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Abstract

In this paper, VALENCIA-IVP, a novel approach for VALidation of state ENClosures using Interval Arithmetic

for Initial Value Problems, is presented to determine guaranteed state enclosures. The algorithm is based on the

computation of non-validated approximate solutions followed by an interval arithmetic fixed-point iteration for

enclosing the approximation error. The performance of VALENCIA-IVP is compared with other validated solvers

for dynamical systems with uncertain but bounded initial states.

I. INTRODUCTION

The solution of initial value problems (IVPs) is of great importance in many different disciplines,

for example, modeling of dynamical systems in engineering, biology, and economics. To analyze the

dynamical behavior of parameterized models, numerical simulations have to be performed in almost

all practical applications due to the lack of analytical solutions. If usual floating point techniques with

inappropriate step-sizes are applied, the results are often erroneous, which, for example, lets instable

systems seem stable or vice versa. Validated techniques, in contrast, are able to determine guaranteed

enclosures of the exact solutions of IVPs even if the state equations are discretized for simulation purposes.

Furthermore, they can also provide guaranteed enclosures of all possible states if the exact values of initial

conditions or parameters are unknown. The uncertainties originate from the fact that in almost all practical

situations only conservative bounds for the range of these values are available. Throughout this article,
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the words validated, guaranteed, and verified are used interchangeably to denote that state enclosures are

mathematically and not only empirically proven to be correct.

Traditional validated techniques for the solution of IVPs are implemented in various software pack-

ages. VNODE [1], [2] and COSY VI [3], [4] are probably two of the most representative tools, see

Subsection II-C. Although they are fairly efficient for exactly known initial states and parameters, they

are sometimes insufficient for practical scenarios with uncertain but bounded initial states and parameters

which have to be considered in verification and design of robust control strategies for sensitivity analysis

of the system w.r.t. all uncertainties. These uncertainties often lead to increased overestimation due to the

wrapping effect and the dependency problem and therefore in many cases to higher computational effort

for its reduction.

In this article, a new algorithm implemented in the solver VALENCIA-IVP1 is proposed. First, an

approximate solution of an IVP similar to the considered one is calculated with exactly known initial

states and parameters. Based on this approximate solution, an easy-to-implement fixed-point iteration

scheme is derived to determine validated enclosures by evaluation of the set of state equations on a finite

time interval. It is shown for two examples that these state enclosures are tighter than those of VNODE

and comparable to COSY VI with a significant reduction of CPU time in the latter case.

In Sections II and III, a problem formulation is given, the new method is introduced, and the proof

is presented that all reachable states are guaranteed to be enclosed by the obtained interval bounds.

Additionally, possible applications in control engineering, especially for design and analysis of robust

controllers, are pointed out. A detailed overview of VALENCIA-IVP is given in Section IV. In Section V,

VALENCIA-IVP is applied to two different systems with nominal system parameters and uncertain initial

conditions to compute verified enclosures of all reachable states. The results are compared to methods

implemented in VNODE and COSY VI with respect to the necessary computational effort, the achievable

simulation times, and the widths of the resulting interval bounds. Finally, an outlook on future research

is given in Section VI.

II. PROBLEM FORMULATION

A. Considered Initial Value Problems

In this paper, initial value problems for nonlinear ordinary differential equations (ODEs)

ẋs (t) = fs (xs (t) , p(t) , t) (1)

with the initial values xs (t0) ∈
[
x0

s
]
, where t0 = 0 without loss of generality, are studied. These ODEs

are assumed to be given in state space representation with the state vector xs ∈ Rns and the parameter

vector p ∈ Rnp . To apply VALENCIA-IVP, existence and continuity of the first derivatives of fs with

respect to all states, parameters, and the time variable t is required, i.e., fs : D 7→Rns , D⊂Rns×Rnp×R1

open, fs ∈C1(D,Rns). Interval uncertainties of the initial states are denoted by the interval
[
x0

s
]
=
[
x0

s ; x0
s
]

and parameter uncertainties by [p(t)] =
[
p(t) ; p(t)

]
, resp. The dynamics of time-varying parameters is

1Further information about ValEncIA-IVP as well as free software are available at http://www.valencia-ivp.com.
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assumed to be given in state space representation ṗ(t) = ∆p(t), where both p(t) and ∆p(t) are bounded.

