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Preface
Abstract

Elastic wires are mathematical curves composed of matter. They have no thickness but
exhibit bending stiffness. Although elastic wires do not exist in the real world, they are
widely used in modeling. Examples include the modeling of plant stems, polymers such
as DNA, marine cables, and hair movement in digital simulations.
The elastic energy of a sufficiently smooth regular curve γ : S1 → R2 describing an elastic
wire is defined as

E(γ) = 1
2

∫
γ

|κ|2ds. (0.0.1)

Here, κ = ∂2
sγ is the curvature of γ, ∂s = |∂xγ|−1∂x, and ds = |∂xγ|dx is the arclength

element. In the last decades, several authors have studied the L2-gradient flow of the
elastic energy in different variants. In this monograph, we briefly present the underlying
theory and background, summarize their results, and then focus on two new variants.
First, we consider elastic wires with a heterogeneity described by a density function.
We define a generalization of (0.0.1), which depends on material parameters, captures
the interplay between curvature and density effects and resembles the Canham–Helfrich
functional. Describing the closed planar curve by its inclination angle, the L2-gradient flow
of this energy is a nonlocal coupled parabolic system of second order. We discuss local well-
posedness, global existence and convergence. Then, we show that the (non)preservation
of quantities such as convexity as well as the asymptotic behavior of the system depend
delicately on the choice of material parameters.
Second, we study the evolution of elastic wires under the assumption of incompressiblity
and derive a gradient flow of (0.0.1) which preserves the enclosed area of the evolving
planar curves. Contrary to an earlier approach based on a fourth order equation featuring
nonlocal Lagrange multipliers, we give priority to the locality of the evolution and propose
a sixth order gradient flow equation with no nonlocal terms. For this flow, we establish
a global existence result. When including an additional term penalizing length, we prove
convergence to an area constrained critical point of the elastic energy.
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Preface

Deutsche Zusammenfassung

Näherungsweise eindimensionale elastische Objekte wie Haare, dünne Pflanzenstängel, Po-
lymere oder Unterwasserkabel können durch sogenannte elastische Drähte modelliert wer-
den. Die elastische Energie einer ausreichend glatten, regulären Kurve, die einen solchen
elastischen Draht beschreibt, ist definiert als das Integral über die quadrierte Krümmung.
In den letzten Jahrzehnten haben einige Mathematiker und Mathematikerinnen den L2-
Gradientenfluss der elastischen Energie in verschiedensten Varianten untersucht. Wir fas-
sen kurz die zugrundeliegende Theorie und ihre Ergebnisse zusammen und konzentrieren
uns dann auf zwei neue Varianten.
Zum einen betrachten wir elastische Drähte mit einer Heterogenität, die durch eine Dichte-
funktion beschrieben wird. Wir definieren eine Verallgemeinerung der elastischen Energie,
die von Materialparametern abhängt und das Zusammenspiel von Krümmung und Dich-
teeffekten berücksichtigt. Dadurch dass wir die geschlossenen, ebenen Kurven durch ihre
Winkelfunktionen beschreiben, ist der L2-Gradientenfluss dieser Energie ein nichtlokales,
gekoppeltes, parabolisches System zweiter Ordnung. Wir studieren die lokale Wohlgestellt-
heit, globale Existenz und Konvergenz. Dann zeigen wir, dass die (Nicht-)Erhaltung von
Größen wie Konvexität sowie das asymptotische Verhalten des Systems empfindlich von
der Wahl der Materialparameter abhängt.
Zum anderen untersuchen wir elastische Drähte unter Annahme von Inkompressibilität
und leiten einen Gradientenfluss für die elastische Energie her, der die eingeschlossene
Fläche erhält. Im Gegensatz zu einem früheren Ansatz mit Lagrange-Multiplikatoren,
priorisieren wir die Lokalität der Evolutionsgleichung. Der Preis dafür ist, dass wir eine
Gleichung sechster Ordnung erhalten. Wir beweisen, dass eine globale Lösung existiert
und zeigen Konvergenz zu einer stationären Lösung, die ein kritische Punkt der Energie
unter Annahme von gegebener Fläche ist.
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CHAPTER 1
Introduction
Geometric flows are a significant and highly active field of research in mathematics. Their
study bridges the theory of partial differential equations, geometry, calculus of varia-
tions, and numerical methods. Geometric flows are a powerful tool that can tackle not
only important theoretical problems across various fields but also numerous real-world
applications. In material science, for example, geometric flows are used to model elastic
deformations. This often involves studying the gradient flow of an energy that measures
the bending of a geometric object in terms of its curvature. In this dissertation, we focus
on physically and biologically motivated geometric flows that arise as gradient flows of
bending energies for curves.

In the following, we first give an overview of the classical theory of the elastic flow. The
elastic energy on which the elastic flow is based is a bending energy for elastic wires. First,
we clarify what elastic wires are and where they find practical application in modeling.
Then, we review the basic concepts of curve theory and discuss the elastic energy for
curves in Euclidean space. To provide a broader context, we also briefly consider the
elastic energy of curves in Riemannian manifolds as well as the Willmore energy. We
then give a definition of (constrained) gradient flows in an abstract Hilbert space setting,
followed by deriving the classical elastic flow as the L2-gradient flow of the elastic energy.
The classical elastic flow is an important and well-studied problem. We summarize the key
results that are most relevant to this dissertation. Additionally, we offer a brief overview
of some other gradient flows. Chapter 1 concludes with introducing two new variants of
the elastic flow, which are studied in detail in Chapter 2 and Chapter 3.
Following the overview in Chapter 1, Chapter 2 explores the first new variant of the elastic
flow: an elastic flow for heterogeneous elastic wires. We define a modified elastic energy
that accounts for the interplay between heterogeneity and curvature and study the L2-
gradient flow of this energy. Our investigation covers local well-posedness, global in time
existence, convergence, and the study of properties of the solutions and the limit.
Chapter 3 explores the second new variant of the elastic flow: an area preserving elastic
flow without nonlocality. We first derive this flow as a gradient flow. Then, we establish
global in time existence and convergence and discuss the stationary solutions.
Finally, in Chapter 4, we offer a brief outlook on further research questions that would be
interesting to explore.
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Chapter 1. Introduction

The contents of Chapter 2 are published in the articles [37] and [36], while the contents
of Chapter 3 are taken from the article [99]. All definitions, theorems, propositions, and
lemmas are unchanged in their formulation and references to the original articles where
they first appeared are included. However, the notation is slightly revised for consistency,
and the order of results and comments may differ. We note that not all of the content
from [36] is included in this thesis.

1.1. Modeling with elastic wires

In the title of this thesis, we refer to elastic wires. But what do we mean by this? Elastic
wires are mathematical curves composed of matter. They can be bent, stretched, kinked
and wildly deformed, but they cannot break. Elastic wires have no thickness but exhibit
bending stiffness. Although they do not exist in the real world, they find wide application
in modeling.
The history of modeling with elastic wires dates back to the 17th century. In 1691, James
Bernoulli posed the following problem: Given a lamina that is clamped at a point A and
has a weight hanging at its end point B (see Figure 1.1), what shape does the lamina
take?

Figure 1.1: Problem of a bent lamina posed by James Bernoulli.

James Bernoulli also published a first solution in 1694. His nephew Daniel Bernoulli
revisited the problem in 1742 and proposed variational techniques for its solution. He
expressed the energy of the bent lamina as

∫ ds
RR , where R is the radius of curvature and

s refers to arclength. In modern notation and describing the shape of the lamina by the
curve γ, this is ∫

γ
k2 ds (1.1.1)

with k the curvature and ds the arclength element. Daniel Bernoulli brought the problem

2



1.1. Modeling with elastic wires

of minimizing this energy to Euler, who was able to characterize the solutions. In honor of
their contributions, the energy (1.1.1) is also called Euler–Bernoulli bending energy. We
introduce it rigorously as the elastic energy in Section 1.2. More about the history of the
Euler–Bernoulli bending energy can be found in [105], [117], [153], and [72].

With the problem of the bent lamina, we have seen an early example where elastic wires
appear. From that time until today, elastic wires have always played an important role for
modeling. For example, in biology, elastic wires are used to model plant stems, see [71].
Moreover, polymers, and especially DNA and its functions, can be described with elastic
wires, see [78], [80], [62], and [127]. Another interesting application of elastic wires is in
the explanation of crumbling processes, see for example [107]. In marine research, they
have practical applications for modeling marine cables to prevent kinks and loops, see [74].
Elastic wires are also utilized in medicine for modeling purposes. We can model needle
insertion procedures or describe the navigation of a catheter through the vessel tree, see
[147]. We can also use elastic wires to create decorative elements in computer graphics, see
[166] or to design extraordinary objects, see [77]. Moreover, in recent years, a particularly
significant application has emerged in simulation software to simulate one-dimensional
objects and, for instance, model the movement of hair, ropes, or threads. Here, we find
examples in [15], [148], [90], or [26].

When considering not one dimensional but two dimensional objects, elastic shells are the
corresponding analog to elastic wires. It is easy to imagine that these also play an impor-
tant role in modeling. A simple everyday situation that can be modeled with elastic shells
is a sports ball being deflated and collapsing, see [91]. Elastic shells are pivotal in architec-
ture, or more generally for manufacturing-oriented design, see for example [3]. Moreover,
elastic shells are especially important in the biological field for modeling biomembranes
with negligible thickness. This allows for a better understanding of the properties and
behavior of vesicles, cells, and, for example, red blood cells, see for example [131]. A key
concept here is the so-called Canham–Helfrich energy. In 1970, Canham ([27]) first pro-
posed that the bending energy of elastic membranes should depend on the square of the
mean curvature. Combined with contributions from Helfrich ([81]) of a few years later,
the bending energy for a closed membrane Σ was formulated into

ECH(Σ) =
∫

Σ

(
β1
2 (H −H0)2 + β2K

)
dS, (1.1.2)

where H and K are the mean and the Gauss curvature and the bending rigidities β1 > 0,
β2 < 0 and the spontaneous curvature H0 ∈ R are material parameters. The equilibrium
configuration of a vesicle modeled by an elastic shell and governed by (1.1.2) reproduces
the biconcave shape found in red blood cells, see [27]. If we take a step back and consider
the cross-section of a (rotationally symmetric) vesicle, its boundary can again be modeled
as an elastic wire (see [142] or [155] for the example of cylindrical shapes). We return to

3



Chapter 1. Introduction

this in Section 1.5.
Summing up the last paragraphs, we see that modeling with elastic wires has not only
played a role in the past but also continues to be important in addressing current issues
across a wide range of fields. And if one keeps an observant eye, one finds numerous
objects in everyday life that can be modeled as elastic wires (see Figure 1.2).

Figure 1.2: On the way to university, one finds various objects that can be modeled as
elastic wires.

1.2. The elastic energy

In the following Section 1.2.1, we rigorously define the Euler–Bernoulli bending energy of
an elastic wire and discuss important properties. We refer to this energy as elastic energy.
Before doing so, we introduce some basic curve theory, which can be found, for example,
in [11] or [51]. In Section 1.2.2, we take a closer look at the critical points of elastic
energy, so-called elasticae. Section 1.2.3 is dedicated to briefly discussing the relevance of
the elastic energy. Afterwards, we provide a brief outlook on the elastic energy of curves
in Riemannian manifolds in Section 1.2.4 and on the Willmore energy in Section 1.2.5.

1.2.1. The elastic energy of curves in Euclidean space

We consider an elastic wire which is modeled by a sufficiently smooth curve γ : I → Rn,
where ∅ ̸= I ⊂ R and n ∈ N. We assume γ to be regular, i.e. ∂xγ(x) ̸= 0 for all x ∈ I.

4



1.2. The elastic energy

Given x0 ∈ I, the arclength from the point x0 is

s(x) =
∫ x

x0
|∂xγ| dx (1.2.1)

for x ∈ I. Since we assume γ to be regular, (1.2.1) is strictly increasing and therefore
invertible with smooth derivative ∂xs(x) = |∂xγ|. The composition of γ and the inverse of
s yields a reparametrization γ̃ with |∂xγ̃| ≡ 1. This reparametrization is called arclength
parametrization. By (1.2.1), the length of the curve γ is given by

L(γ) =
∫

I
|∂xγ| dx =

∫
γ

ds. (1.2.2)

Here, we already introduced the arclength measure ds = |∂xγ| dx, which we will primarily
use in the following. Differentiation with respect to the arclength is denoted by the
arclength derivative ∂s = |∂xγ|−1∂x. The tangent vector of γ is given by

τ = ∂xγ

|∂xγ|
= ∂sγ.

The curvature of γ is defined as

κ = ∂2
sγ = ∂sτ.

Since 2⟨κ, τ⟩ = ∂s⟨τ, τ⟩ = ∂s|∂sγ|2 = 0 for n > 1, it directly follows that κ is orthogonal
to τ = ∂sγ.

Example 1.2.1. One of the simplest examples is an ω-fold covered circle of radius r > 0
with midpoint in (a1, a2) ∈ R2 parametrized by

γ : [0, 2πω] → R2, x 7→
(
a1

a2

)
+ r

(
cosx
sin x

)

for ω ∈ Z with ω > 0. For this parametrization, we have

|∂xγ| ≡ r, ds = r dx, and ∂s = r−1∂x.

The length of the circle is

L(γ) =
∫ 2πω

0
r dx = 2πωr,

the tangential vector is given by

τ(x) = ∂sγ(x) = ∂xγ

|∂xγ|
=
(

− sin x
cosx

)
, (1.2.3)

5



Chapter 1. Introduction

and the curvature is

κ(x) = ∂2
sγ(x) = −1

r

(
cosx
sin x

)
. (1.2.4)

In particular, we obtain |κ(x)| ≡ r−1, as one expects.

Before we come to the definition of the elastic energy, we want to establish some additional
preliminaries on curves, which we will need later.

First: Closedness of curves. In Chapter 2 and Chapter 3 we work with closed curves.
A curve γ is called closed, if I = [a, b], −∞ < a < b < ∞, and γ(a) = γ(b) (as in
Example 1.2.1) or if I = R and there exists a regular periodic reparametrization. When
working with closed curves, we sometimes define them on the unit circle S1. We identify
S1 ∼= R/Z such that γ : S1 → Rn can be lifted to a periodic function γ : R → Rn. When
defining the length as in (1.2.2) (and later the elastic energy as in (1.2.8)), we think of the
periodic parametrization restricted to I = [0, 1].

Second: If n = 2, i.e. if we consider a planar curve γ : I → R2, the unit normal vector ν to
γ is given by the counterclockwise rotation of τ = ∂sγ by π

2 . In this case, we have κ = kν

with the signed scalar curvature

k = ⟨κ, ν⟩ (1.2.5)

of γ. If the planar curve is closed, we define the signed enclosed area A by

A(γ) = −1
2

∫
γ
⟨γ, ν⟩ ds. (1.2.6)

Changing the orientation of γ changes the sign of A. Further, for closed planar curves,
the rotation index ω ∈ Z of γ measures the number of turns of the tangent vector along
the curve. It is given by ∫

γ
k ds = 2πω. (1.2.7)

We observe that, like the signed enclosed area, the rotation index changes sign when the
orientation of the curve is reversed. Figure 1.3 shows examples for planar curves with
different rotation indices and enclosed area.

Let us shortly come back to Example 1.2.1.

Example 1.2.2. Let the planar closed curve γ be given as in Example 1.2.1, describing an
ω-fold covering of a circle. Then the unit normal vector is given by the counterclockwise
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1.2. The elastic energy

rotation of τ as in (1.2.3), i.e.

ν(x) = −
(

cosx
sin x

)
.

With (1.2.4), this yields k = ⟨κ, ν⟩ = r−1 and thus
∫ 2πω

0
k r dx = 2πω.

So, as expected, the rotation index is given by the number of the coverings of the circle.
The enclosed area is given by

A(γ) = −1
2

∫ 2πω

0
⟨γ, ν⟩r dx = 1

2

∫ 2πω

0
(a1 cosx+ a2 sin x+ r)r dx = πωr2,

which is also consistent with our expectations.

(A) (B)

Figure 1.3: Examples for closed planar curves with ω = 0 and A ̸= 0 in (A) and with
ω = 1 or ω = −1 and A = 0 in (B).

Having reviewed the most important concepts of curve theory, we now proceed to define
the elastic energy of the sufficiently smooth regular curve γ : I → R, I bounded. It is
given by

E(γ) = 1
2

∫
γ

|κ|2 ds = 1
2

∫
I

|κ|2|∂xγ| dx. (1.2.8)

In the literature, the factor of one-half is sometimes omitted. Clearly, (1.2.8) is invariant
under translation, reflection and rotation of γ.
The elastic energy is defined for regular curves γ ∈ W 2,p(I;Rn) with p ≥ 2. For curves
merely in W 2,p(I;Rn), s defined in (1.2.1) is still continuous and stricly increasing since
W 2,p ↪→ C1 by Sobolev embedding. The curvature has to be defined weakly.
If n = 2 and κ = kν, then |κ|2 = |⟨κ, ν⟩ν| = |⟨κ, ν⟩| = k2. Thus, in this case, (1.1.1) and
(1.2.8) coincide.

7



Chapter 1. Introduction

Let us note the following properties of the elastic energy.

1⃝ Invariance under reparametrization. Let Φ: Ĩ → I be a smooth diffeomorphism and
define γ̃ : Ĩ → Rn, γ̃ = γ ◦ Φ. Then

E(γ̃) = 1
2

∫
γ̃

|κ̃|2 ds = 1
2

∫
Ĩ

|κ̃(x)|2|∂xγ̃(x)| dx

= 1
2

∫
Ĩ

|κ(Φ(x))|2|∂xγ(Φ(x))||∂xΦ(x)| dx = 1
2

∫
I

|κ(y)|2|∂xγ(y)| dy = E(γ).

2⃝ Scaling behavior. If γ̃ = rγ : I → Rn with a scaling factor r > 0, then

E(rγ) = 1
2

∫
I

∣∣∣∣κr
∣∣∣∣2 r ds = 1

r
E(γ). (1.2.9)

We see that by blowing up the curve γ, the elastic energy can be made arbitrarily small.
This property motivates to take into account a penalization of the length and to consider
the length penalized elastic energy

Eλ(γ) = E(γ) + λL(γ) = 1
2

∫
γ

(
|κ|2 + 2λ

)
ds

for some λ ≥ 0. Note that in contrast to (1.2.9), the length scales proportional to the
scaling factor of the curve. That means that beyond a certain size of r, the energy increases
as we further inflate the curve.

1.2.2. Elasticae in Euclidean space

Critical points of Eλ in W 2,p(I;Rn) are called elasticae. They satisfy the weak Euler–
Lagrange equation

d
dεEλ(γ + εϕ)

∣∣∣
ε=0

= 0

for all ϕ ∈ C∞
0 (I;Rn) if we consider given first order boundary data or ϕ ∈ C∞(S1;Rn) if

we consider closed curves (see for example [167, Section 40]). Note that for ε > 0 small
enough, the perturbed curve γε := γ + εϕ is also regular. A computation shows that

d
dε( dsε)

∣∣∣
ε=0

= ⟨τ, ∂sϕ⟩ ds and d
dεκε

∣∣∣
ε=0

= ∂s∇sϕ− ⟨τ, ∂sϕ⟩κ.

Here, ∇s = P⊥∂s, where P⊥ is the normal projection along γ defined by P⊥ϕ = ϕ −
⟨ϕ, ∂sγ⟩∂sγ for some vector field ϕ : S1 → Rn and ⟨·, ·⟩ is the Euclidean inner product in
Rn. We obtain for the first variation

d
dεEλ(γ + εϕ)

∣∣∣
ε=0

=
∫

I
⟨κ, ∂s∇sϕ⟩ ds− 1

2

∫
I

|κ|2⟨τ, ∂sϕ⟩ ds+ λ

∫
I
⟨τ, ∂sϕ⟩ ds,

8



1.2. The elastic energy

see for example [43, Lemma A.1]. If γ is sufficiently smooth, we can integrate by parts
and obtain the strong Euler–Lagrange equation

∇2
sκ+ 1

2 |κ|2κ− λκ = 0. (1.2.10)

Note that since we consider ϕ ∈ C∞
0 (I;Rn) or ϕ ∈ C∞(S1;Rn), there are no boundary

terms. In the following, (1.2.10) is also referred to as the classical elastica equation.
If n = 2, we can use the signed scalar curvature k = ⟨κ, ν⟩ (defined in (1.2.5)) to write
(1.2.10) equivalently as

∂2
sk + 1

2k
3 − λk = 0. (1.2.11)

Here, we use that ∂2
sk = ∂s⟨∂sκ, ν⟩ = ∂s⟨∇sκ, ν⟩ = ⟨∂s∇sκ, ν⟩ = ⟨∇2

sκ, ν⟩ since ∂sν = −kτ .
It is immediately clear that straight lines with κ ≡ 0 are elasticae. To see another example,
let us again come back to the circle of Example 1.2.1.

Example 1.2.3. Let γ be given as in Example 1.2.1. Then

∇sκ = ∂sκ− ⟨∂sκ, ∂sγ⟩∂sγ = 1
r2

(
sin x

− cosx

)
−
〈 1
r2

(
sin x

− cosx

)
,

(
− sin x
cosx

)〉(− sin x
cosx

)
= 0

and

1
2 |κ|2κ = − 1

2r3

(
cosx
sin x

)
.

So we obtain

∇2
sκ+ 1

2 |κ|2κ− λκ =
(

− 1
2r3 + λ

r

)(cosx
sin x

)
.

Thus, a multifold covering of a circle with radius r is an elastica if λ > 0 and r = 1√
2λ

.

For λ > 0, solutions to the elastica equation (1.2.10) have been classified in several works,
see for instance [98] or [48]. If n = 2 and γ solves (1.2.10), then γ is either a

• linear elastica, i.e. a line with scalar curvature k ≡ 0, or

• wavelike elastica, i.e. k is a periodic function that changes sign (see Figure 1.4), or

• borderline elastica, i.e. k is not periodic and asymptotically zero (see Figure 1.5), or

• orbitlike elastica, i.e. k is a periodic function that does not change sign (see Fig-
ure 1.6), or

• circular elastica, i.e. a (multifold) covered circle with constant k,

9



Chapter 1. Introduction

see for example [124, Proposition B.3]. We only want to provide an idea of what these
types look like. For the explicit parametrizations using Jacobi elliptic functions, see [124,
Proposition B.3].

Figure 1.4: Wavelike elasticae. The figure eight elastica (bottom right) is rotated.

Figure 1.5: Borderline elastica.

Figure 1.6: Orbitlike elasticae.

In [124, Lemma 5.4], it is shown that linear, borderline and orbitlike elasticae cannot close
up. Circular elasticae trivially close up and wavelike elasticae close up if both components
of γ are periodic with the same period, which yields exactly the figure eight defined in
[124, Definition 5.1] and shown in Figure 1.4. A proper rescaling of the figure eight solves
(1.2.10), so we can indeed call it the figure eight elastica.
We especially emphasize the result that the only closed planar elasticae are multifold
coverings of the circle and of the figure eight elastica.
For λ = 0, and considering planar closed curves, no critical points of Eλ exist, see for
example [122, Section 2.2].

1.2.3. The relevance of the elastic energy

With today’s rapid advances in science and technology, one might wonder if the elastic
energy is still a relevant concept. We believe that it is. Several modeling approaches lead
to the consideration of the elastic energy, showing its continuing importance.

10



1.2. The elastic energy

An example of the relevance of the elastic energy is found in one-dimensional discrete
mechanical systems, which are used to model, for example, one-dimensional atomic chains,
such as those found in graphene structures. These models are related to the Hencky bar
chain model, see [156]. Consider a chain of atoms where the connections between atoms
have a bond length of ε. This interatomic bond length is assumed to be small, and as
ε → 0, the atomic chain converges to a curve. The discrete bending energy of the chain
Γ-converges to the elastic energy. This is studied in [60] using a description of the chain
and the curve by discrete and continuous angle functions, respectively. In [2], the authors
further show the Γ-convergence of a discrete bending energy to a continuous bending
energy under the additional assumption of potential material nonlinearities. For a similar
result that also considers torsion, see [52].
The elastic energy also appears as the Γ-limit in the modeling of lipid bilayer membranes.
In [132], the authors study an energy functional that appears in a simplified model of these
membranes. They show that in the zero-thickness limit, this energy functional Γ-converges
to the elastic energy of a system of curves.
We also want to mention the articles [123] and [12], which establish the elastic energy as
dimensionally reduced limits from three-dimensional hyperelasticity. Both articles incor-
porate also torsion effects.
Regarding the Canham–Helfrich energy (consider the connection to the elastic energy
described in Section 1.1) we also want to mention the articles [86] and [13] where the role
of this energy in biological and physical contexts is discussed. We come back to these
articles in Chapter 2 when discussing spontaneous curvatures.

1.2.4. The elastic energy of curves in Riemannian manifolds

In this section, we define the elastic energy more generally for curves that live in a Rie-
mannian manifold. By this extension, we can apply our previous concepts to a broader
range of geometric contexts.
We consider an n-dimensional Riemannian manifold (M, g), that is, a differentiable man-
ifold with a Riemannian metric (see for example [85]), and a curve γ mapping from an
interval ∅ ≠ I ⊂ R (or from S1) to M .
The simplest example is M = Rn, n ∈ N, with the Euclidean metric, bringing us back
to the case in Section 1.2.1. Another common example is the unit sphere M = S2 ⊂ R3

with the metric induced by the Euclidean scalar product in R3 (see Figure 1.7 and for
details see [102, p. 33] or [38, Section 2.1]). Also important is the hyperbolic half plane
M = H2 = R × (0,∞) with global coordinates (y1, y2) 7→ (y1, y2) and the metric

g(y1,y2) = 1
y2

2

(
1 0
0 1

)
(1.2.12)

11



Chapter 1. Introduction

(for details see for example [45, Section 2] or [50, p. 46]).

Figure 1.7: Example of an immersed curve γ : S1 → S2 (in blue).

We assume γ : I → M to be a sufficiently smooth immersion. This means that the velocity
vector ∂xγ(x), which is defined as the push-forward γ∗(∂x) acting on smooth functions
f : M → R by

∂xγ(x)f = d
dx(f ◦ γ)(x),

does not vanish for any x ∈ I. The arclength s of γ starting from a fixed x = x0 is given
by

s(x) =
∫ x

x0

√
gγ(x)(∂xγ(x), ∂xγ(x)) dx =

∫ x

x0
|∂xγ|g(γ(x)) dx

for x ∈ I (see [50, Section 3.2]) and the length of γ by

L(γ) =
∫

I
|∂xγ|g(γ(x)) dx =

∫
γ

ds

(compare to (1.2.1) and (1.2.2)). Here and in the following, ds = dsg = |∂xγ|g(γ(x)) dx.
Differentiation with respect to arclength is written as

∂s = |γ∗(∂x)|−1
g(γ(x))∂x

which allows as to write the tangent vector of γ as τ = ∂sγ like in (1.2.3). By the
Fundamental Lemma of Riemannian Geometry (see for example [104, Theorem 5.10]),
there exists a unique linear connection ∇ on M that is compatible with g and symmetric.
With this so called Levi–Civita connection of g, we define the geodesic curvature vector
field as

κ = ∇ττ : I → TM,

where TM is the tangent bundle of M .
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1.2. The elastic energy

As in Section 1.2.1, let us take a look at the example of a circle. We choose M = H2 with
the metric defined in (1.2.12).

Example 1.2.4. Consider γ : S1 → H2 parametrized by

γ(x) =
(
γ1(x)
γ2(x)

)
=
(

0
a

)
+ r

(
cos(2πx)
sin(2πx)

)
(1.2.13)

for some a > r > 0. As explained in [46, Lemma 2.1], this is the boundary of a ball in
the hyperbolic plane with radius tanh−1( r

a) centered in (0,
√
a2 − r2). For the example of

r = sinh( 1√
2) and a = cosh( 1√

2), see Figure 1.8.

-1 1

1

Figure 1.8: The ball of radius 1√
2 centered at (0, 1) in the hyperbolic geometry. For more

explanations, see [46, Lemma 2.1].

With (1.2.12), we compute

|∂xγ|g = 1
γ2

|∂xγ|e = 2πr
a+ r sin(2πx) . (1.2.14)

For clarity, we denote here the Euclidean norm with the index e. Using (1.2.14), we
compute the tangential vector

τ = ∂sγ = a+ r sin(2πx)
2πr ∂xγ = (a+ r sin(2πx))

(
− sin(2πx)
cos(2πx)

)
.

With a formula for the the Levi–Civita connection of (H2, g) which can be found, for
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Chapter 1. Introduction

example in [45, (10)] or in [46, (2.1)], we compute

κ(x) =

 ∂2
sγ1(x) − 2

γ2(x)∂sγ1(x)∂sγ2(x)
∂2

sγ2(x) + 1
γ2(x)((∂sγ1(x))2 − (∂sγ2(x))2)


= (a+ r sin(2πx)) cosx

(
− sin(2πx)
cos(2πx)

)
+ (a+ r sin(2πx))2

r

(
− cos(2πx)
− sin(2πx)

)

+ (a+ r sin(2πx))
(

2 sin(2πx) cos(2πx)
sin2(2πx) − cos2(2πx)

)

= −(a+ r sin(2πx))a
r

(
cos(2πx)
sin(2πx)

)
.

In particular, we see that

|κ|g = 1
γ2

|κ|e = 1
a+ r sin(2πx)

a(a+ r sin(2πx))
r

≡ a

r
, (1.2.15)

i.e. the absolute value of the curvature is constant, as we might expect for a circle, though
this is not obvious in hyperbolic geometry.

In accordance with the special case of the Euclidean space, we define the length penalized
elastic energy as

Eλ(γ) = 1
2

∫
γ

|κ|2g ds+ λL(γ) = 1
2

∫
I

(
|κ(x)|2g(γ(x)) + 2λ

)
|∂xγ(x)|g(γ(x)) dx.

We assume that λ ≥ 0, but point out that the case λ < 0 is also of interest in a certain
range (see [46]).

Being an elastica, or more precisely, the Euler–Lagrange equation for critical points of the
elastic energy, now depends on the curvature of the manifold. Again, we consider closed
curves or curves which satisfy given first order boundary data. Let R be the Riemann
curvature tensor of (M, g) acting on vector fields X,Y, Z on M by

R(X,Y )Z = ∇X∇Y Z − ∇Y ∇XZ − ∇[X,Y ]Z,

where [X,Y ] = ∇XY − ∇Y X is the Lie bracket. Then sufficiently smooth critical points
of Eλ satisfy the elastica equation

2∇τ ∇τκ+ ∇τ (3|κ|2g − 2λ)τ + 2R(κ, τ)τ = 0,

see [98, (1.1)].

If dim(M) = 2, there is a unit normal field ν : I → TM along γ. In this case, we define

14



1.2. The elastic energy

the signed scalar curvature

k = g(∇ττ, ν) = g(κ, ν)

such that κ = ∇ττ = kν. With the sectional curvature G of M (see for example [85,
Definition 4.3.4] or [103, p. 145]), the elastica equation then becomes

∂2
sk + 1

2k
3 + (G ◦ γ)k − λk = 0, (1.2.16)

see [98, (1.2)].
For manifolds with constant sectional curvature G ≡ G0, (1.2.16) can be solved explicitly,
see [98]. In particular, this is the case for our previously mentioned examples. When
considering the sphere (M = S2), we have constant sectional curvature G0 ≡ 1 (see [103,
p. 148]), and for the hyperbolic half plane (M = H2) with the metric in (1.2.12), constant
sectional curvature G0 ≡ −1 (see [50, Chapter 8]). If we take M = R2 with the Euclidean
metric, then G0 ≡ 0 and we come back to (1.2.11).
As in Section 1.2.2, let us briefly consider the example of a circle.

Example 1.2.5. Consider the setting of Example 1.2.4. Then γ : S1 → H2 parametrized
by (1.2.13) satisfies

∂2
sk + 1

2k
3 − k − λk = a

r

(
1
2
a2

r2 − 1 − λ

)
.

Here we used that
k = g(κ, ν) = 1

γ2
2

⟨κ, ν⟩e ≡ a

r

(see also (1.2.15)). Comparing this equation to (1.2.16) with G ≡ −1, we see that γ is an
elastica if

a

r
≡
√

2(λ+ 1).

As we might expect, unlike in Example 1.2.3 for the Euclidean case, the condition for a
circle to be an elastica now also incorporates the position of the circle.

At this point, we do not want to go further. For more on elasticae in Riemannian manifolds
with constant sectional curvature, we refer to [98], to [125] for M = H2, and to [21] or
[146, Section 2.1] for M = S2.

1.2.5. The Willmore energy

The elastic energy can be seen as the one-dimensional analogue to the famous Willmore
energy. To understand this statement and to put the elastic energy in a broader context,
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we define the Willmore energy in this section. We are relatively brief and instead provide
references where further information is given. An overview can also be found in [95], whose
notation we largely follow.

We consider a smooth surface Σ and a smooth immersion f : Σ → Rn, n ∈ N (see [50,
Definition 3.1]). The pullback metric of the Euclidean metric under f is denoted by g. In
local coordinates, we have

gij = ⟨∂if, ∂jf⟩, i, j ∈ {1, 2},

see [95, Section 1.1]. We write g = det(gij)ij and (gij)ij for the inverse of the matrix
(gij)ij . The pullback metric g induces an area measure µf . To define an extrinsic notion
of curvature we first have to clarify what we mean by the normal projection. For a
vector field X along f , the tangential projection is given by gij⟨X, ∂if⟩∂jf and the normal
projection by the difference

P⊥X = X − gij⟨X, ∂if⟩∂jf.

Here and in the following, we use the Einstein summation convention, i.e. we sum over
repeated indices. The normal projections of the second derivatives of f define the vector
valued second fundamental form

Aij = P⊥∂i∂jf.

With this, we define the mean curvature vector as the trace of the second fundamental
form given by

H = gijAij ,

see [95, Section 1.1]. The Willmore energy is now given by the integral of the square of
the mean curvature. More precisely, we define it as

W(f) = 1
4

∫
Σ

|H|2 dµf . (1.2.17)

These definitions become clearer if we assume that Σ is oriented and f has codimension
1, meaning n = 2 + 1 = 3. In this case, a smooth unit normal field ν : Σ → S2 along f

exists, defined in local coordinates by

ν = ∂1f × ∂2f

|∂1f × ∂2f |
,

see [102, Section 8]. Using this, we can express the mean curvature vector H as H = Hν

with the scalar mean curvature H. With the principal curvatures k1 and k2, which are
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the eigenvalues of the symmetric Weingarten matrix (gikAkj)ij , we have H = k1 + k2. In
this case, the Willmore energy (1.2.17) is given by

W(f) = 1
4

∫
Σ
H2 dµf = 1

4

∫
Σ

(k1 + k2)2 dµf

(compare to [164, Section 7.2]).

Example 1.2.6. Let us look at the example that f parametrizes a round sphere rS2 for
some r > 0. Then k1 = k2 ≡ 1

r and dµ = r2 dAS2 , where dAS2 is the area measure of the
unit sphere S2. With this, we obtain

W(f) = 4π. (1.2.18)

Let us summarize several selected important properties of the Willmore energy.

1⃝ Invariance under reparametrization. Like the elastic energy, the Willmore energy
is invariant under reparametrizations. For a smooth diffeomorphism ϕ : Σ → Σ it
holds that W(f) = W(f ◦ ϕ).

2⃝ Conformal invariance. The fact, that the Willmore energy in (1.2.18) does not
depend on r has a deeper reason. If Σ is closed (i.e. Σ is compact without boundary),
then W(f) = W(ϕ◦f) for all conformal transformations ϕ : Rn → Rn which are non
singular on f(Σ), see [95, Section 1.2]. In particular, unlike the elastic energy of
curves in Euclidean space, the Willmore energy is scaling invariant.

3⃝ Lower bound. If Σ is a closed surface and f is an embedding, then W(f) ≥ 4π.
Equality holds if and only if f parametrizes a round sphere, see Example 1.2.6. A
proof for this can be found in [163, Theorem 1]. As we observed in (1.2.9), such a
statement does not hold for the elastic energy of curves in Euclidean space.

4⃝ Embeddedness. In [106, Theorem 6], it is proven that if W(f) < 8π, then f is an
embedding. This means that there are no self-intersections of f(Σ). An analogous
result for closed planar curves in Euclidean space is shown in [124, Theorem 1.2].
Since the elastic energy is not scaling invariant, the authors here prove an explicit
smallness condition on the product LE . For higher codimension, see also [120].

We do not go into detail here, but we want to recall an interesting connection between
the Willmore energy of surfaces of revolution and the elastic energy of curves in H2, see
[22]. If we take a smooth immersed closed curve γ : S1 → {(x, z) ∈ R2 : z > 0} and
rotate it around the x-axis, we obtain an immersion fγ describing a surface of revolution.
Considering the curve as γ : S1 → H2, we compute the elastic energy to be a multiple of
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the Willmore energy of fγ . More precisely,

E(γ) = 1
π

W(fγ). (1.2.19)

The exact computation can be found in [45, Section 2.1.1]. This also shows that, like the
Willmore energy, the elastic energy of curves in H2 must also be scaling invariant (compare
to 2⃝). The proof can be found, for example, in [45, Remark 2.2].

We would also like to briefly mention the following. In the situation where Σ is oriented
and f has codimension 1 such that a unit normal field ν along f exists, a generalization
of the Willmore energy is the Helfrich energy. It is defined as

HH0(f) = 1
4

∫
Σ

(H −H0)2 dµ, (1.2.20)

where H0 ∈ R is the spontaneous curvature, see [27], [81], and for example [140]. As
explained in Section 1.1, it is used to characterized the equilibrium shapes of elastic mem-
branes as (constrained) minimizers. The selection of constants is irrelevant for this, but
it is immediately apparent that, compared to (1.1.2), the second integral term is miss-
ing. This second term in (1.1.2) is a topological invariant by virtue of the Gauss–Bonnet
theorem and can therefore be essentially ignored if a fixed genus is prescribed.

1.3. (Constrained) gradient flows in Hilbert spaces

The following section aims to provide an introduction to the framework in which we later
derive the gradient flows that we want to investigate. We consider a real Banach space V
with norm ∥ · ∥V . The dual space of V is denoted by V ′ and for the value of u′ ∈ V ′ at
u ∈ V , we write u′(u), u′u or sometimes also ⟨u′, u⟩V ′,V .

Let U ⊂ V be an open subset of V and let F : U → R be a continuously (Fréchet-)
differentiable function. This means that for every u ∈ U , there exists a unique u′ ∈ V ′

such that

lim
∥h∥V →0

F(u+ h) − F(u) − u′(h)
∥h∥V

= 0 (1.3.1)

and F ′ : U → V ′, u 7→ u′ with u′ from (1.3.1), is continuous.

Moreover, let H be a Hilbert space with inner product ⟨·, ·⟩H . We assume that V is
continuously and densely embedded into H, written as V ↪→ H. So we can identify V

with a dense subset of H and there exists a constant C > 0 such that ∥u∥H ≤ C∥u∥V for
all u ∈ V .
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1.3.1. Gradient flows

In H, we define the gradient of F as follows (see also [29]).

Definition 1.3.1 (Gradient). Let F ∈ C1(U) and u ∈ U . The (H-)gradient ∇HF(u)
is the unique element in H (if it exists) which represents F ′(u) with respect to the inner
product in H, i.e.

F ′(u)ϕ = ⟨∇HF(u), ϕ⟩H for all ϕ ∈ V.

The set of points u ∈ U where F possesses an H-gradient is the domain D(∇HF) of the
H-gradient of F .

Let us consider a simple example for this definition. More details can be found for a
similar energy functional in [29, Section 3.4].

Example 1.3.2. Consider V = H1
0 (0, 1), which is the closure of C∞

c (0, 1) in W 1,2(0, 1),
with the W 1,2-norm, H = L2(0, 1) equipped with the usual inner product

⟨u, v⟩L2 =
∫ 1

0
u(x)v(x) dx for u, v ∈ L2(0, 1)

and the energy Fε : V → R given by

Fε(u) =
∫ 1

0

(
W (u(x)) + 1

2ε(u
′(x))2

)
dx.

Here, ε > 0 and W : R → R is a smooth function. Then D(∇HFε) = W 2,2(0, 1) ∩H1
0 (0, 1)

and ∇HFε(u) = −εu′′ +W ′(u) for u ∈ D(∇HFε).

As in Example 1.3.2, D(∇HF) does not always coincide with U . Since the embedding
H ′ → V ′ is in general not surjective, the derivative F ′(u), u ∈ U , does not necessarily
extend to a continuous linear functional on H. But if it does, then u ∈ D(∇HF) by the
Riesz representation theorem.
In the course of this thesis, however, we mostly consider the case where D(∇HF) = U

and regard ∇HF as a mapping U → H. This assumption is already used in the following
definition of the H-gradient flow of F .

Definition 1.3.3 (Gradient flow). The H-gradient flow of F ∈ C1(U) is the differential
equation

∂tu(t) = −∇HF(u(t)). (1.3.2)

A solution of the H-gradient flow is a function u ∈ W 1,2(0, T ;H)∩L2(0, T ;V ), T > 0 such
that u(t) ∈ U for almost every t ∈ (0, T ) and (1.3.2) holds almost everywhere on (0, T ).
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The definition of the H-gradient flow can be motivated by the following observation: If u
is a sufficiently smooth solution of (1.3.2), then

d
dtF(u(t)) = ⟨∇HF(u(t)), ∂tu(t)⟩H = −∥∇HF(u(t))∥2

H ≤ 0,

i.e. F during the evolution. This property is not only useful when studying existence
of solutions to (1.3.2), but also makes gradient flows attractive for modeling physical
processes. In a physical context, F is usually given as an energy and (1.3.2) describes the
evolution towards an energetically preferred state.

1.3.2. Constrained gradient flows

Especially for physically motivated problems, it is often the case that a solution should
satisfy certain constraints. To meet these constraints, we define the constraint functional
G : U → Rk, k ∈ N. We assume that G ∈ C1(U ;Rk) and that G is a submersion for all
u ∈ U with G(u) = 0. This means that

• G′(u) : V → Rk is surjective and

• the kernel ker(G′(u)) splits V , i.e. there exists a continuous projection operator P of
V on ker(G′(u)). Therefore, V = ker(G′(u)) ⊕ (I − P )(V ),

see [167, Section 43.6d]. We note that the latter is satisfied if V is a Hilbert space. The
set of all functions that satisfy the given constraints, that is, the set on which we seek
solutions, is defined by the elements of U that satisfy G = 0. Under the aforementioned
assumptions on G, this set has the following advantageous structure.

Proposition 1.3.4 (Ljusternik (1934) in [167, Theorem 43.C]). Let the above assumptions
on the constraint functional G hold and define M := {u ∈ U : G(u) = 0}. Then

(i) M is a C1-manifold and

(ii) the tangent space at u0 ∈ M is given by Tu0M = ker(G′(u0)).

Before we define a gradient flow that remains in the manifold M, we recall the character-
ization of constraint critical points, i.e. critical points under the constraint G = 0. This
characterization can be found either using tangent vectors (see [135, Definition 2.12]) or
using Lagrange multipliers (see [167, Section 43.9]). Let us take a look at the latter. In
[167, Theorem 43.21], we find that the function F has a critical point with respect to M
at u0 if and only if

F ′(u0)ϕ−
k∑

i=1
λi(Gi)′(u0)ϕ = 0 for all ϕ ∈ V (1.3.3)
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1.3. (Constrained) gradient flows in Hilbert spaces

for some (λ1, . . . , λk) ∈ Rk. Equation (1.3.3) is called weak Euler–Lagrange equation. We
assume that the H-gradients of Gi, i = 1, . . . , k, exist for all u ∈ U . Then we can write
(1.3.3) as the equivalent strong Euler–Lagrange equation, given by

∇HF(u0) − Λ · ∇HG(u0) := ∇HF(u0) −
k∑

i=1
λi∇HGi(u0) = 0 in H. (1.3.4)

If k = 1, the Lagrange multiplier Λ = λ in (1.3.4) is given by

λ = ⟨∇HF(u0),∇HG(u0)⟩H

∥∇HG(u0)∥2
H

.

Note that ∇HG(u0) ̸= 0 due to the surjectivity of G′(u0). For k > 1, the representations
of the Lagrange multipliers become more involved and, in particular, interdependent. We
consider an example in Chapter 2 for k = 3.
With regard to Proposition 1.3.4, the right hand side of (1.3.4) is the projection of the
full H-gradient ∇HF(u0) onto the H-closure of the tangent space Tu0M. We define the
constrained gradient flow as the flow with velocity not −∇HF but the negative of the
gradient projected onto the tangent space of M. Let us make this concrete for k = 1.

Definition 1.3.5 (Constrained gradient flow). Let k = 1. The (G-)constrained gradient
flow of F ∈ C1(U) is the differential equation

∂tu(t) = −∇HF(u(t)) + λ(u(t))∇HG(u(t)), (1.3.5)

where

λ(u(t)) = ⟨∇HF(u(t)),∇HG(u(t))⟩H

∥∇HG(u(t))∥2
H

.

A solution of the constrained gradient flow is a function u ∈ W 1,2(0, T ;H) ∩ L2(0, T ;V ),
T > 0 such that u(t) ∈ U , ∇HG(u(t)) ̸= 0 and (1.3.5) holds for almost every t ∈ (0, T ) .

The constraint G = 0 is indeed preserved along the evolution, as for a sufficiently smooth
solution u of (1.3.5),

d
dtG(u(t)) = ⟨∇HG(u(t)), ∂tu(t)⟩H

= −⟨∇HG(u(t)),∇HF(u(t))⟩H + λ(u(t))∥∇HG(u(t))∥2
H = 0 (1.3.6)

holds. At the same time, we see from (1.3.6) that

d
dtF(u(t)) = ⟨∇HF(u(t)), ∂tu(t)⟩H = ⟨∇HF(u(t)) − λ(u(t))∇HG(u(t)), ∂tu(t)⟩H

= −∥∂tu(t)∥2
H ,
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i.e. the energy is strictly decreasing in time unless the solution is constant. We come
back to Example 1.3.2 and impose the condition that the integral over the solution re-
mains constant. This is a typical physically motivated condition describing, for example,
conservation of a total mass.

Example 1.3.6. Let V = W 2,2(0, 1) ∩H1
0 (0, 1) ∩ {u′(0) = u′(1)}, H = L2(0, 1) and

Fε : V → R, Fε(u) =
∫ 1

0

(
W (u(x)) + 1

2ε(u
′(x))2

)
dx

as in Example 1.3.2. Define

G : V → R, G(u) =
∫ 1

0
u(x) dx−M

for M ∈ R. Then ∇HG(u) = 1 and the H-gradient flow of Fε subject to the constraint
G = 0 is given by

∂tu(t, x) = ε∂2
xu(t, x) −W ′(u(t, x)) +

∫ 1

0
W ′(u(t, x)) dx.

In physics, for example for two-phase problems, it is common to choose W as a double-well
potential, for example W ′(u) = u3 − u. For this choice, we obtain

∂tu(t, x) = ε∂2
xu(t, x) − (u(t, x))3 + u(t, x) +

∫ 1

0
(u(t, x))3 dx.

We emphasize that a different choice of H would result in a different evolution equation.
Depending on the physics we want to describe, or the properties we want the flow to
have, we have to choose H accordingly. In Example 1.3.6, it is possible to satisfy the
constraint G = 0 without nonlocal term by a clever choice of H. This means considering an
unconstrained flow and still maintaining the constraint. Here, this could be achieved with
choosing H to be the zero-average subspace of the dual of H1. This way, we would obtain
the Cahn–Hilliard equation in one dimension, see [61]. However, when the constraints
become more complex and can no longer be described by open subsets of Banach spaces,
constrained gradient flows may be a more appropriate framework. We consider an example
for elaborated constraints in Section 1.5.

1.3.3. Key questions

At the end of this section, we summarize the key questions commonly explored in the
study of gradient flows. Here, we are brief and general. For specific equations, we address
these questions in detail in Chapter 2 and Chapter 3.
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1.3. (Constrained) gradient flows in Hilbert spaces

1⃝ Local well-posedness

Given a suitable initial datum, does there exist a solution to (1.3.3), or to (1.3.5), for
small times? Is this solution unique? And how does it depend on the initial datum?
If the answer to the first two questions is yes and the answer to the third question is
that the dependence is continuous, then the problem is locally well-posed in the sense of
Hadamard. The answers generally depend not only on the flow equation but also on the
initial datum, particularly its regularity. In the context of geometric evolution equations,
one often considers smooth initial data, and assumes local well-posedness to be given. In
Chapter 2, however, we thoroughly address this issue and establish local well-posedness
for initial data in a weak regularity class.

2⃝ Global in time existence

Once we know that a solution exists, it is natural to investigate whether it can be ex-
tended beyond any finite time. The answer strongly depends on the given equation. In
Section 1.4.3, we see examples where the maximal existence time is finite. Whereas for
the evolution equations we study in Chapter 2 and Chapter 3, we show that the solution
exists for all times. To do so, we prove that suitable norms of the solution remain bounded
for finite times. From this, it follows that the solution can be extended and hence must
exist globally in time.

3⃝ Convergence

In the case where the solution exists for all times, the question of convergence arises. If
we show that suitable norms of the solution are globally bounded, we can deduce sub-
convergence. By this, we mean that given a sequence of times, there is a subsequence
along which the solution converges (in some sense). However, it is important to note that,
in general, different subsequences may converge to different limits. Therefore, additional
work is required to establish full convergence. One approach employs a Łojasiewicz–Simon
gradient inequality or an appropriate constrained version of it. More details on this can
be found in Chapter 2 and Chapter 3, where we apply this method to prove convergence.

4⃝ Properties of the solution

Examining qualitative properties of solutions is a question of equal interest. For instance,
one might investigate whether and under what conditions properties such as positivity
of the initial datum are preserved along the evolution or how the set of zeroes of the
solution develops. The answers again depend strongly on the precise structure of the
equation, particularly on its order. In the geometric context and especially when studying
the evolution of curves, one might ask whether the curve remains embedded along the
evolution or whether a solution for a convex initial datum remains convex. In Chapter 2,
we provide a detailed (non)preservation analysis of these and other properties.
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5⃝ Characterization of the limit

If the solution converges to a critical point of the energy, the following natural question
arises: can we determine the limit? There are cases where all stationary solutions can
be explicitly characterized, allowing us to precisely describe the limit. In other cases, by
carefully choosing certain parameters and the initial data, we can also characterize the
limit. This point is also closely related to the previous one, as properties that are preserved
along the evolution often carry over to the limit.

To address Questions 4⃝ and 5⃝, numerical experiments can be quite helpful. They can
provide insights into which directions one should guide the research. We make use of this
tool to some extent in Chapter 2.

1.4. The classical elastic flow and other geometric flows

In this chapter, we derive the elastic flow as the L2-gradient flow of the elastic energy and
summarize the main results of research. Additionally, we briefly introduce other geometric
flows to get an impression of how the solutions to other equations behave.
Since the main results of this thesis relate to closed curves, we focus on curves defined on
S1 also in this section. Remember that we identify S1 ∼= R/(LZ), L > 0 (in most cases,
L = 1) such that a curve γ : S1 → Rn can be lifted to an L-periodic function γ : R → Rn.

1.4.1. The L2-gradient flow of the elastic energy

We define V := W 2,2(S1;Rn) and U := {γ ∈ W 2,2(S1;Rn) : γ regular curve}. By Sobolev
embedding, U is an open subset of V . The space with respect to which we take the
gradient shall be H := L2(S1;Rn). Consider now

E : U → R, γ 7→ E(γ) = 1
2

∫
S1

|κ|2 ds = 1
2

∫ 1

0
|κ(x)|2|∂xγ| dx and

L : U → R, γ 7→ L(γ) =
∫
S1

ds =
∫ 1

0
|∂xγ| dx.

The H-gradients and their domains in the sense of Definition 1.3.1 are given by

D(∇HE) = U ∩W 4,2(S1;Rn), ∇HE(γ) =
(
∇2

sκ+ 1
2 |κ|2κ

)
|∂xγ| and

D(∇HL) = U, ∇HL(γ) = −κ |∂xγ|,

see also [44, Section 2]. The gradients as defined here play a role when working with
functional analytical arguments (see for example Section 3.5 or [44, Section 3]). To define
the elastic flow we switch to the geometric setting and work with the following geometric
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1.4. The classical elastic flow and other geometric flows

spaces. For a fixed γ ∈ U , we consider L2(S1, dsγ ;Rn) with the inner product

⟨·, ·⟩L2( dsγ) : (X1, X2) 7→
∫
S1

⟨X1, X2⟩ dsγ , (1.4.1)

where dsγ = |∂xγ| dx. Moreover, we consider W 2,2(S1, dsγ ;Rn), the W 2,2-Sobolev space
with respect to the arclength differentiation ∂s = |∂xγ|−1∂x. For γ ∈ U , we find that
L2(S1,dsγ ;Rn) = H and W 2,2(S1, dsγ ;Rn) = V . Therefore, it is not essential whether we
define the function spaces with respect to the measure ds or dx. However, the choice of
the inner product is important. With respect to the inner product defined in (1.4.1), we
obtain the geometric gradients

∇L2( dsγ)E(γ) = ∇2
sκ+ 1

2 |κ|2κ and ∇L2( dsγ)L(γ) = −κ. (1.4.2)

We refer to them as geometric gradients because they behave appropriately under repa-
rameterizations. This means that for a reparameterization γ̃ = γ ◦ Φ ∈ U ,

∇L2( dsγ̃)E(γ̃) = ∇L2( dsγ)E(γ) ◦ Φ and ∇L2( dsγ̃)L(γ̃) = ∇L2( dsγ)L(γ) ◦ Φ.

In the sequel, we omit the index γ in sγ where it is not necessary. In the literature, the
following variants of the elastic flow are common.

1⃝ The free elastic flow

With (1.4.2), the L2-gradient flow of the elastic energy E is defined by

∂⊥
t γ = −∇L2( ds)E(γ) = −∇2

sκ− 1
2 |κ|2κ. (FEL)

This flow is also called the free elastic flow, see for example [122]. Here, ∂⊥
t = P⊥∂t,

where P⊥ is the normal projection along γ as in Section 1.2. It is more or less a matter
of preference whether one considers only the normal component of the velocity ([4], [114],
[139], . . . ) or also prescribes the tangential component ([40], [43], [53], . . . ). The same
applies to the flows defined in the following paragraphs. One could argue that, to do justice
to the geometric nature of the energy, we should consider only the normal component. In
this case, a reparameterization of a solution is again a solution, as the next remark shows.

Remark 1.4.1 (Invariance under reparametrization). Let T > 0 and γ : (0, T )×S1 → Rn

be a smooth solution to (FEL). Then

∂tγ = −∇L2( ds)E(γ) + h∂sγ

for some smooth h : (0, T ) × S1 → R. Let Φ: (0, T ) × S1 → S1 be a smooth one-parameter
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family of diffeomorphisms. Then the reparametrization γ̃(t, x) := γ(t,Φ(t, x)) solves

∂tγ̃ = ∂tγ(t,Φ(t, x)) + ∂tΦ(t, x)∂xγ(t,Φ(t, x))

= −∇L2( dsγ)E(γ(t,Φ(t, x))) + h(t,Φ(t, x))∂sγ(t,Φ(t, x)) + ∂tΦ(t, x)∂xγ(t,Φ(t, x))

= −∇L2( dsγ̃)E(γ̃) + h̃∂sγ̃

for some smooth h̃ : [0, T ) × S1 → R. Thus, ∂⊥
t γ̃ = −∇L2( ds)E(γ̃).

As observed in Equation (1.2.9), the elastic energy can be made arbitrarily small by
blowing up the curve. This characteristic reappears within the framework of (FEL) as the
following example shows.

Example 1.4.2 (Selfsimilar expanding solutions to (FEL)). The family of evolving ω-fold
covered circles

c(t, x) = (1 + 2t)
1
4

(
cos(2πωx)
sin(2πωx)

)

(see Figure 1.9A) and the evolving lemniscate of Bernoulli

β(t, x) = (1 + 30t)
1
4

1
1 + sin2 x

(
cosx

1
2 sin(2x)

)

(see Figure 1.9B) are selfsimilar expanding solutions to (FEL). This can be shown by a
straightforward computation which can be found, for example, in [122, Section 2.2.2 and
Section 2.2.3].

(A) (B)

Figure 1.9: Selfsimilar expanding circle c with ω = 1 for t = 0, 2, 4, 6 in (A) and selfsimilar
expanding lemniscate of Bernoulli β for t = 0, 1

3 ,
2
3 , 1 in (B).
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1.4. The classical elastic flow and other geometric flows

2⃝ The length penalized elastic flow

The length penalized elastic flow is the L2-gradient flow of the length penalized elastic
energy Eλ = E + λL for some constant parameter λ > 0, see for example [134] or [53]. It
is given by

∂⊥
t γ = −∇L2( ds)E(γ) − λ∇L2( ds)L(γ) = −∇2

sκ− 1
2 |κ|2κ+ λκ (PEF)

(see (1.4.2)). The length penalization ensures that the length of a solution is bounded,
meaning that in particular, selfsimilarly expanding solutions like in Example 1.4.2 cannot
exist. This can be easily observed from the energy decay

d
dtEλ(γ(t)) = ⟨∇L2( ds)Eλ(γ(t)), ∂tγ(t)⟩L2( ds) = −∥∂⊥

t γ(t)∥2
L2( ds) ≤ 0, (1.4.3)

for a sufficiently smooth solution γ of (PEF). Due to (1.4.3), the length

L(γ(t)) ≤ 1
λ

(
E(γ(t)) + λL(γ(t))

)
= 1
λ

Eλ(γ(t))

is bounded.

3⃝ The length constrained elastic flow

Instead of penalizing the length, we can also keep it fix, see for example [161], [53], or
[139]. For this, we define the constraint functional G(γ) := L(γ) −L for some given L > 0
and consider the length constrained gradient flow

∂⊥
t γ = −∇L2( ds)E(γ) + λ(γ)∇L2( ds)G(γ) = −∇2

sκ− 1
2 |κ|2κ+ λ(γ)κ (CEF)

(see Definition 1.3.5). Here, the Lagrange multiplier λ is given by

λ(γ(t)) =
⟨∇L2( ds)E(γ),∇L2( ds)G(γ)⟩L2( ds)

∥∇L2( ds)G(γ)∥2
L2( ds)

=
∫
S1⟨∇2

sκ+ 1
2 |κ|2κ, κ⟩ ds∫

S1 |κ|2 ds .

As in (1.3.6), one checks that for a solution γ to (CEF), the length L(γ) is constant for
all times.

When we refer to the classical elastic flow, we mean the L2( ds)-gradient flow of the elastic
energy, either with or without penalized length or with fixed length. Thus, we are referring
to one of the variants (FEL), (PEF) or (CEF) which we all call the classical elastic flow.

1.4.2. Results on the classical elastic flow of closed curves

In the last decades, several authors have studied (FEL), (PEF) and (CEF) in different
variants. To our knowledge, the first to address the topic was Polden, who investigated the
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length penalized elastic flow in his PhD thesis ([134]). He proves in [134, Theorem 3.2.2.5]
that for any planar smooth immersed initial curve, there exists a global in time solution
to (PEF). Moreover, he shows that a solution converges along subsequences (see [134,
Theorem 3.2.3.1]) and if the rotation index is ±1, the limit is a unique circle (see [134,
Corollary 3.2.3.3]). Eight years later, Dziuk, Kuwert and Schätzle (see [53]) generalized
the results of Polden to curves in Rn. They study (FEL), (PEF) as well as (CEF). In
summary, we have the following.

Proposition 1.4.3 (Global existence and subconvergence, [53, Section 3]). Let γ0 : S1 →
Rn be a smooth regular curve. Then (FEL), (PEF) and (CEF) with initial datum γ0 have
a global solution γ : [0,∞) × S1 → Rn. For (PEF) and (CEF), as ti → ∞, the curves
γ(ti, ·) subconverge, when suitably reparametrized and translated, to an elastica.

Let us recall that by subconverging, we mean that given the sequence (ti)i∈N, ti → ∞,
there exists a subsequence (tik

)k∈N such that γ(tik
, ·) converges smoothly. After seeing

Example 1.4.2, it is evident that we cannot expect subconvergence for the free elastic flow.
A closer examination of the existence proof, for instance by following the arguments in
[114, Section 3], reveals geometric uniqueness. This means that the solutions are unique
up to reparametrizations.
With the help of a Łojasiewicz–Simon gradient inequality for the length penalized elastic
energy, Mantegazza and Pozzetta prove full convergence of the solution to (PEF) in [115].

