the complete block of the N data symbols, based on (5.5)

2σ2
w =

1

N

N∑

i=1

2σ2
w,i. (5.47)

For the example of channel (a) and the MF-SIC (parameters according to the capture of

Fig. 5.7), we obtain σ2
n ≈ 0.251 and σ2

w ≈ 0.738, using (5.20). Table 5.2 lists the values

of I0 and I1 for the three 4 AM mappings and the example from above, employing

(5.43) and (5.45), respectively. The values from Table 5.2 are in good agreement

with the results depicted in Fig. 5.7. A similar consistency between approximated and

measured average mutual information has been found for other examples like channel

(c) with 16 QAM and MVU-SIC/MF-SIC. Typically, the calculated values of I0 for ISI

channels are slightly smaller than the values in the graph, since the modeling of the

remaining ISI as Gaussian noise is somewhat pessimistic. Nonetheless, the results have

shown that we can apply (5.43) to approximate I0 for an arbitrary ISI channel and an

arbitrary equalization method, provided that the output variance of the equalizer can

be computed.
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5.5.2 Optimization of Symbol Mappings

Next, we suggest an algorithm for finding suitable mappings based on mutual infor-

mation. Other approaches rely on minimum Hamming distance and employ bounding

techniques as in [20].

From Fig. 5.7, we observe that the mapping should be carefully chosen so that iter-

ative decoding is possible. On the other hand, we are interested in large values of I1

indicating low BERs when the scheme does converge. Hence, we formulate the task as

a constrained optimization problem.

Let the channel code, the channel, the SNR, the equalizer, and the signal constella-

tion A be given. From the decoder EXIT function, we first determine a minimum value

I0,min of I0, which should be large enough, so that convergence is possible. Next, the

average output variance 2σ2
w of the equalizer (5.47) is computed. Thus, the influence

of the ISI channel, the SNR and the specific equalizer is mapped to the single parameter

2σ2
w. Let S(0) denote an ordered set (mapping) of the M symbols of the signal con-

stellation A so that the first symbol corresponds to the all-zeros bit vector and the last

symbol to the all-ones bit vector in increasing order. Let further I
(0)
0 , I0(S(0), 2σ2

w) be

the average mutual information of S(0) when no a priori information is available and

I
(0)
1 , I1(S(0), 2σ2

n) be correspondingly defined for perfect a priori information. Note

that according to the considerations from above, I
(0)
0 depends on 2σ2

w and I
(0)
1 on the

noise variance 2σ2
n. The symbol order in S(0) is chosen so that I

(0)
0 is maximum, i. e.,

S(0) represents a Gray mapping if possible. The basic idea in optimizing the mapping

S is to exchange the position of one symbol in the set with all others to obtain M − 1
new mappings. Among the new mappings, the one is picked that is best according to

a suitably defined cost function and that satisfies the condition I0 > I0,min. Then the

procedure is repeated until no further improvement is possible. By flipping only two

symbol positions and starting from the largest I0 we ensure that the EXIT function of

the mapping is gradually optimized. The position of the symbol to be exchanged is

chosen randomly. Another criterion for choosing the symbol would be based on a cost

per symbol, which is however difficult to compute for I0 [109]. Hence, in contrast

to [109] we do not apply the binary switching algorithm that requires a cost function

per symbol. We remark that our approach does not necessarily find the global opti-

mum but is computationally much more efficient than an exhaustive search over all

M ! mappings.

Next, we specify the details of the algorithm. The cost function is given as in [109]

by

Γ = λ0(1 − I0) + λ1(1 − I1) with λ0 + λ1 = 1, (5.48)

where 0 ≤ λ0, λ1 ≤ 1 denote weighting factors. (5.48) reflects that we seek to obtain

large values for both I0 and I1.
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Algorithm (optimization of symbol mappings):

1 input: I0,min, 2σ2
w, 2σ2

n, S(0), λ0, λ1

2 I0,opt := I0(S(0), 2σ2
w), I1,opt := I1(S(0), 2σ2

n), Sopt := S(0)

3 Γopt := λ0(1 − I0,opt) + λ1(1 − I1,opt)

4 if I0,opt ≤ I0,min then terminate ‘‘optimization impossible’’ end

5 flag := 0

6 while flag == 0 do

7 pos := random(1, M)

8 for i := 1 : M

9 if i 6= pos then

10 S(i) := Sopt

11 swap ith and (pos)th symbol position in S(i)

12 I
(i)
0 := I0(S(i), 2σ2

w), I
(i)
1 := I1(S(i), 2σ2

n)

13 Γ(i) := λ0(1 − I
(i)
0 ) + λ1(1 − I

(i)
1 )

14 end

15 end

16 k := arg min
i

{
Γ(i)|I(i)

0 > I0,min

}
(k := 0 if no candidate found)

17 if k > 0 then

18 if Γ(k) < Γopt then

19 I0,opt := I
(k)
0 , I1,opt := I

(k)
1 , Sopt := S(k), Γopt := Γ(k)

20 else flag := 1 end

21 else flag := 1 end

22 end

23 output: optimized mapping Sopt

The function random(1, M) in line 7 randomly chooses a number from the set

{1, 2, . . . , M}. The algorithm can be carried out several times to ensure that a good

solution is found.

5.5.3 Design Example

Next, we verify the suitability of the optimization algorithm by an example. Consider

the following design parameters:

• Convolutional code with rate rc = 1/2 and memory 1

• 8 QAM, Eb/N0 = 5 dB, block length N = 50

• ISI channel: complex-valued channel (d) with three taps

• Equalization using the MF-SIC
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Fig. 5.8: 8 QAM signal constellation. Left: mapping S0 with largest I0. Right: optimized mapping
Sopt.
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Fig. 5.9: EXIT functions of 8 QAM symbol mappings at Eb/N0 = 5 dB (code rate 1/2). Left:
AWGN channel. Right: channel (d), equalization with MF-SIC+IDEM.

From Fig. 5.3, we choose a minimum value I0,min = 0.25 for the starting point I0

so that convergence for the memory 1 code should be possible. Note also that the

stronger the ISI, the more careful (larger) the value of I0,min should be selected since

the equalizer EXIT function becomes more curved. Noise variance and average output

variance of the equalizer are determined from the desired Eb/N0 with respect to the

code rate 1/2, yielding 2σ2
n ≈ 0.211 and 2σ2

w ≈ 0.552, respectively. Fig. 5.8 (left) de-

picts the 8 QAM signal constellation with a symbol mapping S0 that yields the highest

possible value of I0. Note that Gray mapping is not possible for this constellation.
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We set the cost function parameters to λ0 = 0 and λ1 = 1, hence only the average

output mutual information I1 is maximized. The most complex step of the algorithm

is the calculation of I0 and I1 (I0/I1-step). Accordingly, the number of I0/I1-steps

may serve as a complexity measure. The optimal solution is an exhaustive search

of all mappings, and thus requires M ! = 40320 I0/I1-steps (it is difficult to exploit

the symmetry of the constellation). After running the optimization algorithm a few

times, starting from the mapping S0, the optimized symbol mapping Sopt as depicted

in Fig. 5.8 (right) is obtained. Each time j the algorithm is carried out, it requires

(M −1)ρj I0/I1-steps, where ρj denotes the number of passes of the while-loop in the

algorithm. For example, Sopt was found the second and the fifth time the algorithm

was run (in total 5 times), with a total number of I0/I1-steps of (M − 1)
∑5

j=1 ρj =
7(3 + 4 + 3 + 3 + 5) = 126. This means a huge complexity reduction compared to an

exhaustive search.

Observing neighboring symbols in Fig. 5.8 (right), we see that on the average the

number of different bits in Sopt is larger than in S0, which can be intuitively expected.

Fig. 5.9 depicts the corresponding EXIT functions of the AWGN channel and channel

(d). Interestingly, even in the AWGN case, the transfer curve of the mapping S0 shows

a non-zero slope, allowing an iterative decoding gain. With the optimized mapping, we

achieve a gain in the average output mutual information of ∆I1 = I1(Sopt)−I1(S0) ≈
0.93−0.81 = 0.12. I0 of the optimized mapping is approximately equal to the required

minimum value I0,min = 0.25.

Fig. 5.10 (left) depicts the EXIT chart at Eb/N0 = 5 dB for the designed mapping

Sopt. We observe that the corridor between equalizer and decoder transfer curve is

small but open so that convergence to high average output mutual information is pos-
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sible. This is indicated by the simulated trajectory of the receiver with 25 iterations,

verifying that the mapping is suitably chosen. Thereby, a relatively large interleaver

size of Nc = 63000 (S = 38) has been employed, allowing the trajectory to follow

closely the expected path for many iterations. The influence of the finite block length

becomes obvious at the last few iterations where the simulated trajectory does not hit

the decoder transfer curve anymore. For comparison, the transfer curve of the map-

ping S0 is included which intersects the decoder transfer curve at significantly lower

average output mutual information.

Fig. 5.10 (right) shows the BER performance of the mappings S0 and Sopt for turbo

equalization with MF-SIC+IDEM, 25 iterations, and interleaver size as above. All gains

in dB refer to a BER of 10−4. We first observe that a gain of more than 1 dB can be

achieved with the standard mapping S0 by including IDEM in the turbo equalization

scheme. Thereby, no performance is sacrificed at low SNR, since only the non-zero

slope of the mapping S0 is exploited. With the optimized mapping, an additional gain

of 2.5 dB can be observed. However, in this case, the starting point I0 is lowered,

resulting in a performance loss at low SNR. All schemes with IDEM approach closely

the corresponding reference curves of the AWGN channel at high SNR (dotted lines).

This holds also for the non-IDEM case, but the curve has been omitted for clarity. The

relatively large number of 25 iterations is required to demonstrate the convergence

threshold of the optimized mapping at the desired Eb/N0. Above this threshold, signif-

icantly less iterations are sufficient. As a further reference value, we remark that the

achievable information rate limit of the AWGN channel for a rate 1/2 code and 8 QAM

(CIUD = 1.5 bpc) is given by 1.18 dB.