If the variation rates of these parameters are unknown, the interval bounds ∆p(t) and ∆p(t) are infinite.

Since the dynamical models for ẋs (t) and ṗ(t) can be combined in a single set of ODEs

ẋ(t) = f (x(t) , t) =

[
fs (xs (t) , p(t) , t)

∆p(t)

]
(2)

with the extended state vector x(t) =
[
xT

s (t) ; pT (t)
]T ∈ Rn, n = ns + np, discussion is restricted to the

case of uncertain initial states to present the solver VALENCIA-IVP. It aims at calculating tight enclosures

[xencl (t)] for the unknown exact range [x(t)] of all reachable states for t ≥ 0 under consideration of all

above-mentioned uncertainties.
The dynamical systems may be explicitly time-varying as denoted by the dependency on the time

variable t in the state equations (1) and (2). Typical applications of time-varying systems are switchings

between different control strategies, e.g. for the transient behavior after setting a system into operation,

for control near steady state operating conditions, and for shut down. Often, switching points themselves

are state-dependent and unknown a priori. Thus, the assumption of continuous differentiability of the

state equations might be violated. Therefore, only systems with a finite number of switching points are

usually considered. Then, integration of the IVP can be stopped at the switching point and restarted with

the system model valid afterwards. General techniques for state-dependent switchings between dynamical

models where this cannot be done easily are studied in [5]–[7] and the references therein.

B. Validated Enclosures of Initial Value Problems in Control Engineering

Important applications of validated techniques for IVPs in control engineering are analysis and design

of robust, optimal, and adaptive controllers. For nonlinear systems, robustness analysis with respect

to uncertain initial states and parameters can be performed by calculating enclosures of all reachable

states. These results have to be compared with time-domain specifications of the desired system behavior

expressing all limitations of state variables, especially if the dynamical behavior of safety-critical systems

is analyzed.
On the one hand, for a given controller with fixed parameters, validated simulations can prove if

violation of these bounds is impossible for interval uncertainties. On the other hand, these techniques

are also applied successfully in the design of control strategies. First, if a controller structure is already

specified, its parameters can be chosen such that all states of the closed-loop system are guaranteed to

be within predefined bounds. Second, if the controller structure is not given, it is possible to determine

optimal controllers by minimization of performance indices. This problem can be extended by simultaneous

consideration of time-domain robustness specifications. Third, evaluation and design of adaptive controllers

can be carried out by sensitivity analysis of the system dynamics with respect to variations of the controller

parameters. Forth, validated simulation techniques cannot only be applied to determine suitable controllers.

They also allow for detection of cases in which admissible control strategies do not exist.
The above-mentioned typical scenarios demonstrate the necessity for study and development of validated

methods for both verification and design of modern control strategies.
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C. Validated Techniques for the Solution of Initial Value Problems: VNODE and COSY VI

In recent years, various verification techniques for the solution of IVPs relying on defect-based meth-

ods [8], [9], Taylor series expansions (VNODE), or Taylor models (COSY VI) have been developed.

The main difference between VALENCIA-IVP and defect-based methods as well as methods relying

on Taylor series expansions is that only the first derivatives of the ODEs with respect to the states,

parameters, and time are required for reduction of overestimation by mean-value rule evaluation and other

advanced interval methods such as monotonicity tests and iterative techniques for range calculation. In

contrast to the VALENCIA-IVP solver, VNODE is based on a two stage approach. First, a proof of

existence and uniqueness of the solution of the IVP is performed by calculation of guaranteed a priori

enclosures of all reachable states in the time interval between two subsequent discretization steps by a

Picard iteration. Second, an interval Taylor series or the interval Hermite-Obreschkoff method is applied

to compute enclosures from the result of the preceding time step and an additive correction term including

all discretization errors. The applicable step-sizes are basically restricted by the convergence of the Picard

iteration. Since naive implementation leads to considerable overestimation in most cases, non-orthogonal

(parallelepiped) or orthogonal (QR factorization) coordinate transformations are used to obtain tighter

enclosures [10]. Growth of the computed interval diameters over simulation time is inevitable as long as

only explicit integration techniques are applied.

In the Taylor model-based ODE solver COSY VI, Taylor expansion of the solution in time and initial

conditions is performed to reduce the influence of overestimation by modeling the local functional behavior

and control of the long-term growth of integration errors [3]. The arithmetic based on Taylor models —

implemented in the package COSY INFINITY — relies on high order polynomial approximations to

a Taylor series with floating point polynomial coefficients and interval remainder terms [4], [11], [12].