Proposition 1.4.4 (Convergence, [115]). Let γ : [0,∞) × S1 → Rn be the solution to
(PEF) with smooth regular initial datum γ0. Then there exists an elastica γ∞ such that
γ(t, ·) → γ∞, t → ∞, smoothly, up to reparametrization.

This result implies in particular that the solution remains in a compact set for all times.
Since no maximum principle is available for higher-order flows like (PEF), which would
allow us to conclude this property by comparison arguments, this is a remarkable result.
With a suitable version of a constrained Łojasiewicz–Simon gradient inequality based on
[135], the same convergence result can also be shown for the solution to (CEF). The
arguments for this are similar to those in [139, Section 4].

1.4.3. Other geometric flows

We derived the elastic flow as the L2-gradient flow of the elastic energy. Considering the
L2-gradient of the length as the velocity, we arrive at the so-called curve shortening flow∂

⊥
t γ = κ in (0, T ) × S1,

γ(0, ·) = γ0 on S1,

for a sufficiently smooth regular initial curve γ0 : S1 → R2, see for example [33]. The curve
evolves by moving in the direction of its normal vector, with speed proportional to its
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scalar curvature — where it bends the most it moves the fastest. The curve shortening flow
(CSF) originated in the 1950s in materials science and was more rigorously investigated
in the mid-to-late 1980s by mathematicians such as Michael Gage, Richard Hamilton, and
Matthew Grayson. Here, we only mention a few key aspects of the CSF. For a detailed
introduction and further information, we refer to [33]. First, we note that along the flow,
the length of a solution γ : (0, T ) × S1 → R2 decreases like

d
dtL(t) = −∥∂⊥

t γ∥2
L2( ds) = −

∫
S1

|κ|2 ds ≤ 0.

The signed enclosed area, see (1.2.6), changes like

d
dtA(γ(t)) = −

∫
S1

⟨∂tγ, ν⟩ ds = −
∫
S1

⟨κ, ν⟩ ds = −
∫
S1
k ds = −2πω. (1.4.4)

Here, k is the signed scalar curvature of the solution, see (1.2.5), and ω is the rotation
index, see (1.2.7), which does not change during the evolution. An important property of
the CSF is that it preserves embeddedness, see [65, Theorem 3.2.1]. The proof primarily
relies on the maximum principle applicable to the CSF, which is a second order flow. The
maximum principle can also be applied to establish so-called avoidance principles. For
instance, it can be shown that if a regular smooth embedded curve lies within another
such curve, the curves will never touch each other. Similarly, a convex initial curve that is
contained within a convex set will never leave that set. It is not difficult to see that if we
take a circle of radius r0 as initial datum, the solution to the CSF is given by a circle of
radius r(t) =

√
r2

0 − 2t, see also (1.2.4). In particular, this means that in this case, the flow
develops a singularity in finite time. Along with the avoidance principles, this shows that
the CSF causes any embedded curve contained within a compact set to vanish in finite
time. The CSF has been studied in various forms, such as Gage’s area-preserving variant
(see [64]), and, for example, also for curves on Riemannian manifolds (see Section 1.2.4),
for instance in [75].

If we consider not the L2-gradient but an H−1-gradient of the length, then we obtain the
so-called curve diffusion flow∂

⊥
t γ = −∇2

sκ in (0, T ) × S1,

γ(0, ·) = γ0 on S1.

We do not intend to give a precise definition of the Hilbert space in which the gradient
is computed at this point. In Section 3.1.1, we derive an H−1-gradient flow of the elastic
energy and define an appropriate Hilbert space setting for this. Within this framework, the
curve diffusion flow (CDF) can be derived analogously. The CDF was studied in various
articles by Taylor and Cahn ([151]), Elliott and Garcke ([57]), Polden ([134, Section 3]),
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Giga, Escher, and Ito ([68], [69], [58]) and many others. Along a solution γ : S1 → R2 of
the CDF, the length decreases with velocity

d
dtL(γ(t)) = −

∫
S1

|∇sκ|2 ds ≤ 0 (1.4.5)

and the signed enclosed area is constant. We have

d
dtA(γ(t)) = −

∫
S1

⟨∂tγ, ν⟩ ds =
∫
S1

⟨∇2
sγ, ν⟩ ds = −

∫
S1

⟨∇sγ, ∂sν⟩ ds = 0, (1.4.6)

where we integrated by parts and used that ∂sν = −k∂sγ is tangential. The CDF is a
fourth order equation, and as such we do not expect that a comparison principle holds.
Indeed, in contrast to the curve shortening flow, the CDF does not preserve embeddedness
in general. There are examples of embedded curves developing a self-intersection in finite
time (see [69]). Moreover, it is known that the CDF can develop finite curvature singu-
larities starting from smooth regular initial data. For a blow-up criterion, see for example
[32, Proposition B].

It is also possible to study not only the evolution of curves, but also the evolution of
n-dimensional submanifolds in Rn+1. The so-called mean curvature flow evolves a hyper-
surface with velocity given by the mean curvature vector. It is known that under the mean
curvature flow, surfaces usually develop singularities in finite time. For more on the mean
curvature flow, we refer to [54], [111] and [79].
Transferring the curve diffusion flow to hypersurfaces, we come to the so-called surface
diffusion flow, see for example [59]. This fourth order flow decreases the area of an evolving
embedded closed hypersurface (compare to (1.4.5)) while keeping the enclosed volume fixed
(compare to (1.4.6)).

We also want to mention the so-called Willmore flow, the L2-gradient flow of the Willmore
energy (1.2.17). In recent years, this flow has been studied extensively. First existence and
convergence results were established by Simonett ([144]) and Kuwert and Schätzle ([93]
and [94]). In [41], the Willmore flow of tori of revolution is studied. Here, the relationship
between curves in H2 and the Willmore energy of surfaces of revolution (see (1.2.19) and
the text above) is explored for the first time for a problem involving time. We want to
note that the Willmore flow has also been studied as a constrained gradient flow, see
Section 1.3.2. In [136] and [137], the constraints of fixed volume and fixed isoperimetric
ratio are realized using suitable nonlocal Lagrange multipliers.
The study of the L2-gradient flow of the Helfrich energy (1.2.20), known as the Helfrich
flow, is just starting to get more attention. In [140], the influence of a nonzero spontaneous
curvature is considered for the first time.

To conclude this section, we note that all the flows mentioned so far are extrinsic geometric
flows, meaning they describe the evolution of an immersed submanifold. However, there
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1.5. Elastic flow with modulated stiffness

are also intrinsic geometric flows, which describe how the metric on a Riemannian manifold
changes. These flows are another significant area of research not covered in this thesis.

1.5. Elastic flow with modulated stiffness

In Chapter 2, we study the elastic flow with modulated bending stiffness. What is this
generalization, and what are the underlying motivations and ideas behind it?
In shape optimization, the energy and thus the equilibrium configuration of an elastic
shell can depend both on its geometry as well as the distribution of some physical densi-
ties, representing, for example mass, electrostatic charge, or temperature differences. For
instance, the shape can depend on the material composition and vice versa, as it is the
case for certain biomembranes [86, 13, 119]. This phenomenon is not accounted for in
the classical Canham–Helfrich model that we introduced in Section 1.1. Thus, we aim to
adjust and generalize the model. Let us briefly review the progress that has already been
made on this topic.
For the case that the physical densities are discrete, a variational existence theory has al-
ready been established, relying on either rotational symmetry [31, 83] or weak formulations
using curvature varifolds [19].
In [18], a one-dimensional model which attributes for the aforementioned interplay between
curvature and density-related effects has been introduced. Brazda, Jankowiak, Schmeiser
and Stefanelli equip closed planar curves with a (nondiscrete) density function. We use
this model in a slightly more general form in the following.
We mention that in [76], the Euler–Lagrange equations for the energy introduced in [18]
are examined for a given density function. Here, the authors assume a one-sided effect:
the density influences the curvature, but not vice versa.
Moreover, for the discrete setting, we also refer to [82] and mention a related discrete-to-
continuum Γ-limit result in [52].
Let us now define the energy we work with. We consider a heterogeneous elastic wire, de-
scribed by a planar closed curve γ and a density function ρ. The density function describes
the distribution of the physical densities that affect the curve’s geometry, and vice versa.
For the moment, we assume γ and ρ to be smooth. The energy of the heterogeneous elas-
tic wire is given by a Canham–Helfrich energy (1.1.2) for curves, including a spontaneous
curvature. But instead of a constant bending stiffness, the bending stiffness depends on
the density ρ. In this way, the interplay between geometry and density effects is taken
into account. Moreover, we add the Dirichlet energy of the density. To summarize, we
define the generalized elastic energy

Eµ(γ, ρ) = 1
2

∫
γ

(
β(ρ)(k − c0)2 + µ (∂sρ)2

)
ds. (1.5.1)
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As in Section 1.2.1, k is the signed curvature of γ, ds = |∂xγ(x)| dx is the arc-length
element, and ∂s = |∂xγ(x)|−1 ∂x. The density-modulated bending stiffness β : R → R is
assumed to be a smooth positive function, the parameter c0 ∈ R denotes the spontaneous
curvature, and the constant µ > 0 models the diffusivity of the density.

In this model (see also Figure 1.10), the curve strives for a preferred curvature c0 ∈ R
(determined by the material, see [119]), and the defect is penalized depending on the
continuous density distribution. The diffusivity coefficient µ causes the energy to strive
for homogeneity. The higher the diffusivity coefficient, the more the material tends to
diffuse, meaning it aims to reach a constant density, i.e., become homogeneous. In the
special case where ρ is constant and c0 = 0, we essentially retrieve the classical elastic
energy (1.2.8). Note that for a multifold covered circle with constant curvature equal to
c0 and constant density, the energy (1.5.1) is zero.

Figure 1.10: Modeling a planar heterogeneous elastic wire with constant curvature different
from zero. Here, the heterogeneity is due to the molecules being packed
differently dense (represented by the arrows). The structure of the molecules
induces a preferred curvature, which is achieved in the curved regions.

For planar curves, the order of the energy (1.5.1) may be reduced as follows. Since (1.5.1)
is invariant under orientation preserving reparametrisations, we assume that the planar
curve γ with prescribed length L is parametrized by arclength. Then there exists a smooth
(inclination) angle function θ : [0, L] → R such that

∂sγ =
(

cos θ
sin θ

)
. (1.5.2)

Modulo isometries of R2, the curve γ together with its orientation is uniquely determined
by θ. More precisely, for some γ(0) ∈ R2 we have

γ : [0, L] → R2, γ(s) =
∫ s

0

(
cos θ
sin θ

)
dr + γ(0). (1.5.3)

For more details on describing a planar curve by an angle function θ, see also Section 2.1.1.
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1.5. Elastic flow with modulated stiffness

Figure 1.11: Describing a planar curve by its inclination angle θ.

With θ and the density function ρ : [0, L] → R, the energy (1.5.1) can be expressed by

Eµ(θ, ρ) = 1
2

∫ L

0

(
β(ρ)(∂sθ − c0)2 + µ (∂sρ)2

)
ds, (1.5.4)

using that k = ∂sθ, so that Eµ(γ, ρ) = Eµ(θ, ρ).

Naturally, to achieve compactness, the variational discussion of (1.5.4) involves prescribing
the length L, the rotation index ω of the curve, and the integral of the density, i.e.

∫ L

0
ρds = mL (1.5.5)

for m ∈ R. We refer to (1.5.5) also as the condition of fixed total mass. The length
constraint and the preferred curvature c0 ∈ R are competing forces for minimizing Eµ, in
general, since prescribing the length may not allow for a curve with constant curvature k ≡
c0. The constrained minimization problem min Eµ(θ, ρ) with zero spontaneous curvature
and rotation index equal to one was studied in [18]. In Section 2.2, we continue the
discussion of the static problem. However, our primary focus lies on adopting a dynamic
approach to decrease the elastic energy Eµ by evolving (θ, ρ) by the associated L2-gradient
flow. This flow can be used to describe, in the simplified quasistatic and viscous regime,
the continuous deformation towards an energetically more favourable state. In addition
to the constraints on length and rotation index, we need to ensure that the angle function
describes a closed curve and that the integral of the density does not change. This is why
we work with a constrained gradient flow containing nonlocal Lagrange multipliers (see
Section 1.3).

At the beginning of Chapter 2, the evolution equations and the equations for the nonlocal
Lagrange multipliers can be found. We propose a suitable initial value problem, for which
we then study the key questions of Section 1.3.3. We show local well-posedness and global
existence of solutions for initial data in a weak regularity class. Moreover, we prove full
convergence of the flow. We analyze the preservation and nonpreservation of quantities
such as convexity, positivity, embeddedness, and symmetry. Finally, we also study the
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asymptotic behavior of the system and find conditions under which we can characterize
the limit.

1.6. Area preserving elastic flow

In Chapter 3, we derive an unconstrained gradient flow of the elastic energy that preserves
the area enclosed by the evolving planar closed curve. What is the motivation behind this?
The L2-gradient flow of the elastic energy is a well-studied problem. In recent years,
various authors have explored numerous variants. One version of the elastic flow is the
length constrained elastic flow (CEF), which we introduce in Section 1.4.1. It keeps the
length of the evolving curves fixed. On the modeling level, this means we assume that
the elastic wires are inextensible. The length constrained elastic flow has been studied in
several works, see, for example [92], [39], [40], [53], or [139].
In contrast, to the best of our knowledge, there is only one work ([129]) in which the elastic
flow under the constraint of fixed enclosed area is studied. The area preserving scenario
is physically relevant, for instance, to describe an interface between an inner domain and
an outer domain filled with two kinds of incompressible viscous fluids, see Figure 1.12.
In particular, there are several works exploring area preserving variants for other flows of
curves, see for example [64], [154], or the recent articles [157], [87]. In the survey article
[114, Section 6] on the elastic flow of curves, the authors explicitly point out the absence
of studies of an area preserving elastic flow.
The higher-dimensional analogue to the elastic flow with the constraint of fixed enclosed
area is the Willmore flow with the constraint of fixed enclosed volume. This flow is studied
in [136].

Figure 1.12: Illustration of an elastic wire describing an interface between to domains filled
with incompressible fluids.

Let us come back to the aforementioned article [129], in which an area constrained elastic
flow is studied. In [129], Okabe derives a system of equations with a nonlocal Lagrange
multiplier that governs the L2-gradient of the elastic energy (1.2.8) under the constraints
of inextensiblity and preserved enclosed area. For this nonlocal system, existence of a
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1.6. Area preserving elastic flow

unique solution and convergence is proven.
In some models, local evolution equations that do not depend on any action at a distance
are preferred (see for example [61]). This motivates to search for an evolution equation
which decreases the elastic energy (1.2.8) and preserves the enclosed area without the need
for nonlocal Lagrange multipliers. Inspired by the Cahn–Hilliard equation, which can be
seen as an H−1-gradient flow preserving a fixed total mass without any nonlocal Lagrange
multiplier, one could also consider an H−1-gradient approach for the elastic energy (1.2.8).
We note that this approach also works for the length functional. In this context, we have
the curve shortening flow as the L2-gradient flow, see Section 1.4.3. We have seen in (1.4.4)
that it decreases the enclosed area. If the enclosed area is to remain constant, this can be
achieved with the constrained L2-gradient flow with a nonlocal Lagrange multiplier. We
obtain the area constrained curve shortening flow which is studied in several articles, see
[64], [28], [47] and others. On the other hand, we can derive the curve diffusion flow as an
H−1-gradient flow of the length, see Section 1.4.3. It preserves the enclosed area without
nonlocality.
The H−1-gradient approach increases the order of the evolution equation by two in com-
parison to the L2-gradient flow. This effect is also observed when applying the approach
to the elastic energy. It transforms the classical elastic flow with fourth order velocity into
the sixth order flow

∂⊥
t γ = ∇2

s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
. (1.6.1)

We are imprecise here and only present the underlying idea. A derivation of (1.6.1) is given
in Chapter 3. The flow given by (1.6.1) is an unconstrained gradient flow for the elastic
energy (1.2.8). The gradient flow structure ensures that, along the flow (1.6.1), the energy
decreases. Moreover, the signed enclosed area A, see (1.2.6), is preserved. Therefore,
(1.6.1) is indeed an area preserving flow without nonlocality. Unlike in [129], we consider
an optional penalization of the length of the evolving curves, rather than fixing it.
The goal of Chapter 3 is to rigorously derive and then to study (1.6.1). We show that
compared to the classical elastic flow, the behavior of solutions does not deteriorate. First,
we prove global in time existence of the geometrically unique smooth solution to (1.6.1)
with a suitable initial datum. Then, we establish convergence of the solution. Finally, we
discuss the stationary solutions and see that a variety of limits is possible.

35





CHAPTER 2
Elastic flow with modulated stiffness
In Section 1.5, we introduce an elastic energy for heterogeneous elastic wires, which cap-
tures the interplay between curvature and effects induced by heterogeneity. When describ-
ing the equilibrium configurations of certain biomembranes, this mutual influence cannot
be ignored, which motivates this generalization of the elastic energy. We describe the elas-
tic wire by an inclination angle function and express the energy in terms of this function
and a density function ρ that represents the heterogeneity. In this chapter, we study the
L2-gradient flow of this energy. t
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Figure 2.1: Illustration of a heterogeneous elastic wire. The color symbolizes the sign of
the density, while the thickness of the line represents its absolute value.

We consider a heterogeneous elastic wire which is described by a sufficiently smooth regular
closed planar curve γ with density ρ. We assume that the curve is parametrized by
arclength and has length L > 0. Then, as described in Section 1.5, the energy of the
heterogeneous elastic wire can be expressed in terms of an inclination angle θ : [0, L] → R
and the density ρ : [0, L] → R by

Eµ(θ, ρ) = 1
2

∫ L

0

(
β(ρ)(∂sθ − c0)2 + µ (∂sρ)2

)
ds, (2.0.1)

see (1.5.4). As in the previous chapter, ds is the arclength element, and ∂s is the arclength
derivative. Note that since we work with the arclength parametrization, in (2.0.1), the
differential operator ∂s is just the ordinary derivative with respect to s, the arclength
parameter. Similarly, ds just denotes integration with respect to the variable s ∈ [0, L].
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Chapter 2. Elastic flow with modulated stiffness

Let us specify the assumptions on the model. For the density modulated bending stiffness
β, we assume

β ∈ C∞(R) and β > 0.

In particular, asymptotic decay to zero is permitted. Conditions such as analyticity,
convexity or other growth conditions are not imposed unless explicitly stated in the results.
The constant

µ > 0

is arbitrary but strictly greater than zero. This provides us with control over the density
function, which ensures both the existence of minimizers and the parabolic nature of the
evolution equation for ρ. We show that for sufficiently large values of µ, the minimizer of
the energy is a multifold covered circle with constant density. The constant

c0 ∈ R, (2.0.2)

which accounts for a spontaneous curvature, is arbitrary. In particular, the spontaneous
curvature can be either positive or negative. We note that reversing the orientation of the
curve corresponds to a change of the sign of c0. When studying the qualitative properties
of the flow, the spontaneous curvature plays a crucial role in preserving convexity. An-
other constant, which is fixed for the minimization problem and determined by the initial
condition for the dynamic approach, is the ratio of total mass to length

R ∋ m = 1
L

∫ L

0
ρds.

Unless we are specifically discussing the preservation of positivity of the density, the con-
stant m can take any positive or negative value. The rotation index

ω ∈ Z,

see (1.2.7), is also fixed for the minimization problem and determined by the initial condi-
tion in the dynamic approach. We allow ω to be any integer, including zero. By allowing
ω to be negative, we keep track of the orientation of the curve. For the following, we fix
the bending stiffness β and the constants

L > 0, µ > 0, c0 ∈ R, m ∈ R, and ω ∈ Z,

and refer to them as model parameters.

The main focus of this chapter is to study the constrained L2-gradient flow associated to
(2.0.1) which evolves (θ, ρ) under the conditions that θ describes a closed curve and that
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the integral of the density is fixed. Since an angle function θ : [0, L] → R represents a
zeroth order closed curve if and only if

∫ L

0
sin θ ds =

∫ L

0
cos θ ds = 0, (2.0.3)

we require that (2.0.3) and
∫ L

0
ρds = mL

hold along a solution. If we write the constraints as a constraint functional, as described
in Section 1.3.2, and compute the gradients of the energy and the constraint functional,
we can derive the constrained L2-gradient flow. It is given by the quasilinear parabolic
system ∂tθ = ∂s

(
β(ρ)(∂sθ − c0)

)
+ λθ1 sin θ − λθ2 cos θ,

∂tρ = µ∂2
sρ− 1

2β
′(ρ)(∂sθ − c0)2 − λρ.

Here, λθ1, λθ2, and λρ are nonlocal Lagrange multipliers ensuring the closedness constraint
and the constraint of fixed total mass. The explicit formulas are given in Section 2.1.2.
Observe that the evolution equations are coupled so that we cannot treat them separately.
Another important observation is that by working with the angle function θ, the order of
the equation for the curve is reduced to second order. Working with γ, i.e. considering the
L2-gradient flow of (1.5.1), would yield a fourth order equation as for the classical elastic
flow.

We require that along the evolution, the curve remains closed up to second order and
that the density is C1-periodic. With (1.5.2), we see that a curve described by an angle
function is closed to first order if θ(L)−θ(0) is an integer multiple of 2π and (1.2.7) shows
that this multiple corresponds to the fixed rotation index ω. Therefore, we consider the
boundary conditions

θ(s = L) − θ(s = 0) = 2πω, ρ(s = L) = ρ(s = 0),

and

∂sθ(s = L) = ∂sθ(s = 0), ∂sρ(s = L) = ∂sρ(s = 0).

Note that we do not prescribe a fixed value at the boundary, which results in having two
boundary conditions for both θ and ρ.

In addition, we take an initial datum (θ0, ρ0) ∈ C1([0, L]) that belongs to a C2-closed curve
with C1-periodic density. This means that we assume that the initial datum satisfies the
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Chapter 2. Elastic flow with modulated stiffness

boundary conditions. For the zeroth order closedness, we additionally require that θ0

satisfies (2.0.3). To sum up, we obtain the initial boundary value problem



∂tθ = ∂s
(
β(ρ)(∂sθ − c0)

)
+ λθ1 sin θ − λθ2 cos θ in (0, T ) × [0, L],

∂tρ = µ∂2
sρ− 1

2β
′(ρ)(∂sθ − c0)2 − λρ in (0, T ) × [0, L],

θ(·, L) − θ(·, 0) = 2πω, ρ(·, L) = ρ(·, 0) on [0, T ),

∂sθ(·, L) = ∂sθ(·, 0), ∂sρ(·, L) = ∂sρ(·, 0) on [0, T ),

θ(0, ·) = θ0, ρ(0, ·) = ρ0 on [0, L],

(2.0.4)

with (θ0, ρ0) ∈ C1([0, L]) satisfying the boundary conditions and (2.0.3). The main goal
of this chapter is to study (2.0.4).
After some preliminary considerations in Section 2.1, we shortly consider the variational
problem associated to (2.0.1) in Section 2.2. The goal of Section 2.3 is then to establish
local well-posedness of (2.0.4) for initial data in a weak regularity class. In Section 2.4, we
prove global in time existence of the solution and in Section 2.5, we establish convergence.
In Section 2.6 we analyze qualitative properties of the solution and in Section 2.7, we
discuss assumptions under which the limit is determined.
The contents of this chapter are taken from [37] and [36].

2.1. Preliminaries

In the following, we first briefly discuss the description of a planar curve via an angle
function, see Section 2.1.1. Next, we provide formulas for the Lagrange multipliers (see
Section 2.1.2) and verify that the energy decreases along the evolution (see Section 2.1.3).

2.1.1. Describing planar curves

In Section 1.5, we use that a planar curve γ with prescribed length L can be described by
an inclination angle function θ : [0, L] → R. If we consider regular W 2,2(0, L;R2)-curves
with W 1,2(0, L;R)-density, for which the the energy (2.0.1) is well-defined, such an angle
function indeed exists. This can be proven analogously to the case of smooth curves in
elementary differential geometry, see for example [20, Lemma 2.2.5].

Lemma 2.1.1 ([124, Lemma A.2]). For a regular curve γ ∈ W 2,2(0, L,R2), there exists
θ ∈ W 1,2(0, L;R) such that

∂sγ = ∂xγ

|∂xγ|
=
(

cos θ
sin θ

)
(2.1.1)

for x ∈ [0, L]. Any two angle functions satisfying (2.1.1) differ by an integer multiple of
2π.
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We work with an parametrization by arclength, so |∂xγ| ≡ 1 in (2.1.1). For regu-
lar W 2,2(0, L;R2)-curves, such a parametrization exists. Using the Sobolev embedding
W 2,2(0, L;R2) ↪→ C1([0, L];R2), this follows like in [20, Proposition 2.1.13]. See also [124,
Lemma A.6].

Lemma 2.1.2. For a regular curve curve γ ∈ W 2,2(0, L,R2), there exists an arclength
parametrization γ̃ ∈ W 2,2(0, L,R2).

At this point, we also refer to (1.5.3), which explains how to derive the curve γ from a
given angle function θ.

2.1.2. The Lagrange multipliers

Let us take a closer look at the three Lagrange multipliers in (2.0.4). In the first equation
in (2.0.4), λθ1 and λθ2 ensure that γ remains closed along the flow if the initial curve is
closed. We define(

λθ1(t)
λθ2(t)

)
:= Π−1(θ)(t)

∫ L

0

(
− sin θ
cos θ

)
∂s
(
β(ρ)(∂sθ − c0)

)
ds, (2.1.2)

where Π−1(θ)(t) denotes the inverse of the matrix

Π(θ)(t) :=
( ∫ L

0 sin2 θ ds −
∫ L

0 cos θ sin θ ds
−
∫ L

0 cos θ sin θ ds
∫ L

0 cos2 θ ds

)
. (2.1.3)

Then, for a sufficiently smooth solution (θ, ρ) of (2.0.4) we indeed have

∂t

∫ L

0

(
cos θ
sin θ

)
ds =

∫ L

0

(
− sin θ
cos θ

)
∂tθ ds

=
∫ L

0

(
− sin θ
cos θ

)(
∂s (β(ρ)(∂sθ − c0)) + λθ1 sin θ − λθ2 cos θ

)
ds

=
∫ L

0

(
− sin θ
cos θ

)
∂s (β(ρ)(∂sθ − c0)) ds− Π(θ)(t)

(
λθ1(t)
λθ2(t)

)
= 0. (2.1.4)

With (2.0.3) we see that this means that if the initial angle function corresponds to a
closed curve, the solution is also closed.

Remark 2.1.3. The boundary conditions in (2.0.4) make it possible to use integration
by parts to write the Lagrange multipliers λθ1 and λθ2 in the form(

λθ1(t)
λθ2(t)

)
= Π−1(θ)(t)

∫ L

0

(
cos θ
sin θ

)
∂sθ β(ρ)(∂sθ − c0) ds. (2.1.5)
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One might wonder whether the inverse of the matrix Π is well-defined. The answer to this
question is provided by the following remark.

Remark 2.1.4. As already observed in [160, Lemma 2.1] we have

det Π(θ)(t) = 1
2

∫ L

0

∫ L

0
sin2 ψ(t, s, s̃) ds ds̃,

where ψ(t, s, s̃) := θ(t, s) − θ(t, s̃). Hence, as long as θ(t, ·) is not constant, the matrix
Π(θ)(t) is invertible. In particular, the Lagrange multipliers in (2.1.2) are well-defined, as
long as the angle function describes a closed curve.

The third Lagrange multiplier λρ is chosen so that the total mass remains fixed during
the flow. Defining

λρ(t) := − 1
2L

∫ L

0
β′(ρ)(∂sθ − c0)2 ds, (2.1.6)

a sufficiently smooth solution (θ, ρ) of (2.0.4) satisfies

∂t

∫ L

0
ρ ds =

∫ L

0
∂tρ ds

=
∫ L

0

(
µ∂2

sρ(t, s) − 1
2β

′(ρ(t, s))(∂sθ(t, s) − c0)2 − λρ

)
ds

= −1
2

∫ L

0
β′(ρ(t, s))(∂sθ(t, s) − c0)2 ds− Lλρ = 0. (2.1.7)

To sum up, the Lagrange multipliers λθ1, λθ2, λρ are chosen such that

∫ L

0
cos θ(t, s) ds = 0,

∫ L

0
sin θ(t, s) ds = 0,

∫ L

0
ρ(t, s) ds =

∫ L

0
ρ0(s) ds (2.1.8)

along a solution so that the evolution indeed corresponds to an evolution of closed curves
with fixed total mass.

2.1.3. Decrease of the energy

Let us note that a direct computation reveals a constrained L2-gradient flow structure, see
Section 1.3.2. This means that for a sufficiently smooth solution (θ, ρ) : (0, T )×[0, L] → R2

of (2.0.4), the energy (2.0.1) decreases.
We also observe this by the direct computation

d
dtEµ(θ, ρ) =

∫ L

0

(1
2β

′(ρ)(∂sθ − c0)2∂tρ+ β(ρ)(∂sθ − c0)∂t∂sθ

)
ds+

∫ L

0
µ∂sρ ∂s∂tρds

= −
∫ L

0
∂s (β(ρ)(∂sθ − c0)) ∂tθ ds+

∫ L

0

(1
2β

′(ρ)(∂sθ − c0)2 − µ∂2
sρ

)
∂tρ ds
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2.2. The static problem

= −
∫ L

0
∂tθ (∂tθ − λθ1 sin θ + λθ2 cos θ) ds−

∫ L

0
∂tρ (∂tρ+ λρ) ds

= −
∫ L

0
(∂tθ)2 ds−

∫ L

0
(∂tρ)2 ds ≤ 0 (2.1.9)

for all t ∈ (0, T ).

2.2. The static problem

Before addressing the dynamic problem, this section focuses on analyzing the minimizers
and constrained critical points of the energy functional (2.0.1). As indicated by the form
of the energy (2.0.1), a global minimizer has to have constant density if µ is sufficiently
large, cf. also [18] for the case ω = 1, c0 = 0. Remarkably, this is generically not true
on the level of critical points, see Example 2.2.15. We provide sharp sufficient conditions
for constrained critical points to be homogeneous elasticae, i.e. elasticae with constant
density.
Since the constrained critical points are precisely the stationary solutions to (2.0.4), the
better understanding of the static problem provides us with insights, which are useful for
the asymptotic analysis in Section 2.7.

2.2.1. The Euler–Lagrange equations

For k ∈ N, we denote the Hilbert space of periodic Sobolev functions on [0, L] by

W k,2
per(0, L) :=

{
u ∈ W k,2(0, L) : ∂ℓ

su(L) = ∂ℓ
su(0) for ℓ = 0, . . . , k − 1

}
. (2.2.1)

The standard angle function of an ω-fold covering of the circle is given by

ϕ(s) = 2πωs
L

for s ∈ [0, L]. (2.2.2)

If θ ∈ W k,2(0, L) is an angle function for a Ck-closed curve with rotation index ω ∈ Z,
there exists a unique u ∈ W k,2

per(0, L) such that θ = ϕ + u. Consequently, it is natural to
study the energy Eµ defined in (2.0.1) on the set

U := W 1,2
per(0, L;R2) + (ϕ, 0)

=
{

(θ, ρ) ∈ W 1,2(0, L;R2) : θ(L) − θ(0) = 2πω, ρ(L) = ρ(0)
}
.

By introducing the constraint functional

G(θ, ρ) =
( ∫ L

0
cos θ ds,

∫ L

0
sin θ ds,

∫ L

0
ρds−mL

)
, (2.2.3)
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Chapter 2. Elastic flow with modulated stiffness

we see that (θ, ρ) ∈ U corresponds to a C1-closed curve with rotation index ω ∈ Z and a
density with total mass mL if and only if G(θ, ρ) = 0. We thus define the side condition

A := {(θ, ρ) ∈ U : G(θ, ρ) = 0} .

The set U is not a vector space (unless ω = 0), but only an affine subspace of the Hilbert
space W 1,2(0, L;R2). However, this causes only some minor technical difficulties when
applying results from functional analysis that are typically formulated on open subsets of
Banach spaces, see also [37]. To circumvent this, we define the shifted functionals

Eµ : W 1,2
per(0, L) → R, Eµ(u, ρ) = Eµ(u+ ϕ, ρ),

G : W 1,2
per(0, L) → R3, G(u, ρ) = G(u+ ϕ, ρ),

(2.2.4)

with ϕ as in (2.2.2). If (θ, ρ) = (u + ϕ, ρ) ∈ U , then we have Eµ(θ, ρ) = Eµ(u, ρ) and
G(θ, ρ) = G(u, ρ). The Fréchet derivatives of Eµ and G at (u, ρ) ∈ W 1,2

per(0, L;R2) are
linear mappings E′

µ(u, ρ) : W 1,2
per(0, L;R2) → R, G′(u, ρ) : W 1,2

per(0, L;R2) → R3, given by

E′
µ(u, ρ)(v, σ) =

∫ L

0

(
β(ρ)(∂su+ ∂sϕ− c0)∂sv

+ 1
2β

′(ρ)(∂su+ ∂sϕ− c0)2σ + µ∂sρ∂sσ
)

ds, (2.2.5)

G′(u, ρ)(v, σ) =
(

−
∫ L

0
v sin(u+ ϕ) ds,

∫ L

0
v cos(u+ ϕ) ds,

∫ L

0
σ ds

)
. (2.2.6)

Moreover, for (v, σ) ∈ W 1,2
per(0, L;R2), we have

E′′
µ(u, ρ)((v, σ)2) =

∫ L

0

(
β(ρ)(∂sv)2 + 2β′(ρ)(∂su+ ∂sϕ− c0)σ∂sv

+ 1
2β

′′(ρ)(∂su+ ∂sϕ− c0)2σ2 + µ(∂sσ)2
)

ds, (2.2.7)

G′′(u, ρ)((v, σ)2) =
(

−
∫ L

0
v2 cos(u+ ϕ) ds, −

∫ L

0
v2 sin(u+ ϕ) ds, 0

)
. (2.2.8)

In the following, we write in a slight abuse of notation

E ′
µ(θ, ρ) := E′

µ(u, ρ), E ′′
µ(θ, ρ) := E′′

µ(u, ρ),

G′(θ, ρ) := G′(u, ρ), G′′(θ, ρ) := G′′(u, ρ) (2.2.9)

for (u, ρ) = (θ − ϕ, ρ) ∈ W 1,2
per(0, L;R2). Moreover, we say that Eµ has a critical point

subject to the constraint G = 0 at some (θ, ρ) ∈ A if Eµ has a critical point subject to
the constraint G = 0 at (u, ρ) = (θ − ϕ, ρ) (cf. [167, Definition 43.20]). This is the first
instance where the lack of the vector space structure of U causes technicalities.
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2.2. The static problem

Proposition 2.2.1. The energy Eµ has a critical point subject to the constraint G = 0 at
some (θ, ρ) ∈ A if and only if there exists Λ = (λθ1, λθ2, λρ) ∈ R3 such that

E ′
µ(θ, ρ)(v, σ) + Λ · G′(θ, ρ)(v, σ) = 0 for all (v, σ) ∈ W 1,2

per(0, L;R2). (2.2.10)

Here, Λ · G′(θ, ρ) = ∑2
i=1 λθi (G′)i (θ, ρ) + λρ (G′)3 (θ, ρ). Equation (2.2.10) is called the

weak Euler–Lagrange equation. Written as two separate equations, (2.2.10) is

0 =
∫ L

0

(
β(ρ)(∂sθ − c0)∂sv − λθ1 sin θ v + λθ2 cos θ v

)
ds, (2.2.11)

0 =
∫ L

0

(
µ∂sρ∂sσ + 1

2β
′(ρ)(∂sθ − c0)2σ + λρσ

)
ds. (2.2.12)

Choosing appropriate test functions shows that λθ1, λθ2 and λρ are given as in (2.1.5), and
(2.1.6). Proposition 2.2.1 follows from formulating the problem in the periodic setting by
[167, Proposition 43.21] and the following Lemma.

Lemma 2.2.2. For (θ, ρ) ∈ A, the map G′(θ, ρ) : W 1,2
per(0, L;R2) → R3 is surjective.

Proof. Let (x1, x2, x3) ∈ R3. Choosing σ̄ ≡ x3
L yields (G′)3(θ, ρ)(v, σ̄) = x3 for all v ∈

W 1,2
per(0, L) (see (2.2.6) and (2.2.9)). Moreover, choose v̄ := −c1 sin θ+c2 cos θ ∈ W 1,2

per(0, L)
for some c1, c2 ∈ R. Then, from (2.2.6) and (2.2.9) we obtain

(
(G′)1, (G′)2

)
(θ, ρ)(v̄, σ̄) = Π(θ)

(
c1

c2

)

with Π defined as in (2.1.3) for time-independent θ. Since (θ, ρ) ∈ A, the matrix Π(θ) is
invertible (see Remark 2.1.4). Hence, there exist c1, c2 ∈ R such that(

(G′)1, (G′)2
)

(θ, ρ)(v̄, σ̄) = (x1, x2)

and the surjectivity follows.

For (u, ρ) ∈ W 2,2
per(0, L;R2), the energy Eµ possesses an L2-gradient, i.e. there exists

∇Eµ(u, ρ) = (∇uEµ(u, ρ),∇ρEµ(u, ρ)) ∈ L2(0, L;R2)

such that for all (v, σ) ∈ W 2,2
per(0, L;R2) one has

E′
µ(u, ρ)(v, σ) = ⟨∇Eµ(u, ρ), (v, σ)⟩L2(0,L;R2)

= ⟨∇uEµ(u, ρ), v⟩L2(0,L) + ⟨∇ρEµ(u, ρ), σ⟩L2(0,L).
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Chapter 2. Elastic flow with modulated stiffness

Integrating (2.2.5) by parts, we obtain the explicit representation

∇Eµ(u, ρ) =
(

− ∂s
(
β(ρ)(∂su+ ∂sϕ− c0)

)
, −µ∂2

sρ+ 1
2β

′(ρ)(∂su+ ∂sϕ− c0)2
)
.

(2.2.13)

It is not difficult to see that the componentsGj ofG also possess L2-gradients for j = 1, 2, 3.
For all (u, ρ), (v, σ) ∈ W 2,2

per(0, L;R2), we have

G′(u, ρ)(v, σ) =
( 〈

∇G1(u, ρ), (v, σ)
〉

L2(0,L;R2)
,
〈
∇G2(u, ρ), (v, σ)

〉
L2(0,L;R2)

,〈
∇G3(u, ρ), (v, σ)

〉
L2(0,L;R2)

)
for the L2-gradients of the components Gj given as

∇G1(u, ρ) = (− sin(u+ ϕ), 0) , ∇G2(u, ρ) = (cos(u+ ϕ), 0) , ∇G3(u, ρ) = (0, 1) .
(2.2.14)

Again, for simplicity we abuse notation and work with

∇Eµ(θ, ρ) := ∇Eµ(θ − ϕ, ρ), ∇G(θ, ρ) := ∇G(θ − ϕ, ρ) (2.2.15)

for (θ, ρ) ∈ W 2,2
per(0, L;R2)+(ϕ, 0) with ϕ as in (2.2.2) and (u, ρ) = (θ, ρ)−(ϕ, 0). If (θ, ρ) is

a critical point of Eµ subject to G = 0 with (θ, ρ) ∈ W 2,2
per(0, L;R2)+(ϕ, 0), Proposition 2.2.1

implies the existence of (λθ1, λθ2, λρ) ∈ R3 such that

∇Eµ(θ, ρ) + λθ1∇G1(θ, ρ) + λθ2∇G2(θ, ρ) + λρ∇G3(u, ρ) = 0 (2.2.16)

in L2(0, L;R2). We call (2.2.16) the Euler–Lagrange equation. Written as two separate
equations (2.2.16) is

0 = ∂s (β(ρ)(∂sθ − c0)) + λθ1 sin θ − λθ2 cos θ, (2.2.17)

0 = µ∂2
sρ− 1

2β
′(ρ)(∂sθ − c0)2 − λρ. (2.2.18)

2.2.2. Existence of minimizers and smoothness of critical points

The existence of a solution to the minimization problem

inf
(θ,ρ)∈A

Eµ(θ, ρ) −→ min! (2.2.19)

can be shown via the direct method following the arguments in [18, Prop. 3.2].
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2.2. The static problem

Proposition 2.2.3 (Existence of a minimizer). There exists (θ∗, ρ∗) ∈ A such that

Eµ(θ∗, ρ∗) = inf
(θ,ρ)∈A

Eµ(θ, ρ).

Proof. Since Eµ(θ, ρ) ≥ 0, there exists an infimizing sequence (θn, ρn) ⊂ A for Eµ. As Eµ

does not depend on θ but only on ∂sθ, without loss of generality, we assume that θn(0) = 0
for all n ∈ N. Let M ∈ R be such that Eµ(θn, ρn) < M for all n ∈ N.
Firstly, the definition of Eµ implies that µ ∥∂sρn∥2

L2(0,L) < 2M . Due to the fixed mean
value of ρn, the Poincaré inequality allows to bound ∥ρn∥L2(0,L) by the L2-norm of the
derivative. Thus, ρn is uniformly bounded in W 1,2(0, L) and hence there is K ∈ R such
that ∥ρn∥W 1,2(0,L), ∥ρn∥C0([0,L]) ≤ K for all n ∈ N. This enables us to bound ∥∂sθn∥L2(0,L)
using again the definition of Eµ by

∥∂sθn∥2
L2(0,L) ≤ ∥∂sθn − c0∥2

L2(0,L) + 4πωc0 <
2M

inf [−K,K] β
+ 4πωc0.

Due to θn(0) = 0, we can bound ∥θn∥L2(0,L) by the L2-norm of the derivative. Thus,
θn is also bounded in W 1,2(0, L). The boundedness and the compactness of the Sobolev
embedding W 1,2(0, L) ⊂ C([0, L]) yields the existence of a subsequence (θnk

, ρnk
) such

that (θnk
, ρnk

) ⇀ (θ∗, ρ∗) in W 1,2(0, L) and (θnk
, ρnk

) → (θ∗, ρ∗) in C([0, L]). On the one
hand, the limit (θ∗, ρ∗) satisfies θ∗(L) − θ∗(0) = 2πω, ρ∗(L) = ρ∗(0) and
∫ L

0
ρ∗ ds = lim

k→∞

∫ L

0
ρnk

ds =
∫ L

0
ρ0 ds,∫ L

0
sin θ∗ ds = lim

k→∞

∫ L

0
sin θnk

ds = 0,
∫ L

0
cos θ∗ ds = lim

k→∞

∫ L

0
cos θnk

ds = 0.

Consequently (θ∗, ρ∗) ∈ A. On the other hand, we obtain

lim
k→∞

∥β(ρnk
) − β(ρ∗)∥C([0,L]) ≤ sup

[−K,K]

∣∣β′∣∣ lim
k→∞

∥ρnk
− ρ∗∥C([0,L]) = 0.

It follows that (β(ρnk
))

1
2 (∂sθnk

− c0) ⇀ (β(ρ∗))
1
2 (∂sθ

∗ − c0) in L2(0, L) and

∫ L

0
β(ρ∗)(∂sθ

∗ − c0)2 ds ≤ lim inf
k→∞

∫ L

0
β(ρnk

)(∂sθnk
− c0)2 ds.

Together with the weak L2-convergence ∂sρnk
⇀ ∂sρ

∗ and

∫ L

0
µ(∂sρ

∗)2 ds ≤ lim inf
k→∞

∫ L

0
µ(∂sρnk

)2 ds,

we conclude that Eµ(θ∗, ρ∗) ≤ lim infk→∞ Eµ(θnk
, ρnk

) = inf(θ,ρ)∈A Eµ(θ, ρ).

We prove now that constrained critical points (and in particular minimizers) are smooth.
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Chapter 2. Elastic flow with modulated stiffness

Proposition 2.2.4 (Smoothness of critical points, [36, Proposition 2.2]). If (θ, ρ) is a con-
strained critical point, the L-periodic extension of (∂sθ, ∂sρ) to R is smooth. In particular,
(θ, ρ) ∈ C∞([0, L]) and ∂sθ(L) = ∂sθ(0), ∂sρ(L) = ∂sρ(0).

Proof. Let (θ, ρ) ∈ U be a constrained critical point. Then there exist λθ1, λθ2, λρ ∈ R
such that (θ, ρ) satisfies (2.2.11) and (2.2.12).
Step 1: (θ, ρ) ∈ W 2,2(0, L) ⊂ C1([0, L]). Since ρ ∈ W 1,2(0, L) ⊂ C([0, L]), ∥β′ ◦ ρ∥C([0,L])
and ∥∂sρ∥L2(0,L) are bounded. Thus, (2.2.11) implies that there is C = C(θ, ρ) such that

∣∣∣∣ ∫ L

0
β(ρ)∂sθ∂sv ds

∣∣∣∣ =
∣∣∣∣ ∫ L

0
(λθ1 sin θ − λθ2 cos θ)v ds−

∫ L

0
β′(ρ)∂sρc0v ds

∣∣∣∣ ≤ C ∥v∥L2(0,L)

for all v ∈ C1
c ((0, L)) ⊂ W 1,2

per(0, L). So, β(ρ)∂sθ ∈ W 1,2(0, L) by [20, Prop. 8.3]. Hence,
∥β(ρ)(∂sθ − c0)∥C([0,L]) and also ∥β′(ρ)(∂sθ − c0)∥C([0,L]) are bounded, so (2.2.12) implies
that

2µ
∣∣∣∣ ∫ L

0
∂sρ∂sσ ds

∣∣∣∣ =
∣∣∣∣ ∫ L

0

(
−β′(ρ)(∂sθ − c0)2σ − 2λρσ

)
ds
∣∣∣∣ ≤ C ∥σ∥L2(0,L)

for all σ ∈ C1
c ((0, L)). It follows that ρ ∈ W 2,2(0, L) ⊂ C1([0, L]). We thus obtain

∂s(β(ρ)∂sθ) = β′(ρ)∂sρ∂sθ + β(ρ)∂2
sθ in the sense of distributions, so ∂2

sθ ∈ L2(0, L) as
inf [0,L] β(ρ) > 0.
Step 2: (θ, ρ) ∈ W 3,2(0, L) ⊂ C2([0, L]). The increased regularity yields that (θ, ρ) satisfies
(2.2.17) and (2.2.18) in L2(0, L). Using the same ideas as in Step 1, we can deduce that
(θ, ρ) ∈ W 3,2(0, L).
Step 3: Smooth L-periodic extension. Testing (2.2.11) and (2.2.12) with W 1,2

per-functions
not vanishing at the boundary results in the natural boundary conditions

∂sθ
∣∣L
0 = 0 and ∂sρ

∣∣L
0 = 0. (2.2.20)

Since (θ, ρ) satisfies (2.2.17) and (2.2.18) pointwise we conclude with (2.2.20) that ∂2
sθ(L) =

∂2
sθ(0) and ∂2

sρ(L) = ∂2
sρ(0). The claim follows by bootstrapping.

2.2.3. Homogeneous elastica

The structure of the energy functional Eµ suggests that for large values of µ, minimizers
favor almost constant density, cf. [18]. For constant density, Eµ is essentially the elastic
energy whose critical points are called elasticae (see Section 1.2.2). For µ large, these
elasticae also play an important role for the heterogeneous elastic energy (2.0.1).
Since Eµ only depends on the derivative of θ, if (θ, ρ) ∈ A is a critical point of Eµ subject
to the constraint G = 0, then (θ + c, ρ) ∈ A, is also a constrained critical point for any
c ∈ R. This motivates working with the curvature k = ∂sθ.
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2.2. The static problem

Definition 2.2.5 ([36, Definition 2.3]). Let (θ, ρ) ∈ A. We say that θ describes a (length-
constrained) elastica if the curvature k = ∂sθ is smooth and satisfies the constrained
elastica equation

∂2
sk + 1

2k
3 − λk = 0 for some λ ∈ R. (2.2.21)

If further ρ is constant, we say that (θ, ρ) describes a homogeneous elastica.

Solutions of (2.2.21) have been classified explicitely in several previous works, see Sec-
tion 1.2.2. We emphasize once again that in the case of closed curves, the elasticae can be
characterized as follows.

Lemma 2.2.6 ([98]). The only closed constrained elasticae are multifold coverings of
circles and multifold coverings of the figure eight (elastica).

The figure eight is illustrated in Figure 2.2. For an explicit parametrization, see [124,
Definition 5.1].

Figure 2.2: The only closed planar elasticae are multifold coverings of a circle (left) and
of the figure eight elastica (right).

Remark 2.2.7. Let (θ, ρ) ∈ A. If ω ̸= 0 and θ describes an elastica, then θ is the angle
function of an ω-fold covering of a circle with curvature k = 2πω

L . Thus, θ is determined
up to an additive constant. If (θ, ρ) describes a homogeneous elastica and we require that
θ(0) = 0 or that

∫ L
0 θ(s) ds = πωL, then

(θ, ρ) = (θc, ρc) :=
(2πω

L
s,m

)
∈ A.

Minimizers and critical points for large µ

We now show that for large values of µ and ω ̸= 0, a minimizer (θ, ρ) in (2.2.19) describes
a homogeneous elastica. To state a uniqueness result, we define

I(θ) :=
∫ L

0
θ(s) ds

and fix I(θ) = πωL.
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Chapter 2. Elastic flow with modulated stiffness

Proposition 2.2.8 (Unique minimizer for large µ, [36, Proposition 2.6]). Let ω ̸= 0.
Then there exists µ0 ∈ (0,∞) such that if µ ≥ µ0,

Eµ(θc, ρc) < Eµ(θ, ρ) for all (θ, ρ) ∈ A ∩ {I(θ) = πωL} \ {(θc, ρc)} .

Proof. We basically follow the ideas of [18, Prop. 3.3]. In a first step, we show that for
µ large enough, the second variation E ′′

µ(θc, ρc) is strictly positive. It follows (for example
with [167, Theorem 43.D]) that (θc, ρc) is a strict local minimizer in the sense that there ex-
ists δ = δ(µ) > 0 such that Eµ(θc, ρc) < Eµ(θ, ρ) for all (θ, ρ) ∈ A∩{I(θ) = πωL}\{(θc, ρc)}
with norm ∥(θ, ρ) − (θc, ρc)∥W 1,2(0,L) < δ. Now, note that Eµ(θc, ρc) is independent of µ
whereas Eµ(θ, ρ) is increasing in µ. Consequently, the neighborhood in which (θc, ρc) is
a strict local minimizer can be chosen only depending on a lower bound µ1 on µ. In a
second step, we prove that there exists µ2 such that for µ > µ2 all global minimizers are
contained in Bδ(θc, ρc) ⊂ W 1,2(0, L). Together with the first step, for µ > max {µ1, µ2},
(θc, ρc) is the unique global minimizer.

Step 1: Strict local minimizer. To prove the first part, we switch to the periodic setting of
Section 2.2.1, which allows us to apply [167, Theorem 43.D]. So, let (uc, ρc) := (θc, ρc) −
(ϕ, 0) = (0,m). Fix µ > 0. To begin with, choose

Λc :=
(
0, 0, 1

2β
′(m)(∂sϕ− c0)2

)
. (2.2.22)

Then E′
µ(uc, ρc)(v, σ)−Λc ·G′(uc, ρc)(v, σ) = 0 for all (v, σ) ∈ W 1,2

per(0, L;R2), which means
that (uc, ρc) is a critical point of Eµ subject to the constraint G = 0. Next, we prove that
there exist α > 0 and µ1 such that for µ ≥ µ1,

E′′
µ(uc, ρc)((v, σ)2) − Λc ·G′′(uc, ρc)((v, σ)2) ≥ α ∥(v, σ)∥2

W 1,2(0,L) (2.2.23)

for all (v, σ) ∈ W 1,2
per(0, L;R2) ∩ {I(v) = 0} such that G′(uc, ρc)(v, σ) = 0. Let (v, σ) ∈

W 1,2
per(0, L;R2) ∩ {I(v) = 0} such that G′(uc, ρc)(v, σ) = 0. With (2.2.8) and (2.2.22), we

observe first that

Λc ·G′′(uc, ρc)((v, σ)2) = 0. (2.2.24)

Hence, we concentrate on E′′
µ(uc, ρc), see (2.2.7). For a clearer representation we use

c̃ := ∂sϕ− c0. With the Cauchy-Schwarz inequality we obtain

E′′
µ(uc, ρc)((v, σ)2) ≥ β(m) ∥∂sv∥2

L2(0,L) − 2
∣∣β′(m) c̃

∣∣ ∥σ∥L2(0,L) ∥∂sv∥L2(0,L)

− c̃2

2
∣∣β′′(m)

∣∣ ∥σ∥2
L2(0,L) + µ ∥∂sσ∥2

L2(0,L).

50



2.2. The static problem

Further, Young’s inequality yields

2
∣∣β′(m) c̃

∣∣ ∥σ∥L2(0,L) ∥∂sv∥L2(0,L) ≤ 2 (β′(m))2 c̃2

β(m) ∥σ∥2
L2(0,L) + β(m)

2 ∥∂sv∥2
L2(0,L).

Remember that I(v) =
∫ L

0 v ds = 0 and note that G′(uc, ρc)(v, σ) = 0 implies that∫ L
0 σ ds = 0. Therefore, the L2-norms of v and σ can be estimated by the L2-norms

of the derivatives, which in turn are equivalent to the W 1,2-norms. So, combining the last
two estimates, we get

E′′
µ(uc, ρc)((v, σ)2) ≥

(
µ−

(Lc̃
2π
)2
(

|β′′(m)|
2 + 2 (β′(m))2

β(m)

))
∥∂sσ∥2

L2(0,L)

+
(
β(m) − β(m)

2

)
∥∂sv∥2

L2(0,L) ,

and (2.2.23) follows for suitable µ1 and α.

Step 2: Convergence of minimizers to (θc, ρc). Let (µj)j∈N with µj → ∞ for j → ∞ be a
monotonically increasing sequence and define

Mj :=
{

(θ, ρ) : global minimizer of Eµj subject to G = 0 and I(θ) = πωL
}
.

We claim that for all δ > 0 there is J ∈ N such that Mj is contained in the W 1,2-ball
Bδ(θc, ρc) for all j ≥ J . In the following, C denotes a constant that can vary from line to
line without being renamed. Furthermore, we write E(θc, ρc) for Eµ(θc, ρc) to make clear
that there is no dependence on µ. Let (θ, ρ) ∈ Mj for some j ∈ N. As

∫ L
0 (θ − θc) ds = 0

and
∫ L

0 (ρ− ρc) ds = 0, there is C > 0 such that

∥(θ, ρ) − (θc, ρc)∥W 1,2(0,L) ≤ (1 + C) ∥∂sθ − ∂sθc∥L2(0,L) + (1 + C) ∥∂sρ∥L2(0,L) .

First, we notice that for any δ1 > 0 there is J ∈ N such that

∥∂sρ∥2
L2(0,L) ≤ 2

µj
Eµj (θ, ρ) ≤ 2

µj
E(θc, ρc) < δ2

1

for all j ≥ J . Hence, by Sobolev-embedding and the Poincaré inequality, there is C = C(L)
such that ∥ρ− ρc∥C([0,L]) < Cδ1. Thus, there exists K ∈ R such that

∥β(ρ) − β(ρc)∥C([0,L]) ≤ sup
[−K,K]

∣∣β′∣∣ ∥ρ− ρc∥C([0,L]) < Cδ1 (2.2.25)

for all (θ, ρ) ∈ Mj , j ≥ J . Since inf [−K,K] β > 0, we have that

∫ L

0
(∂sθ − c0)2 ds ≤ 1

inf [−K,K] β

∫ L

0
β(ρ)(∂sθ − c0)2 ds ≤ 2E(θc, ρc)

inf [−K,K] β
(2.2.26)
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Chapter 2. Elastic flow with modulated stiffness

is uniformly bounded. With a short computation using ∂sθc ≡ constant and
∫ L

0 ∂sθ ds =∫ L
0 ∂sθc ds = 2πω we see that

∥∂sθ − ∂sθc∥2
L2(0,L) =

∫ L

0
(∂sθ − c0)2 − (∂sθc − c0)2 ds

= 1
β(ρc)

(∫ L

0
(β(ρc) − β(ρ))(∂sθ − c0)2 ds+

∫ L

0
β(ρ)(∂sθ − c0)2 ds− 2E(θc, ρc)

)
.

Since
∫ L

0 β(ρ)(∂sθ − c0)2 ds ≤ 2E(θc, ρc), using (2.2.25) and (2.2.26), we have
∥∂sθ − ∂sθc∥2

L2(0,L) < Cδ1 for some C depending on the model parameters but not on
µ. Choosing δ1 > 0 small enough, the claim follows.

This result does not extend to ω = 0 and θ describing the figure eight elastica as we see
in Remark 2.2.12.
The next example shows that (θc, ρc) does not always need to be a global minimizer.

Example 2.2.9 ([36, Example 2.7]). For the bending stiffness, we consider a double-well
potential given by β(x) := (x2 − 1)2 + c with c > 0. Let L = 2π, ω = 1, c0 = 0 and m = 0.
Consider θc = s, ρc = 0 and ρ := sin(2s). Then (θc, ρ) ∈ A and

Eµ(θc, ρc) = (1 + c)π >
(3

8 + c+ 2µ
)
π = Eµ(θc, ρ)

for µ < 5
16 .

Nonetheless, for large µ, (θc, ρc) is locally the unique constrained critical point. This
basically follows from the continuity of E ′′

µ and G′′ and the positive definiteness of E ′′
µ(θc, ρc).

Corollary 2.2.10 ([36, Corollary 2.8]). Let ω ̸= 0. There is µ0 > 0 and a C1-neighborhood
O of (θc, ρc) such that if (θ, ρ) ∈ O is a constrained critical point with I(θ) = πωL and
µ > µ0, then (θ, ρ) = (θc, ρc).

Proof. Again, we switch to the periodic setting. We have seen in the proof of Proposition
2.2.8, that there exist α > 0 such that for

µ >

(
ω − c0L

2π

)2
(

|β′′(m)|
2 + 2 (β′(m))2

β(m)

)

and Λc as in (2.2.22),

E′′
µ(uc, ρc)((v, σ)2) − Λc ·G′′(uc, ρc)((v, σ)2) ≥ α ∥(v, σ)∥2

W 1,2(0,L)

for all (v, σ) ∈ W 1,2
per(0, L;R2) ∩ {I(v) = 0} such that G′(uc, ρc)(v, σ) = 0. So Eµ has a

strict local minimum at (uc, ρc). Now, we claim that for ε > 0 there exists δ > 0 such that
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2.2. The static problem

if we take (u, ρ) ∈ W 1,2
per(0, L;R2) with ∥(u, ρ) − (uc, ρc)∥C1([0,L]) < δ, then

∣∣∣(E′′
µ(uc, ρc) − Λc ·G′′(uc, ρc) − E′′

µ(u, ρ) + Λ ·G′′(u, ρ)
)
((v, σ)2)

∣∣∣ ≤ ε ∥(v, σ)∥2
W 1,2(0,L) .