We conclude from this design example that IDEM combined with an appropriately

chosen symbol mapping is a suitable approach to enhance turbo equalization perfor-

mance. The application of IDEM to other transmission schemes like multi-carrier sys-

tems with spreading in frequency and space has been considered by the author et al.

in [33]. Another possibility is the modification of the equalizer transfer curve by recur-

sive precoding, aiming to reach the point (1, 1) in the EXIT chart. However, this tech-

nique requires an additional decoder for non-trellis based equalization methods [91].

A similar idea aims at transfer characteristics matching by employing irregular channel

codes [132].

5.6 Equalization with Channel Uncertainty

Up to now, we considered turbo equalization for perfect CSI. In the following, we dis-

cuss the impact of estimation errors caused by imperfect channel estimation on the

equalization task. From [135], it is known that the statistics of the channel estimation

error should be included in the equalizer design, and notable gains can be achieved in

the case of trellis based equalization. Unfortunately, these gains become quite small

when using linear MMSE equalization [135] or decision feedback equalization [116],

and are further reduced for multi-amplitude modulation. The special role of multi-
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amplitude modulation schemes like 4 AM and 16 QAM on the estimation error was

noted, among others, in [1,116,144], and further analyzed for optimal single-symbol

decisions in [112,115]. When employing suboptimal equalizers like the linear MMSE

equalizer or the decision feedback equalizer, only small gains has been observed, since

the channel estimation error contributes merely to an increased effective noise vari-

ance [116,135]. In this section, we suggest an alternative approach.

5.6.1 Error Model for Imperfect Channel Estimation

Let us focus on a single frame consisting of a single block (NB = 1) of P pilot and

N data symbols. In the following, we assume that a pilot-aided channel estimate ĥ

of the CIR h is available at the receive side, having employed either ML (4.6) or LMS

channel estimation (4.15). We further assume perfect knowledge of the noise power

2σ2
n and the (average) channel gain Eh (Ēh). Linear MMSE channel estimation is not

considered as it requires knowledge of the power delay profile. The covariance matrix

of the estimation error ∆h (4.9) is given by Φ∆h = 2σ2
eIL using either (4.11) or

(4.16) and hence depends solely on the single known parameter 2σ2
e . The estimation

error is assumed to be Gaussian distributed with NC(0,Φ∆h), which is correct for ML

estimation but only an approximation for LMS estimation. Unless otherwise stated, we

refer to an uncoded transmission.

Before defining a suitable error model for imperfect channel estimation, the influ-

ence of the pilot symbols on the data symbols is considered. The first L − 1 received

data symbols yP+1, yP+2, . . . , yP+L−1 in (2.10) are disturbed by interference originat-

ing from the L − 1 pilot symbols sP−L+2, sP−L+3, . . . , sP (L > 1). Since the channel

estimate is imperfect, a complete cancellation of this kind of interference is not pos-

sible. In the following, we operate on the received data symbols after approximate

mitigation of the interference from the training phase. Therefore, we define the cor-

responding received data symbols yc
k after cancellation of the ISI from pilot symbols

by

yc
k =





yk −
L−1∑
l=1

k−l≤P

ĥlsk−l, k = P + 1, . . . , P + L − 1

yk, k = P + L, . . . , P + N + L − 1

. (5.49)

We assume that the remaining interference from the pilot symbols (causing a very

small loss in Eb/N0) can be neglected for further considerations, compared to the ISI

from the data symbols and the noise power of the AWGN process. This is justified as

only L − 1 of the N + L − 1 received data symbols are affected.

Next, we introduce an equivalent error model for the data vector yc including the in-

evitable channel estimation error. Based upon (4.9), we express the unknown channel

matrix H for the data symbols as the known estimate Ĥ plus the random estimation

error ∆H. The matrices H, Ĥ, and ∆H are all (N +L− 1)×N Toeplitz matrices and
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Ĥ +

∆H
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n

yc

Fig. 5.11: Error model for data transmission with imperfect channel estimation.

based on h, ĥ, and ∆h, respectively, according to (2.12). Thus, the data part yc of the

received vector is given by

y
c = Ĥx + ñ = Ĥx + ∆Hx + n, (5.50)

where

H = Ĥ + ∆H, ñ , ∆Hx + n, (5.51a)

y
c

, [yc
P+1, y

c
P+2 . . . , yc

P+N+L−1]
T , n , [nP+1, nP+2 . . . , nP+N+L−1]

T . (5.51b)

As before, x denotes the vector of the N data symbols. Fig. 5.11 depicts the equiv-

alent model for data transmission with channel estimation error. We remark that a

similar error model was investigated for multiple-antenna systems in [51, 52] and for

diversity reception in [111]. In contrast to these references, estimation error ∆H and

estimate Ĥ are not statistically independent, since the linear MMSE estimator is not

applied because of the above mentioned reasons. Hence, (5.50) is not directly appli-

cable to calculate error probabilities, but nonetheless useful for equalizer design as

demonstrated in the sequel. For more information concerning the independence of

channel estimate and estimation error, we refer again to [51]. Under the assumption

of pilot-aided estimation, the estimation error ∆H, the data vector x, and AWGN vec-

tor n are statistically independent. Thus, the equivalent noise vector ñ that contains

the AWGN noise vector n and the estimation noise vector ∆Hx, is (for LMS estimation

approximately) multivariate complex-valued Gaussian with zero mean and covariance

matrix

Φñ(x) = Φn + E∆H{∆Hxx
†∆H

†}. (5.52)

Φñ(x) includes the noise covariance matrix Φn = 2σ2
nIN+L−1 as well as the covari-

ance matrix E∆H{∆Hxx†∆H†} of the estimation noise, given the actual data vector

x. Note that although the estimation error ∆H and the data vector x are statistically

independent, the covariance matrix Φñ(x) depends on x.
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5.6 Equalization with Channel Uncertainty

5.6.2 Equalization Incorporating Estimation Error Statistics

In the following, we derive the ML detection rule for the error model in (5.50). The

result will serve later as motivation for a modified version of suboptimal equalization

techniques like the MVU-SIC. Assuming that the prior probabilities of all hypothetical

data vectors ai ∈ AN are equal, the ML detector is the optimum detector in the sense

of minimum block error probability. Using the equivalent error model given by (5.50),

we find that the conditional PDF f(yc|x = ai) follows a multivariate complex-valued

Gaussian density with mean Ĥai and covariance matrix Φñ(ai). Thus, the most likely

transmit vector x̂ML is obtained as [97]

x̂
ML = arg max

ai∈AN
f(yc|x = ai)

≡ arg min
ai∈AN

(
ln det (Φñ(ai)) + d2

(
y

c, Ĥai;Φñ(ai)
))

, (5.53)

where

d2
(
y

c, Ĥai;Φñ(ai)
)

=
(
y

c − Ĥai

)†
Φñ(ai)

−1
(
y

c − Ĥai

)
(5.54)

denotes the Mahalanobis distance [82]. We remark that in the case of ML estimation

the channel estimate Ĥ could be slightly improved by a scaling factor [135] before

applying (5.53) (not considered here). Further details regarding the correct use of

the channel estimate in the presence of an estimation error can be found for maxi-

mum ratio combining in [147] and for multiple-antenna signaling in [51, 52]. Note

that Φñ = Φñ(ai) depends on ai [confer to (5.52)] and, therefore, has to be con-

sidered in the minimization (5.53). A quite common approach for the evaluation of

Φñ is to treat x in (5.52) as a random vector and to replace E∆H{∆Hxx†∆H†} with

E∆H,x{∆Hxx†∆H†} = E∆H{∆H E{xx†}∆H†}. The inner expected value is given

by E{xx†} = ĒxIN = IN . In this case, Φñ reduces to

Φñ = Φn + E{∆H∆H
†} (mode E1). (5.55)

We refer to the evaluation of Φñ according to (5.55) as “mode E1” in the following

(data-independent estimation noise). We remark that estimation mode E1 corresponds

to the approach of MMSE equalization with imperfect channel knowledge in [135],

decision feedback equalization for MC-CDM (multi-carrier code division multiplexing)

in [116] and has been first applied to block equalization in a master thesis supervised

by Egle [10].

The simplified calculation of the expected value in (5.55) is suboptimal, since the

ML rule in (5.53) implies that Φñ has to incorporate the data vector x. Therefore, the

full evaluation of the outer product xx† has to be considered

Φñ(x) = Φn + E∆H{∆Hxx
†∆H

†} (mode E2). (5.56)

We refer to (5.56) as “mode E2” (data-dependent estimation noise). The evaluation of

(5.55) and (5.56) for our system model is shown in the following.
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First let us consider the evaluation of the covariance matrix in the case of data-

independent estimation noise (mode E1). ∆H is an (N + L − 1) × N Toeplitz matrix

and constructed from ∆h. Therefore, E{∆H∆H†} yields, see also [10]

E{∆H∆H
†} = 2σ2

e Diag(u), (5.57)

where u = [u1, u2, . . . , uN+L−1]
T and ui = min{i, N + L − i, L}.

When including the influence of the data symbols x according to mode E2, we

assume statistical independence between the estimation error and the data symbols

yielding [74]

Φ∆H , E∆H{∆Hxx
†∆H

†} = vec−1
(
E{∆H

∗ ⊗ ∆H}vec(xx
†)
)

. (5.58)

E{∆H∗ ⊗ ∆H} is an (N + L − 1)2 × N2 block Toeplitz matrix

E{∆H
∗ ⊗ ∆H} = 2σ2

e




Q1 0 0 · · · 0

Q2 Q1 0 · · · 0

...
. . .

QL · · · Q1 0

0 Q1

...
. . .