COSY VI uses the Picard iteration in combination with the Schauder fixed-point theorem and iterative

refinement of the inclusions to obtain a Taylor model of the exact solution [13].

To control long-term growth of integration errors the shrink wrapping method — a modified nonlinear

version of the parallelepiped method — is applied. In the present version of COSY VI, QR-based, blunting,

and curvilinear preconditioning of Taylor models are implemented to improve the long-term performance.

Moreover, different orders of the expansions in initial conditions and time can be chosen to reduce

the computational effort. For appropriate orders and step-sizes, overestimation is reduced significantly.

However, the main drawback of this solver can often be long computation time for systems with many

state variables.

III. ITERATION SCHEME OF VALENCIA-IVP

Most interval techniques to enclose the solution of IVPs rely on integration of a set of ODEs on a finite

time interval [0 ; T ] according to

x(t) = x(0)+
t∫

0

f (x(τ) ,τ)dτ with t ∈ [0 ; T ] . (3)
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Since x(t) is the desired, and thus except for
[
x0]3 x(0) unknown solution of the IVP on the time interval

[0 ; T ], the integral in (3) is replaced by a conservative approximation
t∫

0

f (x(τ) ,τ)dτ ⊆ [0 ; t] · f ([B] , [0 ; t]) , (4)

where [B] is a bounding box enclosing all reachable states in the time interval [0 ; t]. This bounding box

can be computed by the Picard iteration[
B(κ+1)

]
=
[
x0]+[0 ; t] · f

([
B(κ)

]
, [0 ; t]

)
, (5)

which is initialized with
[
B(0)

]
=
[
x0]. If the complete time interval is considered as a special case, t is

replaced by T in (5). The interval of the initial guess for
[
B(0)

]
is widened as long as

[
B(1)

]
6⊆
[
B(0)

]
. If[

B(1)
]
⊆
[
B(0)

]
, (5) is evaluated recursively until

[
B(κ+1)

]
≈
[
B(κ)

]
. If this algorithm does not converge

or if the resulting bounding box is unacceptably large, the width of the considered time interval has to

be reduced [14]. Such bounding boxes are used in VNODE and other solvers as rough a priori state

enclosures in the first stage of the algorithm — partially in a modified form of Taylor series-based bounds

instead of the right side of (4).
In VALENCIA-IVP, the bounding box [B] is no longer assumed to be constant as in the above-mentioned

basic idea. It is replaced by the time-varying state enclosure

[xencl (t)] = xapp (t)+ [R(t)] , (6)

where xapp (t) is an approximate solution of the IVP and [R(t)] the interval enclosure of the unknown

error terms. Substituting the enclosure [xencl (t)] for [B] in (5) and differentiating with respect to time on

both sides of (5) as well as solving for
[
Ṙ(t)

]
leads to the iteration formula[

Ṙ(κ+1) (t)
]

=−ẋapp (t)+ f
(

xapp (t)+
[
R(κ) (t)

]
, t
)

=−ẋapp (t)+ f
([

x(κ)
encl (t)

]
, t
)

. (7)

Here, the integrand in (4) has been used to replace the time derivative on the right hand side. Analogously

to the Picard iteration (5), this expression can again be evaluated for the complete time interval [0 ; T ].
In each iteration step κ the enclosure[

R(κ+1) (t)
]
⊆
[
R(κ+1) (0)

]
+

t∫
0

[
Ṙ(κ+1) (τ)

]
dτ or[

R(κ+1) (t)
]
⊆
[
R(κ+1) (0)

]
+ t ·

[
Ṙ(κ+1) ([0 ; t])

]
, 0≤ t ≤ T

(8)

of the approximation error is determined by verified integration of the bounds for
[
Ṙ(κ+1) (t)

]
with respect

to time until
[
Ṙ(κ+1) (t)

]
≈
[
Ṙ(κ) (t)

]
and therefore also

[
R(κ+1) (t)

]
≈
[
R(κ) (t)

]
. According to Banach’s

fixed-point theorem, the approach converges to a verified enclosure of the IVP if
[
Ṙ(κ+1) (t)

]
⊆
[
Ṙ(κ) (t)

]
and therefore also

[
R(κ+1) (t)

]
⊆
[
R(κ) (t)

]
.