(2.2.27)

This is a continuity type property of the second derivatives at (uc, ρc). Here, Λ =
(λu1, λu2, λρ) = (λθ1(θ − ϕ, ρ), λθ2(θ − ϕ, ρ), λρ(θ − ϕ, ρ)) is explicitly given as in (2.1.2),
and (2.1.6). By [167, Theorem 43.D] and choosing ε < α, this implies that if (u, ρ) is a
critical point of Eµ subject to the constraint G = 0 and I(u) = 0, then Eµ has a strict
local minimum at (u, ρ) subject to the constraint G = 0 and I(u) = 0. We conclude that
there cannot exist other constrained critical points in a sufficiently small C1-neighborhood
of (uc, ρc).
It remains to prove (2.2.27). We take 0 < δ̄ < 1 small enough and consider (u, ρ) such
that ∥(u, ρ) − (uc, ρc)∥C1([0,L]) < δ̄. Then, there exists C = C(δ̄) such that

∣∣∣(E′′
µ(uc, ρc) − E′′

µ(u, ρ)
)
((v, σ)2)

∣∣∣
≤
∫ L

0
|β(ρc) − β(ρ)| (∂sv)2 ds+ 2

∫ L

0

∣∣(β′(ρc) − β′(ρ)
)

(∂sϕ− c0)σ ∂sv
∣∣ ds

+ 2
∫ L

0

∣∣β′(ρ) (∂suc − ∂su)σ ∂sv
∣∣ ds+ 1

2

∫ L

0

∣∣β′′(ρc) − β′′(ρ)
∣∣ (∂sϕ− c0)2σ2 ds

+ 1
2

∫ L

0

∣∣∣β′′(ρ)
(
(∂sϕ− c0)2 − (∂su+ ∂sϕ− c0)2

)∣∣∣σ2 ds

≤ C ∥(uc, ρc) − (u, ρ)∥C1([0,L]) ∥(v, σ)∥2
W 1,2(0,L) ,

cf. (2.2.7). Since Λc ·G′′(uc, ρc) = 0 (see (2.2.24)), it remains to prove that∣∣∣Λ ·G′′(u, ρ)((v, σ)2)
∣∣∣ ≤ C ∥(uc, ρc) − (u, ρ)∥C1([0,L]) ∥(v, σ)∥2

W 1,2(0,L) (2.2.28)

for some constant C. With (2.2.8),
∣∣G′′(u, ρ)((v, σ)2)

∣∣ ≤ ∥(v, σ)∥2
W 1,2(0,L). Moreover, using

Lemma 2.4.2 in Section 2.4 to bound the inverse matrix and uc = 0,

|(λu1, λu2)| =
∥∥∥Π−1(u+ ϕ)

∥∥∥ ∣∣∣ ∫ L

0

(
− cos(u+ ϕ)
− sin(u+ ϕ)

)
∂suβ(ρ)(∂su+ ∂sϕ− c0) ds

∣∣∣
≤ C ∥∂su∥C([0,L]) ≤ C ∥(uc, ρc) − (u, ρ)∥C1([0,L]) .

Since (G′′)3(u, ρ) = 0, we conclude (2.2.28) and the proof is complete.

Conditions for homogeneous elastica

If a constrained critical point has constant density, this already implies that it describes
a homogeneous elastica.

53



Chapter 2. Elastic flow with modulated stiffness

Lemma 2.2.11 ([36, Lemma 2.9]). If (θ, ρ) describes a constrained critical point and
ρ ≡ m, then θ describes an elastica.

Proof. By Proposition 2.2.4, (θ, ρ) is smooth. Since ρ is constant, the Euler–Lagrange
equation (2.2.17) reads

0 = β(m)∂sk + λθ1 sin θ − λθ2 cos θ, (2.2.29)

with k = ∂sθ. As in [128, Remark 2.2], we multiply (2.2.29) with k. This yields

0 = 1
2β(m)∂s(k2) + ∂s (−λθ1 cos θ − λθ2 sin θ) .

So there is λ̃ ∈ R such that

λ̃ = 1
2β(m)k2 − λθ1 cos θ − λθ2 sin θ. (2.2.30)

Differentiation of (2.2.29) and inserting (2.2.30) leads to (2.2.21) with λ = λ̃
β(m) .

Remark 2.2.12 ([36, Remark 2.10]). In the case ω = 0, a constrained critical point with
constant density exists only if β′(m) = 0. Indeed, if ρ ≡ m and β′(m) ̸= 0, it follows from
(2.2.18) that (∂sθ − c0)2 is constant. For ω = 0, this contradicts the closedness of the
curve described by θ.

For ω ̸= 0, we provide suitable assumptions on β, under which the converse implication of
Lemma 2.2.11 also holds.

Lemma 2.2.13 ([36, Lemma 2.11]). Let ω ̸= 0 and c0 ̸= 2πω
L . Let (θ, ρ) be a constrained

critical point and suppose θ describes an elastica. If β is such that

(a) β is convex or

(b)
∣∣β′(x)

∣∣ < 2µ
( 2π

2πω − Lc0

)2
|m− x| or

(c) sup
∣∣β′′∣∣ < 2µ

( 2π
2πω − Lc0

)2
,

then ρ is constant. In particular, (θ, ρ) describes a homogeneous elastica.

Proof. Since θ describes a constrained closed elastica and ω ̸= 0, we have k = ∂sθ ≡ 2πω
L

by Remark 2.2.7. The Euler–Lagrange equation for ρ (cf. (2.2.18)) simplifies to

∂2
sρ = (k − c0)2

2µ

(
β′(ρ) − 1

L

∫ L

0
β′(ρ) ds

)
. (2.2.31)
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2.2. The static problem

(a) Using integration by parts, (2.2.31),
∫ L

0 ρ ds = mL, and the convexity of β, we have

∫ L

0
(∂sρ)2 ds = −(k − c0)2

2µ

∫ L

0
β′(ρ)(ρ−m) ds

= −(k − c0)2

2µ

∫ L

0

(
β′(ρ) − β′(m)

)
(ρ−m) ds ≤ 0.

(b) First, we proceed as in (a), then we obtain with

(k − c0)2 =
(2π
L

)2 (2πω − Lc0
2π

)2
,

the assumption on β′, and the Wirtinger inequality that
∫ L

0
(∂sρ)2 ds = −(k − c0)2

2µ

∫ L

0
β′(ρ)(ρ−m) ds <

(2π
L

)2 ∫ L

0
(ρ−m)2 ds ≤

∫ L

0
(∂sρ)2 ds.

(c) We write β′(ρ) = 1
L

∫ L
0 β′(ρ) ds and use the Wirtinger inequality twice to get

∫ L

0
(∂2

sρ)2 ds =
(

(k − c0)2

2µ

)2 ∫ L

0

(
β′(ρ) − β′(ρ)

)2
ds

≤ (k − c0)4

(2µ)2

(
L

2π

)2 ∫ L

0

(
β′′(ρ)∂sρ

)2 ds

<

(2π
L

)2 ∫ L

0
(∂sρ)2 ds ≤

∫ L

0
(∂2

sρ)2 ds.

In all cases, the periodic boundary conditions imply that ρ ≡ m.

For clarity, we also present a corollary now, which follows from the analysis of the asymp-
totic behavior. Under the assumptions of Lemma 2.2.13, we can already prove it using
the same ideas as in the proof of Part (a). Later (in Theorem 2.7.1), we see that it also
holds for ω = 0.

Corollary 2.2.14 ([36, Corollary 2.12]). Let (θ, ρ) be a constrained critical point. If β is
such that β′(x) ≤ 0 for x < m and β′(x) ≥ 0 otherwise, then (θ, ρ) describes a homogeneous
elastica.

Without additional assumptions on β, the density of a constrained critical point describing
an elastica might be nonconstant.

Example 2.2.15 ([36, Example 2.13]). Let L = 2π, ω = 2, m = 0 and let µ > 0 and
c0 ̸= 2 be chosen such that (2 − c0)2 = 2µ. Let β(x) = −x2

2 + 1 for −1 ≤ x ≤ 1. Then
both (θ = θc, ρ ≡ m) ∈ A and (θ = θc, ρ = sin s) ∈ A are constrained critical points.
In this case, inequalities (b) and (c) in Lemma 2.2.13 are attained with equality, so the
assumptions are sharp.
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Remark 2.2.16 (Special choice of c0, [36, Remark 2.14]). For ω ̸= 0, c0 = 2πω
L and (θ, ρ)

a constrained critical point with θ describing an elastica, it follows directly from (2.2.31)
and the periodic boundary conditions that ρ is constant.

2.3. Local well-posedness and regularity

In the literature, short time existence and uniqueness for quasilinear parabolic systems is
widely accepted if the initial datum is smooth. The goal of this section is to provide a
complete proof of local well-posedness for the system (2.0.4), including continuous depen-
dence on the data, even for initial data with low regularity and despite the presence of
nonlocal terms, in a fairly concise way.
First, we summarize the compatibility conditions for the initial datum.

Hypothesis 2.3.1 ([37, Hypothesis 1.1]). Let θ0, ρ0 : [0, L] → R be C1-functions such
that

θ0(L) − θ0(0) = 2πω, ∂sθ0(L) = ∂sθ0(0),
ρ0(L) = ρ0(0), ∂sρ0(L) = ∂sρ0(0).

(2.3.1)

Moreover, let θ0 satisfy (2.0.3).

The goal of this section is to prove the following existence result. Here, h1+α is the little
Hölder space, cf. Section 2.3.6.

Theorem 2.3.2 (Local well-posedness, [37, Theorem 1.2]). Let (θ0, ρ0) ∈ h1+α([0, L]) for
some α ∈ (0, 1) and assume Hypothesis 2.3.1. Then there exists T0 > 0 and a unique
solution (θ, ρ) ∈ C∞((0, T0) × [0, L]) of (2.0.4) on (0, T0) × [0, L] which satisfies

lim
t→0

(θ(t), ρ(t)) = (θ0, ρ0) in C1+α([0, L]).

Moreover, the solution depends continuously on the initial datum.

The idea of the proof is to meet the boundary conditions by formulating the problem in a
periodic setting (see Section 2.3.1). Then, following the ideas in [17], the Inverse Function
Theorem between appropriate time-dependent little Hölder spaces yields existence and
continuous dependence on the initial datum (see Section 2.3.2). We deduce the local
invertibility of the Fréchet derivative from the maximal regularity theory developed in
[101] and a perturbation argument (see Proposition 2.3.12). The precise formulation of
the continuous dependence is given in Proposition 2.3.5 and Remark 2.3.6 below. To
show instantaneous smoothing, we rely on the theory of parabolic systems in [96] and a
bootstrap argument (see Section 2.3.4). Finally, exploiting the dissipative structure of the
system, uniqueness follows from an energy argument (see Section 2.3.4).
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2.3.1. Transformation to a periodic setting

Proving Theorem 2.3.2 in a periodic setting is quite natural due to the geometric inter-
pretation of the problem. In the periodic setting, we get rid of the boundary conditions
which enables us to apply an existence result in [101] for a suitable linearization of our
problem. We first prove short time existence and continuous dependence on the data as
well as uniqueness and smoothness of the solution to the periodic problem. Then, by a
suitable transformation, we can transfer the results to problem (2.0.4).

For the moment, assume that (θ, ρ) is a sufficiently smooth function in (t, s). We observe
that the boundary conditions in (2.0.4) imply that ∂sθ is a C0-periodic function, i.e. it
can be extended to a continuous L-periodic function on R. Similarly, ρ is a C1-periodic
function. The angle function θ is itself not periodic if the rotation number is different from
zero. We hence first perform a suitable transformation. We work with the function

ϕ : [0, L] → R, ϕ(s) := 2πωs
L

defined in (2.2.2) and consider the function u(t, s) := θ(t, s) − ϕ(s). The boundary condi-
tions in (2.0.4) imply that u and ρ are C1-periodic functions on [0, L]. We thus consider
the L-periodic extensions of u0 := θ0 − ϕ and ρ0 to all of R and look for L-periodic solu-
tions (u, ρ) defined on (0, T ) × R for some T > 0. Now, instead of Hypothesis 2.3.1, it is
sufficient to assume that∫ L

0
cos(u0 + ϕ) ds =

∫ L

0
sin(u0 + ϕ) ds = 0. (2.3.2)

In terms of (u, ρ) L-periodic, (2.0.4) can be equivalently written as
∂tu = ∂s [β(ρ) (∂su+ ∂sϕ− c0)] + Λu(u, ρ) in (0, T ) × R,

∂tρ = µ∂2
sρ− 1

2β
′(ρ) (∂su+ ∂sϕ− c0)2 + Λρ(u, ρ) in (0, T ) × R,

u(0, ·) = u0, ρ(0, ·) = ρ0 on R.

(2.3.3)

Here, to simplify the notation, instead of working with (λθ1, λθ2) (see Remark 2.1.3) we
consider Λu given by

Λu(u, ρ)(t, s) :=
(
λθ1(u+ ϕ, ρ)(t)
λθ2(u+ ϕ, ρ)(t)

)
·
(

sin(u(t, s) + ϕ(s))
− cos(u(t, s) + ϕ(s))

)
(2.3.4)

= Π−1 (u+ ϕ)
∫ L

0

(
cos (u+ ϕ)
sin (u+ ϕ)

)
(∂su+ ∂sϕ)β(ρ) (∂su+ ∂sϕ− c0) ds

·
(

sin (u+ ϕ)
− cos (u+ ϕ)

)
=: Π−1(u+ ϕ) J (u, ρ) ·

(
sin(u+ ϕ)

− cos(u+ ϕ)

)
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for (t, s) ∈ (0, T ) × R and, instead of λρ, Λρ given by

Λρ(u, ρ)(t) := λρ(u+ ϕ, ρ)(t) = 1
2L

∫ L

0
β′(ρ) (∂su+ ∂sϕ− c0)2 ds,

for t ∈ (0, T ), see (2.1.6).
We now define our concept of a solution. To that end, we work with time-weighted little
Hölder spaces (see Section 2.3.6 for a precise definition), which provide an appropriate
framework for the local well-posedness of the problem.

Definition 2.3.3 ([37, Definition 3.1]). Let T > 0, α ∈ (0, 1) and η ∈
(1

2 , 1
)

be such that
2η + α ̸∈ Z. Moreover, let (u0, ρ0) ∈ h2η+α

L (R;R2) be such that u0 satisfies (2.3.2). We
call (u, ρ) a solution of (2.3.3) on (0, T ) × R with initial datum (u0, ρ0) if

(u, ρ) ∈ BUC1
1−η

(
[0, T ′];hα

L(R;R2)
)

∩ BUC1−η

(
[0, T ′];h2+α

L (R;R2)
)

for all T ′ < T , if (u, ρ) solves the flow equations in (2.3.3) on (0, T ) × [0, L] and if

lim
t→0

(u, ρ)(t, ·) = (u0, ρ0) in C2η+α(R;R2).

The time weight (described by the parameter η) allows us to consider less regular initial
data. For T > 0, α ∈ (0, 1) and η ∈

(
1
2 , 1
)

such that 2η + α ̸∈ Z, we set

E0([0, T ]) := BUC1−η

(
[0, T ];hα

L(R;Rk)
)
, (2.3.5)

E1([0, T ]) := BUC1
1−η

(
[0, T ];hα

L(R;Rk)
)

∩ BUC1−η

(
[0, T ];h2+α

L (R;Rk)
)

(2.3.6)

for k = 1, 2. For k = 2, E1 is the space of solutions in the sense of Definition 2.3.3. For
(u, ρ) ∈ E1 the right hand side of the evolution equations in (2.3.3) belongs to E0, cf.
Remark 2.3.20. We define γE1 := h2η+α

L (R;Rk), the space for initial data (see (2.3.37)).
In the following, the value of k = 1, 2 is clear from the context.
We introduce the open set

U([0, T ]) :=
{
(u, ρ) ∈ E1([0, T ]) : inf

[0,T ]
det Π(u+ ϕ) > 0

}
and define the nonlinear differential operator

F : U([0, T ]) → E0([0, T ]), F(u, ρ) = (F1(u, ρ),F2(u, ρ)) ,

F1(u, ρ) := ∂s [β(ρ) (∂su+ ∂sϕ− c0)] + Λu(u, ρ), (2.3.7)

F2(u, ρ) := µ∂2
sρ− 1

2β
′(ρ) (∂su+ ∂sϕ− c0)2 + Λρ(u, ρ).

The evolution equations in (2.3.3) can be written as ∂t(u, ρ) = F(u, ρ) on (0, T ) × R.
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2.3. Local well-posedness and regularity

Remark 2.3.4 ([37, Remark 3.2]). The choice η > 1
2 ensures that the initial datum has

finite energy, but also turns out to be essential to control the nonlinearities in the equation
(cf. Lemma 2.3.9, Proposition 2.3.12) and to show uniqueness (cf. Lemmas 2.3.14, 2.3.21).

2.3.2. Short time existence and continuous dependence

To prove short time existence and continuous dependence on the data, we essentially follow
the ideas of [17, Theorem 2]. However, since we work with periodic little Hölder spaces,
we have to justify some steps differently.

Proposition 2.3.5 (Existence and continuous dependence, [37, Proposition 3.3]). Let α ∈
(0, 1) and η ∈

(1
2 , 1
)
. Let (u0, ρ0) ∈ γE1 and let u0 satisfy (2.3.2). Then there exist T0 ∈

(0,∞) and r > 0 such that for every (ũ0, ρ̃0) ∈ γE1 with ∥(u0, ρ0) − (ũ0, ρ̃0)∥C2η+α([0,L]) < r

the problem
∂tũ = ∂s [β(ρ̃) (∂sũ+ ∂sϕ− c0)] + Λu(ũ, ρ̃) in (0, T0) × R,

∂tρ̃ = µ∂2
s ρ̃− 1

2β
′(ρ̃) (∂sũ+ ∂sϕ− c0)2 + Λρ(ũ, ρ̃) in (0, T0) × R,

ũ(0, ·) = ũ0, ρ̃(0, ·) = ρ̃0 on R,

(2.3.8)

admits a solution (ũ, ρ̃) ∈ E1([0, T0]). Moreover, there is a C1-map which associates to
the initial datum a solution of the problem. In particular, there exists a solution (u, ρ) ∈
E1([0, T0]) of (2.3.3) on (0, T0) × R with initial datum (u0, ρ0).

Proof. We divide the proof into several steps. For the sake of readability, the details are
partially moved to Section 2.3.3. We will refer to this at the respective points.
Step 1: Construction of a “good” function. We show that there exist T̄ > 0 and (ū, ρ̄) ∈
E1([0, T̄ ]) with (ū, ρ̄)(0, ·) = (u0, ρ0), such that (ū, ρ̄) ∈ U([0, T̄ ]), i.e.

inf
[0,T̄ ]

det (Π(ū+ ϕ)) > 0, (2.3.9)

and having some extra regularity. More precisely, ∂s(ū, ρ̄) ∈ Ẽ1([0, T̄ ]) where

Ẽ1([0, T̄ ]) := BUC1
1−η̃

(
[0, T̄ ];hα

L(R)
)

∩ BUC1−η̃

(
[0, T̄ ];h2+α

L (R)
)

for η̃ := η − 1
2 > 0.

First, we take the solution (ū, ρ̄) ∈ E1([0, T̂ ]), for T̂ > 0 arbitrary, of
∂t(v, σ) − ∂2

s (v, σ) = (0, 0) in (0, T̂ ) × R,

(v, σ)(0, ·) = (u0, ρ0) on R.

Such a solution exists by [101, Theorem 6.4]. As solution of the heat equation, we know
that (ū, ρ̄) ∈ C∞((0, T̂ ) × R). Due to the fact that η > 1

2 , ∂s(u0, ρ0) ∈ h2η̃+α
L (R) = γẼ1
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and hence it is an admissible initial datum. We look at∂t(v, σ) − ∂2
s (v, σ) = (0, 0) in (0, T̂ ) × R,

(v, σ)(0, ·) = ∂s(u0, ρ0) on R.
(2.3.10)

Again, we use [101, Theorem 6.4] and obtain a unique solution in Ẽ1([0, T̂ ]) that is smooth
for positive times. Since this solution coincides with ∂s(ū, ρ̄) for t = 0 and ∂s(ū, ρ̄) solves
the evolution equation in (2.3.10), we conclude by uniqueness that ∂s(ū, ρ̄) is the solution
of (2.3.10), so that ∂s(ū, ρ̄) ∈ Ẽ1([0, T̂ ]).
It remains to check (2.3.9). Since u0 + ϕ satisfies Hypothesis 2.3.1, using Remark 2.1.4
and Lemma 2.3.18, by continuity there exists T̄ ≤ T̂ such that (2.3.9) is satisfied.
Step 2: We claim that there exists T ′ ∈ (0, T̄ ] such that the nonlinear operator

Φ: U([0, T ′]) → E0([0, T ′]) × γE1,

Φ(ũ, ρ̃) :=
(
∂t(ũ, ρ̃) − F(ũ, ρ̃), (ũ, ρ̃) (0, ·)

)
is well defined and a local diffeomorphism at (ū, ρ̄) (restricted to [0, T ′]). Here F is the
map defined in (2.3.7).
It is sufficient to prove the existence of T ′ ∈ (0, T̄ ] such that the Fréchet derivative

DΦ(ū, ρ̄) : E1([0, T ′]) → E0([0, T ′]) × γE1,

DΦ(ū, ρ̄)(v, σ) :=
(
∂t(v, σ) − DF(ū, ρ̄)(v, σ), (v, σ)(0, ·)

)
,

(2.3.11)

is a linear isomorphism. It then follows, since Φ ∈ C1, by the Local Inverse Function
Theorem that Φ is a local diffeomorphism at (ū, ρ̄). The proof that the map in (2.3.11)
is a linear isomorphism is given in Proposition 2.3.12 (with J̃ = DΦ(ū, ρ̄)). The idea is
to use a maximal regularity result in time-weighted little Hölder spaces [101], where the
time weight allows for rough initial data. Since the results in [101] are applicable to linear
systems with time-independent coefficients, we first consider an auxiliary linear problem,
cf. Proposition 2.3.7. A perturbation argument then gives that the map in (2.3.11) is an
isomorphism for small times.
Step 3: By Step 2, there is a neighborhood V ⊂ U([0, T ′]) of (ū, ρ̄) and a neighborhood
W ⊂ E0([0, T ′]) × γE1 of Φ(ū, ρ̄) =:

(
(f̄1, f̄2), (u0, ρ0)

)
such that Φ : V → W is a diffeo-

morphism. Choose r > 0 small enough such that Br(f̄1, f̄2) ×Br(u0, ρ0) ⊂ W . Moreover,
choose T ′′ ∈ (0, T ′) small enough so that

∥∥(f̄1, f̄2)
∥∥
E0([0,T ′′]) < r. (2.3.12)

Here it is crucial that the E0-norm becomes arbitrary small for small times (see the defi-
nition of BUC1−η in Section 2.3.6).
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Step 4: Define (f̃1, f̃2) ∈ E0([0, T ′]) by

(f̃1, f̃2) :=


(0, 0) on

[
0, 1

2T
′′
]
,

2
T ′′ (t− 1

2T
′′)(f̄1, f̄2) on

(
1
2T

′′, T ′′
)
,

(f̄1, f̄2) on [T ′′, T ′] .

Then, by a short computation and the choice of T ′′ in (2.3.12), we have

∥∥(f̃1, f̃2) − (f̄1, f̄2)
∥∥
E0([0,T ′]) < r.

This implies that, with (ũ0, ρ̃0) ∈ γE1 as in the statement, we have

(
(f̃1, f̃2), (ũ0, ρ̃0)

)
∈ Br(f̄1, f̄2) ×Br(u0, ρ0) ⊂ W.

Since Φ : V → W is a diffeomorphism, there exists (ũ, ρ̃) ∈ V ⊂ U([0, T ′]) such that
Φ(ũ, ρ̃) =

(
(f̃1, f̃2), (ũ0, ρ̃0)

)
. We restrict (ũ, ρ̃) to

[
0, 1

2T
′′]× R, set T0 := 1

2T
′′ and obtain

a solution of (2.3.8) on (0, T0) × R.
Step 5: We constructed a mapping which maps every (ũ0, ρ̃0) ∈ Br(u0, ρ0) to a solution
(ũ, ρ̃) ∈ E1([0, T0]) of the problem. It consists essentially of the composition of the C1-
mapping Φ−1 and a restriction operator and is thus continuously differentiable.

Remark 2.3.6 ([37, Remark 3.4]). In Section 2.3.4 we prove uniqueness of solutions.
Together with Proposition 2.3.5 this yields the continuity — or more precisely even the
continuous differentiability — of the mapping which maps any initial datum (u0, ρ0) ∈ γE1

to the unique solution (u, ρ) ∈ E1([0, T0]) of (2.3.3).

2.3.3. Auxiliary results for Section 2.3.2

In the following, we show Step 2 of the proof of Proposition 2.3.5, i.e. that DΦ(ū, ρ̄) (see
(2.3.11)) is a linear isomorphism. This is equivalent to show existence and uniqueness of
a solution for a certain inhomogeneous linear initial value problem.
In this section, α ∈ (0, 1) and η ∈

(1
2 , 1
)

are fixed.

The linearization

We compute here DF(ū, ρ̄) needed in (2.3.11), where F is given as in (2.3.7). By a direct
calculation one finds

DF1(ū, ρ̄)(v, σ) = β(ρ̄) ∂2
sv + β′(ρ̄) ∂2

s ū σ + β′(ρ̄) ∂sρ̄ ∂sv

+ β′(ρ̄) (∂sū+ ∂sϕ− c0) ∂sσ + β′′(ρ̄) ∂sρ̄ (∂sū+ ∂sϕ− c0)σ

+ DΛu(ū, ρ̄)(v, σ), (2.3.13)
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Chapter 2. Elastic flow with modulated stiffness

DF2(ū, ρ̄)(v, σ) = µ∂2
sσ − 1

2β
′′(ρ̄) (∂sū+ ∂sϕ− c0)2 σ − β′(ρ̄) (∂sū+ ∂sϕ− c0) ∂sv

+ DΛρ(ū, ρ̄)(v, σ). (2.3.14)

Let T > 0. We first observe that by (2.3.4), in the Lagrange multipliers only spatial
derivatives of first order appear. More specifically, Λu is well defined with Λu(u, ρ) ∈
E0([0, T ]) for (u, ρ) ∈ V([0, T ]) where

V([0, T ]) :=
{

(u, ρ)∈ F([0, T ]) :=BUC1
1−η([0, T ];hα

L(R)) ∩ BUC1−η([0, T ];h1+α
L (R))

such that inf
[0,T ]

det Π(u+ ϕ) > 0
}
. (2.3.15)

This is an open subset of F([0, T ]) by continuity. Moreover, using η > 1
2 and (2.3.37),

any initial datum (v0, σ0) ∈ γE1 is in F([0, T ]) if we identify it with the function (t, s) 7→
(v0(s), σ0(s)). It is not difficult to see that

V([0, T ]) ∋ (u, ρ) 7→ Λu(u, ρ) ∈ E0([0, T ]) (2.3.16)

is of class C1. Moreover, it follows from the product rule that

DΛu(ū, ρ̄)(v, σ) = DΠ−1(ū+ ϕ)(v) J (ū, ρ̄) ·
(

sin(ū+ ϕ)
− cos(ū+ ϕ)

)

+ Π−1(ū+ ϕ) DJ (ū, ρ̄)(v, σ) ·
(

sin(ū+ ϕ)
− cos(ū+ ϕ)

)

+ Π−1(ū+ ϕ) J (ū, ρ̄) ·
(

cos(ū+ ϕ)
sin(ū+ ϕ)

)
(2.3.17)

for all (v, σ) ∈ F([0, T ]). A similar argument yields that Λρ : V([0, T ]) → E0([0, T ]) is well
defined and C1 with derivative

DΛρ(ū, ρ̄)(v, σ) = 1
2L

∫ L

0
β′′(ρ̄) (∂sū+ ∂sϕ− c0)2σ + 2β′(ρ̄) (∂sū+ ∂sϕ− c0) ∂sv ds.

Linear evolution problem with time-independent coefficients

We consider an auxiliary linear evolution problem. Since we rely on [101], where time-
independent coefficients are used, we would like to freeze the coefficients of the terms in
(2.3.13) and (2.3.14) in t = 0. For the second term in (2.3.13), the regularity of the initial
datum does not allow this. Therefore, we treat this term differently from the others and
move it together with DΛu and DΛρ, which are nonlocal, to the right hand side of the
inhomogeneous initial value problem we want to solve. This explains the structure of the
differential operator chosen below.
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2.3. Local well-posedness and regularity

Proposition 2.3.7 ([37, Proposition B.1]). Let (u0, ρ0) ∈ γE1 such that u0 satisfies
(2.3.2). Let (ū, ρ̄) ∈ E1([0, T̄ ]) be the function constructed in the proof of Proposition
2.3.5. Then for all T ∈ (0, T̄ ] the mapping

J : E1([0, T ]) → E0([0, T ]) × γE1, (v, σ) 7→
(
∂t (v, σ) − A(v, σ) − Ψ, (v, σ)(0, ·)

)
where

A(v, σ) :=
(
β(ρ0)∂2

sv + β′(ρ0)∂sρ0∂sv + β′(ρ0)(∂su0 + ∂sϕ− c0)∂sσ

+ β′′(ρ0)∂sρ0(∂su0 + ∂sϕ− c0)σ,

µ∂2
sσ − 1

2β
′′(ρ0)(∂su0 + ∂sϕ− c0)2σ − β′(ρ0)(∂su0 + ∂sϕ− c0)∂sv

)
,

Ψ = Ψ(v0, σ0) :=
(
β′(ρ̄)∂2

s ū σ0 + DΛu(ū, ρ̄)(v0, σ0), DΛρ(ū, ρ̄)(v0, σ0)
)

is well defined and an isomorphism. Here (v0, σ0) = (v, σ)(0, ·) ∈ F([0, T ]), cf. (2.3.15).
Equivalently1, for any pair (φ1, φ2) ∈ E0([0, T ]) and (v0, σ0) ∈ γE1 there exists a unique
solution (u, ρ) ∈ E1([0, T ]) of the linear problem

∂t(v, σ) − A(v, σ) = (φ1, φ2) + Ψ in (0, T ) × R,

(v, σ)(0, ·) = (v0, σ0) on R.
(2.3.18)

Proof. We want to use [101], which works with functions on the one-dimensional torus, or
equivalently for periodic functions, cf. [101, Proposition 1.1]. With (2.3.37) and Lemma
2.3.17, the time-independent coefficients of the operator A are in hα

L(R). Because β(ρ0)
is bounded away from zero and µ > 0, A is a uniformly elliptic operator. Apart from
this we have to check that Ψ ∈ E0([0, T ]). Using Lemma 2.3.17 and Remark 2.3.20, we
find β′(ρ̄) ∈ E1([0, T ]) and thus β′(ρ̄)∂2

s ū σ0 ∈ E0([0, T ]). From (2.3.16), we conclude that
DΛu(ū, ρ̄)(v0, σ0) ∈ E0([0, T ]) and similarly for Λρ. Applying [101, Theorem 6.4] yields a
unique solution (v, σ) ∈ E1([0, T ]) of (2.3.18).

From the fact that the mapping J from Proposition 2.3.7 is an isomorphism, an estimate
of the norm of the solution follows implicitly. We now show that the constant in this
estimate can be chosen independent of T .

Lemma 2.3.8 ([37, Lemma B.2]). Let (u0, ρ0) ∈ γE1 such that u0 satisfies (2.3.2). Let
(ū, ρ̄) ∈ E1([0, T̄ ]) be the map constructed in the proof of Proposition 2.3.5. Let T ∈ (0, T̄ ].

1Here we slightly abuse notation, denoting by (v0, σ0) both the initial datum of the problem (2.3.18)
and the evaluation at t = 0 of (v, σ) ∈ E1([0, T ]). However, for solving (2.3.18), this does not make a
difference.
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Then the solution operator J−1 satisfies the estimate∥∥∥J−1((φ1, φ2), (v0, σ0)
)∥∥∥

E1([0,T ])
≤ C

(
∥(φ1, φ2)∥E0([0,T ]) + ∥(v0, σ0)∥γE1

)
for all (φ1, φ2) ∈ E0([0, T ]) and (v0, σ0) ∈ γE1 with C = C(u0, ρ0, T̄ ).

Notice that here we do not write explicitely the dependence on T of the solution operator.
This abuse of notation is justified in the proof below.

Proof of Lemma 2.3.8. Proposition 2.3.7 already yields the claimed inequality with C =
C(u0, ρ0, T ). We show that C can be chosen only depending on T̄ > T by an extension
argument. Let (v, σ) = J−1((φ1, φ2), (v0, σ0)

)
∈ E1([0, T ]). Consider

(φ∗
1, φ

∗
2)(t, s) =

(φ1, φ2)(t, s) for (t, s) ∈ [0, T ] × R,

(φ1, φ2)(T, s) for (t, s) ∈ (T, T̄ ] × R.

Then (φ∗
1, φ

∗
2) ∈ E0([0, T̄ ]) and we can apply Proposition 2.3.7 and obtain (v∗, σ∗) =

J−1((φ∗
1, φ

∗
2), (v0, σ0)

)
∈ E1([0, T̄ ]), the solution of (2.3.18) on (0, T̄ ] with (φ∗

1, φ
∗
2) instead

of (φ1, φ2). The same proposition gives that J−1 is an isomorphism from E1([0, T̄ ]) to
E0([0, T̄ ]). Hence, there exists a constant C = C(u0, ρ0, T̄ ) such that

∥(v∗, σ∗)∥E1([0,T̄ ]) ≤ C
(
∥(φ∗

1, φ
∗
2)∥E0([0,T̄ ]) + ∥(v0, σ0)∥γE1

)
.

Because of the uniqueness of the solution and using that (2.3.18) is local in time, we find
(v∗, σ∗)|[0,T ] = (v, σ). The claim follows using that ∥(v, σ)∥E1([0,T ]) ≤ ∥(v∗, σ∗)∥E1([0,T̄ ]) ,

together with ∥(φ∗
1, φ

∗
2)∥E0([0,T̄ ]) = ∥(φ1, φ2)∥E0([0,T ]).

Some auxiliary estimates

We collect here some technical results, which we use to examine the differences appearing
when comparing the linear operators in (2.3.11) and J from Proposition 2.3.7.
Throughout this subsection, we fix (u0, ρ0) ∈ γE1 such that u0 satisfies (2.3.2) and de-
note by (ū, ρ̄) ∈ E1([0, T̄ ]) the function constructed in the proof of Proposition 2.3.5. In
particular, η ∈ (1

2 , 1), η̃ = η − 1
2 and ∂s(ū, ρ̄) ∈ Ẽ1([0, T̄ ]).

Lemma 2.3.9 ([37, Lemma B.3]). Let t ∈ (0, T̄ ]. Then we have

∥ū(t) − u0∥Cα ≤ ∥ū∥E1

tη

η
, ∥∂sū(t) − ∂su0∥Cα ≤ ∥∂sū∥Ẽ1

tη̃

η̃
,

and similarly for ρ̄.
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Proof. Inspired by (2.3.36), we compute

∥∥ū(t) − u0
∥∥

Cα =
∥∥ lim

t′→0+
(ū(t) − ū(t′))

∥∥
Cα =

∥∥ lim
t′→0+

∫ t

t′
∂τ ū(τ) dτ

∥∥
Cα

≤ lim
t′→0+

∫ t

t′

∥∥∥τη−1τ1−η∂τ ū(τ)
∥∥∥

Cα
dτ ≤ ∥ū∥E1

lim
t′→0+

∫ t

t′
τη−1 dτ = ∥ū∥E1

tη

η
.

For ∂sū, we proceed completely analogously.

In the sequel, we estimate terms involving β(i)(ρ̄). Since ρ̄ ∈ BUC([0, T̄ ];h2η+α
L (R)), see

Lemma 2.3.18, there exists J ⊂ R, a compact interval, such that ρ̄(t, s) ∈ J for all
(t, s) ∈ [0, T̄ ] × R. Since β ∈ C∞(R), there is a constant M ∈ (0,∞) such that

sup
t∈[0,T̄ ]

∥∥∥Π−1(ū+ ϕ)
∥∥∥ ≤ M, sup

J

∣∣β(i)∣∣ ≤ M for i = 0, . . . , 4,

sup
t∈[0,T̄ ]

∥ū∥C1 , ∥ū∥E1([0,T̄ ]), sup
t∈[0,T̄ ]

∥ρ̄∥C1 ≤ M.
(2.3.19)

Lemma 2.3.10 ([37, Lemma B.4]). Let M > 0 be as in (2.3.19). There is C = C(M)
such that for all i ∈ {0, 1, 2} we have

∥β(i)(ρ0) − β(i)(ρ̄(t))∥Cα ≤ C(M) ∥ρ̄∥E1

tη

η
for all t ∈ [0, T̄ ].

Proof. For the supremum norm we find

∥β(ρ0) − β(ρ̄)∥C0 = sup
s∈R

|β(ρ0) − β(ρ̄)| ≤ sup
J

∣∣β′∣∣ sup
s∈R

|ρ0 − ρ̄| . (2.3.20)

To estimate the Hölder semi-norm, we note that for s1, s2 ∈ R

|β(ρ0(s1)) − β(ρ̄(s1)) − β(ρ0(s2)) + β(ρ̄(s2))|

=
∣∣∣∣∫ 1

0
∂λ [β (λρ0(s1) + (1 − λ)ρ̄(s1)) − β (λρ0(s2) + (1 − λ)ρ̄(s2))] dλ

∣∣∣∣
≤
∫ 1

0

∣∣β′ (λρ0(s1) + (1 − λ)ρ̄(s1))
∣∣ |ρ0(s1) − ρ̄(s1) − ρ0(s2) + ρ̄(s2)| dλ

+
∫ 1

0

∣∣β′ (λρ0(s1) + (1 − λ)ρ̄(s1)) − β′ (λρ0(s2) + (1 − λ)ρ̄(s2))
∣∣ |ρ0(s2) − ρ̄(s2)| dλ

≤ sup
J

∣∣β′∣∣ [ρ0 − ρ̄]α |s1 − s2|α

+ sup
J

∣∣β′′∣∣ (|ρ0(s1) − ρ0(s2)| + |ρ̄(s1) − ρ̄(s2)|) |ρ0(s2) − ρ̄(s2)|

≤
[

sup
J

∣∣β′∣∣ [ρ0 − ρ̄]α + sup
J

∣∣β′′∣∣ ([ρ0]α + [ρ̄]α) sup
s∈R

|ρ0 − ρ̄|
]

|s1 − s2|α .

This estimate together with (2.3.20) and Lemma 2.3.9 yields the claim for i = 0. Since β
is smooth, we can proceed in the same way for i ≥ 1.
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Lemma 2.3.11 ([37, Lemma B.5]). Let M > 0 be as in (2.3.19). Then there exists
a constant C, only depending on M , η, α and the model parameters, such that for all
T ∈ (0, T̄ ], (v, σ) ∈ E1([0, T ]) and (v0, σ0) := (v, σ)(0, ·) ∈ γE1 we have

∥DΛu(ū, ρ̄)(v, σ) − DΛu(ū, ρ̄)(v0, σ0)∥E0
≤ C

(
∥v∥E1

+ ∥σ∥E1

)
max {T, T η} , (2.3.21)

∥DΛρ(ū, ρ̄)(v, σ) − DΛρ(ū, ρ̄)(v0, σ0)∥E0
≤ C

(
∥v∥E1

+ ∥σ∥E1

)
max {T, T η} .

Here DΛu is the Fréchet derivative of the map defined in (2.3.16), thus may be applied to
(v0, σ0), identified with an element of F([0, T ]), cf. (2.3.15). Similarly for Λρ.

Proof of Lemma 2.3.11. In the following, C denotes a constant which varies from line to
line but only depends on M and the model parameters. First, we prove (2.3.21) considering
each term in (2.3.17) separately. By (2.1.3) with θ = ū+ ϕ, we find

DΠ (ū+ ϕ) (v) =
( ∫ L

0 sin (2 (ū+ ϕ)) v ds −
∫ L

0 cos (2 (ū+ ϕ)) v ds
−
∫ L

0 cos (2 (ū+ ϕ)) v ds −
∫ L

0 sin (2 (ū+ ϕ)) v ds

)
(2.3.22)

and obtain using (2.3.19) and (2.3.22) (considering the operator norm of the matrix)∥∥∥DΠ−1 (ū+ ϕ) (v) − DΠ−1 (ū+ ϕ) (v0)
∥∥∥

=
∥∥∥−Π−1 (ū+ ϕ)

(
DΠ (ū+ ϕ) (v) − DΠ (ū+ ϕ) (v0)

)
Π−1 (ū+ ϕ)

∥∥∥
≤ M2√

2L sup
s∈[0,L]

|v − v0| ≤ C ∥v − v0∥Cα .

Hence, with Lemma 2.3.9 the difference coming from the first term on the right hand side
of (2.3.17) can be estimated by

∥∥∥(DΠ−1 (ū+ ϕ) (v) − DΠ−1 (ū+ ϕ) (v0)
)

J (ū, ρ̄) ·
(

sin (ū+ ϕ)
− cos (ū+ ϕ)

)∥∥∥
E0

≤ C sup
t∈(0,T ]

t1−η ∥v − v0∥Cα ≤ C ∥v∥E1
T.

For the second term of (2.3.17) we integrate once by parts and obtain

DJ (ū, ρ̄)(v, σ) =
∫ L

0

(
− sin (ū+ ϕ)
cos (ū+ ϕ)

)
v (∂sū+ ∂sϕ)β(ρ̄) (∂sū+ ∂sϕ− c0) ds

+
∫ L

0

(
cos (ū+ ϕ)
sin (ū+ ϕ)

)
(∂sū+ ∂sϕ)β′(ρ̄)σ (∂sū+ ∂sϕ− c0) ds

−
∫ L

0

(
− sin (ū+ ϕ)
cos (ū+ ϕ)

)
(∂sū+ ∂sϕ) (2∂sū+ 2∂sϕ− c0)β(ρ̄) v ds
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−
∫ L

0

(
cos (ū+ ϕ)
sin (ū+ ϕ)

)
2∂2

s ū β(ρ̄) v ds

−
∫ L

0

(
cos (ū+ ϕ)
sin (ū+ ϕ)

)
(2∂sū+ 2∂sϕ− c0)β′(ρ̄)∂sρ̄ v ds.

So the difference we need to consider can be estimated by

∥∥DJ (ū, ρ̄)(v0, σ0) − DJ (ū, ρ̄)(v, σ)
∥∥

C0

≤ C
(
1 +

∥∥∥∂2
s ū
∥∥∥

Cα

)
∥v − v0∥Cα + C ∥σ − σ0∥Cα

≤ Ctη
(
1 +

∥∥∥∂2
s ū
∥∥∥

Cα

) (
∥v∥E1

+ ∥σ∥E1

)
.

In the last step we used Lemma 2.3.9. Using (2.3.19), we obtain

∥∥∥Π−1 (ū+ ϕ)
(
DJ (ū, ρ̄)(v, σ) − DJ (ū, ρ̄)(v0, σ0)

)
·
(

sin (ū+ ϕ)
− cos (ū+ ϕ)

)∥∥∥
E0

≤ C sup
t∈(0,T ]

t1−η tη(1 +
∥∥∥∂2

s ū
∥∥∥

Cα
)
(
∥v∥E1

+ ∥σ∥E1

)
≤ C

(
∥v∥E1

+ ∥σ∥E1

)
(T + T η).

Finally, we look at the difference coming from the third term of (2.3.17). We have∥∥∥∥∥
(

cos (ū+ ϕ)
sin (ū+ ϕ)

)
(v − v0)

∥∥∥∥∥
Cα

≤ C ∥v − v0∥Cα .

Thereby we obtain using (2.3.19) and Lemma 2.3.9

∥∥∥∥Π−1 (ū+ ϕ) J (ū, ρ̄) ·
(

cos (ū+ ϕ)
sin (ū+ ϕ)

)
(v − v0)

∥∥∥∥
E0

≤ C sup
t∈(0,T ]

t1−η ∥v − v0∥Cα ≤ C ∥v∥E1
T.

This proves the first part of the claim. The second part follows similarly.

Solving the linearized problem

We show that the map in (2.3.11) is an isomorphism, now considering a linear initial value
problem with time-dependent coefficients.

Proposition 2.3.12 ([37, Proposition B.6]). Let (u0, ρ0) ∈ γE1 such that u0 satisfies
(2.3.2) and let (ū, ρ̄) ∈ E1([0, T̄ ]) be the function constructed in the proof of Proposition
2.3.5. Then there exists T ′ ∈ (0, T̄ ] such that the mapping

J̃ : E1([0, T ′]) → E0([0, T ′]) × γE1, (v, σ) 7→
(
∂t(v, σ) − DF(ū, ρ̄)(v, σ), (v, σ)(0, ·)

)
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is an isomorphism. Equivalently, for any right-hand side (φ1, φ2) ∈ E0([0, T ′]) and any
initial datum (v0, σ0) ∈ γE1 there is a unique solution (v, σ) ∈ E1([0, T ′]) of

∂t(v, σ) − DF(ū, ρ̄)(v, σ) = (φ1, φ2) in (0, T ′) × R,

(v, σ)(0, ·) = (v0, σ0) on R.

Proof. Let T ∈ (0, T̄ ] to be chosen. We compare J̃ with J from Proposition 2.3.7, which
we already know is an isomorphism. We have

J̃(v, σ) = J(v, σ) +
(
A(v, σ) + Ψ(v0, σ0) − DF(ū, ρ̄)(v, σ), (0, 0)

)
= J

(
I(v, σ) + J−1(v, σ)

(
S(v, σ), (0, 0)

))
,

where A,Ψ are given as in Proposition 2.3.7, I is the operator identity and

S := (S1,S2) : E1([0, T ]) → E0([0, T ]),

S(v, σ) = A(v, σ) + Ψ(v0, σ0) − DF(ū, ρ̄)(v, σ).

Thus, by a Neumann series argument, it is sufficient to show that the operator norm of
S becomes arbitrarily small for T getting small and at the same time the operator norm∥∥J−1∥∥ remains bounded, independent of T ≤ T̄ . This last part has already been proven
in Lemma 2.3.8. Hence, the statement follows if we show

∥S∥ ≤ C max
{
T, T η, T η̃

}
. (2.3.23)

By definition of A,Ψ and using (2.3.13), (2.3.14) we find

S1(v, σ) = (β(ρ0) − β(ρ̄)) ∂2
sv + β′(ρ̄) ∂2

s ū (σ0 − σ) +
(
β′(ρ0)∂sρ0 − β′(ρ̄)∂sρ̄

)
∂sv

+
(
β′(ρ0) (∂su0 + ∂sϕ− c0) − β′(ρ̄) (∂sū+ ∂sϕ− c0)

)
∂sσ

+
(
β′′(ρ0)∂sρ0 (∂su0 + ∂sϕ− c0) − β′′(ρ̄)∂sρ̄ (∂sū+ ∂sϕ− c0)

)
σ

+ DΛu(ū, ρ̄)(v0, σ0) − DΛu(ū, ρ̄)(v, σ) (2.3.24)

and

S2(v, σ) =
(

− 1
2β

′′(ρ0) (∂su0 + ∂sϕ− c0)2 + 1
2β

′′(ρ̄) (∂sū+ ∂sϕ− c0)2
)
σ

+
(
−β′(ρ0) (∂su0 + ∂sϕ− c0) + β′(ρ̄) (∂sū+ ∂sϕ− c0)

)
∂sv

+ DΛρ(ū, ρ̄)(v0, σ0) − DΛρ(ū, ρ̄)(v, σ). (2.3.25)

We now take a look at the terms of (2.3.24) and (2.3.25). In the following, C denotes
a constant, only depending on the model parameters, α, η and M as in (2.3.19), which
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is allowed to change from line to line. The E0-norm of the first term of (2.3.24) can be
estimated using Lemma 2.3.17 and Lemma 2.3.10 by

∥∥ (β(ρ0) − β(ρ̄)) ∂2
sv
∥∥
E0

≤ C sup
t∈(0,T ]

t1−η ∥β(ρ0) − β(ρ̄)∥Cα ∥v∥C2+α ≤ C ∥v∥E1
T η.

Here we used the time-weight of the E0-norm to bound the second derivative of v. For the
second term of (2.3.24) we have to use the time-weight to bound the second derivative of
ū. An additional factor depending on T and going to zero for T going to zero is given by
Lemma 2.3.9. This motivates the choice of the first term in Ψ in Proposition 2.3.7. We
obtain

∥∥β′(ρ̄) ∂2
s ū (σ0 − σ)

∥∥
E0

≤ C sup
t∈(0,T ]

t1−η
∥∥β′(ρ̄)

∥∥
Cα ∥ū∥C2+α ∥σ0 − σ∥Cα

≤ C ∥σ∥E1
T η.

The third term of (2.3.24) can be estimated using Lemma 2.3.10 and Lemma 2.3.9 by

∥∥(β′(ρ0)∂sρ0 − β′(ρ̄)∂sρ̄
)
∂sv

∥∥
E0

≤ C sup
t∈(0,T ]

t1−η
∥∥β′(ρ0) − β′(ρ̄)

∥∥
Cα ∥ρ0∥C1+α ∥v∥C1+α

+ C sup
t∈(0,T ]

t1−η
∥∥β′(ρ̄)

∥∥
Cα ∥∂sρ0 − ∂sρ̄∥Cα ∥v∥C1+α ≤ C ∥v∥E1

T η + C ∥v∥E1
T η̃.

The same also applies for the fourth term of (2.3.24) and the second term of (2.3.25). For
the fifth term of (2.3.24) we proceed similarly and estimate

∥∥(β′′(ρ0)∂sρ0 (∂su0 + ∂sϕ− c0) − β′′(ρ̄)∂sρ̄ (∂sū+ ∂sϕ− c0)
)
σ
∥∥
E0

≤ C sup
t∈(0,T ]

t1−η
∥∥β′′(ρ0) − β′′(ρ̄)

∥∥
Cα ∥ρ0∥C1+α ∥∂su0 + ∂sϕ− c0∥Cα ∥σ∥Cα

+ C sup
t∈(0,T ]

t1−η
∥∥β′′(ρ̄)

∥∥
Cα ∥∂sρ0 − ∂sρ̄∥Cα ∥∂su0 + ∂sϕ− c0∥Cα ∥σ∥Cα

+ C sup
t∈(0,T ]

t1−η
∥∥β′′(ρ̄)

∥∥
Cα ∥ρ̄∥C1+α ∥∂su0 − ∂sū∥Cα ∥σ∥Cα ≤ C ∥σ∥E1

(
T η + T η̃

)
.

Analogously, we can treat the first term of (2.3.25). Together with Lemma 2.3.11, (2.3.23)
and thus the claim follows for T ′ = T < T̄ sufficiently small.

2.3.4. Smoothness and uniqueness of solutions

We now show that a solution is smooth for positive times.

Lemma 2.3.13 (Smoothing, [37, Lemma 3.5]). Let 0 < T ≤ ∞ and (u, ρ) be a solution,
in the sense of Definition 2.3.3, of (2.3.3) on (0, T ) × R. Then (u, ρ) ∈ C∞((0, T ) × R).

69



Chapter 2. Elastic flow with modulated stiffness

The idea is to define a smooth cut-off function, which vanishes at t = 0 and outside of a
spatial interval of length larger than L. The product of u with this cut-off function is the
solution of a new initial value problem — this time with zero boundary values and zero
initial data. This enables us to use [96, Theorem IV.5.2], which gives us higher regularity
of u in the scale of parabolic Hölder spaces, cf. Section 2.3.6. We proceed similarly for ρ
and iterate this procedure to conclude smoothness.

Proof of Lemma 2.3.13. By Definition 2.3.3 the solution (u, ρ) satisfies (u, ρ)∈ E1([0, T ′])
for all T ′ < T . Let 0 < δ < T ′ < T and let ψ1 : [0, T ] × R → R be a smooth cut-off
function satisfying

ψ1(t, s) ≡ 1 for (t, s) ∈
[
δ/2, T ′

]
×
[
−L/4, 5L/4

]
,

ψ1(t, s) ≡ 0 for (t, s) ∈
([

0, δ/4
]

× R
)

∪
([

0, T ′]×
(
R \

[
−L/2, 3L/2

]))
.

We define u1 := ψ1u ∈ E1([0, T ′]). By (2.3.3) we have

∂tu1 − a11∂
2
su1 + a1∂su1 = f1,

where a11(t, s) := β(ρ), a1(t, s) := −β′(ρ)∂sρ, and

f1(t, s) := − 2β(ρ)∂su∂sψ1 − β(ρ)u∂2
sψ1 − β′(ρ)u∂sρ∂sψ1 + ψ1β

′(ρ)∂sρ (∂sϕ− c0)

+ ψ1Λu(u, ρ) + u∂tψ1.

Defining ζ := η + α
2 − 1

2 ∈ (0, 1), Lemma 2.3.22 yields

∂su, ∂sρ ∈ H
ζ
2 ,ζ ([0, T ′] × [−L, 2L]

)
.

Since β ∈ C∞(R), we conclude a11, a1, f1,∈ H
ζ
2 ,ζ ([0, T ′] × [−L, 2L]). By [96, Theorem

IV.5.2] there exists a unique solution w ∈ H
ζ+2

2 ,ζ+2 ([0, T ′] × [−L, 2L]) of
∂tw − a11∂

2
sw + a1∂sw = f1 in (0, T ′) × (−L, 2L),

w = 0 on (0, T ′) × {−L, 2L} ,

w(0, ·) = 0 on (−L, 2L).

(2.3.26)

By uniqueness u1 = w ∈ H
ζ+2

2 ,ζ+2 ([0, T ′] × [−L, 2L]). Analogously for ρ, we obtain

u, ρ ∈ H
ζ+2

2 ,ζ+2
([
δ/2, T ′

]
×
[
−L/4, 5L/4

])
.

Since u and ρ are periodic with period length L, we even have

u, ρ ∈ H
ζ+2

2 ,ζ+2
([
δ/2, T ′

]
× [−L, 2L]

)
. (2.3.27)
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Let ψ2 : [0, T ] × R → R be another smooth cut-off function satisfying

ψ2(t, s) ≡ 1 for (t, s) ∈
[
3δ/4, T ′

]
×
[
−L/4, 5L/4

]
,

ψ2(t, s) ≡ 0 for (t, s) ∈
([

0, 2δ/3
]

× R
)

∪
([

0, T ′]× R \
[
−L/2, 3L/2

])
.

We set u2 := ψ2u ∈ H
ζ+2

2 ,ζ+2
([
δ/2, T ′

]
× [−L, 2L]

)
. Now, u2 solves an initial bound-

ary value problem similar to (2.3.26) where f2 is given by f1 with ψ1 replaced by ψ2

and where the initial condition is prescribed at t = δ/2. By (2.3.27), we find that
a11, a1, f2 ∈ H

ζ+1
2 ,ζ+1

([
δ/2, T ′

]
× [−L, 2L]

)
, so by [96, Theorem IV.5.2], we conclude

u2 ∈ H
ζ+3

2 ,ζ+3
([
δ/2, T ′

]
× [−L, 2L]

)
. Proceeding similarly for ρ, we find

u, ρ ∈ H
ζ+3

2 ,ζ+3
([

3δ/4, T ′
]

× [−L, 2L]
)
.

Iterating the above procedure, by periodicity and since 0 < δ < T ′ < T were arbitrary, it
follows (u, ρ) ∈ C∞((0, T ) × R).

We are now able to prove that solutions are unique as long as they exist. To do this, we
use the energy method, which we can apply once we have established smoothness.

Lemma 2.3.14 (Uniqueness, [37, Lemma 3.6]). Let (u0, ρ0) ∈ γE1. Let 0 < T1, T2 ≤ ∞
and let (u1, ρ1) and (u2, ρ2) be solutions of (2.3.3) on (0, T1) × R and (0, T2) × R with
initial datum (u0, ρ0). Then (u1, ρ1) ≡ (u2, ρ2) on [0,min{T1, T2}).

Proof. Without loss of generality we assume 0 < T1 ≤ T2. Let 0 < T < T1. We show
that the difference (ud, ρd) := (u1, ρ1) − (u2, ρ2)|[0,T ] of the two solutions is zero using
Gronwall’s lemma. By Lemma 2.3.13 (ud, ρd) ∈ C∞((0, T ] × R), so

φ(t) := 1
2

∫ L

0

(
(∂sud)2 + (∂sρd)2 + u2

d + ρ2
d

)
ds, t ∈ (0, T ],

is differentiable. In the following, C denotes a constant, only depending on u1, u2, ρ1,
ρ2, T , and the model parameters β, c0, L, µ, ω, which may change from line to line. Other
dependencies are given explicitly. Lemma 2.3.18 and Remark 2.3.19 yield

sup
t∈[0,T ]

∥(ui, ρi)∥C1 ≤ C, sup
[0,T ]×R

|β(k)(ρi)| ≤ C, sup
[0,T ]

∥∥∥Π−1(ui + ϕ)
∥∥∥ ≤ C (2.3.28)

for i = 1, 2, k = 0, 1, 2. In particular, there exists a compact interval J ⊂ R such that
ρi(t, s) ∈ J for all (t, s) ∈ [0, T ] × R and i = 1, 2. Consequently, we have

inf [0,T ]×R β(ρi) ≥ c > 0 for i = 1, 2. (2.3.29)
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After integration by parts and using
∫ L

0 ρd ds = 0 by (2.1.7), we get

d
dtφ(t) = −

∫ L

0
β(ρ1)(∂2

sud)2 ds− µ

∫ L

0
(∂2

sρd)2 ds− µ

∫ L

0
(∂sρd)2 ds

−
∫ L

0
∂2

sud (β(ρ1) − β(ρ2)) ∂2
su2 ds

−
∫ L

0
∂2

sud

(
β′(ρ1)∂sρ1 (∂su1 + ∂sϕ− c0) + Λu(u1, ρ1)

− β′(ρ2)∂sρ2 (∂su2 + ∂sϕ− c0) − Λu(u2, ρ2)
)

ds

+
∫ L

0
∂2

sρd

(1
2β

′(ρ1) (∂su1 + ∂sϕ− c0)2 − 1
2β

′(ρ2) (∂su2 + ∂sϕ− c0)2
)

ds

+
∫ L

0
ud

(
β(ρ1)∂2

su1 + β′(ρ1)∂sρ1 (∂su1 + ∂sϕ− c0) + Λu(u1, ρ1)

− β(ρ2)∂2
su2 − β′(ρ2)∂sρ2 (∂su2 + ∂sϕ− c0) − Λu(u2, ρ2)

)
ds

+
∫ L

0
ρd

(
− 1

2β
′(ρ1) (∂su1 + ∂sϕ− c0)2 + 1

2β
′(ρ2) (∂su2 + ∂sϕ− c0)2

)
ds.

(2.3.30)

We estimate everything but the first three terms using Young’s inequality to absorb higher
order derivatives and bound the remaining ones by φ(t) using (2.3.28). Indeed, since∫ L

0 ρd ds = 0, for each t there is st ∈ [0, L] with ρd(t, st) = 0 by the Mean Value Theorem
for Integrals. The Fundamental Theorem of Calculus thus yields

|ρd(t, s)| ≤
∫ L

0
|∂sρd| ds. (2.3.31)

Hence, the term on the second line in (2.3.30) can be estimated by a constant times

sup
R

|ρd|
∫ L

0
|∂2

sud||∂2
su2| ds ≤ δ

∫ L

0
(∂2

sud)2 ds+ C(δ)
∫ L

0
(∂2

su2)2 ds
∫ L

0
(∂sρd)2 ds.

In the third line of (2.3.30), we add, subtract, and use Young’s inequality to find

−
∫ L

0
∂2

sud

(
β′(ρ1)∂sρ1 (∂su1 + ∂sϕ− c0) − β′(ρ2)∂sρ2 (∂su2 + ∂sϕ− c0)

)
ds

= −
∫ L

0
∂2

sudβ
′(ρ1)∂sρd (∂su1 + ∂sϕ− c0) ds−

∫ L

0
∂2

sudβ
′(ρ1)∂sρ2∂sud ds

−
∫ L

0
∂2

sud

(
β′(ρ1) − β′(ρ2)

)
∂sρ2 (∂su2 + ∂sϕ− c0) ds

≤ δ

∫ L

0

(
∂2

sud

)2
ds+ C(δ)

(∫ L

0
(∂sρd)2 + (∂sud)2 + ρ2

d ds
)
. (2.3.32)
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On the other hand, for the term in the third line of (2.3.30) involving Λu we have

−
∫ L

0
∂2

sud (Λu(u1, ρ1) − Λu(u2, ρ2)) ds

= −
∫ L

0
∂2

sud

[
Π−1 (u1 + ϕ) J (u1, ρ1) ·

(
sin (u1 + ϕ)

− cos (u1 + ϕ)

)

− Π−1 (u2 + ϕ) J (u2, ρ2) ·
(

sin (u2 + ϕ)
− cos (u2 + ϕ)

)]
ds. (2.3.33)

We write the term in square brackets as

[
Π−1 (u1 + ϕ) − Π−1 (u2 + ϕ)

]
J (u1, ρ1) ·

(
sin (u1 + ϕ)

− cos (u1 + ϕ)

)

+ Π−1 (u2 + ϕ) (J (u1, ρ1) − J (u2, ρ2)) ·
(

sin (u1 + ϕ)
− cos (u1 + ϕ)

)

+ Π−1 (u2 + ϕ) J (u2, ρ2) ·
(

sin (u1 + ϕ) − sin (u2 + ϕ)
− cos (u1 + ϕ) + cos (u2 + ϕ)

)
.

Using the explicit formula for the inverse matrix, it can be shown that

∥∥∥Π−1(u1 + ϕ) − Π−1(u2 + ϕ)
∥∥∥ ≤ C

∫ L

0
|ud| ds.