. . .
...

0 · · · 0 QL




, (5.59)

where the submatrices are of size (N + L − 1) × N and [Qk]i,j (k = 1, . . . , L) equals

“1” if i = j + k − 1 and zero else. Let χj be the jth column (j = 1, . . . , N) of xx†.
Then the ith column φi (i = 1, . . . , N + L − 1) of Φ∆H is given by

φi = 2σ2
e

min {i,L}∑

j=max {1,i−N+1}
Qjχi−j+1. (5.60)

The evaluation of the matrix vector product in (5.60) is simplified with

Qjχk = [0T
j−1, χ

T
k ,0T

L−j ]
T . (5.61)

The computational complexity is mainly determined by the evaluation of the outer

product xx† and thus O(N2).

An Example

In general, the detection performance improves by taking particular realizations of

the data symbols into account, i. e., by considering the influence of the actual data

symbols on the estimation noise according to mode E2. We illustrate this effect with

an example. In Fig. 5.12, the uncoded BER performance of the ML detector for 4 AM
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Fig. 5.12: Uncoded BER performance of ML detection with different estimation modes. Rayleigh
block-fading channel, 4 AM. The rate loss due to pilot symbols is not included (rt =
2 bpc).

modulation over a 2-tap (L = 2) Rayleigh block-fading channel with uniform power

delay profile for both perfect CSI and pilot-aided ML channel estimation is shown. A

transmit block consists here of N = 5 data and P = 3 pilot symbols. The vector of

pilot symbols is [1, 1,−1]T , yielding 2σ2
e = N0/2 (the first pilot symbol is not exploited

according to Section 4.2). For illustrative purposes, we have chosen small system

parameters to make ML detection feasible. Three cases are distinguished in the case

of imperfect channel estimation:

1) Disregarding the estimation noise: Φñ = Φn (“mode N”)

2) Data-independent evaluation of the estimation noise according to mode E1

3) Data-dependent evaluation of the estimation noise according to mode E2.

Note that with mode E2 the finite channel memory cannot be exploited for efficient

data detection (e. g. , using the Viterbi algorithm), since the covariance matrix of the

equivalent noise depends on the complete data vector. We observe that mode E1

does not show an improvement compared to the case where we completely neglect

the estimation noise. However, we obtain about 0.6 dB gain with mode E2 at a BER

of 2 · 10−3. We remark that the gains with mode E2 become larger for N > 5 until a

saturation effect occurs, since the impact of a short finite block length (less interference

at the beginning and at the end of a block) becomes less important. However, since

the concept of block equalization is applied, we require moderate block lengths to keep

equalization feasible.
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5 Turbo Equalization

A small improvement with mode E1 can still be obtained together with the “simple”

use of the APP rule or suboptimal equalizers as reported in [135] and [116], especially

when soft decision decoding is applied. This is in contrast to the hard decision of the

ML detector considered here. However, since the power of the estimation noise varies

for multi-amplitude modulation, gains with mode E1 may completely disappear, see

[116]. Therefore, mode E2 is preferable in these cases, as long as the computational

complexity is tolerable. In the following, we discuss the concept of data-dependent

channel estimation noise for turbo equalization.

Application to Turbo Equalization

In contrast to ML detection with mode E2 from above, here, we do not have the possi-

bility to evaluate Φñ(ai) for all hypothetical data vectors ai to find the best estimate

of Φñ in the sense of minimum block error probability. Instead, we utilize soft data

estimates x̆ based on the extrinsic information from the decoder to obtain an estimate

of Φñ by computing Φñ(x̆). In the case of unreliable output LLRs of the decoder

(LD(c) ≈ 0), soft data estimates are close to zero, yielding a covariance matrix Φñ

close to the noise covariance matrix Φn, which is preferable compared to Φñ based on

hard, but incorrect, decisions.

Hence, estimation mode E1 and E2 can be applied to the MMSE-SIC and MVU-SIC by

replacing the noise covariance matrix Φn in (5.12c) with Φñ(x̆) from (5.55) or (5.56),

respectively. We remark that in the case of mode E2 the turbo principle is slightly

violated, since equalization of a specific symbol xi depends on the soft estimate x̆i via

Φñ(x̆) (kind of “self-feedback”). Since the MF-SIC filter coefficients do not depend on

the noise covariance matrix, only the output variance calculation could be influenced

by estimation mode E1 and E2. Due to the diagonal operator (5.10), any impact of E2

is very small and thus these modes are not applied to the MF-SIC. We further remark

that in the case of real-valued signal constellations only half the channel estimation

error variance 2σ2
e has to be incorporated for the calculation of Φñ(x̆). Simulation

results of estimation modes E1 and E2 for turbo equalization are shown in the next

chapter and analyzed with the EXIT chart tool. We refer the interested reader to [89]

for the application of the EXIT chart to turbo equalization with channel estimation.

Error Model for Imperfect SNR Estimation

Unfortunately, and in contrast to channel estimation, there is no intuitive approach

to include the influence of imperfect SNR estimation into the system equation of the

received data symbols. This is also caused by the fact that the noise variance acts

as a scaling parameter in the likelihood function [12]. In addition, the variance of

the noise power estimate itself depends on the quality of the channel estimate and

is typically not available. Hence, we cannot establish an error model for imperfect

SNR estimation that could be exploited for equalization. However, a coarse variance

estimate of the SNR estimate can be obtained from the ML SNR estimator of the AWGN
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channel (3.13) or the corresponding CRLB. This knowledge may be applied to improve

the performance of turbo equalization schemes that are sensitive to SNR estimation

errors. We leave this issue for further studies.

5.7 Chapter Summary

We have considered turbo equalization based on soft interference cancellation com-

bined with linear filtering. Thereby three classical choices of the filter coefficients

have been compared, the MF, the MMSE filter, and the MVU filter. The latter two ap-

proaches have been shown to yield identical output LLRs if the bias of the MMSE filter

is taken into account. Specific attention has been paid to real-valued signal constella-

tions, where the problem of improper residual interference becomes most significant.

Accordingly, the calculation of the filter coefficients should be modified. We have

shown that the modified version of the MVU filter based on real part expressions is

identical to the MVU filter in equivalent real-valued notation with relaxed constraint.

Moreover, the version with relaxed constraint offers a slightly reduced output variance

for complex-valued channels compared to the conventional real-valued notation.

The convergence behavior of turbo equalization schemes can be well analyzed with

the EXIT chart. We have applied this tool to find suitable symbol mappings for higher-

order signal constellations. The potential of these mappings can be exploited with

iterative demapping and thus turbo equalization performance can be significantly en-

hanced. Based on the EXIT chart, an optimization algorithm has been proposed. In

principle, this algorithm can be applied to any signal constellation, ISI channel, and

equalization method. The example of an optimized 8 QAM signal constellation has

offered an asymptotic gain of 3.5 dB compared to a standard mapping without IDEM.

Since the influence of the ISI channel, SNR and equalizer is mapped to a single param-

eter, the average output variance 2σ2
w, optimized symbol mappings could be precom-

puted, allowing power efficient transmission with little feedback information from the

receiver. This may include the case of imperfect channel estimation.

Finally, an error model for data transmission with uncertain channel estimation has

been investigated to obtain new design ideas for the equalizer. This model comprises

thermal noise and estimation noise caused by imperfect channel estimation. The co-

variance matrix of the estimation noise depends on the actually transmitted data sym-

bols. Based on the optimum detection rule in the ML sense, it was shown that this

dependence can be exploited for data detection. This motivates the use of a modified

noise covariance matrix in a turbo equalization scheme, where instead of hypothetical

data symbols soft symbol estimates obtained from the channel decoder can be em-

ployed. Such an approach is most beneficial for equalization schemes where the filter

coefficients depend on the full noise covariance matrix like the MVU-SIC or MMSE-SIC.

We remark that the principle of data detection incorporating estimation error statis-

tics can be easily applied to other channel models like MIMO systems as well. In this

case, H may be a fully occupied channel matrix and thus the evaluation of the covari-
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ance matrix of the estimation noise (5.57)-(5.59) has to be modified accordingly. In

addition, the extension from block to continuous transmission (with sliding window

equalization) requires only a slight modification and can be formulated as in [134].
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Iterative Estimation and Detection

W
E have investigated in the previous three chapters the performance of var-

ious receiver components separately. The purpose of this chapter aims at

presenting and analyzing numerical performance results for the complete

receiver. In particular, we seek to verify the potential of the proposed SNR and chan-

nel estimators in true iterative decoding schemes. Thereby, the focus will be on BER

performance, but not on the impact of a fixed parameter mismatch. We refer the in-

terested reader to [121, 123], where an SNR sensitivity analysis was carried out for

decoding of turbo codes and turbo equalization, respectively. The papers revealed

that the considered turbo schemes are more sensitive to SNR underestimation than

overestimation.

This chapter is divided into two parts. The first part, Section 6.1, is devoted to

iterative decoding of parallel concatenated convolutional codes (PCCCs) and serially

concatenated convolutional codes (SCCCs) for the AWGN channel with unknown SNR

at the receive side. Therefore, the detailed receiver structures, where an SNR estima-

tion unit is embedded, are briefly discussed. Subsequently, we compare the relevant

SNR estimation algorithms from Chapter 3 with respect to their BER performance. In

the second part in Section 6.2, we focus on turbo equalization of ISI channels with both

unknown SNR and CIR at the receive side. First, the influence of different channel es-

timation strategies on the BER performance for the case of known SNR is analyzed.

Finally, we compare several approaches for iterative SNR and channel estimation.

6.1 Iterative Estimation and Detection for the AWGN Channel

Although a very simple model, the AWGN channel is suitable in the context of SNR

estimation, since no additional parameters need to be estimated. We further restrict

ourselves for conceptual purposes to BPSK modulation. Higher-order signal constella-

tions are covered in Section 6.2. Next, we briefly introduce the block diagrams of the

receiver for iterative decoding of PCCCs and SCCCs.
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Fig. 6.1: Iterative decoding of PCCCs including decision-directed SNR estimation.