To summarize, VALENCIA-IVP is based on a fixed-point iteration to calculate enclosures of
[
Ṙ(t)

]
directly by repeated evaluation of (7). The enclosure

[
x(κ+1)

encl (t)
]

is re-evaluated after each improvement
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of the error bounds
[
R(κ+1) (t)

]
. Note that neither separate calculation of bounds for time discretization

errors nor series expansion of the solution of the IVP are necessary. The quality of the state enclosures

depends on the initial approximation xapp (t). Smaller deviations between the unknown exact solution and

its initial approximation lead to smaller interval widths for
[
Ṙ(t)

]
, see the following Section.

IV. ALGORITHM

In this Section, the key components of VALENCIA-IVP are discussed in detail.
Step 1: Calculation of Reference Solutions In a first step, an appropriate reference solution is determined

either analytically or numerically. To obtain an initial approximation for the analytical reference solution

a set of linear ODEs

ẋapp (t) = flin (xapp (t)) (9)

with the same dimension as the original system is solved analytically for x0
app = xapp (0) = 1

2

(
x0 + x0).

Usually, the original state equations are linearized in a typical operating point or nonlinear terms are

replaced or neglected for this purpose. One possible way to improve the analytical reference solution

xapp (t) is the perturbation approach

ẋ(t) = (1− ε) · flin (x(t))+ ε · f (x(t) , t) = fε (x(t) , t,ε) with ε ∈ [0 ; 1] . (10)

The perturbed system fε is linear for ε = 0 and equal to the original nonlinear system for ε = 1 [15]. For

appropriately chosen but yet unknown error bounds [R(t)] ∈Rn, the solution of the initial value problem

and its time derivative are enclosed by

[xencl (t)] =
m

∑
j=0

(
ε

jyapp, j (t)
)
+[R(t)] = xapp (t)+ [R(t)] and

[ẋencl (t)] =
m

∑
j=0

(
ε

jẏapp, j (t)
)
+
[
Ṙ(t)

]
= ẋapp (t)+

[
Ṙ(t)

] (11)

with unknown functions yapp, j (t) ∈ Rn, j = 0, . . . ,m. The vectors x(t) and ẋ(t) in (10) are replaced by

[xencl (t)] and [ẋencl (t)] as defined in (11). Setting [R(t)] and
[
Ṙ(t)

]
to zero and sorting for identical powers

of ε on both sides of the expression, a set of ODEs for yapp, j (t) with the dimension m · n is obtained

after setting the coefficients of ε j on the left hand side equal to the corresponding coefficients on the

right hand side. This set of ODEs is solved analytically — again after linearization or replacement of

nonlinear terms — for the initial conditions y0
app,0 = x0

app and y0
app, j = 0,∀ j ≥ 1. Now, the iteration (7)

is performed with the improved approximation xapp (t) for ε = 1 which is demonstrated for the simple

pendulum example in Subsection V-A.
Alternatively, numerical approximations

{
xN

i
}

, i = 0, . . . ,L, for the original IVP with point intervals

xN
0 = mid

([
x0]) as initial conditions can be calculated over the grid {ti} with tL = T by arbitrary non-

validated IVP solvers. To apply the iteration scheme (7), analytical approximations xapp (t) and ẋapp (t)
are computed by minimization of the distance measure

D =
L

∑
i=1

d
(
xN

i − xapp (ti)
) e.g.

=
L

∑
i=1

∥∥xN
i − xapp (ti)

∥∥2
2 . (12)
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As demonstrated in Subsection V-B, already linear interpolations

xapp (t) = xN
i +

xN
i+1− xN

i

ti+1− ti
· (t− ti) with

ẋapp (t) =
xN

i+1− xN
i

ti+1− ti
for t ∈ [ti ; ti+1] , i = 0, . . . ,L−1

(13)

lead to good results. Further improvement of the approximate solutions is possible by higher-order

approximations. However, for interval arguments overestimation in evaluation of (7) is increasing due to

the nonlinearity of higher-order approximations leading to higher computational effort for overestimation

reduction in Step 3 and Step 4.