Proceeding as in (2.3.32), after adding and subtracting, we have

|J (u1, ρ1) − J (u2, ρ2)| ≤ C

∫ L

0
(|ud| + |∂sud| + |ρd|) ds.

Consequently, (2.3.33) may be estimated by

δ

∫ L

0
(∂2

sud)2 ds+ C(δ)
∫ L

0
u2

d ds+ C(δ)
∫ L

0
(∂sud)2 + C(δ)

∫ L

0
ρ2

d ds.

For the remaining terms, we proceed similarly. Using (2.3.29) and choosing δ > 0 suffi-
ciently small, the first two terms in (2.3.30) can be used to absorb all terms involving a
factor of δ. Altogether, we obtain the differential inequality

d
dtφ(t) ≤ C

(
1 +

∫ L

0
(∂2

su2)2 ds
)
φ(t) for t ∈ (0, T ).

Using Gronwall’s lemma, we conclude that for all t′ ∈ [0, T ] we have

φ(t′) ≤ Cφ(0) exp
( ∫ t′

0

(
1 +

∫ L

0
(∂2

su2)2 ds
)

dt
)
.

73



Chapter 2. Elastic flow with modulated stiffness

By Lemma 2.3.21, the integral is finite and uniqueness follows from φ(0) = 0.

2.3.5. Proof of local well-posedness

It remains to transfer the results of Section 2.3.2 and Section 2.3.4 to the initial nonperiodic
setting and to prove Theorem 2.3.2.

Proof of Theorem 2.3.2. We define (u0, ρ0) as the L-periodic extension of (θ0 − ϕ, ρ0) to
all of R. Then (u0, ρ0) ∈ h1+α

L (R). Now we choose ᾱ ∈ (0, 1) and η̄ ∈
(

1
2 , 1
)

such that
2η̄ + ᾱ = 1 + α. Since (u0, ρ0) ∈ h2η̄+ᾱ

L (R), Proposition 2.3.5 yields T̄ > 0 and a solution

(u, ρ) ∈ BUC1
1−η̄

(
[0, T̄ ];hᾱ

L(R)
)

∩ BUC1−η̄

(
[0, T̄ ];h2+ᾱ

L (R)
)

(2.3.34)

of (2.3.3) on (0, T̄ ) × R that satisfies limt→0(u, ρ)(t) = (u0, ρ0) in C2η̄+ᾱ(R) by Lemma
2.3.18. According to Proposition 2.3.14, the solution is unique and due to Lemma 2.3.13
(u, ρ) ∈ C∞((0, T̄ )×R). Now we define (θ, ρ) as the restriction of (u+ϕ, ρ) on [0, T̄ )×[0, L].
By construction (θ, ρ) solves (2.0.4) on (0, T̄ )×[0, L]. Moreover, the C1-periodicity of (u, ρ)
ensures, that (θ, ρ) satisfies the boundary conditions in (2.0.4). Furthermore, the choice
of ᾱ and η̄ as 2η̄+ ᾱ = 1 +α gives us limt→0(θ(t), ρ(t)) = (θ0, ρ0) in C1+α([0, L];R2). The
uniqueness of the solution, its smoothness and the continuous dependence on the initial
datum transfer from (u, ρ) to (θ, ρ).

Remark 2.3.15. In the above proof of Theorem 2.3.2 we chose ᾱ ∈ (0, 1) and η̄ ∈
(

1
2 , 1
)

such that 2η̄+ ᾱ = 1 +α ∈ (1, 2). This yields the convergence of the solution (θ, ρ) to the
initial datum (θ0, ρ0) in C1+α([0, L]). But in fact, in Proposition 2.3.5 we can allow for
arbitrary ᾱ ∈ (0, 1) and η̄ ∈

(
1
2 , 1
)

with just the condition that 2η̄+ ᾱ ̸∈ Z. By exploiting
this freedom we observe the following:
If we even have (θ0, ρ0) ∈ h2+α([0, L]) for α ∈ (0, 1) (with periodic second derivatives), we
get convergence of the solution (θ, ρ) to the initial datum (θ0, ρ0) in C2+α([0, L]). This is
an important ingredient in proving global existence, cf. Section 2.4.3 below.

2.3.6. Appendix to Section 2.3: Function Spaces

The main result of Section 2.3 involves time-weighted little Hölder spaces and in the
proof of Lemma 2.3.13 additionally parabolic Hölder spaces are used. Here we collect the
definitions of these spaces and list some properties.

Little Hölder functions

For α ∈ R+\Z, we denote by ⌊α⌋ the largest integer less than α and {α} := α−⌊α⌋ ∈ (0, 1).
Let k ∈ N. The space of L-periodic Rk-valued functions over R which are continuous and
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2.3. Local well-posedness and regularity

⌊α⌋-times continuously differentiable is denoted by C⌊α⌋
L (R;Rk). The periodic Hölder space

with exponent α is defined as

Cα
L(R;Rk) :=

{
f ∈C⌊α⌋

L (R;Rk) :
[
f (⌊α⌋)

]
α,R

:= sup
x,y∈R,

x ̸=y

∣∣∣f (⌊α⌋)(x) − f (⌊α⌋)(y)
∣∣∣

|x− y|{α} < ∞
}

and equipped with the norm ∥f∥Cα(R) := ∥f∥C⌊α⌋(R) +
[
f (⌊α⌋)

]
α,R

. Therewith, we define
the periodic little Hölder space with exponent α over R by

hα
L(R;Rk) :=

{
f ∈ Cα

L(R;Rk) : lim
δ→0

sup
x,y∈R,

0<|x−y|<δ

∣∣∣f (⌊α⌋)(x) − f (⌊α⌋)(y)
∣∣∣

|x− y|{α} = 0
}
. (2.3.35)

This is a closed subspace of Cα
L(R;Rk) and therefore a Banach space.

In the following we collect some properties of periodic little Hölder functions. This type
of functions plays a fundamental role in the classical maximal regularity theory, see for
example [110].

Lemma 2.3.16. [101, Prop. 1.2] Let α1, α2 ∈ R+ \ Z such that α1 < α2. Then hα1
L (R) is

the closure of Cα2
L (R) in

(
Cα1

L (R), ∥·∥Cα1

)
and hα2

L (R) ↪→ hα1
L (R) densely.

Lemma 2.3.17 (Product of periodic little Hölder functions). Let α1, α2 ∈ R+ \ Z. Let
g1 ∈ hα1

L (R) and let g2 ∈ hα2
L (R). Then

g1g2 ∈ h
min{α1,α2}
L (R) and ∥g1g2∥Cmin{α1,α2} ≤ C(α1, α2, L) ∥g1∥Cα1 ∥g2∥Cα2 .

Proof. This follows from (2.3.35) and a lengthy computation.

Time-weighted BUC spaces

Let E be an arbitrary Banach space. Let η ∈ (0, 1) and let T > 0. We define

BUC1−η ([0, T ];E) :=
{
ξ ∈ C ((0, T ];E) :

[
t 7→ t1−ηξ(t)

]
bounded and uniformly

continuous on (0, T ] with lim
t→0+

t1−η ∥ξ(t)∥E = 0
}
.

Moreover, we define the subspace

BUC1
1−η ([0, T ];E) :=

{
ξ ∈ C1 ((0, T ];E) : ξ, ∂tξ ∈ BUC1−η ([0, T ];E)

}
.

75



Chapter 2. Elastic flow with modulated stiffness

In Section 2.3, we use this space with E a periodic little Hölder space. In particular, the
spaces E0 and E1, defined in (2.3.5) and (2.3.6) are Banach spaces with the norms

∥ξ∥E0
= ∥ξ∥E0([0,T ]) := sup

t∈(0,T ]
t1−η ∥ξ(t)∥Cα(R) and

∥ξ∥E1
= ∥ξ∥E1([0,T ]) := sup

t∈(0,T ]
t1−η

(
∥∂tξ(t)∥Cα(R) + ∥ξ(t)∥C2+α(R)

)
,

respectively. We use that the mapping

γ : E1([0, T ]) → hα
L(R;Rk), ξ(t, ·) 7→ ξ(0, ·)

is well defined, linear and continuous. This follows from the observation that for ξ ∈
E1([0, T ]) and 0 < s < t

ξ(t) − ξ(s) =
∫ t

s
∂tξ(τ) dτ, (2.3.36)

and hence there exists limt→0 ξ(t) in hα
L(R), see [34, Remark 2.1]. We introduce the trace

space γE1 := Im(γ). In particular, γE1 does not depend on T > 0. In [101, Section 5.1] it
is shown that up to equivalent norms

γE1 = h2η+α
L (R;Rk) (2.3.37)

provided 2η + α ̸∈ Z. For simplicity, we mostly omit the index k.
If η > 1

2 , we have continuity in space and time of the first order s-derivative by the
following lemma. This is essential in Section 2.3.

Lemma 2.3.18. [34, Lemma 2.2] Let T > 0. We have

E1([0, T ]) ↪→ BUC
(
[0, T ];h2η+α

L (R)
)
.

In particular, this implies that for ξ ∈ E1([0, T ]) there exists limt→0 ξ(t) in C2η+α
L (R) and

supt∈[0,T ] ∥ξ∥C2η+α ≤ C(T ) ∥ξ∥E1
< ∞.

Remark 2.3.19. Lemma 2.3.18 implies that if η ≥ 1
2 , for ξ ∈ E1([0, T ]), there exists

limt→0 ∂sξ(t) in Cα
L(R) and ∂sξ ∈ BUC

(
[0, T ];hα

L(R)
)
.

Remark 2.3.20. We observe that from the definition of the spaces E0([0, T ]) and E1([0, T ])
we can derive the following properties.

(i) If f ∈ E1([0, T ]), then ∂sf, ∂
2
sf ∈ E0([0, T ]).

(ii) If f1 ∈ E1([0, T ]) and f2 ∈ E0([0, T ]), then f1f2 ∈ E0([0, T ]).

(iii) If f ∈ E1([0, T ]) and g ∈ C∞(R), then g ◦ f ∈ E1([0, T ]).

Lemma 2.3.21. Let T > 0, η ∈ (1
2 , 1), ξ ∈ E1([0, T ]). Then ∂2

sξ ∈ L2([0, T ] × [0, L]).
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2.3. Local well-posedness and regularity

Proof. Since the E1-norm is finite, there exists K > 0 such that for all t ∈ [0, T ] we have
sups∈R |∂2

sξ(t, s)| ≤ Ktη−1. It thus follows

∫ T

0

∫ L

0
(∂2

sξ)2 dsdt ≤ K2L

∫ T

0
t2η−2 dt = K2L

2η − 1T
2η−1 < ∞.

Parabolic Hölder spaces of order 2

At the end of Section 2.3 we show that the solution of (2.3.3) from Proposition 2.3.5 is
smooth. For this purpose we consider two additional function spaces. First, we set for
α ∈ R+ \ Z, ζ ∈ [0, 1) and T > 0

BUCζ ([0, T ];hα
L(R)) :=

{
ξ : [0, T ] → hα

L(R) bounded and uniformly continuous

on [0, T ], sup
t1 ̸=t2∈[0,T ]

∥ξ(t1, s) − ξ(t2, s)∥Cα

|t1 − t2|ζ
< ∞

}
.

Moreover, we work with parabolic Hölder spaces, cf. [96]. Let l ∈ R+ \ Z, a, b ∈ R with
a < b, T > 0 and let QT := (0, T ) × (a, b). The parabolic Hölder space H l

2 ,l
(
QT

)
is the

space of all functions f : QT → R with continuous derivatives ∂m
t ∂

n
s f for 2m+ n < l and

finite norm

∥f∥
H

l
2 ,l(QT ) :=

⌊l⌋∑
j=0

∑
2m+n=j

sup
(t,s)∈QT

|∂m
t ∂

n
s f |

+
∑

2m+n=⌊l⌋
sup

(t,s1),(t,s2)∈QT
s1 ̸=s2

|∂m
t ∂

n
s f(t, s1) − ∂m

t ∂
n
s f(t, s2)|

|s1 − s2|l−⌊l⌋

+
∑

0<l−2m−n<2
sup

(t1,s),(t2,s)∈QT
t1 ̸=t2

|∂m
t ∂

n
s f(t1, s) − ∂m

t ∂
n
s f(t2, s)|

|t1 − t2|
l−2m−n

2
.

The following lemma shows how E1 relates to these parabolic Hölder spaces.

Lemma 2.3.22. Let α ∈ (0, 1) and η ∈
[

1
2 , 1
)

such that 2η + α ̸∈ Z. Let a, b ∈ R

with a < b and let T > 0. Let f ∈ E1([0, T ]). Then ∂sf ∈ H
ζ
2 ,ζ([0, T ] × [a, b]) for

ζ := η + α
2 − 1

2 ∈ (0, 1).

Proof. Since 0 < η
2 − α

4 + 1
4 < η, [34, Lemma 2.2 d)] together with [101, Prop. 1.2 b)] give

E1([0, T ]) ↪→ BUCη−( η
2 − α

4 + 1
4 )([0, T ];h2( η

2 − α
4 + 1

4 )+α

L (R)
)
.

With ζ = η+ α
2 − 1

2 ∈ (0, 1), we thus have (in particular) ∂sf ∈ BUC
ζ
2
(
[0, T ];hζ

L(R)
)
. The
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Chapter 2. Elastic flow with modulated stiffness

continuity of ∂sf in [0, T ] × [a, b] (since η ≥ 1
2) and the finiteness of the norm

∥∂sf∥
H

ζ
2 ,ζ(QT )

= sup
(t,s)∈QT

|∂sf | + sup
(t,s1),(t,s2)∈QT

s1 ̸=s2

|∂sf(t, s1) − ∂sf(t, s2)|
|s1 − s2|ζ

+ sup
(t1,s),(t2,s)∈QT

t1 ̸=t2

|∂sf(t1, s) − ∂sf(t2, s)|
|t1 − t2|

ζ
2

imply that ∂sf ∈ H
ζ
2 ,ζ ([0, T ] × [a, b]) .

2.4. Global existence

For the classical elastic flow, we have long time existence of the solution (see Proposi-
tion 1.4.3). In this section, we prove such a result in the much more general model for
heterogeneous elastic wires.

Theorem 2.4.1 (Global existence, [37, Theorem 1.3]). The solution (θ, ρ) in Theorem
2.3.2 exists for all times, i.e. T = ∞.

The flow equations (2.0.4) are a parabolic system, so we cannot use arguments based on
the maximum principle to show global existence. Instead, we rely on energy estimates
to prove that suitable Sobolev norms along the solution cannot blow up in finite time.
To that end, we first show boundedness of the velocity ∂t(θ, ρ) in order to deal with the
nonlinear coupling which limits the direct application of interpolation inequalities. To
allow for ω = 0, a new argument is needed to show a priori boundedness of the nonlocal
Lagrange multipliers, compared to the strategy used in [160]. In the following section, we
start the proof of global existence with the presentation of this argument.

2.4.1. Controlling the matrix Π−1

As a first step, we show that the inverse of the matrix in (2.1.3), which defines the
Lagrange-multipliers in (2.1.2), does not degenerate if the L2-norm of the curvature
k = ∂sθ is bounded. In contrast to [160, Lemma 2.1], our proof is variational and does
not depend on the rotation index.

Lemma 2.4.2 ([37, Lemma 4.1]). Let K > 0. Then there exists M = M(K,L) > 0 such
that for all functions θ ∈ W 1,2(0, L) satisfying (2.0.3) and

∫ L

0
(∂sθ)2 ds ≤ K (2.4.1)

we have ∥∥∥Π−1(θ)
∥∥∥ := sup

X∈R2,|X|=1

∣∣∣Π−1(θ)(X)
∣∣∣ ≤ M.
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Proof. By (2.1.3), all entries of the matrix Π(θ) are bounded by L, thus it suffices to
bound det Π(θ) from below for all θ ∈ W 1,2(0, L) satisfying (2.0.3) and (2.4.1) by some
constant m = m(K,L) > 0. Let (θk)k∈N ⊂ W 1,2(0, L) be a minimizing sequence for

m := inf
{

det Π(θ) | θ ∈ W 1,2(0, L) satisfying (2.0.3) and (2.4.1)
}
.

Note that m ≥ 0 by Remark 2.1.4. Without loss of generality, we may assume θk(0) = 0,
after replacing θk by θk − θk(0). Indeed, by direct computation (2.4.1) and also (2.0.3)
are invariant under addition of a constant. Moreover, Remark 2.1.4 directly implies that
det Π(θk − θk(0)) = det Π(θk).
Consequently, (θk)k∈N ⊂ W 1,2(0, L) is bounded, so that we may assume θk ⇀ θ in
W 1,2(0, L) and θk → θ in C([0, L]) by Rellich–Kondrachov. The limit θ clearly satis-
fies (2.0.3) and, by weak lower semicontinuity of the L2-norm, also (2.4.1). From (2.1.3),
we find det Π(θk) → det Π(θ) and thus conclude that m = det Π(θ) is a minimum. Since θ
is continuous, by Remark 2.1.4 we find that m = 0 if and only if θ is constant. However,
the latter is impossible due to (2.0.3), so m > 0 and the claim follows.

2.4.2. Energy estimates

We now prove norm estimates for our solution, which by Lemma 2.3.13 instantaneously
becomes smooth. Since we are only interested in long time existence here, for the rest of
this subsection we assume that we have a fixed smooth solution (θ, ρ) ∈ C∞([0, T )× [0, L])
of (2.0.4). This means that the initial datum (θ0, ρ0) is smooth and satisfies Hypothesis
2.3.1.
Furthermore, throughout this subsection C ∈ (0,∞) denotes a generic constant that may
vary from line to line. The constant is only allowed to depend on the fixed model param-
eters as well as the initial datum (θ0, ρ0). In particular, C does not depend on the (not
necessarily maximal) existence time T . This is essential for proving the convergence in
Section 2.5.2.
First, we observe that due to λθ1 and λθ2 ensuring the curve remains closed under the
flow, it follows that the integral over the inclination angle remains preserved along the
evolution.

Lemma 2.4.3. For all t ∈ (0, T ) we have

∫ L

0
θ ds =

∫ L

0
θ0 ds.

Proof. Integration of the evolution equation for θ in (2.0.4) yields

∂t

∫ L

0
θ ds = β(ρ) (∂sθ − c0)

∣∣∣L
0

+ λθ1

∫ L

0
sin θ ds− λθ2

∫ L

0
cos θ ds.
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Chapter 2. Elastic flow with modulated stiffness

By (2.1.8), the integrals vanish. The boundary conditions in (2.0.4) yield the claim.

Next, we gather some direct consequences of the constrained gradient flow structure.

Proposition 2.4.4 ([37, Proposition 4.2]). We have

(i) ∥θ∥L∞([0,T )×[0,L]) ≤ C, ∥ρ∥L∞([0,T )×[0,L]) ≤ C,

(ii) supt∈[0,T ) ∥∂sθ∥L2(0,L) ≤ C, supt∈[0,T ) ∥∂sρ∥L2(0,L) ≤ C,

(iii) ∥∂tθ∥L2([0,T )×[0,L]) ≤ C, ∥∂tρ∥L2([0,T )×[0,L]) ≤ C.

Proof. Statement (iii) follows from integrating (2.1.9) in time and using Eµ(θ, ρ) ≥ 0.
Moreover, for any t ∈ [0, T ) we obtain

Eµ(θ0, ρ0) ≥ µ

2

∫ L

0
(∂sρ)2 ds

and the second estimate in (ii) is proven.
We will now use this to get an L∞-bound on ρ. Since the total mass is conserved along
the evolution by (2.1.8), the Mean Value Theorem for integrals implies the existence of
st ∈ [0, L] with ρ(t, st) = 1

L

∫ L
0 ρ0 ds for any t ∈ [0, T ). Similar to (2.3.31), the Fundamental

Theorem of Calculus yields

|ρ(t, s) − ρ(t, st)| ≤
∫ L

0
|∂sρ| ds ≤ L

1
2
( ∫ L

0
(∂sρ)2 ds

) 1
2 ≤ C (2.4.2)

and the second estimate of (i) is proven.
Consequently, there exists a compact interval J ⊂ R only depending on θ0, ρ0 and the
model parameters such that

ρ(t, s) ∈ J for all t ∈ [0, T ), s ∈ [0, L]. (2.4.3)

By continuity, we find that

inf
J
β ≥ C > 0. (2.4.4)

Therefore, using (2.1.9) again, we obtain

2Eµ(θ0, ρ0) ≥ inf
J
β

∫ L

0
(∂sθ − c0)2 ds ≥ C

( ∫ L

0
(∂sθ)2 ds− 2c0

∫ L

0
∂sθ ds+ c2

0L
)
.

By (2.0.3), we have
∫ L

0 ∂sθ ds = 2πω, and hence the first part of (ii) follows.
This together with the fact that

∫ L
0 θ ds =

∫ L
0 θ0 ds by Lemma 2.4.3 yields the first estimate

in (i) by proceeding in the same fashion as in (2.4.2).
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2.4. Global existence

Proposition 2.4.5 ([37, Proposition 4.3]). For the Lagrange multipliers we have

sup
t∈[0,T )

|λθ1| ≤ C, sup
t∈[0,T )

|λθ2| ≤ C, sup
t∈[0,T )

|λρ| ≤ C.

Proof. Because of Proposition 2.4.4, Lemma 2.4.2 can be applied with K = C, only
depending on the model parameters and the initial datum. Hence, for the Lagrange
multipliers λθ1 and λθ2 by Remark 2.1.3 we have∣∣∣∣∣

(
λθ1

λθ2

)∣∣∣∣∣ ≤ C sup
J
β
( ∫ L

0
(∂sθ)2 ds+

∫ L

0
|c0 ∂sθ| ds

)
,

where J is as in (2.4.3). The right hand side is bounded for all t ∈ [0, T ) by Proposition
2.4.4 and the Cauchy–Schwarz inequality. This way, we obtain the desired bounds for
λθ1 and λθ2. For λρ we use (2.1.6) and proceed similarly, using that supJ |β′| ≤ C by
continuity.

As a next step, we would like to bound the L2-norm of ∂2
s (θ, ρ) uniformly in time. Directly

pursuing this idea, we encounter difficulties in controlling the nonlinear coupling of the
system (2.0.4), which seems to be incompatible with a direct application of interpolation
inequalities. Instead, we control the L2-norm of the velocity ∂t(θ, ρ) first.

Proposition 2.4.6 ([37, Proposition 4.4]). We have

sup
t∈[0,T )

∥∂tθ∥L2(0,L) ≤ C, sup
t∈[0,T )

∥∂tρ∥L2(0,L) ≤ C.

Proof. By continuity, Proposition 2.4.4 and with J as in (2.4.3) we have that

sup
J

∣∣β′∣∣ ≤ C, sup
J

∣∣β′′∣∣ ≤ C. (2.4.5)

We consider the smooth function

φ(t) := 1
2

∫ L

0

(
(∂tθ)2 + (∂tρ)2

)
ds, for t ∈ [0, T ).

We now use (2.0.4) and integration by parts to differentiate φ. The boundary terms
dissapear as a consequence of the boundary conditions in (2.0.4). We have

d
dtφ(t) = −

∫ L

0
β(ρ)(∂t∂sθ)2 ds−

∫ L

0
µ(∂t∂sρ)2 ds

− 2
∫ L

0
∂t∂sθ β

′(ρ) ∂tρ (∂sθ − c0) ds− 1
2

∫ L

0
(∂tρ)2β′′(ρ) (∂sθ − c0)2 ds

+
∫ L

0
(∂tθ)2λθ1 cos θ ds+

∫ L

0
(∂tθ)2λθ2 sin θ ds.
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By (2.1.4) and (2.1.7) no time derivatives of the Lagrange multipliers appear. Using
(2.4.5), Young’s inequality, Proposition 2.4.4 and Proposition 2.4.5, we have

d
dtφ(t) ≤ − inf

J
β

∫ L

0
(∂t∂sθ)2 ds− µ

∫ L

0
(∂t∂sρ)2 ds+ δ

∫ L

0
(∂t∂sθ)2 ds

+ C(δ) sup
s∈[0,L]

(∂tρ)2 + C

∫ L

0
(∂tθ)2 ds (2.4.6)

for δ > 0 to be chosen and some correspondingly adjusted C(δ) > 0. Using (2.1.7) and
arguing as in (2.4.2), we find there exists st ∈ [0, L] with ∂tρ(t, st) = 0 and thus

sup
s∈[0,L]

|∂tρ|2 = sup
s∈[0,L]

∣∣∣(∂tρ)2 − (∂tρ(t, st))2
∣∣∣ ≤

∫ L

0

∣∣∣∂s (∂tρ)2
∣∣∣ ds

≤ 2 ∥∂tρ∥L2(0,L) ∥∂t∂sρ∥L2(0,L) ≤ δ ∥∂t∂sρ∥2
L2(0,L) + C(δ) ∥∂tρ∥2

L2(0,L) , (2.4.7)

using Young’s inequality in the last step. Using (2.4.4) and choosing δ > 0 small enough
in (2.4.6) and (2.4.7), we obtain

d
dtφ(t) ≤ Cφ(t) for all t ∈ [0, T ). (2.4.8)

By Proposition 2.4.4, we find that
∫ T

0 φ(t) dt is bounded independently of T and thus the
claim follows from integrating (2.4.8).

Proposition 2.4.7 ([37, Proposition 4.5]). We have

sup
t∈[0,T )

∥∥∂2
sθ
∥∥

L2(0,L) ≤ C, sup
t∈[0,T )

∥∥∂2
sρ
∥∥

L2(0,L) ≤ C.

Proof. To prove the required estimates, we need to consider simultaneously the evolution
equations of θ and ρ. Recall from (2.0.4) that we have

β(ρ)∂2
sθ = ∂tθ − β′(ρ)∂sρ(∂sθ − c0) − λθ1 sin θ + λθ2 cos θ,

µ∂2
sρ = ∂tρ+ 1

2β
′(ρ)(∂sθ − c0)2 + λρ

on [0, T ). Using (2.4.4) and arguing as in (2.4.5), by Young’s inequality we find

∥∥∂2
sθ
∥∥2

L2(0,L) +
∥∥∂2

sρ
∥∥2

L2(0,L)

≤ C

(∫ L

0
(∂tθ)2 ds+

∫ L

0
(∂sρ)2(∂sθ − c0)2 ds+ λ2

θ1

∫ L

0
sin2 θ ds+ λ2

θ2

∫ L

0
cos2 θ ds

+
∫ L

0
(∂tρ)2 ds+

∫ L

0
(∂sθ − c0)4 ds+ λ2

ρL

)

for all t ∈ [0, T ). By Propositions 2.4.5 and 2.4.6 it is sufficient to consider the second
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term and the sixth term on the right side of the inequality. Using Hölder’s inequality,
interpolation [20, p. 233] and

∫ L
0 ∂sρ ds = 0, we find

∥∥(∂sρ)2(∂sθ)2∥∥
L1(0,L) ≤ ∥∂sρ∥2

L4(0,L) ∥∂sθ∥2
L4(0,L)

≤ C
∥∥∂2

sρ
∥∥ 1

2
L2(0,L) ∥∂sρ∥

3
2
L2(0,L)

(∥∥∂2
sθ
∥∥ 1

4
L2(0,L) ∥∂sθ∥

3
4
L2(0,L) + ∥∂sθ∥L2(0,L)

)2
.

Due to Proposition 2.4.4 the norm ∥∂sθ∥L2(0,L) is bounded for all t ∈ [0, T ) and similarly
for ρ. Therefore, using twice Young’s inequality we estimate

∥∥(∂sρ)2(∂sθ)2∥∥
L1(0,L) ≤ δ

∥∥∂2
sρ
∥∥2

L2(0,L) + δ
∥∥∂2

sθ
∥∥2

L2(0,L) + C(δ),

for δ > 0 to be chosen. In an analogous way we also get

∥∥(∂sθ)4∥∥
L1(0,L) ≤ δ

∥∥∂2
sθ
∥∥2

L2(0,L) + C(δ).

Finally, taking δ > 0 sufficiently small and absorbing, the claim follows.

Proposition 2.4.8 ([37, Proposition 4.6]). We have

sup
t∈[0,T )

∥∥∂3
sθ
∥∥

L2(0,L) ≤ C, sup
t∈[0,T )

∥∥∂3
sρ
∥∥

L2(0,L) ≤ C.

Proof. Again, we use a Gronwall argument. To that end, we define

φ(t) := 1
2

∫ L

0

(
(∂3

sθ)2 + (∂3
sρ)2

)
ds

for t ∈ [0, T ) and obtain after integration by parts

d
dtφ(t) + φ(t) =−

∫ L

0
∂4

sθ ∂t∂
2
sθ + ∂4

sρ ∂t∂
2
sρds− 1

2

∫ L

0
∂4

sθ∂
2
sθ + ∂4

sρ∂
2
sρds. (2.4.9)

Differentiating twice the evolution equations (2.0.4) with respect to s yields

∂2
s∂tθ = 3β′(ρ)∂sρ∂

3
sθ + β(ρ)∂4

sθ + 3β′′(ρ)(∂sρ)2∂2
sθ + 3β′(ρ)∂2

sρ∂
2
sθ

+ β′′′(ρ)(∂sρ)3(∂sθ − c0) + 3β′′(ρ)∂2
sρ∂sρ(∂sθ − c0) + β′(ρ)∂3

sρ(∂sθ − c0)

− λθ1 sin θ(∂sθ)2 + λθ1 cos θ∂2
sθ + λθ2 cos θ(∂sθ)2 + λθ2 sin θ∂2

sθ,

∂2
s∂tρ = µ∂4

sρ− 1
2β

′′′(ρ)(∂sρ)2(∂sθ − c0)2 − 1
2β

′′(ρ)∂2
sρ(∂sθ − c0)2

− 2β′′(ρ)∂sρ(∂sθ − c0)∂2
sθ − β′(ρ)(∂2

sθ)2 − β′(ρ)(∂sθ − c0)∂3
sθ.

By continuity, Proposition 2.4.4 and (2.4.3), we find that |β(k)(ρ)| is bounded by C for
k = 0, . . . , 3. Moreover, due to the embedding W 2,2(0, L) ↪→ C1([0, L]), Proposition 2.4.4
and Proposition 2.4.7 we know that sups∈[0,L] |∂sθ| is bounded by C for all t ∈ [0, T ). The
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same applies to sups∈[0,L] |∂sρ|. This implies that after plugging the last two equations
into (2.4.9) we get

d
dtφ(t) + φ(t) ≤ − inf

J
β(ρ)

∫ L

0
(∂4

sθ)2 ds− µ

∫ L

0
(∂4

sρ)2 ds+ CR(t), (2.4.10)

where R(t) is a sum of terms of the form
∫ L

0

∣∣∂4
sf
∣∣∣∣∂3

sg
∣∣ ds, ∫ L

0

∣∣∂4
sf
∣∣∣∣∂2

sg
∣∣ ds, ∫ L

0

∣∣∂4
sf
∣∣ ds, ∫ L

0

∣∣∂4
sf
∣∣∣∣∂2

sf
∣∣∣∣∂2

sg
∣∣ ds (2.4.11)

for f, g ∈ {θ, ρ}. For the first term, we use Young’s inequality, integration by parts and
Proposition 2.4.7 and estimate

∫ L

0

∣∣∂4
sf
∣∣∣∣∂3

sg
∣∣ ds ≤ δ

∫ L

0

(
∂4

sf
)2 ds+ C(δ)

∫ L

0

(
∂3

sg
)2 ds

≤ δ

∫ L

0

(
∂4

sf
)2 ds+ δ

∫ L

0

(
∂4

sg
)2 ds+ C(δ).

Similarly, for terms of the second and third type we have
∫ L

0

(∣∣∂4
sf
∣∣∣∣∂2

sg
∣∣+ ∣∣∂4

sf
∣∣) ds ≤ δ

∫ L

0

(
∂4

sf
)2 ds+ C(δ).

The terms of the fourth type in (2.4.11) can be controlled by interpolation, cf. [20, p. 233]
(using

∫ L
0 ∂k

s f ds = 0 for k ≥ 2, f ∈ {θ, ρ}) to estimate

∫ L

0

∣∣∂4
sf
∣∣∣∣∂2

sf
∣∣∣∣∂2

sg
∣∣ ds ≤

∥∥∂4
sf
∥∥

L2(0,L)
∥∥∂2

sf
∥∥

L4(0,L)
∥∥∂2

sg
∥∥

L4(0,L)

≤ C
∥∥∂4

sf
∥∥

L2(0,L)
∥∥∂4

sf
∥∥ 1

8
L2(0,L)

∥∥∂2
sf
∥∥ 7

8
L2(0,L)

∥∥∂4
sg
∥∥ 1

8
L2(0,L)

∥∥∂2
sg
∥∥ 7

8
L2(0,L)

≤ δ
∥∥∂4

sf
∥∥2

L2(0,L) + δ
∥∥∂4

sg
∥∥2

L2(0,L) + C(δ)

as above by Proposition 2.4.7 and Young’s inequality for δ > 0 to be chosen. This way,
we have estimated the remainder term R(t) in (2.4.10). Consequently, if we now use
infJ β ≥ C by (2.4.4) and choose δ > 0 sufficiently small, after absorbing we get

d
dtφ(t) + φ(t) ≤ C.

With Gronwall’s lemma, we conclude that φ(t) ≤ C for all t ∈ [0, T ).

Remark 2.4.9 ([37, Remark 4.7]). It is also possible to bound

sup
t∈[0,T )

||(θ, ρ)||W m,2(0,L) ≤ C(m), m ∈ N,

by essentially the same arguments as in Proposition 2.4.8.
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2.4.3. Proof of global existence

Let (θ0, ρ0) ∈ h1+α([0, L]), α ∈ (0, 1) be such that Hypothesis 2.3.1 is satisfied. As a
consequence of Theorem 2.3.2, a standard argument for initial value problems yields the
existence of a maximal existence time Tmax ∈ (0,∞] such that the unique solution (θ, ρ)
to (2.0.4) with this initial datum can be smoothly extended to (0, Tmax). The goal of this
section is to prove Theorem 2.4.1, i.e. that Tmax = ∞.

Proof of Theorem 2.4.1. Let 0 < Tmax ≤ ∞ be the maximal existence time of the smooth
solution of (2.0.4) with initial datum (θ, ρ)(0, ·) = (θ0, ρ0) in C1+α([0, L]). We want to
show that the assumption Tmax < ∞ yields a contradiction as we can extend the solution
past Tmax.
Assume Tmax < ∞ and let δ ∈ (0, Tmax). We have (θ, ρ) ∈ C∞([δ, Tmax) × [0, L]). By
Propositions 2.4.4 and 2.4.8, there is a constant C > 0 depending only on (θ, ρ)(δ, ·) and
the model parameters such that

sup
t∈[δ,Tmax)

∥θ∥W 3,2(0,L) ≤ C and sup
t∈[δ,Tmax)

∥ρ∥W 3,2(0,L) ≤ C. (2.4.12)

We consider an arbitrary sequence (tn)n∈N with tn ↗ Tmax. Let α̃ ∈ (0, 1
2). The bounds

in (2.4.12) together with the compact embedding W 3,2(0, L) ↪→ C2+α̃([0, L]) and the
closedness of h2+α̃([0, L]) yield the existence of θ̃0 ∈ h2+α̃([0, L]) and ρ̃0 ∈ h2+α̃([0, L])
such that after passing to a subsequence

θ(tn, ·) → θ̃0 and ρ(tn, ·) → ρ̃0 in C2+α̃([0, L]) as n → ∞. (2.4.13)

Suppose t′n ↗ Tmax denotes another sequence such that (2.4.13) holds with t′n instead of
tn and (θ̃′

0, ρ̃
′
0) instead of (θ̃0, ρ̃0). Using (2.0.4), Propositions 2.4.4, 2.4.5 and (2.4.12), we

find ∥∂tθ∥W 1,2(0,L) ≤ C for t ∈ [δ, Tmax), where C > 0 again only depends on the model
parameters and (θ, ρ)(δ, ·). Using that W 1,2(0, L) ↪→ Cα̃([0, L]), we find

∥∥θ(tn, ·) − θ(t′n, ·)
∥∥

Cα̃([0,L]) ≤
∥∥∥ ∫ t′

n

tn

∂tθ(τ, ·) dτ
∥∥∥

Cα̃([0,L])
≤ C|tn − t′n|,

after suitably modifying C > 0. Taking n → ∞ yields θ̃′
0 = θ̃0. With exactly the same

argument we find ρ̃′
0 = ρ̃0. Consequently,

θ(t, ·) → θ̃0 and ρ(t, ·) → ρ̃0 in C2+α̃([0, L]) as t ↗ Tmax. (2.4.14)

It is clear that (θ̃0, ρ̃0) satisfies (2.3.1). Thus, Theorem 2.3.2 and Remark 2.3.15 yield the
existence of T̃ > 0 and a unique solution (θ̃, ρ̃) ∈ C∞((0, T̃ ) × [0, L]

)
of (2.0.4) with

θ̃(t, ·) → θ̃0 and ρ̃(t, ·) → ρ̃0 in C2+α̃([0, L]) as t ↘ 0. (2.4.15)
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Chapter 2. Elastic flow with modulated stiffness

We take this solution to extend the solution (θ, ρ) past Tmax by defining

(θ̄, ρ̄)(t, s) :=


(θ, ρ)(t, s) for t ∈ (0, Tmax),

(θ̃0, ρ̃0)(s) for t = Tmax,

(θ̃, ρ̃)(t− Tmax, s) for t ∈ (Tmax, Tmax + T̃ ).

We now claim that

(θ̄, ρ̄) ∈ C∞((0, Tmax + T̃ ) × [0, L]). (2.4.16)

Fix T ∈ (Tmax, Tmax + T̃ ). Examining t ↗ Tmax and using (2.4.14), respectively t ↘ Tmax

and using (2.4.15), we conclude

(θ̄, ρ̄) ∈ BUC
(
[δ, T ];C2+α̃([0, L])

)
.

By (2.0.4), we may write ∂t(θ, ρ) in terms of ∂2
s (θ, ρ), ∂s(θ, ρ) and (θ, ρ) on (0, Tmax) and

similarly for ∂t(θ̃, ρ̃) on (0, T̃ ). Hence ∂t(θ̄, ρ̄) exists on [δ, Tmax) ∪ (Tmax, T ] and possesses
a continuous extension at t = Tmax, so that we find

∂t(θ̄, ρ̄) ∈ BUC
(
[δ, T ];Cα̃([0, L])

)
.

Consequently, we obtain

(θ̄, ρ̄) ∈ BUC1
(
[δ, T ];Cα̃([0, L])

)
∩ BUC

(
[δ, T ];C2+α̃([0, L])

)
. (2.4.17)

By (2.3.34), for every T ′ < Tmax the solution (θ, ρ) satisfies

(θ, ρ) ∈ BUC1
1−η̄

(
[0, T ′];hᾱ ([0, L])

)
∩ BUC1−η̄

(
[0, T ′];h2+ᾱ ([0, L])

)
, (2.4.18)

where ᾱ ∈ (0, 1) and η̄ ∈ (1
2 , 1) are chosen such that 2η̄+ ᾱ = 1 +α. Since the time weight

t1−η̄ only plays a role near t = 0, from (2.4.17) and (2.4.18) we conclude that

(θ̄, ρ̄) ∈ BUC1
1−η̄

(
[0, T ];hα̂([0, L])

)
∩ BUC1−η̄

(
[0, T ];h2+α̂([0, L])

)
,

for 0 < α̂ < min{ᾱ, α̃}, using Lemma 2.3.16. If we transfer this back to the periodic
setting as in Section 2.3.1, we may apply Lemma 2.3.13 to deduce that

(θ̄, ρ̄) ∈ C∞((0, T ) × [0, L]).

Since T ∈ (Tmax, Tmax + T̃ ) was arbitrary, we conclude that (2.4.16) is satisfied.
Consequently, we have extended the solution (θ, ρ) smoothly past Tmax, a contradiction,
so Tmax = ∞ has to hold.
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2.5. Convergence result

Once global existence is established, it is natural to study the asymptotic behavior of the
flow. Although we do not have a classification of the stationary solutions to (2.0.4) at
hand, we can prove full convergence. The goal of this section is to prove the following
theorem.

Theorem 2.5.1 (Long time behavior, [37, Theorem 1.4]). Let β : R → R be real analytic.
Then, the global solution (θ, ρ) of Theorem 2.4.1 converges in C2+α̃([0, L]) for all α̃ ∈ (0, 1

2)
to a stationary solution of (2.0.1) as t → ∞, i.e. to a solution of



0 = ∂s [β(ρ)(∂sθ − c0)] + λθ1 sin θ − λθ2 cos θ in [0, L],

0 = µ∂2
sρ− 1

2β
′(ρ)(∂sθ − c0)2 − λρ in [0, L],

θ(L) − θ(0) = 2πω, ρ(L) = ρ(0),

∂sθ(L) = ∂sθ(0), ∂sρ(L) = ∂sρ(0)

(2.5.1)

for some λθ1, λθ2, λρ ∈ R.

Geometrically, this result can be interpreted as follows. The solution (θ(t), ρ(t))t≥0 de-
scribes a family of closed curves (γ(t))t≥0 with density (ρ(t))t≥0 that evolves in time
decreasing the energy (1.5.1) and converging to an equilibrium as t → ∞.
For the proof, we first deduce subconvergence of the solution from the energy estimates
used in the proof of Theorem 2.4.1. This means that given a sequence of times tn → ∞,
we can find a subsequence (tnk

)k∈N along which the solution converges. However, for
different subsequences, the limit may be different. Moreover, the set of possible limits
is non-discrete. Therefore, we need more to prove full convergence. We assume β to be
analytic and rely on a suitable version of the Łojasiewicz–Simon gradient inequality [135].
As Chapter 1 already suggests, inequalities of this kind are a powerful functional analytic
tool for studying the asymptotic behavior of (geometric) PDEs, even in the constrained
setting; see, for instance, [143, 30, 44] and [139, 136, 138].
In our case, the constraint is given by the zero set of the functional (2.2.3), which is

G(θ, ρ) =
( ∫ L

0
cos θ ds,

∫ L

0
sin θ ds,

∫ L

0
ρ ds−mL

)
,

where m ∈ R corresponds to the fixed total mass, determined by the initial density, i.e.
mL =

∫ L
0 ρ0 ds. We consider the Banach space of periodic Sobolev functions W k,2

per(0, L)
defined in (2.2.1). By the choice of the Lagrange multipliers, cf. (2.1.4) and (2.1.7), the
gradient flow remains in the closed set

B := {(θ, ρ) ∈ W 2,2
per(0, L;R2) + (ϕ, 0) : G(θ, ρ) = 0} (2.5.2)
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for all t ≥ 0 with ϕ as in (2.2.2). To apply the results in [135], we need to work in
Banach spaces which is why we consider the shifted energies Eµ(u, ρ) and G(u, ρ) for
(u, ρ) ∈ W 2,2

per(0, L;R2), defined as in (2.2.4). Here, we work only in the domain of the L2-
gradient of the functionals, and not in the energy spaceW 1,2(0, L). In (2.2.13) and (2.2.14),
we have computed the L2-gradients of Eµ (with ∇Eµ(u, ρ) = (∇uEµ(u, ρ),∇ρEµ(u, ρ)))
and of the components of G. For the convenience of the reader, we repeat that they are
given by

∇uEµ(u, ρ) = −∂s
(
β(ρ)(∂su+ ∂sϕ− c0)

)
,

∇ρEµ(u, ρ) = −µ∂2
sρ+ 1

2β
′(ρ)(∂su+ ∂sϕ− c0)2,

∇G1(u, ρ) = (− sin(u+ ϕ), 0) , ∇G2(u, ρ) = (cos(u+ ϕ), 0) , ∇G3(u, ρ) = (0, 1) .

2.5.1. The constrained Łojasiewicz–Simon gradient inequality

We first discuss analyticity properties of the energy and the constraint functional. A
concise overview of the relevant properties of analytic functions on Banach spaces can
be found in [135, Section 2.1]. In the following, Cper([0, L]) denotes the Banach space of
L-periodic continuous functions on [0, L], equipped with the supremum norm.

Lemma 2.5.2 ([37, Lemma 5.1]). Let β : R → R be analytic. The maps

W 1,2
per(0, L) → Cper([0, L]), ρ 7→ β(ρ),

W k,2
per(0, L) → L2(0, L), θ 7→ ∂k

s θ for k = 1, 2

are analytic. Moreover, the energy and the constraint functional

W 2,2
per([0, L],R2) → R, (u, ρ) 7→ Eµ(u, ρ),

W 2,2
per([0, L];R2) → R3, (u, ρ) 7→ G(u, ρ)

and their gradients given by

W 2,2
per([0, L];R2) → L2(0, L;R2), (u, ρ) 7→ ∇Eµ(u, ρ),

W 2,2
per([0, L];R2) → L2(0, L;R2), (u, ρ) 7→ ∇Gj(u, ρ)

are analytic for j = 1, 2, 3.

Proof. The first part follows from the Sobolev embedding W 1,2
per(0, L) → Cper([0, L]) and

since the Nemytskii operator Cper([0, L]) ∋ u 7→ β(u) ∈ Cper([0, L]) is analytic by [7,
Theorem 6.8].
The rest follows using that the composition and sum of analytic maps is again analytic
and that any bounded multilinear map is analytic, see [135, Section 2.1].
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Besides analyticity, we also need to verify certain Fredholm and compactness properties
of the derivatives of ∇Eµ and ∇G, cf. [135, Corollary 5.2]. First, we compute these
derivatives. Let (u, ρ), (v, σ) ∈ W 2,2

per(0, L;R2). Then we have

(∇uEµ)′(u, ρ)(v, σ) = −β′′(ρ)∂sρ(∂su+ ∂sϕ− c0)σ − β′(ρ)∂2
su σ

− β′(ρ)(∂su+ ∂sϕ− c0)∂sσ − ∂s
(
β(ρ)∂sv

)
,

(∇ρEµ)′(u, ρ)(v, σ) = 1
2β

′′(ρ)(∂su+ ∂sϕ− c0)2σ

+ β′(ρ)(∂su+ ∂sϕ− c0)∂sv − µ∂2
sσ. (2.5.3)

Moreover, we have

(∇G1)′(u, ρ)(v, σ) = (− cos(u+ ϕ)v, 0),

(∇G2)′(u, ρ)(v, σ) = (− sin(u+ ϕ)v, 0),

(∇G3)′(u, ρ)(v, σ) = (0, 0).

Lemma 2.5.3 ([37, Lemma 5.2]). The operator

(∇Eµ)′(u, ρ) : W 2,2
per(0, L;R2) → L2(0, L;R2)

is Fredholm of index zero for all (u, ρ) ∈ W 2,2
per(0, L;R2).

Proof. We observe that by (2.5.3), we may write

(∇Eµ)′(u, ρ)(v, σ) = A(v, σ) +K(v, σ),

where A(v, σ) =
(
−∂s (β(ρ)∂sv) ,−µ∂2

sσ
)

and K : W 2,2
per(0, L;R2) → L2(0, L;R2) only in-

volves first and zeroth order expressions in (v, σ). Hence K is compact by the Rellich–
Kondrachov theorem. Moreover, β(ρ) ∈ C1([0, L]) and min[0,L] β(ρ) > 0 by Sobolev
embedding. Thus, for every f ∈ L2(0, L) there exists a unique solution v ∈ W 2,2

per(0, L)
to ∂s (β(ρ)∂sv) = f as a consequence of the Riesz representation theorem. Consequently,
we find that A : W 2,2

per(0, L;R2) → L2(0, L;R2) is an isomorphism. The claim then follows
using [97, XVII, Corollaries 2.6 and 2.7].

For simplicity, we again abuse the notation and write ∇Eµ(θ, ρ) and ∇G(θ, ρ), see (2.2.15).
Moreover, setting Λ(θ, ρ) := (λθ1(θ, ρ), λθ2(θ, ρ), λρ(θ, ρ)), with λθ1(θ, ρ), and λθ2(θ, ρ),
λρ(θ, ρ) as in (2.1.2) and (2.1.6), we define

Λ(θ, ρ) · ∇G(θ, ρ) := λθ1(θ, ρ)∇G1(θ, ρ) + λθ2(θ, ρ)∇G2(θ, ρ) + λρ(θ, ρ)∇G3(θ, ρ).
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In this notation, the evolution in (2.0.4) may abstractly be written as

∂t(θ, ρ) = −∇Eµ(θ, ρ) − Λ(θ, ρ) · ∇G(θ, ρ). (2.5.4)

where (θ, ρ) : [0, T )×[0, L] → R2. This way, stationary solutions to (2.5.4) (i.e. solutions to
(2.5.1)) are constrained critical points of E subject to the constraint G = 0 by the method
of Lagrange multipliers, see (2.2.16).

Theorem 2.5.4 (Constrained Łojasiewicz–Simon gradient inequality, [37, Theorem 5.3]).
Let β be real analytic and suppose that (θ̄, ρ̄) ∈ B (cf. (2.5.2)) is a critical point of Eµ

subject to the constraint G = 0. Then there exist C, r > 0 and ϑ ∈ (0, 1
2 ] such that for all

(θ, ρ) ∈ B with ∥(θ, ρ) − (θ̄, ρ̄)∥W 2,2(0,L) ≤ r we have

|Eµ(θ, ρ) − Eµ(θ̄, ρ̄)|1−ϑ ≤ C∥∇Eµ(θ, ρ) + Λ(θ, ρ) · ∇G(θ, ρ)∥L2(0,L).

Proof. We verify that assumptions (i)–(vi) in [135, Corollary 5.2] are satisfied for the
energy functional Eµ : W 2,2

per(0, L;R2) → R subject to the constraint G = 0 at the con-
strained critical point (ū, ρ̄) := (θ̄ − ϕ, ρ̄). Assumption (i) is clearly satisfied. As-
sumptions (ii) and (iv), and also analyticity of Eµ and G follow from Lemma 2.5.2,
whereas (iii) is precisely the statement of Lemma 2.5.3. Assumption (v) is satisfied by
(2.5.3) and using the Rellich–Kondrachov theorem. For (vi), it only remains to show
that ∇G1(ū, ρ̄),∇G2(ū, ρ̄),∇G3(ū, ρ̄) are linearly independent, which can be verified us-
ing

∫ L
0 cos θ̄ ds =

∫ L
0 sin θ̄ ds = 0.

By [135, Corollary 5.2], Eµ|{G=0} satisfies the constrained Łojasiewicz–Simon gradient
inequality near (ū, ρ̄), which immediately transfers to Eµ|{G=0} near (θ̄, ρ̄) as in the state-
ment. The explicit form of the projected gradient in terms of the Lagrange multipliers
follows from [135, Proposition 3.3] and a computation.

2.5.2. Convergence

Equipped with the Łojasiewicz–Simon gradient inequality in (2.5.4), we can now prove
full convergence, i.e. Theorem 2.5.1.

Proof of Theorem 2.5.1. Since we are only interested in the long time behavior, we may
without loss of generality assume θ, ρ ∈ C∞([0,∞) × [0, L]).
Step 1: Subconvergence. We first prove that for any sequence tn → ∞, there exist a
subsequence (t′n)n∈N and a stationary solution (θ∞, ρ∞) ∈ C2+α̃([0, L]) such that

lim
n→∞

(θ(t′n), ρ(t′n)) = (θ∞, ρ∞) in C2+α̃([0, L]) for all α̃ ∈ (0, 1
2).

Let (tn)n∈N be any sequence with tn → ∞. First, note that the constant C in (2.4.12) does
not depend on the existence time, so (2.4.12) remains valid for Tmax = ∞. The compact
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embedding W 3,2(0, L) ↪→ C2+α̃([0, L]), where α̃ ∈ (0, 1
2), and a subsequence argument

yields that there exists (t′n)n∈N, a subsequence of (tn)n∈N, and (θ∞, ρ∞) such that for all
α̃ ∈ (0, 1

2) we have

lim
n→∞

(θ(t′n), ρ(t′n)) = (θ∞, ρ∞) in C2+α̃([0, L]). (2.5.5)

It remains to prove that (θ∞, ρ∞) is stationary, i.e. it satisfies (2.5.1). We consider

φ(t) = 1
2

∫ L

0

(
(∂tθ)2 + (∂tρ)2

)
ds, t ≥ 0,

which is bounded by Proposition 2.4.6, and thus by (2.4.8) its derivative d
dtφ is bounded

from above. Since φ is integrable on [0,∞) by Proposition 2.4.4, this is sufficient to guar-
antee that limt→∞ φ(t) = 0. In particular by (2.5.5), we have ∂tθ(t′n, ·) → 0, ∂tρ(t′n, ·) → 0
in Cα̃([0, L]) for all α̃ ∈ (0, 1

2), so (θ∞, ρ∞) is stationary, thus a solution of (2.5.1).

Step 2: Full convergence. By Step 1, there exists a sequence tn → ∞ and a stationary
solution (θ∞, ρ∞) of (2.0.4) such that (θ∞, ρ∞) = limn→∞(θ(tn), ρ(tn)) in C2+α̃([0, L]) for
all α̃ ∈ (0, 1

2).

By (2.1.9), we have Eµ(θ(t), ρ(t)) ↘ Eµ(θ∞, ρ∞) as t → ∞. In fact, we may assume
Eµ(θ(t), ρ(t)) > Eµ(θ∞, ρ∞) for all t ∈ [0,∞), since otherwise the solution must be even-
tually constant, hence converges trivially.

The stationary solution (θ∞, ρ∞) is a constrained critical point as observed directly after
(2.5.4). Thus, we may apply Theorem 2.5.4 to (θ∞, ρ∞). Let C, r > 0 and ϑ ∈ (0, 1

2 ] be
as in Theorem 2.5.4. After passing to a subsequence, we may assume ∥(θ(tn), ρ(tn)) −
(θ∞, ρ∞)∥W 2,2(0,L) < r for all n ∈ N. We define

τn := sup
{
τ ≥ tn | ∥(θ(t), ρ(t)) − (θ∞, ρ∞)∥W 2,2(0,L) < r for all t ∈ [tn, τ ]

}
. (2.5.6)

Since the solution is smooth, we find that τn > tn for all n ∈ N. Define

H(t) := (Eµ(θ(t), ρ(t)) − Eµ(θ∞, ρ∞))ϑ .

By a direct computation and using Theorem 2.5.4 we have

− d
dtH = ϑ

(
Eµ(θ, ρ) − Eµ(θ∞, ρ∞)

)ϑ−1(
− d

dtEµ(θ, ρ)
)

= ϑ
(
Eµ(θ, ρ) − Eµ(θ∞, ρ∞)

)ϑ−1
∥∇Eµ(θ, ρ)∥L2(0,L)∥∂t(θ, ρ)∥L2(0,L)

≥ ϑ

C
∥∂t(θ, ρ)∥L2(0,L) (2.5.7)
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Chapter 2. Elastic flow with modulated stiffness

on [tn, τn). After integration, for t′ ∈ [tn, τn) we obtain

∥(θ(t′), ρ(t′)) − (θ(tn), ρ(tn))∥L2(0,L) ≤
∫ t′

tn

∥∂t(θ, ρ)∥L2 dt ≤ C

ϑ
H(tn) → 0, (2.5.8)

as n → ∞. We now assume that all of the τn are finite. By continuity, (2.5.8) also
remains valid for t′ = τn. By Step 1, after passing to a subsequence, we may assume that
(θ(τn), ρ(τn)) → (θ̂, ρ̂) in C2+α̃([0, L]) as n → ∞ for all α̃ ∈ (0, 1

2). By continuity and
(2.5.6), we find that

∥(θ̂, ρ̂) − (θ∞, ρ∞)∥W 2,2(0,L) = r > 0, (2.5.9)

whereas on the other hand by (2.5.8) with t′ = τn, we have

∥(θ̂, ρ̂) − (θ∞, ρ∞)∥L2(0,L) = lim
n→∞

∥(θ(τn), ρ(τn)) − (θ(tn), ρ(tn))∥L2(0,L) = 0,

a contradiction to (2.5.9).
Consequently, there exist some n0 with τn0 = ∞, and thus (2.5.7) is satisfied on [tn0 ,∞),
which implies that t 7→ ∥∂t(θ(t), ρ(t))∥L2(0,L) ∈ L1(0,∞). Therefore, (θ(t), ρ(t)) is Cauchy
in L2(0, L) as t → ∞. Hence the limit limt→∞(θ(t), ρ(t)) exists in L2(0, L) and thus
necessarily equals (θ∞, ρ∞). From Step 1 and a subsequence argument, it follows that we
have limt→∞(θ(t), ρ(t)) = (θ∞, ρ∞) in C2+α̃([0, L]) for all α̃ ∈ (0, 1

2).

Remark 2.5.5 ([37, Remark 5.4]). Note the following.

(i) In Step 1 above, we have not used that β is analytic. Thus, subconvergence also
holds if merely β ∈ C∞(R).

(ii) Together with stronger global bounds on the solution as in Remark 2.4.9, it can be
shown that the convergence in Theorem 2.5.1 is smooth. The same applies to the
subconvergence in Step 1 of its proof.

2.6. Qualitative properties of solutions

In the following, we study qualitative properties of the solution. We observe that the
preservation and nonpreservation of properties of the initial datum along (2.0.4) depends
delicately on the choice of the model parameters. The decisive advantage of working with
the angle function θ is that the equation is of second order. In contrast, working with the
curve γ yields a fourth order equation, like the classical elastic flow. Due to the reduction
to second order, parabolic maximum principles are available for both evolution equations
in (2.0.4) individually, but of course not for the full system. A key difficulty in applying
maximum principles is the structure of the relevant evolution equations, explaining the
fundamentally different behavior for a different choice of parameters.
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2.6. Qualitative properties of solutions

In this section, we assume the initial datum (θ0, ρ0) to be smooth, to satisfy Hypoth-
esis 2.3.1 and ∂2

sθ0(L) = ∂2
sθ0(0) as well as ∂2

sρ0(L) = ∂2
sρ0(0). Theorem 2.3.2, Re-

mark 2.3.15 and Theorem 2.4.1 then yield a unique global solution (θ, ρ) ∈ C∞((0,∞) ×
[0, L]) ∩ C0([0,∞);C2([0, L])) of (2.0.4). We refer to a function (θ0, ρ0) satisfying the
assumptions above as an admissible initial datum in the sequel.
Before we begin applying maximum principles, we want to first explain the origin of
the figures in the following sections. Then, in Section 2.1.3, we want to note that the
two parts of the energy Eµ do not decrease separately, which makes investigating the
properties of the solution and the limit more challenging. In Section 2.6.3, we study the
evolution of the zeroset of the curvature which is related to the preservation of convexity,
see Section 2.6.4. With similiar ideas as for the preservation of convexity, we examine
the preservation of nonnegativity of the density in Section 2.6.5. Unlike the preservation
of convexity and nonnegativity of the density, the preservation of embeddedness cannot
be proven using maximum principles. Instead, we employ an energy-based argument to
explore the preservation of embeddedness in Section 2.6.6. In Section 2.6.7 we prove that
for a rotationally symmetric or axially symmetric initial datum, the solution preserves the
rotational or axial symmetry. This result enables us to generalize the result on convexity
preservation, see Theorem 2.6.22.

2.6.1. Numerical experiments

As described in Section 1.3.3, it can be helpful to guide one’s analysis through numerical
experiments. For the system of evolution equations (2.0.4), Gaspard Jankowiak from
the University of Graz developed a numerical scheme approximating the solutions. The
scheme takes advantage of the gradient flow structure of the problem and is based on De
Giorgi’s Minimizing Movements and finite differences, extending the idea of [18]. We do
not go into the details here at all; these can be found in [36, Section 5]. However, we use
figures from the numerical experiments to illustrate our analytically obtained results. The
implementation and configuration files used for most of the figures are available online2.
We note that in the numerically obtained figures, a hat marks a space discrete quantity, i.e.
(θ̂, ρ̂) ∈ R2N is the piecewise constant approximation of (θ, ρ), as well as the corresponding
energy Êµ and so on. Positive values of ρ are shown in blue, negative values in red. The
thickness of the line increases with |ρ|.