6.1.1 Receiver Structure

Parallel Concatenated Convolutional Codes

We omit a detailed description of PCCCs (turbo codes) and refer the interested reader

to [13, 119] instead. For conceptual ease, we apply a simplified notation for the re-

ceiver structure, which deviates slightly from the previous one by omitting the argu-

ments of LLRs and the bold-face notation for vectors. We denote by yp1 , yp2 , and ys,

the received symbols corresponding to the parity bits for decoder 1 (DEC 1), to the

parity bits for decoder 2 (DEC 2), and to the systematic bits, respectively. The cor-

responding LLRs are denoted by Lp1 , Lp2 , and Ls. The received pilot symbols are

termed yt. The extrinsic LLRs are Le1 and Le2 , the corresponding a priori LLRs are

La1 and La2 .

Fig. 6.1 depicts the block diagram of an iterative decoding scheme for PCCCs, where

an additional feedback branch allows iterative (decision-directed) SNR estimation.

Here, the deinterleaved extrinsic LLRs Le2 of decoder 2 can be employed to refine

SNR estimation by utilizing the received systematic bits ys. The SNR estimator (“EST”)

provides an amplitude estimate Â and a noise variance estimate σ̂2
n to calculate the

channel LLRs from the received data symbols. Hence, when employing iterative SNR

estimation, the decoder input LLRs L1 and L2 are re-calculated.
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name abbreviation reference remarks

pilot MVU (3.14) use pilots only
one-shot estimation

blind AML (3.38) received symbols only
one-shot estimation

priors AML+priors (3.68) received symbols and data estimates

SV SV (3.53) received symbols and data estimates

Table 6.1: SNR estimation modes for iterative decoding of PCCCs and SCCCs.

One iteration includes the activation of the two decoders and the re-estimation step

of the SNR after the extrinsic output of decoder 2 is available. In the last iteration,

decoder 2 computes the decided information bits q̂.

Table 6.1 lists the estimation algorithms under consideration, including the names to

be used in figures. Note that the auxiliary estimates for the AML+priors estimator are

not necessary and replaced with the estimates from the previous iteration. The blind

version (AML) is used in the first iteration. We further skip offset correction terms like

1/P or 1/N (see references in Table 6.1), since not the SNR γ itself but amplitude and

noise variance estimates are required to calculate the channel LLRs with (3.3). Next,

the corresponding receiver structure for SCCCs is discussed.

Serially Concatenated Convolutional Codes

An SCCC is obtained by replacing the mapper in Fig. 2.4 with a second convolutional

encoder. For more details about encoding and decoding of SCCCs, we refer to [11].

Let DEC 1 denote the decoder for the outer code and DEC 2 the decoder for the inner

code.

Fig. 6.2 depicts the block diagram for iterative decoding of SCCCs, where similar to

the case of PCCCs an additional feedback branch allows for decision-directed SNR esti-

mation. As before, indices 1 and 2 refer to the corresponding decoder. The superscripts

i and c indicate whether the LLRs belong to information or code bits, respectively. The

received data symbols are denoted by yd. In contrast to decoding of PCCCs, the LLRs

Li
a2

cannot be employed to improve SNR estimation, since here a priori information

for the code bits of decoder 2 is required. Therefore, decoder 2 calculates in addition

the APP LLRs Lc
APP,2 of its code bits, which can be utilized in the SNR estimation algo-

rithm. If the switch is closed, the extrinsic information of the code bits is fed into the

estimator. This estimation mode is employed for the AML+priors estimator. For the SV

estimator, the extrinsic information turns out not to be sufficiently reliable, therefore,

in this case the subtraction of channel LLRs L2 is omitted (switch is open).
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Fig. 6.2: Iterative decoding of SCCCs including decision-directed SNR estimation.

6.1.2 Performance

Next, we present numerical results for the BER of the iterative decoding schemes in-

troduced above. All gains in dB refer to a target BER of 10−4.

Parallel Concatenated Convolutional Codes

The system parameters are chosen as follows. The constituent codes are recursive

systematic convolutional codes with memory 4, rate 2/3 (punctured) and generator

polynomials [1, 37/31]8 [22]. The overall code rate is rc = 1/2, with Nq = 4996 infor-

mation bits and Nc = N = 10004 code bits. S-random interleaving with interleaver

size Nq and spread S = 27 is applied. Each code word is split into NB = 20 blocks,

having a block length of N = 500 (last block is 4 symbols longer).

The SNR estimate is assumed to be valid for one block only to allow a sufficiently

large averaging over the estimates. N ′ = 100 symbols from the systematic symbols

in each block are employed for blind or decision-directed estimation. In the case of

pilot-aided estimation, P = 100 pilot symbols (per block, corresponds to Pattern 2 in

Section 2.1.3) are used. The rate loss due to pilot symbols is not included to obtain a

strictly lower bound on the BER, hence rt = rc = 0.5 bpc (bit per channel use). The

number of iterations is set to 10.
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Fig. 6.3: Left: BER performance for the specified PCCC and various estimation modes. Right:
Iterative decoding trajectories for AML (blind) and AML+priors estimation at Eb/N0 =
1.1 dB.

Fig. 6.3 (left) depicts the BER performance for the specified PCCC. The case of per-

fect SNR knowledge (“known”) and the max-log approximation (“max-log”) of the APP

decoders [102], which does not require the SNR [146], serves as reference.

We observe that the max-log approximation is about 0.4 dB worse than the curve

with perfect SNR, indicating a small margin for advanced SNR estimation techniques.

Nonetheless, this example is taken to demonstrate the theoretical potential of the con-

sidered estimators. The pilot-aided estimator performs very close to the known SNR

case, whereas the blind approach is about 0.2 dB worse than this reference. However,

the latter estimator does not require any pilot symbols. With the additional use of the

extrinsic feedback from decoder 2 (priors), a very small but statistically relevant im-

provement (less than 0.05 dB) can be observed. For component codes with a smaller

memory than the example, the difference between the two reference curves is smaller,

and then the gain due to a priori information for estimation may completely vanish.

The result of the SV estimator was omitted as it showed a worse performance than the

max-log approximation. The correction criterion (3.59) yields about 0.1 dB gain for

the SV estimator (not shown).

Fig. 6.3 (right) depicts the simulated iterative decoding trajectories of the average

mutual information ID1 and ID2 for the two decoders when employing estimation

with/without priors. The corresponding EXIT curves have been omitted, as they do

not predict the performance accurately enough. This is caused by correlations in the

output LLRs due to wrong scaling of the received symbols. Hence, the decoding tra-

jectories may deviate from the typical staircase-like behavior which becomes obvious

from the trajectory of the blind estimator. Nonetheless, the result illustrates that a

priori information for SNR estimation is beneficial in the high mutual information do-
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Fig. 6.4: BER performance for the specified SCCC and various estimation modes.

main, while causing a loss for small values.

Serially Concatenated Convolutional Codes

An outer non-systematic convolutional code with memory 2, rate 1/2, generator poly-

nomials [5, 7]8, and an inner non-systematic recursive convolutional code with mem-

ory 1, rate 1, and generator polynomial [2/3]8 are employed. The overall code rate

is rc = 1/2, with Nq = 4998 information bits and Nc = 10001 code bits. S-random

interleaving with interleaver size 10000 and spread S = 30 is applied. The remaining

parameters are chosen as in the example above.

Fig. 6.4 depicts the BER performance for the SCCC. The difference between the two

reference curves is almost 0.7 dB. With a priori information, the performance can be

improved by almost 0.1 dB. In this example, the SV estimator shows a significantly

better performance than the max-log reference curve. Unfortunately, it still performs

worse than the blind estimator and even degrades further when applying the correc-

tion criterion. The latter phenomenon is probably caused by the fact that we cannot

directly employ the feedback from decoder 1 for estimation (see Fig. 6.2) and due to

the usage of APPs instead of the extrinsic probabilities. For the same reason we omit

an EXIT analysis. We may conclude from the performance results of the two examples

in this section that blind SNR estimation allows a significant improvement compared

to the max-log approximation. The use of a priori information typically results in a

marginal further enhancement and is more beneficial in a serially concatenated sys-

tem. Unfortunately, the SV estimator is outperformed by blind estimation, which is

supported in part by the results from Section 3.5. In a practical realization though, one

would prefer the max-log approximation due to its low complexity. For completeness,

we refer the interested reader to [22], where a method based on iteration-dependent
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Fig. 6.5: Turbo equalization including iterative channel and SNR estimation.

weighting factors has been devised to reduce the performance degradation of max-log

APP decoding. Other completely blind, but less convenient methods operate with a

table lookup for a certain SNR range of interest [121].

6.2 Iterative Estimation and Detection for Multipath Channels

This section is devoted to turbo equalization combined with decision-directed channel

and SNR estimation.

6.2.1 Receiver Structure

Consider the iterative receiver structure from Section 2.3 (Fig. 2.8). The box labeled

“EST” feeds parameter estimates to the equalizer, and consists in our case of two sep-

arate modules, responsible for channel and SNR estimation, respectively. In contrast

to the previous section, where we dealt with the AWGN channel, we interprete SNR

estimation for the ISI channel solely as noise variance estimation according to the

discussion in Section 3.7. Fig. 6.5 depicts a more detailed view of the receiver, speci-

fying the interaction between equalization, channel estimation (“Ch. EST”), and SNR

estimation (“SNR EST”).