Step 2: Initialization of the Iteration Scheme To start the iteration (7), initial interval approximations for

[R(t)] and
[
Ṙ(t)

]
are required. If possible, nonlinear terms in the state equation (2) are replaced by rough

but conservative bounds, e.g. sin(·) and cos(·) by the interval [−1 ; 1]. Afterwards,
[
Ṙ(1) (t)

]
is calculated

for κ = 0. The iteration is continued, if
[
Ṙ(1) (t)

]
⊆
[
Ṙ(0) (t)

]
. Otherwise the initial guess for [R(t)] and[

Ṙ(t)
]

has to be modified. Note that [R(0)] always has to be chosen such that
[
x0]⊆ xapp (0)+ [R(0)].

Step 3: Subdivision of the Time Span into Several Time Intervals If the time span [0 ; T ] is split into

several intervals [ti ; ti+1] to improve convergence of the iteration and to reduce the width of the error

bounds, the validated integration (8) is replaced by[
R(κ+1) (ti+1)

]
=
[
R(κ+1) (0)

]
+

i

∑
j=0

(
t j+1− t j

)
·
[
Ṙ(κ+1) ([t j ; t j+1

])]
. (14)

Step 4: Calculation of the State Enclosures The width of the resulting state enclosures [x(t)]⊆ xapp (t)+
[R(t)] can be reduced by improved initial approximations in Step 1 as well as shorter time intervals in

Step 3. Overestimation due to multiple occurrence of identical interval variables in (7) is reduced by

mean-value rule evaluation as well as efficiently implemented iterative improvement of the range of the

expression on the right hand side including monotonicity tests [16]–[18].

V. SIMULATION RESULTS

In this Section, the applicability of VALENCIA-IVP is demonstrated for two examples. First, a simple

pendulum is used to demonstrate the basics of the proposed algorithm, the dependency of the simulation

results on the quality of the initial approximation, and the perturbation approach for calculation of ana-

lytical reference solutions. Second, VALENCIA-IVP is compared in detail with VNODE and COSY VI

for a double pendulum with uncertain initial conditions.

A. Simple Pendulum

The simple pendulum described by the nonlinear state equations[
φ̇1 (t)
φ̇2 (t)

]
=

[
φ2 (t)

−sin(φ1 (t))

]
= f (φ (t)) , φ (t) =

[
φ1 (t)
φ2 (t)

]
=

[
θ1 (t)
θ̇1 (t)

]
(15)

with exactly known initial conditions φ1 (0) = φ 0
1 and φ2 (0) = φ 0

2 is considered, see Fig. 1.
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m2

m1 l2

θ2

xl1

θ ′2

y

ym1

ym2

xm1 xm2

xm1 = l1 sin(θ ′1)

xm2 =−l1 cos(θ ′1)

ym2 =−l1 cos(θ ′1)− l2 cos(θ ′2)

ym1 = l1 sin(θ ′1)+ l2 sin(θ ′2)

θ ′1 = θ1

Figure 1: Definition of state variables for simple pendulum (boldface, black) and double pendulum (grey).

Applying the perturbation approach (Section IV, Step 1) to determine approximations of the desired

solution with flin (φ (t)) =
[
φ2 (t) −φ1 (t)

]T
leads to

[ fε ] =
m

∑
j=0

(
ε

jẏapp, j (t)
)
+
[
Ṙ(t)

]

=


m
∑
j=0

(
ε jyapp,2, j (t)

)
+[R2 (t)]

−(1− ε)
m
∑
j=0

(
ε jyapp,1, j (t)

)
+[R1 (t)]

+

 0

−ε sin

(
m
∑
j=0

(
ε jyapp,1, j (t)

)
+[R1 (t)]

) .

(16)

Case 1: Considering only terms with ε0 and neglecting the error term [R(t)] yields

ẏapp,1,0 (t) = yapp,2,0 (t) , ẏapp,2,0 (t) =−yapp,1,0 (t) (17)

which is solved analytically for y0
app,1,0 = φ 0

1 = 1 and y0
app,2,0 = φ 0

2 = 0. The solution

yapp,1,0 (t) = cos(t) , yapp,2,0 (t) =−sin(t) (18)

is represented by dotted lines in Fig. 2.
Case 2: If terms with ε1 as well as trigonometric terms are taken into account according to

ẏapp,1,0 (t) = yapp,2,0 (t)

ẏapp,2,0 (t) =−yapp,1,0 (t)

ẏapp,1,1 (t) = yapp,2,1 (t)

ẏapp,2,1 (t) =−yapp,1,1 (t)+ yapp,1,0 (t)− sin
(
yapp,1,0 (t)