2.6.2. The two parts of the energy

We have already seen that the L2-gradient structure of the flow equations in (2.0.4) ensures
that the energy Eµ decreases along the evolution. On the other hand, the two parts of the

2https://github.com/gjankowiak/dAJLR.2024 (code licensed under the GPLv3)
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Chapter 2. Elastic flow with modulated stiffness

energy,

Eθ(θ, ρ) := 1
2

∫ L

0
β(ρ)(∂sθ − c0)2 ds and Eρ

µ(ρ) := µ

2

∫ L

0
(∂sρ)2 ds

are not monotonically decreasing individually as the computation in (2.1.9) already sug-
gests. This fact significantly complicates the discussion of the limit in Section 2.7. We
give concrete examples where either Eθ or Eρ

µ grows.

t
10 − 2 100 102

10 − 1

100

𝓔̂𝜇(𝜃̂c,𝜌̂c)

101

𝓔̂𝜇(t = 0)

𝜇 = 0.001

𝓔̂𝜇(𝜃̂c,𝜌̂c)

𝓔̂𝜇

𝓔̂𝜃

𝓔̂𝜇
𝜌

Figure 2.3: Energy evolution starting with relatively low ∥κ̂ − 1∥∞. Here, L = 2π, µ =
10−3, c0 = 0, β(x) = ex, m = 0, ω = 1. From [36, Figure 8], reprinted with
permission.

Example 2.6.1 ([36, Example 3.1]). Consider the double-well potential β(x) := (x2 −
1)2 + c with c > 0. Let L = 2π, ω = 1, m = 0, and c0 ̸= 1. Take θ0 := θc = s and
ρ0 := sin s. Then, for the solution (θ, ρ) of (2.0.4), an elementary computation yields
λθ1(0) = λθ2(0) = λρ(0) = 0 and

d
dtE

θ(θ, ρ)
∣∣∣
t=0

= (1 − c0)2
∫ 2π

0

(
µ

2 β
′(ρ0) ∂2

sρ0 −
(
∂s(β(ρ0))

)2) ds

− (1 − c0)4

4

∫ 2π

0
(β′(ρ0))2 ds
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= π

2 (1 − c0)2
(
µ− (1 − c0)2 − 5

2

)
,

which is positive for µ > (1 − c0)2 + 5
2 . On the other hand,

d
dtE

ρ
µ(ρ)

∣∣∣
t=0

= (1 − c0)2 µ

2

∫ 2π

0
β′(ρ0) ∂2

sρ0 ds− µ2
∫ 2π

0
(∂2

sρ0)2 ds = µπ

(1
2(1 − c0)2 − µ

)

is positive for µ < 1
2(1 − c0)2.

In Figure 2.3 and Figure 2.4 we see numerical examples for the growth of Eρ
µ.

t
10 − 4 10 − 3 10 − 2 10 − 1 100 101 102 103

10 − 1

100

𝓔̂𝜇(𝜃̂c,𝜌̂c)

101

102

103
𝓔̂𝜇(t = 0)

𝜇 = 0.001

𝓔̂𝜇(𝜃̂c,𝜌̂c)

𝓔̂𝜇

𝓔̂𝜃

𝓔̂𝜇
𝜌

Figure 2.4: Energy evolution starting with relatively large ∥κ̂ − 1∥∞. Here, L = 2π,
µ = 10−3, c0 = 0, β(x) = ex, m = 0, ω = 1. From [36, Figure 9], reprinted
with permission.

Remark 2.6.2 ([36, Remark 3.2]). In view of Proposition 2.2.8 and Corollary 2.2.10, for µ
large, Eρ

µ can be seen as the dominant term in Eµ. However, even for arbitrary large µ, Eρ
µ

might still not be monotonically decreasing. This can be seen with the evolution equations
in (2.0.4). Indeed, taking ρ0 ≡ m yields Eρ

µ(ρ0) = 0. On the other hand, ∂tρ|t=0 ̸= 0 for
all µ > 0 as long as ∂sθ0 is not constant and β′(m) ̸= 0.
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2.6.3. Zeros of the curvature

In this section, we adapt the methods in [5] to study the zeros of the curvature and
the inflection points of the curve, i.e. the sign changes of the curvature. The results are
summarized in the following theorem.

Theorem 2.6.3 ([36, Theorem 1.2]). Let c0 = 0 and let (θ, ρ) be a global solution of
(2.0.4). Then both the number of zeros of k = ∂sθ and the number of inflection points of
the associated curve are nonincreasing in time.

Here, it is crucial that the equation for θ is of second order. Differentiating (2.0.4) we find
that the curvature k = ∂sθ satisfies the second order equation

∂tk = β(ρ)∂2
sk + 2 ∂s(β(ρ))∂sk + ∂2

s (β(ρ))k + (λθ1 cos θ + λθ2 sin θ) k − ∂2
s (β(ρ))c0.

(2.6.1)

The structure of this evolution equation already indicates that the behavior of k strongly
depends on c0. In case c0 = 0, (2.6.1) may be written as a linear second order parabolic
equation for k. Indeed, for c0 = 0, we have

∂tk = a∂2
sk + b∂sk + ck, (2.6.2)

where we define the nonconstant coefficients

a := β(ρ) > 0, b := 2∂s(β(ρ)), and c := ∂2
s (β(ρ)) + λθ1 cos θ + λθ2 sin θ.

This allows us to use the techniques in [5] to study the evolution of the zeroset of the
curvature. Sign-changing zeros of the curvature are inflection points of the curve, i.e.
points where the curve locally changes from being convex to being concave or vice versa.
Zeros at which the curvature does not change sign are called undulation points of the
curve. First, we do not distinguish between inflection points and undulation points and
show that the total number of zeros of k decreases. In [160, Remark 3.2], this idea was
also indicated, without proof, for the L2-gradient flow of the angle function of the classical
elastic energy without density-modulated stiffness.
For all t ≥ 0, we denote by zk(t) ∈ N0 ∪{∞} the number of zeros in [0, L) of the curvature
k(t, ·) of the global solution of (2.0.4). First we note that this number is finite, which
follows by [5, Theorem C, (a)].

Lemma 2.6.4 ([36, Lemma 3.3]). Let c0 = 0 and (θ, ρ) be the global solution of (2.0.4).
Then zk(t) is finite for any t > 0.

Further, the number of zeros of the curvature (inflection points and undulation points)
does not increase along the evolution.
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Proposition 2.6.5 ([36, Proposition 3.4]). Let c0 = 0 and (θ, ρ) be the global solution of
(2.0.4). Then zk is a nonincreasing function on [0,∞).

Proof. Consider the smooth L-periodic extension of k = ∂sθ to R, which we do not rename
for simplicity. The function zk still denotes the number of zeros of the curvature in the
interval [0, L).
Let t2 > 0. By Lemma 2.6.4, there exists n ∈ N0 such that zk(t2) = n. Without loss
of generality, we assume that n ≥ 1. Let 0 ≤ s1 < s2 < · · · < sn < L be the zeros of
k at time t2. By [5, Lemma 5.5], there are continuous curves xi(t), i = 1, . . . , n in the
zeroset Zk = {(t, s) ∈ (0,∞) × R : k(t, s) = 0} defined for t ∈ (0, t2] such that xi(t2) = si.
Moreover, define xn+1(t) := x1(t) + L, t ∈ (0, t2]. Then xn+1(t) is also in Zk.
For t1 ∈ (0,∞) with t1 < t2, [5, Lemma 5.3] tells us that if xi(t2) < xj(t2), then xi(t) <
xj(t) for all t ∈ [t1, t2], i, j = 1, . . . n + 1. Hence, considering It := [x1(t), xn+1(t)) for
t ∈ [t1, t2], we find xi(t) ∈ It for t ∈ [t1, t2] and i = 1, ..., n. Thus, there are at least n
zeros of k on {t1} × It. Since by periodicity, the number of zeros on {t1} × [0, L) equals
the number of zeros on {t1} × It, it follows that zk is nonincreasing on (0,∞).
It remains to consider the transition from t = 0 to positive times. Due to Lemma 2.6.4
we assume without loss of generality that zk(0) < ∞. Similarly as in [5, Lemma 5.2] it
follows that limt↘0 xi(t) exists for i = 1, . . . n. Suppose that limt↘0 xi(t) = limt↘0 xj(t)
for i < j and consider the nonempty open set G := {(t, s) : 0 < t < t2, xi(t) < s < xj(t)}.
Since k ≡ 0 on the parabolic boundary of G, the parabolic maximum principle implies
that k ≡ 0 in G. This contradicts Lemma 2.6.4. Thus, limt↘0 xi(t) ̸= limt↘0 xj(t) for
i ̸= j and it follows that zk(0) ≥ n.

In the following, we specifically consider the inflection points and show that the number
of sign-changing zeros of k does not increase. This means geometrically that the number
of ‘dents’ of a curve like in Figure 2.5 is not increasing along the evolution. This is
supported by numerical experiments, see Figure 2.4, while for c0 ̸= 0, Figure 2.7 in Section
Section 2.6.6 gives an example for growing number of inflection points.

Figure 2.5: Curve with dents. From [36, Figure 1], reprinted with permission.

We denote the number of sign-changing zeros in [0, L) of the L-periodic extension of k(t, ·)
by z̄k(t) ∈ N0 ∪ {∞}, t ∈ [0,∞).
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Proposition 2.6.6 ([36, Proposition 3.5]). Let c0 = 0 and (θ, ρ) be the global solution of
(2.0.4). Then z̄k is a nonincreasing function on [0,∞).

Proof. Consider the smooth L-periodic extension of (k, ρ) to R. First we observe, that
the zeros of k̃(t, s) := e−λtk(t, s), λ ∈ R, (t, s) ∈ [0,∞) × R, coincide with the zeros of
k(t, ·). By choosing λ sufficiently large, we can thus assume that k satisfies (2.6.2) with
c(t, s) < 0 on [0,∞) × R.
Let 0 ≤ t1 < t2 < ∞. By Lemma 2.6.4, there is n ∈ N0 such that zk(t2) = n. In view of
Proposition 2.6.5 and due to periodicity of k, we may assume without loss of generality
that n > 1. As in the proof of Proposition 2.6.5, let 0 ≤ s1 < · · · < sn < L be such that
k(t2, si) = 0, i = 1, . . . , n. By the arguments in the proof of Proposition 2.6.5, there exist
continuous curves xi(t) in the zeroset of k defined for t ∈ [0, t2] such that xi(t2) = si,
i = 1, . . . , n, and xi(t) < xi+1(t) for t ∈ [0, t2], where xn+1 := x1 + L.
Let i ∈ {1, . . . , n}. Either k(t2, ·) < 0 or k(t2, ·) > 0 on (xi(t2), xi+1(t2)). We assume
the latter. Consider the open set G := {(t, s) : t1 < t < t2, xi(t) < s < xi+1(t)},
whose boundary is composed of the curves xi, xi+1 and two vertical lines at t = t1, t2.
By assumption and continuity, k attains a positive maximum on Ḡ, more precisely at the
parabolic boundary by the maximum principle. But since k(t, xi(t)) = 0 for t ∈ [t1, t2]
and similarly for xi+1, the maximum is attained at the vertical line t = t1. Consequently,
there exists an interval I ⊂ (xi(t1), xi+1(t1)) with k(t1, s) > 0 for s ∈ I. Thus, for each
of the disjoint intervals (xi(t2), xi+1(t2)), i = 1, . . . , n, with k > 0 (or k < 0), there is an
interval in (xi(t1), xi+1(t1)) with k > 0 (or k < 0). Since xi(t) < xi+1(t), t ∈ [t1, t2], there
are at least as many sign changes of k in [x1(t1), x1(t1) + L) as in [x1(t2), x1(t2) + L). By
periodicity, it follows that z̄k(t1) ≥ z̄k(t2).

For the sake of completeness, we note the following.

Proof of Theorem 2.6.3. The result directly follows from Proposition 2.6.5 and Proposi-
tion 2.6.6.

2.6.4. Convexity

Combining Theorem 2.6.3 from the last section with further maximum principle argu-
ments, we examine (strict) convexity along the evolution. More precisely, we prove the
following result.

Theorem 2.6.7 (Preservation of convexity for c0 = 0, [36, Theorem 1.3]). Let (θ, ρ) be
the global solution of (2.0.4) with admissible initial datum (θ0, ρ0) and c0 = 0. Then

(i) k0 ≥ 0 (k0 ≤ 0) on [0, L] implies k ≥ 0 (k ≤ 0) on [0,∞) × [0, L];

(ii) k0 > 0 (k0 < 0) on [0, L] implies k > 0 (k < 0) on [0,∞) × [0, L].
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We refer to convexity because the nonnegativity (or nonpositivity) of the curvature is
closely linked to the convexity of the corresponding curve, see Remark 2.6.8 below. Like
Theorem 2.6.3, Theorem 2.6.7 relies heavily on the vanishing of c0. Indeed, even for
|c0| ≠ 0 small, convexity is not preserved in general (see Example 2.6.9). This behavior
is not easily predicted from the energy, since for example a large positive c0 clearly favors
positive curvature.

Proof of Theorem 2.6.7. Case (ii) follows from Proposition 2.6.5. For case (i), we now
show that if ∂sθ0 ≥ 0, then ∂sθ ≥ 0 for all t ∈ (0,∞). The proof for the nonpositive case
works analogously. We consider the L-periodic extension of the global solution (θ, ρ) to
all of R, which we do not rename for simplicity. Note that ∂sθ ∈ C∞((0,∞) × R) and
ρ ∈ C∞((0,∞)×R) by Lemma 2.3.13. Since c0 = 0, k satisfies (2.6.2) on (0,∞)×R. Even
though θ itself is not even continuous on R, due to the boundary condition θ(L) − θ(0) =
2πω, the coefficients a, b and c in (2.6.2) are smooth on R for all t ≥ 0. Moreover, since the
initial datum is attained in the C2([0, L])-norm (see Remark 2.3.15 and the assumptions
at the beginning of Section 2.6) and c is bounded globally in (0,∞) ×R (see Section 2.4),
there is K > 0 such that supt∈[0,∞), s∈R c(t, s) < K. Defining kε := k+ ε exp(Kt) for ε > 0
it follows that

∂tkε > a(t, s)∂2
skε + b(t, s)∂skε + c(t, s)kε on (0,∞) × R (2.6.3)

and mins∈R kε(0, s) = mins∈[0,L] ∂sθ0(s) + ε > 0. Now we set

t∗ := sup
{
t ≥ 0: min

s∈R
kε(τ, s) > 0 for all τ ∈ (0, t)

}
.

Clearly, t∗ > 0. We assume that t∗ < ∞. This implies that there is s∗ ∈ R such that

0 = min
s∈R

kε(t∗, s) = kε(t∗, s∗). (2.6.4)

The necessary conditions for a local minimum yield ∂2
skε(t∗, s∗) ≥ 0, ∂skε(t∗, s∗) = 0 and

∂tkε(t∗, s∗) ≤ 0. Together with (2.6.4) this is a contradiction to (2.6.3). Hence, kε > 0 on
(0,∞) × R. Sending ε → 0 yields ∂sθ = k ≥ 0 on (0,∞) × R.

Remark 2.6.8 ([36, Remark 3.6]). A planar closed curve γ is called convex if it is simple
and its curvature k = ∂sθ does not change sign. This is equivalent to γ parametrizing the
boundary of a convex subset of R2. If the initial datum θ0 of the flow (2.0.4) describes
a convex curve and if c0 = 0, then the corresponding curve remains convex for all times.
Indeed, by Theorem 2.6.7, the sign of k0 = ∂sθ0 is preserved. Since the initial curve is
simple and the rotation index is preserved along the flow, we have ω = ±1 for all t ≥ 0
by Hopf’s Umlaufsatz. Thus,

∫ L
0 |k(t, s)| ds = 2π for any t ≥ 0. Fenchel’s Theorem yields

that the evolving curve remains convex for all t ≥ 0, in particular it remains simple.
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Chapter 2. Elastic flow with modulated stiffness

For c0 = 0, this is a distinctive advantage of the second order system (2.0.4) over the
classical fourth order elastic flow, as simple curves generically can become nonsimple, see
[121].

Remarkably, the statement of Theorem 2.6.7 can, in general, not be extended to the case
c0 ̸= 0. We give an example with |c0| > 0 arbitrarily small.

s = 0

s = a s = b

(A)

s

ρ0

0 L
r

R

a b

(B)

Figure 2.6: Cigar-shaped curve (A) with linear density on [a, b] (B). From [36, Figure 2],
reprinted with permission.

Example 2.6.9 ([36, Example 3.7]). Let c0 ̸= 0. If c0 > 0, let β′′ > 0 on [r,R] for some
r,R ∈ R. Otherwise, let β′′ < 0 on [r,R]. We consider an initial curve consisting of a
straight line smoothly connected to the rest of the curve in such a way that ∂sθ0 ≥ 0
on [0, L]. For example, a cigar-shaped curve as shown in Figure 2.6A. Let [a, b] ⊂ [0, L],
a < b, such that

k0(s) = ∂sθ0(s) = 0, ρ0(s) ∈ (r,R), ∂sρ0(s) ̸= 0, ∂2
sρ0(s) = 0 for s ∈ [a, b],

cf. Figure 2.6. Then (2.6.1) gives

∂tk(t, s)
∣∣
t=0 = −β′′(ρ0(s))(∂sρ0(s))2c0 < 0 for s ∈ [a, b].

Thus, k becomes negative on [a, b] for t > 0 instantaneously and for any c0.

Numerically, we can also observe loss of convexity. For an example, see Figure 2.7. To
directly compare the behavior for c0 = 0 and c0 ̸= 0, we also provide two videos from the
numerical experiments by Gaspard Jankowiak. In the one video3, we see the evolution of
a convex initial datum for c0 = 0. We use exponential β, µ relatively small and m = 0. In
the other video4, we see the evolution of the same initial datum with the same parameters,
except now c0 ̸= 0, and observe the loss of convexity.

3https://www.uni-ulm.de/fileadmin/website_uni_ulm/mawi.inst.010/DallAcqua/movie_c.mp4
4https://www.uni-ulm.de/fileadmin/website_uni_ulm/mawi.inst.010/DallAcqua/movie_nc.mp4
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2.6. Qualitative properties of solutions

t = 0 t ≈ 1.82 t ≈ 2 t ≈ 8 t ≈ 6500

Figure 2.7: Snapshots of the solution showing the loss of convexity for c0 = 3, starting from
θ̂0 close to the angle function of a circle and ρ̂0 corresponding to cos(4π/Ls).
Here, L = 2π, µ = 10−3, β(x) = ex, m = 0, ω = 1. From [36, Figure 6],
reprinted with permission.

2.6.5. Nonnegativity of the density

For a physical mass density ρ, only a positive sign is meaningful. We state a condition
on β which gives a lower bound on ρ and particularly enables us to control its sign.
Compared to the situation of Theorem 2.6.7, the evolution equation for ρ in (2.0.4) is not
linear in ρ. This asks for stricter assumptions on β, which we again show to be sharp, see
Example 2.6.12.

Proposition 2.6.10 ([36, Proposition 3.8]). Let x0 ∈ R. Let β ∈ C∞(R) be such that
β′ ≥ 0 on [x0,∞) and β′(x0) = 0. Let (θ, ρ) be the global solution of (2.0.4) with admissible
initial datum (θ0, ρ0). If ρ0 ≥ x0 on [0, L], then ρ ≥ x0 on (0,∞) × [0, L].

Proof. As in the proof of Theorem 2.6.7, consider the L-periodic extension of the global
solution (θ, ρ) to all of R. Since β′(x0) = 0, the function

f(x) :=


β′(x)
x−x0

for x ̸= x0,

β′′(x) for x = x0

is continuous. Choose R > 0 such that supt∈[0,∞),s∈R |ρ| < R and K > 0 such that

sup
t∈[0,∞), s∈R

((
sup

x∈[−R,R]

∣∣β′′(x)
∣∣− f(ρ(t, s))

)
(∂sθ(t, s) − c0)2

)
< 2K. (2.6.5)

Let ε, T > 0 be arbitrary. Define ρε := ρ− x0 + ε exp(Kt) and

t∗ := sup
{
t ∈ [0, T ] : min

s∈R
ρε(τ, s) > 0 for all τ ∈ (0, t)

}
.

We assume that t∗ < T . Observe that with (2.0.4) and (2.1.6),

∂tρε = µ∂2
sρε − 1

2f(ρ)(∂sθ − c0)2ρε + 1
2f(ρ)(∂sθ − c0)2εeKt +KεeKt
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Chapter 2. Elastic flow with modulated stiffness

+ 1
2L

∫ L

0
β′(ρε + x0)(∂sθ − c0)2 ds+ 1

2L

∫ L

0

(
β′(ρ) − β′(ρε + x0)

)
(∂sθ − c0)2 ds.

(2.6.6)

For t ∈ [0, t∗], ρε(t, s) + x0 ≥ x0 on R and hence β′(ρε(t, s) + x0) ≥ 0. Thus, the first
integral in (2.6.6) has positive sign. Choosing ε so small that

sup
t∈[0,T ],s∈R

(
ρ+ εeKt) ≤ R,

we estimate the second integral in (2.6.6) for t ∈ [0, t∗] by

1
2L

∫ L

0

(
β′(ρ) − β′(ρε + x0)

)
(∂sθ − c0)2 ds ≥ −1

2 sup
[−R,R]

∣∣β′′∣∣ εeKt sup
t∈[0,∞),s∈R

(∂sθ − c0)2.

Thus it follows with the definition of K in (2.6.5) that for t ∈ [0, t∗],

∂tρε > µ∂2
sρε − 1

2f(ρ)(∂sθ − c0)2ρε.

Arguing as in the proof of Theorem 2.6.7 we find t∗ = T , which implies that ρε ≥ 0 on
[0, T ] × R. The limit ε → 0 yields ρ ≥ x0 on [0, T ] × R. Since T was chosen arbitrarily,
the claim follows.

Remark 2.6.11 ([36, Remark 3.9]). With the same arguments it can be shown that for
β ∈ C∞(R) such that β′ ≤ 0 on (−∞, x0] and β′(x0) = 0 for some x0 ∈ R, ρ0 ≤ x0 on
[0, L] implies that ρ ≤ x0 on (0,∞) × [0, L].

The following example shows that it is necessary to impose some conditions on β in order
to control the sign of ρ.

Example 2.6.12 ([36, Example 3.10]). Let x0, R ∈ R with x0 < R and suppose that
β′(x0) ≥ β′(x) for all x ∈ [x0, R]. Assume ω ̸= 0 and c0 ̸= 2πω

L . Consider an admissible
initial datum with

k0 ≡ 2πω
L

, x0 ≤ ρ0 ≤ R, ρ0 ≡ x0 on [a, b], ρ ̸≡ x0 on [0, L]

for some nontrivial [a, b] ⊂ [0, L]. For s ∈ [a, b], (2.0.4) and (2.1.6) imply

∂tρ(t, s)
∣∣
t=0 = −1

2

(2πω
L

− c0

)2 (
β′(x0) − 1

L

∫ L

0
β′(ρ0(s)) ds

)
< 0.

Thus, on [a, b] the density is not bounded from below by x0 for t > 0.
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2.6. Qualitative properties of solutions

2.6.6. Embeddedness

We now discuss the (non)preservation of embeddedness. The curve γ described by the
angle function θ does no longer satisfy a second order parabolic equation (not even one with
Lagrange multipliers), but a nonstandard integro-differential equation instead. Indeed, if
θ evolves according to (2.0.4), we may integrate (1.5.3) to describe the evolution of γ.
Denoting by ν = (− sin θ, cos θ) the usual normal vector field along γ, by integration by
parts we find

∂tγ = β(ρ)(∂2
sγ − c0ν) +

∫ s

0
∂sγ β(ρ)k(k − c0) dr +

∫ s

0
ν(λθ1 sin θ − λθ2 cos θ) dr + v(t).

Here v(t) ∈ R2 attributes for ∂tγ(t, 0) and the boundary term arising at s = 0. Note
that the second term on the right hand side still contains k, a term of order two, in a
nonlocal way. While it is possible to express θ and thus the right hand side entirely in
terms of γ and its derivatives, the resulting evolution equation is rather complicated and
of nonstandard structure.
In particular, in contrast to the curve shortening flow (see Section 1.4.3), we cannot rely
on classical maximum principles to show the preservation of embeddedness. Instead, we
use a recent energy-based argument in [121] to conclude preservation of embeddedness
for explicitly small initial energy. Note that ω = ±1 for any embedded curve by Hopf’s
Umlaufsatz.

Proposition 2.6.13 ([36, Proposition 3.11]). Let C2T ≈ 146.628 be as in [121, Theorem
1.1]. Let (θ, ρ) be the global solution of (2.0.4) with admissible initial datum (θ0, ρ0).
Suppose that θ0 describes an embedded curve with rotation index ω = 1 and (θ0, ρ0) satisfies

Eµ(θ0, ρ0) ≤ infR β
2

(C2T

L
− 4πc0 + Lc2

0

)
. (2.6.7)

Then θ(t, ·) describes an embedded curve for all t > 0.

Remark 2.6.14 ([36, Remark 3.12]). If infR β > 0, then the above threshold is nontrivial,
i.e. there exist an admissible initial datum (θ0, ρ0) satisfying (2.6.7). Indeed, let ω = 1,
ε > 0 and let m ∈ R such that β(m) ≤ infR β + ε. Consider ρ0 ≡ m and let θ0(s) = 2πs

L .
Then, we have

Eµ(θ0, ρ0) = β(m)
2

(4π2

L
− 4πc0 + Lc2

0

)
.

Using that 4π2 < C2T , it follows that the assumptions of Proposition 2.6.13 are satisfied
for ε > 0 small enough. Moreover, 4π2 < C2T also yields that the right hand side of (2.6.7)
is positive if infR β > 0.

Proof of Proposition 2.6.13. Let t > 0. If (θ0, ρ0) is stationary, then there is nothing
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Chapter 2. Elastic flow with modulated stiffness

to show. Thus, by (2.1.9), we may assume that the energy is strictly decreasing, i.e.
Eµ(θ(t, ·), ρ(t, ·)) < Eµ(θ0, ρ0). Moreover, (2.1.9) and the assumption yield that

∫ L

0
k(t, s)2 ds ≤ 2

infR β
Eµ(θ(t, ·), ρ(t, ·)) + 4πc0 − Lc2

0

<
2

infR β
Eµ(θ0, ρ0) + 4πc0 − Lc2

0 ≤ C2T

L
.

Now, θ(t, ·) describes a closed curve with rotation index one, and hence this curve must
be embedded by [121, Theorem 1.4].

In Figure 2.7, we have seen a numerical example for the loss of convexity and the loss of
embeddedness. In the following, we give a second example, for which the discrete energy
Êµ(θ̂0, ρ0) is above the threshold given by Proposition 2.6.13, and for which embeddedness
is lost along the flow.

Example 2.6.15 (Numerical example, [36, Section 5.4.2]). We consider the choice of
parameters β : x 7→ 0.03 + bx2, b > 0 and L = 2π, µ = 1, ν = 1

π , ω = 1, and c0 = 0. The
energy threshold in Proposition 2.6.13 is then

ε := inf β
2

(
C2T

L
− 4πc0 + Lc2

0

)
≈ 0.35 ,

where we recall that it holds C2T ≈ 146.628. As initial datum, we pick a curve which can
be described as consisting of two lateral drop-shaped lobes which are connected by a long,
narrow neck. The initial datum ρ̂0 is chosen positive and distributed in the concave parts
of the lobes. Heuristically, the concave parts of the lobes concentrate a large part of the
energy, and are quickly ”flattened” by the flow, making the two sides of the middle channel
cross. We show numerically that this crossing does occur for b = 8. A representation of
the corresponding curve and initial distribution ρ̂0 is shown in Figure 2.8A and 2.8B. For
b = 8, we have Êµ(θ̂0, ρ̂0) ≈ 16 > ε. Loss of embeddedness occurs at t1 ≈ 4.1 × 10−3

with Êµ(θ̂(t1), ρ̂(t1)) ≈ 10. The curve becomes simple again at t2 ≈ 2.91 × 10−2 with
Êµ(θ̂(t2), ρ̂(t2)) ≈ 4.9 > ε. See Figure 2.8D. Note that at time t2 the energy is still one
order of magnitude larger than the threshold given by Proposition 2.6.13. Simplicity is
then kept for t > t2.

2.6.7. Symmetry

Since the evolution equations in (2.0.4) arise from a geometric energy functional, it is
natural to ask if symmetries of the initial datum are preserved. The following section is
inspired by [108]. We show that both N -fold rotational symmetry and axial symmetry of
the initial datum are preserved along the evolution (see Propositions 2.6.20 and 2.6.25).
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(A) t = 0.

(B) t = 0, detail, y-scale amplified, ρ̂ not
shown. In the middle, the vertical size
of the gap is 2p = 10−2.

(C) t ≈ 0.01 > t1, same scale as (B).

(D) t ≈ 0.04 > t2, same scale as (B).

Figure 2.8: Snapshots showing how an embedded curve loses embeddedness. Here, β(x) =
0.03 + 8x2, L = 2π, µ = 1, ν = 1

π , ω = 1, and c0 = 0. From [36, Figure 7],
reprinted with permission.

For simplicity, we restrict ourselves here to the case ω = 1. First, let us examine rotational
symmetry.

Rotational symmetry

Without further comment, in this section, we frequently identify (θ − ϕ, ρ) with its L-
periodic extension to R. Here, ϕ as in (2.2.2).

Definition 2.6.16 ([36, Definition 3.13]). Let ω = 1, (θ, ρ) ∈ C∞([0, L]) and N ∈ N with
N ≥ 2. If (θ − ϕ, ρ) is L

N -periodic, we call the heterogeneous curve described by (θ, ρ)
N -fold rotationally symmetric.

Remark 2.6.17. The L
N -periodicity of θ − ϕ is equivalent to demand that

θ(s) = θ
(
s− nL

N

)
+ 2πn

N for s ∈
[

nL
N , (n+1)L

N

]
and n = 0, 1, . . . , N − 1. (2.6.8)

Indeed, (2.6.8) implies that

θ(s) − ϕ(s) = θ
(
s− nL

N

)
+ 2πn

N − 2π
L s = θ

(
s− nL

N

)
− ϕ

(
s− nL

N

)
for s ∈

[
nL
N , (n+1)L

N

]
and n = 0, 1, . . . , N − 1. Moreover, the L

N -periodicity of (θ − ϕ, ρ)
implies L

N -periodicity of ∂sθ and thus

θ(s) − θ(0) =
∫ s

0
∂sθ dr =

n−1∑
i=0

∫ (i+1)L
N

iL
N

∂sθ dr +
∫ s

nL
N

∂sθ dr = n

∫ L
N

0
∂sθ dr +

∫ s− nL
N

0
∂sθ dr

= n
(
θ
(

L
N

)
− θ(0)

)
+ θ

(
s− nL

N

)
− θ(0)
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for s ∈
[

nL
N , (n+1)L

N

]
. Combining this with

2π = θ(L) − θ(0) =
∫ L

0
∂sθ dr =

N−1∑
i=0

∫ (i+1)L
N

iL
N

∂sθ dr =
N−1∑
i=0

∫ L
N

0
∂sθ dr = N

(
θ
(

L
N

)
− θ(0)

)
yields (2.6.8).

We also note the following immediate consequence of L
N -periodicity of (θ − ϕ, ρ).

Remark 2.6.18 ([36, Remark 3.14 (ii)]). If θ−ϕ is L
N -periodic, then θ describes a closed

curve. Indeed, using (2.6.8) we have

∫ L

0
sin θ(s) ds =

N−1∑
n=0

∫ (n+1)L
N

nL
N

sin θ(s) ds =
N−1∑
n=0

∫ (n+1)L
N

nL
N

sin
(
θ
(
s− nL

N

)
+ 2πn

N

)
ds

=
∫ L

N

0

N−1∑
n=0

sin
(
θ(s) + 2πn

N

)
,

which is zero for N ≥ 2 since

N−1∑
n=0

sin
(
θ + 2πn

N

)
= Im

(
exp(iθ)

N−1∑
n=0

exp(i2πn
N )

)
= Im

(
exp(iθ) 1 − exp (2πi)

1 − exp
(

2πi
N

)) = 0.

Analogously, we obtain
∫ L

0 cos θ(s) ds = 0.

Let us explain why we speak of rotational symmetry.

Remark 2.6.19. If (θ, ρ) ∈ C∞([0, L]) describes an N -fold rotationally symmetric het-
erogeneous curve and we choose

γ(0) := 1
L

∫ L

0
s

(
cos θ(s)
sin θ(s)

)
ds, (2.6.9)

a computation shows that for s ∈
[

nL
N , (n+1)L

N

]
with n = 0, 1, . . . , N − 1, we have

Rot
(2πn

N

)
γ
(
s− nL

N

)
:=
(

cos
(2πn

N

)
− sin

(2πn
N

)
sin
(2πn

N

)
cos

(2πn
N

) ) γ(s− nL
N

)
= γ(s).

Indeed, with Remark 2.6.17 and using trigonometric identities, we have

γ(s) =
∫ nL

N

0

(
cos θ
sin θ

)
dr +

∫ s

nL
N

(
cos θ
sin θ

)
dr + γ(0)

= γ
(

nL
N

)
+
∫ s

nL
N

(
cos

(
θ
(
r − nL

N

)
+ 2πn

N

)
sin
(
θ
(
r − nL

N

)
+ 2πn

N

)) dr = γ
(

nL
N

)
+
∫ s− nL

N

0

(
cos

(
θ + 2πn

N

)
sin
(
θ + 2πn

N

)) dr
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= γ
(

nL
N

)
+R

(2πn
N

) ∫ s− L
N

0

(
cos θ
sin θ

)
dr = γ

(
nL
N

)
+R

(2πn
N

)(
γ
(
s− nL

N

)
− γ(0)

)
.

Moreover, using (2.6.8) repeatedly and with the closedness of γ, we obtain

R
(2πn

N

)
γ(0) = 1

L

∫ L

0
r

(
cos

(
θ + 2πn

N

)
sin
(
θ + 2πn

N

)) dr

= 1
L

(∫ (N−n)L
N

0
r

(
cos

(
θ + 2π

N

)
sin
(
θ + 2π

N

)) dr +
∫ L

(N−n)L
N

r

(
cos

(
θ + 2π

N

)
sin
(
θ + 2π

N

)) dr
)

= 1
L

∫ L

nL
N

(
r − nL

N

)(cos
(
θ
(
r − nL

N

)
+ 2πn

N

)
sin
(
θ
(
r − nL

N

)
+ 2πn

N

)) dr

+ 1
L

∫ nL
N

0

(
r − nL

N + L
)(cos

(
θ
(
r + L− nL

N

)
+ 2πn

N

)
sin
(
θ
(
r + L− nL

N

)
+ 2πn

N

)) dr

= 1
L

∫ L

nL
N

(
r − nL

N

)(cos θ
sin θ

)
dr + 1

L

∫ nL
N

0

(
r − nL

N + L
)(cos

(
θ + 2π

)
sin
(
θ + 2π

)) dr

= γ(0) + γ
(

nL
N

)
− γ(0).

Note that γ is chosen such that
∫ L

0 γ(s) ds = 0. Since additionally ρ
(
s − nL

N

)
= ρ(s), the

graph of the heterogeneous curve described by (θ, ρ) indeed possesses an N -fold rotational
symmetry.

For an example of an 3-fold rotationally symmetric heterogeneous curve, see Figure 2.9.

0 2π
3

4π
3

2π

0

2π
3

4π
3

2π

8π
3

θ

θ − ϕ

ρ
k

s

Figure 2.9: Example of a 3-fold rotationally symmetric configuration (θ, ρ).

We now show that the flow (2.0.4) preserves N -fold rotational symmetry for all N ∈ N,
N ≥ 2.
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Proposition 2.6.20 ([36, Proposition 3.15]). Let ω = 1 and N ≥ 2. Let (θ, ρ) be the
solution of (2.0.4) with admissible initial datum (θ0, ρ0). If (θ0, ρ0) describes a N -fold
rotationally symmetric heterogeneous curve, then so does (θ, ρ) for all t ∈ (0,∞).

Proof. We consider the L-periodic extension of (u, ρ) := (θ − ϕ, ρ) to R. Notice that
(u, ρ) ∈ C∞((0,∞)×R). We define (ũ, ρ̃) ∈ C∞((0,∞)×R) by (ũ, ρ̃)(t, s) := (u, ρ)

(
t, s− L

N

)
and (θ̃, ρ̃) ∈ C∞((0,∞)×R) by (θ̃, ρ̃) := (ũ+ϕ, ρ̃). Notice, that θ̃ ∈ C∞((0,∞)×R) is not
periodic. Our intention now is to show that the restriction of (θ̃, ρ̃) to (0,∞)× [0, L] solves
(2.0.4) with initial datum (θ0, ρ0). By uniqueness of the solution (see Lemma 2.3.14), it
then follows that (θ̃ − ϕ, ρ̃) = (θ − ϕ, ρ) and thus

(θ − ϕ, ρ)(t, s) = (ũ, ρ̃)(t, s) = (u, ρ)
(
t, s− L

N

)
= (θ − ϕ, ρ)

(
t, s− L

N

)
for s ∈ R. Thus, the heterogeneous curve described by (θ, ρ) is N -fold rotationally sym-
metric.
It is clear that (θ̃, ρ̃) ∈ C∞((0,∞) × [0, L]). With (2.2.2) and the L-periodicity of u, we
have

θ̃(t, s) = ũ(t, s) + ϕ(s) = u
(
t, s− L

N

)
+ ϕ

(
s− L

N

)
+ ϕ

(
L
N

)
= θ

(
t, s− L

N

)
+ 2π

N

for (t, s) ∈ (0,∞) ×
(

L
N , L

]
,

θ̃(t, s) = θ
(
t, s− L

N + L
)

+ 2π
N − 2π for (t, s) ∈ (0,∞) ×

[
0, L

N

]
.

(2.6.10)

Using this and trigonometric identities, we see that for t ≥ 0 and s ∈ [0, L], (θ̃, ρ̃) solves

∂tθ̃ = ∂s
(
β(ρ̃)(∂sθ̃ − c0)

)
+ α1 sin θ̃ − α2 cos θ̃ (2.6.11)

with α1 := λθ1(θ, ρ) cos
(2π

N

)
−λθ2(θ, ρ) sin

(2π
N

)
, α2 := λθ1(θ, ρ) sin

(2π
N

)
+λθ2(θ, ρ) cos

(2π
N

)
.

We use (2.6.10) and the fact that θ describes a closed curve to obtain

∫ L

0
sin θ̃ ds =

∫ L
N

0
sin
(
θ
(
s− L

N + L
)

+ 2π
N

)
ds+

∫ L

L
N

sin
(
θ
(
s− L

N

)
+ 2π

N

)
ds

=
∫ L

0
sin
(
θ + 2π

N

)
ds = cos

(2π
N

) ∫ L

0
sin θ ds+ sin

(2π
N

) ∫ L

0
cos θ ds = 0

(cf. (2.0.3)) and
∫ L

0 cos θ̃ ds = 0 for all t ≥ 0. In particular, this implies

∫ L

0
sin θ̃ ∂tθ̃ ds =

∫ L

0
cos θ̃ ∂tθ̃ ds = 0. (2.6.12)

Inserting (2.6.11) into (2.6.12) and comparing to (2.1.2), a short computation yields α1 =
λθ1(θ̃, ρ̃) and α2 = λθ2(θ̃, ρ̃). Moreover, we check that λρ(θ̃, ρ̃) = λρ(θ, ρ) and

∂tρ̃ = µ∂2
s ρ̃− 1

2β
′(ρ̃)(∂sθ̃ − c0)2 + λρ(θ̃, ρ̃).
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Next, we notice that (θ̃, ρ̃) satisfies the boundary conditions

θ̃(t, L) − θ̃(t, 0) = ũ(t, L) + ϕ(L) − ũ(t, 0) = u
(
t, L− L

N

)
+ 2π − u

(
t,− L

N

)
= 2π,

ρ̃(t, L) = ρ̃(t, 0), and ∂s(θ̃, ρ̃)(t, L) = ∂s(θ̃, ρ̃)(t, 0) for all t > 0. Since (θ0 − ϕ, ρ0) de-
scribes a N -fold rotationally symmetric heterogeneous curve, we know with (2.6.10) and
Remark 2.6.17 that

lim
t→0

(θ̃, ρ̃)(t, s) = lim
t→0

(
θ
(
t, s− L

N

)
+ 2π

N , ρ
(
t, s− L

N

))
= (θ0, ρ0)(s)

(in C2+α([0, L]) for all α ∈ (0, 1)) for s ∈
[

L
N , L

]
and analogously for s ∈

[
0, L

N

]
. Hence,

(θ̃, ρ̃) solves (2.0.4) with initial datum (θ0, ρ0).

In Figure 2.10, a numerical example for the preservation of 5-fold rotational symmetry
is shown. Observe that while the initial angle function has 10-fold symmetry, the initial
density exhibits only 5-fold symmetry.
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Figure 2.10: Preservation of 5-fold rotational symmetry. Time increases from left to right.
Here, θ̂0 is L/10-periodic, ρ̂0 is L/5-periodic, β(x) = ex, c0 = 0, µ = 10−3,
ν = 0, ω = 1. Adapted from [36, Figure 9].

If we take the same parameters and the same 10-fold symmetric initial angle function as
for Figure 2.10, but an 20-fold rotationally symmetric initial density, the 10-fold rotational
symmetry is preserved, see Figure 2.11.

Figure 2.11: 10-fold rotational limit of the solution with parameters identical to those of
Figure 2.10, except that ρ̂0 is L/20-periodic. From [36, Figure 10], reprinted
with permission.

A distinctive feature of rotationally symmetric configurations is that the Lagrange multi-
pliers λθ1 and λθ2 vanish.
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Chapter 2. Elastic flow with modulated stiffness

Lemma 2.6.21 ([36, Lemma 3.16]). Let N ≥ 2 and let (θ, ρ) ∈ C∞([0, L]) describe a
N -fold rotationally symmetric heterogeneous curve. Then λθ1(θ, ρ) = λθ2(θ, ρ) = 0.

Proof. With the L
N -periodicity of ρ and with (2.6.8) we obtain that

∫ L

0

(
− sin θ
cos θ

)
∂s
(
β(ρ)(∂sθ − c0)

)
ds =

N−1∑
n=0

∫ L
N

0

− sin
(
θ + 2πn

N

)
cos
(
θ + 2πn

N

)  ∂s
(
β(ρ)(∂sθ − c0)

)
ds.

This sum is zero as we have seen in Remark 2.6.18. With (2.1.2), this yields that λθ1 =
λθ2 = 0.

The vanishing of λθ1 and λθ2 gives the following extension of Lemma 2.2.13 in Section 2.2.
If ω = 1, c0 ̸= 2π

L and (θ, ρ) is a constrained critical point with constant curvature, which
describes a N -fold rotationally symmetric configuration, then L1({x : β′(x) = 0}) = 0
implies ρ ≡ m.
Furthermore, Lemma 2.6.21 together with Proposition 2.6.20 enables us to generalize
Theorem 2.6.7 on the preservation of convexity for a N -fold rotationally symmetric initial
datum as follows.

Theorem 2.6.22 ([36, Theorem 1.4]). Let ω = 1, N ≥ 2 and c0 ∈ R. Let (θ0, ρ0) be an
admissible initial datum corresponding to a N -fold rotationally symmetric heterogeneous
curve with k0 ≥ c0 on [0, L] and let (θ, ρ) be the solution of (2.0.4). Then k ≥ c0 on
[0,∞) × [0, L]. Similarly, if k0 ≤ c0 on [0, L], then k ≤ c0 on [0,∞) × [0, L].

Proof of Theorem 2.6.22. With Proposition 2.6.20 we know that the solution (θ − ϕ, ρ)
remains L

N -periodic for all t ≥ 0. Hence, Lemma 2.6.21 implies that λθ1(t) = λθ2(t) = 0
for all t ≥ 0. This is why (2.6.1) can be written as

∂t(k − c0) = β(ρ)∂2
s (k − c0) + 2∂s(β(ρ))∂s(k − c0) + ∂2

s (β(ρ))(k − c0). (2.6.13)

Since (2.6.13) has the same structure as (2.6.2), we can proceed as in the proof of Theo-
rem 2.6.7 to show the claim.

In Example 2.6.9, we saw that convexity may not be preserved for c0 ̸= 0. With a small
modification of the density, the example can be made rotationally symmetric, so that
convexity (k0 ≥ 0) is still lost, while the bound k0 ≥ c0 is preserved by Theorem 2.6.22.

Axial symmetry

Besides rotational symmetry, axial symmetry is likewise preserved along the evolution.
We characterize axial symmetry of heterogeneous curves (after a possible shift in the
s-argument) as follows.
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2.6. Qualitative properties of solutions

Definition 2.6.23 ([36, Definition 3.17]). Let (θ, ρ) ∈ C∞([0, L]). We call the heteroge-
neous curve described by (θ, ρ) axially symmetric, if

(∂sθ, ρ)(s) = (∂sθ, ρ)(L− s) for s ∈ [0, L]. (2.6.14)

Remark 2.6.24 ([36, Remark 3.18]). Axial symmetry implies the following properties.

(i) Integrating (2.6.14) we obtain the equivalent condition

θ(s) = θ(L) + θ(0) − θ(L− s) for s ∈ [0, L]. (2.6.15)

(ii) Let (θ, ρ) ∈ C∞([0, L]) satisfy (2.6.14) and γ(0) ∈ R2 be as in (2.6.9). A computation
shows that

Ref
(
θ(0) − π

2
)
γ(s) = γ(L− s),

where Ref(α) represents the reflection about an axis through the origin with angle
α to the x-axis. Since additionally ρ(s) = ρ(L − s), (2.6.14) indeed implies that
the corresponding heterogeneous curve is axially symmetric. For an example, see
Figure 2.12.

(iii) A short computation, relying on (2.6.15) and the preservation of the integral of the
inclination angle [37, Lemma 2.3], implies that for a solution (θ, ρ) describing an
axially symmetric curve for all times t ≥ 0, we have θ(t, 0) = θ0(0).

γ(0)

γ
(
L
2

)

α

1

0 L
2

L

0

π

2π
θ

ρ
k

s

Figure 2.12: Example of an axially symmetric configuration (θ, ρ).

We show that if the initial datum describes an axially symmetric heterogeneous curve,
then this also applies to the solution for all t > 0.
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Chapter 2. Elastic flow with modulated stiffness

Proposition 2.6.25 ([36, Proposition 3.19]). Let ω = 1 and (θ, ρ) be the solution of
(2.0.4) with admissible initial datum (θ0, ρ0). If (θ0, ρ0) describes a heterogeneous curve
which is axially symmetric, then so does (θ, ρ) for all t ∈ (0,∞).

Proof. Let (θ, ρ) be the solution of (2.0.4) with initial datum (θ0, ρ0). We define

(θ̃, ρ̃)(t, s) :=
(
θ0(L) + θ0(0) − θ(t, L− s), ρ(t, L− s)

)
for (t, s) ∈ (0,∞) × [0, L] and show that (θ̃, ρ̃) solves (2.0.4) with the same initial datum
(θ0, ρ0). By uniqueness of the solution, it follows that (θ, ρ) = (θ̃, ρ̃) in [0,∞)× [0, L]. This
yields (∂sθ, ρ)(t, s) = (∂sθ, ρ)(t, L − s) in [0,∞) × [0, L]. Thus, (θ, ρ) describes an axially
symmetric heterogeneous curve for all t > 0.
It is clear that (θ̃, ρ̃) ∈ C∞((0,∞) × [0, L]). Since ∂sθ̃(s) = (∂sθ)(L − s) as well as
∂2

s θ̃ = −(∂2
sθ)(L− s) and ∂sρ̃(s) = −(∂sρ)(L− s), we see that

∂tθ̃ = β(ρ̃)∂2
s θ̃ + β′(ρ̃)∂sρ̃(∂sθ̃ − c0) + α1 sin θ̃ − α2 cos θ̃.

Here, we have

α1(t) = λθ1(θ, ρ) cos
(
θ0(L) + θ0(0)

)
− λθ2(θ, ρ) sin

(
θ0(L) + θ0(0)

)
and

α2(t) = λθ1(θ, ρ) sin
(
θ0(L) + θ0(0)

)
+ λθ2(θ, ρ) cos

(
θ0(L) + θ0(0)

)
(by using trignometric identities). Similarly,

∫ L

0
sin θ̃ ds = sin

(
θ0(L) − θ0(0)

) ∫ L

0
cos θ ds− cos

(
θ0(L) − θ0(0)

) ∫ L

0
sin θ ds = 0.

Analogously, we obtain
∫ L

0 cos θ̃ ds = 0. Thus, θ̃ describes a closed curve. As in the proof
of Proposition 2.6.20 one shows that this implies that α1 = λθ1(θ̃, ρ̃) and α2 = λθ2(θ̃, ρ̃).
Moreover, λρ(θ̃, ρ̃) = λρ(θ, ρ) and

∂tρ̃ = µ∂2
s ρ̃− 1

2β
′(ρ̃)(∂sθ̃ − c0)2 + λρ(θ̃, ρ̃).

It is readily checked that (θ̃, ρ̃) satisfies the boundary conditions in (2.0.4). Using that
(θ0, ρ0) describes an axially symmetric configuration, we further have

lim
t→0

(
θ̃, ρ̃

)
(t, s) =

(
θ0(L) + θ0(0) − θ0(L− s), ρ0(L− s)

)
= (θ0, ρ0)(s)

(in C2+α([0, L]) for all α ∈ (0, 1)). Hence, (θ̃, ρ̃) is a solution of (2.0.4) with initial datum
(θ0, ρ0) and the claim follows.

Remark 2.6.26 ([36, Remark 3.20]). We note that the proof of Proposition 2.6.25 shows
that for an axially symmetric initial datum (θ0, ρ0), the solution (θ, ρ) keeps θ(t, 0) = θ0(0)
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for all t ∈ [0,∞).

For a numerical example for the preservation of axial symmetry, see Figure 2.4 or Figure 2.7
in the previous sections.

2.7. Asymptotic behavior

The convergence result in Theorem 2.5.1 naturally raises the question of a characterization
of the limit, which we can answer despite the large number of selectable parameters under
assumptions on β, m, and µ.
Since stationary solutions of (2.0.4) are precisely the constrained critical points (compare
(2.2.17)–(2.2.18) with (2.5.1)), we can already derive some properties of the limit (θ∞, ρ∞)
in Theorem 2.5.1 by using the classification of constrained critical points in Sections 2.2.2
and 2.2.3.
In this section, we present several additional assumptions on the initial datum and the
model parameters, under which the limit of (2.0.4) is a homogeneous elastica (see Defini-
tion 2.2.5).

2.7.1. Convergence to a homogeneous elastica under growth assumptions on
the bending stiffness β

First, we focus on specific assumptions on the bending stiffness β, under which we can
determine the asymptotic behavior.

Theorem 2.7.1 (Growth assumptions on β, [36, Theorem 1.5]). Suppose there exists
C̄ ≥ 0 such that

β′(x)(m− x) ≤ C̄β(x)(m− x)2 for all x ∈ R. (2.7.1)

Let (θ0, ρ0) be an admissible initial datum with C̄LEµ(θ0, ρ0) < µ. Then the density ρ

of the solution (θ, ρ) to (2.0.4) converges exponentially fast to ρ∞ ≡ m in C2([0, L]) as
t → ∞. Moreover,

(i) if ω ̸= 0, then θ(t) → θ∞ in C2([0, L]), where θ∞ describes a ω-fold covered circle;

(ii) if ω = 0 and β is analytic, then θ(t) → θ∞ in C2([0, L]), where θ∞ describes a
multifold covered figure eight elastica.

Assumption (2.7.1) is clearly satisfied if we have β′(m) = 0, ||β′′||∞ < ∞, and infR β > 0.
If β is such that β′(x)(m−x) ≤ 0 for x ∈ R, we may choose C̄ = 0 in (2.7.1). In this case,
there is no assumption on the initial energy. We highlight that, remarkably, analyticity is
not needed for the case ω ̸= 0, see the discussion after the proof.
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Proof of Theorem 2.7.1. With (2.0.4), (2.1.6), and integration by parts we have

d
dt

∫ L

0
(ρ−m)2 ds = 2

∫ L

0
ρ ∂tρ ds = −2µ

∫ L

0
(∂sρ)2 ds+

∫ L

0
(m− ρ)β′(ρ)(∂sθ − c0)2 ds.

(2.7.2)

We use (2.7.1) to estimate the second term on the right hand side of (2.7.2) and obtain

d
dt

∫ L

0
(ρ−m)2 ds ≤ −2µ

∫ L

0
(∂sρ)2 ds+ C̄

∫ L

0
(m− ρ)2β(ρ)(∂sθ − c0)2 ds

≤ −2µ
∫ L

0
(∂sρ)2 ds+ C̄ sup

s∈[0,L]
(m− ρ)2

∫ L

0
β(ρ)(∂sθ − c0)2 ds

≤ −2µ
∫ L

0
(∂sρ)2 ds+ 2LC̄Eµ(θ0, ρ0)

∫ L

0
(∂sρ)2 ds,

using (2.1.9), sups∈[0,L] |m− ρ| ≤
∫ L

0 |∂sρ| ds and Cauchy–Schwarz. This yields

d
dt

∫ L

0
(ρ−m)2 ds ≤ −2

(2π
L

)2(
µ− LC̄Eµ(θ0, ρ0)

) ∫ L

0
(ρ−m)2 ds.

By Gronwall’s inequality we conclude that
∫ L

0
(ρ−m)2 ds ≤

( ∫ L

0
ρ2

0 ds−m2L
)

exp
(

− 8π2

L2
(
µ− LC̄Eµ(θ0, ρ0)

)
t
)
.

Since C̄LEµ(θ0, ρ0) < µ, it follows that ρ → m in L2(0, L) exponentially fast. By the sub-
convergence result in Section 2.5.2, there is a sequence tn → ∞ and θ∞ ∈ C∞([0, L]) such
that (θ∞, ρ∞ = m) is a solution of (2.5.1) and θ(tn) → θ∞ in C2([0, L]). By Lemma 2.2.11,
we find that (θ∞, ρ∞) describes a homogeneous elastica.
If ω ̸= 0, Lemma 2.2.6 yields that θ∞ describes an ω-fold covering of a circle, so that
necessarily ∂sθ∞ = 2πω

L . From Lemma 2.4.3, we conclude that
∫ L

0 θ∞ ds =
∫ L

0 θ0 ds, which
implies θ∞(s) = ϕ(s) + 1

L

∫ L
0 θ0 ds−πωL, s ∈ [0, L]. In particular, θ∞ does not depend on

the sequence (tn)n∈N, and statement (i) follows from a subsequence argument.
In the case ω = 0, the analyticity assumption on β and Theorem 2.5.1 imply that
(θ(t), ρ(t)) → (θ∞, ρ∞ = m) in C2([0, L]) as t → ∞, where (θ∞, ρ∞) satisfies (2.5.1).
Again, Lemma 2.2.11 implies that θ∞ describes an elastica, so necessarily a multifold
covered figure eight elastica by Lemma 2.2.6. Statement (ii) follows.

The necessity for stronger assumptions in the case ω = 0 arises from the parametrization
invariance of the energy, a general issue for geometric flows which occurs here despite
working only with arclength parametrizations. Suppose that (θ, ρ) is a solution to (2.0.4)
and (θ∞, ρ∞) is a solution to (2.5.1) originating from the subconvergence result in Sec-
tion 2.5.2, i.e. (θ∞, ρ∞) = limn→∞(θ(tn), ρ(tn)) for some sequence tn → ∞. With ϕ as
in (2.2.2), we write θ∞ = u∞ + ϕ. Identifying u∞ and ρ∞ with their smooth L-periodic
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extensions to R, we find that for any s0 ∈ R, the pair

(θ̂∞, ρ̂∞)(s) = (ϕ(s) + u∞(s− s0), ρ∞(s− s0)), s ∈ [0, L], (2.7.3)

is also stationary for any s0 ∈ R. In fact, any other arclength parametrization of the
corresponding curve leads to an angle function of this form. In particular, the set of
possible limits (i.e. solutions to (2.5.1)) is nondiscrete, so that Łojasiewicz–Simon gradient
inequalities are generically needed for deducing convergence from subconvergence. Hence,
it is somehow surprising that this argument is not needed in case (i) of Theorem 2.7.1.
The reason for this is that if (θ∞, ρ∞) describes a circle, then any reparametrization of
the form (2.7.3) with s0 ̸= 0 results in adding a constant to the original angle function
since θ∞ is affine. Since by Lemma 2.4.3,

∫ L
0 θ∞ ds is determined by the initial datum,

this degree of freedom is not present in the case ω ̸= 0, resulting in full convergence. On
the curve level, adding a constant to θ corresponds to a rotation of the associated curve
about a fixed angle, i.e. for a circle there is a one-to-one correspondence between arclength
reparametrizations and rotations.
On the other hand, in the case ω = 0, the classification of solutions to the elastica equation
in [109, Proposition 3.3] allows us to determine all the parameters, except for the invariance
due to (2.7.3), see also [124, Proposition B.8]. Hence the Łojasiewicz inequality (and
consequently analyticity of β, cf. [135, Corollary 6.3]) is necessary to ensure convergence.

In Figure 2.13 and Figure 2.14 we present two numerical examples for Case (ii) of Theo-
rem 2.7.1. In both situations we take m = 0 and β(x) = 0.1 + x2, a choice which fits the
assumptions of Theorem 2.7.1 with C̄ = 0, so that the limit is necessarily a (potentially
multiple) covering of the figure eight elastica.

t = 0 t ≈ 0.5 t ≈ 1 t ≈ 2 t ≈ 135

Figure 2.13: Convergence to the homogeneous figure eight elastica. Here, L = 2π, µ =
10−1, c0 = 2 and β(x) = 0.1 + x2, m = 0. From [36, Figure 12], reprinted
with permission.

We observe convergence to the 1-fold covering of the homogeneous figure eight in both
situations. In the second case, this suggests that the multiple coverings of the figure eight
are not stable under the flow, at least for this quadratic choice of β.

115



Chapter 2. Elastic flow with modulated stiffness

t = 0 t ≈ 36 t ≈ 60 t ≈ 70 t ≈ 100

Figure 2.14: Evolution of the perturbation of a 2-fold covering of the figure eight, where
the second is rotated by an angle of 2π/1000 with respect to the first one.
Here, L = 2π, µ = 10−1, c0 = 0 and β(x) = 0.1 + x2, m = 0. From [36,
Figure 13], reprinted with permission.

2.7.2. Convergence to a homogeneous elastica for special c0

For ω = 1, we have dealt with rotational symmetry of solutions. In this case we can prove
exponential convergence of the curvature to a constant if the length allows for a circle with
constant curvature k ≡ c0.

Proposition 2.7.2 ([36, Proposition 4.1]). Let β be real analytic, ω = 1, c0 = 2π
L , and

let (θ0, ρ0) ∈ C∞([0, L]) be an admissible initial datum describing an N -fold rotationally
symmetric heterogeneous curve for some N ≥ 2. Then, as t → ∞, the solution (θ, ρ) to
(2.0.4) converges exponentially fast to (θ∞, ρ∞) with ∂sθ∞ ≡ c0, ρ∞ ≡ m. In particular,
the limit describes a circle with constant density.

Proof. Let (θ, ρ) be the solution to (2.0.4) and recall Eθ(t) = 1
2
∫ L

0 β(ρ)(k − c0)2 ds with
k = ∂sθ. Due to Proposition 2.6.20 and Lemma 2.6.21, λθ1(t) = λθ2(t) = 0 for all t ≥ 0.
Thus

d
dtE

θ = 1
2

∫ L

0
β′(ρ)∂tρ(k − c0)2 ds+

∫ L

0
β(ρ)(k − c0)∂tk ds

≤
sup(t,s) |β′(ρ)|

2 inf(t,s)(β(ρ))2 ∥∂tρ∥L∞(0,L)

∫ L

0
(β(ρ))2(k − c0)2 ds−

∫ L

0

(
∂s
(
β(ρ)(k − c0)

))2 ds

(2.7.4)

Note that sup(t,s)∈[0,∞)×[0,L] |β′(ρ)| < ∞ and inf(t,s)∈[0,∞)×[0,L] β(ρ) > 0 since by conver-
gence of the flow, ρ(t, s) lies in a compact set for all (t, s). By the assumptions on ω and c0,
the function k(t) − c0 has a zero in [0, L] for all t ≥ 0. Therefore, (2.7.4) and Wirtinger’s
inequality imply

d
dtE

θ ≤
(
C∥∂tρ∥L∞(0,L) − 4π2

L2

)∫ L

0
(β(ρ))2(k − c0)2 ds,

where C = C(β, θ, ρ) ∈ (0,∞) is a constant independent of t ≥ 0. Now, (θ(t), ρ(t)) →
(θ∞, ρ∞) in C2([0, L]) and (2.0.4) imply that ∥∂tρ∥L∞(0,L) → 0 as t → ∞. Consequently,
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we have

d
dtE

θ(t) ≤ −
4π2 inf(t,s) β(ρ)

2L2 Eθ(t),

for t ≥ T large enough, whence Gronwall’s lemma yields Eθ(t) ≤ Ce−αt for some appro-
priate C,α > 0. It follows that k = ∂sθ → c0 in L2(0, L) for t → ∞ exponentially fast.
For the exponential convergence of ρ, we use (2.7.2) to conclude

d
dt

∫ L

0
(ρ−m)2 ds ≤ −2µ4π2

L2

∫ L

0
(ρ−m)2 ds+ sup

(t,s)
|m− ρ|

sup(t,s) |β′(ρ)|
inf(t,s) β(ρ) Eθ(t).