Before the iterative process starts, first an initial pilot-aided channel estimate ĥ is

formed and fed to the SNR estimator. Based on ĥ, a hypothetical noise sequence can

be computed by the SNR estimator, and thus an estimate 2σ̂2
n of the noise variance

becomes available. Both ĥ and 2σ̂2
n are delivered to the equalizer. In addition, 2σ̂2

n

is fed to the channel estimator and can be used to obtain an estimate of the channel
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abbreviation reference remarks

pilot (3.81) use pilots only
one-shot estimation

it. (3.81) pilots and data estimates

it. corr. (3.81) and (3.86) pilots and data estimates

Table 6.2: SNR estimation modes.

estimation error variance 2σ̂2
e . As discussed in Section 5.6, 2σ̂2

e may be exploited by

the equalizer to incorporate estimation error statistics. In the following, we restrict

ourselves to channel estimation algorithms that compute ĥ without requiring knowl-

edge of the noise variance or power delay profile of the channel. Hence the order

of estimation, noise variance estimation after channel estimation, can be executed in

the described manner. This order will also be maintained in further iterations, when

extrinsic soft information from the decoder, LD(c), will be present and may be used

to refine the initial channel and SNR estimate (switches are closed then). Thus, one

complete iteration comprises channel estimation, SNR estimation, equalization, and

decoding. Whenever the channel estimate is updated, also a new SNR estimate is cal-

culated. Note that the terms decision-directed estimation and iterative estimation are

utilized synonymously in the following.

Three main aspects from the previous chapters are to be studied in subsequent nu-

merical examples:

• SNR estimation:

– Pilot-aided versus soft iterative estimation

– Performance of the proposed correction criterion in iterative estimation

• Channel estimation:

– Pilot-aided versus soft iterative estimation

– Performance of the LMS algorithm with the proposed variance based step

size

• Equalization:

– Impact of imperfect parameter estimation

– Performance of turbo equalization utilizing the proposed data-dependent

estimation error statistics

Next, the various estimation algorithms will be specified. Table 6.2 summarizes the

three different SNR estimation modes in use. All of them are based on the sample

variance (SV) estimator. The channel estimation approaches are chosen according
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abbreviation reference error variance 2σ2
e remarks

pilot (ML) (4.8) (4.11) use pilots only
one-shot estimation

pilot (LMS) (4.15) (4.16) use pilots only
one-shot estimation

it. (fixed) (4.15) (4.25)
pilots and data estimates

LMS, fixed α = 0.1

it. (var.) (4.15) and (4.36) (4.25)
pilots and data estimates
LMS, variance based α

initial α = 0.1

it. (opt.) (4.15) and (4.25) (4.25)
pilots and data estimates

LMS, optimized α

Table 6.3: Channel estimation modes.

to Table 6.3, which almost all obey the aforementioned reasoning that the channel

estimate should be made available without knowledge of the SNR. The last line of this

table is an exception and included only for comparison. We furthermore remark that

if Pattern 1 (see Chapter 2) is applied together with iterative channel estimation, then

the error variance 2σ2
e is evaluated via the corresponding parameter averages with

respect to the NB data blocks. Those parameters are the step size α and the average

energy Ēd of the data estimates. Note that for iterative estimation with a fixed step

size, the channel is re-estimated only in these cases where the criterion 2σ2
e,LMS(d) <

2σ2
e,LMS(p) is satisfied, i. e., the error variance can be expected to be reduced by re-

estimation [136]. Next, let us specify the equalization techniques. We focus on the

soft interference cancellation approach from the previous chapter, applying either the

matched-filter (MF-SIC) or the minimum variance unbiased (MVU-SIC) variant. The

latter additionally offers the possibility to include data-dependent estimation error

statistics. Table 6.4 gives an overview of the corresponding estimation modes and the

covariance matrix of the equivalent noise term.

As the emphasis of this work is placed on the effects of parameter estimation in turbo

equalization, quite a large variety of estimation approaches according to Tables 6.2-6.4

has to be covered. Therefore, the remaining system parameters are kept fixed where

possible to avoid too many different system configurations. Accordingly, channel cod-

ing, interleaving, and block length are chosen to be identical in subsequent examples.

We employ a non-systematic, terminated convolutional code with rate 1/2, memory 2,

and generator polynomials [5, 7]8. The number of information bits is set to Nq = 1198,

resulting in Nc = 2400 code bits. We choose a block length of N = 50. S-random

interleaving with interleaver size Nc and spread S = 24 is applied. The number of

turbo iterations is set to 5.

Table 6.5 depicts five different system configurations which shall demonstrate the
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abbreviation reference covariance matrix Φñ remarks

mode N (5.16) Φn thermal noise only

mode E1 (5.16) and (5.55) Φn + E{∆H∆H
†} thermal noise

estimation noise

mode E2 (5.16) and (5.56) Φn + E∆H{∆Hx̆x̆†∆H†} thermal noise
estimation noise

Table 6.4: Estimation modes for turbo equalization with the MVU-SIC. The data symbols x in
(5.56) are replaced with their estimates x̆.

abbreviation channel modulation pilots info rate (bpc)

R1 Rayleigh QPSK 15 (2) 0.77

R2 Rayleigh 16 QAM 19 (2) 1.45

B1 (b) QPSK 18 (1) 0.98

B2 (b) QPSK 18 (2) 0.73

C (c) QPSK 24 (2) 0.67

Table 6.5: System parameters for different scenarios. Channels are defined in Table 2.1. In the
Rayleigh block-fading case, L = 4 taps with an exponential power delay profile are
assumed. Gray mapping is used for both QPSK and 16 QAM.

most relevant aspects of this thesis. The table contains channel type (Rayleigh block-

fading or time-invariant channels), modulation, number of pilot symbols (pilot pat-

tern), and resulting information rate rt. The difference of scenario B1 and B2 lies in

the pilot pattern and thus in the training overhead.

As before, all gains in dB refer to a target BER of 10−4.

6.2.2 Performance for Known SNR

Let us first study the case of perfect SNR knowledge. In this case, we have 2σ̂2
n = 2σ2

n

and 2σ̂2
e = 2σ2

e , where we assume perfect knowledge of the channel gain Eh (or its

average Ēh) when we compute the error variance 2σ2
e . This section contains three

parts, and discusses aspects of iterative estimation, estimation error statistics, and the

combination thereof.
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Fig. 6.6: Performance of MVU-SIC with iterative LMS estimation. Left: scenario R1 (QPSK).
Right: scenario R2 (16 QAM).

Iterative Channel Estimation

Fig. 6.6 depicts the BER performance of MVU-SIC for scenario R1 (QPSK) and R2

(16 QAM), respectively. The curves with perfect interference cancellation (matched-

filter bound, MFB) and perfect channel knowledge (“known”) serve as a reference.

Note that the rate loss due to channel coding and training is included in all curves.

Consider first scenario R1. With iterative estimation and a fixed step size, only a

marginal gain is achievable. The performance is significantly improved by either de-

creasing the fixed step size when data estimates are employed (not shown) or applying

the proposed choice of the step size (based on symbol variances). The latter results in

almost 1 dB gain compared to purely pilot-aided estimation. Furthermore, the variance

based approach performs close to the technique with optimized step size, however,

without requiring knowledge of the SNR like the latter one. The risk of degrading the

performance by iterative estimation becomes visible in scenario R2. Here we observe

that iterative channel estimation with fixed step size is outperformed by pilot-aided

estimation. This behavior can be attributed to the 16 QAM constellation, for which

the theoretical error variance expressions 2σ2
e,LMS(p) and 2σ2

e,LMS(d) are less accurate

due to different amplitude levels and thus the re-estimation criterion fails. However,

the proposed variance based approach and the optimized technique allow a significant

performance gain of more than 1 dB. Interestingly, the latter approach, although based

on the error variance expressions from above, is still useful as it produces small step

sizes during the data phase.

The EXIT chart in Fig. 6.7 (left) illustrates the advantage of the variance based LMS

technique over the one with a fixed step size. While the fixed method outperforms

pilot-aided estimation only in the high mutual information domain, the variance based
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Fig. 6.7: Left: EXIT chart of MVU-SIC, scenario R1, Ēb/N0 = 7 dB. Right: Performance of MF-SIC
with iterative LMS estimation, scenario R1.
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Fig. 6.8: Performance of MVU-SIC with iterative LMS estimation. Left: scenario B1. Right: sce-
nario B2.

approach offers a larger slope over the complete range of mutual information. Having

verified the potential of the variance based choice of the LMS step size for both QPSK

and multi-amplitude constellations, the two other iterative estimation techniques with

fixed or optimized step size will not be further pursued. For completeness, Fig. 6.7

(right) shows the performance of iterative estimation when being combined with a

different equalizer (MF-SIC). The results are similar to Fig. 6.6 (left).

Next, we change the transmission conditions. Fig. 6.8 depicts the performance of

MVU-SIC with iterative estimation for the time-invariant scenarios B1 and B2. Here,
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Fig. 6.9: Performance of MVU-SIC with iterative LMS estimation, scenario C.

the MFB becomes identical to the AWGN reference curve. In the case of scenario B1,

more data symbols (NB · N) can be used to improve the channel estimate than in

scenario B2 (only N), where the receiver assumes that a different CIR is present for

every transmitted block. Accordingly, the performance gain of iterative estimation over

pilot-aided estimation is larger for B1 than for B2, resulting in almost 2 dB.

Fig. 6.9 depicts the performance of the MVU-SIC with iterative estimation for sce-

nario C, which causes a significantly larger amount of interference than B1/B2. Hence,

the gap between estimated and known channel performance becomes large. Nonethe-

less, again a gain in the order of 1 dB can be achieved by iterative estimation. Un-

fortunately, this gain is not further increased when the pilot pattern is changed from

2 to 1 (not shown) as in scenario B1. The large interference in the system results in

poor data estimates, and hence the iterative channel estimator benefits less from this

additional information compared to scenario B1.

Further results, which are not included here, indicate that the proposed iterative

channel estimator works also well in the scenario with the optimized 8 QAM symbol

mapping from Section 5.5. The asymptotic gain due to iterative demapping for both

known and pilot-aided estimated SNR has been preserved.