)
(19)

the corresponding solution is given by

yapp,1,0 (t) =cos(t)

yapp,2,0 (t) =− sin(t)

yapp,1,1 (t) =
(
−1

2
− cos(1)

)
cos(t)+

1
2

cos3 (t)+ cos(t)cos(cos(t))− sin(t) I (t)

yapp,2,1 (t) =
1
2

sin(t)
[
(1+2cos(1))− cos2 (t)−2cos(cos(t))

]
− cos(t) I (t)

(20)
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with

I (t) =
t∫

0

cos(τ) [−cos(τ)+ sin(cos(τ))]dτ (21)

and the initial conditions y0
app,1,0 = φ 0

1 = 1, y0
app,2,0 = φ 0

2 = 0, y0
app,1,1 = 0, and y0

app,2,1 = 0. The iteration

formula (7) is now evaluated for

xapp (t) =
m

∑
j=0

[
yapp,1, j (t)
yapp,2, j (t)

]
, (22)

where m = 0 for Case 1 and m = 1 for Case 2. The interval enclosures for all state variables and the initial

approximations xapp,1 (t) and xapp,2 (t) are shown in Fig. 2. In the considered time span, the improved

initial approximation in Case 2 leads to tighter enclosures of the solution of the original IVP. Both

results have been computed over identical equally spaced grids on the time axis with ti+1− ti = 1·10−3,

i = 0, . . . ,L− 1, in Step 3, Section IV. The term I (t) is replaced by a verified interval enclosure. In all

computations floating point values which are not exactly representable by machine numbers are replaced

by their smallest possible interval enclosures.

initial approx. (case 2)

initial approx. (case 1)

−2
100 2 4 6 8

0

1

2

−1

t

φ1

(a) Enclosure of the first state variable.

initial approx. (case 1)

initial approx. (case 2)

−2
100 2 4 6 8

0

1

2

−1

t

φ2

(b) Enclosure of the second state variable.

Figure 2: Interval enclosures for the state variables of the simple pendulum (solid lines for Case 1 and dashed lines for Case 2)

together with both initial approximations.

B. Double Pendulum with Uncertain Initial States

In this Subsection, VALENCIA-IVP is compared with validated techniques from VNODE and COSY VI

for a double pendulum with an uncertain initial angle of the first joint, see Fig. 1. To derive the state

equations, two weightless arms with lengths l1 and l2 as well as two point masses m1 and m2 under

influence of the gravitational constant g are given. Using the Lagrangian formulation with the coordinates

of the mass points as defined in Fig. 1 and the state vector φ (t) =
[
θ ′1 (t) θ ′2 (t) θ̇ ′1 (t) θ̇ ′2 (t)

]T
of

angles and angular velocities leads to

φ̇ (t) = M−1 (φ (t)) ·F (φ (t)) , (23)
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with

M (φ (t)) =


1 0 0 0

0 1 0 0

0 0 (m1 +m2) l1 m2l2 cos(φ1−φ2)
0 0 m2l1 cos(φ1−φ2) m2l2

 (24)

and

F (φ (t)) =


φ3

φ4

−g(m1 +m2)sin(φ1)−m2l2 sin(φ1−φ2)φ 2
4

−gm2 sin(φ2)+m2l1 sin(φ1−φ2)φ 2
3

 . (25)

With the substitutions θ ′1 (t) = θ1 (t) and θ ′2 (t) = θ1 (t) + θ2 (t) introduced in Fig. 1 the state vector

ψ (t) =
[
θ1 (t) θ2 (t) θ̇1 (t) θ̇2 (t)

]T
=
[
φ1 φ2−φ1 φ3 φ4−φ3

]T
is defined according to the Denavit-

Hartenberg conventions which are often used in analysis of complex mechanical manipulators.