Using Eθ(t) ≤ Ce−αt, the exponential convergence ρ → m in L2(0, L) follows with a Gron-
wall argument. Since

∫ L
0 θ ds is preserved by Lemma 2.4.3, we have θ → ϕ+ 1

L

∫ L
0 θ0 ds−π

as t → ∞ exponentially fast by the Poincaré–Wirtinger inequality. Theorem 2.5.1 and an
interpolation argument imply that (θ, ρ) → (ϕ + 1

L

∫ L
0 θ0 ds − π,m) exponentially fast in

C2+α̃([0, L]) for all α̃ ∈ (0, 1
2).

Proposition 2.7.2 implies that if ω = 1 and c0 = 2π
L , there exists no nontrivial constrained

critical point which is N -fold rotationally symmetric. Moreover, in this setting, Proposi-
tion 2.7.2 implies that for t large enough, Eθ(θ, ρ) is eventually monotonically decreasing
(compare to Section 2.6.2).

2.7.3. Convergence to a homogeneous elastica for large µ

Furthermore, we can determine the limit for large values of µ and constant initial density.
In Proposition 2.2.8, we have seen that for ω ̸= 0 and large µ, the ω-fold covering of
the circle with constant density is the unique global minimizer. Theorem 2.7.3 present a
time-dependent version of this result if ρ0 ≡ m.

Theorem 2.7.3 (Asymptotic behavior for large µ, [36, Theorem 1.6]). Let ω ̸= 0 and
suppose that β is real analytic. Let (θ0, ρ0) be an admissible initial datum with ρ0 ≡ m.
There exists µ0 ∈ (0,∞) such that if µ ≥ µ0, then the limit (θ∞, ρ∞) of Theorem 2.5.1
describes an ω-fold covered circle with constant density.

A major difficulty here is that the two parts of the energy do not decrease individually.
Note that this also means that a constant initial density does not necessarily remain
constant, unless β′(m) = 0 or ∂sθ0 ≡ c0. Example 2.2.15 shows that the assumption of
constant initial density is necessary.

Proof of Theorem 2.7.3. We assume that
∫ L

0 θ0(s) ds = πωL. This is no loss of generality
because if (θ, ρ) is the solution to (2.0.4) with initial datum (θ0, ρ0) ∈ C∞([0, L]), then by
a direct computation using trigonometric identities, it is readily checked that (θ + r, ρ) is
the solution to (2.0.4) with initial datum (θ0 + r, ρ0) for r ∈ R.
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Consider (µj)j∈N such that µj → ∞ for j → ∞. By assumption, Eµj (θ0, ρ0) =: K is
independent of j ∈ N. For any µj , there exists a unique global solution (θj , ρj) with initial
datum (θ0, ρ0) and this solution converges to some (θ∞,j , ρ∞,j) ∈ C∞([0, L]) in C2([0, L])
for t → ∞ (see Theorem 2.5.1 and Proposition 2.2.4). Since the integral of the angle is
preserved by Lemma 2.4.3, we have
∫ L

0
θ∞,j(s) ds =

∫ L

0
θj(t, s) ds =

∫ L

0
θ0(s) ds = πωL for all t ∈ (0,∞), j ∈ N. (2.7.5)

Thus, we want to show that

(θ∞,j , ρ∞,j) → (θc, ρc) in C1([0, L]) for j → ∞, (2.7.6)

cf. Remark 2.2.7. Corollary 2.2.10 and (2.7.5) then allow us to conclude that for j large
enough, (θ∞,j , ρ∞,j) = (θc, ρc) and the statement follows.

Step 1: Uniform boundedness of ∥(θ∞,j , ρ∞,j)∥W 1,2(0,L), λθ1(θ∞,j , ρ∞,j), λθ2(θ∞,j , ρ∞,j).
For this, we first observe that

∫ L

0
(∂sρ∞,j)2 ds ≤ 2

µj
K → 0, j → ∞. (2.7.7)

Since the integral of the density is fixed (see (1.5.5)), this yields ρ∞,j → m in W 1,2(0, L)
and in particular uniform boundedness of ∥ρ∞,j∥W 1,2(0,L) and ∥ρ∞,j∥C([0,L]). Thus, there
is M ∈ R (not depending on j) such that

∫ L

0
(∂sθ∞,j)2 ds ≤ K

inf [−M,M ] β
+ 4πc0ω. (2.7.8)

With (2.7.5), we conclude that also ∥θ∞,j∥W 1,2(0,L) is uniformly bounded. By Lemma 2.4.2
and (2.7.8), the matrix Π−1(θ∞,j) is bounded uniformly in j. Hence the bounds on
∥θ∞,j∥W 1,2(0,L) and ∥ρ∞,j∥C([0,L]) imply that

(
λθ1

λθ2

)
(θ∞,j , ρ∞,j) = Π−1(θ∞,j)

∫ L

0

(
cos θ∞,j

sin θ∞,j

)
∂sθ∞,jβ(ρ∞,j)(∂sθ∞,j − c0) ds

is bounded uniformly in j ∈ N.

Step 2: Uniform boundedness of ∥(θ∞,j , ρ∞,j)∥W 2,2(0,L). To show boundedness of the L2-
norm of the second derivatives, we use that for all j ∈ N, (θ∞,j , ρ∞,j) is a stationary
solution, i.e. a solution of (2.5.1). This allows to use similar arguments as in the proof of
Proposition 2.2.4. First, we observe that

∥∥∂s
(
β(ρ∞,j)(∂sθ∞,j − c0)

)∥∥
L2(0,L) = ∥λθ1 sin θ∞,j − λθ2 cos θ∞,j∥L2(0,L) .
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From Step 1, it follows that β(ρ∞,j)(∂sθ∞,j − c0) is bounded in W 1,2(0, L) uniformly in
j ∈ N and hence also in C([0, L]). By (2.1.6), this implies boundedness of λρ(θ∞,j , ρ∞,j)
and with that, (2.5.1) implies that ∂2

sρ∞,j is uniformly bounded in L2(0, L). Now, we know
that ρ∞,j is uniformly bounded in C1([0, L]) and since β(ρ∞,j) ≥ inf [−M,M ] β, this implies
that ∂2

sθ∞,j is uniformly bounded in L2(0, L). It follows that (θ∞,j , ρ∞,j) is bounded in
W 2,2(0, L), independently in j ∈ N.
Step 3: (θ∞,j , ρ∞,j) → (θc, ρc) in C1([0, L]). Due to Step 2 and (2.7.7), there exists a (not
relabeled) subsequence such that (θ∞,j , ρ∞,j) ⇀ (θ∞,m) in W 2,2(0, L) and (θ∞,j , ρ∞,j) →
(θ∞,m) in C1([0, L]). The limit (θ∞,m) satisfies the Euler–Lagrage equations (2.2.11) and
(2.2.12). Hence, (θ∞,m) is a constrained critical point. With Proposition 2.2.4 it follows
that θ∞ ∈ C∞([0, L]). Further, Lemma 2.2.11 implies that θ∞ describes an elastica. More
precisely, (2.7.5) together with Remark 2.2.7 yields θ∞ = 2πω

L s = θc. Finally, a standard
subsequence argument yields (2.7.6).

To conclude the sections on the classification of the limit, we present another numerical
example by Gaspard Jankowiak that demonstrates the influence of the model parameters
µ and β on the evolution for a given initial data with ω = 2.

Example 2.7.4 (Influence of the model parameters for ω = 2, [36, Section 5.4.4]). In Fig-
ure 2.15, starting from the same initial datum (in the center), we illustrate how the shapes
assumed by the limit (θ̂∞, ρ̂∞) change with the model parameters µ and β. The sponta-
neous curvature c0 is taken to be zero, and β is of the form β(x) = eax.
For relatively small values of µ and large values of a, the solution is cigar- (or stadium-)
shaped, with a small additional loop at one end, which accounts for ω = 2, see Figure 2.15A
and 2.15D. In those cases, Êθ can be made small for a curve with flat sections corresponding
to large values of β(ρ̂) (and highly curved sections corresponding to small values) without
making Êρ

µ large thanks to the small value of µ.
As µ increases, large changes of ρ̂ are penalized and the geometric part dominates, so that
the curve becomes rounder as a result, cf. Figure 2.15B.
Increasing µ further, in view of Theorem 2.7.3, it seems plausible that the solution should
converge to (θ̂c, ρ̂c), although here the density ρ̂0 is not constant. This is what can be
observed in Figure 2.15C.
For what concerns a, i.e. β′, as it gets smaller (with µ kept small), the gain in Êθ coming
from a given oscillation of density distribution diminishes, so the oscillation increases, see
Figure 2.15E. Eventually, as a becomes very small, this is balanced by the increase in Êρ

µ,
and the solution converges to the trivial state (θ̂c, ρ̂c), see Figure 2.15F.
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(θ̂0, ρ̂0)

(A)
µ = 10−2

a = 1

(B)
µ = 1
a = 1

(C)
µ = 5
a = 1

(D)
µ = 10−2

a = 5

(E)
µ = 10−2

a = 10−1

(F)
µ = 10−2

a = 10−2

increasing µ decreasing a

Figure 2.15: Dependency of (θ̂∞, ρ̂∞) on µ and β. Here, ω = 2, c0 = 0 and β(x) = eax.
Left: (θ̂∞, ρ̂∞) as µ increases in {10−2, 1, 5} with a = 1. Right: (θ̂∞, ρ̂∞) as
a decreases in {5, 10−1, 10−2} with µ = 10−2. Center: Initial datum. From
[36, Figure 11], reprinted with permission.
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CHAPTER 3
Area preserving elastic flow
In Section 1.6, we motivate the study of a local gradient flow of the elastic energy that
preserves the enclosed area of the evolving curves. Such a flow, on a modeling level,
describes the evolution of elastic wires under the assumption of incompressibility. Inspired
by the curve diffusion flow that can be viewed as an H−1-gradient flow, we intend to
apply the same idea to the elastic energy. Our goal is to derive an evolution equation
that preserves the enclosed area, without introducing nonlocal Lagrange multipliers. This
approach yields a sixth order evolution equation, which we aim to study in this chapter.

The elastic wire that we want to evolve is modeled by a regular closed planar curve. This
means we consider γ : S1 → R2. Recall that the (length penalized) elastic energy of the
elastic wire is given by

Eλ(γ) = E(γ) + λL(γ) = 1
2

∫
S1

(
|κ|2 + 2λ

)
ds (3.0.1)

for λ > 0 or λ = 0. Here, as introduced in Section 1.2.1, κ = ∂2
sγ (with the arclength

derivative ∂s = |∂xγ|−1∂x) is the curvature vector and ds = |∂xγ| dx denotes the arclength
measure of γ. The most straightforward dynamic approach to study (3.0.1), is to consider
its L2-gradient flow. As derived in Section 1.4.1, this is the classical elastic flow given by

∂⊥
t γ = −∇2

sκ− 1
2 |κ|2κ+ λκ (3.0.2)

with ∂⊥
t = P⊥∂t, where P⊥ denotes the normal projection along γ. If λ = 0, (3.0.2) is

the free elastic flow (FEL) and if λ > 0, (3.0.2) is the length penalized elastic flow (PEF),
see Section 1.4.1. In Section 1.4.2, we state that given a suitable initial datum, we have
global in time existence of the geometrically unique solution to (3.0.2) and if λ > 0, the
solution converges to an elastica.
In this chapter, we consider the gradient with respect to another Hilbert space than
L2( ds). This results in a gradient flow that follows the steepest descent with respect to
the norm of this other Hilbert space. The properties of a solution generally differ from
those of the L2-gradient flow. As mentioned above, we choose a type of H−1-space as
the Hilbert space in which to compute the gradient. This choice of Hilbert space ensures
that the area enclosed by the evolving curves remains constant along the flow. At this
point, we intentionally remain imprecise and refer to the exact definition in Section 3.1.1.
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The H−1-gradient approach results in two additional derivatives of the velocity in (3.0.2).
More precisely, we obtain∂

⊥
t γ = ∇2

s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
in (0, T ) × S1,

γ(0, ·) = γ0 on S1.
(3.0.3)

The evolution equation is now of sixth order. In (3.0.3), γ0 : S1 → R2 is a smooth regular
initial datum with rotation index ω0 ∈ Z, see (1.2.7), and enclosed area A(γ0) = A0 ∈ R,
see (1.2.6). The enclosed area A0 ∈ R of the initial datum is considered arbitrary, including
the case where A0 = 0. We also consider arbitrary rotation index ω0 ∈ Z, in particular
allowing the case ω = 0. The curves in Figure 1.3 are possible examples for an initial
datum.
The curve shortening flow, as the L2-gradient flow of length functional, and the curve
diffusion flow, as the H−1-gradient flow of it, behave similarly in the sense that both flows
can develop singularities in finite time, see Section 1.4.3. How does the behavior of the
classical elastic flow (3.0.1) compare to that of the area preserving sixth order variant? It
will turn out that the area preserving flow behaves just as well as the classical flow, the
behavior of solutions does not deteriorate. We have global in time existence of solutions
and, if we add a term penalizing the length, convergence. We summarize the main results
of Chapter 3 in the following theorem, which is to be compared with Proposition 1.4.3
(on global existence) and Proposition 1.4.4 (on convergence) for the classical elastic flow
in Section 1.4.2.

Theorem 3.0.1 (Global existence and convergence, [99, Theorem 1.1]). For any λ ≥ 0,
there exists a geometrically unique global smooth solution γ : [0,∞) × S1 → R2 of (3.0.3).
If λ > 0, there exists a family of smooth diffeomorphisms Φ(t) : S1 → S1, t ∈ (0,∞), such
that γ(t,Φ(t, ·)) converges smoothly for t → ∞ to a stationary solution γ∞.

The theorem refers to geometric uniqueness, which means uniqueness up to reparametriza-
tion — more cannot be expected since we only prescribe the normal component of the
velocity.
It turns out to be interesting to have a closer look at the stationary solutions. Let us first
clarify that by a stationary solution, we mean a smooth regular curve γ : S1 → R2 with
rotation index ω0 and A(γ) = A0 (like the initial datum) such that

∇2
s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
= 0. (3.0.4)

Since γ describes a closed curve, the constant obtained when integrating the equation once
must be zero. Thus, (3.0.4) is equivalent to

∇s
(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
= 0. (3.0.5)
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Integrating this equation once more, we obtain the classical elastica equation (1.2.10) with
a possibly nonzero constant multiple of the normal vector on the right hand side. It is
immediately clear that for nonzero rotation index, multifold coverings of a circle satisfy
(3.0.5). Compared to the classical elastic equation and Example 1.2.3, the radius no
longer matters. More precisely, regardless of the scaling of the multifold covered circle,
(3.0.5) is satisfied. For ω0 = 0, we obtain the multiple covered figure eight elastica as a
solution of (3.0.5). The presence of the nonzero term on the right hand side of the elastica
equation, however, implies that there are stationary solutions which do not correspond
to a multiple covering of a circle or of the figure eight elastica. This follows solely from
proving convergence of the solution and taking an initial curve with rotation index and
enclosed area that cannot correspond to an elastica, for example ω0 ̸= 0 and A0 = 0 or
ω0 = 0 and A0 ̸= 0.

Figure 3.1: Possible choice as an initial datum with ω0 = 0 and A0 ̸= 0 and stationary
solution for λ ≈ 17.661. Threefold covered, length is 2π.

Before we begin to study the area preserving elastic flow (3.0.3), we want to point out
that in [4], an evolution equation similar to (3.0.3) is studied. The authors consider the
L2-gradient flow of the Dirichlet energy of the scalar curvature (without penalization of
length) which also yields a sixth order evolution equation. However, this equation does
not preserve the enclosed area in general and shows a completely different asymptotic
behavior. In [4], the authors classify the stationary solutions as ω-fold covered circles. In
particular, this shows that the solution for an initial datum with ω = 0 cannot converge.
Convergence to an ω-fold covered circle is shown under the assumption that the length of
the evolving curve remains bounded, which is the case for small initial energy. The length
preserving and area preserving variants (with nonlocal Lagrange multipliers) of the flow
discussed in [4], are studied in [118] and [165].

In Section 3.1.1, we first provide a properly derivation of the area preserving flow as an
H−1-gradient flow. Section 3.2 explores the basic properties of this flow, including the
proof that the enclosed area of the evolving curves is indeed preserved. In Section 3.3,
we show short time existence, though the focus is not on this aspect; we basically only
cover what is necessary for the later convergence result. Section 3.4 provides a proof of
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Chapter 3. Area preserving elastic flow

global in time existence by employing appropriate interpolation inequalities. Section 3.5
establishes convergence using a suitable Łojasiewicz–Simon gradient inequality, which we
derive beforehand. Finally, Section 3.6 is dedicated to the stationary solutions.

The contents of this chapter are mostly taken from [99]. Section 3.6.3 and Section 3.6.4
are new.

3.1. Derivation of the flow equation

Since we have not found a rigorous derivation of geometric H−1-gradient flows in the
literature, we will address this topic in detail here. The Hilbert spaces that we introduce
can also be used to derive the curve diffusion flow (see Section 1.4.3) as the H−1-gradient
flow of the length functional.

3.1.1. An appropriate Hilbert space setting

For a given smooth regular curve γ : S1 → R2, we define the vector space

Hγ :=
{
Y : S1 → R2 : Y = ⟨Y, νγ⟩νγ , Y,∇sγY ∈ L2( dsγ),

∫
S1

⟨νγ , Y ⟩ dsγ = 0
}
.

Here, dsγ denotes the arclength measure of γ, ∇sγ is the normal projection of the arclength
derivative ∂sγ along γ and νγ is the normal vector of γ. On Hγ , we consider the inner
product

⟨Y1, Y2⟩Hγ = ⟨∇sγY1,∇sγY2⟩L2( dsγ)

which induces the norm

∥Y ∥Hγ = ∥∇sγY ∥L2( dsγ). (3.1.1)

This is justified by the following lemma, which also shows that on Hγ , ∥ · ∥Hγ is equivalent
to the Sobolev norm ∥ · ∥W 1,2 = ∥ · ∥W 1,2( dx).

Lemma 3.1.1 ([99, Lemma 2.1]). There exist constants c1, c2 > 0, depending on L(γ),
∥κγ∥C0, ∥∂xγ∥C0, and minS1 |∂xγ|, such that

c1∥Y ∥W 1,2 ≤ ∥Y ∥Hγ ≤ c2∥Y ∥W 1,2 for Y ∈ Hγ . (3.1.2)

In particular, (Hγ , ∥ · ∥Hγ ) is a Hilbert space.

Proof. Let y := ⟨νγ , Y ⟩. Then ∂sγy ∈ L2( dsγ) and
∫
S1 y dsγ = 0. Thus, with Poincaré’s
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inequality, we obtain

∥Y ∥2
L2( dsγ) =

∫
S1
y2 dsγ ≤ C

∫
S1

(∂sγy)2 dsγ = C

∫
S1

⟨∇sγY, νγ⟩2 dsγ = C∥∇sγY ∥2
L2( dsγ)

(3.1.3)

for a constant C depending on L(γ). Moreover, Y = ⟨Y, νγ⟩νγ implies that

∂sγY = ∇sγY − ⟨Y, νγ⟩⟨κγ , νγ⟩∂sγγ. (3.1.4)

Here, we use ∂sγνγ = −⟨κγ , νγ⟩∂sγγ. Equation (3.1.4) yields together with (3.1.3) that

C1∥∇sγY ∥2
L2( dsγ) ≤ ∥Y ∥2

L2( dsγ) + ∥∂sγY ∥2
L2( dsγ) ≤ C2∥∇sγY ∥2

L2( dsγ) (3.1.5)

for constants C1 > 0 depending on the inverse of maxS1 |κγ |2 and C2 > 0 depending on
L(γ) and maxS1 |κγ |2. From ∂sγY = |∂xγ|−1∂xY and dsγ = |∂xγ| dx, we conclude

∥Y ∥2
W 1,2 = ∥Y ∥2

L2 + ∥∂xY ∥2
L2 ≤ C

(
∥Y ∥2

L2( dsγ) + ∥∂sγY ∥2
L2( dsγ)

)
for some C depending on minS1 |∂xγ| and maxS1 |∂xγ|. From this, the left inequality of
(3.1.2) follows with (3.1.3) and (3.1.5). The right inequality follows similarly leading to
the equivalence of the norms. Moreover, Hγ is a closed subspace of W 1,2(S1;R2). Thus,
(Hγ , ∥ · ∥Hγ ) is a Hilbert space.

The Hilbert space Hγ is geometric in the following sense.

Lemma 3.1.2 ([99, Lemma 2.2]). Let γ̃ = γ ◦ φ : S1 → R2 be a smooth reparametrization
of γ. If Y ∈ Hγ, then Y ◦ φ ∈ Hγ̃ and ∥Y ∥Hγ = ∥Y ◦ φ∥Hγ̃ . For Y1, Y2 ∈ Hγ, we have
⟨Y1 ◦ φ, Y2 ◦ φ⟩Hγ̃ = ⟨Y1, Y2⟩Hγ .

Proof. Let Y ∈ Hγ . If the smooth diffeomorphism φ of the reparametrization is orientation
preserving, then νγ̃ = νγ ◦φ. If φ changes the orientation of γ, then νγ̃ = −νγ ◦φ. In both
cases, we obtain

Ỹ := Y ◦ φ = ⟨Y ◦ φ, νγ ◦ φ⟩ νγ ◦ φ = ⟨Ỹ , νγ̃⟩ νγ̃ .

Moreover, substitution and |∂xγ̃(x)| = |φ′(x) ∂xγ(φ(x))| yields

∥Ỹ ∥2
L2( dsγ̃) =

∫
S1

|Y (φ(x))|2|∂xγ̃(x)| dx =
∫
S1

|Y |2 dsγ < ∞

as well as

∥∇sγ̃ Ỹ ∥L2( dsγ̃) =
∫
S1

(⟨∂sγ̃ Ỹ , νγ̃⟩)2 dsγ̃ =
∫
S1

1
|∂xγ̃(x)|

(
⟨∂x(Y (φ(x))), νγ(φ(x))⟩

)2 dx
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=
∫
S1

1
|∂xγ(z)|(⟨∂xY (z), νγ(z)⟩)2 dz =

∫
S1

(⟨∂sγY, νγ⟩)2 dsγ = ∥∇sγY ∥L2( dsγ) < ∞.

(3.1.6)

Along the same lines, we obtain∫
S1

⟨νγ̃ , Ỹ ⟩ dsγ̃ =
∫
S1

⟨νγ(φ(x)), Y (φ(x))⟩|∂xγ̃(x)| dx = 0,

since
∫
S1⟨νγ , Y ⟩ dsγ = 0. Everything together results in Ỹ ∈ Hγ̃ . Moreover, with (3.1.1),

(3.1.6) yields ∥Y ∥Hγ = ∥Ỹ ∥Hγ̃ . The rest of the statement follows similarly.

In the following, we denote by H−1
γ the dual space of Hγ .

Definition 3.1.3 ([99, Definition 2.3]). Let ϕ ∈ H−1
γ . We call X ∈ Hγ a weak solution of

−∇2
sγ
X = ϕ (3.1.7)

if ϕ(Y ) = ⟨X,Y ⟩Hγ = ⟨∇sγX,∇sγY ⟩L2( dsγ) for all Y ∈ Hγ .

Note that by the Riesz representation theorem, for all ϕ ∈ H−1
γ , there exists a unique

weak solution of (3.1.7).

We define an inner product on H−1
γ by

⟨ϕ1, ϕ2⟩H−1
γ

:= ⟨X1, X2⟩Hγ = ⟨∇sγX1,∇sγX2⟩L2( dsγ),

where Xi ∈ Hγ is the unique weak solution of −∇2
sγ
Xi = ϕi, i = 1, 2. Moreover, we have

∥X∥Hγ = ∥ϕ∥H−1
γ
. (3.1.8)

Remark 3.1.4 ([99, Remark 1]). If the weak solution X of (3.1.7) is sufficiently smooth,
precisely ∇2

sγ
X ∈ L2( dsγ), then ϕ ∈ H−1

γ is represented by ϕ = ⟨−∇2
sγ
X, ·⟩L2( dsγ).

We identify the functional ϕ with the function −∇2
sγ
X using this L2-pairing. With this

identification, Hγ ⊆ L2( dsγ) ⊆ H−1
γ . Moreover, this identification allows us to express

the H−1
γ -norm as

∥ϕ∥H−1
γ

= sup
Y ∈Hγ\{0}

1
∥Y ∥Hγ

∫
S1

⟨ϕ, Y ⟩ dsγ . (3.1.9)

Remark 3.1.5 ([99, Remark 2]). Let ϕ ∈ C∞(S1;R2) ∩ Hγ . Then ϕ is interpreted as
an element of H−1

γ as Hγ ∋ Y 7→ ⟨ϕ, Y ⟩L2( dsγ). In this case, the weak solution X of
(3.1.7) is smooth (and coincides with the strong solution). Indeed, with (3.1.4), for all
Y ∈ W 1,2( dx), we have

C(γ)
∣∣∣⟨∂xX, ∂xY ⟩L2( dx)

∣∣∣ ≤
∣∣∣⟨∂sγX, ∂sγY ⟩L2( dsγ)

∣∣∣
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≤
∣∣∣⟨∇sγX,∇sγY ⟩L2( dsγ)

∣∣∣+ ∣∣∣∣∫
S1

|κγ |⟨X, νγ⟩⟨∂sγγ, ∂sγY ⟩ dsγ

∣∣∣∣
≤ |ϕ(Y )| +

∣∣∣∣∫
S1

(∂sγ |κγ |)⟨X, νγ⟩⟨∂sγγ, Y ⟩ dsγ

∣∣∣∣+ ∣∣∣∣∫
S1

|κγ |⟨∂sγX, νγ⟩⟨∂sγγ, Y ⟩ dsγ

∣∣∣∣
+
∣∣∣∣∫

S1
|κγ |⟨X, ∂sγνγ⟩⟨∂sγγ, Y ⟩ dsγ

∣∣∣∣+ ∣∣∣∣∫
S1

|κγ |⟨X, νγ⟩⟨κγ , Y ⟩ dsγ

∣∣∣∣
≤ C∥Y ∥L2( dsγ) ≤ C∥Y ∥L2( dx),

for some C = C(γ, ∥ϕ∥L2( dsγ), ∥X∥Hγ ), that changes along the lines. It follows that
X ∈ W 2,2( dx) ⊂ C1(S1;R2). With similar arguments we achieve X ∈ C∞(S1;R2).

On Hγ , we have the following interpolation inequality.

Lemma 3.1.6 ([99, Lemma 2.4]). Let ϕ ∈ C∞(S1;R2) ∩Hγ. Then

∥ϕ∥2
L2( dsγ) ≤ ∥ϕ∥H−1

γ
∥ϕ∥Hγ .

Proof. Let X ∈ C∞(S1;R2) ∩Hγ be the solution of −∇2
sγ
X = ϕ. With (3.1.8), we have

∥ϕ∥2
L2( dsγ) = −

∫
S1

⟨∇2
sγ
X,ϕ⟩ dsγ =

∫
S1

⟨∇sγX,∇sγϕ⟩ dsγ

≤ ∥∇sγX∥L2( dsγ)∥∇sγϕ∥L2( dsγ) = ∥ϕ∥H−1
γ

∥ϕ∥Hγ .

Moreover, on Hγ , the H−1
γ -norm is equivalent to another norm, which we use in Section 3.5

as an auxiliary norm.

Lemma 3.1.7 ([99, Lemma 2.5]). Let ϕ ∈ C∞(S1;R2) ∩Hγ. Define

∥ϕ∥⋆ := sup
Y ∈W 1,2(S1;R2)\{0}

1
∥Y ∥W 1,2

∫
S1

⟨ϕ, Y ⟩ dx.

Then there exist constants c1, c2 > 0 depending on ∥κγ∥C0, L(γ) as well as minS1 |∂xγ|
and ∥∂xγ∥C0 such that

c1∥ϕ∥⋆ ≤ ∥ϕ∥H−1
γ

≤ c2∥ϕ∥⋆.

Proof. For the proof, we consider

∥ϕ∥aux := sup
Y ∈W 1,2(S1;R2)\{0}

1
∥Y ∥W 1,2

∫
S1

⟨ϕ, Y ⟩ dsγ

and show the equivalence of ∥ · ∥aux and ∥ · ∥H−1
γ

on C∞(S1;R2) ∩ Hγ . Estimating the
arclength element |∂xγ| from below and from above, this equivalence yields the claim.
For Y ∈ Hγ ⊂ W 1,2(S1;R), Lemma 3.1.1 yields the existence of a constant c2 depending
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on γ such that

∥ϕ∥H−1
γ

= sup
Y ∈Hγ\{0}

1
∥Y ∥Hγ

∫
S1

⟨ϕ, Y ⟩ dsγ ≤ c2 sup
Y ∈Hγ\{0}

1
∥Y ∥W 1,2

∫
S1

⟨ϕ, Y ⟩ dsγ

≤ c2∥ϕ∥aux.

For the other inequality, we first note that if ϕ ∈ Hγ , then ϕ is orthogonal to ∂sγ and
thus ⟨ϕ, Y ⟩ = ⟨ϕ, Y ⊥⟩, where Y ⊥ := ⟨Y, νγ⟩νγ for any Y ∈ W 1,2(S1;R2). Moreover,
|Y ⊥|2 ≤ |Y |2 and

|∂sγ (Y ⊥)|2 = |∂sγY − ⟨∂sγY, ∂sγ⟩∂sγ − ⟨Y, κγ⟩∂sγ − ⟨Y, ∂sγ⟩κγ |2

= |∂sγY |2 − 2(⟨∂sγY, ∂sγ⟩)2 − 2⟨Y, ∂sγ⟩⟨∂sγY, κγ⟩ + (⟨∂sγY, ∂sγ⟩)2

+ (⟨Y, κγ⟩)2 + (⟨Y, ∂sγ⟩)2|κγ |2

= |∂sγY |2 − (⟨∂sγY, ∂sγ⟩)2 − 2⟨Y, ∂sγ⟩⟨∂sγY, κγ⟩ + |κγ |2|Y |2

≤ C(|Y |2 + |∂sγY |2) (3.1.10)

for a constant C depending on bounds on κγ . Thus, ∥Y ⊥∥W 1,2 ≤ C∥Y ∥W 1,2 for a constant
C depending on bounds on κγ and the arclength element |∂xγ|. As ⟨ϕ, Y ⟩ = ⟨ϕ, Y ⊥⟩, we
conclude that

∥ϕ∥aux = sup
Y ∈W 1,2\{0}

1
∥Y ∥W 1,2

∫
S1

⟨ϕ, Y ⟩ dsγ ≤ C sup
Y ∈W 1,2\{0},
Y =⟨Y,νγ⟩νγ

1
∥Y ∥W 1,2

∫
S1

⟨ϕ, Y ⟩ dsγ

(3.1.11)

with C depending on the same quantities as above. Now we note that ϕ ∈ Hγ also implies
that∫

S1
⟨ϕ, Y ⟩ dsγ =

∫
S1

⟨ϕ, Y − νγ

L(γ)

∫
S1

⟨Y, νγ⟩ dsγ⟩ dsγ =:
∫
S1

⟨ϕ, Y − Cγ(Y )νγ⟩ dsγ

for Y ∈ W 1,2(S1;R2). Moreover, for Y ∈ W 1,2(S1;R2) ∩ {Y = ⟨Y, νγ⟩νγ}, we have∫
S1

|Y − Cγ(Y )νγ |2 dsγ =
∫
S1

|Y |2 dsγ − L(γ)Cγ(Y )2 ≤
∫
S1

|Y |2 dsγ (3.1.12)

and∫
S1

|∂sγ (Y − Cγ(Y )νγ)|2 dsγ =
∫
S1

|∂sγY |2 dsγ + 2Cγ(Y )
∫
S1

⟨∂sγY, ∂sγ⟩⟨κγ , νγ⟩ dsγ

+ Cγ(Y )2
∫
S1

|κγ |2 dsγ . (3.1.13)
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3.1. Derivation of the flow equation

Since

Cγ(Y )2 ≤ 1
L(γ)2 ∥Y ∥2

L1( dsγ) ≤ 1
L(γ)∥Y ∥2

L2( dsγ),

(3.1.12) and (3.1.13) imply that ∥Y − Cγ(Y )νγ∥W 1,2 ≤ C∥Y ∥W 1,2 for a constant C de-
pending on bounds on κγ and |∂xγ| and the energy E(γ). We conclude from (3.1.11)
that

∥ϕ∥aux ≤ C sup
Y ∈W 1,2,

Y =⟨Y,νγ⟩νγ

1
∥Y ∥W 1,2

∫
S1

⟨ϕ, Y ⟩ dsγ ≤ C sup
Y ∈W 1,2,Y =⟨Y,νγ⟩νγ ,∫

S1 ⟨Y,νγ⟩ dsγ=0

1
∥Y ∥W 1,2

∫
S1

⟨ϕ, Y ⟩ dsγ ,

with C depending on the quantities listed above. By the definition of Hγ and Lemma 3.1.1,
this is ∥ϕ∥aux ≤ C∥ϕ∥H−1

γ
.

3.1.2. The area preserving elastic flow as a gradient flow

Now, we are ready to derive flow equation (1.6.1) as the H−1
γ -gradient flow of the elastic

energy. For this, see also Section 1.3.1. We consider a smooth regular curve γ : S1 → R2

and a smooth normal variation ϕ : S1 → R2 such that ϕ ∈ Hγ ⊆ L2( dsγ) ⊆ H−1
γ . For

ε > 0 small enough, the perturbed curve γε := γ + εϕ is also regular. With

∇L2Eλ(γ) = ∇2
sγ
κγ + 1

2 |κγ |2κγ − λκγ ,

we write

E ′
λ(γ)(ϕ) = ⟨∇L2Eλ(γ), ϕ⟩L2( dsγ). (3.1.14)

In general, ∇L2Eλ(γ) ̸∈ Hγ . Therefore, we define

W := ∇L2Eλ(γ) − Cγνγ ∈ Hγ ∩ C∞(S1;R2) with Cγ := 1
L(γ)

∫
S1

⟨νγ ,∇L2Eλ(γ)⟩ dsγ .

With X ∈ Hγ ∩ C∞(S1;R2) as the weak solution of −∇2
sγ
X = ϕ and w = −∇2

sγ
W , we

obtain

⟨w, ϕ⟩H−1
γ

= ⟨∇sγW,∇sγX⟩L2( dsγ) =
∫
S1

⟨W,−∇2
sγ
X⟩ dsγ =

∫
S1

⟨∇L2Eλ(γ), ϕ⟩ dsγ

= ⟨∇L2Eλ(γ), ϕ⟩L2( dsγ). (3.1.15)

Here, we used that∫
S1

⟨Cγνγ ,∇2
sγ
X⟩ dsγ = −Cγ

∫
S1

⟨∂sγνγ ,∇sγX⟩ dsγ = 0,
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Chapter 3. Area preserving elastic flow

since ∂sγνγ is tangential. Comparing (3.1.14) and (3.1.15), we define the H−1
γ -gradient

∇H−1
γ

Eλ(γ) := w = −∇2
sγ

(
∇L2Eλ(γ) − Cγνγ

)
= −∇2

sγ

(
∇2

sγ
κγ + 1

2 |κγ |2κγ − λκγ
)
.

To properly adress the geometric nature of the problem, we set only the normal component
of velocity equal to the negative gradient. This yields

∂⊥
t γ = −∇H−1

γ
Eλ(γ),

which is (1.6.1). Note that, in general, the space with respect to which the gradient is
computed changes in time.

3.2. Basic properties of the flow

In order to incorporate the invariance of the elastic energy under reparametrizations, we
defined (3.0.3) in such a way that a reparametrization of a solution again solves (3.0.3)
with reparametrized initial data. See also Remark 1.4.1. Since we need this later, we state
it explicitly.

Remark 3.2.1 (Invariance under reparametrization, [99, Remark 3]). Let 0 < T < ∞
and γ : [0, T ] × S1 → R2 be a smooth solution to (3.0.3). Then

∂tγ = −∇H−1
γ

Eλ(γ) + h∂sγ

for some smooth h : [0, T ) × S1 → R. Let Φ: [0, T ) × S1 → S1 be a smooth one-parameter
family of diffeomorphisms. Then the reparametrization γ̃(t, x) := γ(t,Φ(t, x)) solves

∂tγ̃ = ∂tγ(t,Φ(t, x)) + ∂tΦ(t, x)∂xγ(t,Φ(t, x))

= −∇H−1
γ

Eλ(γ(t,Φ(t, x))) + h(t,Φ(t, x))∂sγ(t,Φ(t, x)) + ∂tΦ(t, x)∂xγ(t,Φ(t, x))

= −∇H−1
γ

Eλ(γ̃) + h̃∂sγ̃

for some smooth h̃ : [0, T ) × S1 → R. Thus, ∂⊥
t γ̃ = −∇H−1

γ
Eλ(γ̃) and γ̃(0, ·) = γ0(Φ(0, ·)).

In what follows, we frequently use the following lemma which gives the time derivative of
various geometric quantities related to a curve γ moving under a general flow.

Lemma 3.2.2 ([99, Lemma 3.1]). Let γ : [0, T )×S1 → R2, T > 0, be a sufficiently smooth
solution of the flow ∂tγ = V + h∂sγ, where V is the normal velocity and h = ⟨∂tγ, ∂sγ⟩.
Then

∂t(ds) = (∂sh− ⟨κ, V ⟩) ds, (3.2.1)

∂t∂s − ∂s∂t = (⟨κ, V ⟩ − ∂sh)∂s, (3.2.2)
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∂t∂sγ = ∇sV + hκ, (3.2.3)

∂tν = (−⟨∇sV, ν⟩ − h⟨κ, ν⟩)∂sγ, (3.2.4)

∇tκ = ∇2
sV + ⟨κ, V ⟩κ+ h∇sκ, (3.2.5)

∇t∇sϕ− ∇s∇tϕ = (⟨κ, V ⟩ − ∂sh)∇sϕ+ ⟨κ, ϕ⟩∇sV − ⟨∇sV, ϕ⟩κ, (3.2.6)

for a sufficiently smooth normal field ϕ : [0, T ) × S1 → R2.

Here, ∇t = ∂⊥
t = P⊥∂t. For a proof of (3.2.1), (3.2.2), (3.2.3), (3.2.5) and (3.2.6), see for

example [53, Lemma 2.1]. Formula (3.2.4) follows from (3.2.3).

As one expects, the flow of Lemma 3.2.2 does not change the rotation index ω given by

ω = 1
2π

∫
S1
k ds = 1

2π

∫
S1

⟨κ, ν⟩ ds. (3.2.7)

Lemma 3.2.3. Let γ : [0, T ) × S1 → R2, T > 0, be a sufficiently smooth solution of the
flow ∂tγ = V +h∂sγ, where V is the normal velocity and h = ⟨∂tγ, ∂sγ⟩. Then the rotation
index t 7→ ω(t) defined as in (3.2.7) is constant in time.

Proof. Using (3.2.1), (3.2.4) and (3.2.5), we obtain

d
dt

∫
S1

⟨κ, ν⟩ ds =
∫
S1

⟨∇2
sV + ⟨κ, V ⟩κ+ h∇sκ, ν⟩ ds+

∫
S1

⟨κ, ν⟩(∂sh− ⟨κ, V ⟩) ds. (3.2.8)

With integration by parts and since ∂sν is tangential, we see that the right hand side of
(3.2.8) vanishes.

Next, we note the basic but crucial fact that the flow (1.6.1) decreases the energy (3.0.1).
This follows by a direct computation using (3.2.1), (3.2.5) and integration by parts. All
the terms containing a tangential velocity cancel.

Lemma 3.2.4 ([99, Lemma 3.2]). For a sufficently smooth solution γ : [0, T ) × S1 → R2,
T > 0, to (1.6.1), we have

d
dtEλ(γ) = −

∫
S1

|∇s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
|2 ds ≤ 0. (3.2.9)

Remark 3.2.5 ([99, Remark 4]). We observe the energy decrease also in the abstract
setting of Section 3.1. Here, we have

d
dtEλ(γ) = ⟨∇H−1

γ
Eλ(γ), ∂tγ⟩H−1

γ
= −

∥∥∂⊥
t γ
∥∥2

H−1
γ

= −
∥∥∇2

s∇L2Eλ(γ)
∥∥2

H−1
γ

= −
∥∥∇s∇L2Eλ(γ)

∥∥2
L2( ds),

which is (3.2.9).

At the same time, the flow (1.6.1) preserves the signed enclosed area (1.2.6).
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Lemma 3.2.6 ([99, Lemma 3.3]). Let γ : [0, T )×S1 → R2 be a sufficently smooth solution
to (1.6.1). Then

d
dtA(γ) = 0.

Proof. Using (3.2.4) and integration by parts yields

d
dtA(γ) = −

∫
S1

⟨∂tγ, ν⟩ ds.

So, as it should be, only the normal part of the velocity plays a role. With integration by
parts and since ∂sν = −k ∂sγ is tangential, we immediately obtain

d
dtA(γ) =

∫
S1

⟨∇s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
, ∂sν⟩ ds = 0.

A more advanced property to study is the preservation of embeddedness. For a sixth
order equation, embeddedness is generally not preserved, see [16]. However, by an energy
argument developed in [121], the energy decay (3.2.9) suffices to provide an explicit bound
on the initial energy which ensures preservation of embeddedness. Note that according to
Hopf’s Umlaufsatz, this only makes sense for ω = ±1.

Proposition 3.2.7 ([99, Proposition 3.4]). Let ω = 1, λ > 0 and C∗ ≈ 146.628 be as in
[121, Theorem 1.1]. Let γ : [0, T ) × S1 → R2 be a solution to (3.0.3) with embedded initial
datum γ0 such that

(Eλ(γ0))2 ≤ 4λC∗. (3.2.10)

Then γ is embedded for all t ∈ [0, T ).

Proof. If γ0 is stationary, the claim is trivial. So with (3.2.9) we can assume that Eλ(γ(t)) <
Eλ(γ0) for all t ∈ (0, T ). It follows that

E(γ(t))L(γ(t)) ≤ 1
4λ(E(γ(t)) + λL(γ(t)))2 <

1
4λ(Eλ(γ0))2 ≤ C∗

for all t ∈ (0, T ). With [121, Theorem 1.4] we conclude that γ describes an embedded
curve for all t ∈ (0, T ).

A short computation shows that if λ ≥ 1
2( π

C∗ )2, the above threshold is nontrivial. In
this case, there exists A0 > 0 such that a curve describing a circle with enclosed area A0

satisfies (3.2.10).
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3.3. Short time existence

In this section we show how to prove short time existence. Addressing this question is
additionally motivated by the fact that we use several of the arguments again in the proof
of convergence in Section 3.5. Our proof works not only for a smooth initial datum, but
also for γ0 ∈ C7,α(S1;R2), α ∈ (0, 1). This could be improved further, but since we are
mainly interested in questions about the long time behavior, we do not focus on this.
In Section 3.3.1 through Section 3.3.3, we provide some preliminary work. We review
an essential reparametrization argument that enables us to find the solution as a graph
over the initial datum. We define the parabolic Hölder spaces of order six and show the
solvability of a scalar sixth order problem within these spaces. This groundwork allows us
to prove short time existence in Section 3.3.4. Sections Section 3.3.1 to Section 3.3.3 can
be skipped if desired, and one can proceed directly to Section 3.3.4.

3.3.1. A crucial reparametrization argument

For the convenience of the reader, we state the following reparametrization argument,
which can be found with a detailed proof in [44, Lemma 4.1 and Remark 4.2]. In addition
to the proof of short time existence (Theorem 3.3.6), it is also used in the proof of the
constrained Łojasiewicz–Simon gradient inequality (Theorem 3.5.5).

Lemma 3.3.1 ([99, Lemma A.1]). Let k ≥ 4 and γ̂ ∈ W k+1,2(S1;R2) be a regular curve.
We define

V ⊥ := W 4,2,⊥(S1;R2) = {Y ∈ W 4,2(S1;R2) : ⟨Y, ∂xγ̂⟩ = 0}. (3.3.1)

Then, there exists a constant r = r(γ̂) > 0 such that for all X ∈ Br(0) ⊂ W k,2(S1;R2),
there exists a W k,2-diffeomorphism Φ: S1 → S1 such that

(γ̂ +X) ◦ Φ = γ̂ + Y (3.3.2)

for some Y ∈ V ⊥ ∩W k,2(S1;R2).
For r > 0 given, there exists r̃ = r̃(γ̂, r) > 0 such that for all X ∈ Br̃(0) ⊂ W k,2(S1;R2),
(3.3.2) holds for some Y ∈ Br(0) ⊂ V ⊥ ∩W k,2(S1;R2).

Remark 3.3.2 ([99, Remark A.2]). With the notations in the preceding lemma, it can
be shown that smoothness of the reference curve γ̂ and smoothness of X ∈ Br(0) yields
smoothness of the diffeomorphism Φ and the normal variation Y . For details on this, see
[44, Proof of Lemma 4.1].
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3.3.2. Parabolic Hölder spaces and the linear problem

For the proof of short time existence, we work with parabolic Hölder spaces of order 6, cf.
[56, Section II.3.1] or [96].

Let l ∈ R+\Z, a, b ∈ R with a < b, T > 0 and letQT := (0, T )×(a, b). The parabolic Hölder
space H

l
6 ,l
(
QT

)
is the space of all functions f : QT → R with continuous derivatives

∂m
t ∂

n
xf for 6m+ n < l and finite norm

∥f∥
H

l
6 ,l(QT ) :=

⌊l⌋∑
j=0

∑
6m+n=j

sup
(t,x)∈QT

|∂m
t ∂

n
xf(t, x)|

+
∑

6m+n=⌊l⌋
sup

(t,x1),(t,x2)∈QT
x1 ̸=x2

|∂m
t ∂

n
xf(t, x1) − ∂m

t ∂
n
xf(t, x2)|

|x1 − x2|l−⌊l⌋

+
∑

0<l−6m−n<6
sup

(t1,x),(t2,x)∈QT
t1 ̸=t2

|∂m
t ∂

n
xf(t1, x) − ∂m

t ∂
n
xf(t2, x)|

|t1 − t2|
l−6m−n

6
.

To define the parabolic Hölder space H l
6 ,l
(
[0, T ] × S1), we identify f : [0, T ] × S1 → R

with its periodic counterpart f : [0, T ] × R → R. By choosing a, b such that the interval
(a, b) contains two periods of f , H l

6 ,l
(
[0, T ] × S1) consists of the functions with periodic

counterpart in H
l
6 ,l
(
QT

)
.

We first consider the linear parabolic problemLφ := ∂tφ−
∑6

q=0 aq∂
q
xφ = f in (0, T ] × S1,

φ(0, ·) = φ0 on S1
(3.3.3)

for some f ∈ H
l
6 ,l
(
[0, T ] × S1), coefficients aq ∈ H

l
6 ,l
(
[0, T ] × S1) and φ0 ∈ C6+l(S1).

Proposition 3.3.3 ([99, Proposition A.3]). Let L be parabolic, l ∈ R+ \ Z and assume
that aq ∈ H

l
6 ,l
(
[0, T ] × S1), q = 0, . . . , 6. Then for all f ∈ H

l
6 ,l
(
[0, T ] × S1) and φ0 ∈

C6+l(S1), there exist a unique solution φ ∈ H
6+l

6 ,6+l
(
[0, T ] × S1) to (3.3.3) and a constant

C > 0 independent of φ, f and φ0 such that

∥φ∥
H

6+l
6 ,6+l([0,T ]×S1)

≤ C
(
∥f∥

H
l
6 ,l([0,T ]×S1)

+ ∥φ0∥C6+l(S1)

)
. (3.3.4)

Proof. First, assume that a6 ≡ 1 and aq ≡ 0 for q = 0, 1, . . . , 5. Like in [73, Section 3]
one proves that in this case, a weak solution to (3.3.3) exists. Localizing the problem and
using [56, Theorem VI.21] one obtains Hölder regularity and (3.3.4). As in [10, Section
3.1.4], the general linear problem (3.3.3) is solved with the method of continuity.
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3.3. Short time existence

3.3.3. The nonlinear problem

In this subsection, we proceed as in [67, Section 2.5] and [45, Section 3.3]. For a smooth
immersed reference curve γ∗ with normal ν∗, we define the open set

W :=
{
φ ∈ C1([0, T ] × S1;R) : |∂x(γ∗ + φ(t, ·)ν∗)| ≠ 0

}
and F : S1 × R7 × (0,∞) → R as

F
(
·, φ, ∂xφ, . . . , ∂

6
xφ, |∂x(γ∗ + φν∗)|−1) := ⟨∇2

s∇L2Eλ(γ∗ + φν∗), ν⊥
∗ ⟩

= 1
|∂x(γ∗ + φν∗)|6 ∂

6
xφ+Q

(
·, φ, ∂xφ, . . . , ∂

5
xφ, |∂x(γ∗ + φν∗)|−1). (3.3.5)

For more details, see (3.3.15). As Q is a polynomial with smooth coefficients, the mapping

F : H
6+l

6 ,6+l
(
[0, T ] × S1

)
∩W → H

l
6 ,l
(
[0, T ] × S1

)
,

φ 7→ F
(
·, φ, ∂xφ, . . . , ∂

6
xφ, |∂x(γ∗ + φν∗)|−1),

l ∈ R+\ Z, is well-defined. With this, we will write (3.3.16) as
φ̇ = F[φ] in (0, T ) × S1,

φ(0, ·) = φ0 on S1.
(3.3.6)

Proposition 3.3.4 ([99, Proposition A.4]). Take φ0 ∈ C6+l(S1) such that γ∗ +φ0ν∗ is an
immersed curve. Then there exists T > 0 and a unique solution φ ∈ H

6+l
6 ,6+l

(
[0, T ] × S1)

to (3.3.6).

Proof. First, we assume that 0 < l < 1.

Step 1: Linearized problem. Let us make the following observation. The Fréchet derivative
of F at ξ ∈ H

6+l
6 ,6+l

(
[0, T ] × S1) ∩W can be written as

DF[ξ] =
6∑

q=0
aq∂

q
x

with a6 = |∂x(γ∗ + ξν∗)|−6 and aq(t, x) = ãq(t, x, ξ, ∂xξ, . . . , ∂
5
xξ, |∂x(γ∗ + ξν∗)|−1), where

q = 0, . . . , 5, for smooth functions ãq : [0, T ] × S1 × R6 × (0,∞) → R. In particular,
aq ∈ H

l
6 ,l
(
[0, T ] × S1) for q = 0, . . . , 6. Since ξ ∈ W and by compactness, a6 is uniformly

bounded away from zero on [0, T ] × S1. Hence, ∂t − DF[ξ] is a parabolic operator and
Proposition 3.3.3 yields a unique solution σ ∈ H

6+l
6 ,6+l

(
[0, T ] × S1) to

σ̇ − DF[ξ]σ = f in [0, T ] × S1,

σ(0, ·) = φ0 on S1
(3.3.7)
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for f ∈ H
l
6 ,l
(
[0, T ] × S1).

Step 2: Special solution. Now, we consider (3.3.7) with ξ ≡ 0 and f = F[φ0] − DF[0]φ0.
Here, φ0 ∈ C6+l(S1) is interpreted as function φ0 ∈ H

6+l
6 ,6+l

(
[0, T ] × S1)∩W constant in

time. Since f ∈ H
l
6 ,l
(
[0, T ] × S1), there exists a unique solution in H

6+l
6 ,6+l

(
[0, T ] × S1)

to (3.3.7). In the following, we denote this solution by σ. Since φ0 ∈ W , we can make
T > 0 small enough such that σ ∈ W . Now, we define

f̃ := ∂tσ − F[σ] ∈ H
l
6 ,l
(
[0, T ] × S1

)
. (3.3.8)

Evaluated at t = 0, we have

f̃(0, ·) = DF[0]σ|t=0 + F[φ0] − DF[0]φ0 − F[σ]|t=0 = 0. (3.3.9)

Here, we used (3.3.7) and the smoothness of F.
Step 3: Application of the Inverse Function Theorem. Let 0 < k < l such that k ̸∈ Z and
consider the nonlinear operator

Φ: H
6+k

6 ,6+k
(
[0, T ] × S1

)
∩W → H

k
6 ,k
(
[0, T ] × S1

)
× C6+k(S1),

ξ 7→
(
∂tξ − F[ξ], ξ(0, ·)

)
.

By Step 1, the Fréchet derivative

DΦ[σ] : H
6+k

6 ,6+k
(
[0, T ] × S1

)
→ H

k
6 ,k
(
[0, T ] × S1

)
× C6+k(S1),

ζ 7→
(
∂tζ − DF[σ]ζ, ζ(0, ·)

)
is a linear isomorphism. It follows by the Local Inverse Function Theorem that Φ is a
local diffeomorphism at σ. So there is a neighborhood U ⊂ H

6+k
6 ,6+k

(
[0, T ] × S1) ∩ W

of σ and a neighborhood V ⊂ H
k
6 ,k
(
[0, T ] × S1) × C6+k(S1) of Φ(σ) = (f̃ , φ0) such that

Φ: U → V is a diffeomorphism.
Step 4: Cut-off in time. Choose for 0 < ε < min{1, T

2 } cut-off functions ηε ∈ C∞([0, T ])
such that 0 ≤ ηε ≤ 1, 0 ≤ η̇ε ≤ 2ε−1 and ηε ≡ 0 on [0, ε] as well as ηε ≡ 1 on [2ε, T ].
Define

fε := ηεf̃ . (3.3.10)

Analogously as in [67, Lemma 2.5.8], one shows that fε ∈ H
l
6 ,l
(
[0, T ] × S1) with norm

bounded independently of ε. Here, we need the assumption l < 1. The crucial point is
estimating the Hölder seminorm in time. We have

|fε(t1) − fε(t2)| ≤ |f̃(t1) − f̃(t2)| + |f̃(t1)||ηε(t1) − ηε(t2)|
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3.3. Short time existence

for t1 < t2 ∈ [0, T ]. Assume t1 < 2ε, otherwise |ηε(t1)−ηε(t2)| = 0. For t2 ≤ 3ε, we obtain
with (3.3.9) that

|f̃(t1)||ηε(t1) − ηε(t2)| = |f̃(t1) − f̃(0)||ηε(t1) − ηε(t2)| ≤ C

ε
t

l
6
1 |t1 − t2|

≤ C

ε
t

l
6
1 |t1 − t2|

l
6 t

1− l
6

2 ≤ C

ε
t2 |t1 − t2|

l
6 ≤ C|t1 − t2|

l
6

for a constant C not depending on ε. For t2 > 3ε, one has

|f̃(t1)||ηε(t1) − ηε(t2)| ≤ Ct
l
6
1 ≤ Cε

l
6 ≤ C|t1 − t2|

l
6 .

Again, the constant C does not depend on ε, which allows us to show the claim. Moreover,
one proves with standard arguments (see for example [70, Section 6.8]) and the Arzelà–
Ascoli theorem, that for 0 < k < l < 1, H l

6 ,l
(
[0, T ] × S1) is compactly embedded in

H
k
6 ,k
(
[0, T ] × S1). It follows that there exists a sequence εn → 0, n → ∞, and f̂ ∈

H
l
6 ,l
(
[0, T ] × S1) such that

fεn → f̂ in H
k
6 ,k
(
[0, T ] × S1

)
for n → ∞. (3.3.11)

Due to (3.3.9) and the continuity of f̃ , we find that fε → f̃ , ε → 0 uniformly in the sup
norm. So we conclude that f̂ = f̃ .

Step 5: Existence of solution. By (3.3.11), there exists some ε∗ > 0 small enough such
that (fε∗ , φ0) ∈ V with V given as in Step 3. This implies the existence of a unique φ ∈ U

such that

∂tφ = F[φ] + fε∗ and φ(0, ·) = φ0.

With (3.3.10) and the definition of ηε, we conclude that φ solves (3.3.6) for t ∈ [0, ε∗].

Step 6: Regularity. So far, we have φ ∈ H
6+k

6 ,6+k
(
[0, ε∗] × S1) ∩ W for 0 < k < l < 1.

Defining

a6(t, x) := |∂x(γ∗ + φν∗)|−6 ∈ H
5+k

6 ,5+k
(
[0, ε∗] × S1

)
⊂ H

l
6 ,l
(
[0, ε∗] × S1

)
and

p(t, x) := P (·, φ, . . . , ∂5
xφ, |∂x(γ∗ + φν∗)|−1) ∈ H

1+k
6 ,1+k

(
[0, ε∗] × S1

)
⊂ H

l
6 ,l
(
[0, ε∗] × S1

)
with P as in (3.3.5), Proposition 3.3.3 yields a unique solution ξ ∈ H

6+l
6 ,6+l

(
[0, ε∗] × S1)
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to ∂tξ − a6∂
6
xξ = p in [0, ε∗] × S1,

ξ(0, ·) = φ0 on S1.
(3.3.12)

Since φ solves (3.3.12) on [0, ε∗] ×S1, we conclude that ξ = φ for t ≤ ε∗. Hence, we obtain
φ ∈ H

6+l
6 ,6+l

(
[0, ε∗] × S1).

Step 7: Uniqueness. Assume we have two solutions φ1, φ2 ∈ H
6+l

6 ,6+l
(
[0, εi] × S1), i = 1, 2

and ε1 ≤ ε2 ≤ ε∗. Define

T ∗ = sup
{
t ∈ [0, ε1) : φ1 = φ2 in C6+l(S1) on [0, t]

}
.

We consider Φ of Step 3 for variable T and show that for T > 0 small enough,

φ1|[0,T ], φ2|[0,T ] ∈ U as well as (0, φ0) ∈ V. (3.3.13)

From the proof of the Inverse Function Theorem, it follows that there exists r > 0 such
that

Br(σ) ⊂ U(T ) and Br(f̃ , φ0) ⊂ V (T ) for all 0 < T ≤ ε1. (3.3.14)

Here, σ and f̃ are given as in Step 2. Now, we first note that with (3.3.8) and (3.3.9), for
q = 0, . . . , 6,

∂q
x(φi − σ)|t=0 = 0 and ∂t(φi − σ)|t=0 =

(
F[φi] − F[σ] − f̃

)
|t=0 = 0.

With Lemma 3.3.5 it follows that

∥φi − σ∥
H

6+k
6 ,6+k([0,T ]×S1)

→ 0 as T → 0.

Similarly, (3.3.9) implies

∥f̃∥
H

k
6 ,k([0,T ]×S1)

→ 0 as T → 0.

Due to (3.3.14) we conclude that for T > 0 small enough, (3.3.13) holds and thus

φ1 = φ2 in H
6+k

6 ,6+k
(
[0, T ] × S1

)
.

The regularity of φ1 and φ2 even gives coincidence in H 6+l
6 ,6+l

(
[0, T ] × S1). It follows that

T ∗ > 0. Now, assume T ∗ < ε1. Then φ1(T ∗) = φ2(T ∗) =: φ̃0 ∈ C6+l(S1). Taking φ̃0 as
new initial datum and repeating the arguments yields a contradiction to the definition of
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3.3. Short time existence

T ∗. Hence, we get T ∗ = ε1 and uniqueness is proven.

Bootstrapping and using the same arguments as in Step 6 shows the claim for l > 1.

In the last step of the proof of Proposition 3.3.4, we use the following observation.

Lemma 3.3.5 ([99, Lemma A.5]). Let 0 < k < l < 1 and f ∈ H
6+l

6 ,6+l
(
[0, T ] × S1) such

that

f(0, ·) = ∂tf(0, ·) = ∂xf(0, ·) = · · · = ∂6
xf(0, ·) = 0.

Then ∥f∥
H

6+k
6 ,6+k([0,T ]×S1)

→ 0 as T → 0.