Including Estimation Error Statistics

Next, the influence of including the estimation error statistics into equalization will be

considered. First, only pilot-aided estimation is assumed. Fig. 6.10 depicts the impact

of the three estimation modes according to Table 6.4 for scenario R1, applying either

ML or LMS estimation.

Basically no gain is visible when comparing mode N with mode E1. However, the

proposed mode E2, i. e., when including the data-dependent estimation noise, im-
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Fig. 6.10: Performance of MVU-SIC with estimation error statistics, scenario R1. Left: pilot-aided
ML estimation. Right: pilot-aided LMS estimation.
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Fig. 6.11: Left: EXIT chart of MVU-SIC, pilot-aided ML estimation, scenario R1 (QPSK), Ēb/N0 =
7 dB. Right: Performance of MVU-SIC with estimation error statistics, pilot-aided LMS
estimation, scenario R2 (16 QAM).

proves the performance by about 1 dB for ML estimation. The gain is slightly smaller

with LMS estimation. Apparently, equalization with mode E2 can be interpreted as an

implicit iterative channel estimation technique, which is further confirmed by the EXIT

chart analysis in Fig. 6.11 (left). The slope of mode E2 is comparable to the slope of

the variance based LMS estimation technique from Fig. 6.7 (left). Similar performance

gains can be achieved for 16 QAM according to Fig. 6.11 (right).

Fig. 6.12 depicts the performance of the various estimation modes for the time-
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Fig. 6.12: Performance of MVU-SIC with estimation error statistics and pilot-aided ML estimation.
Left: scenario B2. Right: scenario C.

invariant scenarios B2 and C. In contrast to the previous results, the gain from mode

E2 compared to E1 is smaller and at most 0.5 dB. Interestingly, the difference between

mode E1 and mode N becomes very prominent for scenario C, achieving more than

1 dB gain. A possible explanation is the strong remaining interference after the cancel-

lation step, which cannot be sufficiently suppressed by the MVU filter due to estimation

errors. Therefore, the consideration of an increased noise level (mode E1) is more ef-

fective in scenarios with strong interference. The relatively small additional gain with

mode E2 in scenario C is due to the large interference, resulting in soft estimates with

small reliability. Hence, the covariance matrices of the equivalent noise become quite

similar for modes E1 and E2.

Estimation Error Statistics Combined with Iterative Channel Estimation

Naturally, the question arises whether the performance of turbo equalization can be

further enhanced by combing the two principles of iterative channel estimation and

equalization with error statistics. Fig. 6.13 shows the performance of the MVU-SIC

with iterative variance based LMS estimation and various estimation modes for sce-

nario B1 and C. Let us first consider scenario C. As before in Fig. 6.12 (right), mode

E1 significantly improves the performance compared to mode N. However, using the

data-dependent error statistics (mode E2) results in a slightly degraded BER compared

to mode E1. This behavior can be understood by remembering one of the crucial pre-

requisites from Section 5.6: the channel estimation error is assumed to be statistically

independent from the data symbols. This assumption is violated in the case of itera-

tive channel estimation. Accordingly, the data symbols contribute much less additional

information to the covariance matrix of the estimation noise and hence should not be
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Fig. 6.13: Performance of MVU-SIC, combining error statistics and iterative LMS estimation. Left:
scenario B1. Right: scenario C.

incorporated. In addition, caused by the large interference in scenario C, the decoder

produces quite unreliable data estimates in early iterations. This problem is less se-

vere in scenario B1, although again channel estimation error and data symbols are

not statistically independent. Therefore, a slight gain in the order of 0.2 dB can be

achieved.

The EXIT charts and BER results from above suggest that first iterative channel es-

timation and equalization with data-dependent estimation error statistics are closely

related, and secondly a combination of both may be not beneficial. This result is sup-

ported by the work of Sgraja [111], where the optimum detection rule in the sense

of minimum symbol error probability for diversity reception has been derived. Under

some preconditions (e. g., independent pilot and data phase), it was shown that the

optimal detector can be realized by two separate components, a linear MMSE channel

estimator and the APP rule incorporating the data-dependent estimation error statis-

tics. Although those preconditions do not exactly hold in our case, pilot-aided turbo

equalization with data-dependent estimation error statistics can be interpreted as a

suboptimal counterpart. Hence, almost no additional information can be gleaned via

iterative channel estimation.

6.2.3 Performance for Estimated SNR

This section is devoted to the impact of SNR estimation on turbo equalization perfor-

mance. Hence, neither perfect knowledge of the noise variance 2σ2
n nor of the channel

gain Eh (or Ēh) is assumed. We apply the notation channel/SNR estimator to indicate

the combination of channel and SNR estimation in the figure legends.
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Fig. 6.14: Performance of MVU-SIC with pilot-aided ML channel estimation and iterative SNR
estimation. Left: scenario R1 (QPSK). Right: scenario R2 (16 QAM).

10-4

10-3

10-2

10-1

100

6 7 8 9 10 11 12 13 14 15
10-4

10-3

10-2

10-1

100

6 7 8 9 10 11 12 13 14 15
Eb/N0 [dB]

b
it

e
rr

o
r

ra
te

bc bc bc
bc

bc

bc

bc

bc
it. (var.)/it. corr.

bc bcit. (var.)/it.

it. (var.)/known

it. (var.)/pilot

Fig. 6.15: Performance of MVU-SIC with iterative LMS channel estimation and iterative SNR es-
timation, scenario C.

Pilot-Aided Channel Estimation

Let us first consider the case of a known channel or pilot-aided ML channel estimation.

Fig. 6.14 depicts the performance of MVU-SIC for different channel/SNR estimation

modes, covering scenario R1 (QPSK) and R2 (16 QAM).

We observe that the loss of perfect SNR knowledge is more severe when the channel

is unknown, as the performance of the SV SNR estimator depends on the quality of the

channel estimate. In the case of QPSK (left figure), the gap to the ML/known curve

can be completely bridged by iterative SNR estimation. Similar results are obtained
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Fig. 6.16: Performance of MVU-SIC with estimation error statistics, pilot-aided ML channel esti-
mation and SNR estimation. Left: scenario R1 (QPSK). Right: scenario R2 (16 QAM).

with MF-SIC and QPSK (not shown). Unfortunately, the performance of iterative SNR

estimation degrades in a large SNR range for multi-amplitude signaling (right figure).

This effect is slightly reduced by the proposed correction criterion. However, at a BER

of 10−4, iterative SNR estimation halves the gap of about 0.6 dB to the ML/known ref-

erence curve. A less prominent performance degradation of iterative SNR estimation

has been also observed for 8 PSK in the low SNR domain (not shown).

Iterative Channel Estimation

Next, we consider SNR estimation for iterative variance based LMS channel estima-

tion. Fig. 6.15 shows the performance of the MVU-SIC for the time-invariant scenario

C. Using pilot-aided SNR estimation, the loss to the reference curve is about 0.6 dB.

Interestingly, iterative SNR estimation with/without correction criterion outperforms

this reference curve by about 0.7 dB. Since the equalizer performance is determined by

both the channel and SNR estimate, and the latter depends on the former, the iterative

SNR estimate is better adapted to the estimated channel. Hence, the iterative SNR esti-

mate can act as an inherent “tuning parameter” to the turbo equalization scheme. Like

above, the proposed correction criterion results in a small additional improvement of

about 0.1 dB.

Including Channel Estimation Error Statistics

Finally, the influence of SNR estimation on the usage of estimation error statistics is

considered. Up to now, exact knowledge of the parameters for the error variance ex-

pressions were available. Without SNR knowledge, both (average) channel gain and
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6.3 Chapter Summary

noise variance are estimated. Fig. 6.16 depicts the performance of MVU-SIC with pilot-

aided ML channel estimation and estimation modes E1/E2. Both figures demonstrate

that including data-dependent estimation error statistics (mode E2) is even then ben-

eficial when the SNR has to be estimated. For the case of QPSK, the remaining gap to

the reference curve of mode E2/known can almost be closed via iterative SNR estima-

tion. From the results in this section, we conclude that iterative SNR estimation should

only be employed for QPSK signaling, since for higher-order constellations (M > 4)

the varying energy levels and/or the multiple phases may degrade the performance.

6.3 Chapter Summary

The first part of this chapter has been devoted to SNR estimation in AWGN chan-

nels, required for iterative decoding of parallel and serially concatenated convolutional

codes. Since typically the performance gap between APP decoding with SNR knowl-

edge and max-log APP decoding without SNR knowledge is small (less than 1 dB), the

potential for an enhancement by means of SNR estimation with a priori information

of data symbols is very limited. Nonetheless, the superior performance of approximate

ML estimation with priors compared to its blind counterpart has been further sup-

ported by numerical results in this chapter, leading to an improvement in the order of

0.1 dB for serially concatenated codes. This gain becomes smaller for parallel concate-

nated codes. On the other hand, the sample variance estimator with soft data estimates

performed worse than blind estimation in both cases and hence is not suitable in such

a receiver setup.

In the second part, iterative channel and SNR estimation for turbo equalization have

been studied. The proposed step size adaptation of the LMS algorithm resulted in a

performance close to the optimized variant, with the advantage of the former that

no SNR knowledge is required and the computational complexity is lower. Further-

more, an EXIT chart analysis revealed that the proposed estimator benefits from data

estimates even in the low mutual information domain. This is in contrast to an LMS

estimator with fixed and relatively large step size.

Typical gains of iterative estimation over pilot-aided channel estimation are in the

order of 1 dB. Similar gains have been obtained by including data-dependent estima-

tion error statistics (mode E2) into equalization. The link of this approach to iterative

channel estimation has been established via an EXIT chart analysis. In the case of

time-invariant scenarios, the gain of mode E2 over mode E1 is less prominent. The

combination of both principles, iterative channel estimation and mode E2, leads to

channel estimation errors that are not statistically independent from the data symbols

anymore and thus may be counterproductive. The main difference between iterative

estimation and data-dependent error statistics lies in delay and complexity. The former

method is less complex, but may result in a larger delay.