Simulations for the parameters l1 = l2 = 1, m1 = m2 = 1, and g = 9.81 as well as the uncertain initial

conditions ψ0 =
[
0.993π

4 −11π

20 0.43 0.67
]T

, ψ
0 =

[
1.013π

4 −11π

20 0.43 0.67
]T

are performed with

VALENCIA-IVP, VNODE, and COSY VI. For VALENCIA-IVP, linear interpolation of a non-validated

initial approximation
{

xN
i
}

, i = 1, . . . ,L, determined by the MATLAB solver ode45s has been used

with an equally spaced grid {ti}, ti− ti−1 = 5·10−4. Mean-value rule (MVR) evaluation and advanced

interval methods (AIM) have been applied to evaluate the iteration formula (7), see Step 4, Section IV. In

VNODE, an interval Taylor series method with QR factorization has been employed while for COSY VI

the QR preconditioning has been chosen, both with a Taylor series expansion of order 12 (in COSY VI

for both time and initial states) and constant step-sizes. Shrink wrapping could not improve the simulation

quality.

VNODE

COSY VI

(AIM)
VALENCIA-IVP

−1
1.00 0.2 0.4 0.6 0.8

t

ψ1

0

1

2

3

Figure 3: Validated interval bounds for the first state variable of the double pendulum, see also Tab. I.

In Tab. I and Fig. 3 representative results for these solvers are shown. For each a compromise between

achievable break-down times and required computational times has been made. VALENCIA-IVP computes

tighter enclosures than the interval Taylor series method in VNODE. Similar results are also observed

for the interval Hermite-Obreschkoff method in VNODE. In Tab. I, the widths of the enclosures are
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VNODE COSY VI VALENCIA-IVP

step-size 0.002 step-size 0.002 MVR AIM

Break-down time 0.5221 0.6300 0.5705 >1.0

Relative reduction factor at t = 0.5 1.0 1.50·104 2.76·102 2.97·103

Computing time over [0;0.5] 15.4 s 1 hrs 6 min 360 s (1) 1 hrs 38 min (1)

(Intel Pentium IV, 3.0 GHz, 1 GB RAM, CYGWIN) 12 s (2) 94 s (2)

Table I: Comparison of results for the double pendulum: (1) MATLAB 7 SP3, (2) C++ implementation.

VNODE COSY VI

step-size break-down time CPU time over [0;0.5] break-down time CPU time over [0;0.5]

0.02 0.4818 — 0.3800 —

0.002 0.5221 15.4 s 0.6300 1 hrs 6 min

0.0002 0.5284 152 s � 0.6300 8 hrs 37 min

Table II: Comparison of results for the double pendulum (cont’d).

compared by the ratio between the pseudo volume (product of the interval diameters of all components

of a state vector) of VNODE and the pseudo volume of all other enclosures at t = 0.5. The comparison

of computing times only gives a rough idea about the efficiency of the three methods since they are all

implemented differently. For VALENCIA-IVP, a MATLAB implementation using INTLAB 5.2 [19], [20]

as well as a prototypical C++ implementation using PROFIL/ BIAS [21] and FADBAD [22] are compared.

Reducing the step-size as well as increasing the order of the Taylor series expansion in VNODE do not

affect the simulation quality significantly. Increasing the order of the series expansions in COSY VI for

relatively large step-sizes also has minor influence; smaller step-sizes lead to break-down times t > 2 with

much higher CPU times than those of VALENCIA-IVP, see Tab. II.

VI. CONCLUSIONS AND OUTLOOK ON FUTURE RESEARCH

In this paper, VALENCIA-IVP has been introduced as a novel approach for validation of state enclosures

for initial value problems with both uncertain initial conditions and tolerances in the system parameters.

Although it has been shown that the required computational times of the new algorithm are comparable

to other techniques, tighter state enclosures have been obtained.
Further improvement by preconditioning of the state equations as well as combination with advanced

simulation techniques which employ splitting and merging strategies of subintervals for improved en-

closures of complexly shaped regions of reachability in the state space are of interest. Since these

enhancements are quite general ideas, they can be employed for various enclosure methods, i.e., not

only for VALENCIA-IVP but also for methods like those from VNODE or COSY VI. Consistency tests

which are based on backward integration of subintervals of validated enclosures to reduce overestimation

can be applied to tighten interval bounds efficiently [14] and to prevent growth of the computed interval

enclosures over simulation time.
Sophisticated techniques for selection of the widths of subintervals on the time axis and optimization of

the C++ implementation of VALENCIA-IVP are only two further possibilities for performance improve-

ment. From an engineering point of view, application of VALENCIA-IVP to sensitivity and reliability
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analysis as well as robust and optimal controller design [23] are interesting topics for future research.

Additionally, validated solutions of initial value problems with uncertainties are of great importance in

adaptive and predictive control as well as in the design of nonlinear model based observers.
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