Proof. Consider the periodic counterpart f : [0, T ] × R → R and let the interval I ⊂ R
contain at least two periods of f . Then

∥f∥
H

6+k
6 ,6+k([0,T ]×S1)

= sup
[0,T ]×I

|f | + sup
[0,T ]×I

|∂tf | + sup
[0,T ]×I

|∂xf | + · · · + sup
[0,T ]×I

|∂6
xf |

+ sup
t∈[0,T ],x1,x2∈I

x1 ̸=x2

|∂tf(t, x1) − ∂tf(t, x2)|
|x1 − x2|k

+ sup
t∈[0,T ],x1,x2∈I

x1 ̸=x2

|∂6
xf(t, x1) − ∂6

xf(t, x2)|
|x1 − x2|k

+ sup
t1,t2∈[0,T ],x∈I

t1 ̸=t2

|∂tf(t1, x) − ∂tf(t2, x)|
|t1 − t2|

k
6

+ sup
t1,t2∈[0,T ],x∈I

t1 ̸=t2

|∂xf(t1, x) − ∂xf(t2, x)|
|t1 − t2|

5+k
6

+ · · · + sup
t1,t2∈[0,T ],x∈I

t1 ̸=t2

|∂6
xf(t1, x) − ∂6

xf(t2, x)|
|t1 − t2|

k
6

.

For the terms coming from the Hölder seminorm in space, interpolation as in [110, Prop.
1.1.3] yields

sup
t∈[0,T ],x1,x2∈I

x1 ̸=x2

|∂tf(t, x1) − ∂tf(t, x2)|
|x1 − x2|k

≤ sup
t∈[0,T ]

∥∂tf∥Ck(S1)

≤ sup
t∈[0,T ]

∥∂tf∥1− k
l

Cl(S1)∥∂tf∥
k
l

C(S1) → 0 as T → 0.

For the terms coming from the Hölder seminorm in time, we have

sup
t1,t2∈[0,T ],x∈I

t1 ̸=t2

|∂tf(t, x1) − ∂tf(t, x2)|
|t1 − t2|

k
6

= sup
t1,t2∈[0,T ],x∈I

t1 ̸=t2

|∂tf(t, x1) − ∂tf(t, x2)|
|t1 − t2|

l
6

|t1 − t2|
l−k

6

≤ C sup
t1,t2∈[0,T ]

t1 ̸=t2

|t1 − t2|
l−k

6 → 0 as T → 0.

Treating the other terms with the same arguments yields the claim.
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3.3.4. Proof of short time existence

Now, we are ready to proof short time existence. The idea of the proof is to use the
reparametrization argument in Section 3.3.1 and to find the solution as a graph over the
initial datum. This approach leads to a scalar problem, which we can uniquely solve using
Proposition 3.3.4 in Section 3.3.3.

Theorem 3.3.6 ([99, Theorem 4.1]). Let γ0 : S1 → R2 be a smooth regular curve. Then
there exists some T > 0 and a smooth solution γ : [0, T ]×S1 → R2 to (3.0.3). This solution
is unique up to reparametrizations.

Proof. Step 1: Good neighborhood. By Lemma 3.3.1, there exists a W 5,2-neighborhood
V of the smooth immersion γ0, such that for all ζ ∈ C∞(S1;R2) ∩ V , there exists a
diffeomorphism Φ: S1 → S1 and a reparametrization ζ̃ = ζ ◦ Φ such that ζ̃ = γ0 + φν0 for
some φ : S1 → R. By Remark 3.3.2, the smoothness of ζ and the smoothness of γ0 yield
Φ ∈ C∞(S1;S1) and φ ∈ C∞(S1;R).
Step 2: Velocity in terms of γ. Let γ̄ : S1 → R2 be a sufficiently smooth immersed curve.
Continuing the explicit calculation from [139, Proposition A.1], we obtain

∇2
s∇L2Eλ(γ̄) = P⊥γ̄

(
∂6

xγ̄

|∂xγ̄|6
+ Q̃(∂xγ̄, . . . , ∂

5
xγ̄, |∂xγ̄|−1)

)

for Q̃ a vector valued polynomial. If γ̄ is time-dependent and γ̄(t, x) = γ0(x)+φ̄(t, x)ν0(x),
then

P⊥γ̄∂6
xγ̄ = P⊥γ̄ (∂6

xγ0 + ∂6
xφ̄ν0 + φ̄∂6

xν0 + l.o.t.).

As long as ν⊥
0 = P⊥γ̄ν0 does not vanish, we obtain

∇2
s∇L2Eλ(γ̄) = ∂6

xφ̄ ν
⊥
0

|∂x(γ0 + φ̄ν0)|6 +Q(·, φ̄, ∂xφ̄, . . . , ∂
5
xφ̄, |∂x(γ0 + φ̄ ν0)|−1)ν⊥

0 (3.3.15)

with a scalar valued polynomial Q. Here, γ0 and its derivatives are considered as fixed
functions and are included in Q.
Step 3: Construction of a solution. The previous steps motivate to consider the system

∂tφ = ∂6

xφ

|∂x(γ0 + φν0)|6 +Q(·, φ, . . . , ∂5
xφ, |∂x(γ0 + φν0)|−1) in (0, T ) × S1,

φ(0, ·) = 0 on S1.

(3.3.16)

By Proposition 3.3.4, there exists T > 0 and a unique solution φ ∈ C∞([0, T ] × S1;R2) to
(3.3.16). With this solution, we define γ := γ0 + φν0 ∈ C∞([0, T ] × S1;R2). By possibly
making T > 0 smaller, we achieve γ(t, ·) ∈ V and P⊥γν0 = ν⊥

0 ̸= 0 for all t ∈ [0, T ].
Moreover, ∂⊥

t γ = ∂tφν
⊥
0 = ∇2

s∇L2Eλ(γ) by (3.3.15) and (3.3.16). Thus, γ solves (3.0.3).
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Step 4: Geometric uniqueness. Let γ̃ ∈ C∞([0, T̃ ] × S1;R2) be another solution to (3.0.3)
in the sense that

∂⊥
t γ̃ = ∇2

s∇L2Eλ(γ̃) and γ̃(0, ·) = γ0 ◦ Φ̃

for a smooth orientation preserving diffeomorphism Φ̃: S1 → S1. For the sake of readabil-
ity, we do not change the notation, but we reparametrize γ̃ by Φ̃−1 such that γ̃(0, ·) = γ0.
By Remark 3.2.1, the reparametrization also satisfies ∂⊥

t γ̃ = ∇2
s∇L2Eλ(γ̃). Now, make T̃

so small that γ̃(t, ·) ∈ V for all t ∈ [0, T̃ ]. Then there exists a reparametrization (which
we again do not rename) such that γ̃ = γ0 + φ̃ν0 for some φ̃ ∈ C∞([0, T̃ ) × S1;R) with
φ̃(0) = 0. Since ∂⊥

t γ̃ = ∇2
s∇L2Eλ(γ̃) and φ̃(0) = 0, we see that φ̃ solves (3.3.16). As the

solution to (3.3.16) is unique, it follows that φ̃ = φ and therefore γ̃ = γ. We conclude
that every solution to (3.0.3) is a reparametrization of the solution γ constructed in Step
3.

Remark 3.3.7 ([99, Remark 5]). More generally, the solution can also be found as a
graph over any arbitrary reference immersion γ̂ ∈ W 5,2(S1;R2), provided that it satisfies
∥γ̂− γ0∥W 4,2 < r, where r is the constant of Lemma 3.3.1. The reference curve in (3.3.15)
and the initial datum in (3.3.16) then change accordingly.

3.4. Global existence and subconvergence

The proof of global in time existence relies on showing that the solution remains bounded
in finite time and can, therefore, be extended as long as the maximal existence time is
finite. This idea is also used for the classical elastic flow in [53] and [43]. Due to the sixth
order structure, we require new geometric lemmata, which we prove in Section 3.4.1. In
Section 3.4.2, we see that the length of the evolving curves grows at most linearly and is
bounded if λ > 0. In Section 3.4.3, we then prove global existence. The boundedness of
the solution also provides subconvergence if the length is finite, i.e. for λ > 0.

3.4.1. Geometrical lemmata and interpolation inequalities

Using (3.2.1) and integration by parts directly yields the following lemma.

Lemma 3.4.1 ([99, Lemma 5.1]). For a sufficiently smooth solution γ : [0, T ) × S1 → R2

of a flow ∂tγ = V + h∂sγ and a normal vector field ϕ : [0, T ) × S1 → R2, we have

d
dt

1
2

∫
S1

|ϕ|2 ds+
∫
S1

|∇3
sϕ|2 ds =

∫
S1

⟨ϕ,∇tϕ− ∇6
sϕ+ 1

2ϕ∂sh⟩ ds− 1
2

∫
S1

|ϕ|2⟨κ, V ⟩ ds.

For the following, we introduce a quite common notation (see for example [53] or [43]).
Let ϕ and ϕi, i ∈ {1, . . . , k}, be normal vector fields. We denote by ϕ1 ∗ ϕ2 ∗ · · · ∗ ϕk a
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term of the type ⟨ϕi1 , ϕi2⟩ · · · ⟨ϕik−1 , ϕik
⟩, if k is even,

⟨ϕi1 , ϕi2⟩ · · · ⟨ϕik−2 , ϕik−1⟩ϕik
, if k is odd,

where i1, . . . , ik is some permutation of 1, . . . , k. By P a
b (ϕ), we denote any linear combi-

nation of terms of the type

∇j1
s ϕ ∗ · · · ∗ ∇jb

s ϕ with jk ∈ N0 for all k ∈ {1, . . . , b} and j1 + · · · + jb = a

with coefficients bounded by some universal constant. Observe that

∇sP
a
b (ϕ) = P a+1

b (ϕ). (3.4.1)

Lemma 3.4.2 ([99, Lemma 5.2]). For a sufficiently smooth solution γ : [0, T ) × S1 → R2

of
∂tγ = ∇2

s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
+ h∂sγ = ∇4

sκ+ P 2
3 (κ) − λ∇2

sκ+ h∂sγ,

we have

∇t∇m
s κ− ∇m+6

s κ = Pm+4
3 (κ) + Pm+2

5 (κ) + Pm+2
3 (κ) − λ∇m+4

s κ+ h∇m+1
s κ.

Proof. The claim follows by induction on m. For m = 0 we use (3.2.5). The induction
step follows with (3.2.6) and (3.4.1).

For the convenience of the reader, we repeat in the following lemmata two results of [53]
and [43] without giving the proof.

Lemma 3.4.3 ([53, Proposition 2.5]). Let γ : S1 → R2 be a sufficiently smooth curve.
Then for P a

b (κ) with b ≥ 2 containing only derivatives of κ of order at most k − 1 with
2k + 1 > a+ 1

2b, we have

∫
S1

|P a
b (κ)| ds ≤ ε

∫
S1

|∇k
sκ|2 ds+ Cε

− µ
2−µ

(∫
S1

|κ|2 ds
) b−µ

2−µ

+ C

(∫
S1

|κ|2 ds
)a+b−1

for any ε > 0, µ = (a+ 1
2b− 1)/k, and C = C(k, a, b).

Lemma 3.4.4 ([43, Lemma 4.6]). Let γ : S1 → R2 be a sufficiently smooth curve. Assume
that ∥∇m

s κ∥L2( ds) ≤ Cm for some m ≥ 1 and ∥κ∥L2( ds) ≤ C0. Then

∥∂l
sκ∥L2( ds) ≤ C for 0 ≤ l ≤ m

with a constant C = C(Cm, C0,m, l).
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3.4.2. Bounds on the length

To prove a longtime existence result we have to control the length of the evolving curve.
A uniform bound from below is given by Fenchel’s theorem which yields

4π2 ≤ L(γ)∥κ∥2
L2( ds) ≤ 2L(γ)Eλ(γ0). (3.4.2)

Here, for the second estimate, we used Lemma 3.2.4. If λ > 0, we also have a uniform
bound on the length from above by

L(γ) ≤ 1
λ

Eλ(γ) ≤ 1
λ

Eλ(γ0). (3.4.3)

In order to allow for λ = 0, we show that the length grows at most linearly.

Lemma 3.4.5 ([99, Lemma 5.5]). Let T > 0 and γ : [0, T )×S1 → R2 be a smooth solution
to (3.0.3). Then

d
dtL(γ) ≤ C(Eλ(γ0)).

Proof. Using (3.2.1) and integration by parts and applying Lemma 3.4.3 with a = 2, b = 4,
k = 2 yields

d
dtL(γ) = −

∫
S1

⟨∂tγ, κ⟩ ds = −
∫
S1

|∇2
sκ|2 ds+ 3

2

∫
S1

|κ|2|∇sκ|2 ds− λ

∫
S1

|∇sκ|2 ds

≤ −
∫
S1

|∇2
sκ|2 ds+ ε

∫
S1

|∇2
sκ|2 ds+ C(ε)

(∫
S1

|κ|2 ds
)5

for all t ∈ (0, T ), where ε > 0 can be chosen arbitrarily small. The claim follows with
Lemma 3.2.4.

3.4.3. Proof of global existence and subconvergence

With the preliminary work of Section 3.4.1 and 3.4.2 we are now ready to prove global
existence for λ ≥ 0. If λ > 0, we additionally obtain subconvergence. This result crucially
relies on the fact that, in this case, the length of the evolving curve is uniformly bounded
from above.

Theorem 3.4.6 (Global existence and subconvergence, [99, Theorem 5.6]). For any λ ≥ 0,
there exists a geometrically unique global smooth solution γ : [0,∞) × S1 → R2 of (3.0.3).
If λ > 0, then as ti → ∞ the curves γ(ti, ·) subconverge smoothly, when reparametrized
with constant speed and suitably translated, to some stationary solution γ∞.

Proof. Theorem 3.3.6 gives a smooth solution γ of (3.0.3) in a small time interval. We
assume by contradiction that this solution does not exist globally in time and denote by
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0 < T < ∞ the maximal existence time. Let h ∈ C∞([0, T ]×S1;R) be the scalar tangential
velocity, i.e. ∂tγ = ∇2

s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
+ h∂sγ.

Step 1: Bound on ∥∇m
s κ∥L2( ds) for m ∈ N0. With Lemma 3.4.1 and Lemma 3.4.2 it

follows that

d
dt

∫
S1

|∇m
s κ|2 ds+

∫
S1

|∇m+3
s κ|2 ds =

∫
S1

⟨∇m
s κ, P

m+4
3 (κ) + Pm+2

5 (κ) + Pm+2
3 (κ)⟩ ds

− λ

∫
S1

|∇m+2
s κ|2 ds+

∫
S1
h⟨∇m

s κ,∇m+1
s κ⟩ ds

+ 1
2

∫
S1

|∇m
s κ|2∂shds− 1

2

∫
S1

|∇m
s κ|2⟨κ, V ⟩ ds,

(3.4.4)

where V = ∇2
s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
. The second integral is negative and can be ignored

in the following estimates. The two integrals containing the tangential velocity vanish
after integration by parts. The other terms on the right hand side of (3.4.4) have the
structure ∫

S1
P 2m+4

4 (κ) ds+
∫
S1
P 2m+2

6 (κ) ds+
∫
S1
P 2m+2

4 (κ) ds.

With Lemma 3.4.3 (for a = 2m+4, b = 4, k = m+3 and for a = 2m+2, b = 6, k = m+3),
we know that∫

S1
|P 2m+4

4 (κ)| ds,
∫
S1

|P 2m+2
6 (κ)| ds ≤ ε

∫
S1

|∇m+3
s κ|2 ds+ C(m, ε)

(∫
S1

|κ|2 ds
)2m+7

(3.4.5)

for any ε > 0. Further, Lemma 3.4.3 with a = 2m+ 2, b = 4, k = m+ 3 yields

∫
S1

|P 2m+2
4 (κ)| ds ≤ ε

∫
S1

|∇m+3
s κ|2 ds+ C(m, ε)

(∫
S1

|κ|2 ds
) 2

3 m+3

+ C(m)
(∫

S1
|κ|2 ds

)2m+5 (3.4.6)

for any ε > 0. Lastly, we use Lemma 3.4.3 with a = 2m, b = 2 and k = m+ 3 to see that
∫
S1

|∇m
s κ|2 ds ≤ ε

∫
S1

|∇m+3
s κ|2 ds+ Cε− m

3

∫
S1

|κ|2 ds+ C

(∫
S1

|κ|2 ds
)2m+1

. (3.4.7)

Putting (3.4.4), (3.4.5), (3.4.6) and (3.4.7) together, choosing ε small enough and using
Lemma 3.2.4, we get

d
dt

∫
S1

|∇m
s κ|2 ds+

∫
S1

|∇m
s κ|2 ds ≤ C(Eλ(γ0),m).

It follows that ∥∇m
s κ∥L2( ds)(t) ≤ ∥∇m

s κ∥L2( ds)(0) + C(Eλ(γ0),m).

144



3.4. Global existence and subconvergence

Step 2: Bound on ∥∂m
s κ∥C0 for m ∈ N0. By Step 1, Lemma 3.2.4 and Lemma 3.4.4 we

have

∥∂m
s κ∥L2( ds) ≤ C(γ0,m)

for m ∈ N0. As in [24, Theorem 2.2] one shows that

∥∂m
s κ∥C0 ≤ ∥∂m+1

s κ∥L1( ds) + L(γ)−1∥∂m
s κ∥L1( ds)

≤ L(γ)
1
2 ∥∂m+1

s κ∥L2( ds) + L(γ)− 1
2 ∥∂m

s κ∥L2( ds).

The length is bounded in finite time by Lemma 3.4.5 and (3.4.2). Thus, we conclude that

∥∂m
s κ∥C0 ≤ C(γ0,m, T ). (3.4.8)

Note that this also implies that

∥∂m
s V ∥C0 ≤ C(γ0,m, T ). (3.4.9)

Step 3: Global existence. Due to Remark 3.2.1, we can consider the reparametrization γ̃

of γ with constant speed, i.e. such that |∂xγ̃| = L(γ). This ensures that |∂xγ̃| is bounded
away from zero and bounded from above in the finite time interval [0, T ], see (3.4.2) and
Lemma 3.4.5. Moreover,

∂m+2
x γ̃ = L(γ)m+2∂m

s κ̃

for m ∈ N0, which implies by Step 2 that

∥∂m+2
x γ̃∥C0 ≤ C(γ0,m, T ) for m ∈ N0.

With the control of the normal velocity, we additionally obtain ∥γ̃∥C0 ≤ C(γ0, T ). These
bounds allow for a smooth extension of γ̃ to [0, T ] × S1. The short time existence result
gives a smooth extension for t > T which contradicts the maximality of T . Thus, the
maximal existence time must be infinite.

Step 4: Subconvergence for λ > 0. In the case of λ > 0, the length is bounded inde-
pendently of T (see (3.4.3)). Thus, the bounds in (3.4.8) and (3.4.9) do not depend on
T . Again, we consider the reparametrization γ̃ with constant speed such that |∂xγ̃| is
controlled up to T = ∞ (in this case independently of T ). Moreover, adding a suitable
translation like

γ̃(t, ·) − p(t) := γ̃(t, ·) − 1
L(γ̃)

∫
S1
γ̃ dsγ̃ , (3.4.10)
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controls ∥γ̃ − p∥C0 up to T = ∞. In total, ∥∂m
x (γ̃ − p)∥C0 ≤ C(γ0,m) for all m ∈ N0 and

t ∈ [0,∞). So, given any sequence (ti)i∈N, ti → ∞, there exists a subsequence (tik
)k∈N

such that γ̃(tik
, ·) − p(tik

) converges smoothly to a limit curve γ∞.

Step 5: Limits of convergent subsequences. We define Ṽ := ∇2
sκ + 1

2 |κ|2κ − λκ and
u(t) := ∥∇sṼ ∥2

L2( ds). With (3.2.1), we have

d
dtu(t) = 2

∫
S1

⟨∇t∇sṼ ,∇sṼ ⟩ ds+
∫
S1

|∇sṼ |2
(
∂sh̃− ⟨κ, V ⟩

)
ds, (3.4.11)

where h̃ = ⟨∂tγ̃, ∂sγ̃⟩ is the tangential velocity of γ̃. With a computation using (3.2.5),
(3.2.6), and Lemma 3.4.2, we see that the term ∇t∇s

(
|κ|2κ

)
appearing in ∇t∇sṼ can be

written as

∇t∇s
(
|κ|2κ

)
= P (κ) + h̃∇2

s

(
|κ|2κ

)
,

where P (κ) represents several polynomials of the form P a
b (κ), b ∈ N odd and 5 ≥ a ∈ N.

Thus, we see with Lemma 3.4.2 that

∇t∇sṼ = P (κ) + h̃
(
∇4

sκ+ 1
2∇2

s

(
|κ|2κ

)
− λ∇2

sκ
)

= P (κ) + h̃∇2
sṼ .

Here, P (κ) represents now polynomials of the form P a
b (κ), b ∈ N odd and 7 ≥ a ∈ N. With

this and integration by parts, we see that all terms containing the tangential velocity h̃ in
(3.4.11) cancel. Thus, with the previous steps, | d

dtu(t)| is bounded by a constant depending
on γ0 for t ∈ [0,∞). Since u ∈ L1((0,∞)) due to Lemma 3.2.4, this is sufficient to deduce
limt→∞ u(t) = 0. It follows that γ∞ solves (3.0.5) and is therefore stationary.

Remark 3.4.7 (Flow without tangential velocity, [99, Remark 6]). Like in some other
articles, for example [53] or [43], one could also impose that the tangential velocity is zero
and study ∂tγ = V = ∇2

s

(
∇2

sκ+ 1
2 |κ|2κ− λκ

)
in (0, T ) × S1,

γ(0, ·) = γ0 on S1.

In this case, Step 3 in the proof of global existence is different, because one does not
want to work with a reparametrization. This difficulty can be overcome with the following
considerations. First, one proves bounds on ∥∂m

x κ∥C0 for m ∈ N0: By induction, it can be
shown that for a sufficiently smooth function h : S1 → R or vector field h : S1 → R2, for
example h = κ or h = V , we have

∂m
x h = |∂xγ|m∂m

s h+
m−1∑
j=1

Fm−1(|∂xγ|, . . . , ∂m−1
x |∂xγ|)∂j

sh, (3.4.12)
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where Fm−1 is a polynomial of degree at most m − 1. With Step 2, it therefore suffices
to find a bound on ∥∂m

x |∂xγ|∥C0 for m ∈ N0. For this, we proceed by induction as in [43,
p. 649]. For m = 0, we note that ∂t|∂xγ| = −⟨κ, V ⟩|∂xγ| by (3.2.1). Since ∥⟨κ, V ⟩∥C0 is
bounded by (3.4.8) and (3.4.9) and |∂xγ0| is bounded from below and above, we conclude
that

C−1 < |∂xγ| < C for some C = C(γ0, T ).

For the induction step from m− 1 to m one uses (3.4.12) for h = ⟨κ, V ⟩ to obtain bounds
∥∂i

x⟨κ, V ⟩∥C0 ≤ C(γ0,m, T ) for 0 ≤ i ≤ m. Differentiating ∂t|∂xγ| = −⟨κ, V ⟩|∂xγ|, we
thus obtain

∂t∂
m
x |∂xγ| ≤ −⟨κ, V ⟩∂m

x |∂xγ| + C(γ0,m, T )

which yields the bound on ∥∂m
x |∂xγ|∥C0 , that we wanted to find. Note that the bounds

on ∥∂m
x κ∥C0 also yield bounds on ∥∂m

x V ∥C0 for m ∈ N0. Again, the uniform bounds on κ,
V , γ and all their derivatives yield a smooth extension up to the maximal existence time
and beyond.

3.5. Convergence

In this section, we first establish that stationary solutions to (3.0.3) are area constrained
critical points of the elastic energy. For these constrained critical points, we then prove a
suitable version of a constrained Łojasiewicz–Simon gradient inequality in Section 3.5.2.
In Section 3.5.3, this inequality is the main tool for progressing from subconvergence to
full convergence. In general, this is only possible if λ > 0, as we see in Section 3.5.4.

3.5.1. Stationary solutions as constrained critical points

Working with curves, that enclose a given area A0 ∈ R, we introduce the constraint
functional

G : W 2,2
Imm(S1;R2) → R, G(γ) = A(γ) −A0 = −1

2

∫
S1

⟨νγ , γ⟩ dsγ −A0.

Here, W 2,2
Imm(S1;R2) denotes the space of all W 2,2-immersions. A short computation shows

that the Fréchet derivative is given by

G′(γ) : W 2,2(S1;R2) → R, G′(γ)(Y ) = −
∫
S1

⟨νγ , Y ⟩ dsγ ,

which is a surjective mapping. Hence, the energy Eλ : W 2,2
Imm(S1;R2) → R has a critical

point subject to the constraint G = 0 at γ ∈ W 2,2
Imm(S1;R2) ∩ {G = 0} if and only if there
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exits c1 ∈ R such that

0 = E ′(γ)(Y ) + c1G′(γ)(Y ) (3.5.1)

=
∫
S1

(
⟨∇2

sγ
Y, κγ⟩ − 1

2 |κγ |2⟨∂sγY, ∂sγγ⟩ + λ⟨∂sγY, ∂sγγ⟩
)

dsγ − c1

∫
S1

⟨νγ , Y ⟩ dsγ

for all Y ∈ W 2,2(S1;R2). For a computation of E ′(γ), see for example [43, Lemma A.1]. If
γ is sufficiently regular, we obtain from (3.5.1) the Euler Lagrange equation

0 = ∇2
sκ+ 1

2 |κ|2κ− λκ− c1ν = ∇L2Eλ(γ) − c1∇L2G(γ), (3.5.2)

where κ = κγ and ν = νγ . Since a stationary solution is a smooth regular curve satisfying
(3.0.5), we see that for any stationary solution, there is c1 ∈ R such that (3.5.2) holds.
Thus, any stationary solution is an (area-)constrained critical point.

3.5.2. The constrained Łojasiewicz–Simon gradient inequality

The proof of the convergence result in Section 3.5.3 mainly relays on a constrained version
of the Łojasiewicz–Simon gradient inequality. We use this inequality for the L2-gradients
of the energy functional Eλ and the constraint functional G. So, we work in the domain of
these gradients. Moreover, we first work with variations normal to a given regular curve.
With this in mind, we define the following Hilbert spaces and functionals.

Definition 3.5.1 ([99, Definition 6.1]). Let γ̂ ∈ W 4,2
Imm(S1;R2). The space of normal

vector fields along γ̂ is denoted by

V ⊥ := W 4,2,⊥(S1;R2) = {Y ∈ W 4,2(S1;R2) : ⟨Y, ∂xγ̂⟩ = 0}

(cf. (3.3.1)). Moreover, we set

L2,⊥(S1;R2) = {Y ∈ L2(S1;R2) : ⟨Y, ∂xγ̂⟩ = 0 a.e.}.

Let ε > 0 be so small such that γ̂ + Y is immersed for all Y ∈ Uε := Bε(0) ⊂ V ⊥. With
this, we define

Eλ : Uε → R, Eλ(Y ) := Eλ(γ̂ + Y ), (3.5.3)

G : Uε → R, G(Y ) := G(γ̂ + Y ). (3.5.4)

As in [44] or in [139], we first prove a Łojasiewicz–Simon gradient inequality in V ⊥, i.e.
for normal directions. Since we work in a constrained setting, the inequality is based on
[135]. The following two lemmata cover the assumptions in [135, Cor. 5.2].
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Lemma 3.5.2 ([99, Lemma 6.2]). Let Eλ be defined as in (3.5.3). Then the following
holds.

1. The energy Eλ : Uε → R is analytic.

2. The L2,⊥-gradient dEλ : Uε → L2,⊥(S1;R2),

Y 7→ P⊥
(
∇2

sγ̂+Y
κγ̂+Y + 1

2 |κγ̂+Y |2κγ̂+Y − λκγ̂+Y

)
|∂x(γ̂ + Y )|,

with P⊥ = ⟨·, νγ̂⟩νγ̂, is analytic.

3. The derivative of the gradient evaluated at zero (dEλ)′(0) : V ⊥ → L2,⊥ is Fredholm of
index zero.

For the definition and fundamental properties of analytic maps between Banach spaces,
see for example [162]. A detailed proof of Lemma 3.5.2 in the case of open elastic curves
can be found in [44, Section 3]. By slightly changing the function spaces (no boundary
conditions but working in S1), this proof is transferred to the case of closed curves. A proof
of 3. in Lemma 3.5.2 is also given in [115]. We remark that for this Fredholm property of
the second variation, it is crucial that we consider only variations in normal direction.
For the constrained version of the Łojasiewicz–Simon gradient inequality, we additionally
have to analyze the functional G.

Lemma 3.5.3 ([99, Lemma 6.3]). The constraint functional G defined in (3.5.4) satisfies
the following.

1. The functional G : Uε → R is analytic.

2. The L2,⊥-gradient dG : Uε → L2,⊥(S1;R2),

Y 7→ −P⊥νγ̂+Y |∂x(γ̂ + Y )| = −⟨νγ̂+Y , νγ̂⟩νγ̂ |∂x(γ̂ + Y )|

is analytic.

3. The derivative of the gradient evaluated at zero (dG)′(0) : V ⊥ → L2,⊥ is compact.

4. If γ̂ in Definition 3.5.1 is given such that A(γ̂) = A0, we have G(0) = 0 and dG(0) ̸= 0.

Proof. 1. and 2. As in [44, Lem. 3.4] and [139, Prop. 4.5], the functions

Uε → C(S1;R), Y 7→ |∂x(γ̂ + Y )| and Uε → W 3,2(S1;R2), Y 7→ ∂sγ̂+Y
(γ̂ + Y )

are analytic. Since rotation by a fixed angle is a well-defined, continuous, linear operator
on W 3,2(S1;R2) ⊂ C2(S1;R2),

Uε → W 3,2(S1;R2), Y 7→ νγ̂+Y
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is also analytic. The function Y 7→ γ̂ + Y is analytic as a map from Uε to W 3,2(S1;R2).
Thus, the scalar product

Uε → W 3,2(S1;R), Y 7→ ⟨γ̂ + Y, νγ̂+Y ⟩

is analytic. As W 3,2(S1;R2) is continuously embedded into L2(S1;R2), Y 7→ ⟨γ̂+Y, νγ̂+Y ⟩
is also analytic as a map from Uε to L2(S1;R2). Since scalar multiplication L2(S1;R) ×
C(S1;R) → L2(S1;R) is analytic, so is the map

Uε → L2(S1;R), Y 7→ ⟨γ̂ + Y, νγ̂+Y ⟩|∂x(γ̂ + Y )|.

Since integration over S1 is a well-defined continuous and linear operator on L2(S1;R), the
analyticity of G : Uε → R follows. Similar arguments and the continuity and linearity of
the projection P⊥ : L2(S1;R2) → L2,⊥(S1;R2) yields the analyticity of the L2,⊥-gradient
dG : Uε → L2,⊥(S1;R2).
3. With the projection P⊥ = ⟨·, νγ̂⟩νγ̂ , we compute

(dG′)(0)Y = d
dt
∣∣∣
t=0

dG(tY ) = −P⊥ d
dt
∣∣∣
t=0

νγ̂+tY |∂xγ̂| − P⊥νγ̂
d
dt
∣∣∣
t=0

|∂x(γ̂ + tY )|

= νγ̂ |∂xγ̂|⟨Y, κγ̂⟩. (3.5.5)

Here, we used that

d
dt
∣∣∣
t=0

∂sγ̂+tY
(γ̂ + tY ) = ∇sγ̂

Y

(see for example [44, (B.5)]), which implies that the first summand in (3.5.5) vanishes.
For the second summand, we used

d
dt
∣∣∣
t=0

|∂x(γ̂ + tY )| = −|∂xγ̂|⟨Y, κγ̂⟩

(see for example [44, (B.2)]). We see that (dG′)(0) : V ⊥ → L2,⊥ is of zeroth order in Y .
Hence it is compact.
4. The assumptions on γ̂ imply that G(0) = G(γ̂) = 0. Moreover, |∂xγ̂| ̸= 0 and νγ̂ ̸= 0.
Thus, dG(0) = νγ̂ |∂xγ̂| ≠ 0.

With this, we prove a first version of a constrained Łojasiewicz-Simon gradient inequality
which reads as follows.

Theorem 3.5.4 ([99, Theorem 6.4]). Let γ̂ ∈ C∞
Imm(S1;R2) be a constrained critical point

of Eλ. Then there exist constants C > 0, ϑ ∈ (0, 1
2 ] and r > 0, such that

|Eλ(0) − Eλ(Y )|1−ϑ ≤ C∥P (Y )dEλ(Y )∥L2( dx)
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for all Y ∈ Br(0) ⊂ Uε ⊂ V ⊥ with G(Y ) = 0. Here, P (Y ) : L2,⊥(S1;R2) → L2,⊥(S1;R2)
is the orthogonal projection onto {X ∈ L2,⊥(S1;R2) : ⟨νγ̂+Y , X⟩L2( dsγ̂+Y ) = 0}.

Proof. We check that the assumptions in [135, Corollary 5.2] are satisfied for Eλ and G

defined on Uε ⊂ V ⊥. In Lemma 3.5.2 and Lemma 3.5.3 we have seen that E and G are
analytic. Assumption (i), i.e. V ⊥(S1;R2) ↪→ L2,⊥(S1;R2) densely, is given. Assumptions
(ii) and (iii) follow from Lemma 3.5.2 and assumptions (iv) to (vi) from Lemma 3.5.3.
Thus, by [135, Corollary 5.2], the set of area preserving normal variations

M := {Y ∈ Uε : G(Y ) = 0}

is locally a submanifold of codimension 1 near 0. Since γ̂ is a constrained critical point of
Eλ, 0 is a critical point of Eλ on M. Thus, [135, Corollary 5.2] further yields the existence
of constants C, r > 0 and ϑ ∈ (0, 1

2 ] such that for all Y ∈ M with ∥Y ∥W 4,2( dx) ≤ r, it
holds that

|E(Y ) − E(0)|1−ϑ ≤ C∥P (Y )dE(Y )∥L2( dx),

where P (Y ) : L2,⊥(S1;R2) → L2,⊥(S1;R2) is the orthogonal projection onto the closure of
the tangent space TY M∥·∥L2( dx) . With [135, Proposition 3.3] it follows that

TY M∥·∥L2( dx) = {X ∈ L2,⊥(S1;R2) : ⟨dG(Y ), X⟩L2(dx) = 0}

= {X ∈ L2,⊥(S1;R2) : ⟨νγ̂+Y , X⟩L2( dsγ̂+Y ) = 0}.

To prove a version of the Łojasiewicz–Simon inequality for variations that are not nec-
essarily normal, the reparametrization argument in Section 3.3.1 is crucial. We use it to
extend Theorem 3.5.4 to area preserving variations with tangential component.

Theorem 3.5.5 ([99, Theorem 6.5]). Let the immersion γ̂ ∈ C∞(S1;R2) be a constrained
critical point of Eλ. Then there exist constants C > 0, ϑ ∈ (0, 1

2 ] and r̃ > 0 such that

|Eλ(γ) − Eλ(γ̂)|1−ϑ ≤ C
∥∥∥∇L2Eλ(γ) − ∇L2G(γ)

L(γ)

∫
S1

⟨∇L2Eλ(γ), νγ⟩ dsγ

∥∥∥
L2( dsγ)

for all γ ∈ W 4,2(S1;R2) with G(γ) = 0 and ∥γ − γ̂∥W 4,2 ≤ r̃.

Proof. Let C > 0, ϑ ∈ (0, 1
2 ] and r > 0 be given as in Theorem 3.5.4. Moreover, let

r̃ = r̃(γ̂, r) be the constant of Lemma 3.3.1. We take some γ ∈ W 4,2(S1;R2) with G(γ) = 0
and ∥γ − γ̂∥W 4,2 ≤ r̃. By Lemma 3.3.1, there exists a W 4,2-diffeomorphism Φ: S1 → S1

and Y ∈ Br(0) ⊂ V ⊥ such that γ ◦ Φ = γ̂ + Y . Since 0 = G(γ) = G(γ ◦ Φ), we know that
G(Y ) = 0. Thus, the invariance of Eλ under reparametrization and Theorem 3.5.4 yields

|Eλ(γ) − Eλ(γ̂)|1−ϑ = |Eλ(γ̂ + Y ) − Eλ(γ̂)|1−ϑ = |Eλ(Y ) − Eλ(0)|1−ϑ
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≤ C∥P (Y )dEλ(Y )∥L2( dx). (3.5.6)

By [135, Remark 5.4], the projection operator P (Y ) : L2,⊥(S1;R2) → L2,⊥(S1;R2) is given
by

P (Y )X = X −
⟨dG(Y ), X⟩L2( dx)

∥dG(Y )∥2
L2( dx)

dG(Y ).

In particular, we have P (Y )(c1dG(Y )) = 0 for

c1 = c1(γ) := − 1
L(γ)

∫
S1

⟨∇L2Eλ(γ), νγ⟩ dsγ .

Moreover, comparing dEλ and dG to the L2-gradients, we have

dEλ(Y ) = P⊥ (∇L2Eλ(γ̂ + Y )) |∂x(γ̂ + Y )|, dG(Y ) = P⊥ (∇L2G(γ̂ + Y )) |∂x(γ̂ + Y )|,

where P⊥ = ⟨·, νγ̂⟩νγ̂ . With these two observations, we obtain

∥P (Y )dEλ(Y )∥L2( dx) = ∥P (Y )(dEλ(Y ) + c1dG(Y ))∥L2( dx)

≤ ∥dEλ(Y ) + c1dG(Y )∥L2( dx) (3.5.7)

= ∥P⊥ (∇L2Eλ(γ̂ + Y ) + c1∇L2G(γ̂ + Y )) |∂x(γ̂ + Y )|∥L2( dx).

By Sobolev embedding and possibly making r smaller, we can assume that |∂x(γ̂ + Y )| is
uniformly bounded for ∥Y ∥W 4,2 ≤ r. So, putting (3.5.6) and (3.5.7) together yields

|Eλ(γ) − Eλ(γ̂)|1−ϑ ≤ C∥∇L2Eλ(γ ◦ Φ) + c1∇L2G(γ ◦ Φ)∥L2( dsγ◦Φ)

for a modified constant C > 0. It remains to notice that the gradients are geometric, i.e.

∇L2Eλ(γ ◦ Φ) = ∇L2Eλ(γ) ◦ Φ,

∇L2G(γ ◦ Φ) = ∇L2G(γ) ◦ Φ.

With this, we obtain

∥∇L2Eλ(γ ◦ Φ) + c1∇L2G(γ ◦ Φ)∥L2( dsγ◦Φ) = ∥∇L2Eλ(γ) + c1∇L2G(γ)∥L2( dsγ)

and the claim follows.

3.5.3. Proof of full convergence

We are now prepared to enhance the subconvergence result to a full convergence result.
This finally proves Theorem 3.0.1.
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Theorem 3.5.6 (Convergence, [99, Theorem 6.6]). Let λ > 0 and γ : [0,∞) ×S1 → R2 be
the global smooth solution of (3.0.3). Then there exists a family of smooth diffeomorphisms
Φ(t) : S1 → S1, t ∈ (0,∞), such that γ(t,Φ(t, ·)) converges smoothly for t → ∞ to a
stationary solution γ∞.

For the proof of full convergence, we use an argumentation similar to [44, Section 5], [115],
or [139]. However, we note that the H−1-gradient flow structure partially obstructs the
usual procedure. Indeed, the time-dependent Hilbert spaces in which the energy decreases
do not coincide as sets, unlike for the L2-gradient flow. By considering suitably defined
time-independent norms, we overcome this difficulty. In [66], the authors have to face
similar problems.
We note that in [139], an elegant way to shorten the proof of convergence in [44, Section
5] is shown, but it seems that this cannot be transferred to H−1-flows.

Proof of Theorem 3.5.6. We take a smooth solution γ : [0,∞)×S1 → R2 of Theorem 3.4.6
and γ̃(t, ·)−p(t) of (3.4.10), which is the reparametrized with constant speed and translated
solution.

Step 1: Convergent sequence. By the subconvergence result (Theorem 3.4.6), there exists
a sequence of times ti → ∞, such that γ̃(ti, ·) − p(ti) converges smoothly to a stationary
solution γ∞ (which is kept fix throughout the proof). As discussed in Section 3.5.1, γ∞ is
an area constrained critical point of Eλ. Due to (3.2.9), we know that

Eλ(γ(t)) = Eλ(γ̃(t) − p(t)) ≥ Eλ(γ∞) for all t ∈ [0,∞). (3.5.8)

We assume that the inequality is strict. If not, there exists t̄ ∈ [0,∞) such that Eλ(γ(t̄)) =
Eλ(γ∞). But due to Lemma 3.2.4, this means Eλ(γ(t)) = Eλ(γ∞) for all t ≥ t̄, so ∂⊥

t γ ≡ 0
on [t̄,∞) by (3.2.9). Thus, only the tangential velocity changes on on [t̄,∞) and the
claimed convergence follows trivially.

Step 2: Fixing δ = δ(γ∞). For the following, we fix δ > 0 such that for all ζ : S1 → R2

with ∥ζ − γ∞∥C1 < δ, it holds that

|∂xζ| ≥ M := 1
2 min |∂xγ∞| = L(γ∞)

2 > 0, (3.5.9)

see (3.4.2), and such that

|α⊥| :=
∣∣∣α−

〈
α,

∂xζ

|∂xζ|

〉 ∂xζ

|∂xζ|

∣∣∣ ≥ 1
2 |α| (3.5.10)

for all vector fields α normal to γ∞. The latter equation makes sense, because

∣∣∣〈α, ∂xζ

|∂xζ|

〉∣∣∣ =
∣∣∣〈α, ∂xζ

|∂xζ|
− ∂xγ∞

|∂xγ∞|

〉∣∣∣
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becomes small for ∥ζ − γ∞∥C1 small.

Step 3: New initial datum and new flow. Let 0 < ε < 1
2 min{δ, r̃, 1}, where r̃ is given as

in Theorem 3.5.5 for γ̂ = γ∞. Then Lemma 3.3.1 yields the existence of ε̃ = ε̃(ε, γ∞) > 0
such that for all X ∈ Bε̃(0) ⊂ W 7,2(S1;R2),

(γ∞ +X) ◦ Φ = γ∞ + Y

for a W 7,2-diffeomorphism Φ and Y ∈ Bε(0) ⊂ W 7,2(S1;R2) normal to γ∞. Due to the
smooth subconvergence, there is an index i ∈ N such that ∥γ̃(ti) − p(ti) − γ∞∥W 7,2 < ε̃.
Thus, there exists a W 7,2-diffeomorphism Φ0 such that

(γ̃(ti) − p(ti)) ◦ Φ0 = γ∞ +N0

for some N0 ∈ W 7,2(S1;R2) normal to γ∞ with

∥N0∥W 7,2 < ε <
1
2 min{δ, r̃}. (3.5.11)

For this index i, we set γ̄0 := (γ̃(ti) − p(ti)) ◦ Φ0 = γ∞ + N0. Possibly choosing ε > 0
smaller, we can ensure that Φ0 does not change the orientation. So γ̄0 describes a smooth
closed curve with A(γ̄0) = A0. Moreover, by Remark 3.3.2, Φ0 and N0 are smooth.

The idea now is to take γ̄0 as new initial datum and to consider∂
⊥
t γ̄ = ∇2

s∇L2Eλ(γ̄) in (0, T ) × S1,

γ̄(0, ·) = γ̄0 = γ∞ +N0 = γ∞ + φ0ν∞ on S1.
(3.5.12)

By Theorem 3.3.6 and Remark 3.3.7, there exists a a geometrically unique smooth solution
γ̄ of (3.5.12) that can be written as γ̄(t, x) = γ∞(x)+φ(t, x)ν∞(x) for some smooth scalar
function φ. Let 0 < T ′ ≤ ∞ the maximal existence time of this solution. The geometric
uniqueness implies that on [ti, T ′), γ̄ is a smooth reparametrization of γ̃− p(ti). It follows
that for proving Theorem 3.5.6, it suffices to prove that T ′ = ∞ and that γ̄ converges to
γ∞ as t → ∞.

Step 4: Let T ∈ (0, T ′] be maximal such that

∥N(t)∥W 6,2 := ∥γ̄(t) − γ∞∥W 6,2 < min{δ, r̃} for all t ∈ [0, T ). (3.5.13)

Due to (3.5.11), such a T exists. Our goal is to show T = T ′ = ∞. By parabolic Schauder
estimates (see [30, Section 4]), it can be shown that

sup
[0,T )

∥φ(t)∥C6,α ≤ C(δ, r̃, γ0) and hence sup
[0,T )

∥γ̄(t) − γ∞∥C6,α ≤ C(δ, r̃, γ0) (3.5.14)
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for some α ∈ (0, 1
2).

Step 5: Application of the Łojasiewicz-Simon inequality. We define

H(t) := (Eλ(γ̄(t)) − Eλ(γ∞))ϑ for t ∈ (0, T ).

Here ϑ is given as in Theorem 3.5.5 for γ∞. Note that since γ̄ is a reparametrization
and translation of γ and we made the assumption that the inequality in (3.5.8) is strict,
H(t) ̸= 0 for all t. With (3.5.12) and integration by parts, we compute

− d
dtH(t) = −ϑ

(
Eλ(γ̄(t)) − Eλ(γ∞)

)ϑ−1 d
dtEλ(γ̄(t))

= −ϑ
(
Eλ(γ̄(t)) − Eλ(γ∞)

)ϑ−1 ⟨∇L2Eλ(γ̄(t)), ∂tγ̄(t)⟩L2( dsγ̄)

= −ϑ
(
Eλ(γ̄(t)) − Eλ(γ∞)

)ϑ−1 ⟨∇L2Eλ(γ̄(t)), ∂⊥
t γ̄(t)⟩L2( dsγ̄)

= ϑ
(
Eλ(γ̄(t)) − Eλ(γ∞)

)ϑ−1 ∥∇s∇L2Eλ(γ̄(t))∥2
L2( dsγ̄).

Since γ̄ solves (3.5.12) with initial datum γ̄0 with G(γ̄0) = 0, we know that G(γ̄) = 0.
Thus, on (0, T ), we can apply Theorem 3.5.5 and obtain

− d
dtH(t) ≥ Cϑ

∥∇s∇L2Eλ(γ̄(t))∥2
L2( dsγ̄)

∥∇L2Eλ(γ̄(t)) − c1(γ̄(t))ν̄∥L2( dsγ̄)
, (3.5.15)

where

c1(γ̄(t)) = 1
L(γ̄(t))

∫
S1

⟨∇L2Eλ(γ̄(t)), ν̄⟩ dsγ̄ .

Here, remember that ∇L2G(γ̄) = −ν̄ and note that ∥∇L2Eλ(γ̄(t)) − c1(γ̄(t))ν̄∥L2( dsγ̄) > 0
by Theorem 3.5.5 and Eλ(γ̄(t)) > Eλ(γ∞). Writing the denominator of (3.5.15) in terms
of the scalar curvature k̄ = ⟨κ̄, ν̄⟩ and using the Poincaré–Wirtinger inequality, we obtain

∥∇L2Eλ(γ̄(t)) − c1(γ̄(t))ν̄∥L2( dsγ̄)

=
∥∥∥∂2

s k̄ + 1
2 k̄

3 − λk̄ − 1
L(γ̄)

∫
S1

(
∂2

s k̄ + 1
2 k̄

3 − λk̄
)

dsγ̄

∥∥∥
L2( dsγ̄)

≤ C(L(γ̄))
∥∥∥∂s

(
∂2

s k̄ + 1
2 k̄

3 − λk̄
)∥∥∥

L2( dsγ̄)
= C∥∇s∇L2Eλ(γ̄(t))∥L2( dsγ̄). (3.5.16)

Here, we used that ⟨∇n
sκ, ν⟩ = ∂n

s k for all n ∈ N0 and ⟨∇2
s(|κ|2κ), ν⟩ = ∂2

sk
3. With

(3.5.16), we get

− d
dtH(t) ≥ Cϑ∥∇s∇L2Eλ(γ̄(t))∥L2( dsγ̄) = Cϑ∥∂⊥

t γ̄∥H−1
γ̄

(3.5.17)

for a constant C depending on bounds on L(γ) and the constant of Theorem 3.5.5. The
definition of the latter norm is given in Section 3.1.1, see (3.1.9).
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Step 6: Time-independent norm. With the same partial integration as in Lemma 3.2.6,
we see that ∇2

s∇L2Eλ(γ̄) ∈ Hγ̄ and hence ∂⊥
t γ̄ ∈ Hγ̄ . So Lemma 3.1.7 implies that

∥∂⊥
t γ̄∥H−1

γ̄
≥ C∥∂⊥

t γ̄∥⋆ (3.5.18)

for a constant C depending on ∥κ̄∥C0 , L(γ̄) as well as ∥|∂xγ̄|−1∥C0 and ∥∂xγ̄∥C0 . We al-
ready know that γ̄ is a reparametrization and translation of γ and from the proof of The-
orem 3.4.6, we know that ∥κ∥C0 and L(γ) are uniformly bounded. Moreover, sup |∂xγ̄|−1

is bounded by (3.5.9) and (3.5.13) and sup |∂xγ̄| ≤ sup |∂xγ̄ − ∂xγ∞| + |∂xγ∞| is bounded
by (3.5.13). Thus, the constant C does not depend on the choice of ε. Moreover, since
∂tγ̄ is orthogonal to γ∞, we have

∥∂tγ̄∥⋆ = sup
Y ∈W 1,2\{0}

1
∥Y ∥W 1,2

∫
S1

⟨∂tγ̄, Y ⟩ dx

= sup
Y ∈W 1,2\{0}

1
∥Y ∥W 1,2

∫
S1

⟨∂tγ̄, Y
⊥∞⟩ dx

≤ sup
Y ∈W 1,2\{0}

1
∥Y ∥W 1,2

∫
S1

⟨∂⊥
t γ̄, Y

⊥∞⟩ dx

+ sup
Y ∈W 1,2\{0}

1
∥Y ∥W 1,2

∫
S1

⟨∂tγ̄, ∂sγ̄⟩⟨Y ⊥∞ , ∂sγ̄⟩ dx

≤ sup
Y ∈W 1,2,⊥∞ \{0}

C(γ∞)
∥Y ∥W 1,2

∫
S1

⟨∂⊥
t γ̄, Y ⟩ dx

+ sup
Y ∈W 1,2\{0}

1
∥Y ∥W 1,2

∫
S1

⟨∂tγ̄, Y ⟩(⟨ν∞, ∂sγ̄⟩)2 dx

where Y ⊥∞ = ⟨Y, ν∞⟩ν∞ and W 1,2,⊥∞ = W 1,2 ∩ {Y = ⟨Y, ν∞⟩ν∞}. For the first term in
the last inequality, we used a computation as in (3.1.10) and for the second term we used
∂tγ̄ = ⟨∂tγ̄, ν∞⟩ν∞. Since 1 = |ν∞|2 = |⟨ν∞, ν̄⟩|2 + |⟨ν∞, ∂sγ̄⟩|2 and |⟨ν∞, ν̄⟩| ≥ 1

2 on (0, T )
by (3.5.10), we conclude that

∥∂tγ̄∥⋆ ≤ C(γ∞)∥∂⊥
t γ̄∥⋆ + 3

4∥∂tγ̄∥⋆ (3.5.19)

on (0, T ). Putting (3.5.17), (3.5.18) and (3.5.19) together yields

− d
dtH(t) ≥ C∥∂tγ̄∥⋆ (3.5.20)

for a constant C depending on the bounds of the solution γ from the proof of Theorem 3.4.6,
the constants from Theorem 3.5.5, δ and T . Integration now yields that on (0, T ), we have

∥γ̄(t) − γ∞∥⋆ ≤ ∥γ̄(t) − γ̄(0)∥⋆ + ∥γ̄(0) − γ∞∥⋆ ≤
∫ t

0
∥∂tγ̄∥⋆ dτ + ∥γ̄(0) − γ∞∥⋆

≤ C
((

Eλ(γ̄(0)) − Eλ(γ∞)
)ϑ −

(
Eλ(γ̄(t)) − Eλ(γ∞)

)ϑ)+ ∥γ̄(0) − γ∞∥⋆
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≤ C∥γ̄(0) − γ∞∥ϑ
C2 + ∥γ̄(0) − γ∞∥⋆ ≤ C∥γ̄(0) − γ∞∥ϑ

C2 . (3.5.21)

Here, we used ∥γ̄(0) − γ∞∥⋆ ≤ ∥γ̄(0) − γ∞∥L2(γ∞) ≤ C(L(γ∞))∥γ̄(0) − γ∞∥C0 , (3.5.11),
and ϑ < 1.

Step 7: Interpolation. Since N is normal to γ∞ and since A(γ̄(t)) = A(γ∞) = A0 implies∫
S1⟨N(t), ν∞⟩ dsγ∞ = 0, we have γ̄(t) − γ∞ = N(t) ∈ Hγ∞ . Thus, Lemma 3.1.6 and

Lemma 3.1.7 yield

∥γ̄(t) − γ∞∥2
L2( dsγ∞ ) ≤ ∥γ̄(t) − γ∞∥Hγ∞ ∥γ̄(t) − γ∞∥H−1

γ∞

≤ C∥γ̄(t) − γ∞∥Hγ∞ ∥γ̄(t) − γ∞∥⋆

≤ C∥γ̄(t) − γ∞∥Hγ∞ ∥γ̄(0) − γ∞∥ϑ
C2 ≤ Cδ∥γ̄(0) − γ∞∥ϑ

C2 , (3.5.22)

where we used (3.5.21) and ∥γ̄(t) − γ∞∥Hγ∞ ≤ C∥γ̄(t) − γ∞∥W 6,2 < δ, see (3.5.13). With
[110, Prop. 1.1.3], we have

∥γ̄(t) − γ∞∥W 6,2 ≤ ∥γ̄(t) − γ∞∥C6 ≤ C∥γ̄(t) − γ∞∥
1− 6

6+α

C0 ∥γ̄(t) − γ∞∥
6

6+α

C6+α

for α ∈ (0, 1
2). Moreover, by Sobolev embedding and with interpolation (see for example

[14, Thm. 6.4.5 (3)]),

∥γ̄(t) − γ∞∥C0 ≤ ∥γ̄(t) − γ∞∥
C0, 1

2
≤ C∥γ̄(t) − γ∞∥W 1,2

≤ C∥γ̄(t) − γ∞∥
1
2
L2∥γ̄(t) − γ∞∥

1
2
W 2,2 .

Putting the last two equations together and using (3.5.14) yields

∥γ̄(t) − γ∞∥W 6,2 ≤ C∥γ̄(t) − γ∞∥
1
2 − 6

2(6+α)
L2 ∥γ̄(t) − γ∞∥

1
2 − 6

2(6+α)
W 2,2 ∥γ̄(t) − γ∞∥

6
6+α

C6+α

≤ C(r̃, δ, γ0)∥γ̄(t) − γ∞∥β
L2( dsγ∞ )

for some β ∈ (0, 1). With (3.5.22) and (3.5.11), we obtain

∥γ̄(t) − γ∞∥W 6,2 ≤ C∥γ̄(0) − γ∞∥
ϑβ
2

C2 < Cε
ϑβ
2 . (3.5.23)

Step 8: T = T ′ = ∞. Choosing ε <
(min{δ,r̃}

2C

) 2
ϑβ , we obtain from (3.5.23)

∥γ̄(t) − γ∞∥W 6,2 <
min{δ, r̃}

2

on (0, T ). This gives a contradiction to the maximality of T if T < T ′, see (3.5.13). Thus,
we obtain T = T ′ and (3.5.13) holds up to T ′. Assume that T ′ < ∞. Since (3.5.14)
holds up to t = T ′, we can restart (3.3.16) with initial datum determined by γ̄(T ′). This
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contradiction to the maximality of T ′ yields T ′ = ∞ and

∥γ̄(t) − γ∞∥W 6,2 < min{δ, r̃} for all t ∈ (0,∞). (3.5.24)

Step 9: Convergence. With (3.5.24) and (3.5.20), we obtain ∥∂tγ̄∥⋆ ∈ L1(R+). From

∥γ̄(t) − γ̄(t′)∥2
L2 ≤ ∥γ̄(t) − γ̄(t′)∥Hγ∞ ∥γ̄(t) − γ̄(t′)∥H−1

γ∞
≤ Cδ

∫ t

t′
∥∂tγ̄∥⋆ dτ → 0

for t′, t → ∞, it follows that limt→∞ γ̄(t) exists in L2(S1;R2) and thus equals γ∞. By a
subsequence argument, we obtain ∥γ̄(t) − γ∞∥Ck → 0 as t → ∞ for any k ∈ N, i.e. the
claimed smooth convergence follows.

3.5.4. Blow-up in infinite time

Without penalizing the length, solutions do not converge in general. A simple example for
arbitrary rotation index is given by the situation described in the following lemma. For
the sake of completeness, we state it now, even though the proof relies on an argument
that is presented in the following section.

Lemma 3.5.7 ([99, Lemma 6.9]). If A0 = 0 and λ = 0, the length L(γ) of the global
solution γ from Theorem 3.4.6 becomes unbounded as time goes to infinity.

Proof. Assume there is M ∈ R such that L(γ(t)) < M for all t ≥ 0. Then, proceeding as
in the proof of Theorem 3.4.6 yields subconvergence. As in Section 3.5.3, this improves to
full convergence to a stationary solution γ∞. This stationary solution satisfies (3.6.2) for
a constant c1 ∈ R, i.e. we have

0 = 2c1A0 = E(γ∞) − λL(γ∞) = E(γ∞).

This implies κ∞ ≡ 0, which contradicts the closedness of γ∞.

One might think that for A0 ̸= 0 and λ = 0, the length of a curve can be controlled by a
bound on the elastic energy. We expect that this is not the case. We have in mind a curve
shaped like a dumbbell (see Figure 3.2), where we can make the bar longer and thinner,
allowing us to increase the length without increasing the elastic energy or the area (cf.
also [23]). This means that also for A0 ̸= 0, in general, we do not expect the length to
remain bounded, which would imply convergence for λ = 0.
We also note that for convex curves with A0 ̸= 0 and bounded elastic energy, it is possible
to control the length. This has already been proven in [63]. However, since we are working
with a higher order flow, convexity is generally not preserved, see [16].
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3.6. Stationary solutions

Figure 3.2: Curve shaped like a dumbbell.

3.6. Stationary solutions

The convergence result outlined in Section 3.5.3 raises interest in gaining a deeper under-
standing of stationary solutions — particularly with regard to the fact that, for certain
initial data, the limit cannot be an elastica.

3.6.1. The defect in the elastica equation

From (3.0.5), we see that γ is a stationary solution if and only if there exists a constant
c1 ∈ R such that

∇2
sκ+ 1

2 |κ|2κ− λκ = c1ν. (3.6.1)

If c1 = 0 and λ > 0, we obtain the classical elastica equation (1.2.10), for which the
solutions are classified. So in a certain sense, the constant c1 represents the deviation
from the classical case. Remember that the only closed elasticae are multifold coverings
of the circle and of the figure eight elastica, see [124, Lemma 5.4].
If A0 ̸= 0, the defect c1 in (3.6.1) can be measured in terms of the unpenalized elastic
energy and the length of the curve.

Lemma 3.6.1 ([99, Lemma 6.7]). Let γ be a stationary solution and c1 ∈ R such that γ
satisfies (3.6.1). Then

2c1A0 = E(γ) − λL(γ), (3.6.2)

where E is the unpenalized elastic energy.

Proof. We assume that γ : S1 → R2 satisfies (3.6.1) on S1. This implies∫
S1

⟨∇2
sκ, γ⟩ ds+ 1

2

∫
S1

|κ|2⟨κ, γ⟩ ds− λ

∫
S1

⟨κ, γ⟩ ds = c1

∫
S1

⟨γ, ν⟩ ds. (3.6.3)

The first integral can be written as∫
S1

⟨∇2
sκ, γ⟩ ds = −

∫
S1

⟨∂s∇sκ, ∂sγ⟩⟨γ, ∂sγ⟩ ds =
∫
S1

⟨∇sκ, κ⟩⟨γ, ∂sγ⟩ ds

= −1
2

∫
S1

|κ|2 ds− 1
2

∫
S1

|κ|2⟨κ, γ⟩ ds.
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Putting this into (3.6.3) and with another integration by parts in the third integral of
(3.6.3) yields (3.6.2).

Remark 3.6.2 (Equipartition of energy, [99, Remark 7]). If A0 = 0 and γ is a stationary
solution, Lemma 3.6.1 implies that

E(γ) = λL(γ),

So, the two parts of the penalized elastic energy (3.0.1) are equally weighted.