The performance loss due to imperfect SNR estimation is more relevant for esti-

mated channels and in the order of 0.5 dB. This loss can almost be compensated for
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6 Iterative Estimation and Detection

by iterative SNR estimation when a QPSK constellation is employed. In the case of

higher-order signaling, iterative SNR estimation can lead to a performance degrada-

tion compared to solely pilot-aided estimation. The additional performance enhance-

ment of iterative SNR estimation with the correction criterion is in the order of 0.1 dB.

Interestingly, in some scenarios (e. g., C), iterative SNR estimation may result in a bet-

ter overall performance than the reference curve of known SNR, provided that the

channel is estimated. In those cases, the SNR estimate acts as a parameter that is

adapted to the imperfect channel estimate. Finally, it was shown by numerical results

that the performance gain due to data-dependent estimation error statistics remains

even when the SNR has to be estimated.
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7
Summary and Conclusions

T
HE aim of this work has been the analysis and design of iterative receivers for

digital point-to-point communications. The system model comprises a coded

block transmission over a multipath channel, where at the receiver neither

knowledge of the channel impulse response nor the signal-to-noise ratio (SNR) is as-

sumed. Hence, these channel parameters have to be estimated to assist the receiver in

the data detection process. Turbo equalization as a powerful approach with moderate

computational complexity has been chosen for the data detection part. This technique

can be extended in a natural way to include parameter estimation. Accordingly, the

intention of this work has been twofold: On the one hand, the impact of uncertain

channel parameters on data detection has been studied; on the other hand, algorithms

for parameter estimation have been suggested, which exploit preliminary knowledge

of the data symbols.

In particular, the following key results have been obtained:

• SNR estimation for the AWGN channel with BPSK modulation (Chapter 3 and

Section 6.1). Iterative estimation (with hard or soft data estimates) may perform

worse than blind estimation because of imperfect data estimates in accordance to

Proposition 3. This risk of a performance degradation can be reduced in part by a

correction criterion based on the variance of the data estimates. A new estimator

that is based on an approximation of the ML criterion and that incorporates a

priori probabilities has offered the most favorable behavior with respect to bias

and mean-square error. These results have been further supported by the BER

performance of iterative decoding of concatenated convolutional codes. Since

the performance gap between APP decoding with known SNR and the max-log

approximation of APP decoders is quite small, the gain due to iterative SNR

estimation is rather of theoretical interest than of practical relevance.

• SNR estimation for multipath channels (Section 3.7 and Section 6.2.3). In this

case, the quality of the SNR estimate depends on the performance of the channel

estimation algorithm. Accordingly, the loss due to imperfect SNR knowledge is
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7 Summary and Conclusions

more relevant for estimated than for known channels and in the order of 0.5 dB

for the considered scenarios. In the case of QPSK modulation, this loss can be

significantly reduced by iterative SNR estimation. However, iterative estimation

may result in a performance degradation in the low to medium SNR domain

when higher-order signal constellations are employed. The correction criterion

from above offers a small additional gain in the order of 0.1 dB.

• Channel estimation (Chapter 4 and Section 6.2). An adaptive step size of the

LMS algorithm based on variances of data estimates has been proposed. The

suggested iterative estimation algorithm does not require SNR knowledge and

can be applied to higher-order signal constellations. Numerical results revealed

a strong robustness of the algorithm against data estimates with poor quality.

Typical performance gains over pilot-aided estimation are in the order of 1 dB

and may become larger if the number of data symbols used is increased.

• Turbo equalization (Chapter 5 and Section 6.2). An optimization algorithm for

bit-to-symbol mappings has been proposed to enhance turbo equalization per-

formance by means of iterative demapping. The algorithm can be applied to

any equalization technique if the equalizer’s output variance is known or can

be estimated. The example of an optimized 8 QAM mapping delivered a gain in

the order of 3.5 dB compared to a standard bit labeling without applying itera-

tive demapping. An error model for data transmission with imperfect channel

knowledge motivated the use of data-dependent estimation error statistics for

turbo equalization. This technique can be applied to arbitrary signal constella-

tions and has shown a gain for Rayleigh channels in the order of 1 dB compared

to a standard method. That gain is smaller for time-invariant channels. Fur-

thermore, an EXIT chart analysis revealed that this approach can be related to

iterative channel estimation and thus interpreted as an implicit channel estima-

tion technique.

The following issues may be worth studying for future research:

• SNR estimation with higher-order signal constellations and a priori information.

The approximate ML estimator has been derived for BPSK modulation. Its exten-

sion to higher-order signal constellations is quite involved but might be feasible.

• Iterative channel estimation with adaptive variance based step size. This idea

may be applied to multiuser and/or multiple antenna systems.

• Joint channel and SNR estimation. In this work, channel and SNR estimation

have been treated as separate tasks. However, the numerical results for scenario

C in Section 6.2.3 revealed that the dependence of the SNR estimate on the

channel estimate can be significant.

• Data-dependent estimation error statistics. The application of this concept to

other transmission schemes, e. g., to the MIMO case, is straightforward.
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A
Proofs

A.1 Proof of Proposition 2

We approximate γ̂M2M4 by a first-order Taylor series to evaluate the expected values

of interest. This approach is known in the literature as “delta method” [87]. It is

convenient to combine the two quantities M̃2 and M̃4 into the vector θ = [θ1, θ2]
T =

[M̃2, M̃4]
T . Then, we expand γ̂M2M4 , g(θ) about the mean E{θ}, yielding

g(θ) ≈ ∂g(θ)

∂θ

∣∣∣∣
θ=E{θ}

(θ − E{θ}) + g (E{θ}) . (A.1)

Let m2 , E{M̃2}, m4 , E{M̃4}, ν′
2 , var{M̃2}, and ν′

4 , var{M̃4}. M̃2 and M̃4

are unbiased estimators of M2 and M4, respectively, thus, we have m2 = M2 and

m4 = M4. Further, ν′
2 and ν′

4 are determined as ν′
2 , ν2/N =

(
4A2σ2 + 2σ4

)
/N and

ν′
4 , ν4/N =

(
E{y8

i } − m2
4

)
/N , where E{y8

i } depends only on A and σ2 [97].

First, we have to show that the M2M4 estimator is asymptotically unbiased. Using

(A.1), we have E{γ̂M2M4} = E{g(θ)} ≈ g(E{θ}). If N → ∞, the approximation

becomes exact, i. e., E{g(θ)} = g(E{θ}), since limN→∞ ν′
2 = limN→∞ ν′

4 = 0 and

thus θ → E{θ}. Further, we have E{θ} = [M2, M4]
T , yielding finally E{γ̂M2M4}

N→∞
=

γ.

Next, we have to show that limN→∞ var{γ̂M2M4} = limN→∞ CRLBN (γ) = 0. With

(A.1), we obtain

var{g(θ)} ≈ ∂g(θ)

∂θ

T
∣∣∣∣
θ=E{θ}

Φ (θ)
∂g(θ)

∂θ

∣∣∣∣
θ=E{θ}

, (A.2)

where Φ (θ) stands for the covariance matrix E{(θ − E{θ}) (θ − E{θ})T }. We evalu-

ate Φ (θ) as

Φ (θ) =
1

N

(
ν2 ν24

ν24 ν4

)
, (A.3)
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with ν′
24 , E{M̃2M̃4} = ν24/N and ν24 = E{y6

i } − m2m4. E{y6
i } depends only on A

and σ. Thus, var{g(θ)} = var{γ̂M2M4} can be approximated as

var{g(θ)} ≈ 1

N

(
d2
2ν2 + 2d2d4ν24 + d2

4ν4

)
, (A.4)

where we defined d2 = ∂g(θ)
∂θ1

∣∣∣
θ1=m2

and d4 = ∂g(θ)
∂θ2

∣∣∣
θ2=m4

.

The partial derivatives d2 and d4 depend only on A and σ. Like above, the approxi-

mation becomes exact, i. e., var{g(θ)} = 1
N

(
d2
2ν2 + 2d2d4ν24 + d2

4ν4

)
if N → ∞ and

hence limN→∞ var{γ̂M2M4} = 0.

�

A.2 Proof of Proposition 4

The first part of the proposition is shown by multiplying x̃MMSE from left with the

diagonal matrix Diag
(
F

†
MMSEH

)−1

. After a few arithmetical steps, the result (5.16a)

is obtained.

Consider output LLR calculation of the ith component. Bias and variance of the

MMSE-SIC can be expressed according to Section 5.1.2 with Woodbury’s identity [61]

as

mMMSE = λiH
†
iM

−1
Hi

2σ2
w,MMSE = λiH

†
iM

−1
Hi(1 − λiH

†
iM

−1
Hi), (A.5)

where we defined λi , 1

1+(1−vi)H
†
i
M−1Hi

and M according to (5.12c). Let the filter

output be given by

x̃MMSE = λiH
†
iM

−1
ỹi, (A.6)

where ỹi represents the received signal after interference cancellation, see Fig. 5.1.

For clarity, the index i of the left hand side expressions has been dropped. Similarly,

we have corresponding expressions for the MVU-SIC, see Section 5.1.3

mMVU = 1

2σ2
w,MVU =

1

H
†
iM

−1Hi

− vi

x̃MVU =
H

†
iM

−1

H
†
iM

−1Hi

ỹi. (A.7)

It is sufficient to consider the argument of the exponential expressions used for LLR

calculation, requiring the identity for any a ∈ C

|x̃MMSE − mMMSE · a|2
2σ2

w,MMSE

!
=

|x̃MVU − a|2
2σ2

w,MVU

(A.8)
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A.3 Proof of Proposition 6

Note that mMMSE is real-valued. After having factored out mMMSE, we have to

show that x̃MMSE/mMMSE equals x̃MVU and that 2σ2
w,MMSE/m2

MMSE is identical to

2σ2
w,MVU. The first identity can be directly seen. 2σ2

w,MMSE/m2
MMSE is computed as

2σ2
w,MMSE

m2
MMSE

=
1 − λiH

†
iM

−1Hi

λiH
†
iM

−1Hi

=
1 − viH

†
iM

−1Hi

H
†
iM

−1Hi

= 2σ2
w,MVU. (A.9)

�

A.3 Proof of Proposition 6

Let Φx be a (2N)× (2N) matrix given by Diag([1, 0, 1, 0, . . . , 1, 0]T ). Furthermore, we

assume that the elements of v are greater than zero (imperfect interference cancel-

lation). Then, based on (5.32), the filter matrix for estimating the whole data block

writes

F
T
R = Invodd

(
Diag(ΦxH

T
M

−1
H)
)
ΦxH

T
M

−1, (A.10)

where multiplication with Φx does not change the odd rows of FT
R, representing the

filter coefficients of interest fT
iR. The even rows of FT

R, which become zero, would

contain coefficients for estimating the imaginary part but are not of interest. Therefore,

FT
R does not have a complex equivalent. The operator Invodd(·) creates an N × N

matrix of the entries given in odd rows and odd columns of its (2N) × (2N) matrix

argument, inverts this N × N matrix, and returns the result again as a (2N) × (2N)
matrix. The corresponding entries in even rows and even columns of the output of

Invodd(·) are zero. Using the definition of M (5.28) and the matrix inversion lemma

[61], we rewrite the expression ΦxH
T M−1 as

ΦxH
T
M

−1 =ΦxH
T
Φ

−1
n

−ΦxH
T
Φ

−1
n

H
(
I2N + Diag(v)HT

Φ
−1
n

H
)−1

· Diag(v)HT
Φ

−1
n

. (A.11)

In order to get expressions that are equivalent to (5.22), we replace Diag(v) with

Diag(ṽ)Φx, where ṽ is given by ṽ = [v1R, v1R, v2R, v2R, . . . , vNR, vNR]T , and obtain

ΦxH
T
M

−1 =
(
I2N − ΦxH

T
Φ

−1
n

H
((

Diag(ṽ)
)−1

+ ΦxH
T
Φ

−1
n

H
)−1 )

ΦxH
T
Φ

−1
n

.

(A.12)

Finally, with RR , ΦxH
T Φ−1

n
H and MR , I2N − RR

((
Diag(ṽ)

)−1
+ RR

)−1

, we

have

F
T
R = Invodd

(
Diag(MRRR)

)
MRΦxH

T
Φ

−1
n

(A.13)

and the output variances are

WR = Invodd

(
Diag(MRRR)

)
− Diag(v). (A.14)
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We observe that the odd rows in RR correspond to Rr in (5.22) and the even rows

are zero. Thus, by considering the odd rows of FT
R and odd main diagonal elements

of WR, the equivalence between (A.13)–(A.14) and (5.22) (RR =̂ Rr, MR =̂ Mr,

FT
R =̂ F†

r, WR =̂ Wr) is shown.

�
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B
Notation, List of Symbols, and

Abbreviations

Notation

Upper case bold letters indicate matrices and lower case bold letters denote column

vectors. The element in the ith row and jth column of a matrix A is addressed by

[A]i,j . Vector components are usually referred to by an index. â indicates an estimate

of a (continuous range of values) or a hard decision on a (discrete range of values);

ă denotes a soft estimate of a. An average of a is indicated by ā, a normalization by

a′. In general, we do not distinguish in notation between random variables and their

realizations. Unless otherwise stated, all complex-valued Gaussian random vectors are

assumed to be circularly symmetric (proper) [85]. We further apply the convention

that variances of real-valued quantities are addressed by σ2 and total variances of

complex-valued quantities by 2σ2.

Symbols, Operators, and Functions

R Field of real numbers.

C Field of complex numbers.

j Imaginary unit, j =
√
−1.

(·)∗ Complex conjugate.

Re{·}, Im{·} Extract real and imaginary part of a complex quantity.

δij Kronecker delta, i. e., δij is 1 if i = j and 0 otherwise.

IN N × N identity matrix.

0 Matrix of zeros, dimension evident from context.

0N Vector of zeros, length N .
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B Notation, List of Symbols, and Abbreviations

A⊗ B Kronecker product of m × n matrix A and p × q matrix B; each

element of A is multiplied with B, yielding an mp × nq matrix.

(·)T Transposition.

(·)† Complex conjugate transposition.

det(·) Determinant of a matrix.

Diag(·) Creates a diagonal matrix from a vector argument or from the main

diagonal of a matrix argument.

vec(·) Forms a vector by stacking the columns of its argument, starting

from the first column.

vec−1(·) Inverse operation to vec(·).

Prob(·) Probability of a discrete random variable.

f(·) Probability density function (PDF) of a continuous random variable.

E{·} Expected value with respect to joint PDF of the random variables in

the argument.

Ex{·} Expected value with respect to x, all other random variables are

treated as if they were deterministic.

cov(a,b) Covariance matrix of two random vectors (real or complex) a and b,

defined as cov(a,b) , E{(a − E{a})(b − E{b})†}.

var{x} Variance of a scalar random variable x, given by E{|x|2} − |E{x}|2.

z ∼ N (m,Φ) z is an N -dimensional real-valued Gaussian random vector with

mean m and covariance matrix Φ;

f(z) = 1/
(
(2π)Ndet(Φ)

)1/2 · exp(− 1
2
(z− m)T Φ−1(z− m)).

z ∼ NC(m,Φ) z is an N -dimensional, circularly symmetric, complex-valued

Gaussian random vector with mean m and covariance matrix Φ;

f(z) = 1/(πNdet(Φ)) · exp(−(z− m)†Φ−1(z− m)).

sgn(z) Delivers the sign of z for z 6= 0 and zero otherwise, z ∈ R.

si(z) Sinc function, defined as si(z) , sin(z)/z, si(0) = 1, z ∈ R.

erf(z) Error function, erf(z) , 2/π ·
∫ z

0
exp(−t2)dt, z ∈ R.

erfc(z) Complementary error function, erfc(z) , 2/π ·
∫∞

z
exp(−t2)dt,

z ∈ R.

List of Frequently Used Symbols

A signal constellation

A amplitude

aj jth symbol of the signal constellation A
b bit vector

c vector of code bits

Eb energy per information bit

Ed average energy of data estimates
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Eh channel gain

Ēx average symbol energy

F matrix of filter coefficients

F(θ) Fisher information matrix with respect to parameter vector θ

fi filter coefficients for estimating the ith symbol

H channel matrix

h vector of channel coefficients

h(·) auxiliary function for CRLB calculation

I(x; y) mutual information between x and y
Ia a priori mutual information

J(·) mutual information integral

L number of channel taps

L(ci) log-likelihood ratio of code bit ci

M size of signal constellation

N number of data symbols per block

N0/2 two-sided spectral power density of thermal noise process

NB number of data blocks

Nc number of code bits per code word

Nq number of information bits per code word

Ns number of data symbols per frame

n noise vector

ñ equivalent noise vector

np noise vector that affects pilot symbols

O(·) asymptotic behavior according to the Landau notation

P number of pilot symbols

pi a priori probability of ith data symbol

q vector of information bits

R equivalent channel matrix including a channel-matched filter

rc total code rate

rt information rate (training and coding included)

S mapping

S interleaver spread

S̆ matrix of pilot symbols and data estimates

Sp pilot matrix

s vector of transmit symbols

T (·) extrinsic information transfer function

Ts symbol period

v vector of symbol variances

W output covariance matrix

x vector of data symbols

x̃ filter output vector

y received vector

yp useful part of received vector of pilot symbols
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B Notation, List of Symbols, and Abbreviations

α step size of LMS algorithm

β bias

γ SNR

γa a priori SNR

∆H channel estimation error matrix corresponding to H

∆h channel estimation error corresponding to h

θ parameter vector

µ mean-square error

Π interleaver

Π−1 deinterleaver

σ2
a variance referring to a priori information

2σ2
e (average) variance of tap estimation error

σ2
n noise variance (power) per component

2σ2
w,i variance of ith output symbol

Φ∆h covariance matrix of estimation error

Φn noise covariance matrix

List of Abbreviations

AM amplitude modulation or absolute moment

AML approximate maximum likelihood

APP a posteriori probability

AWGN additive white Gaussian noise

bpc bit per channel use

BCJR algorithm due to Bahl, Cocke, Jelinek, and Raviv

BCRB biased Cramer-Rao bound

BER bit error rate

BICM bit-interleaved coded modulation

BPSK binary phase shift keying

CIR channel impulse response

CMVU component-wise minimum variance unbiased

CRLB Cramer-Rao lower bound

EXIT extrinsic information transfer

HDD hard decision-directed

i. i. d. independent and identically distributed

IDEM iterative demapping

ISI intersymbol interference

LLR log-likelihood ratio

LMMSE linear minimum mean-square error

LMS least-mean square

LS least squares

M2M4 second- and fourth-order moment
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MF matched-filter

MIMO multiple-input multiple-output

ML maximum likelihood

MMSE minimum mean-square error

MVU minimum variance unbiased

OFDM orthogonal frequency division multiplexing

PCCC parallel concatenated convolutional code

PDF probability density function

PSK phase shift keying

QAM quadrature amplitude modulation

QPSK quadrature phase shift keying

RNN recurrent neural network

SCCC serially concatenated convolutional code

SDD soft decision-directed

SCE soft Cholesky block decision feedback equalizer

SIC soft interference cancellation

SNR signal-to-noise ratio

SV sample variance

WSSUS wide-sense stationary uncorrelated scattering
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