For a suitable choice of the parameters λ, A0, and ω, stationary solutions satisfy (3.6.1)
with c1 ̸= 0.

Lemma 3.6.3. Let γ be a stationary solution with rotation index ω and let c1 ∈ R be
given such that γ satisfies (3.6.1). If 2λA0 ̸= πω, then c1 ̸= 0.

Proof. If ω ̸= 0 and γ satisfies (3.6.1) with c1 = 0, then γ parametrizes an ω-fold covered
circle with radius r = 1√

2λ
(see for example [124, Lemma 5.4]). This implies A(γ) = ωπ

2λ .
If ω = 0 and γ satisfies (3.6.1) with c1 = 0, then γ parametrizes a (multifold covered)
figure eight elastica with A(γ) = 0 = ωπ

2λ .

Note that c1 ̸= 0 does not necessarily imply that γ does not describe an elastica. This
becomes apparent with the following simple example. Take A0 and ω having the same sign
and consider a curve which describes an ω-fold covered circle with radius r =

√
A0(πω)−1.

Then this curve satisfies (3.6.1) with c1 ̸= 0 in general.

3.6.2. Existence of non-elastica stationary solutions

The dynamic approach with the H−1
γ -gradient flow provides an elegant proof of the exis-

tence of solutions to (3.6.1) that are no elastica. We emphasize that this has been proven
before by giving concrete examples in [142], [155] or [159]. For more details on this, see
also Section 3.6.4. With our approach, there is no need for an explicit parametrization
using Jacobi elliptic functions (as in [142], [155] and [159]), but simply an appropriate
choice of the initial datum.

Corollary 3.6.4 (of Theorem 3.0.1, Existence of non-elastica stationary solutions, [99,
Corollary 6.8]). There exists c1 ∈ R and solutions to (3.6.1) that do not describe a multifold
covered circle or figure eight elastica.

We consider a concrete example. Let λ > 0, ω = 0 and A0 ̸= 0. Clearly, for this choice
of parameters, there exists an admissible initial datum, see for example Figure 3.1. By
Theorem 3.5.6, the solution to (1.6.1) with this initial datum converges to a stationary
solution. Since the rotation index and the enclosed signed area are preserved along the flow,
this stationary solution satisfies ω = 0 and A0 ̸= 0. The only closed elastica with ω = 0

160
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is the figure eight elastica with A = 0. Thus, the stationary solution does not describe an
elastica. The same arguments apply for A = 0 and arbitrary ω ̸= 0. Figure 1.3B gives an
exemplary initial datum.

3.6.3. Symmetries

We already know that stationary solutions exist that are not elasticae. Our goal is to
better understand their structure. Let us first examine their symmetries provided by
phase plane methods.

Working with the scalar curvature k = ⟨κ, ν⟩, γ is a stationary solution if and only if there
exists c1 ∈ R such that

∂2
sk + 1

2k
3 − λk = c1. (3.6.4)

Compare this to (3.6.1) and note that ⟨∇2
sκ, ν⟩ = ∂2

sk. Moreover, multiplying (3.6.4) with
∂sk, we see that for a stationary solution γ, there is c2 ∈ R such that

1
2(∂sk)2 + 1

8k
4 − λ

2k
2 − c1k = c2. (3.6.5)

Remark 3.6.5. Let the stationary solution γ be reparametrized by arclength, such that
∂s = |∂xγ|−1∂x = ∂x. As in [8, Section 2.2], we can interpret the task of describing
stationary solutions as the problem of determining the motion of a particle in a fourth-
order potential:
If k gives the displacement of the particle and k′′ stands for the second derivative in time,
the acceleration of a particle is given by k′′ = F (k), where F stands for the forces acting
on the particle. With the conservative force field

F (k) := − d
dk

(1
8k

4 − λ

2k
2 − c1k

)

coming from the fourth order potential V = 1
8k

4 − λ
2k

2 −c1k and with k′′ = ∂2
sk, we obtain

(3.6.4). The total energy of the particle is preserved, i.e. with the kinetic energy 1
2(k′)2,

we have

1
2(k′)2 + V (k) ≡ c2,

which corresponds with k′ = ∂sk to (3.6.5).

In the following, the aim is to better understand the structure of (3.6.5), or, to put it
differently, to gain a clearer understanding of the potential V from Remark 3.6.5.
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Lemma 3.6.6. For c1 ∈ R given, we consider the function

V : R → R, V (k) = 1
8k

4 − λ

2k
2 − c1k.

(i) If 27c2
1 > 8λ3, V possesses one critical point, which corresponds to the global mini-

mum.

(ii) If 27c2
1 < 8λ3, there are three critical points of V , at which we have two local minima

and one local maximum.

(iii) If 27c2
1 = 8λ3 there exist two critical points of V . At one of them we have the global

minimum, the other corresponds to a saddle point.

Proof. We consider the derivative

d
dkV (k) = 1

2k
3 − λk − c1 (3.6.6)

with the not necessarily distinct roots k1, k2, k3 ∈ C. Since (3.6.6) is a third order poly-
nomial with real coefficients, at least one of the roots is real. We follow the theory in [84,
Section 10.3] to prove the claim without computing the roots explicitly. The discriminant
of (3.6.6) is given by

1
16(k1 − k2)2(k1 − k3)2(k2 − k3)2 =: ∆.

For the polynomial in (3.6.6) its value is computed to be

∆ = 1
4
(
8λ3 − 27c2

1
)
.

If ∆ > 0, the three roots k1, k2, k3 are distinct and real. Since V is a fourth order
polynomial with positive coefficient for the fourth order term, we conclude that V possesses
two local minima and one local maximum. In the case that ∆ < 0, (3.6.6) has one real root
and two nonreal complex conjugate roots. It follows that there is only one local extremum
of V which is a local minimum. Moreover, if ∆ = 0, then (3.6.6) has a multiple root
and all its roots are real. From the structure of V we deduce, that there is one root with
multiplicity one, which corresponds to a local minimum, and the other two roots coincide
and correspond to a saddle point.

Figure 3.3A and Figure 3.4A show V for exemplary values of λ and c1 in the case (i) and
(ii). Note that a change of the sign of c1 causes a reflection at the vertical axis.
From the structure of V we can now derive the following (see also [35, §12]). Given λ > 0
and c1 ∈ R, the set {k ∈ R : V (k) ≤ c2}, consists of at most two bounded intervals
I1 = [kmin,1, kmax,1] and I2 = [kmin,2, kmax,2]. At the endpoints of these intervals (if they
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k

V(k)

(A)

k

∂sk

(B)

Figure 3.3: Example for the case 27c2
1 > 8λ3. Parameters λ = 1

2 and c1 = 1. Potential V
in (A) and phase curves for c2 ∈ {−1, 0, 1, 2, 5} in (B).

are not empty), V equals c2. Assume that c2 is a regular value in the sense that c2 does
not equal the value of V at any of the critical points. Then the equation

(∂sk)2

2 + V (k) = c2, k ∈ [kmin,i, kmax,i] (3.6.7)

defines a smooth curve diffeomorphic to a circle in the (k, ∂sk)-plane. Since (3.6.7) is even
in ∂sk, this curve is symmetric to the k-axis. See Figure 3.3B and Figure 3.4B for concrete
examples.
In the following section, we distinguish the cases

(I) I1 = [a, b] for a < b and I2 = ∅, i.e. there exist two real solutions a, b ∈ R of
V (k) = c2, (see Proposition 3.6.14) and

(II) I1 = [a, b] and I2 = [c, d] for a < b < c ≤ d, i.e. there exist more than two real
solutions a, b, c, d ∈ R of V (k) = c2 (see Proposition 3.6.15).

Remark 3.6.7. If c2 equals the global minimum of V , k is constant (which is an admissible
stationary solution for a certain choice of the parameters ω and A0). If c1 is as in case
(ii) of Lemma 3.6.6 and c2 equals the local maximum of V , the curve in the phase plane
contradicts the closedness of γ. For this, see [8, Section 3.3 and Figure 6]. The same is the
case if c1 is as in case (iii) of Lemma 3.6.6 and c2 equals the critical value of V at which
there is no local extremum. So these values of c1 and c2 can be excluded when considering
closed curves.

Before we proceed, let us outline the properties of the solutions to (3.6.7), see [35, §12]
and [158].
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k

V(k)

(A)

k

∂sk

(B)

Figure 3.4: Example for the case 27c2
1 < 8λ3. Parameters λ = 6

5 and c1 = 1
4 . Potential V

in (A) and phase curves for c2 ∈ {−1,−1
4 ,

1
4 , 1} in (B).

Lemma 3.6.8 ([158, Lemma 4]). Let γ be a stationary solution with length L∞. Then,
after reparametrizing by arclength and a shift in the argument,

(i) k is periodic with period T = L∞
n and k

(
T
2 + s

)
= k

(
T
2 − s

)
for s ∈

[
0, T

2

]
,

(ii) k(0) = k(T ) = max[0,L∞] k =: kmax and k(T
2 ) = min[0,L∞] k =: kmin,

(iii) ∂sk(0) = ∂sk(T
2 ) = 0 and either ∂sk < 0 or ∂sk ≡ 0 on

(
0, T

2

)
,

(iv)
∫ T

2

0
k ds = πω

n

for some n ∈ N.

Remark 3.6.9. We note the following about the value n ∈ N in Lemma 3.6.8.

(i) If k is not constant, n counts the number of minima of k in [0, L∞].

(ii) For ω = 1, we have n ≥ 2. This follows from [6, Symmetry Theorem].

(iii) If n ≥ 2, the stationary solution γ is n-fold rotationally symmetric.

3.6.4. Explicite parametrization

From here on, we consider only the case where c1 is nonzero. For the case where c1 is
zero, we know that the stationary solutions are elasticae, which means that they describe
either an ω-fold covered circle or a multifold covered figure eight.
Let us first summarize what is already known from previous works. For c1 ̸= 0, (3.6.1)
is the equation which determines the equilibrium shapes of cylindrical fluid membranes
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3.6. Stationary solutions

exposed to a pressure difference c1 and experiencing a tensile stress λ, see [142] or [155].
In this context, (3.6.1) is the Euler–Lagrange equation corresponding to the problem of
minimizing the elastic energy

1
2

∫
γ

|κ|2 ds+ λL(γ) + c1A(γ) (3.6.8)

with penalized area (c1 > 0 given) and penalized length (λ > 0 given). In [142], a
complete classification of the critical points corresponding to closed curves is presented.
Similarly, [155] explicitly provides solutions to (3.6.1) in a format comparable to [142]. The
authors state a condition under which a solution describes a closed curve and investigate
when the curve is simple. We also want to mention that for λ = 0 in (3.6.8), we obtain
the Tadjbakhsh–Odeh functional, see [150] and [159]. The corresponding Euler–Lagrange
equation is again of the form (3.6.4), see [159, (11)]. In [159], the authors classify the
solutions for ω = 1 and give an explicit condition for the existence of nonelastica solutions.
By [42, Lemma 5.4], minimizing (3.6.8) is equivalent to minimize Eλ under the constraint
of fixed enclosed area. The latter problem is studied in [158] and [159] for ω = 1. The
authors of [126] extend the problem to ω ∈ Z. They study an auxiliary problem and
show all the solutions in terms of the curvature. According to [126, End of Section 2], the
authors plan to investigate the existence and non-existence of solutions for given enclosed
area and given rotation index (and free λ) in a forthcoming article. This would bring us
closer to understanding our stationary solutions for a given initial datum. However, to
our knowledge, this article has not yet been published. For some further references, see
also the citations within the mentioned articles.

The variety of different references already indicates the complexity of classifying the sta-
tionary solutions. In this thesis, we limit our focus to proposing an approach for finding
stationary solutions that are not an elastica. We intend to see a few concrete examples.
Additionally, we aim to partially demonstrate how the results found in the literature fit
together. Our approach is primarily based on [126] at the beginning and later on [155].
First, we need to introduce Jacobi elliptic functions.

Jacobi elliptic functions

For a detailed introduction to elliptic integrals and Jacobi elliptic functions, we refer to
[1], [25] or [100]. We only summarize what we need for the following. Throughout this
paragraph, let p ∈ R with |p| < 1.

Definition 3.6.10 (Amplitude function). The amplitude function am(·, p) : R → R is
defined to be the inverse function of

R → R, z 7→
∫ z

0

1
1 − p2 sin2 φ

dφ.
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Definition 3.6.11 (Elliptic integrals). We define the incomplete elliptic integral of first
kind as

F (x, p) :=
∫ x

0

1
1 − p2 sin2 φ

dφ,

such that F (·, p) = am−1(·, p). The incomplete elliptic integral of third kind is defined as

Π(x, α2, p) =
∫ x

0

1
(1 − α2 sin2 φ)

√
1 − p2 sin2 φ

dφ,

where α2 ∈ R such that 1 ̸= α2 ̸= p2. Moreover, we define the complete elliptic integral of
first kind as

K(p) =
∫ π

2

0

1√
1 − p2 sin2 φ

dφ (3.6.9)

and the complete elliptic integral of third kind as

Π(α2, p) =
∫ π

2

0

1
(1 − α2 sin2 φ)

√
1 − p2 sin2 φ

dφ.

Definition 3.6.12 (Elliptic functions). The Jacobi elliptic functions are given by

cn(·, p) : R → R, cn(x, p) = cos(am(x, p)),

sn(·, p) : R → R, sn(x, p) = sin(am(x, p)),

dn(·, p) : R → R, dn(x, p) =
√

1 − p2 sin2(am(x, p)).

We show the graphs of the Jacobi elliptic functions cn, sn and dn for p2 = 1
2 plotted on

[0, 4K(p)] in Figure 3.5.

Figure 3.5: Jacobi elliptic functions for p2 = 1
2 .
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The periodicity of the Jacobi elliptic functions, which can also be seen in this figure, is
formalized in the following lemma.

Lemma 3.6.13 (Periodicity, [1, Section 16.2]). Let l ∈ Z and x ∈ R. Then

am(lK(p), p) = l
π

2

and therefore

cn(x+ 4lK(p), p) = cn(x, p),

sn(x+ 4lK(p), p) = sn(x, p),

dn(x+ 2lK(p), p) = dn(x, p).

Explicit expressions for the curvature

In this subsection, we consider a given stationary solution γ : [0, L∞] → R2 reparametrized
by arclength with nonconstant curvature. There are c1 ∈ R such that γ satisfies (3.6.4) and
c2 ∈ R such that γ satisfies (3.6.5). We work with V : R → R defined as in Lemma 3.6.6.
Combining the results of [126] and [155], we obtain the following explicit expressions for
the curvature k : [0, L∞] → R. The first proposition belongs to Case (I) of Section 3.6.3.

Proposition 3.6.14 (cf. [155]). If c1, c2 are such that there exist exactly two real solutions
a, b ∈ R, a > b, of V (k) = c2, then the curvature of the stationary solution is represented
by

k1(s) =
(Aa+Bb) − (Aa−Bb)cn

(
1
4
√
ABs, p

)
B +A+ (B −A)cn

(
1
4
√
ABs, p

) (3.6.10)

up to a shift in the argument. Here, we set

A =
√

4(ℑ(c))2 + (3b+ a)2 and B =
√

4(ℑ(c))2 + (b+ 3a)2,

where c = ℜ(c) + iℑ(c) is one of the imaginary solutions of V (k) = c2. The elliptic
modulus p is given by

p = 1√
2

√
1 − 4(ℑ(c))2 + (3a+ b)(a+ 3b)

AB
.

The next proposition covers Case (II) of Section 3.6.3. A curvature of the form k2 could
correspond to the red line on the right hand side in Figure 3.4A, while a curvature of the
form k3 could correspond to the left red line in Figure 3.4A.
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Proposition 3.6.15 (cf. [155]). If c1, c2 are such that there exist real solutions a, b, c, d ∈
R, a > b and a ̸= c ≥ d ̸= b, of V (k) = c2, then the curvature of the stationary solution is
represented either by

k2(s) = d+ (a− d)(b− d)
(b− d) + (a− b)sn2

(
1
4
√

(c− a)(d− b)s, p
) (3.6.11)

(in this case d ≤ c < b < a), or by

k3(s) = c− (c− a)(c− b)
(c− b) − (a− b)sn2

(
1
4
√

(c− a)(d− b)s, p
) (3.6.12)

(in this case b < a < d ≤ c), up to a shift in the argument. Here, we set

p =
√

(c− d)(a− b)
(c− a)(d− b) .

Note that if c = d in Proposition 3.6.15, then k2 and k3 coincide. We are slightly antici-
pating here, but we also point out that this is only interesting in the case where V has a
local minimum at c = d. If V has a local maximum at c = d, the curvature k2 = k3 does
not describe a closed curve, as explained in [8, Section 3.3].

To prove the preceding two propositions, not many new ideas are required. Rather, our
task is to bring together the already existing results. To understand what is happening,
we partially reproduce the arguments of these established results. The briefly summarized
proofs of Proposition 3.6.14 and Proposition 3.6.15 are provided on page 175 and page
179, respectively.

What is the idea? Due to Lemma 3.6.8, we know that after a shift in the argument, the
curvature k : [0, L∞] → R is either constant or its restriction to [0, L∞

2n ] is a solution of
∂2

sk + 1
2k

3 − λk = c1 on [0, L∞
2n ],

∂sk(0) = ∂sk
(L∞

2n

)
= 0,

∂sk < 0 on (0, L∞
2n )

(3.6.13)

for some n ∈ N. Here, the differential operator ∂s = ∂x is just the ordinary derivative.
Without loss of generality, we assume that k is monotone decreasing on

(
0, L∞

2n

)
. If not,

we achieve this through an additional shift in the argument.

Problem (3.6.13) is studied in [126]. As in this article, we intend to find a representation
of the solutions to (3.6.13). So, the following steps are similar to what is done in [126].
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For a given smooth solution k : [0, L∞
2n ] → R of (3.6.13), we define

a := max[
0, L∞

2n

] k = k(0) and b := min[
0, L∞

2n

] k = k
(L∞

2n

)
.

Since ∂sk < 0 on (0, L∞
2n ), we know that a ̸= b. By integration, we obtain

(∂sk)2 = −1
4k

4 + λk2 + 2c1k −
(

− 1
4a

4 + λa+ 2c1a
)

(3.6.14)

Moreover, there exists δ ∈ R such that

(∂sk)2 = −1
4(k − a)(k − b)

((
a+ b

2 + k

)2
+ 4δ

)
. (3.6.15)

This is because of the conditions in (3.6.13), which tell us that the right hand side of
(3.6.14) can be written as (k− a)(k− b) times a second order polynomial in k. And since
no third order terms appear at the right hand side of (3.6.14), a short computation shows
that this second order polynomial is of the form −1

4
((

a+b
2 + k

)2 + 4δ
)

for some δ ∈ R. We
now define

P := 3a+ b

4 and Q := a+ 3b
4 . (3.6.16)

With this definition, P +Q = a+ b and 2(P −Q) = a− b. Moreover, we set

k̂ := 1
2

(
k + P +Q

2

)
. (3.6.17)

Then k̂(0) = P and k̂
(L∞

2n

)
= Q and k̂ solves

(∂sk̂)2 =
(
P − k̂

)(
k̂ −Q

)(
k̂2 + δ

)
. (3.6.18)

This is an approach which is also found, for example, in [116]. From now on, we have to
distinguish different cases. The case δ > 0 leads to Proposition 3.6.14 and the case δ ≤ 0
leads to Proposition 3.6.15.

First, let us assume that

δ > 0 and P +Q ≤ 0.

In this case, we consider k̃ given as

k̃ :=
(
k̂ −Q

)−1 on
[
0, L∞

2n

)
. (3.6.19)

Note that k̂ is strictly monotone decreasing and attains values between P and Q, such
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that k̃ is well defined. Equation (3.6.18) transforms to

∂sk̃ = −
(
k̂ −Q

)−2
∂sk̂ =

(
k̂ −Q

)−2
√(

P − k̂
)(
k̂ −Q

)(
k̂2 + δ

)
= k̃2

√(
P −Q− 1

k̃

)(
1
k̃

)(
1

k̃2 + 2Q

k̃
+Q2 + δ

)
=
√

(P −Q)
(
k̃ − 1

P −Q

)
(Q2 + δ)

(
k̃2 + 2Q

Q2+δ
k̃ + 1

Q2+δ

)
. (3.6.20)

Moreover, since P > Q we know that

k̃(0) = (P −Q)−1 > 0 and k̃(s) → ∞ for s → L∞
2n .

Since tan2(·) attains values between 0 and ∞ on [0, π
2 ), we make the ansatz to write k̃ on

[0, L∞
2n ) as

k̃(s) = (P −Q)−1
(

1 +
√
P 2 + δ√
Q2 + δ

tan2
(
φ(s)

2

))
(3.6.21)

for some function φ(s) with φ(0) = 0, φ(L∞
2n ) = π and attaining values in [0, π). For this

change of variable from k̃ to φ, see also [116, p. 160]. Note that we are in the case δ > 0,
such that

√
Q2 + δ ̸= 0 and

√
P 2 + δ ̸= 0. So the coefficient in front of the tangent is well

defined and different from zero. One the one hand, differentiating (3.6.21) yields

∂sk̃ = 1
P −Q

√
P 2 + δ√
Q2 + δ

· 2 tan φ
2 cos−2 (φ

2
)

· 1
2∂sφ. (3.6.22)

On the other hand, a rather long computation shows that putting (3.6.20) and (3.6.21)
together, yields

∂sk̃ =
√
P −Q

√
Q2 + δ

√√√√√
P 2 + δ√
Q2 + δ

1
P −Q

tan2 φ
2

·
(

1
(P −Q)2 + 2

(P −Q)2

√
P 2 + δ√
Q2 + δ

tan2 φ
2 + 1

(P −Q)2
P 2 + δ

Q2 + δ
tan4 φ

2

+ 2Q
Q2 + δ

1
P −Q

+ 2Q
Q2 + δ

1
P −Q

√
P 2 + δ√
Q2 + δ

tan2 φ
2 + 1

Q2 + δ

) 1
2

=
(
P 2 + δ

Q2 + δ

) 1
4

tan φ
2

√
P 2 + δ

P −Q

(
1 + tan2 φ

2

)

·

√√√√1 + sin2 φ
2 cos2 φ

2

(
2δ + 2QP√

P 2 + δ
√
Q2 + δ

− 2
)

(3.6.23)
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Let us further define

p :=

√√√√1
2

(
1 − δ +QP√

P 2 + δ
√
Q2 + δ

)
. (3.6.24)

Note that this is well defined since

δ +QP ≤
√
Q2P 2 + 2δQP + δ2 ≤

√
Q2P 2 + P 2δ +Q2δ + δ2 =

√
P 2 + δ

√
Q2 + δ.

Comparing (3.6.22) and (3.6.23) and using trigonometric identities then yields

∂sφ = (P 2 + δ)
1
4 (Q2 + δ)

1
4
(
cos2 φ

2 + sin2 φ
2

)√√√√1 + sin2 φ
2 cos2 φ

2

(
2δ + 2QP√

P 2 + δ
√
Q2 + δ

− 2
)

= (P 2 + δ)
1
4 (Q2 + δ)

1
4

√
1 − p2 sin2 φ .

Separation of variables and using that φ(0) = 0 leads to

(P 2 + δ)
1
4 (Q2 + δ)

1
4 s =

∫ φ(s)

0

1√
1 − p2 sin2 φ

dφ. (3.6.25)

With φ
(L∞

2n

)
= π and (3.6.9), we obtain

(P 2 + δ)
1
4 (Q2 + δ)

1
4
L∞
2n =

∫ π

0

1√
1 − p2 sin2 φ

dφ = 2
∫ π

2

0

1√
1 − p2 sin2 φ

dφ = 2K(p),

(3.6.26)

which turns (3.6.25) into

4n
L∞

K(p)s =
∫ φ(s)

0

1√
1 − p2 sin2 φ

dφ.

Comparing this to Definition 3.6.10 and Definition 3.6.12, we see that

cosφ(s) = cn
(

4n
L∞

K(p)s, p
)
.

Using trigonometric identities, this turns our ansatz (3.6.21) into

k̃(s) = (P −Q)−1
(

1 +
√
P 2 + δ√
Q2 + δ

1 − cosφ(s)
1 + cosφ(s)

)

=

√
Q2 + δ +

√
P 2 + δ +

(√
Q2 + δ −

√
P 2 + δ

)
cosφ(s)

(P −Q)
√
Q2 + δ(1 + cosφ(s))
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=

√
Q2 + δ +

√
P 2 + δ +

(√
Q2 + δ −

√
P 2 + δ

)
cn
(

4n
L∞

K(p)s, p
)

(P −Q)
√
Q2 + δ

(
1 + cn

(
4n
L∞

K(p)s, p
)) .

With (3.6.19) and (3.6.17) we arrive at

k(s) = 2
(1
k̃

+Q

)
− P +Q

2

= 2
P
√
Q2 + δ +Q

√
P 2 + δ +

(
P
√
Q2 + δ −Q

√
P 2 + δ

)
cn
(

4n
L∞

K(p)s, p
)

√
P 2 + δ +

√
Q2 + δ +

(√
Q2 + δ −

√
P 2 + δ

)
cn
(

4n
L∞

K(p)s, p
) − P +Q

2

(3.6.27)

on
[
0, L∞

2n

)
. Clearly, k(s) → 2Q− P +Q

2 = b for s → L∞
2n .

Let us now assume that for smooth solution k : [0, L∞
2n ] → R of (3.6.13), it holds that

δ > 0 and P +Q > 0.

So, we remain in the case that δ > 0, but the sum of the maximum and the minimum of
the curvature is now positive. Intuitively, one might think of reversing the orientation of
the curve described by k, which changes the sign of the curvature and, consequently, the
sign of the sum of the maximum and minimum. This is, visually speaking, the basic idea.
We consider

k̄(s) := −k
(

L∞
2n − s

)
, s ∈

[
0, L∞

2n

]
.

Then k̄ is monotone decreasing and attains values between

ā = − min
[0, L∞

2n ]
k = −b and b̄ = − max

[0, L∞
2n ]

k = −a.

For c1 replaced by −c1, k̄ solves (3.6.13) and (3.6.19). And with a short computation, one
checks that k̄ solves

(∂sk̄)2 = −1
4
(
k̄ − ā

)(
k̄ − b̄

)(( ā+ b̄

2 + k̄

)2
+ 4δ

)

with the same δ > 0 as for which k solves (3.6.15). So defining

P̄ := 3ā+ b̄

4 = −Q and Q̄ := ā+ 3b̄
4 = −P,
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we obtain the representation

k̄(s) = 2
P̄
√
Q̄2 + δ + Q̄

√
P̄ 2 + δ +

(
P̄
√
Q̄2 + δ − Q̄

√
P̄ 2 + δ

)
cn
(

4n
L∞

K(p)s, p
)

√
P̄ 2 + δ +

√
Q̄2 + δ +

(√
Q̄2 + δ −

√
P̄ 2 + δ

)
cn
(

4n
L∞

K(p)s, p
) − P̄ + Q̄

2 ,

where p is given as in (3.6.24). This yields

k(s) = −
(
−k

(
L∞
2n −

(
L∞
2n − s

)))
= −k̄

(
L∞
2n − s

)
= 2

P
√
Q2 + δ +Q

√
P 2 + δ +

(
P
√
Q2 + δ −Q

√
P 2 + δ

)
cn
(

4n
L∞

K(p)s, p
)

√
P 2 + δ +

√
Q2 + δ +

(√
Q2 + δ −

√
P 2 + δ

)
cn
(

4n
L∞

K(p)s, p
) − P +Q

2 ,

(3.6.28)

since

cn
(

4n
L∞

K(p)
(

L∞
2n − s

)
, p
)

= cn
(
2K(p) − 4n

L∞
K(p)s, p

)
= −cn

(
4n
L∞

K(p)s, p
)
.

Comparing (3.6.27) and (3.6.28), we summarize that in the case

δ > 0,

the solution k : [0, L∞
2n ] → R of (3.6.13) is represented by (3.6.27) with p defined as in

(3.6.24). Moreover, it holds that

K(p) = L∞
4n
(
(P 2 + δ)(Q2 + δ)

) 1
4 ,

see (3.6.26). We note that this result can be found in [126, Lemma 4.1].

To be able to compare the representation that we found to the formulas in [155] and [49]
and to come to the statement of Proposition 3.6.14, we now write (3.6.27) in a slightly
different form. For this, let us consider the implication of δ > 0. Specifically, it means
that the right hand side of (3.6.15), when viewed as a polynomial in k, is only zero at
k = a and k = b < a. Therefore, we write (3.6.15) as

−1
4(k − a)(k − b)

((
a+ b

2 + k

)2
+ 4δ

)
= −1

4(k − a)(k − b)(k − c)(k − d) (3.6.29)

where c, d ∈ C \ R and d = c∗ where c∗ = ℜ(c) − iℑ(c) is the complex conjugate of c.
Comparing the coefficients in (3.6.29) yields

δ = (ℑ(c))2

4 .
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Next, we define

A :=
√

4(ℑ(c))2 + (3b+ a)2 and B :=
√

4(ℑ(c))2 + (b+ 3a)2. (3.6.30)

A short computation shows that

A = 4
√
Q2 + δ and B = 4

√
P 2 + δ.

With this, we see that p defined in (3.6.24) can be written as

p = 1√
2

√
1 − 4(ℑ(c))2 + (3a+ b)(a+ 3b)

AB

Moreover, a quick look reveals that (3.6.26) is expressed in terms of A and B as

1
4

√
AB = 4n

L∞
K(p).

With (3.6.16) and (3.6.30), we rewrite (3.6.27) as

k(s) = 2
PA+BQ+ (PA−BQ)cn

(
1
4
√
ABs, p

)
B +A− (B −A)cn

(
1
4
√
ABs, p

) − P +Q

2

=
(Aa+Bb) + (Aa−Bb)cn

(
1
4
√
ABs, p

)
B +A− (B −A)cn

(
1
4
√
ABs, p

) (3.6.31)

for s ∈ [0, L∞
2n ]. Having in mind Lemma 3.6.8, we set

k(s) = k
(

L∞
n − s

)
(3.6.32)

for s ∈
[

L∞
2n ,

L∞
n

]
. Since 1

4
√
AB = 4n

L∞
K(p) and

cn
(

4n
L∞

K(p)
(

L∞
n − s

)
, p
)

= cn
(
− 4n

L∞
K(p)s, p

)
= cn

(
4n
L∞

K(p)s, p
)

due to Lemma 3.6.13, (3.6.32) is given by the right hand side of (3.6.31). For s ∈ [0, L∞],
we consider the L∞

n -periodic extension of k given on
[
0, L∞

n

]
as in (3.6.31) and in (3.6.32).

Shifting the argument by
2K(p)
1
4
√
AB

= 8K(p)√
AB

= L∞
2n
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which changes the sign of cn, we define

k1(s) := k

(
s+ 8K(p)√

AB

)
=

(Aa+Bb) − (Aa−Bb)cn
(

1
4
√
ABs, p

)
B +A+ (B −A)cn

(
1
4
√
ABs, p

)
This is exactly the representation given in Proposition 3.6.14. Let us summarize what we
have done.

Proof of Proposition 3.6.14. Let γ : [0, L∞] → R2 be a stationary solution, parametrized
by arclength, such that γ satisfies (3.6.5) for c1, c2 ∈ R. Then, by Lemma 3.6.8, after a
shift in the argument, the curvature k satisfies (3.6.13). Since we assume that c1, c2 are
such that V (k) = c2 has exactly two real solutions, k satisfies (3.6.15) for some δ > 0.
It follows that k is represented by [126, (4.1)]. Relating δ to the imaginary solutions of
V (k) = c2, we derive the representation in Proposition 3.6.14, which is also found in [155,
Theorem 1].

Now, we consider the case that δ ≤ 0 in (3.6.15). First, let us assume that

δ ≤ 0 and P +Q > 0.

Since P > Q, this implies that P > 0. If we assume that Q < 0, then k̂(s∗) = 0 for some
s∗ ∈

(
0, L∞

2n

)
. By (3.6.18), (∂sk̂(s∗))2 = −PQδ ≤ 0, a contradiction. Thus, 0 ≤ Q < P .

Moreover, if we assume that
√

−δ ≥ P , we obtain a contradiction to (3.6.18), which is

0 ≤
(
∂sk̂

)2 =
(
P − k̂

)(
k̂ −Q

)(
k̂ −

√
−δ
)(
k̂ +

√
−δ
)
.

Assuming Q <
√

−δ < P yields the existence of s∗ ∈
(
0, L∞

2n

)
such that k̂(s∗) =

√
−δ.

This implies (∂sk(s∗))2 = 0, a contradiction. Thus, we know that 0 ≤
√

−δ ≤ Q. We
further assume that

√
−δ ̸= Q and clarify later why. In summary, we consider

0 ≤
√

−δ < Q < P. (3.6.33)

In the current case δ ≤ 0 and P +Q > 0, we define

k̃(s) := (k̂(s) +
√

−δ)−1 on
[
0, L∞

2n

)
.

Since k̂ decreases, k̃ increases and

∂sk̃ = −(k̂ +
√

−δ)−2∂sk̂ = (k̂ +
√

−δ)−2
√

(P − k̂)(k̂ −Q)(k̂2 + δ)

= k̃2

√√√√(P − 1
k̃

+
√

−δ
)(1

k̃
−

√
−δ −Q

)( 1
k̃2 − 2

√
−δ
k̃

+ (
√

−δ)2 + δ

)
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=
√

(P +
√

−δ)(Q+
√

−δ)
√(

k̃ − 1
P +

√
−δ

)( 1
Q+

√
−δ

− k̃

)(
1 − 2

√
−δk̃

)
.

(3.6.34)

Since k̃ is monotone increasing and attains values between 1
P +

√
−δ

and 1
Q+

√
−δ

, we make
the ansatz

k̃(s) = 1
P +

√
−δ

+
( 1
Q+

√
−δ

− 1
P +

√
−δ

)
sin2 φ(s) (3.6.35)

for some smooth function φ with φ(0) = 0 and φ(L∞
2n ) = π

2 . On the one hand, differenti-
ating this ansatz yields

∂sk̃ = 2
( 1
Q+

√
−δ

− 1
P +

√
−δ

)
sinφ cosφ∂sφ. (3.6.36)

On the other hand, combining the ansatz and (3.6.34), we obtain

∂sk̃ =
√

(P +
√

−δ)(Q+
√

−δ)
(( 1

Q+
√

−δ
− 1
P +

√
−δ

)
sin2 φ

·
( 1
P +

√
−δ

− 1
Q+

√
−δ

+
( 1
Q+

√
−δ

− 1
P +

√
−δ

)
sin2 φ

)

·
( 2

√
−δ

P +
√

−δ
+
(

2
√

−δ
Q+

√
−δ

− 2
√

−δ
P +

√
−δ

)
sin2 φ− 1

)) 1
2

=
√

(P +
√

−δ)(Q+
√

−δ) sinφ cosφ
( 1
Q+

√
−δ

− 1
P +

√
−δ

)√
P −

√
−δ

P +
√

−δ

·
√

1 − p2 sin2 φ, (3.6.37)

where we set

p :=

√√√√ 2
√

−δ(P −Q)
(Q+

√
−δ)(P −

√
−δ)

.

Due to (3.6.33), p is well defined. Comparing (3.6.36) and (3.6.37) yields

∂sφ = 1
2

√
Q+

√
−δ
√
P −

√
−δ
√

1 − p2 sin2 φ.

Separation of variables and using that φ(0) = 0 leads to

1
2

√
Q+

√
−δ
√
P −

√
−δ s =

∫ φ(s)

0

1√
1 − p2 sin2 φ

dφ. (3.6.38)

176



3.6. Stationary solutions

With φ
(L∞

2n

)
= π

2 , we obtain

L∞
4n

√
Q+

√
−δ
√
P −

√
−δ =

∫ π
2

0

1√
1 − p2 sin2 φ

dφ = K(p).

Comparing (3.6.38) to Definition 3.6.10 and Definition 3.6.12, we see that

cosφ(s) = cn
( 2n
L∞

K(p)s, p
)
.

With this, (3.6.35) becomes

k̃(s) = 1
P +

√
−δ

+
( 1
Q+

√
−δ

− 1
P +

√
−δ

)(
1 − cn2

( 2n
L∞

K(p)s, p
))

,

which brings us to

k(s) = 2k̂(s) − P +Q

2 = 2
(

1
k̃(s)

−
√

−δ
)

− P +Q

2

= 2
1

Q+
√

−δ
+
(

1
P +

√
−δ

− 1
Q+

√
−δ

)
cn2
(

2n
L∞

K(p)s, p
) − 2

√
−δ − P +Q

2

= 2(Q+
√

−δ)(P +
√

−δ)
P +

√
−δ − (P −Q)cn2

(
2n
L∞

K(p)s, p
) − 2

√
−δ − P +Q

2 . (3.6.39)

We check that k(0) = 2P − P +Q
2 = a and k

(L∞
2n

)
= 2Q− P +Q

2 = b.

Let us now assume that for the smooth solution k : [0, L∞
2n ] → R of (3.6.13), we have

δ ≤ 0 and P +Q < 0.

With the same observations as on page 172 for the case δ > 0, we see that

k̄(s) := −k
(

L∞
2n − s

)
, s ∈

[
0, L∞

2n

]
.

is monotone decreasing, attains values between −b and −a and is thus represented by

k̄(s) = 2(Q̄+
√

−δ)(P̄ +
√

−δ)
P̄ +

√
−δ − (P̄ − Q̄)cn2

(
2n
L∞

K(p)s, p
) − 2

√
−δ − P̄ + Q̄

2 ,

where

P̄ := 1
4

(
3 max

[0, L∞
2n

]
k̄ + min

[0, L∞
2n

]
k̄

)
= −3b− a

4 = −Q and Q̄ := −P with P̄ + Q̄ > 0.
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This yields

k(s) = −
(
−k

(
L∞
2n −

(
L∞
2n − s

)))
= −k̄

(
L∞
2n − s

)
= 2(P −

√
−δ)(Q−

√
−δ)

P −
√

−δ − (P −Q)cn2
(

2n
L∞

K(p)s, p
) + 2

√
−δ − P +Q

2 . (3.6.40)

We summarize that in the case

δ ≤ 0,

the solution k : [0, L∞
2n ] → R of (3.6.13) is represented by (3.6.39) with p defined as in

(3.6.24) if P +Q > 0. If the sum of maximum and minimum is negative, i.e. P +Q < 0,
then k is represented by (3.6.40). Moreover, it holds that

K(p) = L∞
4n

√
Q+

√
−δ
√
P −

√
−δ.

We note that the first part of this result can be found in [126, Lemma 5.1].

Remark 3.6.16 (δ ≤ 0 and P +Q = 0). We exclude the case that δ ≤ 0 and P +Q = 0.
If P + Q = a + b = 0, then a < 0 < b, since a ̸= b. So there is s∗ ∈ (0, L∞

2n ) such that
k(s∗) = 0. Since a + b = 0, this implies that (∂sk(s∗))2 = −abδ ≤ 0, see (3.6.14). We
recall, that this contradicts (3.6.13).

Again, we rewrite (3.6.39) and (3.6.40) to be able to compare the results to [155]. We
observe that δ < 0 implies that the right hand side of (3.6.14), when viewed as a polynomial
in k, is zero at k = a, k = b < a and k = c, k = d ≤ c for some c, d ∈ R. A short
computation reveals

δ = − 1
16(c− d)2.

Moreover, by comparing the coefficients or by Vieta’s formulas, we know that

a+ b+ c+ d = 0. (3.6.41)

With this, we find

p =
√

(c− d)(a− b)
(a− c)(b− d) (3.6.42)

and

2n
L∞

K(p) = 1
4

√
(b− d)(a− c). (3.6.43)
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With (3.6.41), we find that if P +Q > 0, then d ≤ c < b < a. Indeed, P +Q > 0 implies
0 ≤

√
−δ < Q < P , which yields c < b. Similarly, if P +Q < 0, then Q < P < −

√
−δ ≤ 0.

This leads to a < d and thus b < a < d ≤ c. In both cases, (3.6.42) and (3.6.43) are well
defined.

Working with a, b, c, d, it becomes clear why we excluded
√

−δ = Q in the case δ ≤ 0 and
P + Q > 0. If we would have

√
−δ = Q, then a short computation shows using (3.6.41)

shows that b = c. This brings us to the case that c2 equals the local maximum of V (k),
which does not lead to a curve with finite length, see Remark 3.6.7 and [8, Figure 6].

If P + Q > 0, i.e. d ≤ c < b < a, combining (3.6.39), and (3.6.41), (3.6.43) yields the
representation

k2(s) := d+ (a− d)(b− d)
(b− d) + (a− b)sn2

(
1
4
√

(a− c)(b− d)s, p
) . (3.6.44)

If P +Q < 0, i.e. b < a < d ≤ c, we find with (3.6.40) and (3.6.41) that

k3(s) := c− (c− a)(c− b)
(c− b) − (a− b)sn2

(
1
4
√

(c− a)(d− b)s, p
) . (3.6.45)

Again, we set

ki(s) = ki

(
L∞
n − s

)
(3.6.46)

for s ∈
[

L∞
2n ,

L∞
n

]
, i = 2, 3. Since 1

4
√

(a− d)(b− d) = 2n
L∞

K(p) and

sn2
(

2n
L∞

K(p)
(

L∞
n − s

)
, p
)

= sn2
(
− 2n

L∞
K(p)s, p

)
= sn2

(
2n
L∞

K(p)s, p
)

due to Lemma 3.6.13, (3.6.46) is given by the right hand sides of (3.6.44) and (3.6.45). For
s ∈ [0, L∞], we consider the L∞

n -periodic extension of ki, i = 2, 3 given on
[
0, L∞

n

]
as in

(3.6.44) and in (3.6.45). This yields exactly the representation given in Proposition 3.6.15.
Let us again summarize what we have done.

Proof of Proposition 3.6.15. Let γ : [0, L∞] → R2 be a stationary solution, parametrized
by arclength. Then γ satisfies (3.6.5) for c1, c2 ∈ R. By Lemma 3.6.8, after a shift in
the argument, the curvature k satisfies (3.6.13). Since we assume that c1, c2 are such
that V (k) = c2 has more than two real solutions, k satisfies (3.6.15) for some δ ≤ 0.
If the sum max k + min k is positive, it follows that k is represented by [126, (5.1)]. If
max k + min k is negative, we derive that k is also given by [126, (5.1)] when replacing
√

−δ by −
√

−δ. Relating δ to the two additional solutions c, d ∈ R of V (k) = c2, we derive
the representation in Proposition 3.6.15.
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Chapter 3. Area preserving elastic flow

Remark 3.6.17. It is possible to verify by a computation that k1, k2, and k3 indeed
solve (3.6.4) and (3.6.5). For this one uses that comparing the coefficients of (3.6.14) and
(3.6.15) reveals

λ = 3
8(a+ b)2 − 1

16(3a+ b)(a+ 3b) − δ,

c1 = 1
32(a+ b)(a− b)2 + 1

2δ,

see also [126, (3.4)]. Written with the (in one case imaginary and in one case real) zero
c ∈ C of V (k) = c2, this is

λ = 1
4(a2 + b2 + c2 + ab+ ac+ bc), (3.6.47)

c1 = −1
8(a+ b)(a+ c)(b+ c), (3.6.48)

see also [155, (17),(18)]. Observe that the right-hand sides of (3.6.47) and (3.6.48) are real
even if c is not real. This is evident with (3.6.41) and d = c∗ if c ∈ C \ R. Moreover, we
have

c2 = −1
4a

4 + λa+ 2c1a = 1
4abc(a+ b+ c)

for the integration constant in (3.6.5).

Closing criterion

When looking at the explicit representations of the curvature of stationary solutions in
Proposition 3.6.14 and Proposition 3.6.15, one naturally wonders for which choice of the
parameters, (3.6.10), (3.6.11), and (3.6.12) describe closed curves. To derive an explicit
expression for the curve γ from the curvature k, two integrations are required. For the given
equations, this is a difficult task. However, in [155, Section 4], a condition for closedness
is presented that requires only one integration. This is made possible by exploiting the
structure of equation (3.6.4). We would like to present this simple yet elegant trick here.
We note that while the ideas are elaborated on in [155], the trick is already known from
[8].

Proposition 3.6.18. Let 0 < Pi < ∞ be a period of ki, i = 1, 2, 3, for ki given as in
(3.6.10), (3.6.11), or (3.6.12). Then a curve γi described by ki is smoothly closed if and
only if

∫ Pi

0
ki(s) ds = 2πω

n
(3.6.49)

for some ω ∈ Z and n ∈ N.
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3.6. Stationary solutions

We would like to point out that a similar closedness condition can also be found in [9].
The authors provide an additional constraint on a periodic curvature function which forces
the associated curve to close up. Using the structure of (3.6.4), we are able to require less
on the coefficients ω and n than in [9].

Proof of Proposition 3.6.18. Let γi be a curve described by ki with tangent vector field τi

and normal vector field νi. Since ki solves

∂2
ski + 1

2k
3
i − λki = c1

with λ > 0 and c1 ∈ R, it holds that

∂s(∂ski τi − 1
2k

2
i νi + λνi − c1γi) = ∂2

ski τi + ∂ski kiνi − ki∂ski νi + 1
2k

2
i kiτi − λkiτi − c1τi

=
(
∂2

ski + 1
2k

3
i − λki − c1

)
τi = 0.

Integration of this equation yields

γi = 1
c1

(
∂ski τi − 1

2k
2
i νi + λνi

)
+ C (3.6.50)

for a constant C ∈ R2. By suitably translating the origin, we have C = 0. Further, we
define the angle function θi : [0,R) → R by

θi(s) − θi(0) :=
∫ s

0
ki(r) dr.

Let us now assume that there is n ∈ N and ω ∈ Z such that (3.6.49) holds. Then

θi(nPi) − θi(0) = n

∫ Pi

0
ki(s) ds = 2πω,

since ki is Pi-periodic. Thus, we obtain

νi(nPi) =
(

− sin θi(nPi)
cos θi(nPi)

)
=
(

− sin θi(0)
cos θi(0)

)
= νi(0), τi(nPi) = τi(0). (3.6.51)

It follows by (3.6.50) that γ(nPi) = γ(0). Thus, the curve described by ki : [0, nPi] → R is
zeroth order closed. First order closedness follows by (3.6.51) and smooth closedness by
the periodicity of ki.
For the other implication, let us now consider a smoothly closed curve γi with length L

that is described by ki. For its tangent vector, it holds that τi(L) = τi(0). By the definition
of the tangent vector, this implies that there exists ω ∈ Z such that θi(L) = θi(0) + 2πω,
where θi is an angle function describing γi. Without loss of generality we assume that
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Chapter 3. Area preserving elastic flow

θi(0) = 0. Then (3.6.50) reveals

γi(0) = 1
c1

(
∂ski(0)

−1
2k

2
i (0) + λ

)
and γi(L) = 1

c1

(
∂ski(L)

−1
2k

2
i (L) + λ

)
.

It follows that ki(L) = ±ki(0) and ∂ski(L) = ∂ski(0) = 0. When deriving the represen-
tation formulas for ki, we have seen, that the structure of equation (3.6.5) implies that
∂ski(s) = 0 if and only if s = m L

2n for m ∈ Z and some fixed n ∈ N and L
2n = Pi

2 . This
implies that

2πω = θi(L) − θi(0) = θi(nPi) =
∫ nP i

0
ki(s) ds = n

∫ Pi

0
ki(s) ds

and the second part of the claim follows.

We now aim to formulate the closing condition (3.6.49) for the explicit formulas k1, k2,
and k3 for the curvature. The periods of ki, i = 1, 2, 3, can be determined by the periods
of cn(s, p) and sn2(x, p). The integrals are then computed using a handbook of elliptic
integrals. With formulas (110.08), (361.54), and (361.63) from [25], we obtain the following
lemma.

Lemma 3.6.19 (cf. [155, Theorem 1, Theorem 2, and Section 4]). Let 0 < Pi < ∞ be the
least period of ki, i = 1, 2, 3, for ki given as in (3.6.10), (3.6.11), and (3.6.12). Then

P1 = 16√
AB

K(p) and P2 = P3 = 8√
(c− a)(d− b)

K(p).

Moreover,

∫ P1

0
k1(s) ds = 16 Aa−Bb√

AB(A−B)
K(p) + 8(A+B)(b− a)√

AB(A−B)
Π
(

−(A−B)2

4AB , p

)
,∫ P2

0
k2(s) ds = 8√

(c− a)(d− b)

(
dK(p) + (b− d)Π

(
a− b

a− d
, p

))
,∫ P3

0
k3(s) ds = 8√

(c− a)(d− b)

(
cK(p) + (c− a)Π

(
a− b

c− b
, p

))
.

With this, we have derived explicit closing conditions that are comparatively straightfor-
ward to verify.

Examples for stationary solutions

We are now ready to find some examples of stationary solutions and gain insight into their
immense variety.
First, we consider the case where the curvature of the stationary solution is given by k1.
We use Lemma 3.6.19 and solve both (3.6.49) and L∞ = nPi for fixed parameters n and
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3.6. Stationary solutions

ω and for fixed length L∞ = 2π using Mathematica. This yields the closed curves shown
in Figure 3.6, Figure 3.7, and Figure 3.8.

(A) (B) (C) (D)

Figure 3.6: Examples of embedded stationary solutions represented by k1 as in (3.6.10).
For (A): λ ≈ 0.219, c1 = 5, n = 2, for (B): λ ≈ 0.853, c1 = 18, n = 3, for (C):
λ ≈ 2.043, c1 = 40, n = 4, and for (D): λ ≈ 2.237, c1 = 100, n = 6. For all
examples L∞ = 2π and ω = 1. The figures are scaled differently.

(A) (B) (C) (D)

(E) (F) (G) (H)

Figure 3.7: Examples of nonembedded stationary solutions represented by k1 as in (3.6.10).
For (A): λ ≈ 2.331, c1 = 7, n = 2, for (B): λ ≈ 6.891, c1 = 12, n = 2, for
(C): λ ≈ 2.982, c1 = 21.7, n = 3, for (D): λ ≈ 6.175, c1 = 28, n = 3, for (E):
λ ≈ 14.226, c1 = 75, n = 4, for (F): λ ≈ 43.296, c1 = 180, n = 4, for (G):
λ ≈ 44.679, c1 = 250, n = 5, and for (H): λ ≈ 43.625, c1 = 300, n = 6. For all
examples L∞ = 2π and ω = 1. The figures are scaled differently.

Naturally, many additional questions arise immediately, such as the conditions under
which the solution is embedded. To answer these questions would exceed the scope of this
section. For the question of embeddedness, we refer to [155, Section 5] or [8, Section 4.4].
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Chapter 3. Area preserving elastic flow

(A) (B)

Figure 3.8: Examples of stationary solutions represented by k1 as in (3.6.10) with ω = 0 in
(A) and ω = 2 in (B). For (A): λ ≈ 25.995, c1 = 70, n = 4, 4-fold covered, for
(B): λ ≈ 6.308, c1 = 508, n = 4, double covered. For both examples L∞ = 2π.
The figures are scaled differently.

As explained above, to find examples of closed curves described by k1, we fix the length.
We observe that if a curve γ is a stationary solution, i.e. satisfies (3.6.4) for some c1 ∈ R,
then a scaling γ̃ = rγ, r > 0, of γ satisfies

∂2
s k̃ + 1

2 k̃
3 − λ

r2 k̃ = c1
r3 , (3.6.52)

i.e. solves the equation for stationary solutions for λ̃ = λ
r2 and c̃1 = c1

r3 . The enclosed area
scales with the factor r2.

(A) (B) (C)

Figure 3.9: Examples of stationary solutions represented by k2 as in (3.6.11). For (A):
λ = 3

2 , c1 = 0.50000063, n = 2, L∞ ≈ 24.844, for (B): λ = 1
3 , c1 = 1

10 , n = 3,
L∞ ≈ 58.643, and for (C): λ = 1, c1 = 1

5 , n = 6, L∞ ≈ 55.0164. The figures
are scaled differently.

Next, we consider stationary solutions whose curvature is given by k2 as in (3.6.11) or
k3 as in (3.6.12). This time, we take a different approach. We specify explicit values for
λ and c1, and use Mathematica to search for solutions to (3.6.49) for these parameters.
The examples we find have different lengths. Taking into account (3.6.52), the curves can
be scaled arbitrarily. Examples for stationary solutions with curvature given by k2 are
presented in Figure 3.9. In Figure 3.10, examples for stationary solutions described by k3

are given.
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3.6. Stationary solutions

(A) (B) (C)

Figure 3.10: Examples of stationary solutions represented by k3 as in (3.6.12). For (A):
λ = 3

2 , c1 = 0.50000063, n = 2, L∞ ≈ 17.136, for (B): λ = 1
3 , c1 = 1

10 , n = 3,
L∞ ≈ 22.811, and for (C): λ = 1, c1 = 1

5 , n = 6, L∞ ≈ 19.495. The figures
are scaled differently.

There are various ways of fixing certain parameters and comparing the corresponding
stationary solutions. We have only presented a few of the many possible closed curves.
For more examples of stationary solutions, see [155], [142], [126], [116], [150], or [159].
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CHAPTER 4
Outlook
In this thesis, we have investigated two variants of the classical elastic flow. There are,
of course, many other variants inspired by physical and biological considerations. Based
on the two problems we studied, we would like to suggest a few ideas for further research
topics that could be explored.

Heterogeneous elastic wires with density dependent spontaneous curvature

Let us assume we are in the situation described in Chapter 2 and consider elastic curves
with a heterogeneity that is described by a density function. From an application per-
spective, it might be interesting to choose the spontaneous curvature c0, see (2.0.2), as a
function dependent on the density. In three dimensions, this would, for example, describe
the situation of BAR-domain proteins attaching to cell membranes, see for example [145],
[149], or [89].
Mathematically, we would consider a curve γ described by an angle function θ : [0, L] → R
with density ρ : [0, L] → R, the sufficiently smooth spontaneous curvature

c0 : R → R

and the energy

Eµ(θ, ρ) =
∫ L

0

(
β(ρ)(∂sθ − c0(ρ))2 + µ(∂sρ)2

)
ds

(for the details, see also Section 1.5). For the L2-gradient flow under the constraints of
closedness and fixed total mass, we would obtain∂tθ = ∂s (β(ρ)(∂sθ − c0(ρ))) + λθ1 sin θ − λθ2 cos θ,

∂tρ = µ∂2
sρ− 1

2β
′(ρ)(∂sθ − c0(ρ))2 + β(ρ)(∂sθ − c0(ρ))c′

0(ρ) − λρ,
(4.0.1)

where the Lagrange multipliers λθ1 and λθ2 are given as in (2.1.2) with c0 = c0(ρ) and

λρ(t) = 1
L

∫ L

0

(
−1

2β
′(ρ)(∂sθ − c0)2 + β(ρ)(∂sθ − c0(ρ))c′

0(ρ)
)

ds.

Since the additional terms are of lower order, we expect the same results for local well

187



Chapter 4. Outlook

posedness and global existence as in Chapter 2. However, regarding the qualitative prop-
erties, it would be very interesting to study the modified flow equations (4.0.1) in more
detail. For example, let us briefly look at the preservation of convexity. The evolution
equation for the signed scalar curvature k is given by

∂tk = β(ρ)∂2
sk + 2∂sβ(ρ)∂sk + (∂2

sβ(ρ) + λθ1 cos θ + λθ2 sin θ)k − ∂2
s (β(ρ)c0(ρ)). (4.0.2)

We observe that the structure of the last term in (4.0.2) allows for new results on the
preservation of convexity, depending on the relationship between the functions β and c0.

Fourth order elastic flow with modulated stiffness

Another interesting project would be to study the L2-gradient flow of the energy Eµ(γ, ρ),
see (1.5.1), directly, without working with an angle function. This would have the advan-
tage of removing the restriction to planar curves. It would result in a coupled system of
a fourth order equation and a second order equation. While this would be a gradient flow
for the same energy, the decrease of energy would behave differently, and the flow would
exhibit different properties. For example, one might think of the preservation of convexity,
which we do not expect for a fourth order equation. Instead of a Lagrange multiplier for
the closedness constraint, one would obtain a Lagrange multiplier to keep the length fixed
(if desired). For this system, a different theory than in Chapter 2 would be needed to
establish local well posedness. The author is not aware of any existing maximal regularity
results in the literature, such as the one in [101] used in Section 2.3, that could be directly
applied.

Rotationally symmetric heterogenous vesicles

A naturally arising idea is to consider not heterogeneous elastic wires, but heterogeneous
elastic shells. In other words, to study biological vesicles whose geometry is influenced by
a density on the surface. Put differently, this involves considering the Canham–Helfrich
energy (1.1.2) with density dependent bending rigidities. Concerning discrete densities,
we mention [31], where the minimization problem for axisymmetric multiphase surfaces is
studied. Our suggestion would be to study continuous densities. We propose to consider
axisymmetric surfaces obtained by rotating a curve contained in the xz-plane around
the z-axis. One could consider this curve as heterogeneous and generating a density
distribution on the surface. This would exclude certain configurations, we particularly
think of the images in [13, Figure 2]. Therefore, another step could be to consider the
density independent of rotational symmetry. Additionally, examining non-rotationally
symmetric surfaces could be another further step. For this problem, we suggest working
within the weak varifold setting from [19]. There, the existence of varifold minimizers
for the Canham–Helfrich energy in the presence of multiple phases, so essentially discrete
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densities, is studied. In this context, we also want to mention [130], where the authors
consider not a sharp but a diffuse interface model, which allows for mixtures between
phases and models concentration fields of the different phases by smooth density functions.
They derive a sharp interface limit for diffuse phase separation energies of Modica–Mortola
type for phase fields on varying generalized surfaces.

Combining heterogeneity and incompressibility

To cover an even broader range of suitable modeling questions, one could also consider
studying an elastic flow that accounts for both heterogeneities and incompressibility. One
option would be to work with the system of a fourth order and a second order equation,
mentioned above, and introduce an additional Lagrange multiplier, as in [129]. Alterna-
tively, one could work with an angle function as in Chapter 2. Note that a closed curve
described by the angle function θ : [0, L] → R encloses the signed area

A(θ) = 1
2

∫ L

0

∫ s

0
sin(θ(s) − θ(ξ)) dξ ds.

This formula can be shown by a short computation using (1.2.6) and (1.5.2).

Self similar solutions for the area preserving elastic flow

Another interesting question is whether self similar solutions to the area preserving elastic
flow exist. For the free elastic flow, we observed in Example 1.4.2 that both the lemniscate
of Bernoulli and multifold covered circles are self similar solutions. Additionally, for the
curve diffusion flow, the lemniscate of Bernoulli also acts as a self similar solution, see
[55]. Are there such solutions for the evolution equation (1.6.1)? Of course, we need to
consider the special case A0 = 0 and λ = 0 for this. Similar to [55, Lemma 9], we prove
the following lemma.

Lemma 4.0.1. Let λ = 0. Let γ0 : S1 → R2 be a smooth regular initial datum. Then
the solution to (1.6.1) with initial datum γ0 evolves self similarly if and only if there is a
constant K > 0 such that

∂2
s

(
∂2

sk0 + 1
2k

3
0

)
= K⟨γ0, ν0⟩, (4.0.3)

where k0 is the signed scalar curvature of γ0 and ν0 denotes its normal.

Integrating (4.0.3) yields the condition A(γ0) = 0, which must obviously hold for self
similar solutions. The question is, which curves satisfy (4.0.3)?

189



Chapter 4. Outlook

Incompressibility for networks of curves

In the last two decades, networks of curves and their evolution along gradient flows have
gained increasing attention. See [88], [113], [141], [133], or [152], to name just a few exam-
ples. One version is to study the motion by curvature of networks, which is essentially the
analogue of the curve shortening flow for networks. We do not address the exact defini-
tion of a network or the formulation of the geometric flow with the appropriate boundary
conditions here. However, it is worth noting that, for example, [112, Section 5.1] provides
interesting insights into the evolution of the area, which is enclosed by multiple curves
forming the network. We wonder how an incompressibility condition can be incorporated
into the study of flows of networks, which could certainly find its justification in physical
and biological contexts. However, it is first necessary to choose a specific definition of a
network. How many curves are considered, and how are they connected? From the math-
ematical and also from the modeling perspective, several questions need to be addressed
initially. Next, it must be determined which area should be kept constant. This also
depends on the chosen definition of a network.
This remains a very open and poorly defined question but could lead to an interesting
project.
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